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Abstract

This thesis consists of three papers devoted to the study of monotonicity for-
mulas and their applications in elliptic and parabolic free boundary problems.

The first paper concerns an inhomogeneous parabolic problem. We obtain
global and local almost monotonicity formulas and apply one of them to show
a regularity result of a problem that arises in connection with continuation of heat
potentials.

In the second paper, we consider an elliptic two-phase problem with coeffi-
cients bellow the Lipschitz threshold. Optimal C1,1 regularity of the solution and
a regularity result of the free boundary are established.

The third and last paper deals with a parabolic free boundary problem with
Hölder continuous coefficients. Optimal C1,1 ∩ C0,1 regularity of the solution is
proven.
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Sammanfattning

Denna avhandling består av tre vetenskapliga artiklar som alla behandlar mo-
notonitetsformler och deras tillämpningar inom frirandsproblem.

I den första artikeln studeras ett inhomogent paraboliskt problem. Vi visar lo-
kala och globala monotonicitetssatser. Den lokala versionen tillämpar vi för att visa
ett regularitetsresultat för ett problem som uppstår vid utvidgning av värmepoten-
tialer.

I den andra artikeln betraktar vi ett elliptiskt frirandsproblem med två faser,
där koefficienterna inte uppnår lipschitzregularitet. Vi visar optimal C1,1 regularitet
av lösningen och ett regularitetsresultat för friranden.

Den tredje och sista artikeln berör ett paraboliskt frirandsproblem med hölder-
kontinuerliga koefficienter. Optimal C1,1 ∩ C0,1 regularitet av lösningen visas.
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Chapter 1

Introduction to free boundary
problems

In this chapter we introduce free boundary problems (FBPs). The first three
sections are devoted to examples of where free boundary problems arise.
This is followed by a classification of relevant FBPs and a discussion of some
important results in elliptic and parabolic FBPs. In the end of this chapter,
we give some ideas of how regularity results can be obtained for FBPs.

1.1 The obstacle problem

Consider a circular trampoline which consists of an elastic membrane fixed
to its boundary. Since the tension force is large compared to gravity, it
is reasonable to neglect gravity. Therefore, the membrane will be flat. If
instead the membrane of the trampoline is obstructed by an obstacle, what
will be the new form of the membrane?

In order to answer this question we need to know the principles determin-
ing the shape of the membrane. From physics it is well known that an elastic
membrane will take the shape that minimizes the tension energy, which will
be proportional to the area of the membrane. We introduce h(x) as the
vertical position and D as the domain of the membrane. The area of the
membrane can be calculated as:

A =
∫

D

√
1 + |∇h(x)|2 dx.

1
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Figure 1.1: The membrane is pushed up by an obstacle.

For small disturbances from the equilibrium we can approximate the area
with

A ≈ |D|+ 1
2

∫
D
|∇h|2 dx.

Since the membrane is fixed at its boundary we have the boundary con-
dition h = g on ∂D, where g(x) represents the vertical position of the fixed
boundary. Furthermore the trampoline has to be above the obstacle, i.e.
h ≥ ψ. An example of this setting is shown in Figure 1.1.

The approximated problem is to minimize

J(h) =
∫

D
|∇h|2 dx,

while h = g on ∂D and h ≥ ψ in D. This is called the variational form of
the obstacle problem and J is usually referred to as the Dirichlet energy.

PDE formulation
Suppose v is a minimizer to the variational form of the above problem and
let

f(t) = J(v + tφ) =
∫

D
|∇(v + tφ)|2dx,

where φ ∈ C∞
0 (D) and t is a real number. First consider both φ and t as

non-negative. Since v is a minimizer f ′(0) = 2
∫
D∇v∇φ dx is non-negative.
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Γ

u > 0

u = 0

Figure 1.2: The different phases of the domain in Figure 1.1. The dashed
line represents the free boundary Γ.

By integrating this relation by parts, we obtain that v is superharmonic in
the distributional sense, which is ∆v ≤ 0.

