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Abstract

This thesis consists of an introduction and five research papers on topics related
to conformal mapping, the Loewner equation and its applications, and Bergman-
type spaces of holomorphic functions.

The first two papers are devoted to the study of integral means of derivatives of
conformal mappings. In Paper I, we present improved upper estimates of the uni-
versal means spectrum of conformal mappings of the unit disk. These estimates rely
on inequalities obtained by Hedenmalm and Shimorin using Bergman space tech-
niques, and on computer calculations. Paper II is a survey of recent results on the
universal means spectrum, with particular emphasis on Bergman space techniques.

Paper III concerns Bergman-type spaces of holomorphic functions in subsets of
Cd and their reproducing kernel functions. By expanding the norm of a function
in a Bergman space along the zero variety of a polynomial, we obtain a series
expansion of reproducing kernel functions in terms of kernels associated with lower-
dimensional spaces of holomorphic functions. We show how this general approach
can be used to explicitly compute kernel functions for certain weighted Bergman
and Bargmann-Fock spaces defined in domains in C2.

The last two papers contribute to the theory of Loewner chains and their ap-
plications in the analysis of planar random growth model defined in terms of com-
positions of conformal maps. In Paper IV, we study Loewner chains generated by
unimodular Lévy processes. We first establish the existence of a capacity scaling
limit for the associated growing hulls in terms of whole-plane Loewner chains driven
by a time-reversed process. We then analyze the properties of Loewner chains asso-
ciated with a class of two-parameter compound Poisson processes, and we describe
the dependence of the geometric properties of the hulls on the parameters of the
driving process. In Paper V, we consider a variation of the Hastings-Levitov growth
model, with anisotropic growth. We again establish results concerning scaling lim-
its, when the number of compositions increases and the basic conformal mappings
tends to the identity. We show that the resulting limit sets can be associated with
solutions to the Loewner equation. We also prove that, in the limit, the evolution
of harmonic measure on the boundary is deterministic and is determined by the
flow associated with an ordinary differential equation, and we give a description of
the fluctuations around this deterministic limit flow.
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Sammanfattning

Denna avhandling består av en inledning samt fem vetenskapliga artiklar. I
avhandlingen behandlas frågeställningar inom teorin för konforma avbildningar,
tillämpningar av denna teori på tillväxtmodeller som härrör från matematisk fysik,
samt vissa aspekter av teorin för funktionsrum av Bergmantyp och deras kärnfunk-
tioner.

I de första två arbetena, Artikel I och II, ligger fokus på studier av integral-
medelvärden av derivatorna av konforma avbildningar definierade i delmängder av
komplexa planet. I Artikel I ger vi övre uppskattningar av det universella inte-
gralmedelvärdesspektrumet för konforma avbildningar. Dessa uppskattningar har
erhållits med hjälp av Bergmanrumstekniker och datorberäkningar. Artikel II är en
översiktsartikel som sammanfattar några av de senare årens framsteg rörande in-
tegralmedelvärdesspektra för konforma avbildningar, med tonvikt på tekniker som
involverar Bergmanrum.

I Artikel III presenteras en metod för att beräkna kärnfunktioner i funktionsrum
av Bergmantyp i högre dimensioner. Genom att utveckla normen i dessa rum längs
med en delvarieté förknippad med ett polynom kan vi skriva kärnfunktioner som
serier, där termerna i serien är kärnfunktioner för lägredimensionella funktionsrum.
Vi ger konkreta exempel på hur metoden kan användes för att hitta uttryck för
kärnfunktioner i vissa Bergmanrum bestående av funktioner på delmängder av C2.

I de sista två artiklarna ges bidrag till teorin för Loewnerkedjor av konforma
avbildningar och deras tillämpningar på planära stokastiska tillväxtmodeller som
definieras med hjälp av sammansättning av konforma avbildningar. I Artikel IV
studerar vi Loewnerkedjor som genereras av Lévyprocesser på enhetscirkeln och
vi visar ett konvergensresultat för de tillhörande höljena när dessa skalas om med
logaritmisk kapacitet. Vi analyserar vidare höljen som uppstår när Loewners dif-
ferentialekvation drivs av en viss tvåparametrig sammansatt Poissonprocess och vi
ger en beskrivning av vissa av deras geometriska egenskaper. Artikel V utgör ett
studium av en anisotrop version av Hastings-Levitov-modellen. Vi bevisar existen-
sen av en skalgräns när antalet faktorer i sammansättningen går mot oändligheten
och de ingående avbildningarna konvergerar mot identiteten. Vi visar även att det
harmoniska måttets beteende blir deterministiskt och beskrivs av ett flöde som
är förknippat med en ordinär differentialekvation. Slutligen visar vi att de stokas-
tiska fluktuationerna kring detta deterministiska flöde styrs av en viss stokastisk
differentialekvation.
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Introduction

This introduction is intended as a brief overview of the topics addressed in
this thesis. We have aimed to make the introduction accessible to a general
mathematical audience, and to achieve this, we have attempted to keep the
presentation rather non-technical. We refer the reader to the bibliography,
which is not meant to be exhaustive, for references to precise definitions and
proofs.

The first section of the introduction is devoted to a discussion of certain
classes of holomorphic functions defined in subsets of the complex plane. We
review the definitions of some fundamental objects in the theory of conformal
mapping, and we state some basic results that will be used throughout this
thesis. We then define the universal means spectrum of conformal maps and
present a brief overview of known results and conjectured properties of the
spectral functions. General references for this section are sources [18], [22],
[42] and [43].

The second section provides some background material on weighted
Bergman spaces of holomorphic functions defined in subdomains of Cd,
d ≥ 1. We indicate how questions concerning the universal means spec-
trum can be approached from a Bergman space perspective. The Bergman
spaces are instances of Hilbert spaces endowed with reproducing kernels,
and we point out some of the features of such kernel functions and their
associated projection operators. General references for this section are [25],
[32], and [47].

We begin the third section by recalling some basic notions in proba-
bility theory and the theory of stochastic processes. We then show how
random driving functions and measures give rise, via the Loewner equation,
to random families of evolving sets in the plane. We give a brief overview
of this aspect of conformal mapping. Finally, we describe a family of pla-
nar random growth models, formulated terms of conformal mappings, that
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have been studied in connection with aggregation processes that appear in
physics. General references for this section are [1], [19] and [33]. The ran-
dom growth models mentioned in this thesis are discussed in the papers [4],
[24] and [49]; see also the references therein.

Finally, we conclude the introduction with a discussion of the scientific
papers included in this thesis. We present the main results contained in the
papers, and discuss some of the underlying ideas in the proofs.

1 Conformal maps

1.1 Basic definitions and examples

The main objects under consideration in this thesis are holomorphic func-
tions defined in subdomains of the complex plane C or the Riemann sphere
C∞. We usually focus on the setting of the unit disk

D = {z ∈ C : |z| < 1}

or the exterior disk
De = {z ∈ C∞ : |z| > 1} .

A holomorphic function that is one-to-one is called univalent, or schlicht,
and one can show that such a function necessarily has f ′(z) 6= 0. This
means that infinitesimal angles are preserved by univalent functions, and
thus holomorphic functions that are one-to-one are in fact conformal map-
pings.

We say that a univalent function f : D → C belongs to the class S if
f(0) = 0 and f ′(0) = 1. With this normalization, the Taylor expansion of
f ∈ S takes on the form

f(z) = z +

∞
∑

n=2

anz
n, z ∈ D. (1.1)

We shall denote by Sb the class consisting of bounded univalent functions
f : D → C with f(0) = 0. In this case, we do not require that f ′(0) = 1.

The functions in S can be viewed as mappings of the unit disk onto
simply connected domains containing the origin. In fact, we shall see shortly
that we can say more about the geometric properties of f(D) for f ∈ S. We
should point out that the boundary of the domain f(D) need not be a Jordan
curve, nor have any particular smoothness properties.
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We now turn to functions defined in the exterior disk. In this setting,
we say that a function F : De → C that is univalent except for a simple pole
at ∞ lies in the class Σ if its Laurent expansion is of the form

F (z) = z + b0 +

∞
∑

n=1

bnz
−n, z ∈ De. (1.2)

Functions in Σ map the exterior disk conformally onto the complement of a
compact connected set, often referred to as the omitted set of F . A mapping
in Σ belongs to the subclass Σ′ if its omitted set contains the origin.

We now give some simple but non-trivial examples of conformal maps.

Example 1.1 The Koebe function

κ(z) =
z

(1 − z)2
, z ∈ D, (1.3)

belongs to S but not to Sb. In fact, κ maps the unit disk onto the slit domain
C\ (−∞,−1/4]. We note that the Taylor expansion of the Koebe function is

κ(z) = z + 2z2 + 3z3 + · · · =

∞
∑

n=1

nzn.

Example 1.2 An example of a function in Σ′ is

λ(z) = z − 1

z
, z ∈ De.

The function λ maps the exterior disk to the complement of a straight line
segment containing the origin.

It is natural to endow the classes S and Σ with the topology of uniform
convergence on compact subsets. As we shall see below, the class S is
locally bounded, and this implies that S is a compact normal family in the
sense of Montel (see, for instance, [18, Chapter 1]). That is, if fn ∈ S and
fn → f in the locally uniform topology, then f ∈ S. Similarly, the class Σ′

is a compact normal family.
There is a concept of convergence of simply connected domains that

matches the locally uniform convergence of conformal maps. This is known
as Carathéodory kernel convergence; a precise definition is given in [18,
Chapter 3]. A sequence of conformal maps thus converges uniformly on
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compact subsets if and only if their image domains converge in the sense of
kernel convergence. When we speak of converging domains, we usually have
Carathéodory convergence in mind.

