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Abstract
This thesis presents results from numerical simulations of the Nernst eﬀect due
to phase ﬂuctuations in models of two-dimensional granular superconductors. In
addition other transport properties, such as thermal conductivity and electrical resistivity are calculated. The models are based on a phase only description with
Langevin or resistively and capacitively shunted Josephson junction (RCSJ) dynamics, generalized to be valid for any type of two-dimensional lattice structure.
All transport coeﬃcients are evaluated from equilibrium correlation functions using
Kubo formulas.
In Paper I, anomalous sign reversals of the Nernst signal eN , corresponding to
vortex motion from colder to hotter regions, are observed. These are attributed
to geometric frustration eﬀects close to magnetic ﬁelds commensurate with the
underlying lattice structure. The eﬀect is seen also in systems with moderate
geometric disorder, and should thus be possible to observe in real two-dimensional
granular superconductors or Josephson junction arrays.
Paper II presents two diﬀerent derivations of an expression for the heat current in
Langevin and RCSJ dynamics. The resulting expression is through our simulations
seen to obey the required Onsager relation, as well as giving consistent results
when calculating κ and eN via Kubo formulas and through the responses to an
applied temperature gradient. In zero magnetic ﬁeld and at low-temperatures, the
contribution to the thermal conductivity κ in RCSJ dynamics is calculated using
a spin-wave approximation, and is shown to be independent of temperature and
diverge logarithmically with system size. At higher temperatures, κ shows a nonmonotonic temperature dependence. In zero magnetic ﬁeld κ has a anomalous
logarithmic size dependence also in this regime. The oﬀ-diagonal component of
the thermoelectric tensor αxy is calculated and displays the very same ∼ 1/T
dependence at low temperatures predicted from calculations based on Gaussian
superconducting ﬂuctuations.

iii

Preface
The thesis you now hold in your hands represents my academic deed so far. It
summarizes the work I have done as a PhD student at the KTH Department of
Theoretical Physics from spring 2007 to spring 2010. The thesis is divided into two
parts. The ﬁrst part gives some background to the topics covered in the papers, as
well as details regarding the models and simulation methods used and a summary
of the important results. The second part consists of the papers listed below.

List of papers
Paper I. Anomalous Nernst eﬀect and heat transport by vortex vacancies in granular superconductors, Andreas Andersson and Jack Lidmar,
Physical Review B 81, 060508(R) (2010) [1].
Paper II. Heat transport and thermoelectric eﬀects in granular superconductors,
Andreas Andersson and Jack Lidmar, Preprint [2].

Comments on my contributions to the papers
Paper I.
The topic was suggested to me by Dr. Lidmar. I wrote all the simulation code,
produced the ﬁgures and co-wrote the paper.
Paper II.
A large part of the analytical calculations in this paper was done by Dr. Lidmar.
I did parts of the calculations, wrote all the simulation code, produced the ﬁgures
and co-wrote the paper.

v

Acknowledgments
I would ﬁrst of all like to deeply thank my main supervisor Associate Professor
Jack Lidmar for his most invaluable guidance, encouragement and kind ways in the
venture leading to this thesis. I also send my warmest gratitudes towards Professor
Mats Wallin, for letting me join the Statistical Physics group as a PhD student.
During the my years at this department I have stayed in the same great room,
with an ever-changing crowd of Master thesis and PhD students. You are all remembered, especially my long-term room mates, in order of disappearance, Marios
Nikolaou, Martin Lindén and Anders Biltmo. A big thanks also to my present
roomie Hannes Meier, my source to classical music I didn’t know I liked and South
Park epsiodes I didn’t know existed. It’s a pleasure sharing oﬃce space with you!
At coﬀee and lunch breaks I have very much enjoyed the conversations with my
other fellow PhD students Erik Brandt, Richard Tjörnhammar and Johan Carlström. Erik, my good old friend during our long common path at KTH, I wish you
the best of luck and hope you’ll continue your Kramer-esque appearances in our
room!
Lastly, I’m indebted to all parts of my big family, the Anderssons, the Archentis,
the Ernevings and the Bratels for their care and support, even though I’ve often
struggled to explain what exactly I’ve been up to these past couple of years.
Above all I thank Yaël, my true love, for believing in me at times when I don’t,
and for making my life so much brighter.

Andreas Andersson,
Stockholm, May 12, 2010.

vii

Contents

Abstract

iii

Preface
List of papers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Comments on my contributions to the papers . . . . . . . . . . . . . . . .
Acknowledgments

v
v
v
vii

Contents

viii

I Background

1

1 Introduction and thesis outline

3

2 Theory background
2.1 Ginzburg-Landau theory of superconductivity
2.2 Vortices . . . . . . . . . . . . . . . . . . . . .
2.3 Tunnel junctions and Josephson eﬀects . . . .
2.4 XY model . . . . . . . . . . . . . . . . . . . .
2.5 Non-equilibrium phenomena . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

5
5
7
10
12
14

3 Models and methods
3.1 Magnetic vector potential and electric ﬁeld
3.2 Periodic boundary conditions in our gauge .
3.3 Langevin dynamics . . . . . . . . . . . . . .
3.4 RSJ dynamics . . . . . . . . . . . . . . . . .
3.5 Circuit model of Langevin dynamics . . . .
3.6 Simulations . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

21
21
22
23
24
26
27

.
.
.
.
.
.

4 Results: Transport in granular superconductors
33
4.1 Nernst and Ettingshausen eﬀect . . . . . . . . . . . . . . . . . . . . . 33
4.2 Anomalous vortex Nernst eﬀect in granular superconductors . . . . . 36
viii

CONTENTS

ix

4.3
4.4

38
41

Heat current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Transport coeﬃcients in weak and zero magnetic ﬁelds . . . . . . . .

5 Summary and conclusions

45

Bibliography

47

II Scientific papers

53

Part I

Background

1

Chapter 1

Introduction and thesis outline
The Nernst eﬀect can in a sense be viewed as the thermal equivalent to the well
known classical Hall eﬀect. In both eﬀects an electric ﬁeld is induced in presence of
a perpendicular magnetic ﬁeld, but while for the Hall eﬀect the driving force is an
electric current, the Nernst eﬀect arises due to an applied temperature gradient.
The eﬀect in normal metals is a quite a dated discovery, made in the late nineteenth century by the German scientist Walther Hermann Nernst, who later became
the 1920 Nobel laureate in chemistry. In superconductors, the ﬁrst experimental
measurements of the Nernst eﬀect where performed in the late 1960s. The eﬀect
was then measured in the mixed state of type-II superconductors [3, 4] as well as in
the intermediate state of type-I superconductors [5], and was attributed to the ﬂow
of thermally driven vortices. Also numerous later experiments on high-Tc cuprate
superconductors done in the 90s [6, 7, 8] used the vortex explanation, adopting
a phenomenological theory (introduced in the 1960s experimental papers) in their
analysis, where vortices are subject to a thermal force in presence of a temperature
gradient, due to their ﬁnite entropy.
At the turn of the century the ﬁeld gained new momentum when Ong’s group
made complementary measurements on cuprates at higher magnetic ﬁeld strengths,
ﬁnding a sizable Nernst signal well above Tc in the disputed pseudogap phase [9,
10, 11, 12]. They concluded that the signal was of vortex origin and interpreted
this as evidence for vortex excitations in the pseudogap. These ﬁndings sparked a
number of theoretical investigations regarding the origin of the large Nernst eﬀect
in cuprates. In the ﬁrst of these papers, Ussishkin et al. [13] calculated the contribution to the Nernst eﬀect from ﬂuctuations of the amplitude of the superconducting
order parameter using time-dependent Ginzburg-Landau theory within a Gaussian
approximation. They found quantitative agreement with the Nernst eﬀect in the
hole doped cuprate La2−x Srx CuO4 at low magnetic ﬁelds close to Tc . A simulation
paper by Mukerjee and Huse [14] using the same time-dependent Ginzburg-Landau
dynamics found reasonable agreement with data from La2−x Srx CuO4 as well as another hole doped cuprate Bi2 Sr2 CaCu2 O8+x , also in the high magnetic ﬁeld limit.
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The scenario of amplitude ﬂuctuations of the superconducting order parameter
(also called Cooper pair ﬂuctuations in the literature) as a source of the Nernst
eﬀect in superconductors, where later supported also by experiments on conventional thin ﬁlm superconductors [15, 16] and by more recent theory papers [17, 18]
examining the problem using a microscopic approach. The eﬀect of phase ﬂuctuations of the superconducting order parameter (i.e. vortices) on the Nernst eﬀect
was studied in a paper by Podolsky et al. [19] a few years ago. They simulated a
two-dimensional phase only model with model-A dynamics, essentially equivalent
to the Langevin model we use in Paper I (apart from boundary conditions and a
few other simulation-technical details) and ﬁnd some agreement with experimental
ﬁndings in La2−x Srx CuO4 . Other proposed explanations to the large Nernst eﬀect
above the transition temperature in high-Tc superconductors include proximity to
a quantum critical point [20] and enhancement of the Nernst signal from stripe
order in an experimental paper published in Nature last year by Cyr-Choiniere et
al. (followed by a theoretical investigation backing up this scenario [21]). The
latter view was however challenged very recently in a publication presenting new
measurements on cuprates made by Ong’s group [22].
This thesis focuses its attention to the Nernst eﬀect due to phase ﬂuctuations
in two-dimensional superconducting systems. The models we construct are primarily applicable to granular systems, not necessarily of high-Tc type, but can under
certain conditions also be valid for continuous thin-ﬁlm superconductors or even
highly anisotropic quasi-two-dimensional bulk superconductors, such as some of
the cuprates mentioned above. In addition to the Nernst eﬀect, some interesting
aspects of the closely related thermal conductivity will also be investigated within
the framework of our models.
The outline of the thesis is as follows. In Chapter 2 an introduction to some
important models and concepts in superconductivity and non-equilibrium thermodynamics related to our work will be given. Chapter 3 discusses mainly Langevin,
RSJ and RCSJ dynamics and how these are implemented in our simulations. Chapter 4 presents a summary of the results of our numerical and analytical calculations,
and is intended as an introduction to Paper I and II. Finally, the concluding Chapter
5 is a brief summary of the thesis.

Chapter 2

Theory background
This chapter is an introduction to theoretical concepts and models, needed to fully
appreciate the rest of this thesis.