The next step is to relax the sign restrictions on t and φ and consider
φ ∈ C∞

0 (D ∩ {v > ψ}). For small enough t we have v + tφ > ψ, and since
v is a minimizer, f ′(0) = 0. From this we obtain that v is harmonic outside
the coincidence set.

In order to simplify the expressions we introduce a new function u = v−ψ.
For u we have the following relation

∆u = (−∆ψ)χ{u>0} in D,

where u = g−ψ on ∂D. This is called the partial differential equation (PDE)
version of the obstacle problem.

Using integration by parts it follows that, for an appropriate class of
functions, the variational formulation can be obtained from the PDE formu-
lation. This means that the two formulations are equivalent.

Free boundary
In the above example, the membrane touches the obstacle in a part of the
membrane. The set where contact occurs, {u = 0}, is called the coincidence
set while the set where the membrane does not touch the boundary {u > 0}
is called the non-coincidence set. The delimiter between those sets, Γ(u) =
∂{u > 0} ∩D, is usually referred to as the free boundary.
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1.2 Examples of two-phase free boundary
problems

In the PDE formulation of the of the obstacle problem the solution, u, is
nonnegative. If we consider FBPs without sign restrictions we can model
several other problems. In this section we give two such examples.

The double obstacle problem
As in the one-phase obstacle problem, consider an elastic membrane fixed
at its boundary. Here we have two obstacles, ψ1 from below, and ψ2 from
above, see Figure 1.3 and Figure 1.4. Again the problem is to determine the
shape of the membrane.

The form will be determined by minimization of the Dirichlet energy

J(v) =
∫

D
|∇v|2 dx, (1.2.1)

over the set K = {v−g ∈W 1,2
0 (D) |ψ1 ≤ f ≤ ψ2}. If we use u = v−ψ1+ψ2,

the corresponding Euler-Lagrange equation will be

∆u = λ+χ{u>0} − λ−χ{u<0} in D, (1.2.2)

where λ+ = −∆ψ1 and λ− = −∆ψ2. This is called the double obstacle
problem.

Membrane application
Another application of two-phase FBPs may arise in a tank filled with two
liquids with different densities. If a membrane, which has density in between
the densities of the liquids, is fixed in the tank, in such a way that some part
of the membrane is below the heavy liquid while the rest is above the lighter
liquid, then the membrane due to gravity will be pushed up in the heavier
phase and pushed down in the lighter, see Figure 1.5. The equilibrium state
will be given by a minimization of the functional∫

D

|∇u|2

2
+ λ+u

+ − λ−u
− dx,

with boundary values u = g, where g(x) represent the position at the fixed
boundary, which is equivalent with
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Figure 1.3: Two obstacles approaching
an elastic membrane.

Figure 1.4: The membrane is de-
formed by the obstacles.

{
∆u = λ+χ{u>0} − λ−χ{u<0} in D

u = g on ∂D.

This problem is called the two-phase obstacle problem or the two-phase
membrane problem.

Free boundary
For two-phase problem FBPs, the free boundary consists of Γ+ = ∂{u > 0}
and Γ− = ∂{u < 0}. In the study of free boundary regularity additional
difficulties arise in the intersection between Γ+ and Γ−. A point y ∈ Γ+ ∩
Γ− ∩ {|∇u| = 0} is called a branch point. More details can be found in
Section 1.6, Paper II, and [SUW07]. The different phases of a two-phase
membrane problem are shown in Figure 1.6.

1.3 Option pricing
Another application of FBPs arises in the theory of option pricing. By inter-
preting the pay-off function for an option of American type as an obstacle,
it turns out that the value solves a parabolic obstacle-type problem.

To derive this result, suppose s1, ..., sn are stock prices with the dynamics

dsi
s = rsi

s ds+ σis
i
s dW

i
s ,
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Figure 1.5: A membrane fixed in a
tank filled with two liquids. The heav-
ier liquid pushes the membrane up,
while the lighter pushes it down. The
free boundary is a single point at the
boundary layer between the liquids.

