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Abstract

Cooperative transmission is considered to be a key-technique for increas-
ing the robustness, the efficiency, or the coverage of wireless communi-
cation networks. The basic concept is that the information transmission
from a sender to a receiver can be aided by one or several relay nodes in
a cooperative manner under constraints on power, complexity or delay.

The main part of this thesis is devoted to studies on practical real-
izations of cooperative communication systems. Coding solutions that
implement the decode-and-forward protocol in three-node relay channels
are proposed by employing convolutional and Turbo codes. Distributed
Turbo coding (DTC) was the first technique to bring parallel code con-
catenation into relay networks. To complement the research on parallel
concatenated codes, we propose distributed serially concatenated codes
(DSCCs) which provide a better error-floor performance and an increased
robustness compared with DTCs. Thereafter, we present a flexible dis-
tributed code design which can be adapted to the channel conditions in
a simple way. For both the cases with perfect and limited channel-state
information, the adaptive coding scheme outperforms static codes, like
DTCs and DSCCs, in terms of transmission rate and application range.

The aforementioned implementations of relaying are based on block-
wise decoding and re-encoding at the relay. In some applications, how-
ever, these techniques are not feasible due to limited processing and stor-
age capabilities of the relay nodes. Therefore, we propose to combine
instantaneous relaying strategies with bit-interleaved coded modulation.
A significant gain can be obtained by using sawtooth and constellation-
rearrangement relaying with optimized bit-to-symbol mappings compared
with conventional instantaneous relaying strategies and compared with
standard mappings optimized for point-to-point communications. Both
the parameters of the instantaneous relaying schemes and the bit-to-
symbol mappings are optimized to maximize mutual information.
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Chapter 1

Introduction

1.1 Background

When Guglielmo Marconi devoted himself to the development of a ra-
dio telegraph system a century ago, no one would have expected that
wireless communication would become such a key element of our every-
day life. From radio, television to mobile phone, wireless communication
has revolutionized our society. Currently, wireless communication is still
one of the most researched areas in the field of modern communication.
We dedicate our efforts to make wireless communication an “anytime,
anywhere, anyone, any way, anything” technology.

One challenge in designing wireless communication systems is to ef-
fectively deal with the varying nature of the channel due to signal fading.
Fading may vary with time, geographical position and/or radio frequency.
It may cause poor performance in a communication system because it re-
sults in a loss of signal power without reducing the power of the noise.

The effects of fading can be combated by using diversity in time, fre-
quency or space, by transmitting the signal over multiple channels that
experience independent fading. Utilizing spatial diversity by employing
multiple-antenna systems is a well-known technique. However, for prac-
tical reasons, multiple antennas are not always applicable for a variety
of mobile devices. An alternative concept is given by cooperative com-
munication where several nodes in a wireless network can achieve spatial
diversity by relaying messages from each other.

Cooperative transmission is considered to be a key-technique for in-
creasing the diversity, the robustness, and the efficiency of the communi-
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cation system [NHH04]. The improved robustness due to the additional
diversity can be alternatively traded off in order to increase the data rate,
save transmission power, or extend the coverage range of the network. In
the following, we will provide a brief literature overview of cooperative
transmission.

The first thinking of cooperative transmission can be traced back to
the proposal of the relay channel model, which consists of one source,
one destination and one relay. The relay channel was first introduced by
Van der Meulen in [vdM71]. The concept of cooperative communication
we are using now comes from the work of Cover and El Gamal [CEG79],
who investigated a number of relaying strategies from an information
theoretic perspective. According to [CEG79], the cooperative system can
be decomposed into a broadcast channel from the viewpoint of the source
and a multiple access channel from the viewpoint of the destination.

Several relaying strategies have been proposed in the literature. For
example, the decode-and-forward (DF) protocol was firstly proposed
in [CEG79] and further studied by Sendonaris et al. in [SEA03], which
has invoked much of the recent interest in this area. The amplify-
and-forward (AF) signaling was proposed in the work of Laneman et
al. [LWT01]. Compress-and-forward (CF) was initially suggested in
[CEG79] and further developed in [KGG05]. These three protocols
have laid the foundation of relaying strategies. Additional informa-
tion theoretical results on cooperative communication can be found
in [CEG79, SEA03, KSA03, LTW04, RKV04, KGG05]. It was shown in
[KGG05] that the achievable rate of DF is higher when the relay is close
to the source, while CF approaches the upper-bound on capacity when
the relay gets close to the destination.

While the information-theoretic achievements have profound signifi-
cance, another interesting direction in cooperative transmission is the re-
search on coding solutions that implement these cooperative ideas. Com-
pared with the efforts on theoretical aspects, fewer studies have focused
on practical realizations of cooperative communication systems. There-
fore, we put the emphasis of this thesis on practical implementations of
cooperative transmissions.

So far, most of the research on practical cooperative communication
has focused on DF relaying with modern coding techniques, like Turbo
codes, low-density parity-check (LDPC) codes, etc. In [ZV03] and [VZ03],
the authors proposed distributed Turbo coding (DTC) strategies under
the assumption of error-free relaying. The source node broadcasts a code-
word of a recursive convolutional code (RSC) to both the relay and the
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destination. The relay decodes, interleaves and re-encodes the message
before forwarding it to the destination. The destination receives parallel
noisy observations from two independent links; therefore a distributed
Turbo code is embedded in the relay channel. The work on DTCs of-
fered a new perspective for the design of distributed coding, and the
concept is applied in many studies in this area. To relax the assump-
tion on the error-free relaying, extensions to the noisy-relay case are
discussed, e.g., in [SV05, LVWD06, WWKK08, SLV08, TL07, Tho08, Gi-
ALR10], which take care of the errors in different ways. To complement
the research on parallel concatenated codes, we proposed distributed seri-
ally concatenated codes (DSCC) in [STS09] which provide a better error-
floor performance and an increased robustness compared with DTCs.
In [CdSA07], [RY07] and [HD07] LDPC codes were considered for dis-
tributed code design, and different approaches to optimize LDPC codes
for given channel conditions were presented.

An important application of cooperative transmission is wireless sen-
sor networks (WSNs). A WSN typically consists of spatially distributed
autonomous sensors which cooperatively monitor physical or environmen-
tal conditions, and it has been identified as one of the most important
enabling technologies for cognitive radio systems. As defined in [ASSC02],
WSNs are characterized by two features. Firstly, sensor network proto-
cols and algorithms must possess self-organizing capabilities. Secondly,
the sensor nodes collaborate in some manner for information transmis-
sions. Consequently, adaptability, ease of deployment, and fault tolerance
are important issues in the design of sensor networks.

Since adaptability is an essential property required for WSNs, some
work has been done on adaptive channel coding for relay channels. The
LDPC code designs from [CdSA07,RY07,HD07] provide high flexibility
in the sense that they can be optimized for a wide range of transmission
scenarios. However, they may not be feasible in practice. The degree
distributions of these codes are explicitly optimized for the given signal-
to-noise ratios (SNRs) on the source-relay, source-destination, and relay-
destination links and the encoder/decoder pairs have to be derived on
the fly.

We proposed in [STS10c] an adaptive coding scheme which is imple-
mented with Turbo and convolutional codes and employs puncturing for
adaptation in order to make it applicable for WSNs. A good perfor-
mance in terms of transmission rate and coverage was obtained by this
scheme. To take into account limitations in practical scenarios, we pro-
posed in [STS10a] an adaptive coding strategy for the case when only
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limited channel-state information (CSI) is available. The results show
that the adaptive scheme with limited CSI maintains the coverage region
compared to the full-CSI scheme from [STS10c]. Some rate is however
sacrificed due to the reduced amount of channel information, even though
it still outperforms static schemes like the DTC, the DSCC, and conven-
tional adaptive two-hop relaying.

For all the schemes mentioned above, the relay is required to have the
capability of decoding and re-encoding convolutional codes and/or mod-
ern channel codes. In many applications, however, this is not feasible
due to limited processing and storage capabilities of the relaying nodes.
Amplify-and-forward relaying and symbol-wise detect-and-forward (DtF)
relaying on the other hand are usually regarded as alternatives to block-
wise DF since they allow instantaneous processing and information for-
warding, but they suffer from a significant performance degradation de-
pending on the channel conditions. As a remedy, sawtooth (ST) relaying
was introduced in [YKS08] for the special case of Gaussian sources, and
constellation-rearrangement (CR) relaying was proposed in [KL08]. In
both works, only achievable rates were provided while the performance
in channel-coded systems was not evaluated.

Motivated by this, we proposed to combine the instantaneous re-
laying strategies with bit-interleaved coded modulation (BICM, see e.g.
[Zeh92,CTB98,LR97]) in [STS10b]. The channel encoding and decoding
are carried out at the source and at the destination, respectively, while
the relay maintains low complexity by applying symbol-wise information
processing instead of block-wise processing. Employing the optimized pa-
rameters, the simulation results reveal a significantly improved bit error
rate (BER) compared with conventional instantaneous relaying and with
conventional bit-to-symbol mappings.

1.2 Outline and Contributions

In this section, the outline of the thesis is presented along with an
overview of contributions.

Chapter 2

As an introduction to the topics studied in this thesis, we provide in this
chapter an overview of coded systems and the basic ideas behind error-
correcting concatenated codes. We go through the definitions of entropy
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and mutual information, the structures for encoding and decoding con-
catenated codes, EXIT charts and interleaver design, etc. The chapter
is completed by introducing the structure of relay channels and a brief
description of the corresponding transmission model.

Chapter 3

We summarize in this chapter the distributed parallel coding schemes
which have been proposed in the literature so far for three-node relay
channels. We firstly introduce the distributed Turbo code and its varia-
tions. Noisy relaying is included as a complement to the error-free relay-
ing case. In particular, we study and compare different methods which
were proposed to mitigate the error-propagation from the relay to the
destination.

Chapter 4

This chapter is devoted to a discussion of distributed serially concate-
nated codes, which is a new class of distributed coding schemes. We
provide a snapshot analysis of the iterative DSCC decoder based on ex-
trinsic information transfer characteristics and discuss new design aspects
resulting from the extended decoder structure. Our simulation results
show that DSCCs lead to an improved error-floor performance and an
increased robustness against decoding errors at the relay compared with
conventional distributed parallel concatenated coding schemes.

This work was published in [STS09].

Chapter 5

We propose a new adaptive coding scheme for distributed channel coding
for the three-node relay channel in this chapter. In order to make it fea-
sible for application in wireless sensor networks, the distributed code is
built from standard components like Turbo and convolutional codes, and
adaptation at the relay is obtained by puncturing the input and output
of the employed channel codes. The proposed code structure is a general-
ization of distributed parallel and serially concatenated codes, therefore
it includes DTCs and DSCCs as special cases. As the results of our op-
timization show, significant improvements in terms of rate and coverage
are obtained. Compared with theoretical limits a decent performance is
achieved considering that the focus is on feasibility.
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In order to make the code design further feasible under practical
constraints, we also take into account a special case where only limited
channel-state information is available for code adaptation. For this situa-
tion we design distributed codes which feature a limited set of modes and
each mode is optimized to serve a certain range of channel conditions.
As the results show, the modified scheme maintains the same coverage as
in the case with perfect channel-state information. Besides, the proposed
scheme is feasible for a wide range of channel conditions.

This chapter is based on the papers [STS10c] and [STS10a].