2.1

Ginzburg-Landau theory of superconductivity

Even before a solid understanding of the microscopic mechanisms behind superconductivity was reached with the theory of Bardeen, Cooper and Schrieﬀer (BCS) in
their 1957 paper [23], a theory existed that could describe the nature of the superconducting state on phenomenological level. This was the theory of Ginzburg and
Landau (GL) [24]. It has been used ever since, with great success due to its powerful
simplicity, to explain superconducting phenomena. The theory is based on Landau’s general theory of second-order phase transitions that introduces the concept
of an order parameter, which is non-zero below the transition point and vanishes
above it. In the GL theory, the order parameter is the complex superconducting
wave function Ψ, which can be written as
p
Ψ(r) = |Ψ(r)|eiθ(r) = n(r)eiθ(r) ,
(2.1)
where n(r) is the density of Cooper pairs. If we assume that Ψ is small close to
the transition temperature and changes slowly in space the total free energy of
the superconductor can be expressed as an expansion in the order parameter and
its gradients. From general symmetry considerations [25] one can show that the
expansion only can include terms of even powers. The result is the GL free energy
functional


Z
β
1 h̄
B2
FGL [Ψ(r)] = FN + dd r α|Ψ(r)|2 + |Ψ(r)|4 +
|( ∇−qA)Ψ(r)|2 +
, (2.2)
2
2m i
2µ0
where B = ∇ × A is the applied magnetic ﬁeld and FN the free energy of the
normal state.
5
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Landau’s theory of phase transitions tells us that the coeﬃcient α(T ) to lowest
order around Tc has the form α(T ) = α0 (T − Tc ) (where α0 > 0), so that it is
positive above Tc and changes sign at the phase transition. Further β > 0, since
would it be negative, the free energy could be made arbitrarily small (negative and
large) by making Ψ large, a situation for which the free energy expansion above
is obviously not applicable. Note also that the coeﬃcient in front of the gradient
term is generally positive in Landau theory. Here it can be ﬁxed by remembering
that in quantum mechanics the gauge invariant form of mass times velocity for a
particle of charge q and mass m is
mv =

h̄
∇ − qA.
i

(2.3)

From this we see that the gradient term in (2.2) is nothing but the kinetic energy
mv2 /2 of a particle with mass m, if the coeﬃcient is set to 1/2m.
By minimizing the GL free energy (2.2), with respect to variations in Ψ we get
the ﬁrst GL equation
αΨ + β|Ψ|2 Ψ +

1 h̄
( ∇ − qA)2 Ψ = 0
2m i

(2.4)

Doing the same with respect to variations in the vector potential A together with
Ampére’s law, relating the current density J to the curl of the magnetic ﬁeld B,
µ0 J = ∇ × B, yields the second GL equation
J=

h̄
h̄
q
(Ψ∗ ( ∇ − qA)Ψ + Ψ(− ∇ − qA)Ψ∗ ),
2m
i
i

(2.5)

or equivalently by rewriting Ψ in a polar form given by (2.1)
J=

q
|Ψ(r)|2 (h̄∇θ(r) − qA).
m

(2.6)

The expression for the supercurrent above is exactly that found from quantum
mechanics for particles with eﬀective charge and mass q and m respectively, in
presence of a magnetic ﬁeld B = ∇×A (not surprising since we ﬁxed the coeﬃcient
above to do precisely this). At the time of birth of the GL theory (1950), the
phenomenon of Cooper pairing was not known, and therefore Landau and Ginzburg
identiﬁed q with the charge of an electron −e. The correct form of the GL free
energy with q = −2e was established by Gor’kov in 1959 [26] as he showed that the
GL theory can be derived from the microscopic BCS theory.
Now look at the ﬁrst GL equation (2.4) above. Since each term in that expression
h̄2
must be of the same dimensionality, we know for example that αΨ and 2m
∇Ψ (the
gradient part of the kinetic term) have the same dimension. This implies the
existence of a characteristic length ξ, relating the coeﬃcients of the two terms so
h̄2
that 2m
= |α|ξ 2 (where α = −|α| below Tc ). This quantity is the correlation length
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or coherence length, and can be written as
s
ξ=

h̄2
.
2m|α|

(2.7)

The coherence length sets the length scale of the ﬂuctuations of the order parameter
ﬁeld Ψ in the model. Note that at T = Tc the coeﬃcient α goes to zero and ξ
diverges, a general property of second order phase transitions.
The length scale on which ﬂuctuations of the magnetic vector potential A occur
in the GL theory is set by the so called penetration length (or penetration depth) λ.
This length can be derived by a similar dimensionality analysis as above. Combining
the second GL equation (2.6) with Ampére’s law yields
∇ × B = ∇ × (∇ × A) = µ0 J = µ0

q
|Ψ(r)|2 (h̄∇θ(r) − qA).
m

(2.8)

This equation tells us that ∇ × ∇ × A has the same dimension as (µ0 q 2 |Ψ|2 /m)A,
i.e., there is a length λ such that µ0 q 2 |Ψ|2 /m = 1/λ2 , giving us the ﬁnal expression
for the penetration length
r
m
λ=
.
(2.9)
µ0 q 2 |Ψ|2
Taking the ratio of these two lengths ξ and λ gives the Ginzburg-Landau parameter
κ = λ/ξ,

(2.10)

which is the only free parameter needed to describe a superconductor within the
GL theory [27].

2.2

Vortices

As a superconducting material is placed in a weak magnetic ﬁeld H, the superconductor will expel the ﬁeld, or more precisely, B = 0 inside the material except from
a thin boundary layer of typical depth λ, where the ﬁeld is exponentially decaying
and screening supercurrents ﬂow to set up a ﬁeld that exactly cancels the ﬁeld
inside the sample. This is the well known Meissner eﬀect.
When increasing the magnetic ﬁeld, there are two very diﬀerent scenarios depending on the size of the GL parameter κ, deﬁned above. For materials with
small values of κ, a category in which most ordinary pure metals fall, the magnetic
ﬁeld will penetrate the entire sample and destroy superconductivity at and above
H = Hc , the upper critical ﬁeld. These materials are termed type-I superconductors. Materials with large κ, such as certain metals, metal alloys and ceramic high
temperature (high-Tc ) superconductors, are called type-II. The diﬀerence between
them lies in the nature of the phase transition in a magnetic ﬁeld due to the fact
that the surface energy of the interface between the superconducting and normal

8
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phase have
√ diﬀerent signs for the two types (the sign change happens at precisely
κ = 1/ 2, shown numerically by Ginzburg and Landau in their original 1950 paper [24]). In type-II superconductors the surface energy is negative and it can
thus be energetically favorable to have mix of the two phases, since an increase of
the free energy due to the introduction of a normal region in the superconducting
phase could be compensated by the negative free energy contribution of the interface. This mixed phase is present at ﬁelds Hc1 < H < Hc2 . The normal regions
where the magnetic ﬂux passes through the sample are called vortex lines or just
vortices. The ﬂux carried by a vortex is quantized, which can be seen by studying
the second GL equation (2.6). If we think of an integration path going around far
away from the vortex inside the superconductor, where there is no magnetic ﬁeld
B and thus no supercurrent, J = 0, we have from (2.6)
I
I
h̄
∇θ(r) · dr = A · dr.
(2.11)
2e
The right hand side can be transformed to a surface integral using Stokes’ theorem
I
Z
Z
A · dr = (∇ × A) · dS = B · dS = Φ,
(2.12)
and we see that this integral represents simply the ﬂux Φ through the integrated
surface, which is the same as the ﬂux carried by the vortex. The left hand side
amounts to just the diﬀerence in the phase θ making the closed loop integration.
Since the order parameter Ψ must be single valued, this diﬀerence should be a
multiple of 2π
I
∇θ(r) · dr = 2πn,
(2.13)

with n an integer. This leads to the following quantization condition for the ﬂux Φ
carried by a vortex
h
(2.14)
Φ = n ≡ nΦ0 ,
2e
where Φ0 = h/2e is the ﬂux quantum.

Vortex lattice
In a defect free type-II superconductor Abrikosov [28] showed that vortices in the
mixed state will form a regular triangular lattice (actually he made a numerical
error in his original paper which led him to conclude that a square array had the
lowest energy, but this was later corrected by Kleiner, Roth and Autler [29]).
This description is true for conventional superconducting materials, but in the case
of high-temperature superconductors the enhanced eﬀects of thermal ﬂuctuations
might melt the lattice into a vortex liquid. By the introduction of random defects
in the material there is also the possibility of diﬀerent types vortex-glass phases [30,
31].
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Vortex motion
So what happens when vortices move, for example in the vortex liquid phase? On
a phenomenological level one can make the following analysis. Running an external
current density J through a superconductor, will make a perpendicular Lorentz
force FL = J × b̂Φ0 act on a unit length of every vortex line in the sample (b̂
is a unit vector in the direction of the magnetic ﬁeld). In a homogeneous defect
free superconductor the vortices will start to move in response to this force (in the
Abrikosov vortex lattice phase the entire vortex lattice can start to move rigidly)
and feel a friction force Ff = −ηv per unit length of the vortex line, where η is
the damping viscosity of the vortex ﬂuid (measured in N·s/m2 ). In steady state
these two forces balance each other so that FL + Ff = 0, which then gives a vortex
velocity vv = J × b̂Φ0 /η perpendicular to the applied current and magnetic ﬁeld.
According to Faraday’s law, the ﬂow of the magnetic ﬂux penetrating the vortices
causes the generation of an electric ﬁeld transverse to their motion [32]
E = −vv × B.

(2.15)

Notice that E has a component parallel to the applied current density J leading
to a power dissipation per unit volume of E · J, which can be detected as a ﬁnite
linear resistivity (a so called ﬂux ﬂow resistivity) in the direction of J given by
ρf = E · J/J 2 = BΦ0 /η,

(2.16)

assuming E k J. This leads us to the conclusion that moving vortices cause dissipation and therefore true superconductivity is not possible in perfectly homogeneous
type-II superconductors. In real superconductors, however, the ever present defects
will (at least at low temperatures) pin the vortices, making them immobile in the
case of a weak applied current (weak enough so that the pinning force can match
the Lorentz force), restoring the superconductivity hallmark of zero resistance.

Vortices in 2D - the Berezinskii-Kosterlitz-Thouless transition
There is an essential diﬀerence between vortices in two and three dimensions. As
we have seen previously, vortices in 3D superconductors appear when a high enough
magnetic ﬁeld is applied. However, in 2D vortices can also be induced by thermal
ﬂuctuations. As shown in the works by Berezinskii [33] and Kosterlitz and Thouless [34], in two dimensions thermally induced vortices and antivortices exist in
bound pairs in the low temperature phase, but as the temperature is raised above
a certain temperature TBKT the pairs unbind (in zero magnetic ﬁeld the densities
of vortices and antivortices are equal). The motion of these free vortices will as
consequence induce an electric ﬁeld, which leads to dissipation and the loss of true
superconductivity as explained in the previous section. The Berezinskii-KosterlitzThouless transition can take place both 2D systems such as superconducting thinﬁlms and 2D Josephson junction arrays, as well as in highly anisotropic bulk superconductors with quasi-two-dimensional structure, e.g., the cuprate BiSrCaCuO.
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Tunnel junctions and Josephson effects

A tunnel junction is a system where two superconductors are joined together by
some kind weak link, i.e., a region where superconductivity is somehow suppressed.
A weak link can be realized in several ways. The most common cases are those where
two superconductors are separated by a thin insulating or a normal metal layer.
These junctions are referred to as SIS and SNS junctions respectively. Another
type is the ScS junction, where c stands for some type of constriction, for example a
region with signiﬁcantly reduced cross-sectional area. The interest in these systems
began in 1962 with the work of Josephson [35], who predicted that two weakly
coupled superconductors would have new and unexpected properties. What follows
is a derivation due to Feynman [36] of the two governing equations Josephson found
and which bare his name.
We consider a model of a one-dimensional Josephson junction, as a system of
two superconductors separated by an insulating layer, acting as a potential barrier
for the Cooper pairs. If the layer is thin enough the tunneling amplitude of the
electron pairs is ﬁnite and the two superconductors are weakly coupled. Let the
wave function of the Cooper pairs on one side be denoted by Ψ1 and on the other
side by Ψ2 . Assume also for simplicity that there is no magnetic ﬁeld present. The
equations of motion for the probability amplitudes are then simply
ih̄