There are several transformations that preserve the class S. One impor-
tant example of such a transformation is the Koebe transform of f ∈ S,

Kw[f ](z) =
f
(

z+w
1+w̄z

)

− f(w)

(1 − |w|2)f ′(w)
, z, w ∈ D, (1.4)

which essentially amounts to composing f with an automorphism of the unit
disk. Similarly, rotations and the square root transform,

f θ(z) = eiθf(e−iθz) and g(z) =
√

f(z2),

of a function f ∈ S remain in the same class. In this context, it is also useful
to note that inversion,

F (z) =
1

f(1
z )
, z ∈ De,

produces a mapping F ∈ Σ′ from f ∈ S. Conversely, given a function
F ∈ Σ′, we obtain f ∈ S by setting

f(z) =
1

F (1
z )
, z ∈ D.

Example 1.3 A short computation shows that the functions in Examples
1.1 and 1.2 satisfy

λ(z) =
1

[κ( 1
z2 )]1/2

, z ∈ De.

Since holomorphic functions are open mappings, the range of any f ∈ S
contains some disk centered at the origin. It is perhaps more surprising
that the range of every f ∈ S contains the disk {z ∈ C : |z| < 1/4};
this fundamental result is known as Koebe’s one-quarter theorem. The
Koebe function shows that this is best possible. Koebe’s theorem can be
deduced, using inversion, from Grönwall’s area theorem, which states that
the coefficients of any F ∈ Σ satisfy

∞
∑

n=1

n|bn|2 ≤ 1.
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In particular, we see that the statements |b1| ≤ 1 and |bn| = O(n−1/2) hold
for any F ∈ Σ. Another important consequence of the area theorem is that
|a2| ≤ 2 for any f ∈ S, with equality for the Koebe function.

The area theorem can also be used to derive sharp upper and lower
bounds on the moduli of a conformal mapping f ∈ S and its derivative.
The upper bound on the modulus of f can be used to prove the assertion
that S is a compact normal family. The estimate

1 − |z|
(1 + |z|)3 ≤ |f ′(z)| ≤ 1 + |z|

(1 − |z|)3 , z ∈ D, (1.5)

of the derivative of f ∈ S is often referred to as the distortion theorem or
“Verzerrungssatz.” A computation shows that equality is attained by the
Koebe function and its rotations. Moreover, one can prove that equality on
either side in (1.5) actually implies that f = κθ for some θ ∈ [0, 2π].

Similar distortion estimates are available for F ∈ Σ; in this case we have

|z|2 − 1

|z|2 ≤ |F ′(z)| ≤ |z|2
|z|2 − 1

, z ∈ De. (1.6)

More refined techniques produce estimates that take into account the argu-
ment of the derivate. For instance, for τ ∈ C, one can show that

∣

∣[f ′(z)]τ
∣

∣ ≤ (1 + |z|)2|τ |−Reτ

(1 − |z|)2|τ |+Reτ
, z ∈ D, (1.7)

whenever f ∈ S. The expression [f ′]τ is to be interpreted as exp(τ log f ′),
where a single-valued branch of the logarithm is specified by the requirement
log f ′(0) = 0.

We end this subsection with a brief historical remark. After proving that
|a2| ≤ 2, Bieberbach conjectured that |an| ≤ n should hold for the coeffi-
cients of all f ∈ S, and that equality for any n should be attained by the
Koebe function alone. The Bieberbach conjecture was finally settled by L.
de Branges in his 1985 paper [17]; an important tool in de Branges’ proof
is the so-called Loewner differential equation. New applications involving
this differential equation have quite recently been discovered in complex
analysis and mathematical physics, and will be discussed later in the intro-
duction. The coefficient problems for Sb and Σ remain open (see, however,
[18, Chapter 4.7] for partial results).
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1.2 Compositions of conformal maps and Loewner’s

equation

It is sometimes possible to write down explicit formulas for a conformal
mapping onto a given domain by composing certain elementary mappings.
More precisely, suppose Ω1 and Ω2 are two simply connected domains with
Ω1 ⊂ Ω2, and let f : D → Ω1 and g : Ω2 → Ω3 denote conformal maps onto
these domains. We can then define a new function h : D → Ω3 by setting
h = g ◦ f , and this yields a conformal mapping of D onto some simply
connected subdomain of Ω3.

We take a closer look at two examples.

Example 1.4 The Koebe function κ(z) = z/(1 − z)2 can be written as

κ(z) =
1

4

[

(

1 + z

1 − z

)2

− 1

]

,

that is, as the composition of a conformal map of the unit disk onto the right
half-plane {z ∈ C : Rez > 0}, the map z 7→ z2, and a translation followed
by a scaling.

Example 1.5 The Möbius transformation m(z) = (z−1)/(z+1) maps the
exterior disk conformally to the half-plane C+ = {z ∈ C : Rez > 0}. For
λ ∈ R+, the function

sλ(z) =

√

z2 + λ

1 + λ
, z ∈ C+,

is a conformal mapping

C+ → C+ \
(

0,

√

λ

1 + λ

]

.

Choosing λ = d2/(4 + 4d), we verify that the function fd = m−1 ◦ sλ ◦m
maps the exterior disk onto De \ (1, 1 + d], that is, the exterior disk minus
a straight line segment of length d. We shall refer to the maps fd as the
standard slit maps.

It is often desirable to consider evolving families of domains in C or C∞.
Consider a sequence {Ωt}t≥0 of simply connected domains in C∞ of the form
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m sλ m−1

Figure 1.1: The basic slit map

Ωt = C∞ \Kt, with Kt compact for each t > 0. We set Ω0 = De and assume
that Ωs ⊃ Ωt for s < t. We denote by ft the conformal mapping of De onto
Ωt, with f(∞) = ∞ and arg f ′t(∞) = 0, and assume that t 7→ f ′t(∞) =
cap(Kt) is absolutely continuous. Here, cap(K) denotes the logarithmic
capacity of the compact set K ⊂ C∞ (see [22] for a precise definition). Our
geometric assumptions imply that

Re
(

∂tft(z)

zf ′t(z)

)

> 0, (1.8)

that is, the expression ∂tft(z)/(zf
′
t(z)) is a holomorphic function with pos-

itive real part. The inequality (1.8) essentially expresses that the velocity
vector at each boundary point of Ωt points in the outward normal direction.

By the Herglotz theorem, holomorphic functions in De satisfying this
positivity condition, and having p(∞) = 1, admit representations of the
form

p(z) =

∫

T

z + ζ

z − ζ
dµ(ζ), z ∈ De,

for some positive measure µ on the unit circle T. Thus, the conformal
mappings {ft}t≥0 that arise from the chain of shrinking Ωt’s satisfy the
partial differential equation

∂tft(z) = zf ′t(z)

∫

T

z + ζ

z − ζ
dµt(ζ), z ∈ De, (1.9)
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with initial condition f0(z) = z, for some family {µt}t≥0 of measures on
T. The differential equation (1.9) is referred to as the Loewner equation (or
sometimes the Loewner-Kufarev equation) for the exterior disk (see [35] and
[42] for rigorous derivations of the Loewner equation).

Conversely, given a family of measures {µt}t≥0 on T satisfying some mild
conditions, we can consider the initial-value problem

∂tft(z) = zf ′t(z)

∫

T

z + ζ

z − ζ
dµt(ζ), f0(z) = z.

This problem has a unique solution for any t > 0, and one can show that
the solutions {ft(z)}t≥0 are conformal maps that generate a sequence of
shrinking domains, Ωt = ft(De).

Example 1.6 Let µt(ζ) = δ1, a point mass at 1 ∈ T. The Loewner equation
then reduces to

∂tft(z) = zf ′t(z)
z + 1

z − 1
, (1.10)

and we verify that the solution ft(z) is given by the slit maps described in
Example 1.5, with d(t) = 2et(1 +

√
1 − e−t) − 2.

Example 1.7 At the other extreme, we obtain the equation

∂tft(z) = zf ′t(z) (1.11)

after setting dµt = |dζ|/(2π). In this case, ft(z) = etz solves the equation
(1.11), and we have Ωt = etDe.

In our examples, the driving measures were independent of t. In applica-
tions, this is usually not the case: C. Loewner originally considered measures
of the form µt = δφ(t), for smooth unimodular functions φ = φ(t). In this
context, the function φ is often referred to as a driving function. Loewner
used the Loewner equation to prove the Bieberbach conjecture in the case
n = 3 (see [35]).

There is an approach to the Loewner equation in terms of slit mappings
that is rather illuminating. Consider a composition of a number of rotated
copies f θj of the slit map in Example 1.5. This composed map can be real-
ized as the solution to the Loewner equation driven by a piecewise constant
driving function φ, and each factor in the composition corresponds to an
interval of constancy in the driving function. If the rotation angles θj are
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sufficiently close, then the composite map will map the exterior disk onto a
domain that is “very close” to being cut by a curvilinear slit. The Loewner
equation, driven by a smooth continuous function, can be viewed as describ-
ing the process of composing infinitesimal slit mappings (cf. the remarks
in [38, Section1]); and in this case the solutions map the exterior disk onto
the disk minus a smooth curve. The precise relations between the smooth-
ness properties of driving functions and the mappings that arise from the
Loewner equation are now fairly well understood due to the work of J. Lind,
D. Marshall, S. Rohde, and others. The case of driving measures does not
seem to have been studied to the same extent.

We have focused here on the Loewner theory in the setting of the exterior
disk. It is sometimes convenient to work with other reference domains, such
as the unit disk or the upper half-plane H = {z ∈ C : Im z > 0}, and
the corresponding versions of the Loewner differential equation. Often it is
easier to analyze the inverse maps gt = f−1

t . In the setting of the exterior
disk, for instance, these maps satisfy an ordinary differential equation of the
form

∂tgt(z) = −gt(z)

∫

T

gt(z) + ζ

gt(z) − ζ
dµt(ζ), z ∈ Ωt. (1.12)

A similar equation appears when the methods of characteristics is applied
to the Loewner equation (1.9). The absence of derivatives with respect to
the variable z in (1.12) makes it easier to work with this type of equation.

We refer the reader to [33] for a more extensive discussion of Loewner’s
equation.