Chapter 6

In contrast to the previous three chapters, in this chapter we look at
low-complexity instantaneous relaying. In particular, we combine bit-
interleaved coded modulation with instantaneous relaying for the three-
node relay channel. We propose a two-step optimization: the first step op-
timizes the relay functions for different instantaneous relaying strategies
like sawtooth relaying and constellation rearrangement relaying in order
to provide the highest amount of mutual information to the destination.
The second step focuses on the bit-to-symbol mapping with the purpose
to maximize the achievable gain from iterative demapping/decoding. As
our results show, a significant gain can be obtained by using sawtooth and
constellation-rearrangement relaying with optimized mappings compared
with conventional amplify-and-forward and detect-and-forward relaying
and compared with standard mappings optimized for point-to-point com-
munications.

This chapter is based on the work in [STS10b].

Chapter 7

This chapter summarizes the contents of this thesis and concludes our
work on distributed coding in relay networks. Proposals for future work
are outlined as well.

1.3 Notation and Acronyms

1.3.1 Notation

X, Y Vector of random variables
x, y Vector of realizations
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X , Y Random variable
x, y Realization
X , Y Alphabet
H(X) Entropy of X
h(X) Differential entropy of X
I(X ; Y ) Mutual information between X and Y
E{X} Expectation of X
var{X} Variance of X
|x| Absolute value of x
sign(x) Sign of x
Ind(x = y) Indicator function of x = y

XT Transpose of X

X\n [X(1), ..., X(n− 1), X(n + 1), ..., X(N)]
max(x, y) Maximum of x and y
min(x, y) Minimum of x and y
ln loge, natural logarithm
ld log2, base-2 logarithm
tanh Hyperbolic tangent
sup Supremum
⊕ Modulo-2 addition
⊞ Boxplus operation
C Channel encoder
P Puncturer
Lε Limiter function
M Bit-to-symbol mapping
π Interleaver

1.3.2 Acronyms

AF Amplify-and-forward
AWGN Additive white Gaussian noise
BER Bit error rate
BI-AWGN Binary input additive white Gaussian noise
BICM Bit-interleaved coded modulation
BPSK Binary phase shift keying
BSA Binary switching algorithm
CF Compress-and-forward
CR Constellation rearrangement
CSI Channel-state information
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D Destination
DF Decode-and-forward
DHCC Distributed hybrid concatenated code
DSCC Distributed serially concatenated code
DTC Distributed Turbo code/coding
DtF Detect-and-forward
EF Estimate-and-forward
EXIT Chart Extrinsic information transfer chart
FER Frame error rate
IDEM Iterative demapping and decoding
LDPC Low-density parity-check
LLR Log-likelihood ratio
MAP Maximum a posteriori
MCL Maximum cycle length
ML Maximum likelihood
MRC Maximum ratio combining
MUX Multiplexer
NNC Non-recursive non-systematic convolutional
NSC Non-recursive systematic convolutional
PAM Pulse amplitude modulation
PCC Parallel concatenated code
pdf Probability density function
pmf Probability mass function
R Relay
RATC Relay assisted Turbo code
RSC Recursive systematic convolutional
S Source
SCC Serially concatenated code
SISO Soft-input soft-output
SNR Signal-to-noise ratio
SPC Single parity check
ST Sawtooth
QF Quantize-and-forward
WSN Wireless sensor network



Chapter 2

System Model

In this chapter, we provide an overview of coded systems and the basic
ideas behind error-correcting concatenated codes. Firstly, in Section 2.1
we present the channel model which is used throughout the thesis. There-
after, in Section 2.2 two common information measures, entropy and mu-
tual information, are recapped. In Section 2.3, we briefly go through
concatenated codes by describing the operations such as encoding, in-
terleaving, iterative decoding, etc. In Section 2.4, the concept of EXIT
charts is introduced as an analysis tool for convergence behavior of iter-
ative decoding. The relay channel model and the relaying strategies are
summarized in Section 2.5.

2.1 Binary Input Memoryless Channel

In this section, we describe the binary input memoryless channel. Fig-
ure 2.1 shows the block diagram of a typical communication system. We
assume that the output of the source is binary data B (B ∈ {0, 1}). With
the redundancy added by the channel encoder, the information bit vector
B is encoded to a binary codeword C (C ∈ {0, 1}). After being mapped
by the binary phase shift keying (BPSK) modulation, the codeword X

(X ∈ {+1,−1}) goes through the communication channel which will be
specified later. Based on the noisy observation Y , the channel decoder
produces the hard decision B̂ on the information bits.

A discrete channel is a communication channel whose input and out-
put symbols are both from discrete alphabets. These alphabets are in
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Source
Channel

Encoder

 Comm.

Channel

Channel

Decoder
Sink

B B̂C

X

Y

Figure 2.1: A typical communication system.

general different. A binary input channel has an input alphabet with
only two symbols, C ∈ {0, 1} or equivalently X ∈ {+1,−1}, while the
output could be either two symbols as well, discrete symbols from a larger
alphabet, or continuous values.

A communication channel can be modelled stochastically. Let xi and
yi denote the transmitted symbol and received symbol at time i, respec-
tively, then the channel can be described by the transition distribution
p(yi|xi), where p(·|·) is a probability mass function (pmf) if yi is discrete
or a probability density function (pdf) if yi is continuous. If the channel
is memoryless, the output at any time instant only depends on the input
at this time instant, i.e., for x = [x1, x2, ..., xN ] and y = [y1, y2, ..., yN ],

p(y|x) =

N
∏

i=1

p(yi|xi),

where N is the length of the transmitted sequence.
Throughout this thesis, we take into account two types of communi-

cation channels: binary-input additive white Gaussian noise (BI-AWGN)
channels and Rayleigh block-fading channels for which the fading coeffi-
cients keep constant within one block and vary independently from one
block to another.

In the AWGN case, the communication channel at time instant i can
be described as

yi = xi + ni.

The pdf p(yi|xi) can be obtained from the distribution of the noise ni.
Since xi and ni are uncorrelated,

p(yi|xi) = p(yi = xi + ni|xi)

= p(ni = yi − xi).

The channel-state information (CSI) of an AWGN communication link
is solely represented by the signal-to-noise ratio (SNR). We use Es/N0

to represent the SNR when the signal power is measured on one trans-
mitted symbol. More often, since we discuss the performance of coded
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communication systems, we use Eb/N0 to relate the energy per informa-
tion bit versus the noise power spectral density. For a binary coding and
modulation system, the relation between Es/N0 and Eb/N0 is as follows

Es

N0
=

Eb

N0
· M · R,

where M is the number of bits per modulation symbol and R is the coding
rate.

For Rayleigh channels, at time instant i we have

yi = rixi + ni.

The fading coefficient r has to be taken into account. We use the SNR
defined above to represent the average signal-to-noise ratio of the channel.
For each block, r is included to describe the instantaneous SNR. The
random variable r is Rayleigh distributed with E{r2} = 1.

2.2 Entropy and Mutual Information

In this section, we introduce entropy and mutual information, which are
two commonly used information measures [CT91].

The entropy is a measure of average uncertainty in a random variable.
It is on average the number of bits required to describe the random
variable.

The entropy of a discrete random variable X ∈ X with a probability
mass function p(x) = Pr(X = x) is defined by

H(X) = −
∑

x∈X

p(x) log p(x).

The joint entropy H(X, Y ) of a pair of discrete random variables (X, Y )
with a joint distribution p(x, y) is defined as

H(X, Y ) = −
∑

x∈X

∑

y∈Y

p(x, y) log p(x, y).

The conditional entropy of Y given the knowledge of X is defined as

H(Y |X) = −
∑

x∈X

p(x)
∑

y∈Y

p(y|x) log p(y|x).
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According to the above definitions, the chain rule of entropy is given by

H(X, Y ) = H(X) + H(Y |X)

= H(Y ) + H(X |Y ).

For a continuous random variable X with a probability density func-
tion p(x), entropy is replaced by differential entropy which is defined as

h(X) = −
∫

S

p(x) log p(x)dx

where S is the support set of the random variable X .
Entropy measures the uncertainty of a single random variable, while

conditional entropy describes the uncertainty of a random variable given
another random variable. The reduction in uncertainty due to the knowl-
edge of another random variable is called the mutual information.

For two discrete random variables X and Y with a joint probability
mass function p(x, y) and marginal probability mass functions p(x) and
p(y), the mutual information is given as

I(X ; Y ) =
∑

x∈X

∑

y∈Y

p(x, y) log
p(x, y)

p(x)p(y)
.

Since the mutual information I(X ; Y ) is the reduction in uncertainty of
X due to the knowledge of Y or the uncertainty reduction of Y due to
X , we can show that

I(X ; Y ) = H(X) − H(X |Y )

= H(Y ) − H(Y |X).

The conditional mutual information of random variables X and Y given
Z is defined as

I(X ; Y |Z) = H(X |Z) − H(X |Y, Z).

For the continuous case, we have

I(X ; Y ) =

∫

p(x, y) log
p(x, y)

p(x)p(y)
dxdy,

and

I(X ; Y ) = h(X) − h(X |Y )

= h(Y ) − h(Y |X).
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2.3 Concatenated Codes and Iterative De-

coding

Concatenated codes are error-correcting codes that are constructed from
two or more constituent codes in order to achieve good performance with
reasonable computational complexity. The concept was first introduced
by Dave Forney [For66] in 1966, and it inspired many applications in
1970s. The basic concatenated coding scheme proposed by Forney is now
called a serially concatenated code (SCC). Another milestone in the field
of channel coding is the invention of Turbo codes [BGT93] in 1993. By the
parallel concatenation of two convolutional codes, the Turbo code is the
first practical code which closely approaches the channel capacity. The
success of Turbo codes triggered an enthusiasm for developing practical
capacity-approaching codes.

Low-density parity-check (LDPC) codes followed with even smaller
gaps to theoretical capacities. They were first developed by Robert Gal-
lager [Gal63] in 1963 and rediscovered by MacKay and Neal [MN96] in
1996. In fact, iterative decoding of LDPC codes is equivalent to decoding
concatenated single parity check (SPC) codes and repetition codes. Ir-
regular LDPC codes are able to outperform Turbo codes in terms of error
floor and performance in the high code rate region [RSU01]. However, the
large encoding complexity of LDPC codes constitutes an obstacle to the
application in practical communication systems. Therefore, in this thesis
we mainly focus on concatenated codes constructed from convolutional
codes.

In the following, we will briefly introduce the structures of serially
concatenated codes and parallel concatenated codes (PCC), and the cor-
responding iterative decoding procedures.

2.3.1 Parallel Concatenated Codes

Figure 2.2 shows an example of parallel concatenated codes. The infor-
mation bit vector B is encoded by a convolutional code C1, and the first
vector of parity bits P 1 is generated. After going through an interleaver
π, the information bits are input to the other encoder C2 and the second
vector of parity bits P 2 are produced. By multiplexing B, P 1 and P 2,
we get the codeword C. Encoders C1 and C2 are referred to as constituent
encoders of the PCC. The information bits are also referred to as sys-
tematic bits. In order to obtain a good performance and to gain from
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the interleaver, the encoders C1 and C2 are typically chosen as recursive
convolutional codes (RSCs).

M

U

X

Encoder

Encoder

B

π

C1

C2

P 1

P 2

C

Figure 2.2: Encoder structure of a parallel concatenated code.

