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Abstract
The work of this Ph.D. thesis in mathematics concerns the problem of determining existence, uniqueness, and structure of zero-energy
states in supersymmetric matrix models, which arise from a quantum mechanical description of the physics of relativistic membranes,
reduced Yang-Mills gauge theory, and of nonperturbative features of
string theory, respectively M-theory. Several new approaches to this
problem are introduced and considered in the course of seven scientic
papers, including: construction by recursive methods (Papers A and
D), deformations and alternative models (Papers B and C), averaging
with respect to symmetries (Paper E), and weighted supersymmetry
and index theory (Papers F and G). The mathematical tools used and
developed for these approaches include Cliord algebras and associated
representation theory, structure of supersymmetric quantum mechanics, as well as spectral theory of (matrix-) Schrödinger operators.

iv

Sammanfattning
Denna doktorsavhandling i matematik behandlar problemet att
bestämma existens, entydighet och struktur hos noll-energi-tillstånd i
supersymmetriska matrismodeller, vilka uppkommer i en kvantmekanisk beskrivning av fysiken hos relativistiska membran, reducerad YangMills-teori, samt hos icke-perturbativa fenomen i strängteori, respektive M-teori. Ett antal nya angreppsmetoder till detta problem introduceras och betraktas i loppet av sju vetenskapliga artiklar, inklusive:
konstruktion genom rekursiva metoder (Artikel A och D), deformationer och alternativa modeller (Artikel B och C), medelvärdesbildning med
avseende på symmetrier (Artikel E), samt viktad supersymmetri och
indexteori (Artikel F och G). De matematiska verktyg som använts och
utvecklats för dessa angreppsmetoder inkluderar Cliordalgebror och
tillhörande representationsteori, struktur hos supersymmetrisk kvantmekanik, liksom spektralteori för (matrisvärda) Schrödingeroperatorer.
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Chapter 1

Introduction
One of the central open problems for physicists today is to understand how
to reconcile quantum mechanics  the theory that describes the properties
of the smallest particles  with gravity  which governs the behaviour
of the largest objects like planets, galaxies, and the whole universe. In
one of the attempts to overcome this problem, a family of mathematical
models called supersymmetric matrix models (SMMs) has been proposed,
providing in a certain sense a unied description of all the known physical
interactions. However, just like the variety of structures of matter we see
around us depends crucially on a form of stability, namely that an electron
in an atom is able to settle down in a smallest orbit around the nucleus of
the atom  a stable ground state at the bottom of its energy spectrum  it
is also crucial for the physical relevance of the supersymmetric matrix model
that there exists such a ground state at the bottom of its corresponding
energy spectrum. Because of the fact that these models are much more
complicated than models of atoms, however, they require the development
and incorporation of new mathematical tools and techniques in order to
be fully understood, and their mathematical structure to be interpreted in
terms of physics and geometry. It is also expected that such tools will help
to understand models with similar features appearing in various contexts in
mathematical physics.
1
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CHAPTER 1. INTRODUCTION

1.1 A brief introduction to supersymmetric
matrix models
Supersymmetric matrix models arose in the 1980's as dimensionally reduced
quantum mechanical models of so-called super-Yang-Mills theories, which
are theories of interacting elds in spacetime, describing both matter and
force-mediating particles. Supersymmetry refers in this context to an extended spacetime symmetry which relates fermions, the particles that constitute atoms and solid matter, to bosons, which are responsible for mediating
the forces between matter particles. Dimensional reduction (to zero spacedimensions) of Yang-Mills theories amounts to an approximation, by which
the elds are assumed to be constant in space, or of innite wavelength.
Around the same time that dimensionally reduced Yang-Mills models
were investigated, the mathematical structure of the matrix models turned
up independently in an approach to quantum mechanically describe the dynamics of extremal membranes (two-dimensional closed surfaces), respectively supermembranes, evolving in spacetime. In this case, the SMMs arise
through a symmetry-respecting regularization procedure, in which the algebra of embedding functions of the membrane is approximated by a sequence
of matrix algebras.
Due to the innitely many degrees of freedom of the classical membrane
and Yang-Mills theories, it is dicult to nd a mathematically rigorous
quantum mechanical formulation of these theories, whereby an (innitedimensional) classical Poisson algebra, describing the kinematics of the theory, is represented by a non-commuting algebra of linear operators acting
on some Hilbert space. The regularization resp. dimensional reduction approaches mentioned above were introduced to overcome this problem, and the
resulting models  with nitely many degrees of freedom  are indeed completely straightforward to `quantize' using standard Schrödinger and Dirac
(constraint) quantization methods. The resulting Hamiltonian operator of
the models, the spectrum of which describes the possible measurable energy
levels of the corresponding physical system, is represented mathematically by
a matrix-Schrödinger operator acting on a space of square-integrable wavefunctions. Although a `bosonic' version of the SMMs (essentially constituting
part of the SMM Hamiltonian, and represented by a scalar Schrödinger operator) was shown to have a purely discrete and strictly positive spectrum,
with eigenfunctions representing the stable congurations that the corre-
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sponding systems can take  the SMMs were found to have a continuous
energy spectrum extending from zero to positive innity. In the membrane
context this was interpreted as an instability, since the intuitive reason for
the continuity of the spectrum is the possibility that the membrane deforms
spontaneously by forming long spikes with small area and arbitrarily low cost
in energy. As a result, the supermembrane theory was essentially abandoned
as a candidate for a fundamental theory.
Almost a decade later, the SMMs arose once again in a dierent context. This time in relation to so-called D-branes in superstring theory, which
had entered as a strong candidate for the quantum mechanical unication of
supposedly all fundamental physical interactions, including gravity. There
are currently ve dierent versions of consistent superstring theories, and
D-branes enter in the context of open strings as natural higher-dimensional
extended objects on which the strings can end. An eective theory of a system of particle-like (zero-space-dimensional) D-branes, whose interactions
are governed by the interactions of interconnecting strings, was found to be
given by the SMMs in the limit that the branes coincide. Shortly after this
discovery in 1997, it was conjectured that a proposed over-lying theory uniting the ve string theories, dubbed M-theory, could be described in a certain
reference frame as a limit of the supersymmetric matrix models, whereby a
parameter (the matrix size) of the highest-dimensional family of SMMs is
taken to innity. However, in order for this conjecture to be valid, it is required that each of the models in this family possesses a unique, normalizable
(i.e. square-integrable) zero-energy ground state. In other words, the Hamiltonian matrix-Schrödinger operator needs to have an eigenvalue at zero (the
bottom of its energy spectrum). Furthermore, one would naturally like to
understand as much as possible of the structure of the corresponding zeroenergy eigenfunctions, since they could in this context potentially describe
an essential part of the physics of the universe. In relation to Yang-Mills
and membrane theory, and to other models with similar features appearing
both in physics and in pure mathematics, it is also interesting to investigate
the properties of the full family of SMMs, and especially the question of existence, uniqueness, and structure of zero-energy states in these models. For
example, it has been conjectured that the lower-dimensional SMMs do not
possess any normalizable zero-energy states. Despite the fact that the models are completely well-dened mathematically, the continuity of the energy
spectrum and other technical diculties have turned this into a very challenging mathematical problem, and it has still not been completely solved.

4

CHAPTER 1. INTRODUCTION

Partially successful approaches so far include asymptotic analysis, investigations of symmetries and cohomological formulations of the models and
so-called Witten index computations.

1.2 Overview of the thesis
After introducing some mathematical preliminaries for the convenience of
the reader, the rst part of the present thesis consists of a more detailed
introduction to both the bosonic and the supersymmetric matrix models,
and a short summary of earlier approaches to the understanding of their
structure and of their zero-energy ground states. This is followed by an
overview of the seven scientic papers attached in the second part of the
thesis, in which four alternative approaches to the problem are introduced.
These approaches are summarized as:

• Construction by recursive methods (Papers A and D)
• Deformations and alternative models (Papers B and C)
• Averaging with respect to symmetries (Paper E)
• Weighted supersymmetry and index theory (Papers F and G)

Chapter 2

Mathematical preliminaries
In this chapter we give a short account on the necessary mathematical background to the work of this thesis and state a number of standard facts and
theorems which will be used frequently in the following chapters.

2.1 Cliord algebras
The main mathematical tool used in this thesis is a structure called supersymmetric quantum mechanics. However, since most interesting examples of
supersymmetric quantum mechanical systems involve another  both geometrically and algebraically  very useful structure called Cliord algebra,
it is natural to start with a short introduction to such algebras, with emphasis on the geometric interpretation. A more complete introduction, together
with many more examples illustrating the full variety of applications within
mathematics and mathematical physics, can be found in [LS09].

Denition 2.1.

A Cliord algebra, or geometric algebra 1 , G(V ) is an associative algebra with unit (denoted 1), generated by the vectors of a vector
space V , subject to the so called anti-commutation relations

uv + vu = 2(u · v)1,

for all u, v ∈ V.

(2.1)

Here, (u, v) 7→ u · v denotes a given inner product on V , or more generally a
bilinear symmetric form on V (usually called a metric tensor), induced by a
quadratic form (the map u 7→ u · u).
1

The term geometric algebra is often used when we want to emphasize the geometry
encoded in Cliord algebras, then typically over the eld of real numbers.

5
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Throughout, we denote by Rs,t the s + t-dimensional real vector space with
a nondegenerate quadratic/bilinear form of signature (+
+ . . . + − − . . . −).
| {z } | {z }
s

t

Hence, for an Euclidean space Rn = Rn,0 (we will for simplicity here stick to
Euclidean signature, although most statements generalize straightforwardly)
with orthonormal basis {ej }, the relations (2.1) reduce to

ej ek + ek ej = 2δjk ,

(2.2)

(where δjk denotes the Kronecker delta), or equivalently: each unit vector
ej squares to the identity, and orthogonal vectors anti-commute. The full
Cliord algebra G = G(Rn ) is therefore spanned by the basis

{1, ej1 , ej1 ej2 , . . . , ej1 ej2 . . . ejk , . . . , e1 e2 . . . en }1≤j1 <j2 <...<jk ≤n
(2.3)

=: {eA }A⊆{1,...,n}

and hence is 2n -dimensional. We conveniently expand an element, or multiP
vector, x ∈ G in this basis as x =
A⊆{1,...,n} xA eA .
There is a natural grade structure on G = ⊕nk=0 G k given by the number
of elements in the basis (2.3). In particular, G splits into an even- resp. oddgrade subspace, denoted G ± . The even subspace is actually a subalgebra, and
in general G + (Rs+1,t ) ∼
= G(Rt,s ). We denote projection onto grade k by hxik ,
and grade-involution by x? := ±x, for x ∈ G ± . Fixing a normalized highestgrade element IV := e1 e2 . . . en , usually called pseudoscalar, determines an
orientation for V .
The Cliord product on G acts, up to a sign, on the basis elements eA
like a symmetric dierence,

eA eB = ±eC ,

C = (A ∪ B) \ (A ∩ B).

By simply truncating this product to the special case of inclusion A ⊆ B
resp. disjointness A ∩ B = ∅, one obtains the (left ) interior (or inner )
product

x x y :=

X

xA yB eA eB ,

A⊆B

resp. the (also associative)

exterior

x ∧ y :=

(or

X
A∩B=∅

outer ) product

xA yB eA eB .

2.1.
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The linear space G together with the exterior product is also called the
V
exterior algebra
V of V . Moreover, G(Rn ) is naturally a Hilbert space
with the Hermitian scalar product

G × G → G0
(x, y) 7→ hx, yiG := hx† yi0 ,
where x† denotes complex-conjugated reversion in G , dened by (xy)† = y † x†
and (αv)† = ᾱv , for α ∈ C, v ∈ Rn . The interior and exterior products are
mutually adjoint w.r.t. this scalar product.

Representations
It is very useful to understand how geometric algebras give rise to common
groups and representations by letting G act on itself either by (single-sided)
multiplication or by (grade-twisted) conjugation.
Concerning the latter, note that a reection along a unit vector n ∈
n−1
S
⊆ Rn can be represented as v 7→ −nvn = n? vn† . It follows that e.g.
rotations (being products of an even number of reections, by the CartanDieudonné theorem) have a so-called rotor representation v 7→ RvR† , where
the R = R? = n1 . . . n2k , with nj ∈ S n−1 , form a structurally and topologically very simple group. This Spin or rotor group Spin(n), which is a
2-to-1 cover of the rotation group SO(n), can be thought of as consisting of
±`square roots' of rotations. Any such rotor R ∈ Spin(n) can be written
P
R = eB for some bivector B = 21 j<k θjk ej ∧ ek ∈ G 2 , where e.g. a simple
B = 21 θe1 e2 represents a rotation by an angle θ counter-clockwise in the
e1 e2 -plane. We refer to Section 6 in [LS09] for more details and proofs of
these statements.
On the other hand, representations obtained by single-sided Cliord multiplication typically include so-called spinor representations. For these representations one uses that all real geometric algbras can be represented as
matrix algebras over R, C, or the quaternions H, or as direct sums of two
such matrix algebras. In the latter case there are two inequivalent irreducible representations (irreps ), and otherwise only one, of real dimension
corresponding to the matrix size. The situation for lower-dimensional Euclidean spaces is summarized in Table 2.1, while for the general classication
we refer to Tables 5.1, 8.1 and 9.1 in [LS09]. The case for complex representak
k
k
k
k
k
tions is much simpler, as G(C2k ) ∼
= C2 ×2 and G(C2k+1 ) ∼
= C2 ×2 ⊕ C2 ×2 ,

8
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n G(Rn )
1
2
3
4
5
6
7
8
9

νn dn Sn

R⊕R
R2×2
C2×2
H2×2
H2×2 ⊕ H2×2
H4×4
C8×8
R16×16
R16×16 ⊕ R16×16

2
1
1
1
2
1
1
1
2

1
2
4
8
8
16
16
16
16

R
C
H
H+ ⊕ H−
H2
C4 ⊕ C4
R8 ⊕ R8
R8+ ⊕ R8−
R16

Table 2.1: The number νn and real dimension dn of irreducible representations Sn of real Euclidean geometric algebras. We have also indicated how
Sn splits under the action of Spin ⊆ G + ⊆ G , where subscripts ± denote
inequivalent representations.
bn/2c

and hence C2
is an irrep. The standard matrix representatives, in terms
of traceless and real symmetric (or in the case of general signatures, possibly
antisymmetric) matrices, of the generators ej of G will usually be denoted γj ,
while the complex representation of the geometric algebra of physical space,
G(R3 ) ∼
= C2×2 , acting irreducibly on C2 , is generated by the standard Pauli
matrices

"

σ1 =

0 1
1 0

#

"

,

σ2 =

0 −i
i 0

#

"

,

σ3 =

1 0
0 −1

#

.

Now, a spinor Ψ is an element of a representation space S on which a
rotor R acts by matrix multiplication through the correspondence above.
In practice (and e.g. in the irreducible case) one could equivalently think
of this as an invariant subspace S ⊆ G(V ) upon which R ∈ Spin acts by
left-multiplication Ψ 7→ RΨ.

Dirac operators
It is natural to combine the algebro-geometric properties of the Cliord product with the properties of dierentiation into a Dirac operator (also called
P
Cliord or vector derivative ) ∇ :=
j ej ∂j . More precisely, for a continuously dierentiable multivector-valued function F : Ω → G in an open

2.2.
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neighbourhood Ω of a point x ∈ Rn ,

(∇F )(x) :=

n
X
j=1

ej

∂F (x)
.
∂xj

(2.4)

Just as multiplication by a vector can be split into an interior and exterior
product, vx = v x x + v ∧ x, the Dirac operator splits into an interior and
exterior derivative, ∇F = ∇ x F + ∇ ∧ F . The lower-grade part δF = ∇ x F
is a divergence, while the higher-grade part dF = ∇ ∧ F is the curl of the
multivector eld F . When acting in this way on multivector elds F : Ω ⊆
Rn → G(Rn ), which transform (similarly to vector elds) under rotations
as F (x) 7→ RF (R† xR)R† , the operator ∇ is usually called the Hodge-Dirac
operator.
A spin-Dirac operator (here denoted by the same symbol ∇) acts according to the same Cliord dierentiation as in (2.4), but where instead
of multivector elds F one considers spinor elds Ψ : Ω → S ⊆ G(Rn ),
transforming under rotations as Ψ(x) 7→ RΨ(R† xR).

2.2 Supersymmetric quantum mechanics
The term supersymmetric in the context of supersymmetric matrix models
refers to the fact that these models belong to a class of mathematical systems
called supersymmetric quantum mechanical systems (SQMs). The formal
structure of supersymmetric quantum mechanics actually rst arose as a toy
model for understanding and investigating certain features of so-called supersymmetric quantum eld theories. These are quantum theories of innitely
many degrees of freedom (elds in spacetime), representing the particles of
nature and respecting the symmetries of spacetime, but extended with an
additional symmetry which relates fundamentally dierent kinds of particles called bosons and fermions. In the early 1980's Witten [Wit81, Wit82]
and others studied the breaking of supersymmetry in such models using the
framework of SQM as toy models. Supersymmetric toy models had also
been considered in a statistical mechanics context already in 1976 by Nicolai
[Nic76]. One has later realized that many previously well-studied models
fall into the category of SQMs, and it has by now grown into a topic of its
own. We refer to [CKS01, CFKS87] for further discussions and complete
introductions to this topic.

10
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Graded Hilbert spaces and SQMs
Formally, a
posed of:

quantum mechanical system

(QM) can be considered as com-

i) A space H of physical states Ψ together with a notion of probability
amplitudes. This is typically a complex Hilbert space with a Hermitian
inner product hΦ, Ψi (throughout assumed to be complex linear in the
second argument).
ii) One or more linear operators on H, the eigenvalues (or spectra) of
which describe the possible outcomes of measurements on the system.
Typically, the focus of attention is the energy of the system which is
measured by a self-adjoint so-called Hamiltonian operator H .
A supersymmetric QM is such a quantum mechanical system with more
structure and certain simplifying symmetries. One rst additional structure
is the notion of a graded Hilbert space.

Denition 2.2. A graded (or Z2 -graded ) Hilbert space (H, K) is a Hilbert
space H together with a self-adjoint operator K : H → H such that K 2 = 1.
Then we can decompose H = H+ ⊕ H− into the positive (even-graded) and
negative (odd-graded) eigenspaces of K . A linear operator A on H is called
odd w.r.t. K if AK = −KA, i.e. if it maps
A : H+ → H− ,
and

even

H− → H+

if AK = KA, i.e. if it maps

A : H+ → H+ ,
Physicists often call even-graded objects

H− → H−
bosonic

and odd-graded

fermionic.

Example 2.3.

The Cliord algebra G(V ) is naturally graded through the
grade involution operator K̂(w) := w? , i.e. H± = G ± (V ). The same holds
for any space of functions that take values in G(V ), such as the Hilbert space
L2 (Rn ; G(Rn )) of square-integrable functions Rn → G(Rn ).

Denition 2.4. A supersymmetric quantum
collection (H, K, H, Qj=1,2,...,N ), where

mechanical system

1. (H, K) is a graded (typically complex) Hilbert space,

(SQM) is a

2.2.
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2. H is an even-graded self-adjoint operator on H (typically an unbounded
operator, and called the Hamiltonian ), and
3. Qj=1,...,N are odd-graded self-adjoint operators (typically called supercharges ) such that the following anti-commutation relations hold:

Qj Qk + Qk Qj = 2δjk H,

(2.5)

∀j, k.

When we have several supercharges, i.e. N ≥ 2, the SQM is usually called
N -extended.

Example 2.5.

Note the similarity of (2.5) to the relations for an Euclidean Cliord algebra (2.2). Actually, with an ON-basis {ej } we can view
(G(Rn ), K̂, 1, {ej }) as an N = n-extended SQM with Hamiltonian equal to
the identity operator.

Example 2.6.

A less trivial example of an N = 1 SQM is the Hodge-Dirac
system, dened by the Dirac operator acting on multivector elds:




H := L2 (Rn ; G(Rn )), K̂, H := −∇2 , Q := −i∇ ,

where H = −∆1 acts on each component of a multivector eld like the nonP
negative scalar Laplacian −∆ = − nj=1 ∂j2 on Rn . (We postpone any details
regarding unbounded operators to the next section.)
As will be clear in what follows, an SQM in some sense captures some nontrivial topology of the system, and unfortunately this example in at space
Rn is still a bit too trivial. In order to obtain something non-trivial without
leaving the domain of at spaces one has either to restrict to subdomains in
Rn (Example 2.12), or (as we will typically do in the following) introduce
some potentials.
In the context of quantum mechanics, the spectrum of the Hamiltonian
H is usually interpreted as describing the energy levels of a physical system.
A rst characteristic feature of supersymmetric systems is that these energy
levels are non-negative since the Hamiltonian by (2.5) is the square of some
self-adjoint supercharge operators,

H = Q2j

⇒

hΨ, HΨi = kQj Ψk2 ≥ 0,

for Ψ ∈ H, and hence its eigenvalues must be non-negative. Furthermore,
any zero-energy state is automatically a ground state (i.e. lowest energy
state) of the system, and satises Qj Ψ = 0 for all j = 1, . . . , N .

12
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A second characteristic feature of SQMs is a pairing of the non-zero
energy levels of the Hamiltonian. Namely, the non-zero eigenvalues of H
have the same number of bosonic and fermionic eigenstates, since e.g. if
HΨ = EΨ, for some state Ψ ∈ H± \ {0} and E > 0, then we have also for
the state Φ := Qj Ψ that HΦ = Qj HΨ = EΦ and Φ ∈ H∓ \ {0}. However,
this is typically not the case for the zero-energy ground states, which are
usually the main focus of attention in the study of SQMs.
We noted that, by denition, the supercharges Qj commute with the
Hamiltonian. The supercharges are considered to be generators of an additional symmetry of the system  supersymmetry  and hence zero-energy
states can be singled out as being invariant under that symmetry.

Example 2.7. (The free line toy model) One of the simplest examples of
SQMs which does not involve a Cliord-algebraic grading operator K̂ , is
what we shall call the free line toy model (H, P, H, Q). Here, the graded
Hilbert space is simply given by H = L2 (R) together with the reection
2
operator (P Ψ)(x) := Ψ(−x). Hence, L (R) = H+ ⊕ H− , where H+(−) are
the reection-(anti)symmetric functions. One supercharge anti-commuting
with P is nothing but the derivative operator Q := −id/dx, so that H =
−d2 /dx2 is the Laplacian on R, interpreted quantum mechanically as the
kinetic energy of a single particle moving freely on the real line. We shall
return to this simple model in Chapter 4.4.