∂Ψ1
= E1 Ψ1 + KΨ2 ,
∂t

ih̄

∂Ψ2
= E2 Ψ2 + KΨ1 ,
∂t

(2.17)

i.e., two coupled Schrödinger equations, where K is a coupling parameter, which
depends on the nature of the insulating barrier. Suppose that we connect the
system to a battery, so that a constant potential diﬀerence E1 − E2 = 2eV is kept
across the junction. By further deﬁning the zero of energy at (E1 + E2 )/2, we get
ih̄

eV
∂Ψ1
=
Ψ1 + KΨ2 ,
∂t
2

ih̄

∂Ψ2
eV
=−
Ψ2 + KΨ1 .
∂t
2

(2.18)

Now rewrite these equations using a polar representation of the generally complex
probability amplitudes Ψ1 and Ψ2
√
√
Ψ1 = n1 eiθ1 , Ψ2 = n2 eiθ2 ,
(2.19)
and equate real and imaginary parts separately to obtain
2K √
ṅ1 =
n1 n2 sin(θ2 − θ1 ),
r h̄
eV
K n2
cos(θ2 − θ1 ) −
,
θ̇1 =
h̄ n1
h̄

2K √
ṅ2 = −
n1 n2 sin(θ2 − θ1 )
r h̄
K n1
eV
θ̇2 =
cos(θ2 − θ1 ) +
.
h̄ n2
h̄

The current I from side 1 to 2 is just given by 2eṅ1 (or −2eṅ2 ), so the ﬁrst pair of
equations tells us that
I = Ic sin(θ2 − θ1 ),
(2.20)
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√
where Ic = 4eK
n1 n2 is the critical current of the junction, which is the maximum
h̄
current the junction can carry. We call the equation above the ﬁrst or DC Josephson
equation. It states that the tunneling supercurrent through the junction depends
only on the phase diﬀerence between the two sides. Taking the diﬀerence of the
two remaining equations assuming the superconducting material on both sides of
the junction is the same, n1 = n2 , gives the second Josephson equation
θ̇2 − θ̇1 =

2e
V.
h̄

(2.21)

Combining the ﬁrst and the second Josephson equation, it is easy to see that the
presence of a voltage V across the junction, will generate an oscillating supercurrent with frequency ω = 2eV /h̄. This is the AC Josephson eﬀect. The previous
relation provides a link between frequency and voltage and has actually been used
to deﬁne the standard volt. Josephson junctions are today used in many types
of sophisticated electronic equipment, mainly as very sensitive magnetometers, so
called SQUID:s.
Remember, however, that the above derivation is true only for the case of no
magnetic ﬁeld. In a magnetic ﬁeld the phase diﬀerence θ2 − θ1 causes a problem
since it is not a gauge invariant quantity. To ﬁx this we note the structure of the
second GL equation (2.6), where the supercurrent is proportional to the dimensionless quantity ∇θ(r) − h̄q A. This quantity is invariant under the general gauge
transformation
q
(2.22)
A → A + ∇χ and ∇θ → ∇θ + ∇χ.
h̄
To get the equivalent gauge transformation in the case of a phase diﬀerence instead
of a phase gradient, just integrate the above expression from side 1 to side 2
Z r2
Z r2
Z r2
′
′
A · dr′ + χ2 − χ1 ,
(A + ∇χ) · dr =
A · dr →
r1
r1
r1
Z r2
Z r2
q
q
(∇θ − χ) · dr′ = θ2 − θ1 − (χ2 − χ1 ),
∇θ →
h̄
h̄
r1
r1
which tells us that the phase diﬀerence of the Josephson equations (2.20) and (2.21)
in the presence of a magnetic ﬁeld ∇ × A = B must be changed in the following
manner (setting q = 2e)
Z
2e r1
A · dr′ ,
(2.23)
θ2 − θ1 → γ21 = θ2 − θ1 +
h̄ r2
where we dub the quantity γ gauge invariant phase diﬀerence.

Josephson junction arrays
Connecting a large number of Josephson junctions together into a network, one gets
what is called a Josephson junction array (JJA). The easiest way of picturing a JJA
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is to imagine a lattice of superconducting islands connected by Josephson junctions.
Such arrays show a plethora of interesting static and dynamic phenomena (see e.g.
[37]), especially in a transverse magnetic ﬁeld. These circumstances will, just as in
type-II superconductor, cause vortices to form. But since it is energetically more
favorable, the vortices will not form in the superconducting material itself, but will
sit on a lattice dual to the one making up the array, that is, in the spaces between
the superconducting islands. Note also that even if the superconducting grains are
of type-I, vortices will still be present in such a system, since the ﬂux penetration
is happening in the material between the grains.
Now, if we think of granular superconductors, i.e., systems where grains of superconducting material are embedded in an insulating or normal metal background,
it is not hard to see the resemblance with JJA:s. Also assuming that the superconducting grains are connected through Josephson junctions makes the analogy
complete. JJA:s can thus serve as model systems for granular superconducting
materials.

2.4

XY model

Ignoring charging eﬀects, the energy of a two-dimensional Josephson junction array
is in fact equivalent to that of a classical XY model, as will be shown later in this
section. The XY model on the other hand, can be viewed as discrete version of
the GL free energy functional (with certain approximations), where the coherence
length ξ serves as a short-distance cutoﬀ, since it is the shortest length possible
between the grains, if one is to consider the superconducting phase at each grain
as independent. This means, at least in the case of small magnetic ﬁelds where the
typical vortex-vortex separation length is much larger than the coherence length
ξ, that a model of a Josephson junction array will also model the properties of
isotropic continuous type-II superconductors.
What now follows will be the two diﬀerent ways of deriving the form of the
XY model Hamiltonian discussed above. The ﬁrst approach is to start from the
Ginzburg-Landau free energy functional given by (2.2). Using the polar form (2.1)
of the complex order parameter in that equation gives (ignoring the normal state
contribution)
FGL [Ψ(r)] =

Z


β
|Ψ(r)|2
dd r α|Ψ(r)|2 + |Ψ(r)|4 +
(∇|Ψ(r)|)2
2
2m

B2
|Ψ(r)|2 h̄
( ∇θ(r) − qA)2 +
.
+
2m
i
2µ0

To simplify this expression we assume that the amplitude of the complex order
parameter is constant in space (the London approximation)
Ψ(r) = Ψ0 eiθ(r) ,

(2.24)
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so that the space dependence is only in the phase angle θ(r) (except in the vortex
cores). In that approximation the third term is zero and the ﬁrst two terms are just
constants, so they can be ignored. Further assuming a space independent B-ﬁeld
we can also throw away the last term. Now all that is left is the gradient term
Z
h̄2 Ψ20
2e
FGL ∼ dd r
(∇θ(r) − A(r))2 .
(2.25)
2m
h̄
Now discretize space (setting the lattice parameter to at least the coherence length
ξ) and make the substitutions
Z
X
∇θ(r) → θi − θj and
dd r →
,
(2.26)
hiji

which are correct up to some dimensionally dependent constants (h...i denotes a sum
over all links between lattice points in the system). This gives us the Hamiltonian
X
2
H=
Jij γij
,
(2.27)
hiji

where the coupling Jij = h̄2 Ψ20 /m is just a constant in this derivation, but can
in general be diﬀerent from link to link. We have also made the substitution to
the gauge invariant phase diﬀerence γij given by (2.23). The problem with this
expression is that it does not reﬂect the original periodicity of the phase angles, i.e.
it is not invariant under a local 2π rotation of a phase angle. To ﬁx this one can
instead choose the ﬁnal form of the XY model Hamiltonian to be
X
H=−
Jij cos γij ,
(2.28)
hiji

where the cosine function is chosen since it is both 2π-periodic and has the proper
Taylor expansion (cos x = 1 − x2 + O(x4 )). In that sense this form represents
the simplest possible model of a type-II superconductor, in which vortices also can
exist.
Start now instead from the two Josephson relations (2.20) and (2.21) in their
gauge invariant form. The energy eij stored in one junction can be calculated by
s
simply integrating the electrical power Iij
Vij over time
eij =

Z

s
dtIij
Vij =

c
h̄Iij
2e

Z

dtγ̇ij sin γij ∼

c
h̄Iij
cos γij ≡ Jij cos γij ,
2e

(2.29)

c
giving a result equivalent to (2.28). The coupling constant Jij = h̄Iij
/2e is in
J
this context also called the Josephson energy Eij of the junction. Comparing this
relation with the one obtained from (2.27), gives the critical current of a junction
c
as Iij
= 2eh̄Ψ20 /m (this has the correct dimensions of a current i two dimensions).
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Non-equilibrium phenomena

The study of transport phenomena requires methods outside the normal equilibrium
thermodynamics toolbox. In this section some these concepts in non-equilibrium
thermodynamics will be introduced. The reciprocal relations due to Onsager will
be discussed and applied speciﬁcally to the case of thermoelectric transport. A
derivation due to Kubo [38] of the very useful formulas bearing his name will also
be given. Although the derivation is made for classical Hamiltonian dynamics,
the end result is still valid for the type of stochastic dynamics we employ in our
simulations.

Onsager relations
Begin with a system described macroscopically by some extensive state variables xi
and with an entropy S = S(x1 , x2 , ...), which depends on all of these. In equilibrium
S is maximized, i.e.,
∂S
= 0, for xi = x̄i ,
(2.30)
∂xi
where x̄i is the equilibrium value of the state variable xi . Consider now small
ﬂuctuations away from equilibrium and Taylor expand S to lowest order
S = S0 −

1X
(xi − x̄i )cij (xj − x̄j ),
2 ij

cij =

∂2S
∂xi xj

.

(2.31)

xi =x̄i ,xj =x̄j

Deﬁne generalized thermodynamic forces Xi conjugate to xi by
Xi =

∂S
= −cij (xj − x̄j ),
∂xi

(2.32)

where we have used the expansion above in the second equality. Intuitively we
expect that the time dependence of the xi :s should depend on the Xk :s, ẋi =
f (X1 , X2 , ...). For small ﬂuctuations we assume that this relation is linear
X
ẋi =
Lij Xj ,
(2.33)
j

where Lij are called kinetic coeﬃcients. In 1931 Onsager showed in two seminal
papers [39, 40] that, as a consequence of microscopic reversibility of the equations
of motions for the state variables xi , the kinetic coeﬃcients obey the symmetry
relation
Lij (B) = ǫi ǫj Lji (−B),
(2.34)
in a magnetic ﬁeld B, and where ǫi = ±1 depending on whether the variable xi is
even or odd under time reversal. This relation is known as Onsager’s symmetry or
reciprocal relation or just Onsager’s relation.
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For the Onsager relations to be of any use, we must for a particular system ﬁrst
ﬁnd the generalized forces Xi conjugate to the state variables xi . To do this, ﬁrst
note that the time derivative of the entropy is
Ṡ =

X ∂S
X
ẋi =
Xi ẋi .
∂xi
i
i

(2.35)

The total entropy S is just the entropy density s(r) integrated over the system
Z
X
S = s(r)dV, s(r) =
Xi (r)ρi (r),
(2.36)
i

where ρi (r) is the density of xi . From the last two equations it is clear that once
you have written down an expression for ṡ, you have also found the proper thermodynamic forces of the system and can make use of the symmetry relations given by
Onsager.