2.3.2 Serially Concatenated Codes

The structure of a serially concatenated code is illustrated in Figure 2.3.
The information bits B are firstly encoded by an outer encoder CO, and
then the outer codeword CO is fed into an interleaver. The interleaved
outer codeword is further encoded by an inner code CI , and an SCC code
is hereby constructed. The key difference between an SCC and a PCC
is that by an SCC the coded bits of one constituent code are further
protected by the other constituent code. Again, in order to obtain a
good performance and to gain from the interleaver, the inner code has to
be recursive. As shown in the literature, good codes can be obtained by
concatenating repetition codes with RSC codes.

Outer Code Inner Code

B

π

CO CI

CO CI

Figure 2.3: Encoder structure of a serially concatenated code.

2.3.3 Interleaver

An interleaver performs the permutation of a symbol sequence. By us-
ing an interleaver, we are able to increase the Hamming weight of each
concatenated codeword and meanwhile reduce the number of sequences
with low weight. The effect of the interleaver can be illustrated with a
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small example for the special case of the Turbo code in Figure 2.2: if
the output of C1 has low Hamming weight, the permutation of the input
sequence for C2 is most likely to result in an output sequence with higher
Hamming weight. Usually, this effect is caused by the spreading property
of an interleaver. In fading channels, an interleaver is also used to split
burst errors into single errors.

The spreading property of the interleaver has an important impact
on the performance of concatenated codes. Block interleavers imple-
mented by writing in rows and reading in columns do not work well
due to the non-randomness while pseudo-random interleavers perform
better. The S-random interleaver [DD95] has good spreading proper-
ties which lead to a good BER performance. For large-size interleavers,
however, this method may not converge to a solution. Therefore, we em-
ploy the flexible-length S-random (FLS) interleaver constructed according
to [PKR04] in this thesis.

Let us denote the permutation of a length-N FLS interleaver as πN ,
then the i-th bit in the input sequence will appear as the πN (i)-th bit in
the output sequence. The cycle length LπN

(i, j) of input bit xi and xj

with respect to πN is defined as [PKR04]

LπN
(i, j) = |i − j| + |πN (i) − πN (j)|.

The minimum cycle length (MCL) for the permutation πN is defined as

M(πN ) = min
i,j,i6=j

LπN
(i, j),

and a quality function is defined as

Q(πN ) =
∑

i,j,i6=j

Ind(LπN
(i, j) = M(πN ))

where Ind is an indicator function. It equals to 1 if the statement in the
argument of the function is true; otherwise it takes 0.

In brief, the FLS interleaver is constructed in an iterative way by
maximizing the minimum cycle length and minimizing the quality func-
tion. The algorithm always converges independent of the size of the
interleaver, and its structure embeds randomness. It is considered to
be length-flexible because shorter/longer interleavers can be obtained by
pruning/adding positions to the current available interleaver. As shown
in [PKR04], the BER from an FLS interleaver is never higher than the
BER offered by the S-interleaver of the same length. For more details,
see [PKR04].
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2.3.4 Log-Likelihood Ratios

In the context of iterative decoding, log-likelihood ratios (LLRs) for the
respective bits play an important role. A log-likelihood ratio for the bit
b with a priori probability p(b) is defined as

L(b) = log
p(b = 0)

p(b = 1)
.

Usually the natural logarithm is used for LLRs in Gaussian channels. In
the following, we will always use the natural logarithm in log-likelihood
ratios.

If p(b = 0) > p(b = 1), then L(b) is positive; if the inequality is
reversed, then L(b) is negative. If L(b) = 0, that means we have p(b =
0) = p(b = 1). The sign of L(b) provides the hard decision on bit b,
and the magnitude |L(b)| tells the reliability of this decision. The larger
|L(b)| is, the more sure we are about the decision.

We can translate from the LLR L(b) = ln(p(b = 0)/p(b = 1)) back to
the probabilities,

p(b = 0) =
eL(b)

1 + eL(b)

and

p(b = 1) =
e−L(b)

1 + e−L(b)
.

Similarly, we also have for the channel transition probability p(y|b)

L(y|b) = ln
p(y|b = 0)

p(y|b = 1)

and for the a posteriori probability p(b|y)

L(b|y) = ln
p(b = 0|y)

p(b = 1|y)
.

By Baye’s rule,
L(b|y) = L(y|b) + L(b).

2.3.5 Iterative Decoding

The optimal maximum likelihood (ML) decoding is not possible for con-
catenated codes due to its high complexity. As a remedy, a suboptimal
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solution with an iterative decoding procedure which tries to approximate
symbol-by-symbol maximum a posteriori (MAP) decoding is applied.

An iterative decoder mentioned above consists of component decoders
which exchange information during the iterations. The information pro-
vided by one decoder is regarded as its extrinsic information, and it is
used as the a priori information to the other decoder in the next iter-
ation step. Since both the input and the output data of each decoder
take continuous values to indicate reliability, we call it “soft-input soft-
output (SISO)” decoding/decoder. A SISO component decoder can be
generically described as follows.

Encoder
SISO 

Decoder

(a) (b)

B

CC
C

AB

AC

EB

EC

Figure 2.4: A component encoder and its SISO decoder.

Figure 2.4 (a) and (b) illustrate a component encoder and its SISO
decoder. The length-K bit vector B is encoded to a length-N codeword C

through an encoder C. The extrinsic LLRs EBi
and ECi

can be obtained
as

EBi
= L(Bi|AB, AC) − ABi

and

ECi
= L(Ci|AB, AC) − ACi

,

which follow from [HOP96].

If the code C is the inner code of an SCC or a component code of a
PCC, then AC = L(Y |C) and AB is provided by the other component
decoder. If the code C is the outer code of an SCC, AC is provided by
the inner code and AB = 0.

The iterative decoder for a PCC is shown in Figure 2.5. For each
iteration, the first constituent SISO decoder ( [BCJR74]) takes the chan-
nel observation Y 1 and the a priori information A1 and outputs the
LLR values L(Bi|A1, Y 1) for i = 1, 2, ..., K. The extrinsic information
on the systematic bits E1 = L(B|A1, Y 1) − A1 is passed through the
interleaver and input to the second constituent decoder as the a priori
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SISO

Decoder

SISO

Decoder

C1

C2

A1

A2

E1

E2

Y 1

Y 2

L(Bi|A1, Y 1)

L(B′
i
|A2, Y 2)

π

π−1

Figure 2.5: Iterative decoding for a PCC.

information A2. The second decoder takes A2 and the permuted chan-
nel observation Y 2 as the inputs and feeds back extrinsic information
E2 = L(B′|A2, Y 2) − A2 to the first decoder. The above iteration re-
peats until a stop criterion is satisfied.

  Outer

Decoder

  Inner

Decoder CI CO

AI

AO
EI

EO

Y

L(C′
Oi

|AI , Y )

L(COi
|AO)

L(Bi|AO)

π

π−1

Figure 2.6: Iterative decoding for an SCC.

The iterative decoder for an SCC is illustrated in Figure 2.6. In each
iteration, the inner decoder utilizes the channel observation Y and the
a priori information AI to produce the soft values L(C′

Oi
|AI , Y ). The

extrinsic information on the systematic part of the inner code is obtained
by EI = L(C′

O|AI , Y )−AI and input to the outer decoder as the a priori
information AO. Note that AO contains the a priori information for the
whole codeword of the outer code. For the outer decoder no channel
observation is available. After outer decoding, the extrinsic information
EO is fed back to the inner decoder.
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2.4 EXIT Charts

The Turbo-like decoding algorithm generally does not converge to a
maximum-likelihood solution, although it is able to provide a good per-
formance in practice. The convergence behavior can be analyzed through
extrinsic information transfer charts, density evolution, and other related
tools. In this thesis, we will mostly use extrinsic information transfer
charts as tool to analyze the convergence behavior.

Extrinsic information transfer charts, commonly referred to as EXIT
charts, were developed by Stephan ten Brink to describe the flow of
extrinsic information through constituent SISO decoders. The exchange
of extrinsic information is visualized as a decoding trajectory in the EXIT
chart. The idea was first proposed in [tB99] as a tool to provide guidelines
for choosing the bit-to-symbol mapping of an iterative demapping and
decoding (IDEM). The IDEM can be regarded as the decoder for serially
concatenated codes. Then in [tB01], the concept was extended to the
iterative decoding of parallel concatenated codes.

Taking the systematic PCC decoder in Figure 2.5 as an example,
we explain the concept of EXIT charts in detail in the following. The
received i-th symbol from an AWGN channel is

yi = xi + ni

where xi is the BPSK symbol, and ni denotes the Gaussian distributed
noise with zero mean and variance σ2

n. For brevity of notation, we drop
the time index i. The conditional pdf p(y|x) is given by

p(y|x) =
exp(−(y − x)2/2σ2

n)√
2πσn

.

The LLR value

Y = ln
p(y|x = +1)

p(y|x = −1)

can be simplified to

Y =
2

σ2
n

y

=
2

σ2
n

(x + n)

= µY x + nY
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with µY = 2/σ2
n and nY is Gaussian distributed with zero mean and

σ2
Y = 4/σ2

n.
The a priori input A can be modelled in a similar way

A = µAx + nA, (2.1)

and as for Y , the mean µA is connected with σ2
A as

µA =
σ2

A

2
.

Then the pdf of A can be written as

pA(ξ|X = x) =
exp(−(ξ − σ2

Ax/2)2/2σ2
A)√

2πσA

. (2.2)

The modelling of A is based on two observations [tB01]:

1. For large interleavers, the a priori LLR input A is uncorrelated
from the respective channel observation LLR Y ;

2. The extrinsic output E is approximately Gaussian distributed.

The mutual information between the transmitted BPSK symbol X
and the a priori LLR A is measured as

IA = I(X ; A)

=
1

2

∑

x=+1,−1

∫ ∞

−∞

pA(ξ|X = x)ld
2pA(ξ|X = x)

pA(ξ|X = +1) + pA(ξ|X = −1)
dξ

(2.3)

assuming uniformly distributed bits X . Substituting Eq. (2.2) into
Eq. (2.3), we get the mutual information IA as a function of σA, i.e.,

IA = f(σA),

or reversibly
σA = f−1(IA).

Mutual information is also used to measure the extrinsic output E,

IE = I(X ; E)

=
1

2

∑

x=+1,−1

∫ ∞

−∞

pE(ξ|X = x)ld
2pE(ξ|X = x)

pE(ξ|X = +1) + pE(ξ|X = −1)
dξ.

(2.4)
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The mutual information IE is a function of IA and Eb/N0 of the commu-
nication link, i.e. IE = g(IA, Eb/N0). We usually refer to this function
as the EXIT function. The EXIT functions of a recursive convolutional
code with different Eb/N0 are plotted in Figure 2.7 (a).

To plot an EXIT function of a decoder at a given Eb/N0, IE needs
to be known for all the desired IA. Since there is no closed-form expres-
sion available for Eq. (2.4), it is common practice to measure the EXIT
functions using Monte Carlo simulations. In each simulation, firstly we
generate an a priori vector A according to Eq. (2.1) and input it to the
decoder together with the channel observations Y . After SISO decod-
ing, we collect the extrinsic output E. After running a sufficiently large
number of independent simulations, the distribution pE(ξ|X = x) can be
determined by histogram measurements, and IE can be calculated as in
Eq. (2.4).