Cohomology SQM
An alternative interpretation of SQM systems is obtained by reformulating
them in terms of nilpotent operators, or so-called cohomology supercharges.
Namely, it is usually2 possible to write a supercharge Q as Q = Γ+Γ∗ , where
Γ is an odd nilpotent operator and Γ∗ its adjoint. Recall that an operator Γ
is called nilpotent if its range im(Γ) is a subset of its null space ker(Γ), i.e.
im Γ ⊆ ker Γ, so that in particular Γ2 = 0. Note that if Qj = Γj + Γ∗j , where
Γj (and hence Γ∗j ) are nilpotent, it then follows that (cp. (2.5))

Qj Qk + Qk Qj

= Γj Γk + Γk Γj + Γj Γ∗k + Γ∗k Γj
+ (Γj Γk + Γk Γj + Γj Γ∗k + Γ∗k Γj )∗ .

2

We refer to [CGK04] for a discussion on the generality and equivalence of Denitions
2.4 and 2.8.

2.2.
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We can therefore formulate the denition of an SQM in this language as
follows:

Denition 2.8.

A

(cSQM) is a collection of objects
(H, K, H, Qj=1,...,M ), where H, K, H are as in Denition 2.4, and property
3 is replaced by
cohomological SQM

3'. Qj=1,...,M are odd-graded, mutually anti-commuting, nilpotent operators (typically called cohomology supercharges ), with adjoints Q∗j , such
that
Qj Q∗k + Q∗k Qj = δjk H,
∀j, k.
(2.6)
Note that, for a state Ψ ∈ H

hΨ, HΨi = kQj Ψk2 + kQ∗j Ψk2 .
Hence, a zero-energy state must be in the null space of both Qj and Q∗j .

Example 2.9.

The Hodge-Dirac system can naturally be written as an
M = 1 cSQM by splitting the Dirac operator ∇ = δ + d into an interior and
exterior derivative, i.e. Q = Q + Q∗ , with Q := −i d. Note that the formal
adjoint of d is −δ , since by Stokes' theorem,
Z
Rn

hΦ, ∇ ∧ ΨiG dx = −

Z
Rn

h∇ x Φ, ΨiG dx

for Φ, Ψ vanishing at innity,

Example 2.10. (The supersymmetric harmonic oscillator) For a simple example of a cSQM involving a potential, consider the real line R with a unit
basis vector e1 , and dene the fermion creation and annihilation operators
f resp. f † on G(R) = G 0 (R) ⊕ G 1 (R) (for more on this construction, see
Section 4.3 of [LS09]):
f (w) := e1 ∧ w

and

f † (w) := e1 x w.

From the denitions of interior and exterior products, note that f 2 = (f † )2 =
0, f † f + f f † = 1, and f † f − f f † = K̂ . (More generally, note that this also
provides a cSQM formulation of Example 2.5.) Now, let H = L2 (R; G(R))
(with grading operator K̂ ), and


Q=

d
+ x f †,
dx


hence

d
Q = −
+ x f.
dx
∗
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Then Q and Q∗ are nilpotent and odd w.r.t. K̂ , and
!

H = QQ∗ + Q∗ Q =

d2
− 2 + 1 + x2 f † f
dx
!

d2
d2
− 2 − 1 + x2 f f † = − 2 + x2 + K̂,
dx
dx

+

which is a sum of a quantum mechanical harmonic oscillator on L2 (R) (see
Example 2.24) and an independent operator on G(R) with eigenvalues ±1,
so that the total energy spectrum is explicitly σ(H) = {2k : k = 0, 1, . . .}.
There is, up to normalization, a unique zero-energy ground state, Ψ0 (x) =
2
e−x /2 e1 , while all higher-energy states are two-fold. Note the way in which
Ψ0 is explicitly annihilated by both Q and Q∗ .

Hodge decompositions
To every nilpotent operator there is a corresponding split of the Hilbert space
according to the following.

Proposition 2.11.
[Axe10]) If
∗
adjoint Γ ,

(Hodge decomposition; see e.g. Proposition 8.7 in
Γ is a nilpotent operator in a Hilbert space H, then so is its
and we have the following splitting of H into closed orthogonal

subspaces:

H = im Γ ⊕ (ker Γ ∩ ker Γ∗ ) ⊕ im Γ∗ .
For a cohomological SQM we therefore have M such Hodge decompositions:




H = im Qj ⊕ ker Qj ∩ ker Q∗j ⊕ im Q∗j ,

j = 1, . . . , M.

Given a nilpotent operator Γ on H, one usually says that an element Ψ ∈ H
is closed if Ψ ∈ ker Γ, i.e. ΓΨ = 0, and exact if Ψ ∈ im Γ, i.e. Ψ = ΓΦ for
some Φ ∈ H. Hence, we can say that a zero-energy state Ψ, HΨ = 0 i.e.
Ψ ∈ ker Qj ∩ ker Q∗j , is closed but not exact with respect to all cohomology
supercharges Qj and Q∗j .

Example 2.12.

To further illustrate the connection between zero-energy
states and the topology encoded in an SQM, let us again turn to the HodgeDirac system. We have mentioned that this system is too trivial when considered on all of Rn ; however, restricting to a bounded (and suciently regular)

2.3.
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domain Ω ⊆ Rn , with so-called normal boundary conditions on the operator
Q = −i∇∧, i.e. n̂ ∧ Ψ|∂Ω = 0 (in particular, this means Dirichlet b.c. on the
zero-grade part of the Hilbert space), one obtains the Hodge decomposition
(the ranges of Q and Q∗ are in fact closed in this case; see e.g. Theorem 8.19
in [Axe10])
L2 (Ω; G(Rn )) = im Q ⊕ H0 (Ω) ⊕ im Q∗ ,
where the number of zero-energy states of H = −∇2 = QQ∗ + Q∗ Q, i.e.
dim H0 (Ω), splits into the Betti numbers of the domain Ω, the highest-grade
component of which counts the number of connected components of Ω.

2.3 Some tools from the spectral theory of elliptic
operators
As we have seen, typical examples of SQMs (also including the SMMs studied
in the present thesis) involve supercharges of the form of Dirac-type operators (possibly extended with a multivector- or matrix-valued potential) and
therefore Hamiltonians of the form of Laplace-type operators. More specically, we shall consider matrix-Schrödinger operators, i.e.

H = −∆1 + V

(2.7)

where −∆ is the scalar Laplacian on Rn and V is a matrix- (or G -valued)
potential, i.e. an operator which at each point x multiplies a function Ψ by
a matrix V (x) (or more generally an operator which acts on some `smaller'
Hilbert space h ). This is a typical example of a so-called elliptic second-order
partial dierential operator, and we will nd it useful to review certain properties of such operators and systems of equations involving such operators
in this section. We refer to the textbooks [AF03, BS87, EK96, RS72, RS75,
RS79, RS78] for complete introductions to these subjects.

Ellipticity
Finding the explicit eigenstates of an operator of the form (2.7) involves
solving a system of elliptic partial dierential equations (PDE): HΨ = EΨ.
Fortunately, as we illustrate below, the rather strong condition of ellipticity
ensures that the solutions u have many convenient properties.

16
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Consider a general matrix-valued dierential operator
X

L=

(2.8)

aα D α

|α|≤m

on an open set Ω ⊆ Rn , where the coecients aα are N × N -matrices of
P
functions on Ω, α = (α1 , . . . , αn ) ∈ Nn are multi-indices with |α| = nj=1 αj ,
and Dα = (−i ∂x∂ 1 )α1 . . . (−i ∂x∂n )αn . We assume that some aα with |α| = m
does not vanish identically, and this m is called the order of L. The top-order
P
α
symbol, or characteristic form, of L is pL (x, ξ) :=
|α|=m aα (x)ξ , (x, ξ) ∈
n
Ω × R . L is called weakly elliptic if pL (x, ξ) is non-singular (i.e. a linear
isomorphism) for all x ∈ Ω and all ξ 6= 0. L is called (uniformly) strongly
m
elliptic if there exists a constant C > 0 such that Re pL (x, ξ) ≥ C|ξ| for all
n
x ∈ Ω and all ξ ∈ R (this requires that the order m is even).

Example 2.13.

We note that the (Hodge- or spin-) Dirac operator ∇ is
a weakly elliptic rst-order operator, and that the matrix-Laplace operator
−∆1 = (−i∇)2 is a strongly elliptic second-order operator.
Let us introduce some additional standard terminology that will be used
frequently throughout (for details we refer to e.g. [AF03]). We denote by
C k (Ω) the linear space of functions on Ω ⊆ Rn which have continuous partial
derivatives to order k , by C ∞ (Ω) the space of smooth functions, by C0∞ (Ω)
the smooth functions compactly supported in Ω, and by
Lp (Ω), 1 ≤ p ≤ ∞,
R
the space of functions with nite norm kukLp := ( Ω |u(x)|p dx)1/p (L∞
denotes the space of essentially bounded functions). The Sobolev space
H k (Ω) = W k,p=2 (Ω) is the space of functions for which all partial derivatives
(in distributional sense) up to order k are in L2 (Ω), with norm
1/p



kukW k,p := 

X

kDα ukpLp 

,

(2.9)

α≤k

and H0k (Ω) denotes the closure of C0∞ (Ω) in H k (Ω). Note the chain of
embeddings
H0k (Ω) ⊆ H k (Ω) ⊆ L2 (Ω).
It is also a fact that H00 (Ω) = L2 (Ω), that H0k (Rn ) = H k (Rn ) while H0k (Ω) 6=
H k (Ω) for bounded Ω, and that H k (Ω) is the completion of C k (Ω) w.r.t. the
norm (2.9).

2.3.
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Given any function space H, we denote by Hloc (Ω) the space of functions
u on Ω which are locally in H, i.e. ϕu ∈ H for all ϕ ∈ C0∞ (Ω), and as always
we write H(Ω; h) when emphasizing that the functions take values in a space
h . A weak or distributional solution u to the PDE Lu = f is a function
u ∈ L1loc (Ω; CN ) (or a distribution) such that
Z
Ω

†

hL ϕ, uiCN dx =

Z
Ω

hϕ, f iCN dx

∀ϕ ∈ C0∞ (Ω; CN ),

where L† denotes the formal adjoint (or Hermitian conjugate) of L, i.e.
P
L† u = |α|≤m Dα (a†α u).
The following theorem about regularity of solutions of elliptic PDE is
very useful in practice:

Theorem 2.14.

(Elliptic regularity; see e.g. Theorem 2 in [Bro54]) Let Ω
Rn , L be a strongly elliptic system of dierential operators of
order m on Ω, and u be a distributional solution to the dierential equation
n+1
n+1
Lu = f . If f ∈ C b 2 c+k and the coecients aα ∈ C |α|+b 2 c+k , then
u ∈ C m+k .
be a domain in

In particular, if f and all the coecients aα of L are smooth, then so is the
solution u.
Another important property of elliptic systems is unique continuation, i.e.
if a solution u vanishes to all orders at a point x then u must be identically
zero. This is called the strong unique continuation property. (u is said to
have the weak unique continuation property if u vanishing on an open set
implies u = 0.) Suciently strong ellipticity implies unique continuation,
and we state the following theorem for matrix-Schrödinger operators, for
simplicity.

Theorem 2.15.

(Unique continuation; see e.g. [Mül54, San07]) Let Ω ⊆ Rn
∞
N ×N ). Then any distributional
be open and connected, and V ∈ Lloc (Ω; C
solution of (−∆+V )u = 0 on Ω has the strong unique continuation property.

Unbounded self-adjoint operators
Elliptic operators of the form (2.8) involving Hermitian matrices, a†α = aα ,
and acting on square-integrable functions u ∈ L2 (possibly accompanied with
suitable boundary conditions), provide important examples of self-adjoint
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linear operators u 7→ Lu acting on innite-dimensional Hilbert spaces. Selfadjoint operators are fundamental to a mathematical description of quantum
mechanical systems since they admit a unique description by means of the
spectral theorem, i.e. a spectral decomposition in terms of real numbers (corresponding to physically measurable quantities), and they are the generators
of unitary one-parameter groups (suitable for time evolution).
On the other hand, we note immediately that e.g. the Laplace operator
L : u 7→ −∆u is not properly dened for all functions u ∈ L2 (R). Typically,
we are dealing here with unbounded operators on a Hilbert space H, i.e.
linear operators A ∈ L(H) which are dened only on a (preferably dense)
linear subspace D(A) ⊆ H. When considering the spectral theory of such
operators we need to make sure that they are closed (or at least closable),
i.e. that the graph of the function A : D(A) → H is a closed subset of the
space H × H. Operators that are Hermitian (i.e. hΦ, AΨi = hAΦ, Ψi for all
Φ, Ψ in a dense domain D(A)) are always closable, i.e. there is an extension
Â : D(Â) → H, s.t. D(Â) ⊇ D(A) and Â|D(A) = A, which is closed. Every
closable operator A has a smallest closed extension, its closure Ā, and every
Hermitian operator has a largest closed extension, its adjoint A∗ . Formally,
an operator A is called self-adjoint if it is Hermitian and if D(A) = D(A∗ )
(hence closed), where

D(A∗ ) := {ϕ ∈ H : ∃η(=: A∗ ϕ) ∈ H with hη, ψi = hϕ, Aψi ∀ψ ∈ D(A)},
and essentially self-adjoint if it is Hermitian and has a unique self-adjoint
extension, Ā. Any bounded Hermitian operator is self-adjoint.

Example 2.16.

The Laplace operator L : u 7→ −u00 on the interval [0, 1]
is unbounded and not dened on the full Hilbert space L2 ([0, 1]), but the
restriction L|C0∞ ([0,1]) is perfectly well-dened and Hermitian. Its closure
L|C0∞ = L|H 2 is not self-adjoint, L|∗H 2 = L|H 2 , however it has several self0
0
adjoint extensions, such as the Dirichlet Laplacian −∆D := L|D(−∆D ) , with

D(−∆D ) := {u ∈ H01 ([0, 1]) : u0 ∈ H 1 ([0, 1])} = H01 ([0, 1]) ∩ H 2 ([0, 1]),
and the

Neumann

Laplacian −∆N := L|D(−∆N ) , with

D(−∆N ) := {u ∈ H 1 ([0, 1]) : u0 ∈ H01 ([0, 1])} ( H 2 ([0, 1]).
In contrast, L|C0∞ (R) is essentially self-adjoint in L2 (R), with L|C0∞ (R) =
L|H 2 (R) . This follows from the properties of Sobolev spaces.

2.3.

SOME TOOLS FROM THE SPECTRAL THEORY OF ELLIPTIC

19

OPERATORS

Conveniently for us, any power of a smooth Hermitian Dirac-type operator is essentially self-adjoint on C0∞ (Rn ), according to the following theorem.

Theorem 2.17.

(Essential self-adjointness of powers of Dirac operators;
see Section 3 in [Che73], and [Kat73].) Let QH := −i∇ + W denote the
n
Hodge-Dirac operator on R together with a smooth Hermitian multivector†
k
valued potential W = W . Then QH is essentially self-adjoint on the domain
C0∞ (Rn ; G(Rn )) for every k ∈ N. This can be straightforwardly generalized
to the case of a complete n-dimensional Riemannian manifold.
n
Let QS := −i∇ + W denote the spin-Dirac operator on R , acting on
n
a spinor space S ⊆ G(R ), together with a smooth Hermitian multivector†
k
valued potential W = W . Then QS is essentially self-adjoint on the domain
∞
n
C0 (R ; S) for every k ∈ N. This can be straightforwardly generalized to the
case of a complete oriented n-dimensional Riemannian manifold with a spin
structure.

n
denote the scalar Schrödinger operator on R with a
2
∞
k
smooth real-valued potential V , s.t. H ≥ −a − b|x| on C0 . Then H is
∞
n
essentially self-adjoint on C0 (R ) for every k ∈ N.
Let

H = −∆ + V

The spectrum σ(A) of an operator A ∈ L(H) is the set of points λ ∈ C
for which there does not exist a bounded inverse to the operator A − λ. For
λ∈
/ σ(A) we call such (A − λ)−1 the resolvent of A at λ. An operator A is
self-adjoint if and only if it is Hermitian and σ(A) ⊆ R. To fully describe a
self-adjoint operator in terms of its spectrum, one needs to have also a notion
of spectral measure. A projection-valued measure P is a function Ω 7→ PΩ on
the Borel3 sets Ω ⊆ R such that each PΩ is a projection on a Hilbert space
H, P∅ = 0, PR = 1, PΩ1 PΩ2 = PΩ1 ∩Ω2 , and if Ω = ∪∞
n=1 Ωn , with Ωn and Ωm
P
disjoint for n 6= m, then PΩ = s-limN →∞ N
P
n=1 Ωn . Given any Φ, Ψ ∈ H,
we then have a complex measure Ω 7→ hΦ, PΩ Ψi on the real line.

Theorem 2.18.

(Spectral theorem; see e.g. Theorem VIII.6 in [RS72])
PA

There is a one-to-one correspondence between projection-valued measures
R∞
A
and self-adjoint operators A = −∞ λ dP (λ), with



D(A) := Ψ ∈ H :

Z ∞



|λ|2 d(hΨ, P A Ψi)(λ) < ∞

−∞

The σ-algebra of Borel sets on a topological space is the smallest σ-algebra containing
all open sets. A real-valued function f is a Borel function if f −1 ((a, b)) is a Borel set for
any interval (a, b).
3
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and

hΦ, AΨi =

Z ∞

A

λ hΦ, dP (λ)Ψi :=

λ d(hΦ, P A Ψi)(λ).

−∞

−∞
Furthermore, if

Z ∞

f :R→R
Z ∞

f (A) =

is a Borel function then we can dene

λ dP f (A) (λ) :=

−∞

Z ∞

f (λ) dP A (λ).

−∞

One can decompose the spectrum of a self-adjoint operator A into either

σ(A) = σdisc (A) t σess (A),
where the

or

σ(A) = σpp (A) ∪ σac (A) ∪ σsc (A),

discrete spectrum

A
σdisc (A) := {λ ∈ σ(A) : dim P(λ−,λ+)
H < ∞ for some  > 0}

is the set of isolated eigenvalues of nite multiplicity, and the rest is the
essential spectrum

A
σess (A) := {λ ∈ σ(A) : dim P(λ−,λ+)
H = ∞ for every  > 0}

(usually referred to as the continuous part of the spectrum), while the pure
point spectrum σpp is the set of all eigenvalues of A, and σac resp. σsc are the
supports for the absolutely resp. singular continuous parts of the spectral
measure of A.

Quadratic forms and Friedrichs extension
Associated to every (possibly unbounded) operator A is a quadratic form

qA : D(A) → C
Ψ 7→ hΨ, AΨi.
For Hermitian operators this is real-valued, and typically there is a natural larger domain D(qA ) for qA (a quadratic form domain ) to which the
expression qA (Ψ) = hΨ, AΨi extends and is real-valued. We say that the
quadratic form qA and associated operator A is semi-bounded from below if
qA (Ψ) ≥ ckΨk2 for some constant c ∈ R and all Ψ ∈ D(qA ), non-negative if
qA (Ψ) ≥ 0, and we write A ≥ B if D(qA ) ⊆ D(qB ) and qA (Ψ) ≥ qB (Ψ) for
all Ψ ∈ D(qA ).

2.3.
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Example 2.19.

Given a supersymmetric Hamiltonian H = Q2j , it is natural
to consider its quadratic form qH (Ψ) = hΨ, HΨi = kQj Ψk2 ≥ 0, which hence
is non-negative and has an extended domain D(qH ) := D(Qj ).
For semi-bounded Hermitian operators there is always a unique selfadjoint extension associated to the quadratic form, called the Friedrichs
extension.

Theorem 2.20.

(Friedrichs extension; see e.g. Theorem X.23 in [RS75])
For any semi-bounded from below Hermitian operator A, the quadratic form
qA is closable and its closure qA = qÂF is the quadratic form of a unique

ÂF . Furthermore, ÂF is the only self-adjoint extension
Â of A s.t. D(Â) ⊆ D(qA ), and the largest (ÂF ≥ Â i.e. D(ÂF ) ⊆ D(Â))
among all semi-bounded self-adjoint extensions Â of A.
self-adjoint operator

Example 2.21.

Associated
to the Laplace operator L in Example 2.16 is the
R
quadratic form qL (u) = 01 |u0 |2 dx. The Dirichlet Laplacian −∆D is is the
Friedrichs extension w.r.t. the form qL |C0∞ , while the Neumann Laplacian
−∆N is the Friedrichs extension w.r.t. qL |C ∞ . We have −∆D ≥ −∆N since
C0∞ ⊆ C ∞ .
Schrödinger operators H of the form (2.7) taking values in h are understood to be dened on a domain where the corresponding quadratic form

qH (Ψ) =

Z 
Ω



|∇Ψ(x)|2h + hΨ(x), V (x)Ψ(x)ih dx

is well-dened and closed. We will always assume that V is Hermitian.

Discrete spectrum vs. continuous spectrum
The lowest eigenvalues λ1 (A) ≤ λ2 (A) ≤ . . . < inf σess (A) (ordered with
multiplicity) of a semi-bounded from below self-adjoint operator A can be
obtained by the so-called min-max principle :

λk (A) = inf
Lk

hΨ, AΨi
,
2
Ψ∈Lk \{0} kΨk
sup

where the Lk are linear subspaces of D(A) such that dim Lk = k . If A ≥ B
then λk (A) ≥ λk (B) for each k , and inf σess (A) ≥ inf σess (B). The domain
D(A) can in the above be replaced by the form domain D(qA ), or even a
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dense subspace, such as typically C0∞ . In particular, one has the following
convenient method to determine the number of eigenvalues below λ ∈ R
(counting multiplicity).

Proposition 2.22.
D(A)

is dense in

A
dim P(−∞,λ)
H

(Glazman's Lemma; see e.g. [BS92, BS87])
H and A is self-adjoint then


linear

= sup dim L : L ⊆

C0∞ s.t.

If

C0∞ ⊆

qA (Ψ)
< λ ∀Ψ ∈ L \ {0} .
kΨk2


The following theorem provides a useful criterion for a self-adjoint Schrödinger operator to have compact resolvent, i.e. purely discrete spectrum and
a complete basis of eigenfunctions of nite multiplicity. We say that V → ∞
i for every K > 0 there exists a ball B of nite radius such that V (x) ≥ K
for almost every x ∈ Rn \ B .

Theorem 2.23.