Γ

u < 0

x1 x2

u > 0

x3

Γ+

u = 0

Γ−

Figure 1.6: Example of the different
phases in a two-phase problem in a two
dimensional domain. x1 is a two-phase
point, x2 is a branch point and x3 is a
one-phase point.

where r is the continuous interest rate, σi the volatility and dW i
s the Brow-

nian motions. The correlations between the Brownian motions are denoted
ρij .

First we consider a stock option based on n stocks S = (s1, ..., sn) which
gives the holder of the option the right to exercise the option with pay-off
ψ(S) at exercise time T . This is called a stock option of European type. To
calculate expected values the probability measure Q is chosen according to
the arbitrage free market assumption, for details see Øksendal [Øks03]. This
is the probability measure that makes Ss/e

r(s−t) into a martingale. Under
Q the value of the option at a state (S, t) is given by

ve(S, t) = EQ(e−r(T−t)ψ(ST )|St = S).

If instead we have an option which can be exerised at any time we say
that the option is of American type. The value of this option is given by

va(S, t) = sup
t≤t′≤T

ve(S, t′).

Clearly, for any pay-off function ψ, the American option is worth at least
as much as the European. Due to the Feyman-Kac formula [Øks03] we know
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Figure 1.7: The value of an American put option according to the Black-
Scholes model, a parabolic obstacle problem.

that the value of the European option solves the Black-Scholes PDE{
∂tve + Lve = 0 in Rn × [0, T ),
ve(S, T ) = ψ(S) in Rn,

where

Lf =
1
2

n∑
i,j=1

ρijσiσjsisj∂si∂sjf +
n∑

i=1

rsi∂sif − rf.

Since xiρijxj = (xi/σi)Cij(xj/σj), where Cij is the covariance matrix, it fol-
lows from the positive semidefiniteness of Cij that ρij is a positive semidefi-
nite matrix [Mil75]. If we exclude the perfectly correlated and anticorrelated
cases then the correlation matrix is positive definite. Therefore, L is an
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elliptic operator. For the American option the problem becomes
∂tva + Lva ≥ 0
(va − ψ)(∂tva + Lva) = 0
va(S, T ) = ψ(S).

If we impose a nonnegative function u = va − ψ we can rewrite the problem
as 

(∂t + L)u = −(∂t + L)ψχ{u>0}
∂tu+ Lu ≥ ∂tψ + Lψ
u(S, T ) = 0.

This is a parabolic free boundary problem with ∂{u > 0} as the free bound-
ary.

To solve the problem numerically we need to have a bounded domain.
This can sometimes be done by studying the asymptotic behavior of the
option. For example, consider an American put option based on one stock
only. The pay-off of this option is ψ(S) = (K−S)+ at any time up to expiry.
Far away from the strike price (S = K) we can approximate the value with
ψ(S) and therefore we use this as boundary value. An example solution is
plotted in Figure 1.7.

Exercise region

For a holder of an American option it is crucial to know when it is favorable
to exercise it. The set {v = ψ} is called the early exercise region of an option;
this is the same as the coincidence set {u = 0} of the equation. An optimal
strategy is to exercise the option whenever the free boundary is reached.
Therefore, the free boundary of this parabolic obstacle type problem gives
us the optimal strategy.

1.4 Mathematical formulation

In the previous sections some practical examples of FBPs were explained.
A common feature is the presence of an a priori unknown front called the
free boundary. The free boundary divides the domain into regions where the
PDE is inhomogeneous and homogeneous respectively.
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In this thesis we consider parabolic and elliptic problems. The elliptic
problems which we study all fit into the following free boundary problem
formulation: {

F (D2u) = g(x)χΩ(u) in D
u = φ on ∂D. (1.4.1)

The parabolic problems can be formulated as:
ut + F (D2u) = g(x, t)χΩ(u) in D × (t0, t1]
u = φ on ∂D × (t0, t1)
u = γ on D × {t0}.

(1.4.2)

In both cases F is a bounded elliptic function on matrices and D is a smooth
region in Rn. The coefficient function g, the boundary values φ and the initial
vales γ are assumed to be continuous.