Since there are two component decoders which exchange information
back and forth, the behavior of the iterative decoder can be illustrated in
a two-dimensional chart. For the first decoder, its a priori information
IA1

is plotted on the horizontal axis and its output extrinsic information
IE1

is plotted on the vertical axis. For the second decoder, the input a
priori information IA2

= IE1
is plotted on the vertical axis and its output

IE2
, which becomes the a priori information IA1

for the first decoder, is
plotted on the horizontal axis. The zigzag trajectories which illustrate
the exchange of extrinsic information are plotted in Figure 2.7 (b) as well.

For a successful decoding, there must be an open tunnel between the
EXIT functions of the component decoders. To design an efficient code,
the two transfer curves need to lie as close as possible to each other
without intersecting.

2.5 Relay Channels

The use of relays in wireless communication networks increases reliabil-
ity, enlarges network coverage, and allows for lower transmit power. The
basic concept of relaying is that the transmission from a sender to a re-
ceiver can be aided by one or several relay nodes in a cooperative manner
under constraints on power, complexity or delay.

Figure 2.8 (a) and (b) illustrate the conventional two-hop transmission
and the cooperative transmission with one or multiple helping relays.
Compared with the two-hop transmission, the cooperative transmission
with relays shows superiority in many different ways.



22 2 System Model

(a)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

mutual information I
A

 at input of decoder

m
u
tu

a
l 
in

fo
rm

a
ti
o
n
 I E

 a
t 

o
u
tp

u
t 

o
f 

d
e
c
o
d
e
r

Eb/N0=-1dB

Eb/N0=0dB

Eb/N0=1dB

Eb/N0=2dB

(b)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

output I
E2

 of second decoder becomes input I
A1

 to first decoder

o
u
tp

u
t 

I E
1
 o

f 
fi
rs

t 
d
e
c
o
d
e
r 

b
e
c
o
m

e
s
 i
n
p
u
t 

I A
2
 t

o
 s

e
c
o
n
d
 d

e
c
o
d
e
r

first decoder, 0.8dB 

second decoder, 0.8dB 

first decoder, -0.2dB 

second decoder, -0.2dB 

trajectory of iterative

decoding at 0.8dB      

trajectory of iterative 

decoding at -0.2dB      

Figure 2.7: Extrinsic information transfer charts in (a) and trajectories
of iterative decoding in (b).
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(a)
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(b)
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.

Figure 2.8: Transmission from one source (S) to one destination (D)
with one helping relay (R) in a conventional two-hop manner in (a) or
with one or multiple relays in a cooperative manner in (b).

1. Diversity/Reliability

Allowing cooperative relaying as in Figure 2.8 (b) increases diver-
sity. Assuming fixed transmit power and data rate from the source
and assuming the direct link cannot provide error-free transmis-
sions, the system will benefit from diversity from helping relays in
both hops. In the first hop, the diversity can be gained since it
is unlikely that all the source-relay links are in bad conditions at
the same time. In the second hop, as long as more than one relay
succeeded in decoding the source’s message after the first hop, the
relays can cooperate to generate transmit diversity and accordingly
an increased reliability.

2. Throughput

The increased reliability due to the gained diversity can be traded
off to increase the throughput. On condition that the reliability
requirement is fulfilled, the system is able to increase the data rate
through cooperative transmission.

3. Power/Coverage

If rate and reliability requirements are fixed, a system with co-
operative transmission will allow a reduced transmit power while
maintaining the performance. A reduction in transmit power will
for example save energy for battery-driven devices or lower the in-
terference to others in the network. On the other hand, if the
transmit power is kept constant, then the communication range or
the network coverage will be enlarged.
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2.5.1 Relaying Strategies

Due to significant attention attracted by this topic, many relaying strate-
gies have been proposed in the past few years. We summarize the main
relaying strategies as follows.

1. Amplify-and-forward (AF): With amplify-and-forward, the relay
amplifies the received signal from the source and forwards it to
the destination subject to the power constraint at the relay.

2. Decode-and-forward (DF): Applying the decode-and-forward strat-
egy, the relay decodes the received signal from the source node,
re-encodes it with the same or a different code, and forwards the
codeword to the destination. In the sequel, we use decode-and-
forward to refer to the relaying schemes where the relay completely
decodes the entire code structure.

3. Compress-and-forward (CF): The compress-and-forward protocol
means compressing the received signal at the relay considering the
side information from the direct link and forwarding the compressed
information to the destination.

4. Estimate-and-forward (EF): Compared to the decode-and-forward,
estimate-and-forward relaying decodes the message at the relay and
forwards the estimates of the information symbols to the destination
node.

5. Detect-and-forward (DtF): We use detect-and-forward to describe
the case in which the relay detects each symbol instead of decoding
the whole codeword. The information arrived at the relay is symbol-
wise processed and forwarded to the destination.

6. Quantize-and-forward (QF): By applying quantize-and-forward,
the relay forwards a quantized version of the received signal without
exploiting the side information.

2.5.2 Transmission Model for Relay Channels

In this thesis, we restrict ourself to three-node relay networks. The source
node wants to convey its information to the destination node while a
dedicated relay assists the transmission. The source, the destination,
and the helping relay construct a three-node relay channel.
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Due to practical constraints, we only consider half-duplex relays in
this thesis. This means that the relay cannot transmit and receive at
the same frequency or at the same time. Furthermore, we make the
assumption that all the communication channels are orthogonal and no
interference needs to be considered.

In the thesis, we mainly discuss distributed channel coding based
on the decode-and-forward protocol. The general transmission model is
shown in Figure 2.9.

  Joint 

Decoder
Encoder

Information

Processing &

Forwarding
 Comm.

Channel

 Comm.

Channel

 Comm.

Channel

Relay

Source
Destination

B
B̂

XR

XS

YSR
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YRD

Figure 2.9: General transmission model for a three-node relay channel.

The transmission is carried out in two phases. In the first phase, the
source node encodes the information bit vector B (B ∈ {0, 1}) with
the encoder employed. The BPSK modulated codeword XS (XS ∈
{+1,−1}) is transmitted to the relay and the destination simultaneously.
The relay node, according to different relaying strategies, processes the
message it receives and forwards new information XR to the destination
in the second phase. Decoding is performed at the destination based on
the channel observations Y SD and Y RD.

Note that the performance of the system can be further improved if
we allow the source as well to transmit in the second phase by using
the same resources as the relay. Assuming that the relay is error free
and the network is perfectly synchronized, the source could support the
relay by transmitting XR enabling higher code rates in the second hop.
Alternatively, if, e.g., synchronization does not allow for such coopera-
tion, the source could transmit a new message encoded with a low-rate
code (adapted to the SNR on the direct link) given that the code chosen
from the relay can cope with the additional interference from the source.
Decoding in this case can be performed by successive decoding.

In this thesis, we do not take into account the aforementioned exten-
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sions of the transmission system since

1. The design principles for encoders at the source and at the relay do
not change;

2. Requirements on synchronization or complexity constraints make
them often infeasible for practical networks.



Chapter 3

Distributed Parallel

Concatenated Codes

In this chapter, we will discuss distributed channel coding based on Turbo
codes or more generally parallel code structures with one or possibly
multiple assisting relays. The schemes are mostly based on the decode-
and-forward protocol or its variations like, e.g., the estimate-and-forward
protocol.

Most of the previous work which has been done in this area employs
half-duplex relays which cannot transmit and receive simultaneously. Or-
thogonal transmissions are assumed so that interference needs not to be
considered.

In the following, we firstly review the idea of distributed Turbo cod-
ing (DTC) as an example of distributed parallel concatenated codes
(DPCCs). After that, a generalized transmission model is given for three-
node relay channels. Specifically, in this chapter we summarize the meth-
ods proposed so far in the literature for mitigating the error propagation
from the noisy relay to the destination. Performance comparison and
discussions are included at the end of this chapter.

3.1 Distributed Turbo Code

The concept of distributed Turbo coding was proposed in [ZV03] under
the assumption of error-free relaying. The communication is divided into
two phases. In the first phase, the source encodes the information bits and
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broadcasts the coded bits to both the relay and the destination. The relay
decodes the codeword transmitted during the first phase, permutes the bit
vector of hard estimates and re-encodes it. In the second phase, the relay
forwards this re-encoded codeword to the destination. The parallel inputs
to the destination from both the source and the relay yield a distributed
Turbo code structure. Iterative decoding at the destination is performed
in the same way as for conventional Turbo codes since noiseless relaying
is assumed. The connection between a conventional Turbo code and its
distributed generalization is illustrated in Figure 3.1.
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Figure 3.1: Similarities between parallel concatenated codes (Turbo
codes) (a) and distributed parallel channel coding with multiple relays
(b).

In [ZV03], the distributed Turbo code is realized by employing recur-
sive systematic convolutional codes both at the source and at the relay.
The authors mainly compared

1. Repetition code: The source and the relay use the same RSC code,
and the relay does not interleave before re-encoding. Therefore, the
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destination performs maximum ratio combing (MRC) and Viterbi
decoding.

2. Distributed rate-1/4 PCC: The source and the relay employ the
same RSC code. At the relay, the decoded message goes through
an interleaver before it is re-encoded. At the destination, iterative
Turbo decoding is performed.

3. Distributed rate-1/3 PCC: Identical to the distributed rate-1/4
PCC except that the relay only transmits the parity output to the
destination. All the systematic bits are punctured.
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Figure 3.2: Performance comparison between repetition code, rate-1/3
DTC and rate-1/4 DTC.

The results in the paper show that the distributed coding systems
clearly outperform the repetition code system. A significant gain is ob-
tained from the iterative decoding. Another important conclusion from
the paper is that the rate-1/3 PCC code and rate-1/4 PCC code achieve
nearly the same performance. This result indicates that the relay does
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not need to transmit the systematic bits which have been transmitted
through the direct link. We have repeated the simulation in Figure 3.2.

Extensions of DTCs were proposed in [ZD05]. Different cases are
considered where the source and the relay employ RSCs, Turbo codes or
combinations of both. Code adaptation is performed by puncturing, and
the achieved rates are compared with theoretical limits.

3.2 Generalized Transmission Model

In Figure 3.3, we give a generalized transmission model for distributed
parallel concatenated codes in three-node relay channels.

CS

Encoder

π

π
−1

SISOSISO
Decoder CR

B̂

AS ER

ES AR

Destination

Comm.
Channel

Comm.
Channel

Source

B

(π, CR)
Re-Encoding

Relay

Decoder CS

XRY SR

Y RD

Y SD

Decoding,

Interleaving,

Channel
Comm.

XS

Figure 3.3: Transmission model of DPCCs.

The transmission is carried out in two phases due to the half-duplex
constraint. In the first phase, the source node encodes the systematic bit
vector B (B ∈ {0, 1}) to CS (CS ∈ {0, 1}) with the code CS . The BPSK
modulated codeword XS (XS ∈ {+1,−1}) is transmitted to the relay and
the destination simultaneously. At the end of the first phase, the relay
performs SISO decoding based on the channel observations Y SR from
the source-relay link. After decoding, the relay interleaves the decoded
message according to π and re-encodes it in some way with another code
CR. The re-encoded and modulated symbol vector XR is transmitted to
the destination in the second phase.

Iterative decoding is applied at the destination based on the channel
observations Y SD and Y RD. In each iteration, the source decoder CS

utilizes the channel observations Y SD from the direct link and the a
priori information AS from the other decoder CR, and generates the
extrinsic information ES . This extrinsic information ES turns into the
a priori information AR to the decoder CR and is put into the decoder
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together with the noisy observations Y RD. The extrinsic information
from the decoder CR is then fed back to the decoder CS as the a priori
information. This procedure repeats until eventually the hard decisions
B̂ are output.