Thermoelectric transport
Let us now try to do this for a speciﬁc case, namely that of a system where we
consider thermoelectric transport alone. Assuming that we are locally close to
equilibrium, the ﬁrst law of thermodynamics reads
de = T ds + ξdn,

(2.37)

where e is the energy density, s the entropy density, n the particle density, T is
the temperature and ξ the full electrochemical potential (ξ = µ + qφ, where µ is
the chemical potential, φ the electrostatic potential, and q the charge of a particle
associated with the density n). Further we assume that the energy density e obeys
a continuity equation ė + ∇ · JE = 0, and the same for n. In general we have local
entropy production, so that ṡ + ∇ · JS = σS , but this source term does not aﬀect
the currents and will therefore be omitted in what follows.
Look now at the time derivative of e given by (2.37),
ė = T ṡ + ξ ṅ,

(2.38)

which after insertion of the continuity equations for the densities becomes
JE = T JS + ξJN = JQ + ξJN ,

(2.39)

having deﬁned the heat current density as JQ = T JS . From this expression we
have




ξ N
1 E
+∇·
(2.40)
J
J .
ṡ = −∇ · JS = −∇ ·
T
T
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Using the fact that ∇ · JE = ∇ · JN = 0 (since ė = ṅ = 0) in a stationary state
yields
 
 
1
µ
E
ṡ = −∇
·J +∇
· JN ,
(2.41)
T
T
which can also be expressed as


 
−1
1
Q
·J +
∇ξ · JN ,
ṡ = −∇
T
T

(2.42)

by the use of (2.39). These two equations can be compared with (2.35). Focusing
on the last equation and making the identiﬁcations


 
−1
1
ẋ1 , ẋ2 → JN , JQ and X1 , X2 →
∇ξ, ∇
,
(2.43)
T
T
gives from the deﬁnition of the kinetic coeﬃcients (2.33) the following linear relations between the particle and heat current density responses to electrochemical
potentials and thermal gradients

 

1
−1
∇ξ + LN Q ∇
,
(2.44)
JN = LN N
T
T


 
−1
1
JQ = LQN
∇ξ + LQQ ∇
,
(2.45)
T
T
with an Onsager relation
LN Q = LQN ,

(2.46)

from (2.34), since both JN and JQ are currents and therefore odd with repect
to time reversal. More speciﬁc thermoelectric transport coeﬃcients can now be
expressed in terms of the kinetic coeﬃcients using these equations. By the use of
the Onsager relation (2.46) connections between some of the coeﬃcients can also
be made.

Linear response and the Kubo formula
Consider a classical system in equilibrium with a Hamiltonian H0 . Now add a small
perturbation H ′ to it, so that the total Hamiltonian H is
H = H0 + H ′ = H − fA (t)A,

(2.47)

where A is a classical dynamical variable and fA (t) a time-dependent external ﬁeld.
This represents a general mechanical perturbation, where we can think of fA (t) as
a generalized force and A as the quantity which couples to this force. A typical
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question one might ask is how this perturbation will aﬀect some other observable
B(t) in the system. To answer this, let us ﬁrst consider the more general question of
how the equilibrium probability density ρeq , given by the unperturbed Hamiltonian
H0 , will change.
In classical mechanics the time evolution of a probability density ρ(p, q) ((p, q)
is a short-hand notation for all the canonical variables of the system) is given by
the Liouville equation
∂t ρ = {H, ρ} ≡ −Lρ,
(2.48)

with L being the so called Liouville operator and {H, ρ} is a Poisson bracket deﬁned
by

X  ∂H ∂ρ
∂ρ ∂H
{H, ρ} =
−
.
(2.49)
∂qi ∂pi
∂qi ∂pi
i
Since L is a linear operator we get for the perturbed system

∂t ρ = {H0 + H ′ , ρ} = {H0 , ρ} + {H ′ , ρ} = −L0 ρ − L′ ρ.

(2.50)

In what follows, we assume that the system is in equilibrium until the perturbation
is turned on at time t = t0 , i.e., fA (t) = 0 for t < t0 and ρ(t0 ) = ρeq . Continue by
expanding ρ to ﬁrst order (this is the linear in linear response) in the perturbation
parameter fA
ρ(t) = ρeq + ρ′ + O(fA2 ).
(2.51)
Taking the time derivative of the above equation gives
∂t ρ = ∂t ρeq + ∂t ρ′ = −(L0 + L′ )(ρeq + ρ′ ) + ...

(2.52)

′ ′

Note that L ρ is second order in fA and therefore can be neglected and that
−L0 ρeq = ∂t ρeq , so that this term can be subtracted from both sides. With these
simpliﬁcations we get
∂t ρ′ = −L0 ρ′ − L′ ρeq .
(2.53)

This is a nonhomogeneous ﬁrst-order diﬀerential equation, which can be solved
easily to get ρ′ by transforming to Fourier space and then applying the convolution
theorem in the backward transform. The solution is
Z t
′
(2.54)
dt′ e−(t−t )L0 L′ (t′ )ρeq .
ρ′ (t) = −
t0

But since we know that ρeq = e−βH0 /Z and H ′ = −fA A, the factor L′ (t′ )ρeq can
be explicitly calculated
1
−L′ (t′ )ρeq = {H ′ , ρeq } = fA (t′ ) {A, e−βH0 } =
Z


∂e−βH0 ∂A
1 X ∂A ∂e−βH0
−
=
fA (t′ )
Z i
∂qi ∂pi
∂qi ∂pi
βfA (t′ )

e−βH0
{A, H0 } = βfA (t′ )ρeq Ȧ.
Z
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Consider now the initial question of the response of some observable B to the
perturbation at time t = t0
Z
δhB(t)i = hB(t)i − hB(t0 )i = dpdqB(p, q)(ρ(t) − ρ(t0 )).
(2.55)
From the calculations above we know what ρ′ (t) = ρ(t) − ρ(t0 ) is. Inserting this in
the above equation gives
Z
Z t
′
dt′ dpdqB(p, q)e−(t−t )L0 L′ (t′ )ρeq
δhB(t)i = −
t0

=

Z

t

dt

t0

= β

Z

t

t0

′

Z

′

dpdqB(p, q)e−(t−t )L0 βfA (t′ )ρeq Ȧ(t0 )

hB(t − t′ )Ȧ(t0 )ifA (t′ )dt′ .

To get to the ﬁnal expression, we have used the fact that the phase space integral
over ρeq becomes an equilibrium average and that the exponential Liouville operator
′
e−(t−t )L0 can work backwards on B(p, q) making it time dependent B(p, q; t−t′ ) if
B(p, q) has no explicit time dependence. This is true since the solution of ∂t ρ = L0 ρ
is ρ(t) = e−tL0 ρ(0). If we make the substitution s = t − t′ and , we get to the
standard form of a Kubo formula.
Z t
φBA (s)fA (t − s)ds, φBA (s) = βhB(s)Ȧ(0)i.
(2.56)
δhB(t)i =
0

The result is quite astonishing - the dynamics of the linear response is given by
an equilibrium correlation function. This is related to something called Onsager’s
regression law, which states that for small deviations from equilibrium, the relaxation towards equilibrium is governed by equilibrium ﬂuctuations. The physical
reason for this can be understood from the following argument. Since ﬂuctuations
from equilibrium can be the result of either a small perturbation or spontaneous
ﬂuctuations, the dynamics of the relaxation towards equilibrium should follow the
same laws in both cases.

Kubo formula for electric conductivity
Note how (2.56) is just the convolution of φBA and fA , so that the frequency
dependent response is given by
δhB(ω)i = φBA (ω)fA (ω),

(2.57)

where φBA (ω) and fA (ω) are the Fourier transforms of the corresponding quantities. As an example we can try to calculate the frequency dependent electric
conductivity given by Ohm’s law Jij (ω) = σij (ω)Ej (ω). Here we can identify B
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from the derivation above as the current density J and the perturbing force fA (t)
as the electric ﬁeld E. E couples to the polarization density P to give the total
perturbing Hamiltonian
Z
′
H = − E(t) · PdΩ = −ΩP · E(t),
(2.58)
where Ω is the volume of the system and we have assumed that P has no spatial
dependence. We can identify ΩP as A in previous calculations. Furthermore Ṗ = J,
leading to the following Kubo formula for the electrical conductivity
Z ∞
Ω
hJi (t)Jj (0)ieiωt dt.
(2.59)
σij (ω) =
kB T 0
We can also take the ω → 0 limit to get the DC conductivity as
Z ∞
Ω
σij = σij (ω → 0) =
hJi (t)Jj (0)idt.
kB T 0

(2.60)

Other Kubo formulas
Kubo formulas for other repsonse coeﬃcients can be derived in a similar fashion
from (2.56) for all mechanical perturbations on the form given by (2.47). In cases
where the perturbation is not mechanical, for example if we want to calculate the
heat conductivity by measuring the response of the heat current to a small temperature gradient, the derivation given above is not valid. Luttinger [41] showed that a
thermal perturbation can be recast in a mechanical form and the heat conductivity
κ therefore is given by the expected integral over a heat current density – heat
current density correlation function
Z ∞
Ω
hJiQ (t)JjQ (0)idt.
(2.61)
κij =
kB T 2 0
Analogously, the Nernst signal eN , being the response of an electric ﬁeld Ey to a
thermal gradient ∇x T in a transverse magnetic ﬁeld, is given by the Kubo formula
Z ∞
Ω
hEy (t)JxQ (0)idt.
(2.62)
eN =
kB T 2 0
Another approach, diﬀerent from Luttinger’s, is to reformulate the problem using
functional integrals and study the eﬀect of a thermal perturbation. In Paper II we
in this way are able to rederive the form of the above Kubo formula for eN and as
an added bonus ﬁnd an expression for the heat current.

Chapter 3

Models and methods
In this chapter an in-depth discussion about the main theoretical models used in
Paper I and II will be given.
Our aim here is to formulate a model for two-dimensional granular superconducting systems, valid for any type of lattice, perfectly ordered square lattices as
well as structures with geometric disorder, which might be closer to real life systems.
Our model is based on a phase only description, assuming a constant amplitude
of the superconducting order parameter and consequently that the important ﬂuctuations are those of the phase. The model is explicitly constructed to measure
the Nernst eﬀect, and that requires some special boundary conditions. These are
discussed in the ﬁrst part of this chapter. The second part is a review of the type
of dynamics we have employed and the implementation of these.

3.1

Magnetic vector potential and electric field

The construction of the gauge potential is an integral part of our model. We choose
to separate the magnetic vector potential into two parts
A(r, t) = Aext (r) +

Φ0
∆(t),
2π

(3.1)

where Aext (r) is only space dependent, while ∆(t) is only time dependent. In this
way Aext corresponds to a constant and spatially uniform magnetic ﬁeld
B = ∇ × A = ∇ × Aext ,

(3.2)

which is transverse to our two-dimensional system if make the gauge choice Aext (r) =
Bz xŷ, so that B = Bz ẑ. The second part ∆ = (∆x , ∆y ) , on the other hand, describes temporal ﬂuctuations in a spatially uniform electric ﬁeld
E = −Ȧ = −
21

Φ0 ˙
∆.
2π

(3.3)
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This E should be interpreted not as the local electric ﬁeld in the model, but rather
as the average ﬁeld across the system obtained from the total voltage across the
system divided by the linear system size L. The voltage between two lattice points
i and j is deﬁned by the second Josephson equation (2.21) in its gauge invariant
Rj
form (here setting q = −2e and denoting (2π/Φ0 ) i A · dr′ = Aij )
Vij =

h̄
h̄
h̄
˙ · rji ),
γ̇ij = (θ̇i − θ̇j − Ȧij ) = (θ̇i − θ̇j − ∆
2e
2e
2e

(3.4)

where rji = rj − ri is the vector from i to j. So to get the total voltage across the
system say in the y-direction we must set rj = ri + Lŷ. If we use periodic boundary
conditions, the time derivative of the phases will cancel and we get
Vy = −

h̄ ˙
L∆y ,
2e

(3.5)

which is zero if ∆ is set to zero. We must thus include ∆ in the vector potential,
if we at the same time as using periodic boundary conditions want to measure the
electric ﬁeld across the system. The dynamic ∆-ﬁeld is also called ﬂuctuating twist
boundary conditions (FTBC) [42], since it is essentially just the phase twist per
unit length in the system.
In our simulations the integrated magnetic vector potential Aij is calculated by
integrating A along the vector rji from i to j. This is done by simply parametrizing
the integration path in a standard way:
r′ (t) = ri + (rj − ri )t

t : 0 → 1.