In this thesis, one- and two-phase problems are of special interest. If
Ω(u) = {u > 0} we denote the problem as one-phase. When it is possible
to split Ω(u) into two parts as Ω+(u) = {u > 0} and Ω−(u) = {u < 0}, we
refer to the problem as of two-phase type.

Elliptic and parabolic problems

In free boundary problems, parabolic and elliptic problems are closely re-
lated. The reason for this is the similarities in the general theory of parabolic
and elliptic PDE. Two results which are of special interest, are the maximum
principle and Harnack’s lemma.

To formulate these two results, let L be an elliptic or parabolic operator.
The maximum principle states that if Lu ≤ 0, then u attains its maximum
at the boundary. For a non-negative function u with Lu = 0, Harnack’s
inequality tells us that the infimum and supremum are comparable, in any
compact set, in the sense

sup
x∈K

u ≤ CK inf
x∈K

u.

Existence and uniqueness

The uniqueness and existence of solutions to many free boundary problems
follow from general methods in the calculus of variations. In a region D ⊂
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Rn, let

J(v) =
∫

D
L(∇v(x), v(x), x) dx

where v is a real valued function. If L is convex in the first argument, coercive
and lower semi-continuous, then for any non-empty convex set K there exists
a unique v0 ∈ K such that

J(v0) = min
v∈K

J(v).

Proofs and more details regarding this result can be found in [Str90] and
[Eva98].

As an example, we consider the obstacle problem. Our minimization
problem is

min
v∈K

J(v) =
∫

D
|∇v|2 dx

where K = {v − g ∈ W 1,2
0 (D) | v ≥ ψ}. If ψ is sub-harmonic, then K is

convex and all the above requirements are fulfilled.
The existence and uniqueness for the PDE version follow from the equiv-

alence with the variational formulation. However, if we cannot prove equiv-
alence the above result does not help us. This is indeed sometimes the case.
For example, in the two phase p-obstacle problem with p < 2 there are no
known proofs of equivalence, see [EL09].

1.5 Monotonicity techniques in free boundary
problems

There are two different types of monotonicity formulas which both are im-
portant tools in the study of regularity in free boundary problems. In this
section the original version of each type is presented.

The regularity of the solutions [Fre72] and the free boundary [Caf77]
of the obstacle problem were first obtained with variational methods. In
1984 Alt, Caffarelli and Friedman [ACF84] presented a monotonicity for-
mula for sub-harmonic functions, which was a breakthrough in the study of
free boundary regularity. Since then, PDE methods have represented the
dominating approach to prove regularity in FBPs.

The monotonicity formula can be formulated as follows:
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Theorem 1.1. (ACF monotonicity formula) Let u be a continuous function
in BR with |∇u| ∈ L2(BR). If u is harmonic in BR \ {u = 0} and vanishes
at the origin, then

Φ(r) =
1
r2

∫
Br

|∇u+|2

|x|n−2
dx · 1

r2

∫
Br

|∇u−|2

|x|n−2
dx

is bounded and increasing in 0 < r < R.

This formula was generalized into an almost monotonicity formula [CJK02]
which has been used for proving optimal regularity of the solution in many
FBPs, for example in [Sha03], [Caf98] and [Ura01]. In Paper I a parabolic
almost monotonicity formula of similar type is proved.

In 1999 Weiss presented another type of monotonicity formula [Wei99].

Theorem 1.2. Assume we have a FBP as in (1.4.1) and suppose F is the
trace operator, g = 1, Ω(u) = {u > 0} and Bδ ⊂ Ω. The Weiss energy

W (r;u) =
∫

Br

|∇u|2 + u+ dx− 2r−n−3

∫
∂Br

u2 dσ,

is monotonously increasing for 0 < r < δ.

This formula has been used to classify global solutions, which in turn is
used to obtain regularity results for the free boundary. A parabolic version
of this formula is established in Paper III.

1.6 Regularity properties
After the existence and uniqueness of a PDE has been established an obvious
issue to study is the qualitative behavior of the solution in terms of regularity.
This is also important when solving problems numerically. There are no
general methods for establishing regularity in FBPs. Instead some important
techniques and common arguments to tackle such problems are presented in
this section.