3.3 DPCCs with Noisy Relays

In general, distributed channel coding provides an additional coding gain
compared with simple amplify-and-forward relaying. However, it relies on
the assumption of error-free relaying, i.e., the code needs to be designed
in such a way that successful decoding at the relay is guaranteed. This
restricts the possible scenarios where DTCs can be applied. To relax
the constraint of noiseless relaying for the DF protocol, some methods
were proposed to deal with the errors at the relay instead of directly
forwarding them to the destination. Basically, these methods can be
divided into three classes:

1. Adaptive relaying with cyclic redundancy check (CRC) at the relay;

2. Soft decoding and re-encoding at the relay;

3. Iterative decoding with a limiter function at the destination.

Very recently, the authors of [GiALR10] derived an optimal MAP
decoder which operates on a super-trellis and estimates jointly the trans-
mitted codeword from the source and the error pattern introduced by
the relay. With these schemes, the decode-and-forward protocol can be
extended to the cases where a certain number of errors at the relay node
are allowed.

3.3.1 Adaptive Relaying with CRC

In [SV06], the authors proposed some adaptive relaying schemes based on
decode-and-forward with CRC at the relay for Rayleigh fading channels.
Depending on the selected protocol, the relay or the source repeats the
message transmitted in the first phase to the destination. Maximal ratio
combing is applied at the destination.

Adaptive Decode-and-Forward

The adaptive decode-and-forward protocol is described as follows. If the
source-relay transmission is successfully decoded, the relay re-encodes
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and forwards to the destination as in conventional DF; otherwise, the
source retransmits the message to the destination.

Whether decoding at the relay is successful or not is checked by a
CRC, and the result will be fed back to the source node. Therefore, a
CRC is needed, and a feedback channel between the source and the relay
is required.

Hybrid Amplify-and-Forward/Decode-and-Forward

In the hybrid AF/DF strategy, the relay detects whether it has success-
fully decoded the source’s information. If successful, the relay forwards
the information to the destination; otherwise, it amplifies and forwards
the message as for AF.

As for the adaptive DF method, a CRC is necessary for hybrid AF/DF
relaying. In contrast to adaptive DF, the hybrid scheme does not require
any feedback from the relay to the source. The relay makes the decision
on its next action locally.

From the theoretical perspective [LTW04], the conventional DF relay-
ing strategy does not achieve full diversity. For adaptive DF and hybrid
AF/DF, second order diversity can be achieved in the high SNR region.

According to the results in [SV06], if the relay is placed on a straight
line between the source and the destination for a relatively high source-
destination SNR, the optimum position for the relay node is the midpoint.
The conventional DF is able to perform similarly to adaptive DF and
hybrid AF/DF when the relay is close to the source; however, it converges
to the two-hop transmission when the relay approaches the destination.

For both adaptive DF and hybrid AF/DF, the overhead caused by
CRC and/or feedback will lead to some inefficiency. Besides, the authors
did not take into account any code cooperation, e.g., no concatenation is
considered. Hence, the system cannot gain from iterative processing.

The erroneous message at the relay is not necessarily useless. A proper
processing at the relay or a smart combination at the destination could
probably lead to alternative solutions. A brief review on schemes which
try to utilize the remaining information carried by an erroneous decoded
message will be given in the following subsections.



3.3 DPCCs with Noisy Relays 33

3.3.2 Soft Relaying

The main idea of soft relaying is that the relay performs soft decod-
ing based on the noisy channel observations, generates re-encoded LLR
values or soft symbols through re-encoding, and transmits them to the
destination. In [SV05], the authors suggested to forward the generated
LLRs in an amplify-and-forward manner. In [LVWD06], the soft symbols
based on estimate-and-forward protocol are transmitted to the destina-
tion. Code design for soft relaying systems was discussed in [WWKK08]
and [Tho08].

In the following, we will firstly introduce the concept of memory-
less estimate-and-forward and then discuss the code design for soft re-
encoding.

Memoryless Estimate-and-Forward

The idea of memoryless estimate-and-forward was proposed in [GJ06]
and [GJ07] as an SNR-efficient method for information forwarding.

Let us assume an elemental memoryless relay channel as depicted in
Figure 3.4, where a dedicated relay assists the transmission from the
source to the destination. No direct link is considered for this scenario
and AWGN channels ignoring the effect of fading are assumes. BPSK
modulation is employed at the source.

S R D

xs ∈ {+1,−1} xr = f(yr)

yr = xs + n1 yd = xr + n2

Figure 3.4: An elemental relay channel.

Let the source and the relay have unit power constraint, i.e., PS =
PR = 1. The received signals at the relay and at the destination are
respectively corrupted by independent additive white Gaussian noises
n1 ∼ N (0, σ2

1) and n2 ∼ N (0, σ2
2). The relay observes

yr = xs + n1

and transmits

xr = f(yr)
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to the destination. Note that xr needs to satisfy the power constraint PR

at the relay.
If DF is applied, the relay function f(·) can be written as the sign of

yr,
fDF (yr) = sign(yr).

If AF protocol is used, the relay function can be expressed as

fAF (yr) =

√

PR

PS + var{N1}
yr

=

√

1

1 + σ2
1

yr

assuming that PS = PR = 1.
The DF protocol does not provide any information on reliability to the

destination. No measure for the uncertainty is included so that the relay
might mislead the final decision at the destination. In contrast, the relay
with AF provides soft information to the destination. However, it has
two obvious disadvantages. First, the noise from the first transmission
is forwarded in the second phase. Secondly, the AF protocol is power
inefficient.

In the following, we will show how the estimate-and-forward proto-
col combines the advantages of DF and AF. For BPSK modulation, the
estimate of xs is given by,

x̃s = E{xs|yr}
= (+1) · p(+1|yr) + (−1) · p(−1|yr)

= tanh(yr/σ2
1)

where

tanh(z) =
ez − e−z

ez + e−z
.

If the LLR value lr of the channel observation is used, x̃s can also be
written as

x̃s = tanh(lr/2).

The relay function with estimate-and-forward protocol is

xr = fEF (yr) = β · x̃s,

where β is included to satisfy the power constraint E{x2
r} ≤ PR.
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Figure 3.5: Comparison of relay functions when σ2
1 = 1.

Figure 3.5 plots the aforementioned relaying functions when σ2
1 = 1.

It can be seen that fEF (yr) is approximately a linear function for small
values of |yr|. Its slope reduces gradually with the increasing value of
|yr| until it becomes flat as fDF (yr). Therefore, EF is attractive in two
aspects:

1. It provides soft information on uncertainty to the destination;

2. It is power efficient.

Receiver design is of great importance to EF relaying. It has been
shown in [LVWD06], [WWKK08] and [TL07] that the optimal receiver
for EF relaying is a non-linear function, and no closed-form expression
can be obtained even under idealized assumptions. In this thesis we
use the linear approximation of the optimal receiver for the EF function
[LVWD06,TL07].

The linear approximation is based on the assumption that the relation
between the random variable xs ∈ {+1,−1} and the normalized a pos-
teriori expectation xr can be statistically described by a fading channel.
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The fading coefficient is given by

h = |E{xr|xs = +1}| = |E{xr|xs = −1}|,

such that xr can be modelled as

xr = h · xs + nr.

The “noise” nr is assumed to be Gaussian distributed with zero-mean
and variance

σ2
r = E{x2

r} − h2

= 1 − h2.

Accordingly, at the destination

yd = xr + n2

= h · xs + nr + n2

= h · xs + nd.

The noise nd is approximated as Gaussian with zero mean and variance

σ2
d = σ2

r + σ2
2

= 1 − h2 + σ2
2 .

Based on yd = hxs + nd, the receiver is given as

rec(yd) =
2h

1 − h2 + σ2
2

· yd.

According to [TL07], this linear approximation approaches to the op-
timal receiver only for low SNRs on the relay-destination link. When the
relay-destination link has high channel quality, the optimal receiver is a
non-linear “S”-shaped function. Under these conditions, the use of the
linear approximation of the optimal receiver will lead to a degradation in
performance.

Soft Re-Encoding

As suggested in [SV05] and [LVWD06], a soft re-encoding strategy can be
applied for information forwarding in relay channels. The same structure
as for the conventional DF protocol is used as shown in Figure 3.6. With
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this strategy, instead of re-encoding the hard estimate B̂ on information
bits B, LLRs L(B) are input to a SISO encoder. In the case that CR

is a convolutional code, the SISO encoder can be realized by a SISO
decoder with L(B) as the a priori information and zero-valued LLRs as
channel observations. For more general cases, the soft encoding can be
realized by the “⊞” calculation [HOP96] instead of modulo-2 addition
“⊕”. The operation ⊞ will be explained later. The newly-generated a
posteriori LLRs on CR can be transmitted to the destination either in
an AF fashion as in [SV05] or in an EF manner as in [LVWD06]. We
prefer the latter method since it is power efficient.

    SIHO

Decoder  

Encoder
BPSK

     SISO

Encoder  

     or

(a)

(b)

    SIHO

Decoder  

Y SR

Y SR

XR

XR

CS

CS

CR

CR

B̂ B̂
′ CR

L(B) L
′(B) L(CR)

π

π

fAF (·)

fEF (·)

Figure 3.6: Re-encoding at the relay in a “hard” manner in (a) and in
a “soft” manner in (b).

Similar to the modulo-2 addition ⊕ in binary-input encoders, the
operation ⊞ can be used for SISO encoders with LLRs as the inputs. The
symbol ⊞ expresses the reliability of a modulo-2 sum of bits in terms of
individual LLRs. It is defined as [HOP96]

L(b1) ⊞ L(b2) = L(b1 ⊕ b2).

The LLR value for the modulo-2 addition of two bits is

L(b1 ⊕ b2) = ln
p(b1 ⊕ b2 = 0)

p(b1 ⊕ b2 = 1)

= ln
p(b1 = 0)p(b2 = 0) + p(b1 = 1)p(b2 = 1)

p(b1 = 1)p(b2 = 0) + p(b1 = 0)p(b2 = 1)
.

Substituting

p(b = 0) =
eL(b)

1 + eL(b)
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and

p(b = 1) =
e−L(b)

1 + e−L(b)
,

we get

L(b1) ⊞ L(b2) = L(b1 ⊕ b2)

= ln
1 + eL(b1)eL(b2)

eL(b1) + eL(b2)

≈ sign(L(b1)) · sign(L(b2)) · min(|L(b1)|, |L(b2)|).
That is, for soft encoding the output LLR is determined by the sign of
the input LLRs and approximately the minimum absolute value of the
input LLRs.

For the soft re-encoding with EF protocol, the performance of the
source-relay-destination link is dominated by the fading coefficient h.
The value of h is affected by

1. Errors which cannot be corrected by the decoder at the relay;

2. Re-encoding method.

To reduce the errors at the relay for a given quality of the source-relay
link, strong channel codes should be employed at the source. For the
re-encoding procedure, recursive codes should be avoided. As we have
shown above, the output of a soft encoder cannot exceed the range of the
inputs. With recursive structures, the soft coded bit is determined by
the least reliable bit so far in the current block. Therefore, information
is destroyed in the re-encoding procedure. Figure 3.7 shows the LLRs on
the input systematic bits in (a) and the output parity bits in (b) of a
recursive convolutional code (5/7)8 when Es/N0SR = 0 dB.