The integral can then be easily calculated
Z
Z
2π 1
dr′
2π rj
′
A · dr =
A′
dt + ∆ · (rj − ri ),
Aij =
Φ0 ri
Φ0 t=0
dt

(3.6)

(3.7)

where the ﬁrst term is equal to
1
Bz (yj − yi ) (xi + xj ).
2
The ﬁnal expression for the integrated magnetic vector potential with our gauge
choice thus becomes
2π
Bz yji xcij + ∆ · rji ,
(3.8)
Aij =
Φ0
with the deﬁnitions yji = yj − yi , xcij = (xi + xj )/2, and rji = rj − ri as before.

3.2

Periodic boundary conditions in our gauge

To avoid severe ﬁnite size eﬀects it is favorable to use periodic boundary conditions
in all directions. This however induces another problem, since the spatially dependent part of the magnetic vector potential in our gauge is A(r) = Aext = Bz xŷ
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and thus non-periodic
A(r + Lx êx ) − A(r) = Bz Lx ŷ.

(3.9)

Using PBC we must require that all physical quantities share this periodicity, i.e.,
are single valued. Consider the continuum case, where the gauge invariant quantity
∇θ(r) + 2e
h̄ A(r) (with q = −2e) is related to the supercurrent through the second
GL equation (2.6). This quantity must therefore be periodic
∇θ(r + L) + A(r + L) = ∇θ(r) + A(r),

L = Li î

i = x, y.

(3.10)

We have here dropped all constants, which are anyway unimportant to this argument. This is possible if we make the phases non-periodic
θ(r + L) − θ(r) = Fi .

(3.11)

To ﬁnd the compensating terms Fi , take the gradient of equation (3.11) to get
∇Fx = ∇θ(r + Lx x̂) − ∇θ(r) = A(r) − A(r + Lx x̂) = −Bz Lx ŷ
∇Fy = ∇θ(r + Ly ŷ) − ∇θ(r) = A(r) − A(r + Ly ŷ) = 0,
where we have inserted Eq. (3.10) to get the last equality. Simply integrating these
equations yields the compensating terms
Fx = −Bz Lx y

and

Fy = 0,

(3.12)

where the integration constants have been set to zero. So, when taking the phase
diﬀerence θi − θj , where the vector rji from i to j goes across the system boundary
in the positive x-direction, a term −Fx should be added to this diﬀerence. If rji
goes in the negative x-direction the term +Fx should be added.

3.3

Langevin dynamics

The simplest approach to constructing dynamical equations for the phases {θi }
and the twist variables ∆ = (∆x , ∆y ), are the so called Langevin dynamics, in the
literature also often referred to as time dependent Ginzburg-Landau (TDGL) [43,
44] or model A [45] dynamics. We start from the Hamiltonian of the XY model
(2.28), which can be used to model Josephson junction networks or even bulk typeII superconductors under certain assumptions, as discussed previously. It is natural
to assume that, for small deviations from equilibrium, the time derivative of the
a phase variable θ̇i is proportional to the derivative of the XY model Hamiltonian
∂HXY /∂θi . Nevertheless, there is also the eﬀect of thermodynamical ﬂuctuations
to consider. This is done by adding a thermal noise term, so that the equations of
motion for the phases {θi } takes on the Langevin form
h̄θ̇i = −Γθ

∂H
+ ηiθ .
∂θi

(3.13)
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where Γθ is a dimensionless constant setting the rate of relaxation towards the local
energy minimum. The thermal noise terms ηiθ must be chosen in such way that it
gives the correct equilibrium Boltzmann distribution for the equal time correlators.
This is assured if the noise term is Gaussian white-noise correlated satisfying
hηiθ (t)i = 0 and hηiθ (t)ηjθ (t′ )i = 2h̄Γθ kB T δij δ(t − t′ ).

(3.14)

The equations of motion for the twist variables ∆ = (∆x , ∆y ) are on the very same
form
˙ = −Γ∆ ∂H + η ∆ .
h̄∆
(3.15)
∂∆
Here the constant Γ∆ is no longer dimensionless, but has the dimension of length−2 ,
since [∆] = length−1 , being the phase twist per unit length in the system. For
simplicity we set Γ∆ = Γθ /L2 . The thermal noise term η ∆i has the correlations
hη ∆ (t)i = 0

and hηµ∆ (t)ην∆ (t′ )i = 2h̄Γ∆ kB T δµν δ(t − t′ ).

(3.16)

While the equations of motions (3.13) and (3.15) for {θi } and ∆ are on a simple
enough form, they can be rewritten to remind us of that they in fact describe a
network of Josephson junctions. In this alternative view the equations of motion
look like
1 X s
Iij + ηi ,
(3.17)
γ θ̇i = −
2e
j∈Ni

X
s
˙ = 1
Iij
rji + ζ,
γ∆ ∆
2e

(3.18)

hiji

s
c
where Iij
= Iij
sin(θi − θj − Aij ) is the Josephson supercurrent from grain i to j
c
with a critical current Iij
= 2eJij /h̄. The sum in the ﬁrst equation runs over the
set Ni of superconducting grains connected to i, while it runs over all links in the
system in the second one and rji = rj − ri . The time constant γ is dimensionless
and γ∆ = γL2 . The Gaussian white noise terms ηi and ζ now have the correlations

hηi i = 0,
hζ(t)i = 0,

3.4

hηi (t)ηj (t′ )i = (2kB T γ/h̄)δij δ(t − t′ )
hζµ (t)ζν (t′ )i = (2kB T γ∆ /h̄)δµν δ(t − t′ ).

(3.19)
(3.20)

RSJ dynamics

In RSJ dynamics one models a Josephson junction network or granular superconductor as an electrical circuit, where every junction is shunted by a resistance R
(see Fig. 3.1). We write the total current from site i to site j as a sum of the
following contributions
tot
c
Iij
= Iij
sin γij +

Vij
n
s
r
n
+ Iij
≡ Iij
+ Iij
+ Iij
.
R

(3.21)
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R
c

Iij
i

j

Figure 3.1: Circuit equivalent to RSJ dynamics.

The ﬁrst term is simply the supercurrent through junction given by (2.20) and the
second one the current through the resistor R, with the Josephson voltage from
(2.21)
h̄
h̄
Vij = γ̇ij = (θ̇i − θ̇j − Ȧij ).
(3.22)
2e
2e
n
Further Iij
is the Johnson-Nyquist noise [46, 47] in the resistor with the properties
n
n
n ′
hIij
(t)i = 0 and hIij
(t)Ikl
(t )i =

2kB T
(δik δjl − δil δjk )δ(t − t′ ).
R

We proceed by demanding local conservation of the total current
X
tot
Iij
= 0,

(3.23)

(3.24)

i∈Nj

where the sum is taken over the set Ni of all nearest neighbors to site i. This gives
the equations of motion for the phases
X

j∈Ni

X
h̄
c
n
(Iij
sin(θi − θj − Aij ) + Iij
).
(θ̇i − θ̇j − Ȧij ) = −
2eR

(3.25)

j∈Ni

The dynamical equation for ∆ is generated by ﬁxing the average current density
J̄ext in the system. We deﬁne this average current density as
Z
1
J̄ext = 2
J(r)d2 r,
(3.26)
L
where J(r) is the current density in the system, which in a circuit model must be
deﬁned only on the links connecting the lattice points
X Z rj
tot
J(r) =
Iij
δ(r − r′ )dr′ .
(3.27)
hiji

ri

Inserting this deﬁnition, the average current density becomes
Z
1 X tot
1
J(r)d2 r = 2
Iij rji ,
J̄ext = 2
L
L
hiji

(3.28)
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where rji = rj − ri as before. Using the deﬁnition of the total current (3.21), the
equation of motion for ∆ can be expressed as
X h̄
X
c
˙ ji )rji = L2 J̄ext −
˙ ji )+I n )rji . (3.29)
(θ̇i − θ̇j − ∆·r
(Iij
sin(θi −θj − ∆·r
ij
2eR
hiji

3.5

hiji

Circuit model of Langevin dynamics

In the light of the description of RSJ dynamics we can go ahead and interpret the
Langevin dynamical equations (3.17) and (3.18) as the equations of motion for a
Josephson junction network where each grain is connected to a resistance R0 to
ground (see Fig. 3.2). The equation of motion for the phases (3.17) is generated
c

Iij

j

i
R0

R0

Figure 3.2: The circuit equivalent to Langevin dynamics.

by proceeding in the same fashion as for RSJ dynamics and demanding current
conservation at each grain i
X
h̄
s
Iij
+
θ̇i + Iin = 0,
(3.30)
2eR0
j∈Ni

where Vi = h̄θ̇i /2e is the voltage to ground over the resistor R0 and Iin is the
Johnson-Nyquist noise current in this resistor properties hIin (t)i = 0 and hIin (t)Ijn (t′ )i =
(2kB T /R0 )δij δ(t − t′ ). By regrouping the above equation and identifying the dimensionless time constant as γ = h̄/(R0 (2e)2 ) we obtain exactly the equation of
motion for the phases as given previously by (3.17).
The equations of motion for ∆ can be realized by adding a resistance Rk parallel
to the whole array in both directions, acting as a normal current channel, and ﬁxing
the average total current through the system given by LJ̄ext . This total current is
the sum of the supercurrents in the system plus the normal current and the noise
current through the parallel resistor, giving the relation
h̄
1X s
˙ + I n.
L∆
(3.31)
Iij rji −
LJ̄ext =
L
2eRk
hiji

Now, setting J̄ext = 0 and Rk = R0 and regrouping reproduces (3.18) exactly, with
the previous deﬁnition of the time constant γ∆ = γL2 = L2 h̄/(R0 (2e)2 ).
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Connection between Langevin and RSJ dynamics
It is possible to understand the connection between Langevin and RSJ dynamics
by considering their corresponding circuit models discussed above. In the Langevin
case, the resistance R0 to ground at each site can be physically interpreted as a
normal current leakage from each grain to the substrate. The RSJ model does not
allow for such a leakage but instead considers the normal current through each
junction by adding a parallel resistance R to the junction. The Langevin and RSJ
dynamics can thus be viewed as two diﬀerent limits of the same circuit model one with both on-site resistances R0 to ground and shunt resistances R parallel to
each junction as well as a resistance Rk = R0 parallel to the entire array. In the
limit where we take the shunt resistances R to be much larger than the resistances
to the ground, i.e., R >> R0 = Rk , so that the normal current only goes through
Rk and through R0 to ground, we get the Langevin dynamics expressed in (3.17)
and (3.18). The opposite limit R << R0 = Rk gives a Josephson junction array
well described by the RSJ dynamical equations (3.25) and (3.29). In reality the
limit R << R0 is usually closest to the truth, which should make RSJ dynamics
the more realistic model [48].