Interior regularity

By interior regularity we mean regularity of the solution. The optimal regu-
larity is usually proved using a minimum regularity criterion combined with
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an explicit solution, showing that the regularity obtained is the best possible.
As an example, consider the following obstacle problem in one dimension:

∆u = χ{u>0}

in D = (−1, 1), with boundary values u(−1) = 0 and u(1) = 1. This
problem has the solution u = |x+|2/2. Therefore the optimal regularity for
the obstacle problem in general cannot be better than C1,1(D).

Excluding points at the free boundary and its neighborhood we have
regularity estimates of the solution from classic elliptic or parabolic theory.
Therefore we turn our attention to points close to the free boundary. Finding
a regularity estimate for the solution often involves scaling of the problem.
Let us consider the elliptic case. If we have a solution u in B1, then the
function

ur(x) =
u(rx)
rγ

often is a solution to the same problem in B1/r. Now we expect the optimal
regularity to be Cbγc,(γ−bγc). This is however not true in general. One
example where the solution is not the Cbγc,(γ−bγc) is the unstable obstacle
problem, ∆u = −χ{u>0}, see [AW06] or [MW07].

For proving optimal regularity we start by establishing Hölder-α regu-
larity for any 0 < α < 1. If we restrict our discussion to the one- and
two-phase, obstacle problems, ∆u is bounded. Therefore, for any compact
subset, Hölder regularity follows from the Calderon-Zygmund inequality, for
details see [GT83].

Again, close to the free boundary we have classical estimates, therefore
the main issue is to prove a growth estimate close to the free boundary. For
a point x0 on the free boundary we are expecting

sup
Br(x0)

|u| ≤ Crγ

for small enough r. This is proved for a wide class of elliptic FBPs in
[KS00]. The proof is based on scaling arguments combined with general
elliptic theory, including the maximum principle.

Nondegeneracy
In the study of optimal regularity of the solution, an upper bound of the
growth-rate is established. Nondegeneracy is the opposite, i.e. the control of
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Figure 1.8: Blow-ups in one dimension. The columns represent blow-ups of
(a) a differentiable point, (b) a corner point and (c) a cusp point.

the minimum growth rate close to the free boundary. This will be important
when we use zoom-in techniques to obtain free boundary regularity. For a
problem that has a scaling of order γ we will expect

sup
Br(x0)

|u| ≥ Crγ ,

for x0 a point on the free boundary. For many FBPs this estimate follows
from the maximum principle.

When we study the regularity of the free boundary the first step is to
prove that the Hn−1-measure of the free boundary is finite (for more on
the Hausdorff measure, see [EG92]). The proof of this for various one- and
two-phase obstacle problems is based on nondegeneracy.

The aim of the regularity theory of the free boundary is often to prove
that the free boundary is a graph of a C1 function. The idea is to zoom-in
and observe the behavior of the solution. For a blow-up at x0 define

ur(x) =
u(rx+ x0)

rα
.

Then we say that for a sequence rj ↘ 0, u0(x) = limj→∞ urj is a blow-
up. In order to reach any conclusion from this we need to know that ur

remains bounded without identically vanishing. The boundedness follows
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from optimal regularity while the nondegeneracy guarantees that the solution
does not identically vanish.

The limiting function of the rescalings, u0, will be a function on Rn.
Therefore u0 is called a global solution. The existence of a limit function
and the classification of it will often follow from Theorem 1.2. Figure 1.8,
shows examples of what may occur in one dimension.



Chapter 2

Summary of Paper I

In this paper we establish an almost monotonicity formula for a pair of non-
negative functions u± satisfying

(∆− ∂s)u± ≥ −1,
u+ · u− = 0

in S1 = Rn × (−1, 0]. We also prove a localized version of the formula and
another variant under stronger assumptions. At the end of the paper we
use the formula to prove a regularity estimate for a free boundary problem
related to the caloric continuation of heat potentials.