Code design for soft re-encoding was discussed in [WWKK08] and
[Tho08]. Turbo codes are recommended to be employed at the source
since they provide higher protection from noisy source-relay links. Non-
recursive re-encoding or directly forwarding the soft information without
re-encoding is suggested. For example, in [Tho08] a very simple non-
systematic non-recursive convolutional (NNC) code (3)8 is used at the
relay as the re-encoder. In [WWKK08] the authors suggested a system
where the source utilizes a non-systematic Turbo code and the relay for-
wards the systematic bits in an EF fashion. The soft estimates of the
systematic bits are regarded as additional a priori information for the
iterative decoding of the Turbo code at the destination. We refer to this
system as relay assisted Turbo code (RATC) in the following chapters.
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Figure 3.7: Distribution of input LLRs (a) and output LLRs (b) over
time for Cr = (5/7)8 when Es/N0SR = 0 dB.

3.3.3 Iterative Decoding with Limiter Function

In [SLV08] and [Tho08] a simple approximation of the optimal re-

encoding procedure was proposed. At the relay, the hard estimates B̂ are
encoded with the conventional DF protocol as in Figure 3.6 (a), while at
the destination a “limiter” function is employed during iterative decod-
ing.

Due to the noisy source-relay link, the information bit B and its hard
estimate B̂ differ with the probability Pr(B 6= B̂) = ε. Note that this is
based on the assumption of a simple memoryless model. In reality, the
errors are correlated.

During iterative decoding, the a priori information on B needs to be
converted to the a priori information on B̂ (and vice versa) before it is
input to the decoder CR (and the decoder CS). This conversion is realized
by the limiter Lε.

The modified constituent decoder CR at the destination is shown in
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SISO

Decoder AR(B′)

AR(B̂′)

ER(B′)ER(B̂′)

Y RD

CR

L(B̂′)

Lε(·)

Lε(·)

Figure 3.8: Modified decoder with the limiter function at the destina-
tion.

Figure 3.8. Assuming the input LLR to the limiter is LI = AR(B′) and
the output is LO = AR(B̂′), the relation between LI and LO can be
written as

LO = Lε(LI)

= ln

(

p(LI |B̂ = 0)p(B̂ = 0|B = 0) + p(LI |B̂ = 1)p(B̂ = 1|B = 0)

p(LI |B̂ = 0)p(B̂ = 0|B = 1) + p(LI |B̂ = 1)p(B̂ = 1|B = 1)

)

= ln

(

eLI

1+eLI
· (1 − ε) + e−LI

1+e−LI
· ε

eLI

1+eLI
· ε + e−LI

1+e−LI
· (1 − ε)

)

= ln

(

eLI/2 · (1 − ε) + e−LI/2 · ε
eLI/2 · ε + e−LI/2 · (1 − ε)

)

= sign(LI) · min(|LI |, |Lε|) + ln

(

1 + e−|LI+Lε|

1 + e−|LI−Lε|

)

with

Lε = ln

(

1 − ε

ε

)

.

When |LI | ≫ |Lε|, the limiter function limits the absolute value of the
output LLR LO to |Lε|. We show this limit in exchanged mutual infor-
mation in Figure 3.9 for increasing IA. No matter how good the channel
quality of the relay-destination link is, the mutual information provided
by decoder CR cannot exceed I(B; B̂) = 1 − H(ε).

3.4 Performance Comparison

In this section, we compare the performance of the aforementioned noisy
relaying schemes in AWGN channels and Rayleigh channels. The advan-
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Figure 3.9: Effect of the limiter function on mutual information ex-
change when Es/N0SR = −2.5 dB and Es/N0RD = {2, 3, 4, 5} dB.

tages and disadvantages of each scheme are further discussed based on
the simulation results.

3.4.1 Numerical Results for AWGN Channels

Case 1: No Code Cooperation

In order to perform a comparison among as many schemes as possible,
we firstly consider a case without code cooperation. That is, the relay or
the source repeats the message transmitted from the source in the first
phase after decoding it. Accordingly, MRC is applied at the destination
for combining the channel observations from both links.

We take into account five schemes for this case: fixed DF, adaptive
DF, hybrid AF/DF, EF relaying and DF with a limiter function at the
destination (referring to as the scheme “Limiter@D”). The fixed DF is in-
cluded as a benchmark, where no action is taken to deal with the decoded
errors at the relay. The errors are directly forwarded to the destination.
The scheme Limiter@D differs from the fixed DF only by using a lim-
iter at the destination. The relay transmits the BPSK modulated hard
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Figure 3.10: BER performance comparison between the systems with
different noisy relaying schemes when the rate-1/2 RSC code CS =
(1, 5/7)8 is employed.

decisions, and at the destination the noisy observations from the relay-
destination link go through a limiter before being combined with the ob-
servations from the source-destination link. Note that the limiter which
was initially designed for optimal conversion of the LLRs is required here
in order to perform optimal combining of the two observations which are
provided by the relay and the direct link.

The rate-1/2 RSC code (1, 5/7)8 is used at the source node as well
as at the relay. Therefore, an overall rate-1/4 code is constructed. For
adaptive DF and hybrid AF/DF, we do not take into account the impact
of the overhead (CRC and feedback) to the overall rate. The SNR of the
source-relay link is set to be Eb/N0SR = 0.5 dB so that the BER at the
relay is around 0.06. This BER is used for the limiter at the destination.
The SNRs of the other two links are set to be Eb/N0RD = Eb/N0SD.
The end-to-end BER performance is plotted in Figure 3.10.

A similar comparison is conducted when a Turbo code is employed at
the source. We utilize the rate-1/2 non-systematic Turbo code (4/7, 5/7)8
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Figure 3.11: BER performance comparison between the systems with
different noisy relaying schemes when the rate-1/2 Turbo code CS =
(4/7, 5/7)8 is employed.

at the source for all the systems. At the relay node, the information on
the systematic bits is forwarded to the destination in the same manner
as explained for the RSC case. Hybrid AF/DF is not included in this
comparison since there are no noisy observations on the systematic bits
for the relay to forward in an AF way. In this setup, the overall rate is
1/3 for all the systems. The simulation results are plotted in Figure 3.11.

From Figure 3.10 and Figure 3.11, we draw the conclusion that the
adaptive schemes with CRC outperform others. A higher reliability is
achieved at the cost of the overhead due to CRC and the feedback channel.
For this specific setup, i.e. Eb/N0RD = Eb/N0SD, the hybrid AF/DF
cannot outperform the adaptive DF since the noise from the source-relay
link cannot be cancelled in the AF mode.

In general, the estimate-and-forward protocol is able to provide the
destination with a larger amount of information than the decode-and-
forward schemes which can be interpreted as a special case of a 1-bit
quantize-and-forward scheme if the decoding is not error-free. Accord-
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ingly, we can expect that EF relaying leads to a better BER performance
than the DF schemes in this case (no code cooperation). However, as
we explained in Section 3.3.3, the linear approximation of the optimal re-
ceiver for EF is not accurate when SNRRD is high. It causes a severe per-
formance degradation which can for example be observed in Figure 3.10.

Case 2: Parallel Concatenated Codes
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Figure 3.12: BER performance comparison between “soft” and “hard”
re-encoding at the relay.

We investigate the performance of distributed parallel concatenated
codes with noisy relays in this part. The comparison between different re-
encoding methods is shown in Figure 3.12. With a recursive re-encoder,
we can see from Figure 3.12 that the message from the relay node does
not help in the decoding at the destination. Its performance coincides
with the non-cooperative code. As we have stated in Section 3.3.2, the
information is destroyed by the recursive soft re-encoding. The “hard” re-
encoding scheme does not show the typical behavior of Turbo-like codes
either. We will go into the details of this problem using an EXIT chart
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analysis in the next chapter.

3.4.2 Numerical Results for Rayleigh Channels

We perform the same simulation in Rayleigh block-fading channels as we
did in the “no code cooperation” case for AWGN channels. Again we em-
ploy the rate-1/2 RSC code, and an overall rate-1/4 code is constructed.
The average SNR on the source-relay link is set to be Eb/N0SR = 15 dB
and for the other two links we let Eb/N0RD = Eb/N0SD. The frame error
rate (FER) performance is plotted in Figure 3.13.
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Figure 3.13: FER performance comparison between the systems with
different noisy relaying schemes when the rate-1/2 RSC code is employed.

The same conclusion can be obtained in Rayleigh block-fading chan-
nels as in AWGN channels. The adaptive schemes perform better than
the others.

Figure 3.14 shows the comparison between the DTC with a limiter
and the RATC with EF relaying. As said in [WWKK08], RATC is bene-
ficial in Rayleigh block-fading channels. Meanwhile, rate-1/2 Turbo code
(4/7, 5/7)8 is a good candidate for the channel coding at the source node.
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Figure 3.14: FER performance comparison between DTC and RATC
with noisy relaying.

Based on the simulation results in this section, we summarize the
following comments for noisy relaying.

1. Adaptive schemes with cyclic redundancy check are superior to
other schemes in BER/FER performance. The drawback of these
schemes is the overhead caused by the CRC and the feedback chan-
nel for adaptive DF.

2. Estimate-and-forward maximizes the effective SNR in memoryless
channels; however, the linear approximation of the optimal receiver
needs more investigation.

3. Recursive codes should not be used for soft re-encoding.

4. The use of the limiter function at the destination makes the design
of distributed concatenated codes possible for noisy relay channels.
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3.5 Conclusion

In this chapter, we have summarized the distributed parallel coding
schemes and its variations. Specifically, we have introduced and discussed
noisy relaying schemes which are applicable even without the error-free
relaying assumption. Suggestions for the design of distributed codes are
given in the following chapters.





Chapter 4

Distributed Serially

Concatenated Codes

In the previous chapter, we discussed practical implementations of the
DF protocol with distributed parallel concatenated codes. In order to
complement the research which has been conducted so far in this area,
we discuss and analyze in this chapter a novel distributed coding scheme,
distributed serially concatenated codes (DSCCs). To constitute a DSCC
the relay interleaves and re-encodes the code symbols of the received
codeword; decoding at the destination node will then be performed by a
modified iterative decoder.

In the following we detail the encoding and decoding of DSCCs and
outline interesting design aspects resulting from the new decoder struc-
ture. Our discussions are based on an analysis of the EXIT charts of the
component decoders. Our simulation results for AWGN and Rayleigh
block-fading channels show that DSCCs lead to an improved error-floor
performance and an increased robustness against decoding errors at the
relay compared with conventional distributed parallel concatenated cod-
ing schemes.

The rest of this chapter is organized as follows. Section 4.1 introduces
the underlying transmission scheme and relaying protocol. In Section 4.2
and Section 4.3, we discuss the encoding and decoding of distributed
serially concatenated codes. Section 4.4 follows with the analysis and
comparison with the help of the EXIT charts. The numerical results
are presented in Section 4.5. The conclusion is given at the end of the



50 4 Distributed Serially Concatenated Codes

chapter.

4.1 System Model

The transmission model we consider for DSCCs is similar to the one for
the distributed parallel codes as in Figure 4.1. We realize distributed
coding with component codes CS and CR at the source and at the relay,
respectively.