1.3 Conformally invariant objects

The Riemann mapping theorem asserts that any simply connected domain
Ω ( C is conformally equivalent to the unit disk, in the sense that there
exists a unique conformal mapping f : D → Ω with f(0) = z0 ∈ Ω and
arg f ′(0) = α ∈ R, for z0 and α fixed. Since inverses of conformal maps are
conformal, it follows that all simply connected domains in C, other than the
complex plane itself, are conformally equivalent.

Loosely speaking, we say that an object associated with a simply con-
nected domain Ω is conformally invariant if the following holds. The object
in question that arises from the definition, when applied to Ω, coincides with
the push-forward under a conformal mapping of the corresponding object
in some other simply connected domain. The Riemann mapping theorem in
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principle reduces the study of conformally invariant objects to the study of
the corresponding objects in some reference domain, and the relevant con-
formal mappings. For simple domains, such as the unit disk or the exterior
disk, explicit formulas are sometimes available. In practice, the conformal
maps in question may be very difficult to analyze.

We present a few examples of conformally invariant objects related to
potential theory. Our first example is the Green function GΩ = GΩ(z,w) for
the Laplacian, with respect to Ω ⊂ C∞ and with pole at w ∈ Ω. This is the
unique positive function that is harmonic in Ω \ {w} and bounded outside
every neighborhood of w, vanishes on ∂Ω, and has a negative logarithmic
singularity at w. Thus, the Green function can be viewed as a family of
fundamental solutions for the Laplacian.

Example 1.8 We verify that the Green function of De with pole at ∞ is
GDe(z,∞) = log |z|. Suppose f : De → Ω is a conformal mapping with
f(∞) = ∞, and let g denote the inverse mapping. Conformal invariance of
the Green function entails that

GΩ(ζ,∞) = log |g(ζ)|. (1.13)

Hence, analyzing the Green function of Ω amounts to studying the properties
of the conformal map g = f−1.

We next turn to the notion of harmonic measure, another conformally
invariant object. Let B(∂Ω) denote the Borel σ-algebra of subsets of ∂Ω. A
function ωΩ : Ω×B(∂Ω) → [0, 1] is said to be a harmonic measure for Ω if, for
z ∈ Ω fixed, B 7→ ωΩ(z,B) is a probability measure, and the Poisson-type
integral

P [φ](z) =

∫

∂Ω
φ(ζ)dωΩ(z, ζ), z ∈ Ω, (1.14)

solves the Dirichlet problem for the Laplacian with boundary data given by
φ ∈ C(∂Ω).

Example 1.9 The harmonic measure for the exterior disk, with respect to
∞, is given by

ωDe(∞, B) =
|B|
2π

, B ∈ B(T), (1.15)

that is, normalized arc-length measure on the unit circle. Let f : De → Ω be
a conformal mapping onto some simply connected domain, with f(∞) = ∞.

10



Harmonic measure is conformally invariant, and hence

ωΩ(∞, E) =
|f−1(E)|

2π
, E ⊂ B(∂Ω). (1.16)

Here, f−1(E) denotes the pre-image in T of the set E with respect to the
boundary extension of the mapping f .

In general, if the boundary of the domain Ω is sufficiently smooth, harmonic
measure is absolutely continuous with respect to arc-length measure, with
density given by the normal derivative of the Green function. There is a
very useful interpretation of ωΩ(z0, ·) in terms of the hitting distribution of
Brownian motion that is started at z0 ∈ Ω and is killed upon exiting Ω (see
[40, Chapter 7]). We shall return to this point of view in later sections of the
introduction. We refer the reader to [22] for more results on the interplay
between harmonic measures and conformal mapping.

Ω

E

z0

Figure 1.2: Harmonic measure as hitting distribution of Brownian motion:
ωΩ(z0, E) = P[Bt started at z0 exits through E].

1.4 Boundary behavior of conformal maps

Simply connected domains in the plane may have very rough boundaries.
The Riemann mapping guarantees the existence of a conformal map of the
unit disk onto any simply connected domain Ω, but if ∂Ω is very “large” or
irregular, we may expect the mapping and its derivative to exhibit rather
wild behavior as they approach the boundary of the unit disk.

A conformal map f : D → Ω can be extended continuously to the unit
circle precisely when ∂Ω is locally connected, but this extension may still be
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badly behaved in many ways. Using Hardy space theory, it can be shown
that the radial limits

f(eiθ) = lim
r→1−

f(reiθ)

of any function f ∈ S exist finitely for almost all θ ∈ [0, 2π) (see [18,
Chapter 2]), regardless of how complicated the boundary of Ω is. Also, the
limit function cannot vanish on a set of positive measure. On the other
hand, the derivative f ′ of a mapping in S need not have radial limits; a
rather extreme counterexample is given in [34]. If a radial limit does exist,
it may well have zeros on T.

Turning to examples, we recall that the Koebe function expands the unit
disk into a domain, the slit plane, whose boundary has infinite length. It
may also happen that the boundary of the image domain is very jagged;
for instance, its Hausdorff dimension (see [43, Chapter 10]) may be larger
than 1. In such cases, the corresponding conformal map may compress
almost all of the unit circle into a set of zero linear measure. Other kinds of
pathological behavior are possible and are discussed, for instance, in [43]. In
this thesis, we shall focus on certain aspects of the behavior of the derivative
of a conformal mapping.

We first turn to conformal mappings of the unit disk. For f ∈ S and
τ ∈ C, we define the τ -integral means

Mτ [f
′](r) =

1

2π

∫ π

−π
|[f ′(reiθ)]τ |dθ, 0 < r < 1. (1.17)

We observe that
|[f ′]τ | = |f ′|Reτe−Imτ arg f ′

.

Hence, for τ real, Mτ [f
′] measures the mean compression and expansion

along a circle of radius 0 < r < 1 associated with the map f , and by
allowing for complex exponents, we also take mean rotation into account.

In view of pointwise distortion and rotation estimates, there exists a
non-negative number β = β(τ) such that

Mτ [f
′](r) = O

(

1

(1 − r)β

)

as r → 1−. (1.18)

For a given f ∈ S, we define βf (τ) as the infimum of all β such that (1.18)
holds; this is the integral means spectral function of f .
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Example 1.10 The Koebe function κ(z) = z/(1 − z)2 has

βκ(t) =







3t− 1 t > 1
3

0 −1 ≤ t ≤ 1
3

−t− 1 t < −1
.

The universal means spectrum for S is the function

BS(τ) = sup
f∈S

βf (τ), τ ∈ C. (1.19)

The distortion estimates (1.5) immediately yield trivial bounds on BS(t) for
t real:

0 ≤ BS(t) ≤ max{3t,−t}, t ∈ R; (1.20)

an analogous statement holds for complex exponents. Moreover, by Hölder’s
inequality, BS is a convex function. The universal means spectra BSb

and
BΣ are defined in an analogous manner. In the case of the exterior disk, we
define βF (τ) as the infimum of β such that

Mτ [F
′](r) = O

(

1

(1 − r)β

)

as r → 1+,

and the universal means spectrum BΣ is the function

BΣ(τ) = sup
F∈Σ

βF (τ), τ ∈ C. (1.21)

By (1.6), we immediately have

0 ≤ BΣ(t) ≤ |t|, t ∈ R.

It is of great interest to obtain precise descriptions of the spectra BS ,
BSb

and BΣ. For instance, BSb
(1) measures the maximal growth rate of the

level lines of the Green function as it approaches the boundary of a bounded
simply connected domain. Moreover, the work of L. Carleson and P. Jones
shows that BSb

(1) also determines the rate of decay of Taylor coefficients of
bounded mappings (see [11]).

We first list some sharp results for the universal means spectrum BS . In
[20], J. Feng and T.H. MacGregor proved that

BS(t) = 3t− 1, t ≥ 2

5
, (1.22)
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and L. Carleson and N.G. Makarov subsequently showed in [12] that there
exists a constant K0 ≥ 2 such that

BS(t) = −t− 1, t ≤ −K0. (1.23)

Thus, for large positive values of t and for t large negative, the Koebe func-
tion attains the value BS(t). For t ∈ (−K0, 2/5), it is an open problem to
determine the values of BS ; the celebrated Brennan conjecture (see [8] and
[22]) is equivalent to the statements K0 = 2, or BS(−2) = 1.

For real exponents, J. Clunie and Ch. Pommerenke have obtained the
estimate

BS(t) ≤ t− 1

2
+

(

4t2 − t+
1

4

)1/2

, t ∈ R. (1.24)

The best upper estimates of BS close to the origin are due to H. Hedenmalm
and S. Shimorin, and are valid also for complex τ . In [26] and [27], it is
established that

lim sup
|τ |→0

BS(τ)

|τ |2 ≤ 0.3798 . . . . (1.25)

Lower bounds and values of BS(t) for specific t ∈ R have been found by D.
Bertilsson, Shimorin, D. Beliaev, S. Smirnov, I. Kayumov, and others.

We continue with a discussion of the other universal spectra and how
they are related. Very loosely speaking, the complexity of the boundary is
what contributes most significantly to the integral means of the derivatives
of functions in Σ and Sb—the “infinite expansion” we have observed in the
Koebe function is not possible in this situation (cf. the remarks in [12]). In
fact, one can show that the universal spectra of bounded mappings and the
class Σ coincide:

BSb
(τ) = BΣ(τ), τ ∈ C.

It is known that
BSb

(t) = t− 1, t ≥ 2, (1.26)

and that the the spectrum exhibits a smooth phase transition at the point
t = 2; this was shown for real t by Jones and Makarov in [29] and for complex
τ by A. Baranov and Hedenmalm in [3]. For negative exponents, we have

BSb
(t) = −t− 1, t < −K0, (1.27)

where K0 is the same constant as in (1.23).