As described in Section 1.5, monotonicity formulas are important tools
in FBPs. The almost monotonicity formula proven in this paper is a general-
ization of the parabolic monotonicity formula in [Caf93] and it is a parabolic
analogue to the almost monotonicity formula in [CJK02]. Many of the ideas
in this paper originates from [CJK02].

2.1 The global formula

A difference between elliptic and parabolic monotonicity formulas is that in
the elliptic case, monotonicity formulas are local in the sense that u± only
have to be defined in a finite ball. For the parabolic case u± need to be
defined in an infinite strip such as Sr = Rn × (−r2, 0]. Therefore we first
have to establish a global formula.

15
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Theorem 2.1. Let
G(x, t) =

1
(4πt)n/2

e−|x|
2/4t

denote the heat kernel and let u+ and u− be two non-negative functions with
moderate growth and disjoint support that satisfy

(∆− ∂s)u± ≥ −1 in S1. (2.1.1)

Then for

A±(r) =
∫∫

Sr

|∇u±|2G(x,−t) dx dt

the function

Φ(r) =
A+(r)
r2

A−(r)
r2

satisfies

Φ(r) ≤ C(1 +A+(1) +A−(1))2, for 0 < r ≤ 1. (2.1.2)

This is a bound on Φ rather than a monotonicity result. The name
monotonicity formula is explained by the relation with the ACF monotonicity
formula (see Theorem 1.1) and the use of the so called monotonicity function
Φ. The proof of the theorem follows the same structure as the proof of the
elliptic almost monotonicity formula in [CJK02]. It consists of a technical
part and an arithmetical part using a scaling argument.

In the technical part, gradient estimates and an estimate of Φ′ in terms
of A± and Φ are established. This leads to recursive inequalities for A±k =
A±(4−k) and b±k = 44kA±k . Since the inequalities are modified in an analogues
way to [CJK02], the purely arithmetic scaling argument, can be completely
recycled.

The idea is to interpret b±k as the correctly rescaled version of A±. This
is because

ur(x, t) =
u(rx, r2t)

r2

satisfies
(∂t −∆)ur ≤ −1

if and only if u satisfy the same relation and that∫∫
S1

|∇ur|2G(x,−t) dx dt = r−4

∫∫
Sr

|∇u|2G(x,−t) dx dt.
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The reason for studying A±k and b±k simultaneously is that A±k decreases
with k while b±k is the correctly rescaled version of A± and therefore bk is
constant. Using the recursive relations this leads to the proof of the formula.
The calculations are carried out in [CJK02].

2.2 The local formula

In order to apply the formula to functions defined in bounded domains we
need a local version. One way to localize the formula in (2.1.2) is to multiply
the solutions with a cut-off function, thus extending them to an infinite strip.
This leads to errors in the computations in the proof. By controlling them
we can prove the localized formula.

Theorem 2.2. Suppose we have two non-negative, continuous L2(Q−
3 ) func-

tions u±(x, s) with disjoint support that satisfy

(∆− ∂s)u± ≥ −1 in Q−
3 ,

where
Q−

r = Br × (−r2, 0].

Let ψ ∈ C∞
0 (Rn) be a cut-off function such that

0 ≤ ψ ≤ 1, suppψ ⊂ B2, ψ = 1 in B1.

Then if w±(x, s) = u±(x, s)ψ(x) for (x, s) ∈ S3, the function

Φ(r) = r−4A+(r)A−(r),

where

A±(r) =
∫∫

Sr

|∇w±|2G(x,−t) dx dt,

satisfies

Φ(r) ≤ C
(
1 + ‖u+‖L2(Q−

3 ) + ‖u−‖L2(Q−
3 )

)2
for 0 < r ≤ 1.
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2.3 A regularity application
Consider the following parabolic FBP:

∆u− ∂su = f(x, s)χΩ in Q−
1

Ω = Q−
1 \ {u = |∇u| = 0}

sup |f(x, s)| ≤ K <∞.
(2.3.1)

This problem arises in the theory of caloric continuation of heat potentials.
If we impose as an additional condition that f is Lipschitz with respect to
the parabolic distance, which is

|f(x, t)− f(y, s)| ≤ L
√
|x− y|2 + |t− s| (2.3.2)

we can use the localized version of the almost monotonicity to prove the
following regularity theorem:

Theorem 2.3. Let u ∈ L∞(Q−
1/4) be a solution to (2.3.1). Then there exists

a constant C such that

sup
Q−

1/4
∩Ω

|∂xixju| ≤ C, sup
Q−

1/4
∩Ω

|∂su| ≤ C, i, j = 1, ..., n.