CS

Encoder

π

π
−1

SISOSISO
Decoder CR

B̂

AS ER

ES AR

Destination

Comm.
Channel

Comm.
Channel

Source

B

(π, CR)
Re-Encoding

Relay

Decoder CS

XRY SR

Y RD

Y SD

Decoding,

Interleaving,

Channel
Comm.

XS

Figure 4.1: Transmission model with the distributed encoding and de-
coding.

Since we employ half-duplex relays, the transmission is carried out
in two phases as for the parallel case. In the first phase, the source
node encodes the information bits B (B ∈ {0, 1}) to a codeword C

(C ∈ {0, 1}) with the encoder CS . With BPSK modulation, the codeword
XS (XS ∈ {+1,−1}) is transmitted to the relay and the destination
simultaneously. The relay decodes Y SR, permutes the decoded message
with an interleaver π and re-encodes the message with another code CR.
The re-encoded symbol vector XR is transmitted to the destination in
the second phase.

Iterative decoding is applied at the destination based on the channel
observations Y SD and Y RD. We will detail the modification to the
iterative decoding later.

4.2 Encoding of the DSCC

As shown in Figure 4.1, the source encodes the information bits B with
the code CS. It serves as the outer encoder of the DSCC. The relay
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performs decoding based on the channel observation Y SR and generates
a hard-decision estimate Ĉ on the code bits C. Then Ĉ instead of B̂, as
opposed to DPCCs, is interleaved and encoded with the code CR which
acts as the inner encoder. The situation is illustrated in Figure 4.2.

Encoder
CR

Y SR Decoder

CS

π

B̂
XR

Ĉ

Figure 4.2: Coding at the relay for distributed serially concatenated
codes.

If the source-relay link is error free, the code construction resulting
from the encoding at the relay turns out to be a standard serially concate-
nated code as in Figure 2.3. Meanwhile, the direct link from the source to
the destination also contributes in the cooperative transmission. Hence,
we refer to the whole structure as distributed serially concatenated code.

4.3 Iterative Decoding

4.3.1 Iterative Decoding with Perfect Relaying

At the destination, some modifications of the iterative decoder are neces-
sary compared with the conventional decoder. The modified decoder for
decoding distributed serially concatenated codes is shown in Figure 4.3
under the assumption of an error-free relay.

CS

Decoder
SISO

π−1

π

Decoder
SISO

ER ASL(C ′)

ESAR L(C)

B̂Y RD

Y SD

CR

Figure 4.3: Detailed representation of the modified iterative decoder;
Y SD and Y SR are represented as LLRs.

The inner SISO decoder (for decoding CR) produces the extrinsic in-
formation ER in a conventional manner by subtracting the a priori vec-
tor AR from the LLR vector L(C′) of the interleaved outer code bits
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C ′ at the relay. It therefore exploits the channel observation Y RD and
the a priori information AR. After being de-interleaved, the extrinsic
information ER is fed into the outer decoder as the a priori information
AS (for decoding CS). The outer decoder exploits additionally the noisy
observation Y SD of the codeword XS which is received via the source-
destination link. At the end of an iteration the interleaved version of the
extrinsic information ES is returned as a priori information AR to the
inner decoder for decoding CR. The main innovation compared with con-
ventional SCC decoding lies in the utilization of the channel observation
Y SD by the outer decoder.

Figure 4.3 shows one possible variant for how to feed Y SD into the
decoding process. Note that Y SD is included in this case directly in
the extrinsic vector ES . Alternatively, Y SD may be combined with AR

and fed into the decoder associated with the relay. Depending on the
decoding schedule, the one or the other strategy may be beneficial.

4.3.2 Iterative Decoding in the Noisy-Relay Case

In the previous chapter we summarized the methods which are able to
handle the decoding errors at the relay. In the following we choose to use
the limiter function to adapt the iterative decoder from Figure 4.3 to the
noisy-relay case. We assume that the encoding remains unchanged and
that the estimates Ĉ at the relay on the transmitted code bits C are in
error with probability Pr(Ĉ 6=C) = ε. This is again based on the assump-
tion of the memoryless model. A more reasonable approximation of the
true distribution of the errors at the relay can be found in [GiALR10].

Due to the decoding errors at the relay the component decoders at the
destination decode toward different binary words C and Ĉ. Note that
depending on the decoder employed by the relay Ĉ is not necessarily a
codeword of the code CS. Accordingly, the iterative decoder from Fig-
ure 4.3, where the component decoders exchange reliability information
on the code bits C, does not describe the underlying decoding problem
correctly. Instead, the error probability ε has to be taken into account
by the iterative decoder as pointed out in Section 3.3.3, and the extrinsic
information ER for the bits Ĉ has to be converted into soft information
on the code bits C before it can be used as a priori knowledge AS by
the decoder associated with CS . As shown in [Tho08] the conversion of
an LLR L̂ on Ĉ into an LLR L on C can be (optimally) realized by a
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limiter function as follows

L = sign(L̂) · min(|L̂|, |Lε|) + ln

(

1 + exp(−|L̂ + Lε|)
1 + exp(−|L̂ − Lε|)

)

.

with Lε = ln((1− ε)/ε), and we can express the a priori vectors AS and
AR with the help of the interleaver π and the limiter Lε as

AS = π−1 (Lε(ER))

and

AR = π (Lε(ES)) .

4.4 Analysis and Comparison

In order to identify the strengths and weaknesses of distributed serially
concatenated codes, we provide an analysis of the iterative decoder based
on EXIT charts of the component decoders for both the perfect-relay
case and the noisy-relay case. For comparison purpose we consider as
well distributed Turbo coding. In the following, all systems are designed
to achieve an overall rate of R = 1/3. The parameters are summarized
in the following.

4.4.1 Code Parameters and Reference Systems

We realize the DSCCs with different combinations of constituent codes.
Convolutional codes (systematic/non-systematic and recursive/non-
recursive) are employed as the basic components for the code construc-
tion.

DSCC

We consider the case where for encoding at the source node a rate-1/2
recursive systematic convolutional code with the generator polynomials
(1, 5/7)8 is punctured to the rate R = 2/3. This code is combined at
the relay with a rate-1 recursive convolutional code (5/7)8 resulting in
an overall code rate R = 1/3. This coding scheme is referred to as DSCC
in the following.
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DHCC

As a special case of distributed serially concatenated codes we realize
a distributed hybrid concatenated code (DHCC) where a Turbo code is
used as the outer encoder at the source node, and a rate-1 inner encoder
is considered at the relay. The Turbo code is based on the rate-1/2 Turbo
code with the generator polynomials CS = (4/7, 5/7)8, and it is obtained
by puncturing every second bit of the component encoder (5/7)8. At the
relay, the rate-1 (3)8 non-recursive convolutional code is employed. This
choice will be further motivated in the next section.

DTC

For the purpose of comparison, we also consider a DTC implemented by
the rate-1/2 recursive convolutional code (1, 5/7)8 at the source node and
the rate-1 RSC code (5/7)8 at the relay.

In order to allow a fair comparison we parameterize the communica-
tion channels between the source, relay, and destination nodes by Eb/N0,
with the energy per information symbol Eb. For the normalization on the
source-relay and the source-destination link we consider the code rate RCS

of the code employed by the source node; to ensure that the relay spends
the same energy for transmitting XR in all cases we use the effective
rate R⋆ defined as the number of information bits encoded by XR per
channel use. For the coding schemes specified above we have at the relay
R⋆

DSCC = R⋆
DHCC = 2/3 and R⋆

DTC = 1. We consider a block length of
10,000 information bits.

4.4.2 EXIT Chart Analysis for the Error-Free Case

Figure 4.4 shows the EXIT charts of the DSCC, the DHCC, and the
DTC for different channel conditions. The solid curves show the extrinsic
information transfer characteristics of the decoder CS and the dashed
curves represent those of the decoder CR.

Conventionally, there are only limited options for the choice of the
inner encoder of a standard SCC. The EXIT charts of the outer decoder
will always start from the (0, 0) point; it must hence be ensured that
the inner code provides a sufficient amount of information during the
first iterations in order to avoid early intersections. In this regard, an
interesting change is observed for the DSCC and the DHCC in Figure 4.4
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Figure 4.4: Comparison of extrinsic information transfer characteristics.
(a) DSCC, (b) DHCC and (c) DTC.
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(a) and (b), respectively. Due to the additional a priori information
provided by the observation Y SD, the EXIT charts of the outer decoder
go away from the origin, and especially for the DHCC in Figure 4.4 (b)
they also rapidly converge to 1. This change allows in general new designs
which are not applicable for a standard SCC. For example, we choose the
(3)8 non-recursive convolutional code as the inner encoder for the DHCC.
The shape of its EXIT charts matches that of its partner better compared
with the conventionally used recursive encoders.

We can expect from the EXIT charts in Figure 4.4 that with perfect
relaying the DSCC and the DTC will provide a better performance than
the DHCC. However, depending on the position of the relay, they may
suffer from the weaker protection of the noisy source-relay link.

4.4.3 EXIT Chart Analysis for Coding over Noisy

Relays

In order to create a setup where decoding at the relay becomes erroneous,
we fix the Eb/N0SR on the source-relay link to be 0.5 dB. At this point,
the Turbo codes are in the pinch-off region where they actually show
a worse BER performance than the RSC codes. The EXIT charts for
the different systems are plotted in Figure 4.5. Here, we set the relay-
destination link to be 3 dB better than the source-destination link.

The EXIT charts in Figure 4.5 are measured relative to the code bits
C at the source node. Accordingly, for the decoder associated with the
code CR at the relay the a priori information ICR

A is measured before

passing the LLRs through the limiter, and the extrinsic information ICR

E

is measured after the limiter. We can see that the extrinsic information
provided by the decoder CR is upper bounded by the mutual informa-
tion I(C; Ĉ) due to decoding errors at the relay. In order to model the
iterative decoder realistically, the a priori vectors AS for estimating the
EXIT charts of CS are based on realizations of Ĉ which are obtained by
encoding, transmitting, and decoding as it is performed by the relay, and
they are as well passed through the limiter. Therefore, the shape of the
EXIT charts has slightly changed compared with the error-free case.

As we can see from a comparison of Figure 4.5 (a) and (c), the EXIT
charts of the DSCC transmitted over a noisy relay are similar to those
of the DTC. In both cases, we can expect from the early intersections of
the EXIT functions that the DSCC and the DTC will lose their typical
performance and will behave similar to conventional (e.g. convolutional)
codes. However, recall the fact that the DTC employs a stronger (lower-
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Figure 4.5: Comparison of extrinsic information transfer characteris-
tics over noisy relays. (a) DSCC, (b) DHCC and (c) DTC. Eb/N0SD ∈
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rate) code CS than the DSCC; it obtains a lower BER at the relay and
consequently a higher extrinsic information. Furthermore, with the nor-
malization of the transmit energy, we penalize the DSCC by a reduced
transmission power which weakens the decoder CR. Therefore, we cannot
expect the DSCC to provide a better performance than the DTC in the
noisy relay case.

In Figure 4.5 (b), we can verify for the DHCC how the increased bit
error rate at the relay further reduces the extrinsic information provided
by the decoder CR. However, the DHCC is able to compensate this loss
due to the shape of the EXIT charts of the decoder CS , and it can be
expected to maintain its characteristic Turbo cliff in the BER curves.

4.5 Numerical Results

In order to verify the performance predictions from the previous section,
we present numerical results which are obtained by Monte Carlo simula-
tion for the BI-AWGN channel and the Rayleigh block-fading channel.