3.6

Simulations

Forward Euler scheme
Consider a general overdamped Langevin equation on the form
ẋ(t) = f (x(t)) + η(t),

(3.32)

where the stochastic force term η(t) has zero mean and correlation hη(t)η(t′ )i ∼
δ(t − t′ ). The simplest possible way to simulate this equation on a computer is
to discretize time in units of ∆t and approximate the time derivative as a forward
diﬀerence
1
ẋ(t) ≈
(x(t + ∆t) − x(t)),
(3.33)
∆t
giving the so called forward Euler integration scheme
x(t + ∆t) ≈ x(t) + ∆tf (x(t)) + ∆tη(t).

(3.34)

In the purely deterministic case, with η = 0, this scheme has an error in each update
step of the order of (∆t)2 . However, with a nonzero η we have to consider the fact
that the stochastic noise is delta function correlated. Since we want to preserve the
deﬁning property of the delta function also in the discrete time case
Z
X
(3.35)
f (t)δ(t − t′ )dt = f (t′ ) →
ft δ̂(t − t′ )∆t = ft′ ,
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we must deﬁne the discrete version of the delta function as δ̂(t) = δtt′ /∆t, where
δtt′ is the Kronecker delta. This leads to the following update scheme
x(t + ∆t) ≈ x(t) + ∆tf (x(t)) +

√

∆tη(t),

(3.36)

√
with hη(t)η(t′ )i ∼ δtt′ . Note that the stochastic term now is of the order of ∆t,
which means that the error made in each update of x will be of the order of ∆t [49].
Any sequence of random numbers satisfying the correlation condition above can
be used here. The easiest choice is that of Gaussian random numbers with zero
mean and variance one, but if speed is of importance one may also consider to use
uniformly distributed random numbers or a sum of those, giving the same second
moment and mean, since these are usually much faster to generate.

Numerical integration
The simple form of the Langevin equations of motion ((3.17) and (3.18)) admits
straightforward integration as they stand using the explicit forward Euler scheme
described above. In the RSJ case ((3.25) and (3.29)) the situation is somewhat more
complicated, partly due to the fact that the equations of motion for {θ} and ∆ are
coupled and partly since the left hand side of the equations involves a summation
over nearest neighbors or over all links in the system.
So far the description of the models have been completely general in terms of
lattice structure, i.e., they are valid for any type of lattice. If we now for a while
consider a quadratic lattice this will relieve some of the diﬃculties of the RSJ
dynamics. On a square lattice the diﬀerence
vector P
rji will only take the values ±x̂
P
˙ · rji in (3.25) is zero.
and ±ŷ, which means that the term i∈Nj Ȧji = i∈Nj ∆
P
In the same way, the term hiji (θ̇i − θ̇j )rji in (3.29) vanishes on a square lattice
if we use periodic boundary conditions. As a consequence, the RSJ equations of
motion on a square lattice with periodic boundary conditions decouple into
X

j∈Ni

X
h̄
c
n
(θ̇i − θ̇j ) = −
(Iij
sin(θi − θj − ∆ · rji ) + Iij
),
2eR

(3.37)

j∈Ni

1 X c
h̄ ˙
n
∆ = −J̄ext + 2
(Iij sin(θi − θj − ∆ · rji ) + Iij
)rji ,
2eR
L

(3.38)

hiji

where the P
summation on the left hand side in the last equation has been performed
˙ = L2 ∆,
˙ since ∆ is constant in space. We can further simplify
and gives hiji ∆
these equations and put them on a Langevin type form by rewriting the left hand
side of the ﬁrst equation above as
X

j∈Ni

(θ̇i − θ̇j ) = Dθ̇i ,

(3.39)
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where D = −∇2 is minus the discrete analog of the Laplace operator. The corresponding matrix is deﬁned on any lattice as

 # of neighbors to i if i = j
−1
if j ∈ Ni
Dij =

0
otherwise

(3.40)

The inverse of this operator is the so called lattice Green function G = D−1 =
(−∇2 )−1 . Using this we can rewrite (3.37) and (3.38) on the Langevin form
X
X
h̄
c
n
θ̇i = −
Gij
(Ijk
sin(θj − θk − ∆ · rkj ) + Ijk
),
2eR
j

(3.41)

k∈Nj

1 X c
h̄ ˙
n
∆ = −J̄ext + 2
(Iij sin(θi − θj − ∆ · rji ) + Iij
)rji .
2eR
L

(3.42)

hiji

It is now possible to integrate these equations of motion using the same forward
Euler scheme as in the Langevin case. Note however, that the matrix D is actually
singular due to a single zero eigenvalue, and it can therefore not be inverted directly
to give G. The zero eigenvalue is a consequence of the symmetry of the problem,
namely that the equations of motion are invariant under a uniform rotation of all
the phases. This problem can be solved by ﬁxing one of the phases or alternatively
ﬁxing the mean of the phases and removing one row and
Pone column from D before
inverting it. In our simulations we use the condition i θ̇i = 0, which physically
can be interpreted as deﬁning a reference voltage (the ground voltage) and setting
it to zero.
The direct method [50, 51] of multiplying the right hand side of (3.37) with
G is simple, but has the disadvantage of scaling as L4 for a lattice of size L × L.
This complexity can be improved signiﬁcantly to ∼ L2 ln(L2 ) by the use of some
diﬀerent methods employing fast Fourier transforms to solve the given system of
equations [52, 53]. We however, make use of a fast parallel sparse matrix solver
instead. With this approach, the cost in CPU time has proven to scale linearly
with the number of lattice points L2 , at least up to the largest simulated system of
120 × 120.
Let us return to the original problem of solving the RSJ equations of motion on
a general lattice. In this situation the equations will not separate or simplify and
must thus be solved as they stand. A more explicit form of the (3.25) and (3.29) is
X

j∈Ni

X
i

θ̇i (

X

j∈Ni

X h̄
X
h̄
s
n
˙ =−
(θ̇i − θ̇j ) − (
rji ) · ∆
(Iij
+ Iij
),
2eR
2eR
j∈Ni

X h̄
X
h̄
s
n
˙ = L2 J̄ext −
rji ) − (
rji rTji )∆
(Iij
+ Iij
)rji ,
2eR
2eR
hiji

(3.43)

j∈Ni

hiji

(3.44)
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P P
P
where we have made the substitution hiji (θ̇i − θ̇j )rji = i θ̇i j∈Ni rji on the
left hand side of the last equation. These equations are on the matrix form

   
D −λ
a
θ̇
(3.45)
˙ = b .
E −ω
∆
For a system of size N = L × L, D is the Laplacian matrix from above
P truncated to
size (N − 1) × (N − 1) to remove the one singular eigenvalue, E = j∈Ni rji = λT
P
is a 2 × (N − 1) matrix, ω = hiji rji rTji is a 2 × 2 matrix (leaving out the constant
h̄/2eR in all expressions) and a and b the respective right hand sides of the two
equations above. Once written on this form, a sparse matrix solver can be employed
˙ and ∆
˙ in each update step of a forward Euler scheme.
to eﬃciently solve for {θ}

RCSJ dynamics
The RCSJ dynamics is a generalization of the RSJ dynamics, with an added capacitance in parallel with the shunting resistance to account for charging eﬀects in
the circuit. We write the total current from site i to site j as a sum of the following
contributions
tot
c
Iij
= Iij
sin γij +

Vij
n
s
r
C
n
+ C V̇ij + Iij
≡ Iij
+ Iij
+ Iij
+ Iij
,
R

(3.46)

h̄
h̄
where the voltage Vij = 2e
γ̇ij = 2e
(θ̇i − θ̇j − Ȧij ). Making the same transformation
to dimensionless time and temperature as in the RSJ case

t→t

2eRI c
h̄

and T → T

2ekB
,
h̄I c

(3.47)

gives the following simple expression for the total current
tot
c
s
r
C
n
Iij
= Iij
sin γij + γ̇ij + Q2 γ̈ij + I n = Iij
+ Iij
+ Iij
+ Iij
,

(3.48)

where Q2 = 2eR2 I c C/h̄ is a dimensionless parameter, which is simply the ratio
between the two times scales RC and h̄/RI c in the model. The parameter Q sets
the amount of damping in the system. For Q >> 1 the time scale RC is the larger
one, i.e., we have a large capacitance C and the system is strongly underdamped.
The opposite limit, Q << 1 corresponds to a heavily overdamped system where the
capacitance C is small, which is close to an RSJ model, where naturally C is zero.
The equations of motion for the phases {θ} and the twists ∆ are obtained from
local current conservation and from ﬁxing the average current in the system
X
tot
Iij
= 0,
(3.49)
j∈Ni

X
hiji

tot
Iij
rji = L2 J̄ext .

(3.50)
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These equations can be written more explicitly as
X

j∈Ni

X
hiji

(θ̈i − θ̈j ) − (

X

j∈Ni

¨ =−
rji ) · ∆

1 X s
r
n
(Iij + Iij
+ Iij
),
Q2

(3.51)

j∈Ni

2
X
X
s
r
n
¨ = L J̄ext − 1
(Iij
+ Iij
+ Iij
)rji .
(θ̈i − θ̈j )rji − (
rji rTji )∆
Q2
Q2

(3.52)

hiji

hiji

This system of equations is very similar to that of RSJ dynamics, except that it is
second order in time. But by simply making the substitution
vθ = θ̇,

˙
v∆ = ∆,

(3.53)

we can transform to two sets of ﬁrst order diﬀerential equations instead. The one
containing time derivatives of vθ and v∆ are on the same form as in the RSJ case
(but with a somewhat diﬀerent right hand side)

   
D −λ
a
v̇θ
=
.
(3.54)
v̇∆
E −ω
b
Discretization of RCSJ dynamics
The RCSJ equations of motion given by (3.53) and (3.54) are most conveniently
solved using a leap-frog type algorithm. This means deﬁning the variables vθ only
on half integer time steps and the variables θ on integer time steps (and the same
for the twist variables). This scheme has the advantage of being fully symmetric
as well as easy to code, since both types of variables can be updated in one go.
In the leap-frog discretization the “velocity” time derivative is fully symmetric and
the “velocity” at time t is just the average of the velocities at the two adjacent time
steps
1
(v(t + ∆t) − v(t − ∆t)),
∆t
1
v(t) = (v(t + ∆t) + v(t − ∆t)).
2

v̇(t) =

(3.55)
(3.56)

Inserting this in the equations of motion (3.54) leads after some simple algebra to
the following matrix equation for vθ and v∆


 a
 
∆t
b
∆t
1 A
D −λ
d vθ (t + 2 ) + d vθ (t − 2 )
=
,
(3.57)
∆t
b
∆t
a
E −ω
Q2 B
d v∆ (t + 2 ) + d v∆ (t − 2 )
P
s
n
+ Iij
) and B = L2 J̄ext −
where the right hand side is given by Ai = − j∈Ni (Iij
P
s
n
hiji (Iij + Iij )rji and the constants a, b and d are deﬁned as
a = 2Q2 + ∆t,

b = −2Q2 + ∆t,

d = 2Q2 ∆t.

(3.58)
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By solving (3.57) we get the new vθ and v∆ at time t + ∆t/2, which can then be
used to update θ and ∆ at time t + ∆t. This is the beauty of the simple leapfrog scheme. Another advantage of the method is that the heat current is naturally
symmetric around time t. As noted in Paper II, an asymmetric discretization might
cause a problem, namely that the thermal conductivity κ obtained from the Kubo
formula is not consistent with the heat current response to a temperature gradient.
Note also that from (3.58) we see that if we set the time step ∆t = 2Q2 , the
constant b is zero and the RCSJ dynamics become fully overdamped, which actually
reduces the symmetric leap-frog discretization of the RCSJ model to an asymmetric
forward Euler of the RSJ equations of motion.