14



We finally turn to complex exponents. It follows from work of Makarov
(see [37]) and I. Binder (see [10]) that for complex τ with Re τ ≤ 0,

BS(τ) = BΣ(τ), (1.28)

whereas for τ with Re τ > 0,

BS(τ) = max{BΣ(τ), |τ | + 2Reτ − 1}. (1.29)

There is an attractive conjecture concerning the universal means spectrum
of bounded mappings formulated by Ph. Kraetzer (see [31]) on the basis
of numerical experiments, and later extended by Binder. The conjecture
asserts that

BSb
(τ) =

{

|τ |2

4 , |τ | ≤ 2
|τ | − 1, |τ | > 2

. (1.30)

Finally, we should mention here that the universal means spectrum is
related to other spectral functions that describe the local dimensional be-
havior of harmonic measure. These aspects of the theory are explored in,
for example, [10] and [37].

2 Spaces of holomorphic functions

2.1 Bergman spaces

Let Ω be a domain in Cd, with d ≥ 1. When d ≥ 2, we use the notation
z = (z1, . . . , zd) for points in Cd, and we write 〈z,w〉 = z1w̄1 + · · · + zdw̄d

for the standard inner product.
We say that a function f : Ω ⊂ Cd → C is holomorphic if it is holomor-

phic in each variable separately. Several different, but ultimately equivalent
definitions are presented in [32]. This definition is then extended to holo-
morphic mappings, that is, functions f : Cd → Cd′ .

Polynomials of several variables and the exponential function f(z) =
exp(z1 + · · · + zd) are examples of holomorphic functions in several vari-
ables. In some ways, such functions enjoy properties similar to those of their
one-variable counterparts. For example, the Cauchy integral formula holds,
holomorphic functions are infinitely differentiable, we have power series rep-
resentations, and so on. On the other hand, many aspects of the theory
differ from the one-dimensional theory; for instance, zeros of holomorphic
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functions of several variables cannot be isolated. There are “fewer” confor-
mal maps in higher dimensions, and no reasonable analog of the Riemann
mapping theorem for holomorphic mappings is available. In this thesis, we
shall only deal with holomorphic functions f : Cd → C, d ≥ 1.

Let Ω ⊂ Cd be a domain. For reasonable weight functions w : Ω →
R+, we consider separable Hilbert spaces L2

w(Ω) consisting of measurable
complex-valued functions f satisfying the norm boundedness condition

‖f‖2
w =

∫

Ω
|f(z)|2w(z)dA(z) <∞. (2.1)

Here, dA stands for Lebesgue measure on Cd ∼= R2d. The inner product of
f, g ∈ L2

w(Ω) is given by the formula

〈f, g〉w =

∫

Ω
f(z)g(z)w(z)dA(z). (2.2)

We make the assumption that there exists, for any compact K ⊂ Ω, a
constant CK > 0 such that

sup
z∈K

|f(z)| ≤ CK‖f‖L2
w(Ω), z ∈ K. (2.3)

Then, convergence in norm implies pointwise convergence, and we conclude
that the subspace A2

w(Ω) consisting of holomorphic functions is closed in
L2

w(Ω). Hence, A2
w(Ω) is a Hilbert space.

Example 2.1 We consider, for α > −1, the probability measures on the
unit disk D defined by

dAα(z) = (1 + α)(1 − |z|2)α dxdy
π

.

The weighted Bergman spaces A2
α(D) consist of holomorphic functions f : D →

C that satisfy

‖f‖2
α =

∫

D

|f(z)|2dAα(z) <∞. (2.4)

In the unweighted case α = 0, we usually write A2(D) instead of A2
0(D).

Example 2.2 Let d ≥ 2 and consider the unit ball

Bd = {z ∈ Cd : |z1|2 + · · · + |zd|2 < 1}.
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For −1 < α <∞, we define probability measures on Bd by setting

dAα(z) =
Γ(d+ α+ 1)

d!Γ(α+ 1)
(1 − 〈z, z〉)αdA(z).

The Bergman space A2
α(Bd) consists of holomorphic functions the unit ball

satisfying

‖f‖2
α =

∫

Bd

|f(z)|2dAα(z) <∞. (2.5)

Weighted Bergman spaces in the unit disk have been studied extensively,
and many fundamental results have been established in recent years (see
[25]).

It follows from (1.5) that the derivative f ′ of any f ∈ S can be placed in
some A2

α(D) by choosing α sufficiently large α; we can always take α = 3, for
instance. We use this observation to reformulate the definition of the integral
means spectral function in terms of membership in a weighted Bergman
space. By comparing the definition of the integral means spectral function,
and the expression defining the Bergman space norm in polar coordinates,
we find that

βf (τ) = inf{α+ 1 : [f ′]τ/2 ∈ A2
α(D)}. (2.6)

Thus, if we could find a way of estimating the norms ‖[f ′]τ/2‖α in a uniform
manner over f ∈ S, we would obtain upper estimates of the universal means
spectrum BS(τ).

There exists a relation between the norm of a function in a weighted
Bergman space and the norms of its jth derivatives f (j) in a different space
that is useful in the context of integral means (see [26]). We have, for
0 < ν ≤ 1,

0 ≤ (α+ 2)2j ‖f‖2
α − ‖f (j)‖2

α+2j ≤ O(‖f‖2
α+ν), (2.7)

where (a)j = a(a+1)(a+2) · · · (a+ j−1). The inequality (2.7) allows us to
transfer information regarding a Bergman space function to its derivatives,
at the price of adjusting the weight function.

The theory of Bergman spaces in higher dimensions is discussed in greater
detail in [46]; see also the references therein.

We end this subsection with a brief discussion of another space of holo-
morphic functions. The Bloch space B consists of functions f that are
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holomorphic in the unit disk and satisfy

‖f‖B = sup
z∈D

(1 − |z|)2|f ′(z)| <∞. (2.8)

The expression (2.8) defines a seminorm. By setting ‖f‖ = |f(0)| + ‖f‖B,
we can view B as a Banach space. The little Bloch space B0 ⊂ B consists of
functions with

lim
|z|→1

(1 − |z|)2|f ′(z)| = 0

An important feature of the Bloch seminorm is that it is conformally in-
variant; that is, if m : D → D is an automorphism, then ‖f‖B = ‖f ◦m‖B.
Moreover, we have B ⊂ A2

α(D). By observing that a lacunary series with
bounded coefficients, that is, a power series

∞
∑

j=0

ajz
λj , with

λj+1

λj
≥ λ > 1, sup

j
|aj | <∞,

belongs to the Bloch space, we conclude that the Bergman space contains
functions that, unlike conformal mappings, have no radial limits.

There is an important connection between the Bloch space and the
derivatives of conformal maps. By pointwise distortion estimates, we have

‖ log f ′‖B ≤ 6, f ∈ S,

and hence, g = log f ′ is a Bloch function for any conformal map f ∈ S.
There is a partial converse to this statement. Namely, if g ∈ B and ‖g‖B ≤ 1,
then there exists f ∈ S with g = log f ′. The problem of estimating the
integral means spectrum βf can be rephrased as the problem of determining
for which values of α we have exp(τ/2g) ∈ A2

α(D) for the Bloch function
g = log f ′.

Bloch functions are discussed in greater detail in [36] and [43, Chapter 4].
We should point out that while we have restricted ourselves to the setting of
the unit disk, it is possible to extend the notion of Bloch function to higher
dimensions.

2.2 Kernel functions and projection operators

One advantage of working with Bergman spaces in the context of the univer-
sal means spectrum is that we can make use of the theory of Hilbert spaces,
more precisely, Hilbert spaces with reproducing kernel functions.
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We return to the setting of a general Bergman space A2
w(Ω) and assume

that (2.3) holds. This estimate implies that the point evaluation functionals

ez : A2
w(Ω) → C, f 7→ f(z)

are bounded at every point of Ω. By the Riesz representation theorem, there
exists a unique function kz ∈ A2

w(Ω) with the reproducing property

ez(f) = f(z) = 〈f, kz〉w, z ∈ Ω. (2.9)

The function k : Ω × Ω → C given by

k(z,w) = kw(z) (2.10)

is called the reproducing kernel function, or weighted Bergman kernel. It
is straightforward to show that the kernel function enjoys the symmetry
property k(z,w) = k(w, z), and that k admits the series representation

k(z,w) =
∞
∑

j=1

ej(z)ej(w), (2.11)

for any orthonormal basis {ej}∞j=1 of A2
w(Ω). This representation is inde-

pendent of the choice of basis.

Example 2.3 The Bergman kernel of the space A2
α(D) is

k(z,w) =
1

(1 − w̄z)α+2
, z, w ∈ D, (2.12)

and we have

f(z) =

∫

D

f(w)dAα(w)

(1 − w̄z)α+2
, z ∈ D,

for any f ∈ A2
α(D). The expression for the kernel can be obtained by sum-

ming the basis elements

ej(z) =

(

Γ(j + 2 + α)

j!Γ(2 + α)

)1/2

zj , z ∈ D,

where Γ stands for the Gamma function.
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Example 2.4 The Bergman kernel for the weighted Bergman space A2
α(Bd)

is given by the expression

k(z,w) =
1

(1 − 〈z,w〉)α+d+1
, z,w ∈ Bd. (2.13)

The formula (2.13) can be established by finding a suitable orthonormal basis
of monomials in the Bergman space, and then using the formula (2.11).

In general, it is difficult to find an explicit expression for the Bergman kernel
associated with a given domain (and a given weight function); however,
asymptotic estimates are available in certain situations (see, for instance,
[7] and the references therein). A standard way of computing k is to use
the Gram-Schmidt procedure to produce an orthonormal basis for A2

w(Ω)
in order to apply (2.11). This approach usually requires some symmetry in
the underlying domains Ω in order to be efficient.