(See e.g. Theorems XIII.67, XIII.47 in [RS78]) Let V ∈
V → ∞. Then the scalar
Schrödinger operator −∆ + V has a compact resolvent. Furthermore, if V ∈
L2loc (Rn ; R) is positive and V → ∞, then −∆ + V has a nondegenerate, a.e.
n
loc (R ; R) be bounded from below and such that

L1

strictly positive, ground state.

There are various recent extensions of the above theorem for cases when the
potential does not tend to innity in all directions, but only in an averaged
sense. We refer to [Maz07, Geo08, Sim09].

Example 2.24.

The one-dimensional quantum harmonic oscillator Hosc =
with frequency ω is a standard example of an operator with
purely discrete spectrum. Due to algebraic symmetries, its spectrum and
eigenfunctions can be determined explicitly; σ(Hosc ) = {|ω|(2k + 1) : k ∈
N} with multiplicity 1, and normalized everywhere positive ground state
1
1
1
2
eigenfunction ψ0 (x) = π − 4 |ω| 4 e− 2 |ω|x .

−d2 /dx2 + ω 2 x2

On the other hand, a useful method to detect presence of essential spectrum is given by the following theorem.

Theorem 2.25.

(Weyl's criterion; see e.g. Theorem 9.2 in [BS87]) Let A be
λ ∈ σ(A) i there exists a sequence (Ψk )∞
k=1
s.t. Ψk ∈ D(A), kΨk k = 1, and k(A − λ)Ψk k → 0, k → ∞. Furthermore,
λ ∈ σess (A) i the Ψk can be chosen to be orthogonal.
a self-adjoint operator. Then

A sequence of the latter type is called a

Weyl sequence.

2.3.
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Bounds for the number of negative eigenvalues
If V → 0 at innity, then the Schrödinger operator H typically has an
essential spectrum covering [0, ∞), and a discrete spectrum on (−∞, 0). The
number and magnitude of such negative eigenvalues depends both on the size
of the negative part V− of the potential V , as well as on the dimension and
geometry of the domain. There are a number of famous and very useful
H
bounds for the number N (H) := dim P(−∞,0)
H of negative eigenvalues of
scalar Schrödinger operators H .

Theorem 2.26.

(The Bargmann and Calogero bounds; see e.g. Theorem
XIII.9 and Problem 22 in [RS78]) For real-valued V on R+ and Dirichlet
boundary condition at x = 0, one has Bargmann's bound

d2
N − 2
+V
dx R+ ,D
and, for

V

on all of

V

≤

Z ∞

!

≤1+

Z ∞
−∞

N −

R2 and

d2
+V
dx2 R+ ,D

!

≤

|V (x)− ||x| dx.

R+ ,

monotone increasing and negative on

Theorem 2.27.

|V (x)− |x dx,

0

R,

d2
N − 2 +V
dx R
For

!

Z
2 ∞

π

one has

Calogero's bound

1

|V (x)− | 2 dx.

0

(See e.g. Theorem 20 in Chapter 8 of [EK96])

For

V

on

q > 1,

N (−∆R2 + V ) ≤ 1 + Cq
for some universal constant

Theorem 2.28.
XIII.12 in [RS78])

Z
R2

|V (x)− |q |x|2(q−1) (1 + |ln |x||)2q−1 dx,

Cq .

(The Cwikel-Lieb-Rozenblum bound; see e.g. Theorem
d
d
For d ≥ 3 and V ∈ L 2 (R ),

N (−∆Rd + V ) ≤ Cd
for some constant

Cd

Z
Rd

d

|V (x)− | 2 dx,

depending only on the dimension

d.

There are many more bounds of these types, in arbitrary dimensions. We
refer to e.g. [EK96] for the scalar case, and to [FLS07, Hun02] for some
matrix- and operator-valued cases.
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2.4 Witten index
Recall that one of the characteristic features of an SQM is a pairing, in
H± , between the discrete eigenstates of the Hamiltonian H (note that this
is not necessarily true for the continuous part of the spectrum). One can
often utilize this fact to show existence of zero-energy states by means of the
so-called Witten (or supersymmetric ) index,

IW (β) := trH Ke−βH = trH+ e−βH − trH− e−βH ,
where β > 0. Namely, if the spectrum of H is purely discrete (and suciently
rapidly growing), then this trace is completely well-dened, and, due to the
pairing, independent of β ,

IW (β) =

∞
X
−βλk (H|H+ )

e

k=1

−

∞
X
−βλk (H|H− )

e

= dim kerH+ H − dim kerH− H.

k=1

Hence, it computes the dierence between the number of bosonic and fermionic zero-energy states. Non-triviality of the Witten index would thus
imply that ker H 6= 0, and typically one would use certain simplications in
the limit β → 0 to actually compute the index. Furthermore, in certain cases
one can show (by some other means, e.g. symmetry arguments) that there
cannot be any, say, fermionic zero-energy states, and hence IW (β) computes
the total number of zero-energy states in such cases.
When there is a continuous part in the spectrum of H , then IW (β) as
dened above could actually become dependent on β (if at all well-dened).
In this case one could consider a regularized Witten index

IW := lim tr Ke−βH ,
β→∞

however, as it is also in this case typically more convenient to compute the
limit as β → 0, one would want to rewrite this index as
−βH

IW = lim tr Ke
β→0

+

Z ∞
d 
0

dβ



tr Ke−βH dβ,

and again use the properties of a SQM to conclude that

d
2
2
2
2
tr Ke−βQ = − tr KQ2 e−βQ = − tr KQe−βQ Q = tr KQ2 e−βQ = 0.
dβ
It takes some eort to make precise sense out of this formal manipulation,
but it is indeed possible for certain types of SQMs (see e.g. [Jaf00] for a
related discussion).

Chapter 3

Supersymmetric matrix models
Supersymmetric matrix models are a class of SQMs depending on two parameters  a matrix size N , and a dimension d. We will start by dening
the models we are about to study, and then work up a physical and geometric
intuition for their constituents by considering how they arise from various
contexts in physics. We will then consider their spectral and structural features and summarize what is previously known about zero-energy states of
these models from earlier approaches. We refer to e.g. [Tay01, dW97] for
comprehensive, but less up-to-date, reviews of the background and features
of SMMs.

3.1 Denition of the models
The bosonic matrix models
We consider a tuple X = (X1 , X2 , . . . , Xd ) of d ≥ 2 traceless Hermitian
2 −1
N × N -matrices (N ≥ 2), denoted Xs ∈ i su(N ). Given a basis {TA }N
A=1 of
such matrices we expand1 each Xs = xsA TA in terms of real coordinates xsA
2
2
and identify Xs ↔ xs = (xsA )A ∈ RN −1 , and X ↔ x ∈ Rd ⊗ RN −1 . This
d(N 2 − 1)-dimensional space is called the bosonic (or classical ) conguration
space of the matrix models. There is on this space both a natural action of
rotations R ∈ SO(d) of the tuple,

X = (Xs )s

7→

RX = (Rst Xt )s ↔ (Rst xtA )s,A ,

Here, and in the following, we assume the summation convention by which repeated
indices are summed over their natural range (unless otherwise noted).
1
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as well as an action of conjugation (adjoint action) of each matrix by U ∈
SU(N ),

X 7→ U XU † = (U Xs U † )s ,

generated by (i[TA , Xs ])s ↔ (fABC xsC )s,B ,

where fABC denote totally antisymmetric real structure constants of the Lie
algebra su(N ). We assume that the basis TA is chosen such that this is
fullled, i.e. [TA , TB ] = ifABC TC , and such that tr(TA TB ) = δAB , hence
hE, F ii su(N ) := tr(E † F ) = eA fA = e · f for E = eA TA ↔ e, F = fA TA ↔ f .
The bosonic Hamiltonian, dening the bosonic matrix models, is given by
the scalar Schrödinger operator

HB = −∆Rd ⊗RN 2 −1 + V (x),

(3.1)

acting on square-integrable functions on the conguration space, where the
potential

V (x) := −

X

tr[Xs , Xt ]2 =

1≤s<t≤d

1 X
(fABC xsB xtC )2 ≥ 0
2 A,s,t

is invariant under both SO(d)-rotations and SU(N )-conjugations.

The supersymmetric matrix models
For the supersymmetric matrix models, we seek spinor representations of
both symmetry groups SO(d) and SU(N ) ,→ SO(N 2 − 1) of HB . We start
by considering the rst rotational symmetry. Taking an ON-basis {es } of Rd
and writing X = Xs es , we observe the rotor representation

X 7→ RX = Xs Ses S † ,

S = eB ∈ Spin(d),

generated by the bivector B = 14 εst es ∧et ∈ G 2 (Rd ), with angles εst = −εts ∈
R. A (real) spinor representation of Spin(d) is obtained, according to the prescription in Section 2.1, by considering a real irrep Sd ∼
= RNd of the Cliord
d
algebra G(R ) and representing es by real traceless symmetric Nd × Nd matrices γ s =: ρ(es ) acting on Sd by matrix multiplication (or equivalently
by left-multiplication on a minimal left-ideal Sd ⊆ G(Rd )). A generator
B ∈ G 2 (Rd ) = spin(d) hence acts on this space as the matrix [Bαβ ] = 41 εst γ st ,
where γ st := 12 [γ s , γ t ] = ρ(es ∧ et ) is antisymmetric, i.e. ρ(B) ∈ so(Nd ), and

3.1.
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thus ρ(S) = eρ(B) ∈ SO(Nd ). In the case d ≡ 1, 5 (mod 8), the matrix
representation ρ : G(Rd ) → RNd ×Nd is chosen s.t. γ 1 γ 2 . . . γ d = 1.
Now, for combining this spinor representation Sd of Spin(d) ,→ SO(Nd )
with a spinor representation of SU(N ) ,→ SO(N 2 − 1), we consider the space
2
T := Sd ⊗ i su(N ) ∼
= RNd ⊗ RN −1 ,

with an ON-basis {θ α ⊗TA =: θ αA }. The corresponding (complexied, by
convention/simplicity) Cliord algebra G(T ) generated by {θ αA } has an irrep

F∼
= C2

Nd
2
2 (N −1)

.
Nd

2

Nd

2

(We think of the θ αA both as complex Hermitian 2 2 (N −1) × 2 2 (N −1) matrices, and as the orthonormal generators of G(T ) acting on the spinor
space (or minimal left-ideal) F ⊆ G(T ).) A (complex) spinor representation
for both Spin(Nd ) and Spin(N 2 − 1) is then provided by this spinor space F ,
called the fermionic Fock space of the models, upon which both these Spin
groups act by matrix- or left-multiplication, generated by the bivectors

1
1
θα ∧ θβ ∼
= θ αȦ ∧ θ β Ȧ ∈ G 2 (T ),
2
2
resp.

1
1
TA ∧ TB ∼
= θ α̇A ∧ θ α̇B ∈ G 2 (T ),
2
2
for each xed index Ȧ resp. α̇. Hence, taking the trace over A resp. α, the
actions of Spin(d) and SU(N ) naturally descend to the fermionic Fock space
F , as generated by multiplication by the matrices
i
X
1
1 h1
1
st
st
Bαβ θ αA ∧ θ βA =
ε
γ
θ αA θ βA = εst γαβ
θ αA θ βA
st
4
αβ
2 1≤α<β≤N
4
16
d

and

1
2

X
1≤B<C≤N 2 −1

1
fABC θ αB ∧ θ αC = fABC θ αB θ αC .
4

The Hamiltonian of the supersymmetric matrix models is dened as the
matrix-, or G(T )-valued, Schrödinger operator

H = HB 1 + HF = −∆ +

1 X
i
s
(fABC xsB xtC )2 + xsC fCAB γαβ
θ αA θ βB ,
2 A,s,t
2

(3.2)
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acting on the Hilbert space

H = L2 (Rd ⊗ RN

2 −1

; F)

of square-integrable F -valued spinor elds Ψ on the conguration space
2
Rd(N −1) . H is symmetric under combined SO(d)-rotation of the coordinates xsA and Spin(d)-action according to the above on F , generated by the
Hermitian operators

i st
Jst = xsA ptA − xtA psA − γαβ
θ αA θ βA = Lst + Mst ,
8

(3.3)

resp. under combined SU(N )-conjugation and Spin(N 2 − 1)-action on F ,
generated by


JA = fABC xsB psC −


i
θ αB θ αC = LA + MA ,
4

(3.4)

where psA := −i ∂x∂sA .
Given the space T , one can form a set of Nd supercharges

1
st
s
θ βA
(3.5)
psA γαβ
+ fABC xsB xtC γαβ
2
X
∂
= −iρ(es )[θ α ] ⊗ TA
−i
ρ(es ∧ et )[θ α ] ⊗ [Xs , Xt ],
∂xsA
s<t

Qα =



which satisfy the anti-commutation relations (with {A, B} := AB + BA)
t
t
{Qα , Qβ } = 2δαβ HB + 4γαβ
xtA LA + iFαβ;α
0 β 0 xtA fABC θ α0 B θ β 0 C ,

where
t
Fαβ;α
0 β 0 :=


1  s st
s
st
s
st
s
st
γαα0 γββ 0 + γβα
0 γαβ 0 + γαβ 0 γβα0 + γββ 0 γαα0 .
2

Upon imposing the so-called

Fierz identity

t
t
t
Fαβ;α
0 β 0 = δαβ γα0 β 0 − δα0 β 0 γαβ ,

(3.6)

for all α, α0 , β, β 0 ∈ {1, 2, . . . , Nd }, t ∈ {1, 2, . . . , d}, on the Cliord algebra
G(Rd ) in the representation Sd , one obtains the simplied algebra
t
{Qα , Qβ } = 2δαβ H + 4γαβ
xtA JA .

(3.7)

3.1.
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Taking α = β in (3.6) and summing, one nds that this identity cannot
hold unless 2(d − 1) = Nd . Comparing with Table 2.1, and using periodicity
(see e.g. Theorem 8.3 in [LS09]), we see that this requires d ∈ {2, 3, 5, 9},
corresponding to Nd = 2, 4, 8, 16. This constraint on the dimension was
investigated in [BRR85], and one can check that it is not only necessary but
also sucient for the Fierz identity (3.6) to hold. We also note from Table
2.1 that these dimensions, modulo 8, are exactly the ones for which the irrep
Sd is irreducible w.r.t. Spin(d) (the case Spin(1) ∼
= Z2 is degenerate).
We now see that (3.7) reduces to the anti-commutation relations of a supersymmetric quantum mechanical system provided we restrict to states satisfying the constraints JA Ψ = 0 ∀A, which describe the subspace of SU(N )invariant states in H. We denote this space by

Hphys :=

2 −1
N\

ker JA ,

A=1

the physical Hilbert space of the models. Hence, for d = 2, 3, 5, 9, and any
N ≥ 2, the space Hphys together with the grading operator K̂ on G(T ),
and the supercharges Qα and Hamiltonian H restricted to Hphys , form an
N = Nd -extended SQM in the sense of Denition 2.4.

A d = 1 matrix model
As a degenerate situation, one can actually also consider the case of only one
matrix X , i.e. d = 1. In this case there is no possibility of a commutator, so
the potential is trivial, and one could, comparing with (3.2), (3.4) and (3.5),
suggest
∂
H = −∆RN 2 −1 − 2xA JA ,
Q = −i θ A
,
∂xA
2

b(N 2 −1)/2c

dened on H = L2 (RN −1 ; F := C2
), so that the resulting model
2
would be supersymmetric, H = Q , on the subspace Hphys dened by the
constraints

JA Ψ = 0 ∀A,



JA = fABC xB pC −


i
θB θC .
4

However, there are problems with this formulation of the model (involving
constraints with real fermions θ A ), since e.g. Hphys = 0 for N = 2, and we
will discuss this further in Section 3.5, where we introduce the conventional
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complex formulation of the model, essentially just replacing the fermionic
part of the constraint JA . Although the resulting SQM looks like a trivial
free model (very much like a free spin-Dirac system on Rn ), the constraints
actually single out nontrivial relations (dynamics) among the xA -variables
in physical eigenstates Ψ ∈ Hphys .
One can in these models solve the constraints explicitly and determine the
full spectrum of non-normalizable eigenstates (we shall discuss this further
in Section 4.4), and there has also been some work on understanding the
limit N → ∞, see e.g. [CH85, Sam97, Trz07a], and the connection between
zero-energy states and the topology of the gauge group [Trz07b]. However,
due to the degeneracy of the d = 1 models, we will unless otherwise noted
always assume that d > 1 for the supersymmetric matrix models.

3.2 Matrix models in physics
Bosonic membrane
The bosonic and supersymmetric matrix models arise in an approach to describe quantum mechanically the dynamics of a membrane, respectively supermembrane, sweeping out an extremal volume in spacetime. We consider
a 2 + 1-dimensional world-volume (submanifold) M smoothly embedded in
D + 1-dimensional at Minkowski spacetime R1,D . The world-volume is assumed to, at least locally, have the topology R×Σ, where Σ is a xed compact
orientable two-dimensional manifold parametrizing the shape of the membrane at each proper time τ ∈ R, and we thus have a local parametrization
of the embedding,

x : R × Σ → R1,D
ϕ = (ϕ0 , ϕ1 , ϕ2 ) 7→ x(ϕ) = (x0 (ϕ), x1 (ϕ), . . . , xD (ϕ)) = (xµ )µ=0,...,D ,
where for each xed τ , x(τ, ·) is a smooth function on Σ, the image of which
is a spacelike membrane in R1,D . The world-volume functional, or action,

S[x] := Vol M =

Z

q

R×Σ |



| det G| dϕ,
{z
L

}

G = [Gαβ ]α,β∈{0,1,2} =

∂x
∂x
,
·
∂ϕα ∂ϕβ


is a real-valued function of the embedding functions x. We are looking
for extremally embedded world-volumes M, i.e. embeddings x which are

3.2.
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stationary points, δS/δx = 0, of the volume functional. These correspond to
submanifolds with vanishing mean curvature and, in this case of Minkowski
spacetime, to membranes evolving in time at a rate given by their mean
curvature.
The only successful quantum mechanical description of this theory so
far, introduced by Goldstone and Hoppe [Gol, Hop82], involves a regularization procedure by which the algebra of functions on Σ is approximated
by matrices, carried out in the so-called light-cone formulation of the theory
(we refer to [Hop02] for a more detailed review). Introducing the coordinate
combinations (light-cone coordinates)

x+ := (x0 + xD )/2,

x− := x0 − xD ,

x = (xj )j=1,...,d:=D−1 ,

and using reparametrization invariance to make the partial gauge choice
!
!
τ = ϕ0 = x+ , G0,a=1,2 = ∂a x− − ẋ · ∂a x = 0 (dot denotes dierentiation
w.r.t. τ ), the metric tensor induced from the embedding simplies to become
"

2ẋ− − ẋ2
0
0
−[gab ]

[Gαβ ] =

#

,

and a resulting light-cone Hamiltonian formulation of the theory is provided
by
Z
1
p2 + g 2
H− [x, p; X − , P+ ] := P− =
d ϕ,
2P+ Σ ρ
with remaining Rcanonical degrees Rof freedom xj , pj := δL/δ ẋj , and centerof-mass X − := x− ρ d2 ϕ, P+ := p+ d2 ϕ,Rwhere p+ := −δL/δ ẋ− , and ρ is
a non-dynamical normalized density on Σ; Σ ρ d2 ϕ = 1. The `interaction' in
P
the theory is given by the area element g = | det[gab ]| = ρ2 j<k {xj , xk }2Σ ,
expressed in terms of the natural Poisson bracket of functions on Σ,

{f, g}Σ :=

1
(∂1 f ∂2 g − ∂2 f ∂1 g),
ρ

and there is, apart from global constraints, a residual constraint function

φ :=

X

!

{xj , pj }Σ = 0,

j

which generates area-preserving dieomorphisms of the parameter manifold
Σ. The internal energy of the membrane is given by the relativistically
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invariant mass (squared)

M := P Pµ = 2P+ P− − P =
2

µ

2

Z
Σ

p2 + g 2
d ϕ−
ρ

Z

2

2

pd ϕ
Σ

.

(3.8)

This theory of innitely many degrees of freedom is regularized to a nitedimensional theory  in a way respecting the symmetries of the membrane
as much as possible  by approximating the Poisson algebra of real zeromean functions f on Σ by the algebra of traceless Hermitian N × N matrices
F = fA TA ∈ i su(N ) (taking N → ∞), replacing
the Poisson bracket {f, g}Σ
R
by the commutator 1i [F, G], and the integral Σ f¯gρ d2 ϕ by the trace tr(F † G).
The zero-mode (center of mass) momentum P drops out of (3.8) and the
energy (mass2 ) of the regularized theory reads


M2(N ) := tr Pj Pj −


X
j<k

[Xj , Xk ]2  = pjA pjA +

1 X
(fABC xjB xkC )2 ,
2 A,j,k

with canonically conjugate xjA and pjA , j = 1, . . . , d, A = 1, . . . , N 2 − 1.
This approximation is carried out in such a way that the innite-dimensional
group SDi(Σ) of area-preserving dieomorphisms of Σ is approximated by
the N 2 − 1-dimensional group SU(N ), which is generated by the constraints
φA := −i[Xj , Pj ]A = fABC xjB pjC .
Now, standard Schrödinger quantization of these nitely many internal
degrees of freedom, by representing xjA and p̂jA := −i∂/∂xjA as multiplication resp. dierentiation operators acting on square-integrable functions
of the coordinates, produces the bosonic SU(N ) matrix model (3.1), with
HB the quantum version of the classical energy M2(N ) , and the constraints
!

φ̂A := fABC xjB p̂jC singling out SU(N )-invariant wavefunctions, φ̂A Ψ = 0.
It was known from an early stage (see below) that the operator HB has a
discrete spectrum of energies, which from the point of view of perturbative
string theory (a corresponding theory of one -dimensional extended objects)
is a very much wanted feature of the theory.

Supermembrane
The above approach of quantizing the bosonic membrane was extended to
the supermembrane (an extended object in so-called superspace ) by de Wit,

3.2.