Chapter 4

Results: Transport in granular
superconductors
This chapter is intended to serve as an introduction to Paper I and II. It includes
a brief review of the Nernst eﬀect and a summary of the important results in the
papers.

4.1

Nernst and Ettingshausen effect

Starting from a completely general description of thermoelectric phenomena, we
know from Chapter 1 that, assuming a weak enough applied electric ﬁeld and
temperature gradient, we have the following linear response relations for the electric
current density J and the heat current density JQ



J
JQ



=



σ
α̃

α
κ̃



E
−∇T



.

(4.1)

This deﬁnes all the thermoelectric transport coeﬃcients including the usual electric
conductivity and heat conductivity tensors σ and κ̃. The thermoelectric tensors
are related by the relation α̃ = αT , as a direct consequence of the Onsager relation
(2.46).
There exists a number of diﬀerent thermoelectric and thermomagnetic eﬀects,
all named after long-bearded fellows from past centuries, such as Seebeck, Hall,
Thomson, Peltier, Righi-Leduc and a few others (see e.g. reference [54] for a review).
One of these eﬀects, which we study here, is the Nernst eﬀect. The Nernst eﬀect
is the appearance of an electric ﬁeld (in open circuit conditions) in a conductor in
presence of an applied temperature gradient and an external transverse magnetic
ﬁeld. This electric ﬁeld is perpendicular to both the temperature gradient and the
33
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magnetic ﬁeld. The Nernst coeﬃcient ν and the Nernst signal eN are deﬁned as
ν=

eN
Ey
1
=
,
B
B (−∇x T )

(4.2)

in a two dimensional geometry, where the electric ﬁeld Ey , is generated by a temperature gradient ∇x T and a transverse magnetic ﬁeld B. In experiments the electric
ﬁeld Ey is measured in a situation with no electric transport currents present. Setting J = 0 in (4.1) we get E = σ −1 α∇T . Further assuming a temperature gradient
only in the x-direction (∇y T = 0) one obtains the Nernst signal eN in terms of the
other transport coeﬃcients as
eN =

αxy σxx − αxx σxy
.
2 + σ2
σxx
xy

(4.3)

To reach this result it is also necessary to use the anti-symmetric properties of
the thermoelectric and electric conductivity tensors in a magnetic ﬁeld, αxy (B) =
−αyx (B) and σxy (B) = −σyx (B), rooted in the symmetry of the Lorentz force
v × B.
In ordinary metals the Nernst eﬀect can be described terms of charge carriers
diﬀusing down the temperature gradient. These charge carriers are deﬂected towards the edges of the sample due the Lorentz force they feel in the transverse
magnetic ﬁeld, and in open circuit conditions this accumulation of charge generates
an electric ﬁeld. However, in metals the eﬀect is usually very small, since the two
terms in the numerator of (4.3) largely cancel each other. This can also be viewed
as the cancellation of two opposing currents σyx Ey and αyx (−∇x T ) (see Fig. 4.1)
and is sometimes referred to as Sondheimer cancellation in the literature [12]. There
are of course exceptions, for example bismuth (Bi), a semi-metal where the Nernst

Figure 4.1: Geometry of the Nernst effect with the two opposing currents, which often cancel
to give a very small Nernst effect in most ordinary metals.

4.1. NERNST AND ETTINGSHAUSEN EFFECT

35

eﬀect is so large that it could be detected using late 19th century equipment by its
original discoverers Nernst and Ettingshausen [55].
Let me also mention the eﬀect dual to the Nernst eﬀect, the Ettingshausen
eﬀect. It describes the generation of a temperature gradient in a conductor placed
in transverse magnetic ﬁeld when an electric current is run through it. With the
same geometry as for the Nernst eﬀect, the Ettingshausen coeﬃcient can be deﬁned
as
1 (−∇x T )
E=
.
(4.4)
B
Jy
Being dual, the eﬀects are related as a consequence of the Onsager relation (2.46).
The connection reads
1
(4.5)
ν = κE,
T
where κ is the thermal conductivity in the direction of the temperature gradient
(in this case the x-direction) measured under the same conditions as the Nernst
coeﬃcient. This particular relation was found by Bridgman [56] in 1924, and is
thus known as Bridgman’s relation, but is really just a special case of an Onsager
relation. The obvious point here is that using the relation (4.5) makes it possible
to obtain the Nernst coeﬃcient ν in an experimental situation diﬀerent from the
standard Nernst setup. One can simply apply a small electric current Jy and then
measure the heat current response in the transverse direction JxQ = κ(−∇x T ).
Taking the ratio of these two quantities and dividing by the temperature T then
gives eN .

Vortex Nernst effect
In the vortex liquid phase of type-II superconductors the totally dominating contribution to the Nernst signal comes from mobile vortices. In the simplest possible
description, the vortices move under the inﬂuence of a thermal force Ft = Sφ (−∇T )
per unit length of a single vortex line, Sφ being the entropy transported per unit
length such a vortex line. A vortex also feels the friction force Ff = −ηv, where
η is a viscosity coeﬃcient, and balancing these two forces gives the steady state
average vortex velocity v = Sφ (−∇T )/η. Josephson [32] showed that the vortices
generate an electric ﬁeld transverse to their motion
E = −v × B,

(4.6)

which can be detected as the Nernst signal eN = Ey /(−∇x T ). From a similar
analysis in Chapter 1, we know that the resistivity due to the motion of vortices can
be written as ρ = BΦ0 /η, where Φ0 = h/2e is the superconducting ﬂux quantum.
Combining this with the equation for the average vortex velocity vx = Sφ (−∇x T )/η
and the generated electric ﬁeld in the y-direction Ey = vx Bz from above, gives the
relation
Sφ B
Sφ ρ
eN =
=
,
(4.7)
η
Φ0
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Figure 4.2: In the vortex liquid phase of type-II superconductors the electric field measured in
the Nernst experiment is generated by diffusion of vortices in the transverse direction, down an
applied temperature gradient.

from which one can extract the transported entropy per unit length of a vortex line
Sφ , by measuring the Nernst signal eN and the ﬂux ﬂow resistivity ρ.
An alternative, but equivalent point of view is that as a vortex moves down
the temperature gradient, it induces a phase diﬀerence between the edges of the
sample (this is called phase slippage) transverse to its motion, because of the phase
singularity of its core, as noted by Anderson [57]. From the second Josephson
equation (2.21), we then see that a voltage proportional to the time derivative of
such a phase diﬀerence is generated across the sample. This is the Nernst voltage.

4.2

Anomalous vortex Nernst effect in granular superconductors

Historically the deﬁnition of the Nernst coeﬃcient ν has diﬀered up to a minus
sign. Even authors trying to clear up the puzzlement, have seemingly just added
to the confusion [58] with somewhat unclear notation. We have in (4.2) chosen the
deﬁnition most commonly used in the recent literature [12, 43, 13] on the subject.
Vortices moving down a temperature gradient in the x-direction generate an electric
ﬁeld Ey = vx Bz according to (4.6), and using our deﬁnition of the Nernst coeﬃcient
ν = Ey /(−∇x T )Bz , this leads to
vx = ν(−∇x T ).

(4.8)

Using the vortex language, the Nernst coeﬃcient can in other words be viewed
as a diagonal response of the vortex velocity to an applied temperature gradient,
in contrast to the general description, where it is by deﬁnition oﬀ-diagonal. It is
therefore not surprising that the (diagonal) vortex contribution usually is much
larger than the (oﬀ-diagonal) charge carrier ditto. Note also that (4.8) implies that
the Nernst coeﬃcient ν is positive for vortices moving in the direction of −∇x T ,
i.e., from the hotter to colder side of the sample (see Fig. 4.2). We can reformulate
this statement by considering the Bridgman-Onsager relation 4.5, that gives the
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heat current density in the x-direction as JxQ = T νBz Jye . Again using Ey = vx Bz
leads to
JxQ = T νσBz2 vx .

(4.9)

This means that for a positive value of ν, heat transport is always in the same
direction as vortex motion. However, in Paper I we show that the Nernst coeﬃcient
ν can in fact under certain conditions become negative, implying a heat ﬂow in
the direction opposite of vortex motion. This happens in our model of granular
superconductors close to certain magnetic ﬁeld strengths, where the vortex lattice
is particularly rigid towards thermal ﬂuctuations, due to commensurability eﬀects
with the underlying lattice structure. In such situations the defect lattice is pron
to melt at a lower temperatures [59] than the vortex lattice, resulting in mobile
vortex holes diﬀusing down the applied temperature gradient while the vortices are
pinned, thus producing a net vortex current in the opposite direction. We also ﬁnd
this eﬀect in systems with moderate geometric disorder, although in that case it is
not clear whether the anomalous sign of the Nernst signal is the result of the same
scenario described above, or due to remnants of the vortex-hole symmetry around
half-ﬁlling found in perfectly periodic systems.
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Figure 4.3: This figure from Paper I shows the Nernst signal eN versus filling fraction f for a
perfectly square lattice at different temperatures T . Note how the Nernst signal changes sign in
the region just below half-filling. The inset displays a zoom-in of eN at T = 0.19 around another
commensurate filling f = 1/3, where eN also becomes negative.
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Heat current

In a theoretical description of thermoelectric phenomena the explicit form of the
heat current density is crucial. Coming up with the correct expression has however
turned out to be a very subtle and involved task, which has caused a lot of trouble
and confusion over the years. In early investigations of thermoelectric eﬀects in
type-II superconductors in the 1960s, Caroli and Maki [60] presented a microscopic
heat current expression and Schmid [61] an expression within the Ginzburg-Landau
theory framework. These forms where later rectiﬁed [62, 63, 64], since they did not
properly deal with the contribution to the heat current due to the magnetization of
the material. This has been the key issue ever since. In more recent literature [65,
13, 14, 19, 43], the magnetic form used by Hu [63] is most commonly employed,
although this has also been suggested to be (arguably) incorrect [66].