The proof of the theorem is based on the quadratic growth of u, which
in turn can be proven by using Theorem 2.2.



Chapter 3

Summary of Paper II

This paper concerns the two-phase obstacle problem with coefficients below
the Lipschitz threshold. We prove C1,1 regularity of the solution and that
the free boundary is a union of two C1-graphs close to branching points.

3.1 Background

For two positive Hölder continuous functions λ+, λ−, and boundary data
g ∈ H1(B1) ∩ L∞(B1), we study

∆u = λ+χ{u>0} − λ−χ{u<0} (3.1.1)

where u ∈ H1(B1). Existence and uniqueness follow from general varia-
tional methods as described in Section 1.4. For details see [Wei01]. The
optimal regularity of the two-phase problem has been studied in [Ura01] for
λ± constants and in [Sha03] for λ± Lipschitz continuous functions. In both
cases optimal C1,1 regularity of the solution was obtained. In [SUW07], the
regularity of the free boundary for Lipschitz coefficients was proven to be
the union of two C1-graphs. Here we generalize the regularity results to λ±
Hölder continuous functions.

3.2 C1,1 regularity of the solution

As described in Section 1.6 the regularity of the solution away from the free
boundary is determined by interior estimates. Here the regularity of the

19
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coefficients will determine the regularity in {u > 0} and {u < 0}. Therefore
the remaining problem is to prove regularity close to ∂{u 6= 0}. The result
is stated as follows:

Theorem 3.1. Let u be a bounded solution to (3.1.1) in B1 with λ± Hölder
continuous positive functions bounded both from below and above. Then there
are constants r and C such that

‖u‖C1,1(Br) ≤ C.

To prove this result we use the following scaling:

vj(x) =
uj(rjx+ y)

r2j
.

First we consider a branch point y ∈ Γ+(u) ∩ Γ−(u) ∩ {∇u = 0}. Up to
a subsequence rj → 0 the rescaling converges to a global solution of the
two-phase obstacle problem with constant coefficients and a branch-point at
the origin. This case is already classified in [Ura01].

If we instead have a point on the free boundary with a non-vanishing
gradient, a similar method to the above, results in a limit function which
solve

∆u = λ+χ{u>α·x} − λ−χ{u<α·x} in Rn.

If we assume quadratic growth of the solution and choose the coordinates
such that α = −ae1, then the origin is a branch point. The only possible
solutions to the above problem can be shown to be u1 = λ+

(x+
1 )2

2 , u2 =

λ−
(x−1 )2

2 or a sum of u1 and u2. The proof is based on the monotonicity
formula in Theorem 1.1.

3.3 Free boundary regularity

Definition 3.2. (Reifenberg-flatness) A compact set in S ⊂ Rn is said to be
δ-Reifenberg flat if, for any compact set K ⊂ Rn, there exists RK > 0 such
that for every x ∈ K ∩S and every r ∈ (0, RK ] we have a hyperplane L(x, r)
such that

dist(L(x, r) ∩Br(x), S ∩Br(x)) ≤ 2rδ.
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We define the modulus of flatness as

θK(r) = sup
0<ρ≤r

(
sup

x∈S∩K

dist(L(x, ρ) ∩Bρ(x), S ∩Bρ(x))
ρ

)
.

A set is called Reifenberg vanishing if

lim
r→0

θK(r) = 0.