33

MATRIX MODELS IN PHYSICS

Hoppe and Nicolai in 1988 [dWHN88]. The starting point is the Lagrangian
density (see e.g. [BST88])

L=

q

αβγ

| det G| + 



1
1
∂α xµ Eβν + θ̄Γµ ∂α θ θ̄Γν ∂β θ θ̄Γµν ∂γ θ,
2
6

with

Gαβ = Eα · Eβ ,



Eαµ := ∂α xµ + θ̄Γµ ∂α θ,

and Cliord generators Γµ of G(R1,D ) and corresponding spinors θ, result!

ing, with the constraint (Γ0 + ΓD )θ = 0 on spinors (thereby reduced, and
furthermore rescaled, to be denoted θ ), in the energy




i
p2 /ρ + ρ
{xj , xk }2Σ − ρ θ T γj {xj , θ}Σ  d2 ϕ.
M2 =
2
Σ
j<k
Z

X

After regularization and canonical quantization similarly to the above, one
obtains the energy operator H in (3.2) with the constraints JA in (3.4). Also
!

in the classical theory, there is a restriction on the dimension D +1 = d+2 ∈
{4, 5, 7, 11}, in order for the energy to be supersymmetric2 .
When this quantum theory of the supermembrane was shown to have a
continuous energy spectrum (see below), this was interpreted as an instability of the supermembrane, due to its possibility to form long spikes with
arbitrarily small area, i.e. with arbitrarily low cost in energy, and resulted in
a quickly fading interest in the models among physicists, for almost a decade.

Reduced Yang-Mills Theory
A completely dierent way of arriving at both the bosonic and the supersymmetric matrix models is through dimensional reduction of SU(N ) Yang-Mills
theory, or super(symmetric)-Yang-Mills theory (see e.g. [Bjo79, BRR85,
CH85, Flu85]). The action of classical Yang-Mills gauge theory in d + 1dimensional Minkowski space is given by an integral over R1,d of the eld
strength, or curvature, F = DA := dA + [A, A] of an i su(N )-valued connection one-form A = Aµ dxµ = AµA TA dxµ :

1
1
S[A] := −
tr F · F = −
FAµν (x)FµνA (x)dx.
1,d
1,d
2 R
4 R
2
We will here not go into the details of explaining what classical supersymmetry means,
only that there is a relation resembling (2.5)/(2.6); see e.g. Eq. (2.59) in [dWHN88].
Z

Z
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Now, dimensional reduction of this action to 0 + 1 dimensions means that
we assume A to be constant in space and hence only evolving in time t = x0 ,
i.e. ∂Aµ /∂xj = 0 for j = 1, . . . , d. Introducing conjugate momenta Πj :=
∂Aj /∂t = Ȧj , a Hamiltonian description of the resulting theory, in which
A0 becomes a Lagrange multiplier, is then




S=

Z 
R

ΠjA ȦjA



− H + A0A GA dt, H[A, Π] = tr Πj Πj −

X

[Aj , Ak ]2 ,

j<k

subject to the gauge constraints (representing the Gauss law, Dj Πj = 0)
!

GA := [Aj , Πj ]A = 0.
Dirac quantization of this constained Hamiltonian system (H ,GA ), renaming
(Aj , Πj ) → (Xj , Pj ), yields the Schrödinger operator HB in (3.1) and a phys!

ical Hilbert space of SU(N )-invariant states, ĜA Φ := −ifABC xjB ∂jC Φ = 0.
The particles which quantum mechanically mediate the Yang-Mills force,
possibly including both electromagnetic, and strong and weak nuclear forces,
are in the context of the strong force between e.g. quarks called gluons.
Quantum states in this dimensionally reduced theory (with constant elds,
i.e. in the long-wavelength limit) would then correspond in the full YangMills theory to bound composites of gluons, so-called glueballs.
The corresponding action for super-Yang-Mills theory is
Z

S[A, Ψ] =

R1,d

1
i
− FAµν FµνA + Ψ̄A Γµ (Dµ Ψ)A dx,
4
2





with spinors Ψ and generators Γµ associated to G(R1,d ), and it leads, for
spacetime dimensions D = d + 1 = 3, 4, 6, 10 (and with a constraint on the
spinors), to the SMM Hamiltonian (3.2) and the physical Hilbert space Hphys
dened by the gauge constraint operators (3.4) (also, D = 2 corresponds to
the d = 1 SMM). We refer to e.g. [CH85, DFS96] for more details of this
derivation.

D-branes
SMMs also arose in the mid 1990's [Wit96] as an eective theory describing interacting (coinciding) D0-branes. In general, Dp-branes are p + 1dimensional extended objects arising as a non-perturbative phenomenon in
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string theory. They are the natural objects on which open strings can end
(the name refers to Dirichlet boundary conditions). The eective theory
of very short open strings interconnecting a system of N such 0-spacedimensional (particle-like) D0-branes becomes, when the branes coincide,
a dimensionally reduced super-Yang-Mills theory of a U(N ) connection on
the spatial coordinates xj of the branes. With a factor of U(1) taken out
(corresponding to the center of mass in the membrane theory), this is exactly
the reduced SU(N ) super-Yang-Mills theory described above.

M-theory and the BFSS conjecture
Shortly after the discovery of SMMs describing D-branes in string theory,
there was a huge boom of renewed interest in the SMMs due to the conjecture, by Banks, Fischler, Shenker, and Susskind [BFSS97] in 1997, that
M-theory, a proposed over-lying theory uniting the ve known consistent superstring theories, would be described in a certain limiting reference frame
by the N → ∞ limit of the d = 9 supersymmetric SU(N ) matrix models.
Assuming the limit exists and is well-dened, this could then be taken as a
mathematically rigorous denition of M-theory.
In this context, the continuity of the energy spectra of the models is taken
as a positive feature, and a sign that they could (in the limit N → ∞) describe non-perturbative features of string or M-theory, since the possibility to
interconnect dierent membranes and membrane topologies by zero-energy
spikes gives the theory a second-quantized, i.e. many-particle, interpretation.
However, in order for the BFSS conjecture to be valid, it is necessary that, for
every N , there exists a unique zero-energy ground state of the d = 9 SMM,
giving rise to a graviton supermultiplet in a corresponding low-energy limit
of M-theory, which is 10 + 1-dimensional supergravity (a supersymmetric
version of Einstein's classical theory of gravitation, the quantum mechanical
interactions of which would be mediated by such graviton supermultiplets).
It has also been conjectured [Sus97] that even the nite N SMMs could be
able to describe M-theory. We refer to [Tay01] for a comprehensive review
concerning the M-theoretic interpretation of SMMs.

3.3 The supermembrane toy model
In order to understand the spectral properties of these technically complicated models, it has proved very helpful to keep in mind a much simpler
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model in two dimensions which shares many of the central features of the
matrix models. This so-called supermembrane toy model is dened by the
matrix-Schrödinger operator

Htoy = (−∂x2 − ∂y2 + x2 y 2 )1 + xσ1 − yσ2 ,
acting on Htoy = L2 (R2 ) ⊗ C2 , where σj are the Pauli matrices. A corresponding supercharge is Qtoy = −i(∂x σ1 + ∂y σ2 ) + xyσ3 , with Q2toy = Htoy .
As emphasized in Paper B, a more geometric formulation is

iQtoy = ∇R2 + xye1 e2 ,

Htoy = −∆R2 + x2 y 2 + xe1 − ye2 ,

where {e1 , e2 } is an ON-basis of R2 . The Hilbert space is then the space
L2 (R2 ; G(R2 )) of square-integrable spinor elds in the plane (the grading
operator is not K̂ in this case, but a reection operator).
The bosonic version, HB,toy := −∆+x2 y 2 , of this model arises as an even
further reduced model of Yang-Mills theory restricted to a two-dimensional
plane. Namely, assuming (before quantization) that there are only two components of the connection A, for all time of the form
"

Ax =

x 0
0 −x

#

"

,

Ay =

0 y
y 0

#

,

one then obtains the Hamiltonian H[x, y, πx , πy ] = πx2 + πy2 + x2 y 2 , with
πx = ẋ, πy = ẏ , which upon quantization becomes HB,toy . This bosonic
model has been used not only as a tool to study the spectrum of the full
matrix models and Yang-Mills theory [Hop80, Hop82], but also as an example of a classically vs. quantum mechanically chaotic system [Sav83].
After the introduction of its supersymmetric extension in 1989 [dWLN89],
and thereby its relation to SMMs, super-Yang-Mills, and later M-theory, it
has been a popular model of study, both for physicists, but also for mathematicians interested in its rather special spectral theoretic features (see e.g.
[Sim83a, Sim83b, Kou90, FGH+ 00, GHH02a, Has02, Kor06]). The study of
operators related to HB,toy actually goes back to Rellich [Rel48], who considered Laplacians on unbounded but narrowing domains (see also [JMS92]
and references therein).
The classical potential x2 y 2 of the toy model is non-negative, but vanishes along the coordinate axes where there are potential valleys extending
to innity. Note that the area of such potential valleys {x ∈ R2 : x2 y 2 < 1}
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is innite. Despite this, the valleys narrow and steepen suciently fast for
the scalar Schrödinger operator of the bosonic part of the Hamiltonian to
have a purely discrete and positive spectrum. The full Hamiltonian Htoy
is also non-negative due to supersymmetry, but, because of cancellation between minimal bosonic and fermionic energies, it has an essential spectrum
covering the whole positive half-axis R+ . As we describe in more detail below, all these properties are shared by the full matrix model Hamiltonian H .
There is no normalizable zero-energy ground state of Htoy , although numerical investigations suggest that there could be embedded eigenvalues in the
spectrum of both Htoy and H .
Finally, we note that one characteristic feature of all these models is
the appearance of quantum harmonic oscillators in some coordinates, e.g.
−∂x2 + y 2 x2 , with frequencies given in terms of other coordinates.

3.4 Spectrum and ground state conjecture
Let us consider in more detail the spectral properties of the bosonic and supersymmetric matrix models, guided by the properties of the corresponding
toy models.

Self-adjointness
First of all, we note that the supercharges of the models are weakly elliptic,
since their highest-order parts in all cases square to a Laplacian times a
unit matrix. Similarly, all Hamiltonians are strongly elliptic, and in fact
matrix-Schrödinger operators with smooth potentials. Since the models are
dened on unbounded at space Rn , we need no further boundary conditions
except for square-integrability at innity in order to ensure self-adjointness.
More specically, the bosonic Hamiltonian HB is essentially self-adjoint on
2
C0∞ (Rd ⊗ RN −1 ) since its potential is smooth and non-negative (using e.g.
Theorem 2.17). For the SMMs we have the following:

Theorem 3.1.
2

The operators Qα and H are essentially self-adjoint on
N
−1
⊗R
; F), and their restrictions Qα |Hphys and H|Hphys are es∞
d
N 2 −1 ; F) ∩ H
sentially self-adjoint on C0 (R ⊗ R
phys . Furthermore,

C0∞ (Rd

D(Qβ |Hphys ) = {Ψ ∈ Hphys : (Qβ Ψ)dist ∈ Hphys },
D(H|Hphys ) = {Ψ ∈ Hphys : (HΨ)dist ∈ Hphys },
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(·)dist

D(H|Hphys )

Hphys
{Qα , Qβ } = 2δαβ H as operators, i.e. in particular Ψ ∈
Ψ ∈ D(Qα |Hphys ) and Qα Ψ ∈ D(Qα |Hphys ), for any α.

is to be interpreted in the sense of distributions), and on

it is true that
i

The corresponding conclusion for the toy model, i.e. that Qtoy and Htoy
(and any power Qktoy , k ≥ 0) are essentially self-adjoint on C0∞ (R2 ; G(R2 )),
obviously follows from Theorem 2.17. Similar reasoning can be applied in the
case of the SMM (the main properties used are completeness and unboundedness of the underlying space, and ellipticity), however, for simplicity we
refer to the proof of Theorem 8 in [Has02]. We note also that H|Hphys is the
operator obtained by Friedrichs extension of the quadratic form associated
to the supercharges Qα on e.g. C0∞ ∩ Hphys .
We will in the following always assume these operators to be dened
on their natural domains on which they are self-adjoint, however, formal
computations are understood to be performed on C0∞ for simplicity and
then extended to their maximal domain of validity.

Discreteness of bosonic spectrum
Even though the models have potentials which vanish along directions extending to innity, their bosonic Hamiltonians have purely discrete spectra,
as was shown independently by Simon and Lüscher in 1983.

Theorem 3.2.

([Sim83b, Lüs83]) The spectrum of HB

is purely discrete and

strictly positive.

There are several dierent ways of proving the discreteness of spectrum for the bosonic toy model and related models (see [Sim83b]
for ve dierent proofs). One of the simplest, which is also applicable to the
full bosonic matrix model Hamiltonian HB , is to estimate the operator below
by means of the ground state energy of constituent harmonic oscillators,
Proof for toy model.

1
1
1
1
HB,toy = − ∆R2 + (−∂x2 + y 2 x2 ) + (−∂y2 + x2 y 2 ) ≥ (−∆ + |x| + |y|) .
{z
}
2
2 |
2 |
2
{z
}
≥|y|

≥|x|

(3.9)
The r.h.s. is a Schrödinger operator with potential V → ∞ in all directions,
and hence has a strictly positive and purely discrete spectrum by Theorem
2.23.
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Proof for matrix models. We proceed along the lines of [Lüs83] and
[GdMNPR07]. We single out each of the d directions and write

d
d
X
X
1
1
t
HB = − ∆ +
−∂sA ∂sA +
xsA SAB
xsB ,
2
2
s=1
t=1

!

(3.10)

with a symmetric and non-negative matrix-operator S t (E) := [Xt , [Xt , E]]
P
(xed t), s.t. hE, S t Eii su(N ) = k[Xt , E]k2i su(N ) = A (fABC xtB eC )2 . Since a
traceless Hermitian matrix commuting with all basis elements TA necessarily
is zero, we nd
t
tr S t = SAA
=

2 −1
NX

k[Xt , TA ]k2i su(N ) > 0,

∀Xt 6= 0,

A=1

and by compactness and scaling (cp. e.g. Section 4.3.1 in Paper C) we have
tr S t ≥ cN kXt k2i su(N ) for some constant cN > 0. Therefore

tr

d
X
t=1

! 21

St

≥

tr

d
X

! 21

St

t=1

≥

d
X

! 21

cN |xt |2

=

√

cN |x|.

(3.11)

t=1

Hence, estimating the N 2 − 1-dimensional harmonic oscillator in the r.h.s.
of (3.10) by its ground state energy for each s = 1, . . . , d, we nd

√
1
(−∆ + d cN |x|) ,
2
which once again has a strictly positive and purely discrete spectrum.
HB ≥

As pointed out in e.g. [GdMNPR07, Sim09], one can alternatively use
the fact that the potential tends to innity in an averaged sense. This is also
applicable to the bosonic part of a generalization of the toy model appearing
in Paper B, and to families of bosonic models related to higher-dimensional
extended objects [GdMMN+ 09].
Simon has calculated the eigenvalue asymptotics for the bosonic toy
model (and for a family of related 2-dimensional operators) in [Sim83a] and
found that the number of eigenvalues less than λ grows as

1 3
λ 2 ln λ,
(3.12)
π
to highest order as λ → ∞. For this type of estimate a bound of the form
(3.9) is much too coarse. Simon instead used a so-called `sliced bread inequality' for the trace of the heat kernel e−tHB,toy in the limit t → 0.
N (HB,toy − λ) ∼
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Continuity of supersymmetric spectrum
Remarkably, the addition of the fermionic term HF to the bosonic Hamiltonian changes its spectrum completely, as was shown by de Wit, Lüscher and
Nicolai in 1989:

Theorem 3.3.
equal to

([dWLN89]) The
σ(H|Hphys ) = [0, ∞).

spectrum of

H|Hphys

is purely essential and

The idea is to exploit the cancellation between the minimal bosonic and fermionic energies that occur as one moves into one of the
valleys, say, along the x-axis. Namely, the (normalized) ground state
Proof for toy model.

1

1

1

φx (y) := π − 4 |x| 4 e− 2 xy

2

(3.13)

of the one-dimensional harmonic oscillator −∂y2 + x2 y 2 in HB,toy , with frequency x > 0, has the minimal eigenvalue x, while
the ground state of the
√
fermionic term xe1 in HF,toy is ξ := (1 − e1 )/ 2 ∈ G(R2 ), with eigenvalue
−x, leading precisely to a cancellation. Furthermore, one would want to
make remaining terms in the Hamiltonian go to zero by taking the support
of a Weyl sequence Ψt to go to innity along the valley and stretch out,
both minimizing derivatives in x, and expectation values in the transverse
coordinate y by localization. Hence, one could take as a Weyl sequence

Ψt (x, y) := χt (x)φx (y)ξ,

(3.14)

where χt ∈ C0∞ , supp χt ⊆ [t, 2t], and R |χt (x)|2 dx√= 1, so that kΨt k2 = 1.
Taking, for any k ∈ R, e.g. χt (x) := e−ikx χ1 (x/t)/ t, one nds
R

k(Qtoy − k)Ψt k → 0

as

t → ∞,

and hence by Theorem 2.25, σ(Qtoy ) = R. By the spectral theorem, then
σ(Htoy ) = σ(Q2toy ) = [0, ∞) (or explicitly k(Htoy − k 2 )Ψt k → 0).
The proof for the full SMM can be structured in exactly the same way, but is
much more complicated because of the gauge constraint and the technically
complicated terms in the Hamiltonian. We refer to [dWLN89] for the original
proof.
We also note that the addition of the fermionic term is rigid in the sense
that any other relative factor between HB and HF would produce an entirely
dierent spectrum. In particular, this means that one cannot take out even
the tiniest factor in front of the Laplacian, as done e.g. in the proof of
discreteness of spectrum for HB .
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Proposition 3.4.
for all

Hκ := HB + κHF (dened through a sum of
Hphys ) has a strictly positive and purely discrete spectrum
0 ≤ κ < 1, while for κ > 1 it is unbounded from below.

Proof.

For 0 ≤ κ < 1 this follows directly from the lower bound

The operator

quadratic forms on

Hκ = κH + (1 − κ)HB ≥ 0 + (1 − κ)HB ,
while for κ > 1 we take the same Weyl sequence Ψt (with k = 0) as in the
proof of continuous spectrum and nd (stated here for the toy model for
simplicity)

hΨt , Hκ,toy Ψt i = hΨt , Htoy Ψt i − (κ − 1)hΨt , xΨt i → 0 − ∞,
as t → ∞.

Zero-energy ground states
Due to the presence of a continuous spectrum extending down to zero, the
study of ground states of SMMs is complicated. However, motivated by the
BFSS conjecture and further evidence in lower dimensions, one conjectures
the following regarding the existence and uniqueness of zero-energy states of
the supersymmetric matrix models.

Conjecture 3.5.

every

there exists a

of

(Ground state conjecture) For d = 9 and
unique normalizable zero-energy ground state Ψ

Qα Ψ = 0 ∀α
For

H,

d = 2, 3, 5

and all

N ≥2

i.e.

0 6= Ψ ∈ Hphys .

and
there is

H,

N ≥ 2

no

normalizable zero-energy state of

i.e.

Ψ ∈ Hphys

and

Qα Ψ = 0

⇒

Ψ = 0.

This has only been proved rigorously for the simplest case d = 2, N = 2
(unfortunately the methods used in the proof, due to Fröhlich and Hoppe
[FH98], do not extend in any straightforward way to higher dimensions),
while for the other cases it is, as we will see below, supported by an asymptotic analysis, as well as by Witten index calculations.
On the other hand, Graf, Hasler and Hoppe have shown that there is no
normalizable zero-energy eigenstate for the toy model.
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Theorem 3.6.

([GHH02a]) We
then Ψ = 0.

(QtoyΨ)dist = 0,

have that

ker Htoy = 0,

i.e. if

Ψ ∈ Htoy

and

The proof relies on a symmetry argument, special for the toy model: Consider
a formal computation involving the commutator of Qtoy with the function
f (x, y) := 12 (x2 − y 2 ),

[iQtoy , f ] = ∇R2 f = xe1 − ye2 = HF,toy ,
hence, for Qtoy Ψ = 0 and Ψ 6= 0,

0 = 2Im hQtoy Ψ, f Ψi = −ihΨ, [Qtoy , f ]Ψi
= hΨ, Htoy Ψi − hΨ, HF,toy Ψi = hΨ, HB,toy Ψi > 0.
Although this simple argument fails because Ψ is not guaranteed to be in
the domain of the operator f , the computation can be made rigorous by
regularizing the operators involved. We refer to [GHH02a] for the proof.
It is currently not known whether there are any excited (higher-energy)
normalizable eigenstates of Htoy or H (except possibly for d = 2, N = 2;
see below). However, we can conclude by elliptic regularity and unique
continuation (Theorems 2.14 and 2.15) that any eigenstate Ψ of H , and in
fact any distributional solution to the dierential equation HΨ = EΨ, must
be smooth and not vanishing to every order at any point.

3.5 Symmetries and cohomology
Cohomology formulation
One way to obtain a formulation of SMMs in terms of cohomological SQMs
is via introducing a concrete Fock space formulation of F , by expressing the
Cliord generators θ αA (real fermions) in terms of fermionic creation and
annihilation operators (complex fermions). Following [dWHN88], we choose

1
:=
θ α̂A +i θ Nd +α̂,A ,
2
2


λα̂A



λ†α̂A

1
=
θ α̂A −i θ Nd +α̂,A ,
2
2




with α̂, β̂, . . . ∈ {1, 2, . . . , N2d = d − 1}, so that

{λα̂A , λ†β̂B } = δα̂β̂ δAB .

{λα̂A , λβ̂B } = 0,

{λ†α̂A , λ†β̂B } = 0.
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Similarly, dening cohomology supercharges Qα̂ :=

1
2





Qα̂ + iQ Nd +α̂ , with
2

adjoints Q∗α̂ = Q†α̂ , we nd that on the physical Hilbert space

{Qα̂ , Q†β̂ } = δα̂β̂ H.