The defining property of the Bergman kernel is that it reproduces func-
tions in the Bergman space. However, we may also use the kernel function
to define an orthogonal projection P from the full Lebesgue space L2

w(Ω)
onto the Bergman space via the formula

P[f ](z) =

∫

Ω
f(w)k(z,w)w(w)dA(w), z ∈ Ω, f ∈ L2

w(Ω). (2.14)

Any closed subspace of A2
w(Ω) is equipped with a reproducing kernel func-

tion, and the kernel function again induces a projection operator onto the
subspace in question. One consequence of this fact is that an orthogonal
decomposition of the space A2

w(Ω) of the form

A2
w(Ω) =

∞
⊕

N=0

MN (Ω) (2.15)

leads to an expansion of the kernel function in a series

k(z,w) =

∞
∑

N=0

kMN (z,w), z,w ∈ Ω, (2.16)

where the terms are the kernels associated with the closed subspaces MN (Ω).
Reproducing kernels are well-behaved with respect to restrictions. For a

subset Ω′ ⊂ Ω, we denote by N (Ω′) the space consisting of restrictions ⊘[f ]
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of functions f ∈ A2
w(Ω) to Ω′, and we endow this space with the induced

norm
‖f‖N (Ω′) = inf{‖g‖A2

w(Ω) : g ∈ A2
w(Ω), ⊘g = f}. (2.17)

The restriction of the reproducing kernel function k of the full space A2
w(Ω)

to the subset Ω′ then coincides with the reproducing kernel function of the
space N (Ω′).

These facts are exploited in the third paper in this thesis, where re-
producing kernels for higher-dimensional Bergman spaces are expanded in
terms of series of kernels associated with subspaces of functions vanishing to
certain order along a subvariety of the underlying domain Ω. We refer the
reader to the book [47] for a discussion of the general theory of reproducing
kernels; see also [2].

Returning to the notion of invariance under mapping by holomorphic
functions, we note that there is a geometric quantity associated with (un-
weighted) Bergman kernels. This is the Bergman metric, which is invariant
under biholomophic mappings (see [32, Chapter 1]). In the one-dimensional
case, this amounts to saying that the Bergman metric is yet another con-
formally invariant object. It may also be worth pointing that a higher-
dimensional version Loewner theory has been developed in recent years,
starting from J. Pfaltzgraff’s early work [41]. In this setting one considers
chains of biholomorphic maps, and it turns out that these satisfy a partial
differential equation analogous to (1.9).

3 Stochastic processes and planar growth models

3.1 Stochastic processes

Let (Ω,F ,P) be a probability space. We sometimes need to consider fil-
trations on (Ω,F ,P); these are increasing families {Ft}t≥0 of σ-algebras in
F . We adopt the notation E[·] for expectation with respect to P. Similarly,
E[·|Ft] stands for conditional expectation with respect to Ft (see [19] for
precise definitions).

A stochastic process is a collection X = (X(t, ω))t∈I of random variables

X(t, ·) : Ω → S, t ∈ I (3.1)

indexed by some subset of the real line. Typically, we assume that S is a
metric space, and G is the Borel σ-algebra generated by the open sets of S.
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For a fixed ω ∈ Ω, the function t 7→ X(t, ω) is called a sample path of the
process. We usually suppress the dependence on ω ∈ Ω and write X(t) in
place of X(t, ω).

A real-valued stochastic process X = (X(t))t≥0 is said to belong to the
class of Lévy processes if the following statements hold: X(0) = 0 almost
surely (abbreviated a.s.), X(t) has independent and stationary increments,
and for all ǫ > 0, limt→0+ P(|X(t)| > ǫ) = 0. It can be shown that the sam-
ple paths of a Lévy process furnish examples of so-called right-continuous
functions with left limits. We often use the abbreviation RCLL, or equiv-
alently, càdlàg (from the French “continue à droite, limitée à gauche”), for
such functions.

We take a closer look at some examples of Lévy processes.

Example 3.1 A Lévy process B = (B(t))t≥0 is called a standard Brownian
motion if B(0) = 0, and the random variables B(t) are normally distributed,
with expectation 0 and variance t. Is can be proven that, almost surely, the
sample paths of Brownian motion are continuous, but nowhere differentiable.

Example 3.2 We say that a Lévy process N = (N(t))t≥0 is a Poisson
process with intensity λ > 0 if the random variables N(t) have Poisson
distribution with mean λ. The process N is integer-valued, and the sample
paths of the process are piecewise constant, with jump continuities at random
times.

The Poisson process can readily be used to define the wider class of com-
pound Poisson processes. Let N be a Poisson process with intensity λ > 0,
and take {Xj}∞j=1 to be a sequence of independent random variables, identi-
cally distributed according to σ and independent of N . We define a compound
Poisson process Y with intensity λ associated with σ, by setting Y (0) = 0
and

Y (t) =

N(t)
∑

j=1

Xj , t ∈ (0,∞). (3.2)

The sample paths of Y are again piecewise constant, and exhibit jumps at
random times, and with random sizes.

The Skorokhod metric is a substitute for the standard uniform metric on
continuous functions that is well-adapted to dealing with the discontinuous
sample paths of Lévy processes. We denote by D(I) the space of RCLL
functions on an interval I = [0, T ]. For a function λ belonging to the class
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Λ(I) of continuous non-decreasing functions on I with λ(0) = 0 and λ(T ) =
T , we set

‖λ‖Λ = sup
s 6=t

∣

∣

∣

∣

log

(

λ(t) − λ(s)

t− s

)
∣

∣

∣

∣

. (3.3)

The Skorokhod metric on D(I) is then defined as

d(φ,ψ) = inf{ǫ > 0 : ∃λ such that ‖φ− ψ ◦ λ‖∞ < ǫ, ‖λ‖Λ < ǫ}. (3.4)

Here, φ and ψ are functions in D(I). Appropriate modifications to the
definitions can be made in the case where I = [0,∞). An intuitive inter-
pretation of the Skorokhod metric is that it allows for small time changes,
so that functions that jump “almost” simultaneously can still be considered
close to each other. The reader is referred to [9] for background material on
the Skorokhod space.

It is sometimes useful to think of stochastic processes in terms of prob-
ability measures defined on a suitable space of functions. In the setting of
Lévy processes, we consider the Skorokhod space D[0,∞), equipped with
the Borel σ-algebra. We then consider probability measures P defined on
D[0,∞) such that, under P, the coordinate processes

X(t, φ) = φ(t), φ ∈ D[0,∞),

are Lévy processes. For instance, the measure P on C[0,∞) that generates
Brownian motion is known as the Wiener measure. Informally, the measure
P “picks out” a random function in D(I) that is the sample path of a Lévy
process. We shall use this formalism when we create stochastic families of
conformal mappings, by considering the push-forward of measures on D(I)
into spaces of univalent functions via continuous mappings T : D(I) → Σ.

We often want to study sequences of random variables or stochastic pro-
cesses, and to determine whether these sequences converge in some suitable
sense. The Fourier transform is a useful tool in this context; in probabil-
ity theory one usually speaks of the characteristic function of a random
variable. For instance, if a sequence {χj}j∈N of characteristic functions
converges pointwise to a characteristic function χ, then the corresponding
random variables converge in distribution.

The characteristic function of a real-valued random variable X is the
function χ : R → C defined by

χ(u) = E[eiuX ], u ∈ R. (3.5)
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If the random variable has a density ρ, then χ is essentially the Fourier
transform of the function ρ. The definition is extended to a real-valued
stochastic process X = (X(t))t∈I by setting

χt(u) = E[eiuX(t)], u ∈ R, t ∈ I.

The characteristic function of a Lévy process is of a special form; more
precisely, it admits a unique representation as

χt(u) = etη(u),

with characteristic exponent

η(u) = ibu− 1

2
au2 +

∫

R

(

eixu − 1 − ux1{|x|<1}(x)
)

dν(x) (3.6)

for a measure ν satisfying certain additional conditions (see [9] for details),
and b, a ∈ R. The formula (3.6) is known as the Lévy-Khintchine formula.

Example 3.3 For Brownian motion, we have b = 0 and ν = 0. The com-
pound Poisson process has η(u) =

∫

R
(eixu − 1)λdσ(x), where λ is the inten-

sity of the Poisson process and σ determines the distribution of the random
variables {Xj}∞j=1.

In Paper IV we shall work with unimodular processes, that is, processes
taking values in T. In that case, we consider the Fourier coefficients of
processes rather than characteristic functions.

Some of the processes we encounter in this thesis are martingales. Given
a filtration {Ft}t≥0, we say that a process M = (M(t))t≥0 is a martingale if
M(t) is measurable with respect to Ft, E[|M(t)|] <∞ for each t ≥ 0, and

E[M(t)|Fs] = M(s), s < t. (3.7)

Example 3.4 Consider a standard Brownian motion B = (B(t))t≥0. The
process X = (X(t))t≥0 defined by setting X(t) = (B(t))2 − t is a martingale
with respect to the filtration induced by B.

Example 3.5 Let N = (N(t))t≥0 be a Poisson process with intensity λ >
0. The compensated Poisson process defined by Ñ(t) = N(t) − λt is a
martingale with respect to the natural filtration of N . Hence, by writing
N(t) = λt+ Ñ(t), we can decompose the Poisson process into an increasing
process and a martingale.
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Note that the function t 7→ E[M(t)] is a constant if M is a martingale.
A useful feature of martingales is that they often exhibit good long-term
behavior. An important result in this direction is Doob’s L2 inequality,

E

[

sup
0<t<T

M(t)2
]

≤ 4E[M(T )2], (3.8)

which, combined with the Chebychev-Markov inequality, yields the tail es-
timate

P

[

sup
0≤t≤T

|M(t)| > ǫ

]

≤ 4
E[M(T )2]

ǫ2
. (3.9)

We use this kind of result in Paper V, together with a decomposition similar
to that in Example 3.5, to show convergence of certain stochastic processes
to deterministic functions.