The principle idea in the proof of Reifenberg-flatness of the free boundary
is to trap u between the solution of the following problems:

∆u1 = λi
+χ{u1>0} − λs

−χ{u1<0}

∆u2 = λs
+χ{u2>0} − λi

−χ{u2<0}

where λi
± = inf λ±(x) and λs

± = supλ±(x). The boundary values are the
same as for the original problem (3.1.1). Both the above problems have
constant coefficients. For this case the free boundary is a graph of a C1-
function [SUW07].

The distance between the free boundaries of u1 and u2 can be estimated
by

dist(Γ±(u1) ∩Br,Γ±(u2) ∩Br) ≤ C
√

max(osc(λ±).

We apply this to the rescalings to obtain Reifenberg flatness of the free
boundary. This is stated in the following theorem:

Theorem 3.3. Suppose u is a solution with the same properties as in (3.1).
Then if |∇u(y)| and dist(y,Γ±) both are bounded, there is a positive constant
r such that both Γ+ ∩Br and Γ− ∩Br are Reifenberg vanishing sets.





Chapter 4

Summary of Paper III

In this paper we study a parabolic obstacle problem involving an operator
with Hölder continuous coefficients. Under a combination of energetic and
geometric conditions we prove optimal C1,1

x ∩C0,1
t regularity of the solution.

4.1 Background
We consider the following problem{

∆u− ∂tu = f(x)χ{u>0} in Q−
1

u = |∇u| in Q−
1 \ Ω

(4.1.1)

where f is assumed to be a Hölder continuous function and Q−
r = Br ×

(−r2, 0]. In the same problem but with the restriction that f is constant the
solution has local C1,1

x ∩ C0,1
t estimates [CPS04]. A corresponding elliptic

problem was studied in [PS07]. In that paper, the authors made the following
Dini-type assumption on the modulus of continuity of f :∫ 1

0

ωf (r) log 1
r

r
dr <∞,

Under some energetic and geometric assumptions C1,1 regularity of the so-
lution and C1 regularity of the free boundary were obtained. Our method is
based on the approach in [PS07].

In order to formulate the results we define the energy function and a
geometrical measure of the coincidence set. We use the parabolic thickness

23
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function
δ(u, r) = mindiam

Λ(u) ∩Q−
r

r
.

as a geometrical measure of the coincidence set. For v(x, t): Rn × R+ → R
the Weiss energy is defined by

W (r; v, f) =
1
r4

∫ −r4

−4r2

∫
Rn

(
|∇v|2 + 2fv +

v2

t

)
e−|x|

2/4tG(x,−t) dx dt,

where
G(x, t) =

1
(4πt)n/2

e−|x|
2/4t

is the heat kernel.
For a local solution to 4.1.1 we prove that there exists a continuous

function F vanishing at the origin such that

W (r;u, f) + F (r)

is a monotonically nondecreasing function for 0 < r < 1/2. This is a
parabolic version of Weiss monotonicity formula, Theorem 1.2.

4.2 Regularity of the solution
The main result of this paper is the following regularity theorem:

Theorem 4.1. Assume that u is a local solution to (4.1.1) with appropriate
properties and An = 15f(0)/4. Then for ε > 0 there exists rε > 0 such that
if for some 0 < r0 < rε

δ(r0/2, u) ≥ ε and W (r0;u, f) < 2An − ε (4.2.1)

then

‖u‖
C1,1

x ∩C0,1
t (Qcε,r0

)
≤ Cε,r0 for every 0 < r ≤ r0 (4.2.2)

for some small cε,r0 .

The first step of the proof is to show quadratic growth of the solution. Having
done this, we use induction on the scaling

vk(x) =
v(dk

εx, d
2k
ε t)

d2k
ε

.
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The argument uses both the monotonicity properties ofW and the geometric
criterion.

The next step is to prove the regularity of the solution. Here we only
need to consider points close to the free boundary. We introduce

w =
v(c+ x0, t+ t0)

f(x0, t0)
,

where (x0, t0) is a point on the free boundary. This results in the following
estimate on the solution:

v ≤ C dist((x, t),Γ)2.

Applying Schauder estimates at this result we can deduct the theorem.
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