{Qα̂ , Qβ̂ } = 0,

{Q†α̂ , Q†β̂ } = 0,

(3.15)

and we hence have an M = Nd /2 cohomological SQM according to Denition
2.8. The Fock space F is now constructed explicitly by means of choosing a
`vacuum' vector |0i (e.g. in G + (T )) satisfying λ†α̂A |0i = 0 for all α̂, A, hence
N 2 −1

F=

O
ˆ

F(A) = SpanC

A=1
N


d /2
Y NY


A α̂=1

α̂A
λnα̂A
|0i : nα̂A ∈ {0, 1}




∼
= G(C

Nd
(N 2 −1)
2

),



2

d
ˆ denotes a Z2 -graded tensor
which is explicitly 2 2 (N −1) -dimensional (⊗
product; see e.g. Section 5.2 in [LS09]). F then naturally splits into even
2
and odd subspaces F± , and H± := L2 (Rd(N −1) ; F± ). Furthermore, we have
an orthogonal Hodge decomposition, in accordance with Proposition 2.11, of
the physical Hilbert space Hphys = Hphys,+ ⊕ Hphys,− into





Hphys,± = im Qα̂ |Hphys,∓ ⊕ ker Qα̂ |Hphys,± ∩ ker Q†α̂ |Hphys,± ⊕ im Q†α̂ |Hphys,∓ ,
for each α̂.
Choosing an explicit representation in which all γ t are block-diagonal, γ d
is diagonal, and γ j=1,...,d−2 are expressed in terms of matrices iΓj generating
the Cliord algebra G(R0,d−2 ) (see e.g. Appendix A of Paper C for the case
d = 9) one can rewrite the symmetry generators (3.4) and (3.3) as

JA = LA − ifABC λα̂B λ†α̂C ,
i
Jjk = Ljk − Γjk
λα̂A λ†β̂A ,
α̂
β̂
2
1
Jj := Jj,d−1 − iJj,d = Lj,d−1 − iLj,d + Γjα̂β̂ λα̂A λβ̂A ,
2
1
Nd 2
†
Jd−1,d = Ld−1,d − λα̂A λα̂A +
(N − 1).
2
8

(3.16)
(3.17)
(3.18)
(3.19)

Note that the operator nF := λα̂A λ†α̂A in the last generator is the fermion
number operator, which counts the grade of (i.e. the number of fermions in)
an element ψ ∈ F . By the form of the generator Jj , it is clear that the
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fermion number is not conserved under the full action of Spin(d), but only
under the subgroup Spin(d − 2) × Spin(2). With a corresponding split of the
coordinates into

x = (x0 , Re z, Im z),

x0 := (xj )j=1,...,d−2 ,

z := xd−1 + ixd ,

the Hamiltonian is (again, note that the fermion number is not conserved)

H = HB − 2ixjC fCAB Γjα̂β̂ λα̂A λ†β̂B + zC fCAB λα̂A λα̂B + z̄C fCAB λ†α̂A λ†α̂B ,
(3.20)
and the cohomology supercharges
!

Qβ̂

d=3

i
∂
1
=
iδα̂β̂ fABC zB z̄C + iΓjα̂β̂
− fABC xjB xkC Γjk
λα̂A
α̂β̂
2
∂xjA 2


∂
j
− ifABC xjB z̄C Γα̂β̂ λ†α̂A .
(3.21)
+ 2δα̂β̂
∂zA

and d = 5:

We point out that there are other possible choices when forming a cSQM
formulation of SMMs, some of which are more canonical than others. For
d = 3, 5 there is a canonical complex structure of the Cliord algebra G(Rd )
that can be used to `pair up' the real fermions θ αA into complex ones λαA
(creation operators). Namely, looking at Table 2.1 we note that the spin
representation Sd ∼
= RNd in the case of d = 3 actually is complex, S3 = C2 ,
and in the case of d = 5 quaternionic, S5 = H2 , and that in both these cases
there are quaternionic structures commuting with the action of the group
Spin(d) (note that the corresponding irreps are purely real for d = 2, 9).
Hence there is in d = 3, 5 an antisymmetric matrix J , s.t. J 2 = −1 (a
complex structure), commuting with all generators γ t (and hence with γ st ).
Creation and annihilation operators are then formed canonically w.r.t. J by
taking e.g.

1
1
λ̂α̂A := (θ βA +iJγβ θ γA )eα̂β ∼
= (eα̂ + iJ(eα̂ )) ⊗ TA ,
2
2
where {eα̂ }α̂=1,...,Nd /2 are unit vectors in orthogonal eigenplanes of J . As a
result one can take as alternative cohomology supercharges


1
Q̂α̂ := psA γα̂s β̂ − fABC xsB xtC γα̂stβ̂ λ̂†β̂A ,
2
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implying (here on the full space H; the corresponding relations for the noncanonical Qα̂ of (3.21) in (3.15) are more complicated)

{Q̂α̂ , Q̂†β̂ } = δα̂β̂ H − 2γα̂s β̂ xsA JA

{Q̂α̂ , Q̂β̂ } = 0,

{Q̂†α̂ , Q̂†β̂ } = 0,

H = HB − 2ixsC fCAB γα̂s β̂ λ̂α̂A λ̂†β̂B .
Both H and the symmetry generators now explicitly conserve the fermion
number,

JA = LA − ifABC λ̂α̂B λ̂†α̂C ,
i
Jst = Lst − γα̂stβ̂ λ̂α̂A λ̂†β̂A ,
2
and there is a canonical vacuum state |0i ∈ F satisfying λ̂†α̂A |0i = 0 for all
α̂, A, with F then represented similarly as above.
In the d = 3 case the γ j (now thought of as the corresponding complex
(d − 1) × (d − 1)-matrices) can be chosen to be the Pauli matrices σj , hence
[CH85]


1
Q̂α̂ = −i ∂jA + jkl fABC xkB xlC σα̂j β̂ λ̂†β̂A ∼ e−W d eW ,
2

where W (x) := 16 jkl fABC xjA xkB xlC , and the resulting cohomological structure is then sucienly simplied to determine explicitly the existence of
(non -normalizable) solutions to the dierential equations Q̂α̂ Ψ = 0, Q̂†α̂ Ψ =
0, namely Ψ0,± (x) := e∓W (x) |±i, where |±i denotes the full- resp. zerofermion states in F .

d = 1:
We have mentioned that there are diculties in the naive SQM formulation
of the somewhat exceptional d = 1 models. E.g. for N = 2, we have JA=3 =
L3 − 2i θ 1 θ 2 , with σ(J3 ) ⊆ Z+ 12 (like a spin- 12 -particle), and hence Hphys = 0.
However, we can analogously to Example 2.10 form a cSQM (which will
yield the conventional formulation of these models) by introducing canonical
creation and annihilation operators through exterior and interior products,

λ̂A := θ A ∧ ,

λ̂†A := θ A x ,

(3.22)
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acting on the Cliord algebra G(RN −1 ) ⊗ C generated by {θ A }. Correspondingly, we dene cohomology supercharges Q := −iλ̂A ∂xA ∼ d, and
Q∗ = −iλ̂†A ∂xA ∼ δ , so that Q = Q + Q∗ , and

{Q, Q∗ } = H − 2xA JˆA ,

(Q∗ )2 = 0,

Q2 = 0,

with H = −∆RN 2 −1 + 2xA JˆA , and the gauge constraint generator dening
Hphys is now


JˆA := fABC xB pC − iλ̂B λ̂† .
C

Let us point out that a similar approach is also possible for the higher d
models, however, in all of the cases we obtain for each xed index A in the
corresponding (3.22) a complex representation space

F̂(A)

:= G(Sd ) ⊗ C ∼
=
= G(CNd ) ∼

(

d−1

d−1

C2 ×2
C ⊕ C,

, d = 2, 3, 5, 9
d=1

which is twice the dimension of an irreducible one, hence reducible. Only
in the case d = 1, and N even, is there a canonical way to single out an
irreducible total Fock space from
N 2 −1

ˆ
ˆ A F̂(A) = ⊗
F̂ := ⊗

G(C) ∼
= G(C

N 2 −1

)∼
=

(

k

k

C2 ×2 ,
N odd,
k ×2k
k ×2k
2
2
C
⊕C
, N even,

with k = b(N 2 − 1)/2c, by considering either of the two ideals

F (±) := (1 ± i θ 1 θ 2 . . . θ N 2 −1 )F̂.

(3.23)

However, this choice mixes the even and odd subspaces of F̂ , so in order
to have a natural grading of the Hilbert space we should not consider K̂ ,
but e.g. the reection, or parity, operator P Ψ(x) := Ψ(−x). Note that this
choice is not available in the d > 1 matrix models due to the form of the
potential term.

Spin(d)-invariance
Most importantly for a precise connection between Witten index computations and the BFSS conjecture, one can show that any zero-energy state in
the higher dimensions necessarily has to be Spin(d)-invariant, i.e. in the null
space of all Jst .

3.6.
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Theorem 3.7.
For

d = 3, 5, 9,

For

d=2

and

([SS00, HH02]; see also [Has02])
any zero-energy state

N

Ψ ∈ Hphys

odd, any zero-energy state

is

Spin(d)-invariant.

Ψ ∈ Hphys

satises

3
kJst Ψk ≤ (N 2 − 1)kΨk.
4
For

d=2

and

N

even, no

Spin(d)-invariant

state exists in

H.

The last statement follows immediately from the form of the generator corresponding to (3.19) for d = 2,

1
1
J12 = L12 − λA λ†A + (N 2 − 1),
2
4
and since σ(L12 ) ⊆ Z, there is no possibility of a cancellation in the spectra
when N 2 − 1 is odd. For proofs of the rst two statements of the theorem we
refer to [HH02]. One also has the following in the case d = 2, which follows
by considering a Hodge ∗ duality transformation on F combined with a
reection in the x2 -coordinate.

Theorem 3.8.
operators

([GHH02b]; see also [Has02]) For d = 2 and N
H|Hphys,+ and H|Hphys,− are unitarily equivalent.

even, the

Hence, the Witten index vanishes trivially for these models, regardless of
−βH|Hphys,+
−βH|Hphys,−
how it is made well-dened, since tr P e
= tr P e
for any
β > 0 and projection operator P for which the traces are dened. We also
observe from (3.19) that when N8d (N 2 −1) ∈ Z i.e. for d = 2, 3 and N odd, or
d = 5, 9 and any N , a state Ψ ∈ H satisfying Jd−1,d Ψ = 0 must be bosonic,
i.e. Ψ ∈ H+ . It follows then from Theorem 3.7 that ker H|Hphys,− = 0, and
hence that the Witten index for H|Hphys , whenever well-dened, counts the
actual number of zero-energy ground states in these cases.

3.6 Asymptotic analysis
There have been many investigations of the asymptotic behaviour of zeroenergy solutions of SMMs; see e.g. [dWHN88, DFS96, HS98, Kon98, SS98,
BHS99, FGH+ 00], and the references of Paper C. Here we will only state the
most precise theorem so far concerning the necessary decay of such solutions
at innity, and which only concerns the N = 2 models.
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Asymptotics for N = 2
In the case of N = 2 we identify i su(2) with R3 together with the cross
product, and observe that the set C0 where the potential V vanishes can be
described as

C0 := {x ∈ R3d : V (x) = 0} = {(x1 , . . . , xd ), xs ∈ R3 : xs k xt ∀s, t}.
2
Together with a radial coordinate r :=
s |xs | = |x|, this cone-like set is
parametrized by angular directions in Rd resp. R3 ,

pP

C0 = {rE ⊗ e ∈ Rd ⊗ R3 : r ∈ R+ , E ∈ S d−1 , e ∈ S 2 }.
However, we see that points in this parametrization should be identied under the antipode map (E, e) 7→ (−E, −e). One can furthermore parametrize
a tubular neighbourhood of the set C0 by introducing transverse coordinates
y = ytA et ⊗ TA , with ytA eA = y t · e = 0, and ytA Et = yA · E = 0, so that
1

x = rE ⊗ e + r− 2 y,
where a factor has been pulled out in anticipation of a certain length scale.

Theorem 3.9.
power series

([FGH+ 00]) Consider the equations Qβ Ψ = 0
solution near r = ∞ of the form

Ψ = r−κ

∞
X

for a formal

3

r− 2 k ψk ,

(3.24)

k=0
where the functions
w.r.t.

ψ0 6= 0.

the measure

ψk = ψk (E, e, y)
dEdedy , each ψk

are
is

F -valued and square-integrable
Spin(d) × SU(2)-invariant, and

Then, up to linear combinations:

d=9: The solution is unique, and

κ = 6.

d=5: There are three solutions with
d=3: There are two solutions with

κ = −1

and one with

κ = 0.

d=2: There are no solutions.
All solutions are even under the antipode map, i.e.

ψk (E, e, y) = ψk (−E, −e, y),
except for the state

d = 5, κ = 3,

which is odd.

κ = 3.

3.6.
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Since the total integration measure in the conguration space is dx =
1
dr · rd−1 dE · r2 de · (r− 2 )2(d−1) dy , the solution (3.24) is square-integrable at
innity i
Z
∞

(r−κ )2 r2 dr < ∞

⇔

κ > 3/2.

R

The theorem is consistent with the ground state conjecture according to
which only for d = 9 a normalizable zero-energy state exists (and is necessarily even under the antipode map). We refer to [FGH+ 00] for the proof of
Theorem 3.9. Another, slightly more involved, option is to study the asymptotics of the equation HΨ = 0, from which similar conclusions can be drawn
[HS98].
A corresponding analysis for the toy model, also described in [FGH+ 00]
(see also [Has02]), concludes that, for a generalized power series ansatz

Ψ(x, y) = x−κ

∞
X

3

x− 2 k ψk (ỹ),

k=0
1

with ỹ := x 2 y , the equation Qtoy Ψ = 0 implies ψ0 (ỹ) = φ1 (ỹ)ξ and κ =
−1/4, corresponding to χt (x) ≡ 1 in (3.14). This is not square-integrable.

The set C0 for general N
Related to an asymptotic description of general N ≥ 2 matrix models, let us
P
point out some additional properties of the matrix operator S(x) := t S t =
Pd
2
t=1 adXt in the potential V , which was used in the proof of Theorem 3.2,
and which we will nd much use for in Papers C and E. First of all, we note
that this is a non-negative and real symmetric operator, hence diagonalizable,
2
S(x) ∼ diag(ω12 , . . . , ωN
2 −1 ).

We also observe from (3.11) that S(x) = 0 i x = 0, since tr S ≥ cN |x|2 .
Furthermore, at least one of the ωA is zero i the Xt are block-diagonalizable,
since
2
ωmin
=

min

kEki su(N ) =1

X

k[Xt , E]k2i su(N ) = 0

⇔

∃E 6= 0 s.t. [Xt , E] = 0 ∀t.

t

Lastly, if all Xt commute (which denes the corresponding set C0 of vanishing
potential) then at least N − 1 of the eigenvalues are zero, and moreover,
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choosing a corresponding Cartan basis {hr , ejk , fjk }r=1,...,N −1,j<k of i su(N )
s.t. Xt = diag(µtj )j=1,...,N = αtr hr , we nd (for each r and j < k )

S(hr ) = 0,

and

X

(µtj − µtk )2 ejk ,

S(ejk ) =

S(fjk ) =

X

(µtj − µtk )2 fjk .

t

t

This should be compared with the lowest eigenvalue of HF along a potential
valley, which is computed in Paper A (cp. Eq. (70)):

E0 = −Nd

X sX
j<k

(µtj − µtk )2 .

t

3.7 Convergence of partition functions
The classical partition functions of the bosonic resp. supersymmetric matrix
models are dened by dimensional reduction of the Yang-Mills action,
B
Zd,N
:=

Z
Rd(N

2 −1)

e−V (x) dx =

Z

X

exp
X∈(i su(N ))d

tr [Xs , Xt ]2

! d
Y

s<t

dXs ,

s=1

resp. super-Yang-Mills action (see e.g. [Aus01])
S
ZD,N
:=

Z
X∈(i su(N ))D

PD,N (X) exp

X

tr [Xs , Xt ]2

s<t

! D
Y

dXs ,

s=1

where the Pfaan PD,N is a homogeneous polynomial of degree (D−2)(N 2 −
1), and arises from `integrating out' the fermionic degrees of freedom. The
S
integrals ZD=d+1,N
are relevant for the d, N , supersymmetric matrix models. Austing and Wheater [AW01a, AW01b] investigated the convergence
properties of such integrals, conrming previous numerical investigations by
Krauth and Staudacher [KS98], and found the following:

Theorem 3.10.
B <∞
Zd,N

B =∞
Zd,N

for

([AW01a, AW01b]; see also [Aus01])

d ≥ dc ,

where

dc =



 5,

4,

 3,

otherwise (in particular for

for
for
for

N = 2,
N = 3,
N ≥ 4,

d=2

and all

N ≥ 2).

3.8.

51

COMPUTATION OF WITTEN INDEX

S
ZD=d+1,N
<∞

for

d = 3, 5, 9,

and all

N ≥ 2.

This result tells us something about the geometry of the models, since
B
e.g. there is a direct connection between the magnitude of the integral Zd,N
and the volume of the potential valley

C := {x ∈ Rd(N

2 −1)

: V (x) < },

for  > 0, as e.g. made precise by the following:

Proposition 3.11.

B <∞
Zd,N

grows at most polynomially in
Proof.

if and only if

Vol C

is nite for all

>0

and

.

This obviously follows since
B
Zd,N
=

Z

e−V dx ≤

∞
X

e−k Vol Ck+1 ,

k=0
1
4

and, by rescaling x →  x,
Vol C ≤

Z

e1−V / dx = e

Z

1

e−  V dx = d(N

2 −1)/4

B
e Zd,N
.

Furthermore, a function of the form Ψ(x) = e−V (x) (cp. e.g. [HS98])
would be square-integrable for all N only in the higher dimensions.

3.8 Computation of Witten index
We have pointed out in Section 2.4 that it is far from obvious how to introduce and compute a properly dened Witten index for SQMs with continuous
spectra. This is in particular the case for the SMMs, and even more so due
to the technical complications of these models, such as the gauge constraint.
Nevertheless, an approach to compute the index for these models was introduced independently by Yi [Yi97] and by Sethi and Stern [SS98] (who rst
considered a similar approach for a simpler model [SS97]). The idea is to
introduce a regularized Witten index for β > 0 and R < ∞,

IW (β, R) := trHphys χR K̂e−βH ,
where χR is the characteristic function on the ball BR (0), and then take the
limits
?
IW := lim lim IW (β, R) = lim lim IW (β, R).
β→∞ R→∞

R→∞ β→∞
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As discussed in Section 2.4, one rewrites IW = Ip + Id in terms of a principal,
or bulk, contribution
Ip := lim IW (β, R),
(3.25)
β→0
R→∞

and a

decit

contribution

Id := lim

Z ∞
d 

β→0 β
R→∞

dβ 0

0



trHphys χR Ke−β H dβ 0 ,

which is nonzero due to the continuous spectrum. Depending on how the
limit is taken one could get dierent results for each of these terms, but the
total sum IW is known to be independent in trivial cases. The expression
(3.25) is then written as a path integral over the interval [0, β] with a proS
jection onto gauge invariant states, and in the limit one nds Ip ∝ Zd+1,N
(the SMM partition function dened above). For N = 2 it was calculated
that (when taking β → 0 slower than R−4 )

1
5
Ip (d = 3, 5) = ,
Ip (d = 9) = .
4
4
It was also argued how to calculate Id , with the conclusion that Id = − 14 ,
and hence
IW (d = 3, 5) = 0,
IW (d = 9) = 1,
in support of the ground state conjecture. These arguments were extended
[GG98, KS00b] to arbitrary N (and other gauge groups):

Id (d = 3, 5) = −

1
,
N2

Id (d = 9) = −

1
,
m2
m|N,m>1
X

and it was conjectured [GG98, KNS98] that

Ip (d = 3, 5) =

1
,
N2

Ip (d = 9) =

1
.
m2
m|N,m>0
X

Many issues in this approach still remain unresolved, and Staudacher
[Sta00] even found a contradiction to the method for exceptional gauge
groups. Furthermore, as is typical in any index theory approach, it does
not give us any information on the actual structure of zero-energy states except for square-integrability. Campostrini and Wosiek have analysed in more
detail how a decit Witten index can be computed for the d = 1, N = 2
model [CW02] (see also [CW04] for numerical investigations for the d = 3
model).

3.9.
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3.9 Existence of embedded eigenvalues
Aref0 eva, Koshelev and Medvedev [AKM00] solved the constraint JA and
symmetry J12 explicitly for d = 2, N = 2, and decomposed the non-zero
energy levels of the Hamiltonian into supermultiplets by means of a discrete
symmetry. They found, depending on the spins (eigenvalues of J12 ) of the
supermultiplet, a split of the spectrum into two sectors. An ansymptotic
analysis suggests that one of the sectors is subject to a discrete quantization
requirement, while the other sector admits scattering states. Hence, a coexisting continuous and discrete (or pure point) part, and thus eigenvalues
embedded in the spectrum.
One can nd evidence for embedded eigenvalues also in the higher-dimensional matrix models by means of computer calculations. Wosiek [Wos02,
Wos05b] and Trzetrzelewski [TW04] used a method by which the full Hilbert
space Hphys , expressed with the help of bosonic creation and annihiliation
operators as an innite-dimensional Fock space, is cut down to a nitedimensional sector using a cut-o parameter B . On this sector the Hamiltonian becomes a nite-dimensional matrix and a computer can calculate
its eigenvalues. When one studies the behaviour of these nite spectra as
the cut-o parameter is taken to innity (thereby approaching a description of the full Hilbert space), one nds two characteristic features. Curves
B 7→ λ(B) traced out for seemingly related eigenvalues behave either as

λ(B) ∼ 1/B,

or

λ(B) ∼ e−B + const,

as B → ∞. The former behaviour is interpreted as stemming from the
continuous part of the spectrum of H , since curves of this type stack up
to become denser and denser, while the latter is an indication of a point
spectrum of eigenvalues of the full Hamiltonian. This interpretation is also
strengthened by a comparison of the types of states associated to these two
behaviours by means of the virial theorem.
Korcyl applied this approach to a simplied version of the supermembrane toy model, with similar conclusions [Kor06]. Davies and Simon [DS92]
have studied a model related to the bosonic toy model, but with features of
the supersymmetric toy model, namely the Neumann Laplacian on domains
shaped like the valleys of the toy model, and shown that it has both an absolutely continuous spectrum [0, ∞) of uniform multiplicity, and an innity
of embedded eigenvalues.

Chapter 4

New approaches and summary
of results
The work of this thesis concerns the problem of understanding existence
and uniqueness of zero-energy ground states of SMMs, related to Conjecture
3.5, as well as of investigating the possible structure of such states. We
have focused on four dierent but related approaches to this problem, the
background, motivation, and results of which are summarized in this chapter.

4.1 Deformations and alternative models (Papers
B and C)
In Papers B and C we consider models related to the standard supersymmetric matrix models, and to the supermembrane toy model, and which arise
either as deformations or as extensions of the original models. They are
shown to share many of the essential features of the original models, but are
subject to technical simplications which could make them suitable as tools
for helping to understand certain features of the SMMs in a simpler context.