3.2 Planar processes and Loewner’s equation

We now return to the subject of conformal mapping and show how random
conformal mappings arise naturally as solutions to the Loewner equation
driven by stochastic processes. Recall from Section 1 that the classical form
of the Loewner equation,

∂tft(z) = zf ′t(z)
z + φ(t)

z − φ(t)
, z ∈ De,

parametrizes families of conformal mappings in terms of unimodular func-
tions φ. More precisely, the solutions {ft}t≥0 map the exterior disk De onto
shrinking domains of the form Ωt = C∞ \Kt, where the Kt’s are compact
sets that are usually called hulls.

By choosing driving functions φ as sample paths of a stochastic process,
we obtain random conformal maps, and hence random hulls. An alternate
viewpoint is to consider a probability measure P defined on some space of
functions, say D[0,∞). We then define a mapping

LT : D[0,∞) → Σ, φ 7→ fT , (3.10)

where fT denotes the solution to the Loewner equation, driven by φ and
evaluated at time T . The push-forward L∗

T P is then a measure on the
space Σ, equipped with the topology induced by uniform convergence on
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compact subsets. More generally, we may consider random measures on T

and mappings taking measures to random conformal maps via the Loewner
equation.

Example 3.6 Let B = (B(t))t≥0 be standard Brownian motion. The driv-
ing functions φ(t) = exp(i

√
κB(t)), κ > 0, produce Loewner chains known

as Schramm-Loewner evolutions with parameter κ, or SLE(κ) for short. It
can be shown that the hulls, {Kt}t≥0, associated with SLE(κ) are simple
curves in the range 0 ≤ κ < 4, curves with self-tangencies when 4 ≤ κ ≤ 8,
and space-filling curves when κ > 8.

Example 3.7 The Cauchy process is a Lévy process with characteristic ex-
ponent η(u) = c|u|. It has jumps on all scales, and has infinite expectation.
The random hulls associated with the Loewner chains driven by a Cauchy
process X are tree-like sets, with branchings at the discontinuity points of
the driving function φ = eiX .

The SLE processes were introduced by O. Schramm, and were used by G.
Lawler, Schramm and W. Werner, S. Smirnov, and others to attack im-
portant open problems in probability theory as well as in physics (see [33]
and [44], and the references therein). The Schramm-Loewner evolution has
subsequently been studied intensively by many authors. For instance, V.
Beffara has determined the Hausdorff dimension of the SLE(κ) curves (see
[5]). Beliaev and Smirnov have computed the average integral means spec-
tral function associated with the whole-plane SLE(κ) mappings ft, that is,
the growth exponent of the expectations

E

[
∫ π

−π
|f ′t(reiθ)|τdθ

]

, τ ∈ R,

as r → 1+ (see [6]). Related almost sure results have recently been estab-
lished by F. Johansson and Lawler (see [28]).

Loewner chains driven by the class α-stable processes (which include
the Cauchy process) have been analyzed in depth by Z.-Q. Chen and S.
Rohde, and others, in the setting of the upper half-plane H (see [15] and
the references listed there). For instance, Chen and Rohde show that a
description of the hulls in terms of a trace t 7→ γ(t) is possible, and that the
function γ is RCLL. They also prove that the hulls have Hausdorff dimension
dimH(Kt) = 1 almost surely, and study properties of rescaled hulls.

Paper IV in this thesis addresses Loewner chains generated by Lévy pro-
cesses, with particular emphasis on the class of compound Poisson processes.
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3.3 The Hastings-Levitov growth model

The phenomenon of Laplacian growth has been widely studied in math-
ematical physics. Informally speaking, Laplacian growth models describe
the evolution of sets where the growth of the boundary at a given time is
prescribed by some external potential, such as the Green function of the
growing set.

One of the most famous growth models is the so-called Diffusion-limited
aggregation (DLA) of T.A. Witten and L. Sander (see [49]). DLA was orig-
inally formulated on a lattice, and we give a brief description of the process
here. We place a particle, a “seed,” at the origin of a lattice, say Z2. A par-
ticle is then released from infinity, and performs random walk on the lattice,
until it reaches an unoccupied lattice point adjoining the seed. The particle
then settles at that point, and a new particle is released. The process is
allowed to continue indefinitely, and produces intriguing “fractal” patterns.
The DLA model is very easy to formulate, and has been simulated exten-
sively, but, unfortunately, few rigorous results concerning the properties of
DLA have been established (see, for example, [30]). It appears that the
choice of lattice affects the large-scale behavior of DLA, and therefore, it
seems natural to search for some substitute model that is not formulated in
a lattice setting.

In 1998, M. Hastings and L. Levitov introduced a family of planar growth
models that is defined using conformal maps (see [24]); similar ideas appear
in the work of Carleson and Makarov (see [13] and [14]). This family is
known as the Hastings-Levitov model HL(α) and is indexed by a parameter
α ∈ [0, 2]. We outline the Hastings-Levitov construction here. The first
step is to select a simple conformal map to be used as building block in the
model. For simplicity, we again choose the slit map fd in Example 1.5; the
slit will be thought of as a particle that is attached to the closed unit disk.
Recall that we can prescribe the length d of the slit that is added. We then
sample a sequence {θj}∞j=1of uniformly distributed and independent random

variables θj taking values in T, and form the rotated maps f θj

d .
We set Φ0 = z, and then inductively define

Φj = Φj−1 ◦ f θj

dj
, j = 1, 2, . . . , (3.11)

at each step taking

dj =
d0

|Φ′
j−1(e

iθj )|α/2
. (3.12)
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Figure 1.3: Hastings-Levitov mapping Φ2, with preimage slit lengths d1 and
d2.

Here, d0 > 0 is a fixed scale. This procedure yields a sequence of conformal
maps, Φj : De → Ωj = C∞ \ Kj , and the growing clusters in the HL(α)
model are the compact sets Kj . An important observation is that the map-
pings Φj can also be realized as solutions to the Loewner equation driven by
certain discontinuous functions. Recall from Section 1 that a constant driv-
ing function in the Loewner equation generates a slit map. The composite
mappings Φj then arise as solutions to the Loewner equation driven by a
random, piecewise constant driving function taking the values eiθ1 , eiθ2 , . . .
and having jumps at random times that depend in an explicit way on the
numbers dj . A feature that makes the HL(α) model difficult to analyze is
the fact that the lengths dj depend on the entire previous history of the
cluster; the driving function cannot in general be described in terms of a
Lévy process.

By conformal invariance, choosing θj uniformly on the unit circle amounts
to attaching a new particle at a point of the cluster Kj−1 chosen according
to harmonic measure at infinity. Since harmonic measure can be viewed
as the hitting distribution of a Brownian motion starting at ∞, the model
captures the random walk aspect of DLA. The slits dj are distorted by the
map Φj−1, and hence we do not prescribe the sizes of the added particles
directly, but rather the sizes of their preimages. When α = 0, we simply
compose independent rotations of a fixed map. The case α = 2, at least
heuristically, corresponds to adding slits of roughly the same size—we scale
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Figure 1.4: A HL(0) cluster, with d = 0.02 and n = 25000.

down the preimage of the added slit by the approximate length distortion
under the mapping Φj−1. Thus, HL(2) appears to be a reasonable candidate
for the designation as off-lattice DLA.

In their paper, Hastings and Levitov perform simulations that indicate
that the cluster growth in the HL(α) models undergoes a phase transition at
α = 1, the growth being “stable” for α < 1 and “turbulent” for α > 1. One
way of measuring this is to consider the deviation of the maximal radius
of the clusters from the mean radius. They also obtain estimates on the
capacity growth rate for the clusters. Regrettably, it does not seem to be
entirely clear to what extent these results can be made rigorous. Subsequent
numerical studies have been carried out by B. Davidovitch and others (see
for instance [16] and the references listed there). A rigorous investigation
of the HL(0) model was recently carried out by Rohde and M. Zinsmeister
(see [45]). They establish the existence of a capacity scaling limit of the
HL(0) clusters, and prove, perhaps somewhat surprisingly, that these limit
clusters have Hausdorff dimension equal to 1. They also give estimates of the
capacity and length growths of certain regularized HL(α) clusters for α > 0.
In a recent preprint, J. Norris and A. Turner study the HL(0) model in the
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limit d→ 0 and obtain a description of the evolution of harmonic measure on
the cluster boundary in terms of an object known as the coalescing Brownian
flow (see [39]).

In Paper V in this thesis, we study versions of the HL(0) model where
the growth is anisotropic and obtain results analogous to Norris and Turner;
in our case the flow is deterministic.

4 Overview of Papers I and II

Papers I and II address questions related to the universal means spectrum
BS . In Paper I, we obtain new upper estimates of BS using Bergman space
techniques. In Paper II, a survey paper, the ideas underlying the approach
in Paper I are elucidated, and some additional results are proven. As is the
case in the papers, the discussion here will focus on the universal means
spectrum BS(τ) for real values of τ .

We recall the Bergman space definition of the integral means spectral
function associated with f ∈ S,

βf (t) = inf{α+ 1 : [f ′]t/2 ∈ A2
α(D)}, t ∈ R,

and the definition of the universal means spectrum as a supremum

BS(t) = sup
f∈S

βf (t), t ∈ R.

While the distortion estimates can be used to obtain bounds on βf that are
uniform in f ∈ S, it is not surprising that this leads to estimates of BS that
are far from being optimal. It may be worth pointing out that the improved
Clunie-Pommerenke estimate (1.24) relies on pointwise estimates for f ∈ S,
namely, the inequality

∣

∣

∣

∣

f ′′(z)

f ′(z)
− 2z̄

1 − |z|2
∣

∣

∣

∣

≤ 4

1 − |z|2 , z ∈ D.