Heat current for Langevin and RCSJ dynamics
In Paper II we continue this tradition by providing two diﬀerent derivations of the
heat current within the framework of our models. This was done by necessity, since
our main approach of calculating the Nernst signal via a Kubo formula involves
forming the cross-correlation function between the electric ﬁeld Ey and the transverse heat current density component JxQ , see (2.62). To check the validity of the
ﬁnal form, the resulting expression for the heat current density is tested through our
simulations to obey the Onsager relation of (4.5) and in addition to give consistent
results when calculating eN and κ either from a Kubo formula or by measuring the
response to an applied temperature gradient.
Derivation from continuity equations
We start from ﬁrst principles and consider the diﬀerential of the total internal
energy of an electromagnetic system [67]
de = T ds + H · dB + E · dD + µdn,

(4.10)

where e, s and n are energy, entropy and particle densities respectively. We also
have the usual constitutive equations B/µ0 = H + M and D = ǫ0 E + P, and the
Maxwell equations ∇ × B/µ0 = Jtot + ǫ0 Ė and ∇ × H = Jtr + Ḋ. The chemical
potential µ is zero in our models, so the last term can be dropped here. In addition
we can make use of the expression for the electromagnetic energy density
e=

ǫ0 E2
B2
+
.
2
2µ0

(4.11)

Using these two equations together, we can ﬁnd the time derivative of the heat
density
q̇ = T ṡ = −∇ · (E × M) − E · (Jtot − Jtr ).
(4.12)
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This in on a form of a continuity equation and we can immediately identify the heat
current density as JQ = E × M. But since we do not use the magnetization density
M in our simulations, we want to ﬁnd a way to rewrite it in terms of currents.
Furthermore we want the heat current in say the x-direction. To this end, multiply
the above continuity equation for the heat current density with x, integrate over
the system, and use that in a stationary state q̇ = 0. Assuming open boundary
conditions for convenience, we obtain after a few lines of algebra that the average
heat current density in the x-direction is given by
Z
Z
1
1
Q
tot
tr
¯
Jx =
φ(Jx − Jx )dΩ +
x(−Ȧ) · (Jtot − Jtr )dΩ.
(4.13)
Ω
Ω
We have here two contributions. The ﬁrst one is local and can be obtained on a
explicitly discrete form in another fashion by forming a continuity equation for the
energy in the particular model we consider. For both Langevin and RCSJ dynamics,
such a calculation gives
X1
hiji

2

tr
(Vi + Vj )(Iij − Iij
),

(4.14)

s
where Iij denotes the supercurrent Iij
for Langevin dynamics and the full current
tot
0
Iij in the RCSJ case. The second term is in our model non-local, since Ȧ = Φ
2π ∆ is
spatially uniform and thus can not be captured by considering a continuity equation
for the local energy density. Rewriting this term on a discrete form we get the total
average heat current density in the x-direction as

Q
J¯tot,x
=



1 X 1
tr
).
xji (Vi + Vj ) − xcij Ȧij (Iij − Iij
Lx Ly
2

(4.15)

hiji

which is the actual expression we use in the simulations and what goes into the
Kubo formula to calculate the Nernst signal and thermal conductivity.
Derivation using functional integrals
The starting point of the second derivation is the Kubo formula giving the Nernst
signal as
Z ∞
Ω
hEy (t)JxQ (0)idt.
(4.16)
eN =
2kB T 2 −∞
This equation can be used to identify the heat current density JxQ , provided that
we can ﬁnd another way of deriving the Nernst response for the speciﬁc models we
use and then compare the two expressions. This is possible by reformulating the
problem using functional ﬁeld integral methods.
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In the functional integral language an ensemble average of a dynamical variable
A(t) is given by
Z
1
hA(t)i =
[dx]A[x(t)]e−S[x] J[x],
(4.17)
Z
where e−S[x] is the statistical weight of a given realization of the stochastic process
x(t) and [dx] is the appropriate integral measure. This can be derived considering
a general Langevin equation
ẋ(t) = f [x(t)] + η(t),

(4.18)

with additive Gaussian white noise hηi (t)ηj (t′ )i = 2Dδij δ(t − t′ ). From a standard
path integral formulation of the Gaussian probability distribution of η (see e.g. [68]
for a review) an ensemble average is deﬁned as a functional integration over the
noise
Z
Z
1
η(t)2 dt.
(4.19)
hA(t)i = [dη]A[η(t)]e−S[η] , S =
4D

The trick now is to use the functional integral identity
Z
Z
1 = [dx]δ[x − xsol ] = [dx][dx̃]ei(ẋ−f −η)·x̃ ,

(4.20)

where the delta functional δ[x − xsol ] enforces x to solve the Langevin equation
(4.18). Inserting (4.20) in (4.19) and performing the functional integrals over η
and x̃ one obtains the form corresponding to (4.17) with an integration going only
over x
Z
Z
1
(ẋ(t) − f (t))2 dt.
(4.21)
hA(t)i ∼ [dx]A[x(t)]e−S[x] J[x], S[x] =
4D
Here J[x] is a constant from the functional integrations over η and x̃, or equivalently
a Jacobian stemming from the change of integration variables from η to x.
Returning to the task of ﬁnding the heat current, we remember the deﬁnition of
the Nernst signal as the response of the electric ﬁeld Ey to an applied temperature
gradient in the x-direction. Deﬁning the gradient T ′ (which is assumed to be
small) through the spatially varying temperature T (x) = T0 − T ′ x, we then have
eN = δhEy i/δT ′ . Since the temperature dependence sits only in the action S, the
response of Ey to a static T ′ in steady state is simply
Z ∞
δhEy i
δS[θ]
hEy (t)Q(0)idt, Q(0) = −
.
(4.22)
=
′
δT
δT ′ T ′ =0
−∞
Looking at (4.16) makes it tempting to identify Q(t) with JxQ /2kB T 2 , but this is
not quite true since JxQ (t) is odd under time reversal and Q(t) consists of both an
odd and an even part. We must therefore ﬁrst separate out the odd part of Q(t)
to make the identiﬁcation with the heat current density. Now, given the equations
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of motion for Langevin and RCSJ dynamics we can write down an expression for
the dynamical action S (as described above), which enables us to identify the heat
current density for the respective model. What pops out in the end is precisely the
same as in the ﬁrst derivation, namely the expression in (4.15). Note that what we
do in this second approach is essentially to derive a Kubo formula for the Nernst
signal eN valid for the models we employ. Since we know the structure of the Kubo
formula, the form the heat current density can also be identiﬁed.

4.4

Transport coefficients in weak and zero magnetic fields

Zero field thermal conductivity in RCSJ dynamics
Having derived an expression for the heat current also enables us to calculate the
thermal conductivity κ. In Paper II we perform a quite careful analysis of κ in
zero magnetic ﬁeld for RCSJ dynamics on a square lattice. At low temperatures
we assume that ﬂuctuations are small so that we can linearize the RCSJ equations
of motion ((3.49) and (3.50)). In this limit it turns out that κ is divergent with
system size L. The most divergent contribution to κ is


kB
1
L
1 L2x − 1
.
(4.23)
ln +
RC 4π
a
Ω 12
Note that this expression is divergent not only in the L → ∞ limit, but also for
C → 0, which corresponds to RSJ dynamics (completely overdamped RCSJ dynamics). In our simulations we in many cases subtract this temperature independent
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Figure 4.4: Heat conductivity κ versus temperature T in zero magnetic field for square lattices
of different sizes L with RCSJ dynamics (Q = 10). The inset shows the divergence with system
size L at low T . The circles are simulation data and the smooth red curve is the analytic result
obtained from a linearized model.
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divergent background, since we have already calculated it analytically and the subtraction reduces the noise in the sampled data. This is especially useful in the case
of RSJ dynamics where the divergent contribution is proportional to 1/∆t, where
∆t is the time step of the discretization.
Fig. 4.4 displays a plot of κ versus temperature T at zero magnetic ﬁeld for RCSJ
dynamics on square lattices of diﬀerent sizes (without the previously mentioned
subtraction). The divergence with system size at low temperatures is shown in the
inset. The simulation data (black dots) follow very well the logarithmic divergence
seen in the analytic result (red curve) of (4.23). Apart from the divergence at low
temperature, which is constant in temperature, there is an additional divergence
seen at all ﬁnite T in the big plot of Fig. 4.4. The form of the divergence can be
veriﬁed to be ∼ ln(L/a), with a = 0.7, over the entire temperature range except
close to TBKT ≃ 0.9. The origin of this second divergence with system size is not
clear to us, but is seems only to be present a zero magnetic ﬁeld for RCSJ (and
RSJ) dynamics. For Langevin dynamics κ shows no signs of any type of divergence.

Weak magnetic fields
The sign reversal of the Nernst eﬀect seen in Fig. 4.3 is an eﬀect due to geometric
frustration happening at relatively high magnetic ﬁelds. Such an eﬀect can only
be expected to be seen in superconductors with some sort of granular structure.
However, at lower ﬁeld strengths, where the typical vortex separation is much larger
than the lattice constant a ∼ ξ0 frustration eﬀects are absent, and the model we use
should in principle also be applicable as description of continuous two-dimensional
(and quasi-two dimensional) type-II superconductors. The Nernst signal eN versus temperature for low ﬁelds from our simulations indeed show a qualitatively
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Figure 4.5: The off-diagonal component of the thermoelectric tensor αxy versus temperature T
for Langevin dynamics on a square 20 × 20 lattice at filling f = 0.01.
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similar shape to the tilted hill proﬁle observed in experiments on cuprates and
ordinary type-II superconductors [12, 8]. Another interesting observation is the
behavior of the oﬀ-diagonal component of the thermoelectric tensor αxy . For the
models we employ there is no Hall eﬀect, i.e, σxy = 0. From (4.3) we then have
eN = αxy /σxx = αxy ρxx (note also that αxy is proportional to the vortex transport
entropy through (4.7)). According to theoretical calculations of Gaussian ﬂuctuations of the amplitude of the superconducting order parameter [17] αxy should
fall of as ∼ 1/(T − Tc ) for weak magnetic ﬁelds in two dimensions. Some experiments [16, 69] on thin-ﬁlm superconductors also seem to support this prediction. In
Fig. 4.5 αxy from our simulations is plotted a function of temperature, along with
a ﬁt to the 1/T -law (red curve) (in our models Tc = 0 in a ﬁnite weak magnetic
ﬁeld). Considering that our model only takes into account phase ﬂuctuations and
keeps the amplitude of the order parameter constant, it is quite unexpected to see
such a good ﬁt. As can be seen in the inset, αxy deﬁnitely goes as ∼ 1/T at low T ,
but falls of much faster, somewhere close to 1/T 8 , in the high temperature limit.
This goes against the results of a simulation study also considering a phase only
model [19], where a ∼ 1/T 4 dependence of αxy in the high temperature region was
found.

Chapter 5

Summary and conclusions
In the ﬁrst part of this thesis, some general theory regarding superconductivity and
non-equilibrium thermodynamics is brieﬂy reviewed. We introduce a model for
two-dimensional granular superconducting systems within a phase only description
employing Langevin or RCSJ dynamics. The model formulation is valid for any
type of lattice structure.
In Paper I we study the Nernst eﬀect due to vortex motion through numerical
simulations of this model. We ﬁnd as our main result that the Nernst signal eN ,
around certain magnetic ﬁelds, displays an anomalous sign change, corresponding
to a reversal of the net vortex ﬂow, from colder to hotter. The eﬀect is seen for
both Langevin and RSJ dynamics in regular lattices as well as in lattices with
moderate geometric disorder. For irregular arrays the sign reversal might however
have somewhat diﬀerent origin than in the regular case, but should nevertheless
be possible to observe in experiments on artiﬁcial Josephson junction arrays and
thin-ﬁlm granular superconductors.
Paper II is a continuation of Paper I in the sense that the Nernst eﬀect and
related transport phenomena such as the diagonal thermal conductivity κ and electrical resistivity ρ are studied within the framework of our previously deﬁned models. The rather subtle expression for the heat current density is derived in two
separate ways for Langevin and RCSJ dynamics. We also observe that a proper
symmetric discretization has to be used for this heat current expression, in order
to obtain self-consistent results for κ. Further, analytical calculations show that
the thermal conductivity at low temperatures for RCSJ dynamics has a divergent
contribution which is temperature independent. Subtracting this background still
leaves κ logarithmically divergent with the system size L. The origin of this second
divergence is at this time unknown to us and requires further investigation.
Finally, the oﬀ-diagonal component of the thermoelectric tensor αxy , obtained
from our simulations as eN /ρ, is observed to display a ∼ 1/T dependence at low
T , something which is also predicted by a theory considering Gaussian ﬂuctuations
of the superconducting order parameter, and consistent with experiments on thin-
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ﬁlm superconductors, both of cuprate and ordinary type. The agreement is quite
intriguing due to the apparent diﬀerence of the models, and also means that this
feature of αxy can not be used to discriminate between the two scenarios.
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