Summary of Paper C
Deformation techniques for determining existence of ground states of supersymmetric models have proved useful in a number of simpler models. There
have e.g. been investigations of SQM models of H-monopoles and interacting
D0-D4-branes by Porrati and Rozenberg [PR98], and by Erdös, Hasler and
55
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Solovej [EHS05], proving existence of normalizable zero-energy states. Porrati and Rozenberg also considered the D0-brane model corresponding to the
d = 9 SMMs, but the analysis, which indicates existence of ground states
for N prime, relies heavily on the Witten index results. Kac and Smilga
[KS00a, KS00b] also considered the deformation approach for models with
general compact simple gauge groups.
In Paper C, joint with J. Hoppe and M. Trzetrzelewski, we study a deformation of the Spin(9)-invariant SMM (for arbitrary N ), arising via conjugation of any of the supercharges with a certain cubic, octonionic exponential,
with g(x) :=

ekg(x) ,

1
stu
xsA xtB xuC fABC γαβ
,
6

where γ stu := ρ(es ∧ et ∧ eu ) is totally antisymmetric both as a matrix and in
s, t, u. For (α, β) = (8, 16) and the representation described in Appendix A of
the paper, related to the split (x0j=1,...,7 , z = x8 + ix9 ) of the coordinates disjkl
= cjkl .
cussed in Section 3.5, these are octonionic structure constants, γ8,16
†
The deformed supersymmetric Hamiltonian Hk := {Q(k), Q(k) }, corresponding to the conjugated cohomology supercharge Q(k) := ekg Q8 e−kg ,
takes the form in Eq. (4), which should be compared to the original form
(3.20) (note that we consider these operators on Hphys only, and that θαA :=
√1 θ αA ). Taking H̃ := Hk=1 , we obtain a truncation of H with G2 × U(1)
2
symmetry, which we write as

H̃ = −∆x0 + HD (x0 ) + K(z),
where the SU(N ) invariant operator1

HD (x0 ) = −∆89 + z̄ · S(x0 )z + 2W (x0 )λλ† ,

(4.1)

comprising a set of supersymmetric harmonic oscillators in the z -coordinates,
with x0 as frequency parameters, was introduced and studied in [Hop97c] (see
also Paper E). Using the knowledge of how its spectrum and eigenfunctions
depend on the parameter x0 , we prove the following:

Theorem 4.1. For any λ ≥ 0 there exists a sequence (Ψt ) of rapidly decaying
smooth

SU(N )-invariant

functions such that

(H̃ − λ)Ψt → 0
1

as

kΨt k = 1,

and

t → ∞.

The subscript D refers to the fact that the operator involves dierentiation (as opposed to only multiplication) in z -coordinates.

4.1.
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AND C)

By Theorem 2.25, it then follows that the spectrum of H̃ on Hphys , just as
for H , is purely essential and equal to [0, ∞). The Weyl sequence used in
the proof is of the form

Ψt (x0 , z) = χt (x0 )φx0 (z)ξ,
similar to what was used for the original models, however, the analysis simplies considerably because of the terms that vanish in Hk precisely for
k = 1. In particular, we can work with explicitly SU(N )-invariant functions
and operators, without the need for a gauge-xing procedure (as used in
[dWLN89]).

Summary of Paper B
In Paper B we consider SQMs from a general viewpoint and explore their possible geometric interpretation within the language of real geometric algebras.
We extend the notion of an SQM accordingly, and allow for anti-Hermitian
supercharges, in some cases eliminating the need for complex structures altogether. As examples we introduce some families of toy models which are
extensions to higher dimensions of other well-known toy models, namely
the supermembrane toy model and the supersymmetric harmonic oscillator.
These families of extended models can be summarized as follows:
Generalized supermembrane toy model (d ∈ {2, 6, 10, . . .}):


Hd ,

Hϕ := −Q̃2ϕ ,

Pn ,

Q̃ϕ = ı̂Qϕ := ∇Rd + ϕIRd



(4.2)

Generalized supersymmetric harmonic oscillator (d ≥ 1):


Hd ,

K̂,

Hf := −Q̃2f ,



Q̃f := ∇Rd − f K̂ ,

(4.3)

where Hd := L2 (Rd ; G(Rd )), Pn is a reection operator on spinor elds (representing a reection along the unit vector n ∈ S d−1 under which ϕ is assumed symmetric), K̂ is the usual grading operator on G , IRd = e1 e2 . . . ed ,
and ϕ and f are scalar resp. vector elds on Rd .
We also investigate further the geometry of the original 2-dimensional
toy model (for which ϕ(x) := x1 x2 ) and introduce a conformal coordinate
transformation (partly considered in e.g. [Hop80] for the bosonic toy model)
which proves to be very useful in Paper F.
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Finally, let us point out that we can complete the statement in Section
IV.D of the paper, about the continuity of the spectrum of the generalized
toy model. This shows that it has many features in common with the original
toy model and the SMMs.

Theorem 4.2.

The spectrum of the generalized supermembrane toy model,
d
dened by the SQM (4.2), with ϕ(x1 , x2 , . . . , xd ) := x1 x2 . . . xd on R , for

d = 2, 6, 10, . . .,
Proof.

is purely essential, and

σ(Qϕ ) = R, σ(Hϕ ) = [0, ∞).

The supercharge operator under consideration is

Q̃ = ı̂Q :=

d
X

ek ∂k + x1 x2 . . . xd IRd .

k=1

As stated in Paper B, we would like to take x1 , . . . , xd−1 > 0 large and
consider the ground state
1

1

1

2

φ(x1 , . . . , xd−1 ; xd ) := π − 4 (x1 . . . xd−1 ) 4 e− 2 x1 ...xd−1 xd
of the harmonic oscillator −∂d2 + (x1 . . . xd−1 )2 x2d , as well as a fermionic state
with minimal energy,
1
ξ := √ (1 + ed IRd ),
2
so that ed IRd ξ = ξ . Proceeding as in the proof of Theorem 3.3, taking

Ψt (x) := χt (x1 , . . . , xd−1 )φ(x1 , . . . , xd−1 ; xd )ξ,
∞
d−1 ), we
with e.g. χt (x1 , . . . , xd−1 ) := t−(d−1)/2 d−1
k=1 χ1 (xk /t) ∈ C0 ([t, 2t]
nd a cancellation with the potential term, and

Q

kQ̃Ψt k =

d−1
X
k=1

1
1
χt φ −
x1 . . . xd−1 x2d χt φ ek ξ ≤ c/t → 0.
(∂k χt )φ +
4xk
2xk


Now, in order to prove the theorem we multiply the Weyl sequence Ψt with
a plane wave in some direction, say eı̂kx1 , and an eigenstate ξ1 := √12 (1 + e1 )
of the corresponding direction unit vector e1 (note that ξ1 ξ = ξξ1 ), hence
Ψ̂t := eı̂kx1 Ψt ξ1 . Then kΨ̂t k = 1,

(Q − k)Ψ̂t = ke1 Ψ̂t − k Ψ̂t − ı̂eı̂kx1 Q̃Ψt ξ1 ,
and k(Q − k)Ψ̂t k = kQ̃Ψt k → 0 as t → ∞.

4.2.
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Outlook
In the G2 × U(1)-invariant models we introduced in Paper C, it still remains
to consider the question of existence of zero-energy states. It is hoped that
such investigations would become easier in these models due to their simplications. Comparing with [EHS05], we note that proofs of existence of
zero-energy states in these models could carry over to the SMMs if accompanied by decay estimates. The weighted supersymmetry approach of Section
4.4 might be useful in this context. One could also consider the k → ∞
limit of the introduced deformation (more along the lines of [EHS05]), and,
of course, alternative deformations.

4.2 Construction by recursive methods (Papers A
and D)
In Papers A and D we focus on the case of d = 9, where a normalizable
zero-energy state is conjectured to exist, and aim to learn more about the
necessary structure of such a state, both asymptotically far away in the
2
conguration space R9(N −1) , i.e. when any of the 9 matrices Xs becomes
2
large, but also locally around the origin in R9(N −1) , i.e. when all matrices
are small.

Summary of Paper A
In an asymptotic description of SMMs it is conventional (and very convenient) to introduce space-dependent fermions, θαA = θαA (x), and choose a
Fock space representation accordingly (see e.g. [FGH+ 00]). In Paper A,
joint with V. Bach and J. Hoppe, we consider the relation between this description of the models, and the xed fermion (i.e. non-space-dependent)
description of Section 3.5. In such an asymptotic analysis we discover the
formation of `Cooper pairs' (see e.g. Eqs. (24)-(25) in Eq. (48)), as well as
a dynamical SU(2) symmetry (Eq. (39)). Recall that a dynamical symmetry
refers to the situation that the Hamiltonian, being one of the generators of
a symmetry Lie group, has nontrivial commutation relations with the other
symmetry generators rather than commuting with them.
Furthermore, we consider a more direct approach to determining the
structure of zero-energy states, via recursive methods. Using the grading of
the Fock space F in terms of fermion number, we derive recursive relations
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for the ground state (Eqs. (52)), and show that this system of equations
can be solved provided a certain invertibility condition on the corresponding
graded Hamiltonians hold, which is known to hold true for the rst recursion
step. This recursive approach is carried out on the asymptotic Hamiltonian
for simplicity and concreteness, but we note that many steps in the analysis
also carry over to the full Hamiltonian H .
We end the paper with a direct computation of the ground state energy
of the fermionic Hamiltonian HF on the set C0 of vanishing potential, which
should be compared with the corresponding analysis in Section 3.6 for the
frequency matrix S of the potential.

Summary of Paper D
We consider in Paper D, joint with J. Hoppe and M. Trzetrzelewski, the
structure of a possible ground state Ψ(x), Qα Ψ = 0, around x = 0:

1
(1)
(2)
Ψ(x) = ψ (0) + xsA ψsA + xsA xtB ψsA,tB + . . . ,
2
with ψ (k) ∈ F . The form of ψ (0) , the value of the eigenfunction at the origin,
was for d = 9, N = 2, investigated by Wosiek [Wos05a], who calculated which
sectors of the Fock space it should reside in, and conjectured its uniqueness
by means of symbolic computer calculations.
Recall that the Fock space vacuum |0i ∈ F is not Spin-invariant in the
ˆ 3 F256 (denoted by H in the paper,
case d = 9. The total Fock space F = ⊗
and which obviously is huge ) is a product of three G(R16 )-irreducible 256dimensional Fock spaces F256 = F(A) , one for each SU(2)-index A. Under
the action of Spin(9) ,→ Spin(16) given by the generators Mst in (3.3), each
such space F256 splits into irreducible representations of Spin(9) as (see e.g.
the tables given in [Sla81, MP81])

F256 = 44 ⊕ 84 ⊕ 128,
where 44 ⊕ 84 is the decomposition of the even-graded subspace of F256 ,
and the irreducible 128 corresponds to the odd-graded subspace, both of
which are irreps of Spin(16). In Appendix A of the paper we give explicit
presentations of basis elements for these spaces, denoted |sti, |stui, resp.
|sαi (subject to certain constraints). Denoting by

k1i44 := |sui1 |tui2 |sti3 ,

and
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k1i844 := |sti1 |suvi2 |tuvi3 + |tuvi1 |sti2 |suvi3 + |suvi1 |tuvi2 |sti3 ,
two of the cyclically invariant Spin(9)-symmetric states in F formed out of
the respective irreps in the tensor product, we prove the following:

Theorem 4.3.

For

d = 9, N = 2,

we necessarily have

Ψ(0) = ψ (0) ∝ k1i44 +
which is both

Spin(9)-

and

13
k1i844 ,
36

SU(2)-invariant.

Uniqueness is veried by a computer-assisted calculation which singles
out the above ψ (0) as the unique solution to the equations Mst ψ = 0, MA ψ =
0. Furthermore, we give recursive relations for higher-order ψ (k) (which also
have corresponding symmetry restrictions) in terms of ψ (0) , ψ (1) , ψ (2) , etc.
Hynek and Trzetrzelewski [HT10] recently developed the approach initiated in Paper D and gave an explicit `pen-and-paper' proof of the uniqueness
of ψ (0) .

Outlook
One would naturally want to extend the analysis of Paper D to higher orders
around x = 0, and that of Paper A to nite regions of the conguration
space, respectively further away from potential valleys, and determine the
corresponding structure of zero-energy states by means of the given recursive
relations.
An alternative recursive formulation was introduced in [HL07], joint with
J. Hoppe, where we instead of fermion number used the graded structure
of the Cliord algebra G(T ) of θ 's in a reducible representation (which is
related to the alternative representation of fermions that we pointed out for
the d = 1 models in Section 3.5). Other recursive approaches to determining
the structure of zero-energy states, resp. for disproving their existence, have
been considered by Hoppe and Yau [Hop97a, Hop97b, Hop97c, HY97].

4.3 Averaging with respect to symmetries (Paper
E)
We have pointed out that any possible ground states of the supersymmetric
matrix models are highly symmetric. First of all, they are required to be
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SU(N )-invariant in order to describe physical states. Moreover, they are in
the higher dimensions also invariant under the action of Spin(d). Our aim in
this approach is to combine these facts with our knowledge of the structure
of constituent operators that appear in the models, and of their associated
eigenstates, by means of so-called group averaging.
The average of a state Ψ ∈ H resp. operator A on H with respect to a
group G, with unitary action g 7→ U (g) on H and normalized Haar measure
µ, is dened as
Z

U (g)Ψ dµ(g)

[Ψi :=
g∈G

resp.

Z

U (g)AU (g)−1 dµ(g).

[A] :=
g∈G

Given the Spin(9) symmetry of the model and its zero-energy states, we
consider averaging the truncated Hamiltonian HD in (4.1) (which is already
SU(N )-symmetric), and its eigenstates (given in Eq. (2) of Paper E, and in
more detail in Eq. (8) of Paper C, resp. in [Hop97c]), with respect to the
full action (3.3) of Spin(9).

Summary of Paper E
Paper E, joint with J. Hoppe and M. Trzetrzelewski, is concerned with the
average of the operator HD . Introducing a rescaled operator

9
18
72
0
HD
= − ∆89 + z̄ · S(x0 )z + W (x0 )λλ†
2
7
7

(4.4)

(corresponding to rescaled frequencies of the bosonic and fermionic oscillators
in (4.1)), the main result of the paper can be formulated in terms of the
following:

Theorem 4.4.

The average of the operator

the full Hamiltonian

H.

0
HD

w.r.t.

Spin(9)

is equal to

Furthermore, if we restrict these operators (in the

sense of quadratic forms) to the subspace of fully
0
states, then HD = H .

Spin(9) × SU(N )

invariant

The rst statement follows by a direct computation, relating the terms of
(4.4) to those of (3.2) (and where the computation of the fermionic term is
slightly more involved), while the second statement follows by considering the
corresponding quadratic form on the space of invariant states Ψ = U (g)Ψ,
0
hΨ, HD
Ψi

Z

=

g∈Spin(9)

0
0
hU (g −1 )Ψ, HD
U (g −1 )Ψi dµ(g) = hΨ, [HD
]Ψi
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= hΨ, HΨi = kQα Ψk2 ≥ 0.
In relation with the commutation relations that are derived in Eq. (1)
for the action of Spin(9) on a bivector operator B , let us also point out that
more generally, for B := 12 Eαβ FAB θ αA ∧ θ βB , where either E is symmetric
and F antisymmetric, or vice versa, we have

[B, B 0 ] = (EE 0 )αβ (F F 0 )AB − (E 0 E)αβ (F 0 F )AB θ αA ∧ θ βB .


Hence, for B 0 = HF , MC , resp. Mst , and fC := [fCAB ] = adiTC ,




[B, HF ] = ixtC ([E, γ t ])αβ (F fC )AB + (γ t E)αβ ([F, fC ])AB θ αA ∧ θ βB ,
i
[B, MC ] = − Eαβ ([F, fC ])AB θ αA ∧ θ βB ,
2
i
[B, Mst ] = − ([E, γ st ])αβ FAB θ αA ∧ θ βB .
4
From this it is clear that, in order for HF , MC and Mst to be simultaneously
block-diagonalized by B , (which would then give us a canonical description,
such as for d = 3, 5), it is necessary to have F ∝ 1 (follows since the adjoint representation is irreducible), and therefore an antisymmetric matrix E
commuting with all the γ s (e.g. a complex structure E = J ), which is impossible for d = 2, 9. However, whenever there are special directions E = Et γ t ,
F = eC fC singled out, such as in the asymptotic description along a valley
C0 , where xtC = rEt eC , the corresponding B will commute with HF , hence
providing a space-dependent (partly) canonical description.

Outlook
0 are the same as those for H , given in
Note that the eigenstates of HD
D
Eq. (2), and these are generalized states when considered on the space
0 (x0 )Ψ(x0 , z) = E(x0 )Ψ(x0 , z). One
H, i.e. distributional solutions to HD
would naturally want to compute the corresponding average hΨ] (in the sense
of distributions) of these functions w.r.t. Spin(9). This is unfortunately
quite complicated, partly because these states involve a square root of the
frequency matrix S(x0 ). However, we do note that, although the introduced
factors in (4.4) result in its ground states Ψ(x0 , ·) having negative energy on
large regions of the conguration space of x0 , this is matched by the fact that
averaging would intuitively bring the energy up, possibly to zero.
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4.4 Weighted supersymmetry (Papers F and G)
We have noted that it is central for determining the existence or non-existence
of zero-energy states of SMMs, to have an understanding of their necessary
asymptotic decay properties. Namely, the vanishing of the potential along
certain directions extending to innity in the conguration space implies slow
(polynomial as compared to exponential) decay of eigenfunctions in those directions. Furthermore, asymptotic analysis and investigations of convergence
of partition functions show a connection between the strength of such decay,
with the size of the potential valleys, and the dimensionality of the models.
Motivated by these facts, it is natural to pose the question whether there
are any non-normalizable zero-energy states of the models. We have already
noted that there are exponentially growing zero-energy solutions of the d = 3
model. In the approach we suggest here, and parts of which is further discussed in Papers F and G, we allow for the detection of existence of such
generalized states which have polynomial, but less rapid decay at innity
than square-integrable. This is done by slightly enlarging the space Hphys of
physical states and consider weighted Hilbert spaces.
As a further motivation for this approach, let us return to the d = 1
matrix model, which is suciently trivial to be solved explicitly (see e.g.
[CH85, Sam97, Trz07a]). For d = 1, N = 2, and considered as a cohomological SQM on the Fock space F̂ dened in Section 3.5, one nds a spectrum
of non-normalizable gauge invariant `plane-wave' solutions to the dierential
equations HΨ = k 2 Ψ, JˆA Ψ = 0, A = 1, . . . , N 2 − 1, given by:

sin(kr)
|+i,
kr


sin(kr) cos(kr) 1
|k, 2i =
−
xA λ̂†A |+i,
(kr)2
kr
r


sin(kr) cos(kr) 1
|k, 1i =
−
xA λ̂A |−i,
(kr)2
kr
r
sin(kr)
|k, 0i =
|−i,
kr

|k, 3i =

for k > 0, where r =

qP

2
A xA

= |x|, and |∓i denote the empty resp.

lled Fock states in F̂ , satisfying λ̂†A |−i = 0, λ̂A |+i = 0. The states
|k, 1i ∝ Q|k, 0i and |k, 2i ∝ Q† |k, 3i vanish in the limit k = 0 (in the sense
of distributions), and there are exactly two, non-normalizable, zero-energy
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states, Ψ0,± (x) := |±i, corresponding to constant functions for the empty
resp. lled Fock states. In accordance with this fact, the d = 1 matrix models are in the literature claimed to have vanishing Witten index (assuming
the denition of the index has been extended to plane-wave solutions). However, the cancellation of such an index occurs in this model due to the fact
that it is conventionally considered on the Fock space F̂ , which is reducible,
as pointed out in Section 3.5 (see also [CW02]). Taking instead the irrep
F := F (+) in (3.23) (which is also an irrep of the d = 1 model dened with
real fermions θ A ), and the parity operator P as grading operator, the two
states |−i and i|+i = iλ̂1 λ̂2 λ̂3 |−i = i θ 1 θ 2 θ 3 |−i are identied, and there
is then a unique non-normalizable zero-energy state Ψ0 (x) ∝ |−i, which is
bosonic w.r.t. P .

Weighted SQM
Starting with a typical SQM involving square-integrable F -valued elds on
Rn (with the usual Lebesgue measure dx)2


H = L2 (Rn , dx) ⊗ F,

K,

H = Q2 ,

we can dene, as follows, a corresponding weighted
weight function
ρ(x) := (1 + |x|2 )−α/2 ,



Q ,

SQM

by introducing a

where α ≥ 0 is called the weight, such that ρ(x) ∼ |x|−α as |x| → ∞. (We
will always assume that the grading operator K commutes with ρ.) On the
weighted Hilbert space

Hw := L2 (Rn , ρ(x)dx) ⊗ F,

with

hΦ, Ψiw := hΦ, ρΨi,

we dene a self-adjoint operator H̃ , called the weighted Hamiltonian, through
Friedrichs extension of the semi-bounded quadratic form

hΨ, H̃Ψiw := hΨ, HΨi = kQΨk2 ≥ 0,
on Ψ ∈ C0∞ (Rn ) ⊗ F , so that, formally,

H̃ := Q̃∗ Q̃ = ρ−1 H = ρ−1 Q2 ,
2

Here we consider for simplicity only one self-adjoint supercharge Q, but the treatment
can naturally be extended to several supercharges Qj .
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1

where Q̃∗ = ρ−1 Qρ 2 is the adjoint w.r.t. Hw of a weighted supercharge
1
Q̃ := ρ− 2 Q, for which hΨ, H̃Ψiw = kQ̃Ψk2w . Concretely then, H̃ is the
unique self-adjoint operator acting on a subspace of functions Ψ : Rn → F
for which
Z
2
kΨkw =
|Ψ(x)|2 ρ(x) dx < ∞,
Rn

and

kQ̃Ψk2w =

Z
Rn

|QΨ(x)|2 dx < ∞.

We call such a function Ψ ∈ Hw for which Q̃Ψ = 0, i.e. Ψ ∈ kerHw H̃ , a
weighted zero-energy state of the SQM.

Example 4.5.

In order to obtain a precise intuition of what to expect in
this approach, let us return to Example 2.7 of the conceptually very simple
free line toy model. In this model we have

H = L2 (R),

Ku(x) = u(−x),

H=−

d2
,
dx2

Q = −i

d
,
dx

and hence

kuk2w =

Z ∞

α

|u(x)|2 (1 + x2 )− 2 dx,

−∞

kQ̃uk2w =

Z ∞

|u0 (x)|2 dx.

−∞

The non-weighted version of this model has no zero-energy state in H, since
any zero-energy state must be a multiple of the constant function u(x) ≡ 1.
However, for a weight α > 1 this function is indeed in Hw , and hence in that
case a weighted zero-energy state of this SQM.