It is natural to look for some substitute for pointwise estimates, valid
for all f ∈ S, that simultaneously takes into account the behavior of f ′

on a larger set, and then to apply this type of result when bounding βf .
Hedenmalm and Shimorin have developed a method along these lines in a
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series of papers (see [26], [27]), and we give a brief overview of their approach
here. Their starting point is an inequality due to Prawitz,

∫

D

∣

∣

∣

∣

∣

f ′(z)

(

z

f(z)

)θ+1

− 1

∣

∣

∣

∣

∣

2
dA(z)

|z|2θ+2
≤ 1

θ
, (4.1)

valid for all f ∈ S and 0 < θ ≤ 1. Replacing f by the Koebe transform (1.4)
of a function in S, the inequality can be reinterpreted as an an inequality
for certain functions in the unit bidisk D2 = {z ∈ C2 : |z1| < 1, |z2| < 1}.
Multiplying both sides by a function g ∈ A2

α−2θ(D) and integrating with
respect to weighted area measure in D, we arrive at an inequality of the
form

‖gΦθ + gLθ‖2
A2

w(D2) ≤ C‖g‖2
α−2θ.

Here A2
w(D2) stands for a certain weighted Bergman space in the bidisk,

whereas ‖g‖α−2θ denotes the norm of the function g in a weighted Bergman
space in the unit disk, as in Example 2.1. The functions Φθ and Lθ are
explicit functions in the bidisk, with the holomorphic function Φθ being
defined in terms of the mapping f .

Using reproducing kernel techniques, and performing explicit calcula-
tions, Hedenmalm and Shimorin arrive at a series expansion of the bidisk
norm, involving norms computed in one-dimensional Bergman spaces. Their
result reads as follows:

∞
∑

N=0

C1,N

∥

∥

∥

∥

∥

g(N+1) +
N
∑

k=0

ck,N∂
N−k[gΦk,θ]

∥

∥

∥

∥

∥

2

α−2θ+2N+2

− C2‖g‖2
α−2θ

≤ O(‖g‖α−θ). (4.2)

The functions Φk,θ are defined by expressions that involve higher-order
derivatives of the initial mapping f , and C1,N , ck,N and C2 are constants
depending on α > 0 and θ ∈ [0, 1) that can be computed explicitly.

Now set g = [f ′]t/2, for f ∈ S and some fixed t, and suppose for a
moment that for some suitable choice of α and θ, it were to hold that

∞
∑

N=0

C1,N

∥

∥

∥

∥

∥

g(N+1) +
N
∑

k=0

ck,N∂
N−k[gΦk,θ]

∥

∥

∥

∥

∥

2

α−2θ+2N+2

≥ C3‖g‖2
α−2θ . (4.3)

Then, if g ∈ A2
α−θ(D) and C3 − C2 > 0, we would be able to deduce g ∈

A2
α−2θ(D) by appealing to (4.2), and this would lead to estimates of βf (t)
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(similar arguments involving the Schwarzian derivative appear in Shimorin’s
paper [48]). Unfortunately, the situation at hand is not this simple; see the
discussion in Paper II.

We now describe the results of Paper I, where we employ the inequality
(4.2), with all but the first three terms in the series expansion discarded, to
obtain estimates of BS for real t. The approach we have taken is suggested
in Hedenmalm and Shimorin’s paper [26]. The first step is to compute the
constants that appear in the relevant terms of (4.2), again taking g = [f ′]t/2

for some fixed t. Next, we consider families of ellipses {Eθ}θ∈[0,1) in the plane
defined by expressions of the form

|A2 − xA1|2 + |A4 − xA3 − yA5|2 ≤ C.

Here, the functions Ai = Ai(θ, β, t) and C = C(θ, β, t) depend on the con-
stants in (4.2) in an explicit way, and arise when the expressions involving
f ′ are rearranged. We note that these functions are real-valued when t is
real. One can show that if the intersection

⋂

θ∈[θ0,1) Eθ is empty, then the
truncated version of (4.2) essentially admits an estimate of the type (4.3).
We first group the functions Ai together as

(

A2

A4

)

,

(

A1

A3

)

and
(

0
A5

)

,

and view these pairs as elements in a vector space. If the empty intersection
condition is satisfied, then

dist
((

A2

A4

)

, span
{(

A1

A3

)

,

(

0
A5

)})

> C. (4.4)

Auxiliary norm estimates similar to (2.7) together with a duality argument
then allow us to use (4.2) in the desired way. As a result, estimating BS(t)
finally reduces to finding parameter values that produce ellipses with empty
intersection. In fact, by Helly’s theorem in geometry, it is enough to find
three such ellipses.

Estimates based on computer calculations are given in Paper I, improving
estimates in [26] that are based on the use of two terms in the expansion in
(4.2). In view of the rather modest improvements we have obtained, it is
reasonable to suspect that we lose a lot by truncating the series development
of the bidisk norm.
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We point out some of the limitations in the approach we have outlined
here. While explicit expressions can be found for the relevant constants
in [26], these formulas involve different kinds of special functions not very
amenable to analytic considerations. As k increases, the functions Φk,θ

quickly become complicated expressions, involving derivatives of the map-
ping f , which are difficult to handle. It seems that in order for a relation
similar to (4.3) to hold, at least for some of the terms in the series expansion,
the norms that appear should be comparable, as functions of the parame-
ters, in the sense that one norm should not vanish if the others do not. At
present, I do not know whether this is indeed the case for general parameter
choices (cf. the discussion in [27] and Paper II). It should in principle be
possible to take into account additional terms in the series expansion (4.2) to
improve the estimates, for instance, with the aid of computer calculations.
Unfortunately, the expressions involved again become rather unwieldy.

One way of extending the methods described in papers I and II would
be to replace the initial Prawitz’ inequality by some other inequality of area
type, and then follow the strategy outlined here. A more extensive discussion
concerning some these issues may be found in Paper II.

5 Overview of Paper III

Paper III of this thesis deals with Bergman spaces in higher-dimensional
complex spaces and their kernel functions. We first outline a general ap-
proach to studying these spaces, using expansions of norms and kernels in
terms of restrictions to subvarieties. The second part of the paper is devoted
to finding explicit formulas for reproducing kernels in weighted Bergman
spaces and weighted Bargmann-Fock type spaces in C2. The inspiration
for the paper came from the article [26]; norm expansion is a key step in
establishing (4.2).

Consider a Bergman space A2
w(Ω), defined in some subdomain Ω ⊂ Cd,

d ≥ 1, with inner product 〈·, ·〉w. Let p be a polynomial in d variables and
set

Vp = {z ∈ Ω : p(z) = 0};
we make the assumption that the complex gradient of p does not vanish along
Vp in order to assure the smoothness of the variety Vp. Next, we associate
with Vp certain subspaces of functions in A2

w(Ω). For N = 0, 1, 2, . . . we
denote by NN (Ω) the closed subspace of functions f ∈ A2

w(Ω) such that
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f/pN is holomorphic. We then set

MN (Ω) = NN (Ω) ⊖NN+1(Ω), N = 0, 1, 2, . . . .

Here A⊖B denotes the orthogonal complement of B in A. The restriction
of a function f ∈ A2

w(Ω) to the variety Vp will be denoted ⊘[f ].
The closed subspaces MN are equipped with reproducing kernels kMN (Ω)

that induce projections QN : A2
w(Ω) → MN (Ω) via the formula QN [f ] =

〈f, kMN (Ω)
z 〉w. As the intersection of the MN ’s is trivial, we now obtain a

direct sum decomposition of the space A2
w(Ω) in terms of closed subspaces,

A2
w(Ω) =

∞
⊕

N=0

MN (Ω). (5.1)

This decomposition entails that the Bergman space norm of a function can
be expanded as a series,

‖f‖2
w =

∞
∑

N=0

‖QN [f ]‖2
w, f ∈ A2

w(Ω), (5.2)

and that the kernel function of the space A2
w(Ω) can be expressed in terms

of the kernels kMN (Ω):

k(z,w) =

∞
∑

N=0

kMN (Ω)(z,w), z,w ∈ Ω. (5.3)

We turn our attention to the space H(Vp), whose elements are the re-
strictions ⊘[f ] of functions in A2

w(Ω); note that the dimension of Vp is d−1.
We endow H(Vp) with the restriction norm (2.17). By definition, we then
have

‖ ⊘ [f ]‖H(Vp) ≤ ‖f‖A2
w(Ω).

We find that equality holds precisely when f ∈ M0(Ω), and thus, we con-
clude that

‖ ⊘ [f ]‖H(Vp) = ‖Q0[f ]‖w.

If f ∈ A2
w(Ω) vanishes along Vp, we instead turn to the projection Q1[f ].

In this case, we can divide by p and then take the restriction to obtain
a holomorphic function R1[f ] = ⊘[Q1[f ]/p1]. The restriction norm can

34



modified to take into account that we have divided by p, and we compute
the norm of R1[f ] in the resulting space H1(Vp),

‖R1[f ]‖H1(Vp) = ‖Q1[f ]‖w. (5.4)

This process can then be continued with N = 2, 3, . . . in place of 1, and we
eventually arrive at an equality of the type

‖f‖2
w =

∞
∑

N=0

‖RN [f ]‖2
HN (Vp), (5.5)

where the HN (Vp) are spaces that consist of restrictions to Vp of functions in
A2

w(Ω), equipped with suitable norms. A similar analysis of the reproducing
kernel functions yields that

k(z,w) =

∞
∑

N=0

p(z)N p̄(w)N 〈⊘kHN
w

,⊘kHN
z

〉HN (Vp), z,w ∈ Ω. (5.6)

In this formula, kHN
w

(z) = kHN (z,w) denotes the kernel function in certain
subspaces of A2

w(Ω) related to NN (Ω).
The procedure we have described becomes truly useful if we can charac-

terize the restriction spaces HN (Vp) and the operators RN in some concrete
way. For instance, in Paper III we carry out the above program in the set-
tings of the bidisk and the two-dimensional ball. In those cases, choosing the
polynomials p(z1, z2) = z1 − z2 and p(z1, z2) = z2, we can identify the cor-
responding spaces HN (Vp) isometrically with standard weighted Bergman
spaces in the unit disk, and the action of the operators RN can be expressed
in terms of derivatives and restrictions. Our computation of the reproducing
kernels relies on our being able to determine the subspace kernels kHN , when
one of the set of variables (z,w) is restricted to Vp. For this to work in a gen-
eral setting, we would like these kernel functions to be readily computable at
some special point of Vp, and the automorphism group of Ω to be sufficiently
ample for us to be able to move this point around in Vp. Returning to the
examples of the bidisk and the unit ball, the kernel functions are constant
for (z,w) ∈ {0} × Ω, and the Möbius transformations act transitively on
both of these domains.