Example 4.6.

The constant function Ψ0 (x) := |0i is obviously a generalized
zero-energy eigenfunction
of the d = 1 SMM for all N , and for α > N 2 − 1 it
R
satises kΨk2w = RN 2 −1 (1 + |x|2 )−α/2 dx < ∞, and hence is then a weighted
zero-energy state.

Zero-energy state correspondence
Assuming for simplicity that H is an elliptic operator with smooth coefcients, we have the following correspondence between weighted and nonweighted zero-energy states.

Proposition 4.7.
kerHw H̃

then

We have that

Ψ ∈ C ∞ (Rn ) ⊗ F

kerH H ⊆ kerHw H̃ , and
HΨ = 0 (QΨ = 0).

and

conversely, if

Ψ∈
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In other words, any non-weighted zero-energy state is also a weighted zeroenergy state, and any weighted zero-energy state, although not necessarily
square-integrable, is however a smooth solution to the dierential equation
HΨ = 0.
We obviously have an embedding H ⊆ Hw . Hence, if Ψ ∈ kerH H
then by the property of Friedrichs extension

Proof.

0 = hΨ, HΨi =

Z

|QΨ|2 dx = hΨ, H̃Ψiw ,

so Ψ ∈ kerHw H̃ . Conversely, if Ψ ∈ kerHw H̃ then QΨ = 0 a.e., and by
elliptic regularity, Ψ ∈ C ∞ and HΨ = 0 (as a dierential equation).

Spectral relation
We denote by NH (A) the number of negative eigenvalues of a self-adjoint
operator A on H, or more precisely, the rank of the spectral projection of A
A
on the interval (−∞, 0); NH (A) := dim P(−∞,0)
H.

Proposition 4.8.

We have

NHw (H̃ − λ) = NH (H − λρ).

(4.5)

Hence, if H − λρ on H has a discrete negative spectrum with nitely many
negative eigenvalues for every λ > 0, then the weighted Hamiltonian H̃ has
a purely discrete spectrum on Hw .
Proof.

This follows immediately from the denitions, since

hΨ, (H̃ − λ)Ψiw = hΨ, (H − λρ)Ψi,

∀Ψ ∈ C0∞ ,

and since by Proposition 2.22, NH (A) is the maximal dimension of a subspace
L ⊆ C0∞ ⊆ H ⊆ Hw s.t. hΨ, AΨiH < 0 for all Ψ ∈ L \ {0}.
It follows also from (4.5) that, if the spectrum of H̃ is purely discrete (at
least on (−∞, λ) for suciently small λ > 0), then the SQM has a weighted
zero-energy state if and only if the perturbed operator H − λρ on H has a
negative eigenvalue for arbitrarily small λ > 0. An operator H with this
property is usually said to have a virtual bound state, or virtual level.
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Example 4.9.

Consider again the free line toy model, for which H =
−d2 /dx2 . By Bargmann's bound (Theorem 2.26), we have for α > 2 and
any λ > 0 that

NH (H − λρ) ≤ 1 + λ

Z ∞

ρ(x)|x|dx < ∞.

−∞

(4.6)

Hence, H̃ has a purely discrete spectrum on Hw for α > 2. Furthermore,
we can immediately detect the presence of the weighted zero-energy state
since the one-dimensional Schrödinger operator H has a virtual bound state
(see e.g. [Sim76]), i.e. NHw (H̃ − λ) = NH (H − λρ) ≥ 1 for arbitrarily small
λ > 0.

Hardy potentials and virtual bound states
In preparation for the results of Papers F and G, we need to introduce
the notion of Hardy-type potentials in the context of spectral theory of
Schrödinger operators. The Hardy inequality in Rd can be formulated in
terms of quadratic forms as

−∆ ≥

(d − 2)2
≥ 0,
4|x|2

on C0∞ (Rd \ {0}).

Quantum mechanically, this expresses the uncertainty principle, namely that
the kinetic energy of a particle is not only non-negative, but strictly positive,
and larger the more localized the particle is (here with the origin x = 0 as
reference). A Schrödinger operator with a (critical) Hardy potential is an
operator of the form (where V is a potential)

H = −∆Rd −

(d − 2)2
+ V (x).
4|x|2

It is noted in e.g. [Wei99] and [EF06, EF08] that Schrödinger operators
with Hardy-type potentials can have virtual bound states, even though the
operator without the Hardy term has not. We also note in general that the
existence of virtual levels is very much dependent on the geometry of the
problem, since e.g. the Laplacian in one and two dimensions have virtual
levels (see e.g. [Sim76]), while in three or more dimensions there is no virtual
level (as seen e.g. from the CLR bound of Theorem 2.28). However, when
restricted to R+ with Dirichlet boundary condition, the one-dimensional
Schrödinger operator H = −d2 /dx2 loses its reection symmetry, and also
its virtual level, as seen e.g. from Bargmann's bound (Theorem 2.26).
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Summary of Paper F
In Paper F, the weighted SQM approach outlined above is introduced to
the context of SMMs, and it is shown that it is in fact applicable to the
supermembrane toy model. More precisely, we prove the following theorem.

Theorem 4.10.
tonian

H̃toy

For

α > 2,

the weighted supermembrane toy model Hamil-

has a purely discrete spectrum, and

N (Htoy − λρ) ≤ C1 (α) +
λ > 0,
(α − 2)/2.

for all

where

C1 (α)

and

C2

3
C2
λ 2 −(α) ,
(α − 2)3

are some constants, and

0 < (α) <

It is also noted that this cannot be extended to α < 2, since we then
have 0 ∈ σess (H̃toy ) by Proposition 2.22 and the comment in Section 3 in the
paper.
The technique of the proof, which involves viewing the perturbed operator Htoy − λρ as a one-dimensional Schrödinger operator with operatorvalued potential, and then bounding its negative spectrum, is rst illustrated
by considering the region Ω = (1, ∞)×R for simplicity. Extending the result
to the full domain R2 involves splitting the plane into reection-symmetric
parts A and Bj (see Figure 1 in the paper), and mapping these regions to
the form Ω by means of the conformal coordinate transformation considered
in Paper B.
The bound for the negative spectrum of the operator on a region Ω
along a potential valley requires a CLR- or Bargmann-type bound for onedimensional Schrödinger operators with operator-valued Hardy potentials,
which is proved in Section 5 of the paper, using an extension due to Hundertmark [Hun02] of Theorem 2.28 to the operator-valued case.
It is noted that when the fermionic term HF,toy is not present then the
analysis extends straightforwardly to α ≥ 0, and hence to the original Hilbert
space to provide bounds for the eigenvalues of the original bosonic operator
HB,toy . In this case the operator on the valley regions Bj actually becomes
positive suciently far out, and hence the contribution to the negative spectrum comes only from a nite region, eectively removing the complication
of the innite-volume valleys. This provides an alternative way to study the
spectrum of HB,toy , in addition to the ve given in [Sim83a]. Furthermore,
we also note that the approach taken here provides a way to understand the
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transition from discrete to continuous spectrum, as expressed by Proposition
3.4, as κ → 1.
Laptev and Portmann [LP] have recently improved this method of bounding the eigenvalue asymptotics for the bosonic model, with the correct asymptotic behaviour (3.12) up to a constant, by means of a Calogero-type bound
(cp. Theorem 2.26) for operator-valued potentials.

Summary of Paper G
In Paper G we extend some of the spectral theoretic tools that were used
in Paper F, for the two-dimensional (or eectively one-dimensional along
a valley) supermembrane toy model, to higher dimensions. This involves
proving bounds for the number of negative eigenvalues of (possibly operatorvalued) Schrödinger operators with Hardy-type potentials. The key method
used (Lemma 2 in the paper) is to transform a quadratic form expression
with a critical Hardy term into one without it, but on a transformed domain:

Lemma 4.11.

c
BR

the complement of the ball BR (0), and more
d−1 . For any u ∈ C ∞ (B c ),
generally the cone parametrized by (R, ∞) × S
0
R
R ≥ 0 for d odd, R ≥ 1 for d even, we have

D



u, −∆Rd −
=

where

D

Denote by

(d−2)2
4|x|2



 E

+ V (x) u


ψ, −∆Rd − 1 −

ψ(rω) := r−

d−1
2

1
|x|2

d−2
r
2

e



c)
L2 (BR

∆S d−1 −

u(er ω),

and

(d−1)(d−3)
4|x|2

 E

+ e2r V (er ω) ψ

c
L2 (Bln
R)

(r, ω) ∈ (ln R, ∞) × S d−1 .

The proof combines the so-called ground state representation of the quadratic
form with the one-dimensional coordinate transformation which was used in
Paper F. Resulting are various generalizations of Theorems 2.26, 2.27, and
2.28 in Chapter 2 to include a series of negative Hardy-type potential terms.
These are given as Theorems 7, 8, and 9 in the paper.
We note that also certain Hardy-Sobolev-type inequalities follow immediately from this approach. E.g., considered for simplicity on the complement
of a ball Be (0) in R3 , we have by Lemma 4.11 and by a Sobolev inequality
(see e.g. Theorem 4.31 in [AF03]), for u ∈ C0∞ (Bec ),
Z
Bec

|∇u|2 dx −

Z
Bec

|u|2
dx ≥
4|x|2

Z
B1c

|∇ψ|2 dx ≥ Ckψk2L6 (B c )
1

4.4.
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|u|6
dx
(ln |x|)4

Z

=C
Bec

!1
3

.

Furthermore, we notice that the ground state representation and coordinate
transformation techniques employed in Paper F and G are quite general.
For example, we can analogously consider the `endpoint' Hardy inequality
for the interval [0, 1],
Z 1
0

1
|u | dx ≥
4
0 2

1

Z 1
1

1
+
x 1−x

0

2

u ∈ C0∞ ([0, 1]).

|u|2 dx,

1

Taking u(x) =: x 2 (1 − x) 2 v(x), we have the ground state representation
Z 1
0

1
|u | −
4
0 2



1
1
+
x 1−x

!

2

|u|

2

Z 1

dx =

|v 0 |2 x(1 − x) dx,

0

and dening a new coordinate s 7→ x(s) := es (1 + es )−1 such that dx/ds =
x(1 − x) is equal to the weight of the r.h.s. above, we nd
Z 1

|∂x v|2 x(1 − x) dx =

0

Z ∞
−∞

|∂s w|2 ds,

s

with w(s) := v(x(s)) = e− 2 (1 + es )u(es (1 + es )−1 ). In particular, denoting
by

2
d2
1 1
1
HI := − 2 −
+
+ V (x)
dx
4 x 1−x
a Schrödinger operator on the interval [0, 1] with Dirichlet b.c., and by

HR := −

d2
+ e2s (1 + es )−4 V
ds2



es
1 + es



a corresponding operator on R, one nds NL2 ([0,1]) (HI ) = NL2 (R) (HR ), implying the existence of a virtual level of HI , and, by applying Theorem 2.26
to HR ,

NL2 ([0,1]) (HI ) ≤ 1 +

Z 1

|V− (x)| x(1 − x) ln x − ln(1 − x) dx.

0

Recent work, joint with F. Portmann, aims to extend these results to other
situations.
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Weighted index
Similarly to how we introduced the weighted Hamiltonian H̃ := Q̃∗ Q̃, we can
also consider an operator H̃ 0 := Q̃Q̃∗ , dened through Friedrichs extension
of the quadratic form
1

1

hΨ, H̃ 0 Ψiw := hΨ, H 0 Ψi := kρ− 2 Qρ 2 Ψk2 = kQ̃∗ Ψk2w ≥ 0,
on Ψ ∈ C0∞ (Rn ) ⊗ F , so that, formally,

H̃ 0 = Q̃Q̃∗ = ρ−1 H 0 ,

with

1

1

1

1

H 0 = (ρ 2 Qρ− 2 )(ρ− 2 Qρ 2 ).

We have a corresponding spectral relation (cp. Proposition 4.8) for H̃ 0 ,

NHw (H̃ 0 − λ) = NH (H 0 − λρ).
Now, note that H̃ and H̃ 0 share the same number of eigenstates of strictly
positive energy E > 0, since if H̃Ψ = Q̃∗ Q̃Ψ = EΨ, then Ψ ∈ D(Q̃) (note
that also Ψ ∈ C ∞ by HΨ = EρΨ and elliptic regularity), 0 6= Q̃Ψ ∈ D(Q̃∗ ),
and E Q̃Ψ = Q̃Q̃∗ Q̃Ψ = H̃ 0 Q̃Ψ. This shows that to every E -eigenstate of H̃
there is a corresponding E -eigenstate of H̃ 0 , and vice versa. Furthermore,
± then Q̃Ψ ∈ H∓ etc., so these are orthogonal. Together with
if Ψ ∈ Hw
w
non-negativity of H̃ and H̃ 0 , we have thus incorporated both characteristic
features of an SQM into the weighted formalism.
Assuming that both H̃ and H̃ 0 have purely discrete spectra on Hw (and
growing faster than logarithmically), e.g.

NH (H − λρ) ≤ O(λN ),

0

NH (H 0 − λρ) ≤ O(λN ),

as λ → ∞, (4.7)

we hence have the following completely well-dened index, invariant of β > 0:
0

Iw := trHw e−β H̃ − trHw e−β H̃ = dim kerHw H̃ − dim kerHw H̃ 0 .

Proposition 4.12.

We have

kerHw H̃ 0 ∼
= kerH H ,

and hence the index

Iw

counts the dierence between the number of weighted and non-weighted zeroenergy states,

Iw = dim kerHw H̃ − dim kerH H.
Proof.

1

If Ψ ∈ kerHw H̃ 0 , then Φ := ρ 2 Ψ ∈ H and

0 = hΨ, H̃ 0 Ψi =

Z

1

1

|ρ− 2 Qρ 2 Ψ|2 dx,
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hence QΦ = 0 a.e., Φ ∈ D(H), and Φ ∈ kerH H . Conversely, if Φ ∈ kerH H
1
1
then Ψ := ρ− 2 Φ ∈ D(H̃ 0 ) ⊆ Hw , Qρ 2 Ψ = 0, and Ψ ∈ kerHw H̃ 0 . Also note
that kΦk2 = kΨk2w .
We intend to use an expansion of the trace of the heat kernel e−β H̃ as
β → 0 in order to compute this index. Namely, the eect of a suciently
strong weight α isRto compactify the unbounded domain Rn to a solid ball
with radius R := 0∞ ρ(r)dr and boundary R · S n−1 . Hence, following the
recipe outlined by Vassilevich in [Vas03], we use the expansion of a heat
kernel e−tD in terms of geometric invariants of an elliptic operator

D = −(g µν ∂µ ∂ν + aσ ∂σ + b) = −(g µν ∇µ ∇ν + E)

(4.8)

acting on bers F ∼
= CN on an n-dimensional Riemannian manifold M with
metric g and boundary ∂M . ∇µ denotes the covariant derivative on M and
a, b, E are smooth multiplication operators acting, at each point, on F . As
t → 0, we have, with f ∈ C ∞ ∩ L∞ , (Eq. (2.21) in [Vas03])

trL2 f e−tD =

X

(4.9)

t(k−n)/2 ak (f, D, B),

k≥0

where (Eqs. (5.29)(5.31) in [Vas03])

a0 (f, D, B) = (4π)−n/2

Z

trF (f ),
M

1
a1 (f, D, B) = (4π)−(n−1)/2
trF (χf ),
4
Z ∂M
1
a2 (f, D, B) = (4π)−n/2
trF (6f E + f R)
6
M
Z



Z

trF (2f Laa + 3χf;n + 12f S) ,

+
∂M

etc., with R being the scalar curvature on M and Lab the second fundamental
form on ∂M . The functions χ and S on ∂M only depend on the boundary
conditions B of the operator D. We assume these to be mixed, i.e. that
there is a pair of complementary local projectors ΠD and ΠN = 1 − ΠD ,
with χ := ΠN − ΠD , dening Dirichlet resp. generalized Neumann (Robin)
boundary conditions,

ΠD Ψ|∂M = 0,

(∇n + S)ΠN Ψ|∂M = 0,

where ∇n denotes covariant dierentiation in the direction of an
pointing unit normal n.

inward
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The weighted index of the free line toy model
Again, to illustrate the approach we consider the free line toy model. We
1
have that H = −∂x2 is just the Laplacian on the real line and, since (ln ρ 2 )0 =
− α2 x(1 + x2 )−1 ,
1

1

1

1

1

1

H 0 = −(ρ 2 ∂x ρ− 2 )(ρ− 2 ∂x ρ 2 ) = −(∂x − (ln ρ 2 )0 )(∂x + (ln ρ 2 )0 )
1

1

= −∂x2 − (ln ρ 2 )00 + (ln ρ 2 )02
α 1 + ( α2 − 1)x2
.
= −∂x2 +
2 (1 + x2 )2
Clearly, H 0 − λρ ≥ H − λρ for α > 2. Hence, both H̃ and H̃ 0 have discrete
spectra on Hw for α > 2, with eigenvalue asymptotics bounded by O(λ) (by
(4.6)).
Let us now compute the index Iw for this SQM when α > 2 using the
expansion (4.9). For n = 1,


√ 
1 
Iw = √ a0 (H̃) − a0 (H̃ 0 ) + a1 (H̃) − a1 (H̃ 0 ) + t a2 (H̃) − a2 (H̃ 0 ) + . . .
t

We already know that the two traces in Iw should cancel out and produce an
integer, hence only the constant order terms involving a1 should contribute
as t → 0. This matches the fact that a0 only depends onR the geometry of
∞
the weighted model (it is proportional to the length 2R = −∞
ρ(x)dx of the
compactied interval) and is the same for H̃ and H̃ 0 . On the other hand, the
coecients a1 in this case only depend on boundary conditions. We claim
that H̃ corresponds to Neumann, while H̃ 0 corresponds to Dirichlet b.c., and
hence, since |∂M | = |{−R, R}| = 2,

1
1
Iw = − −
2
2




√
+ O( t) = 1.

To prove our claim about the boundary conditions,
consider the operators
R
in terms of the proper length coordinate s(x) := 0x ρ(r)dr, w.r.t. which we
have

kuk2w
kQ̃uk2w

Z R

=

2

|v(s)| ds =

−R

Z R

=
−R

Z R

|f (s)|2 ρ(x(s))−1 ds,

−R
2

|∂s v(s)| ρ(x(s)) ds ≤

Z R
−R

|∂s v(s)|2 ds,

and
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kQ̃

∗

uk2w

Z R

=
−R

1
2

2

|∂s (ρ v)| ds =

Z R
−R

|∂s f (s)|2 ds,
1

with v(s) := u(x(s)), and f (s) := ρ(x(s)) 2 u(x(s)). We see that any v ∈
C ∞ ([−R, R]) is in the domain of qH̃ , but e.g. f ≡ 1 is not in that of qH̃ 0 .
α
Note that ρ(x) ∼ x−α ∼ (R − s) α−1 , as x → ∞ ⇔ s → R.
α
1
Alternatively, while u ∈ Hw requires u ∼ o(x− 2 + 2 ), as x → ∞, selfadjointness of H̃ , i.e. real-valuedness of qH̃ , is ensured by demanding ūu0 →
α
3
α
1
0, i.e. u0 ∼ x 2 − 2 − , or u ∼ c + x 2 − 2 − , as x → ∞. For α > 2, any c ∈ R is
compatible with the rst requirement. On the other hand, self-adjointness
1
1
1
3
of H̃ 0 is ensured by demanding ūρ− 2 (ρ 2 u)0 → 0, i.e. ρ 2 u ∼ c + x 2 −α− . In
this case, weighted square-integrability of u demands that c = 0.

The weighted index of the supermembrane toy model
For the supermembrane toy model we have

Q = −i(∇R2 + xyIR2 ),
kΨk2w =

Z
R2

H =: −∆ + VF ,
|Ψ|2 ρ dxdy,

α

ρ(x, y) = (1 + x2 + y 2 )− 2 ,

∼ C2 ,
F=

and

H 0 = −(∇ − (∇L) + xyI)(∇ + (∇L) + xyI)
= H + (−∆L) + 2(∇L) ∧ ∇ + 2xy(∇L)I + (∇L)2 ,
1

with L := ln ρ 2 . The weight
p ρ corresponds in this case to introducing a
metric gµν := ρδµν , so that | det g| = ρ, g µν = (g −1 )µν = ρ−1 δ µν . Using
the expressions given in Eqs. (2.1)-(2.11) in [Vas03], we can compute that

H̃ = −(g µν ∇µ ∇ν + E),

with E = −ρ−1 VF ,

and

H̃ 0 = −(g µν ∇0µ ∇0ν + E 0 ), with E 0 = −ρ−1 VF + ρ−1 (∆L) − 2ρ−1 xy(∇L)I.
Hence, a direct computation of the index with the help of the expressions
for ak suggests (ignoring questions of applicability)

Iw = a2 (H̃) − a2 (H̃ 0 )
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1
(4π)−1
trC2 6(E − E 0 ) ρ dxdy +
trC2 12(S − S 0 ) ds
6
M
∂M
Z
Z 2π
1
1
trC2 (S − S 0 )(r, ϕ) rdϕ.
(−∆L) dxdy +
lim
2π R2
2π r→∞ 0
Z

=
=



Z

The rst integral term is
Z ∞
0

(−∆L) rdr = − [r∂r L(r)]∞
r=0 =

α
,
2

and we argue that the second is

1
lim
r→∞ 2π

Z 2π



(∂r L(r)) rdϕ = lim
0

r→∞

α r
α
−
r=− ,
2 1 + r2
2


implying Iw = 0, and hence that there is no weighted zero-energy state for
the supermembrane toy model.
For the claim about the boundary conditions, consider the quadratic
forms in polar coordinates, ∇R2 = er ∂r + r−1 eϕ ∂ϕ :

hΨ, H̃Ψiw =

Z

|(∇ + xyI)Ψ|2 dxdy

Z

|er (∂r + r−1 I∂ϕ + 2−1 r2 sin 2ϕ eϕ )Ψ|2 rdrdϕ,

Z

|(∇ + (∇L) + xyI)Ψ|2 dxdy

Z

|er (∂r + r−1 I∂ϕ + ∂r L(r) + 2−1 r2 sin 2ϕ eϕ )Ψ|2 rdrdϕ.

=
hΨ, H̃ 0 Ψiw =
=

Splitting the bration F close to the boundary into the positive and negative eigenspaces of r2 sin 2ϕ eϕ , which dominates the expression for ϕ ∈
/ πZ,
we observe that the negative eigenspace asymptotically admits exponentially
growing functions, and hence demands Dirichlet boundary conditions, while
the positive eigenspace admits exponentially decaying functions and corresponds to generalized Neumann boundary conditions. Hence, we get at each
point on the boundary a contribution trF (S − S 0 ) = ∂r L from that half
of the space F (with an extra minus sign coming from the fact that ∂r is
dierentiating in an outward pointing direction w.r.t. M ).
Let us point out that, although the d = 2, N = 2, SMM is also eectively
two-dimensional, as is emphasized below, the geometry of the toy model is
slightly dierent. The SMM is essentially restricted to only one quadrant of
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R2 , while the toy model is dened on the whole plane, and our interpretation
of the result of the above calculation is that generalized eigenstates of the toy
model necessarily have to grow exponentially in certain directions in order
to be smooth, due to the larger domain and its reection symmetries.

Outlook
For the SMMs, we dene the
n

Hα := Ψ ∈ L2 (Rd(N

weighted physical Hilbert space

2 −1)

, ρ(x)dx) ⊗ F : JA Ψ = 0 ∀A

o

⊇ Hphys .

Supported by the existence of weighted zero-energy states for the d = 1 matrix models, as well as the asymptotic analysis of Theorem 3.9, the convergence results for partition functions of Theorem 3.10, and their implications
for the geometry of potential valleys, we extend the original ground state
conjecture to the following conjecture regarding weighted zero-energy states
in supersymmetric matrix models.

Conjecture 4.13.

For d = 2, 9 and all N ≥ 2 there exists at least one, and
d = 9, N = 2, only one, weighted zero-energy state Ψ0 ∈ Hα
for sucienty strong weights α. Only for the d = 9 SMM is it true that
Ψ0 ∈ Hα for all weights α ≥ 0, and in particular Ψ0 ∈ Hphys .
in the case of

The requirement of SU(N ) invariance may very well imply uniqueness for
weighted zero-energy states for all N and also for the lower dimensional
models. For d = 2, a statement on uniqueness may have to be supplemented
with additional requirements on Ψ since we cannot rely on the same degree of
symmetry (no Spin(2)-invariance). For d = 3, 5 the additional canonical cohomological structure may be sucient to exclude existence of polynomially
decaying zero-energy states (cp. the remark in Section 3.5).
Obviously, one would like to extend the technique that was applied to
the supermembrane toy model in Paper F, for proving the full applicability
of the weighted supersymmetry approach, to the more complicated higherdimensional supersymmetric matrix models. A possible route in this direction is to go via the d = 2, N = 2, SMM, which from the analysis of
e.g. [AKM00] is seen to be essentially two-dimensional, but with a geometry
slightly diering from that of the toy model. Another possibility is to rst
apply the technique to the slightly simplied G2 × U(1)-invariant model in
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Paper C. It is likely that the spectral bounds for higher-dimensional operators with Hardy-type potentials derived in Paper G could be useful in these
approaches.
It remains to justify the use of formula (4.9) in the computation of the
index for potentials tending to innity at the boundary. However, we emphasize that, as long as the operators H and H 0 can be shown to satisfy
(4.7), the index Iw is completely well-dened, β -independent, and counts
the number of additional, weighted, zero-energy states in Hw , resp. Hα , and
furthermore that existence vs. non-existence of any weighted zero-energy
states can be determined by whether or not the operator H has a virtual
level.
Let us end by pointing out that there is also a possibility of giving physical relevance to weighted zero-energy states of SQMs, by viewing the supersymmetry requirements QΨ = 0 as constraints. Compare with other
Dirac quantization schemes, e.g. Rened Algebraic Quantization (see e.g.
Chapter 30 in [Thi07]), where one typically forms a physical Hilbert space
of generalized solutions to the constraints.

References
[AF03]

R. A. Adams and J. J. F. Fournier, Sobolev spaces, second
ed., Pure and Applied Mathematics (Amsterdam), vol. 140,
Elsevier/Academic Press, Amsterdam, 2003.

[AKM00]

I. Ya. Aref0 eva, A. S. Koshelev, and P. B. Medvedev, On
stable sector in supermembrane Matrix model, Nuclear Phys.
B 579 (2000), no. 1-2, 411436.

[Aus01]

P. Austing, Yang-mills matrix theory, Ph.D. thesis, University of Oxford, 2001, arXiv:hep-th/0108128.

[AW01a]

P. Austing and J. F. Wheater, The convergence of Yang-Mills
integrals, J. High Energy Phys. (2001), no. 2, Paper 28, 15.

[AW01b]

, Convergent Yang-Mills matrix
ergy Phys. (2001), no. 4, Paper 19, 21.

[Axe10]

A. Axelsson, Geometric multilinear analysis, 2010, course
compendium, Linköping University (and Stockholm University, 2009).

[BFSS97]

T. Banks, W. Fischler, S. H. Shenker, and L. Susskind, M
theory as a matrix model: a conjecture, Phys. Rev. D (3) 55
(1997), no. 8, 51125128.

[BHS99]

M. Bordemann, J. Hoppe, and R. Suter,

J. High En-

Zero energy states

for SU(N): A simple exercise in group theory?,

th/9909191, 1999.
[Bjo79]

theories,

arXiv:hep-

J. D. Bjorken, Elements of quantum chromodynamics, SLACPUB-2372, 1979.
79

80
[Bro54]

[BRR85]

REFERENCES

F. E. Browder, Strongly elliptic systems of dierential equaContributions to the theory of partial dierential equations, Annals of Mathematics Studies, no. 33, Princeton University Press, Princeton, N. J., 1954, pp. 1551.
tions,

M. Baake, P. Reinicke, and V. Rittenberg,

Math. Phys.
[BS87]

[BS92]

[BST88]

26 (1985), no. 5, 10701071.

J.

M. Sh. Birman and M. Z. Solomyak, Spectral theory of selfadjoint operators in Hilbert space, Mathematics and its Applications (Soviet Series), D. Reidel Publishing Co., Dordrecht, 1987, Translated from the 1980 Russian original by
S. Khrushchëv and V. Peller.
, Schrödinger operator. Estimates for number of bound
Spectral theory of operators (Novgorod, 1989), Amer. Math. Soc. Transl. Ser. 2,
vol. 150, Amer. Math. Soc., Providence, RI, 1992, pp. 154.
states as function-theoretical problem,

E. Bergshoe, E. Sezgin, and P. K. Townsend,

the eleven-dimensional supermembrane theory,

185 (1988), no. 2, 330368.

[CFKS87]

Fierz identities

for real Cliord algebras and the number of supercharges,

Properties of

Ann. Physics

H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon,
Schrödinger operators with application to quantum mechanics and global geometry,

study ed., Texts and Monographs in
Physics, Springer-Verlag, Berlin, 1987.
[CGK04]

M. Combescure, F. Gieres, and M. Kibler, Are N = 1 and
N = 2 supersymmetric quantum mechanics equivalent?, J.
Phys. A 37 (2004), no. 43, 1038510396.

[CH85]

M. Claudson and M. B. Halpern, Supersymmetric ground
Nuclear Phys. B 250 (1985), no. 4, 689
715.

[Che73]

P. R. Cherno, Essential self-adjointness of powers of generators of hyperbolic equations, J. Functional Analysis 12 (1973),
401414.

state wave functions,

81

REFERENCES

[CKS01]

[CW02]

F. Cooper, A. Khare, and U. Sukhatme, Supersymmetry in
World Scientic Publishing Co. Inc.,
River Edge, NJ, 2001.
quantum mechanics,

M. Campostrini and J. Wosiek,

B
[CW04]

550 (2002), no. 1-2, 121127.
, High

D=2
Phys. Lett.

Exact Witten index in

supersymmetric Yang-Mills quantum mechanics,

D = 4 superNuclear Phys. B
(2004), no. 3, 454498. MR MR2105280 (2005f:81238)
precision study of the structure of

symmetric Yang-Mills quantum mechanics,

703

[DFS96]

U. H. Danielsson, G. Ferretti, and B. Sundborg, D-particle
dynamics and bound states, Internat. J. Modern Phys. A 11
(1996), no. 31, 54635477.

[DS92]

E. B. Davies and B. Simon, Spectral properties of Neumann
Laplacian of horns, Geom. Funct. Anal. 2 (1992), no. 1, 105
117.

[dW97]

B. de Wit,

Supersymmetric quantum mechanics, supermem-

branes and Dirichlet particles,

Nuclear Phys. B Proc. Suppl.

56B (1997), 7687, Theory of elementary particles (Buckow,
1996).
[dWHN88]

[dWLN89]
[EF06]

[EF08]

B. de Wit, J. Hoppe, and H. Nicolai, On the quantum mechanNuclear Phys. B 305 (1988), no. 4,
FS23, 545581.
ics of supermembranes,

B. de Wit, M. Lüscher, and H. Nicolai, The supermembrane
is unstable, Nuclear Phys. B 320 (1989), no. 1, 135159.
T. Ekholm and R. L. Frank, On Lieb-Thirring inequalities for
Comm. Math. Phys.
264 (2006), no. 3, 725740.
Schrödinger operators with virtual level,

,

Lieb-Thirring inequalities on the half-line with crit-

ical exponent,

739755.

J. Eur. Math. Soc. (JEMS)

10

(2008), no. 3,

82
[EHS05]

[EK96]

[FGH+ 00]

REFERENCES

L. Erdös, D. Hasler, and J. P. Solovej, Existence of the D0-D4
Ann. Henri Poincaré 6 (2005),
no. 2, 247267.
bound state: a detailed proof,

Yu. V. Egorov and V. A. Kondratiev, On spectral theory of
Operator Theory: Advances and Applications, vol. 89, Birkhäuser Verlag, Basel, 1996.
elliptic operators,

J. Fröhlich, G. M. Graf, D. Hasler, J. Hoppe, and S.-T. Yau,
Asymptotic form of zero energy wave functions in supersymmetric matrix models,

231248.
[FH98]

Nuclear Phys. B

J. Fröhlich and J. Hoppe,

On zero-mass ground states in

super-membrane Matrix models,

(1998), no. 3, 613626.

[FLS07]

Comm. Math. Phys.

R. L. Frank, E. H. Lieb, and R. Seiringer,

191

Number of bound

states of Schrödinger operators with matrix-valued potentials,

Lett. Math. Phys.
[Flu85]

567 (2000), no. 1-2,

R. Flume,

82 (2007), no. 2-3, 107116.

On quantum mechanics with extended supersym-

metry and nonabelian gauge constraints,

(1985), no. 1, 189220.

Ann. Physics

164

[GdMMN+ 09] M. P. Garcia del Moral, I. Martin, L. Navarro, A. J. Pérez,
and A. Restuccia, Spectral analysis of polynomial potentials
and its relation with ABJ/M-type theories, arXiv:0912.5529,
2009.
[GdMNPR07] M. P. Garcia del Moral, L. Navarro, A. J. Pérez, and
A. Restuccia, Intrinsic moment of inertia of membranes as
bounds for the mass gap of Yang-Mills theories, Nuclear Phys.
B 765 (2007), no. 3, 287298.
[Geo08]

V. Georgescu, Hamiltonians
arXiv:0810.5563, 2008.

with purely discrete spectrum,

[GG98]

M. B. Green and M. Gutperle, D-particle bound states and
the D-instanton measure, J. High Energy Phys. (1998), no. 1,
Paper 5, 12 pp. (electronic).

83

REFERENCES

[GHH02a]

[GHH02b]

G. M. Graf, D. Hasler, and J. Hoppe, No zero energy states
2 2
for the supersymmetric x y potential, Lett. Math. Phys. 60
(2002), no. 2, 191196.
,

Vanishing index for supersymmetric 2-matrix model

with odd dimensional gauge group,

2002.

arXiv:hep-th/0205285,

[Gol]

J. Goldstone, unpublished.

[Has02]

D. Hasler, Ground state properties of supersymmetric
models, Ph.D. thesis, ETH Zürich, 2002.

[HH02]

D. Hasler and J. Hoppe, Zero energy states of reduced super
yang-mills theories in d + 1 = 4, 6 and 10 dimensions are
necessarily Spin(d) invariant, arXiv:hep-th/0211226, 2002.

[HL07]

J. Hoppe and D. Lundholm,

On

the

matrix

construction

of

zero energy states in supersymmetric matrix models IV,

arXiv:0706.0353, 2007.
[Hop80]

J. Hoppe, Two problems in quantum mechanics, Master's thesis, MIT, 1980.

[Hop82]

, Quantum theory of a massless relativistic surface and
a two dimensional bound state problem, Ph.D. thesis, MIT,
1982, http://dspace.mit.edu/handle/1721.1/15717 ; and in
Proc. Int. Workshop on Constraint's theory and relativistic
dynamics, ed. G. Longhi and L. Lusanna (World Scientic,
1987).

[Hop97a]
[Hop97b]
[Hop97c]
[Hop02]

,

On the construction of zero energy states in super-

,

On the construction of zero energy states in super-

,

On the construction of zero energy states in super-

symmetric matrix models,

arXiv:hep-th/9709132, 1997.

symmetric matrix models II,

arXiv:hep-th/9709217, 1997.

symmetric matrix models III,

, Membranes
th/0206192, 2002.

and

arXiv:hep-th/9711033, 1997.
matrix

models,

arXiv:hep-

84

REFERENCES

[HS98]

M. B. Halpern and C. Schwartz, Asymptotic search for ground
states of SU(2) Matrix theory, Internat. J. Modern Phys. A
13 (1998), no. 25, 43674408.

[HT10]

M. Hynek and M. Trzetrzelewski, Uniqueness of the coorSpin(9) × SU(2) state of matrix theory,
arXiv:1004.3397, 2010.
dinate independent

[Hun02]

D. Hundertmark,

the

number

of

[JMS92]

states

40 (2002), no. 1, 7387.

J. Hoppe and S.-T. Yau,

duced su(n) 3d supersymmetric yang mills theory,

A. Jae, Quantum
(2000), no. 1, 112.

for

Ark.

Absence of zero energy states in re-

th/9711169, 1997.
[Jaf00]

bound

Schrödinger operators with operator-valued potentials,

Mat.
[HY97]

On

invariants,

arXiv:hep-

Comm. Math. Phys.

V. Jak²i¢, S. Mol£anov, and B. Simon,

209

Eigenvalue asymp-

totics of the Neumann Laplacian of regions and manifolds
with cusps,

[Kat73]

T. Kato,

J. Funct. Anal.

106 (1992), no. 1, 5979.

A remark to the preceding paper by Cherno ( Es-

sential self-adjointness of powers of generators of hyperbolic
equations, J. Functional Analysis 12 (1973), 401414),

Functional Analysis

12 (1973), 415417.

J.

[KNS98]

W. Krauth, H. Nicolai, and M. Staudacher, Monte Carlo approach to M-theory, Phys. Lett. B 431 (1998), no. 1-2, 3141.

[Kon98]

A. Konechny, On asymptotic Hamiltonian for SU (N ) Matrix
theory, J. High Energy Phys. (1998), no. 10, Paper 18, 12 pp.
(electronic).

[Kor06]

P. Korcyl, Classical trajectories and quantum supersymmetry,
Phys. Rev. D74 (2006), 115012.

[Kou90]

A. Koubek,

x2 y 2 und seine supersymmetrische
erweiterung, Master's thesis, Graz, Univ., 1990.
Das potential

85

REFERENCES

[KS98]

W. Krauth and M. Staudacher, Finite Yang-Mills
Phys. Lett. B 435 (1998), no. 3-4, 350355.

[KS00a]

V. G. Kac and A. V. Smilga, Normalized vacuum states in
N = 4 supersymmetric Yang-Mills quantum mechanics with
any gauge group, Nuclear Phys. B 571 (2000), no. 3, 515554.

[KS00b]

,

integrals,

Vacuum structure in supersymmetric Yang-Mills

theories with any gauge group, The many faces of the superworld, World Sci. Publ., River Edge, NJ, 2000, pp. 185234.

[LP]

A. Laptev and F. Portmann, personal communication.

[LS09]

D. Lundholm and L. Svensson, Cliord algebra,
algebra, and applications, 2009, arXiv:0907.5356.

[Lüs83]

M. Lüscher,

[Maz07]

[MP81]

Some analytic results concerning the mass spec-

trum of Yang-Mills gauge theories on a torus,

B

geometric

219 (1983), no. 1, 233261.

V. G. Maz0 ya,

Nuclear Phys.

Analytic criteria in the qualitative spectral

analysis of the Schrödinger operator,

Spectral theory and
mathematical physics: a Festschrift in honor of Barry Simon's 60th birthday, Proc. Sympos. Pure Math., vol. 76,
Amer. Math. Soc., Providence, RI, 2007, pp. 257288.
W. G. McKay and J. Patera,

Tables of dimensions, indices,

and branching rules for representations of simple Lie algebras,

Lecture Notes in Pure and Applied Mathematics, vol. 69,
Marcel Dekker Inc., New York, 1981.
[Mül54]

C. Müller,

On the behavior of the solutions of the dieren-

∆U = F (x, U ) in the neighborhood
Comm. Pure Appl. Math. 7 (1954), 505515.
tial equation

[Nic76]

H. Nicolai, Supersymmetry
(1976), no. 9, 14971506.

and spin systems,

[PR98]

M. Porrati and A. Rozenberg,

J. Phys. A

9

Bound states at threshold in

supersymmetric quantum mechanics,

(1998), no. 1-2, 184202.

of a point,

Nuclear Phys. B

515

86

REFERENCES

[Rel48]

F. Rellich, Das Eigenwertproblem von ∆u + λu = 0 in Halbröhren, Studies and Essays Presented to R. Courant on his
60th Birthday, January 8, 1948, Interscience Publishers, Inc.,
New York, 1948, pp. 329344.

[RS72]

M. Reed and B. Simon,

Methods of modern mathematical

physics. I. Functional analysis,

1972.

[RS75]

[RS78]

Academic Press, New York,

, Methods of modern mathematical physics. II. Fourier
analysis, self-adjointness, Academic Press [Harcourt Brace
Jovanovich Publishers], New York, 1975.
,

Methods of modern mathematical physics. IV. Anal-

ysis of operators,

Academic Press [Harcourt Brace Jovanovich
Publishers], New York, 1978.

[RS79]

, Methods of modern mathematical physics. III, Academic Press [Harcourt Brace Jovanovich Publishers], New
York, 1979, Scattering theory.

[Sam97]

S. Samuel, Solutions of extended supersymmetric matrix models for arbitrary gauge groups, Phys. Lett. B 411 (1997),
no. 3-4, 268273.

[San07]

M. Sanada, Strong unique continuation property for some second order elliptic systems, Proc. Japan Acad. Ser. A Math.
Sci. 83 (2007), no. 7, 119122.

[Sav83]

G. K. Savvidy, The Yang-Mills classical mechanics as a Kolmogorov K -system, Phys. Lett. B 130 (1983), no. 5, 303307.

[Sim76]

B. Simon,

The bound state of weakly coupled Schrödinger op-

erators in one and two dimensions,

no. 2, 279288.
[Sim83a]
[Sim83b]

53

, Nonclassical eigenvalue
(1983), no. 1, 8498.
,

Ann. Physics

asymptotics,

97 (1976),

J. Funct. Anal.

Some quantum operators with discrete spectrum but

classically continuous spectrum,

no. 1, 209220.

Ann. Physics

146

(1983),

87

REFERENCES

[Sim09]

, Schrödinger operators with purely discrete spectrum,
Methods Funct. Anal. Topology 15 (2009), no. 1, 6166.

[Sla81]

R. Slansky, Group theory for
Rep. 79 (1981), no. 1, 1128.

[SS97]

S. Sethi and M. Stern, A comment on the spectrum
monopoles, Phys. Lett. B 398 (1997), no. 1-2, 4751.

[SS98]

, D-brane bound states redux, Comm. Math. Phys. 194
(1998), no. 3, 675705.

[SS00]
[Sta00]

,

unied model building,

Phys.
of

H-

Invariance theorems for supersymmetric Yang-Mills

theories,

Adv. Theor. Math. Phys.

M. Staudacher,

4 (2000), no. 2, 487501.

Bulk Witten indices and the number of nor-

malizable ground states in supersymmetric quantum mechanics of orthogonal, symplectic and exceptional groups,

Lett. B

488 (2000), no. 2, 194198.

[Sus97]

L. Susskind, Another conjecture
arXiv:hep-th/9704080, 1997.

[Tay01]

W. Taylor,

about

M(atrix)

Phys.

theory,

M(atrix) theory: matrix quantum mechanics as

a fundamental theory,

419461.

Rev. Modern Phys.

73

(2001), no. 2,

[Thi07]

T. Thiemann, Modern canonical quantum general relativity, Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, 2007.

[Trz07a]

M. Trzetrzelewski,

Large

N

behavior of two dimensional su-

persymmetric Yang-Mills quantum mechanics,

48 (2007), no. 1, 012302, 16.
[Trz07b]
[TW04]

, Supersymmetry
(2007), no. 8, 083508, 6.

and Lie groups,

J. Math. Phys.

J. Math. Phys.

48

M. Trzetrzelewski and J. Wosiek, Quantum systems in a cut
Acta Phys. Polon. B 35 (2004), no. 5, 16151623.

Fock space,

88

REFERENCES

[Vas03]

D. V. Vassilevich, Heat kernel expansion:
Phys. Rep. 388 (2003), no. 5-6, 279360.

[Wei99]

T. Weidl, Remarks on virtual bound states for semi-bounded
operators, Comm. Partial Dierential Equations 24 (1999),
no. 1-2, 2560.

[Wit81]

E. Witten, Dynamical Breaking
Phys. B188 (1981), 513.

[Wit82]

,
Phys. B

[Wit96]
[Wos02]
[Wos05a]

B

460

202 (1982), no. 2, 253316.

, Bound states of strings
(1996), no. 2, 335350.

and

Nucl.

Nuclear

p-branes, Nuclear Phys.

J. Wosiek, Spectra of supersymmetric Yang-Mills quantum
mechanics, Nuclear Phys. B 644 (2002), no. 1-2, 85112.
,

On the

SO(9)

structure of supersymmetric Yang-

Mills quantum mechanics,

,

Phys. Lett. B

619 (2005), no. 1-2,

Supersymmetry Yang-Mills quantum mechanics in

various dimensions,

no. 19, 44844491.
[Yi97]

of Supersymmetry,

Constraints on supersymmetry breaking,

171176.

[Wos05b]

user's manual,

Internat. J. Modern Phys. A

P. Yi, Witten index and threshold bound states
Nuclear Phys. B 505 (1997), no. 1-2, 307318.

20 (2005),

of D-branes,