In paper III, we restrict our attention to C2 and compute norm expan-
sions and reproducing kernel functions for several classes of spaces. The
general technique outlined here could be applied in a higher-dimensional
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setting, but the identification of the restriction spaces is likely to become
more difficult and the computations more involved. It might also be of in-
terest to consider spaces defined in terms of more general weight functions
w, and more complicated polynomials p.

After paper III was published, we were informed by R. Rochberg that
ideas that are similar in spirit appear in his work with S. Ferguson (see
[21]); Ferguson and Rochberg focus on spaces that arise as tensor products
of reproducing kernel spaces.

6 Overview of Papers IV and V

The last two papers in this thesis, Paper IV and Paper V, are concerned
with Loewner evolutions and random growth processes in the plane. In
Paper IV, we study Loewner hulls generated by Lévy processes and explore
various scaling limits of clusters driven by compound Poisson processes.
Paper V contains a study of anisotropic versions of the HL(0) model. We
obtain descriptions of scaling limits of these clusters in terms of measure-
driven Loewner chains, and we analyze the behavior of harmonic measure
on the cluster boundaries.

We first give a summary of Paper IV. In the first part of the paper,
we consider Loewner equations driven by general Lévy processes. We view
a Lévy process as a measure on the Skorokhod space D[0,∞), and obtain
measures on the space Σ′ via the Loewner equation. That is, we consider
driving functions of the form φ = exp(iY ), where Y denotes the Lévy process
under consideration.

Our first main result is the existence of a capacity scaling limit. We first
note that since the hulls {Kt}t≥0 are connected, their logarithmic capacity
is comparable to their diameter. We therefore set

K̃t =
Kt

cap(Kt)
= e−tKt, t ≥ 0,

and obtain a family of hulls that do not become unbounded as t → ∞. We
then prove that the laws of the mappings f̃t : De → C∞\Kt converge, as t→
∞, to the law of hulls associated with the whole-plane version of the Loewner
equation (see [33]). The proof relies on continuity properties of the Loewner
equation, and on the time-reversibility of Lévy processes. More precisely, we
first establish the auxiliary result that the map LT : D[0,∞) → Σ′ defined by
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Figure 1.5: Loewner evolution driven by a unimodular compound Poisson
process with λ = 20 and r = 1/2. Left: Driving process. Right: Loewner
hull.

setting LT (φ) = e−T fT is continuous, with respect to the Skorokhod metric
and the locally uniform topology. The proof relies on properties of the
backwards Loewner flow, and growth and distortion estimates on conformal
maps. We then observe that the conformal mappings f̃T = e−T fT coincide
with mappings arising from Loewner evolutions driven by the time-reversed
Lévy process, started at time −T and evaluated at t = 0. Finally, we
observe that the mappings LT converge uniformly, and thus deduce weak
convergence of the measures associated with the rescaled hulls.

In the second part of the paper, we analyze the properties of hulls gen-
erated by a family of compound Poisson processes. This family of processes
is indexed by two real parameters, λ and r, λ > 0 being the intensity of the
underlying Poisson process. The other parameter, r ∈ [0, 1), enters through
the random variables Xj whose density is given by the Poisson kernel,

fX(ϑ) =
1

2π

1 − r2

1 − 2r cos ϑ+ r2
, ϑ ∈ [0, 2π). (6.1)

The driving process is then constructed as in Example 3.2; we set Y =
∑N(t)

j=1 Xj and use φ(t) = exp(iY (t)) as driving function. Each interval
of constancy, [Tj , Tj+1], of the underlying Poisson process produces a new
“particle” that is attached to the growing hull at a random point. Using the
conformal invariance of harmonic measure, this setup can be interpreted as
choosing the attachment point at step j + 1 by starting a Brownian motion
from the point zj = fTj

(eiθj/r), and stopping it when it hits the previous
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hull Kj. The choice r = 0 reduces to harmonic measure seen from infinity,
and the resulting Loewner chains are similar to the HL(0) mappings, with
random, albeit independent, particle sizes. When r > 0, the growth is more
localized, and the clusters tend to have fewer branchings. Indeed, we prove
that in the limit r → 1, the law of the clusters Kt converges to a point
mass at a slit mapping. We also explore the scaling limits that arise when
the parameters of the compound Poisson process are coupled. Setting the
intensity λ = 1/(1 − r) and taking r → 1, for example, we find the laws of
the hulls converge to the law of hulls generated by a Cauchy process on T.
We establish these convergence results by computing the Fourier coefficients
of the driving processes, and analyzing their dependence on the parameters
r and λ.

The last part of the paper contains a proof that the Hausdorff dimension
of the limit hulls K̃∞, in the capacity scaling limit, is equal to 1. In fact,
we prove the stronger statement that, almost surely, the hulls have finite
length. The proof is inspired in part by arguments in [45]. The length of
the cluster Kn = KTn is given by the sum

Ln = 2π +

n
∑

j=1

lj ,

where lj denotes the length of the jth added slit. Hence, the expected length
of the rescaled cluster after n arrivals is

E[e−TnLn] = 2π +
n
∑

j=1

E[e−Tn lj ]

and the quantities lk are readily expressible in terms of the conformal map-
pings fj = fTj

,

lj =

∫ 1+dj

1
|f ′j−1(re

iθ)|dr, k = 1, 2, . . . .

A key step in the proof is then the estimation of conditional expectations
and integrals of the form

∫ π

−π

∫ 1+dj

1
|f ′j−1(re

iθ)|2drdθ. (6.2)
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in terms of dj , random variables related to the arrival times of the underlying
Poisson process. 1

We now summarize the contents of Paper V, where we consider two
different scaling limits in a variation of the Hastings-Levitov model in the
case α = 0. The basic setup in the model is the same as in HL(0); we iterate
random rotations of basic conformal maps, but instead of choosing angles
uniformly on T, we allow the θj’s in our construction to be random variables
with some law ν. This introduces a concentration in the growth to sectors
above the arcs of the unit circle where ν is concentrated. Unfortunately,
this choice has no immediate interpretation in terms of harmonic measure.

Our first main result is a macroscopic shape theorem. In order to simplify
the present discussion, we limit ourselves to case of slit maps as building
blocks, with constant slit lengths d. Letting the size of the slits tend to
zero, and considering N = O(d−2) compositions, we find that the composite
maps converge almost surely to the conformal map generated by the Loewner
equation, when driven by the constant measure ν. The proof again relies on
continuity properties of the map that takes driving measures to conformal
mappings. We first show that weakly convergent sequences of measures on
product spaces of the form T × [0, T ] yields hulls converging in the kernel
sense. The second main ingredient in the proof is the weak convergence of
the driving measures associated with the composition of basic mappings to
the measure ν × Leb[0,T ]; the proof of this statement uses the strong law of
large numbers for independent random variables.

In the second part of the paper, we describe a scaling limit for the evolu-
tion of harmonic measure on the boundary of the clusters. Here, we consider
the inverses gd = f−1

d of the slit maps, and we define a conformal mapping
ΓN : C∞ \KN → De by setting

ΓN = gθN

d ◦ · · · ◦ gθ1

d , N = 1, 2 . . . . (6.3)

Note that the harmonic measure of a subset E of the cluster KN is then given
by |ΓN (E)|. The inverse maps ΓN can be lifted to R and these liftings induce
a family of stochastic processes Xd(t) that can be described as integrals of
the boundary functions against Poisson random measures with intensities
determined by the size of the added particles and the angular measure ν.

1Regrettably, the formula we present in Paper IV is incorrect due to a computational

mistake. This error is corrected in Paper V, p.5.

39



As a first step, we establish the existence of a scaling limit for the pro-
cesses Xd as d→ 0 and N = O(d−2): the processes converge in probability,
with respect to the Skorokhod topology, to the solutions to the ordinary
differential equation

φ̇(t) = H[ν](φ(t)), (6.4)

H[ν] being the Hilbert transform of the density of ν. Thus, in the limit
the behavior of harmonic measure is purely deterministic, in contrast to the
isotropic case. In order to prove this result, we extract the martingale part
of the processes Xd, and use estimates on the boundary maps together with
standard results on martingales to show that the martingale part is small.
Explicit computations establish convergence of the drift part to the Hilbert
transform. The last step of the proof then amounts to applying Grönwall’s
lemma, and using the martingale estimates.

Finally, we obtain a characterization of the fluctuations

Z(t) =
1

ρ(d)
(Xd(t) − φ(t)), (6.5)

as d→ 0. Here, ρ is an appropriate scaling constant, and φ denotes the solu-
tion to the ordinary differential equation (6.4). In the limit, the fluctuation
processes Z converge in distribution to the solution of a certain stochastic
differential equation explicitly given in terms of the measure ν.

It should be pointed out that the particular choice ν = LebT reduces the
differential equation (6.4) to φ̇ = 0, that is, the deterministic flow is trivial.
In fact, this phenomenon occurs for this choice of measure only. In Norris
and Turner’s analysis of the isotropic HL(0) model (see [39]), they instead
consider the scaling d→ 0 and N = O(d−3) and obtain a purely stochastic
limit, the coalescing Brownian flow.

It would be interesting to obtain results similar to those presented here
for the Hastings-Levitov model in the case α > 0, or at least for regular-
ized versions of the model. Unfortunately, most of our proofs rely on the
independence of the building blocks f θn

dn
. At present, I do not know how to

adapt our techniques to handle the rather complicated dependence of the
mappings on the history of the cluster that arises when α > 0, and it is not
clear exactly what kind of scaling limit one should look for.
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