For comparison, we also consider an alternative code design which was
shown in [WWKK08] to be beneficial for transmissions over block-fading
channels with a noisy relay. At the source node, the rate-1/2 Turbo
code with generator polynomials CS = (4/7, 5/7)8 is employed. After
decoding, the relay forwards in an estimate-and-forward fashion the soft
information for the systematic bits directly without further re-encoding
(i.e., CR = 1). We referred to this code construction as RATC in the
previous chapter.

Figure 4.6 (a) and (b) show the BER performance of the considered
distributed coding schemes over Eb/N0SD for the AWGN channel with
perfect (noise-free) relaying in Figure 4.6 (a) and for the noisy-relay case
in Figure 4.6 (b). We use the same setup as in Section 4.4: Eb/N0RD =
Eb/N0SD +3 dB, Eb/N0SD = 0.5 dB in the noisy-relay case, and a block
length of 10,000 bits.

In the perfect relay case in Figure 4.6 (a), the RATC outperforms
the other schemes at low SNRs. With increasing SNRs, the distributed
codes start benefitting from the iterative decoding while the RATC does
not. The DSCC and the DTC are superior to the DHCC as predicted in
Section 4.4. However at higher SNRs, an error floor becomes visible for
the DTC while none can be observed for the DSCC and the DHCC.

With noisy relaying in Figure 4.6 (b), the DHCC clearly outperforms
the DTC, DSCC, and the RATC. Especially, the DTC and DSCC suffer
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Figure 4.6: Bit error rate performance comparison with error-free re-
laying (a) and noisy relaying (b) in AWGN channels.
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from the weaker protection of the source-relay link which leads to inter-
sections of the EXIT charts in Figure 4.5 as explained in the previous
section. For the RATC, we can observe a relatively high error floor which
is greatly reduced by the hybrid structure of the DHCC.
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Figure 4.7: Frame error rate performance comparison with noisy relay-
ing in Rayleigh block-fading channels.

Finally, the FER performance for the Rayleigh block-fading channel
with noisy relaying can be observed in Figure 4.7. The Eb/N0SR on the
source-relay link is fixed to be 15 dB, and the relay-destination link is
set to be 5 dB better than the source-destination link. A moderate block
length of 1,000 bits is sufficient in this setup since the FER performance
is dominated by outage events. As the results show, the schemes which
employ Turbo codes at the source node outperform those with RSC codes.
At high SNRs, the DHCC is superior to the RATC which may be seen
as a consequence of better distance properties of the DHCC and the high
error floor of the RATC.
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4.6 Conclusion

In this chapter, we have proposed, discussed, and analyzed distributed
serially concatenated codes which represent a new class of distributed
channel coding schemes. The analysis was based on the EXIT chart
method and explained new design aspects resulting from the new struc-
ture of the codes. By performing Monte Carlo simulations, we were able
to show that especially hybrid concatenated codes can lead to an im-
proved error-floor performance and an increased robustness if the relay
cannot be guaranteed to be error free.





Chapter 5

Adaptive Distributed

Channel Coding

Both the distributed Turbo codes and the distributed serially concate-
nated codes introduced in previous chapters are static schemes which have
a fixed rate and a fixed transmission schedule. It is obvious that they can
only achieve their optimal performance in few given special scenarios.

In this chapter we present a flexible distributed code design for the
ideal DF protocol [CESA07] which can be adapted to the channel condi-
tions in a simple way. The goal is to propose a good distributed coding
scheme which allows to operate at rates close to the theoretic limits un-
der the constraint that it is feasible. For the benefit of implementation
in practice, the proposed system is constructed with convolutional and
Turbo codes, and adaptation is carried out by pseudo-random punctur-
ing. The proposed code structure is inspired by the work in [BGiAR07]
and can be seen as a generalization of distributed parallel and serially
concatenated codes. It includes therefore DTCs and DSCCs as well as
most of the schemes proposed in [ZD05] as special cases depending on
the chosen puncturing and code parameters.

We take into account both the case with perfect channel-state infor-
mation (CSI) and the case when only limited channel-state information
is available. For the limited CSI case, we partition the coding scheme
into several operating modes both at the source and at the relay, and the
mode selection is based on the available CSI.

The results show that the proposed scheme has a much wider range of
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application with both perfect CSI and limited CSI due to its adaptability
and achieves higher rates compared with the static schemes like the DTC
and the DSCC. Furthermore, we have verified that the proposed code
design is feasible for a wide range of channel conditions.

In the following, we detail the encoding and the decoding of the pro-
posed scheme in Section 5.2 and show how to adjust the rate based on
an analysis of EXIT charts in Section 5.3. For the limited CSI case, we
present in Section 5.4 the signaling protocol and the mode partitioning
for the adaptive codes. The performance evaluation is given in Section 5.5
and Section 5.6 concludes the chapter.

5.1 System Model

5.1.1 Transmission Model

The underlying transmission scheme is the same as the one for the DTC
and the DSCC, see Figure 4.1. The distributed coding is realized with
component encoders CS and CR, and adaptability of the constructed code
is achieved by utilizing puncturers embedded in CS and CR.

The two-phase transmission is conducted as follows. In the first phase,
a length-K information bit vector B (B ∈ {0, 1}) is encoded to a code-
word CS (CS ∈ {0, 1}) by the channel encoder CS . The BPSK modu-
lated symbols XS (XS ∈ {+1,−1}) are then broadcasted to the relay
and the destination. The relay processes the received codeword by de-
coding, puncturing and interleaving. Afterwards the resulting message
is re-encoded by the encoder CR. In the second phase, the BPSK sym-
bol vector XR is transmitted from the relay to the destination while the
source stays silent. Iterative decoding is applied at the destination based
on the channel observations Y SD and Y RD.

5.1.2 Fundamental Limits

In this section, we summarize two theoretical bounds for the transmission
scheme under consideration.

The first bound is given by the cut-set bound of the network. It is
defined as the minimum of the rates along the two cut-sets in the three-
node network [KSA03]:

C ≤ sup
t,0≤t≤1

min(tI(XS ; YSRYSD),

tI(XS ; YSD)+(1 − t)I(XR; YRD)),
(5.1)
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where t is the fraction of channel uses in the first phase, and (1 − t) is
the fraction of channel uses in the second phase.

Another important bound is given by the highest achievable rate RDF

of the DF protocol which coincides with the cut-set bound for the special
case of a degraded relay channel:

RDF = sup
t′,0≤t′≤1

min(t′I(XS ; YSR),

t′I(XS ; YSD) + (1−t′)I(XR; YRD)).
(5.2)

Again, t′ is the fraction of channel uses in the first phase, and (1 − t′) is
the fraction of channel uses in the second phase.

5.1.3 Ideal DF Coding Strategy

The ideal DF relaying requires essentially two things [CESA07]: firstly,
the relay must be able to successfully decode at a given SNRSR. Secondly,
the destination should be able to recover the information vector B based
on the noisy channel observations from both the source and the relay.

In order to achieve RDF , the code CS employed by the source should
be a capacity-achieving code for the source-relay link which guarantees
successful decoding at the relay. However, it is not decodable at the des-
tination as long as SNRSD < SNRSR. In the second phase, the relay
therefore transmits additional information to the destination, construct-
ing an effectively lower rate code which is decodable at SNRSD. The
relay should try to utilize the smallest number of channel uses while still
contributing the needed information for decoding at the destination.

Consequently, the fraction t′ of RDF in our system is calculated as fol-
lows. Assume CS is capacity-achieving and N1 coded bits are transmitted
from the source in the first phase, i.e., we have

N1 =
K

CSR
,

where CSR denotes the capacity of the source-relay link constrained to
the employed BPSK modulation. After the first phase, the destination al-
ready has N1I(XS ; YSD) bits, and it needs additionally N1(I(XS ; YSR)−
I(XS ; YSD)) bits to decode CS . Accordingly, the number of bits transmit-
ted from the relay in the second phase, assuming that a capacity-achieving
code for the relay-destination link is used, is given as

N2 =
N1(I(XS ; YSR) − I(XS ; YSD))

CRD
,
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with CRD denoting the constrained capacity of the relay-destination
channel. With N1 and N2, we finally get

t′ =
N1

N1 + N2
=

CRD

CRD + CSR − CSD
,

with CSD = I(XS ; YSD), which maximizes the achievable rate in
Eq. (5.2).

For simplicity, we assume in the following that the relay is positioned
on a straight line between the source and the destination. We normalize
the source-destination distance to be 1 and use d (0 < d < 1) to represent
the distance between the source and the relay. Considering the path
loss, we obtain the signal-to-noise ratios SNRSR = SNRSD · d−α and
SNRRD = SNRSD · (1 − d)−α, where α = 2 is the path-loss coefficient.
The communication channels are realized with BI-AWGN channels.
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Figure 5.1: Achievable rate of the ideal DF protocol.

Since all the capacities CSD, CSR and CRD can be expressed as a
function of SNRSD and d, it is straightforward to show that the achiev-
able rate RDF in Eq. (5.2) is as well only a function of the two parameters
SNRSD and d. As we can see from Figure 5.1, for low SNRSD the peak
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value of the achievable rate appears when the relay is positioned in the
middle of the source and the destination nodes. With increasing SNRSD,
the curve of the achievable rate becomes flatter, and the direct link dom-
inates the performance of the system.

5.2 Adaptive Distributed Punctured Codes

5.2.1 Encoding

Structure of CS

The structure of CS is depicted in Figure 5.2. The encoding of vector B

is realized in three steps by a Turbo code, a puncturer, and a multiplexer.
We choose the Turbo code CS = (1, 4/7, 5/7)8 as the mother code since
it allows successful decoding without transmitting the systematic bits.
This is a desirable property, especially, if the code is to be adapted to
high rates.

Turbo code

M

U

X

B

πI

RSC (4/7)8

RSC (5/7)8

Pa

δa(0)

δa(1)

δa(2)

CS

C

Figure 5.2: Encoder structure at the source.

To adapt the code to different channel conditions, we employ the
puncturer Pa, which treats puncturing of the systematic bits and the
two vectors of parity bits separately. Currently, we consider ran-
dom puncturing which is characterized by a permeability vector ∆a =
[δa(0), δa(1), . . . , δa(m), . . . , δa(M−1)]. The element δa(m) (0 ≤ δa(m) ≤
1) is the permeability of the m-th input vector to the puncturer, and it is
defined as the ratio of the number of remaining bits and the length of the
input sequence. Here, M = 3 because the Turbo code has three outputs.
Random puncturing is chosen for the ease of design and implementation.
Note that the performance can be improved by puncturing in a smarter
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way, e.g. [BGiAR07]. The puncturing patterns are assumed to be known
at the receiver sides.

The punctured systematic bits and the punctured parity vectors are
finally multiplexed and transmitted to the relay and the destination si-
multaneously.

Structure of CR

In Figure 5.3, we show the encoder structure of CR at the relay. The
decoded codeword Ĉ is put into the puncturer Pb which has a similar
structure as Pa. The multiplexed punctured code vector CP is after
interleaving encoded with a (1, 3)8 non-recursive systematic convolutional
(NSC) code. The shape of this NSC’s EXIT functions match well with
the Turbo code we use at the source as we have shown in Chapter 4.
After re-encoding, the resulting codeword is punctured and multiplexed,
and the BPSK modulated version XR of the codeword CR is transmitted
to the destination.
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CP

NSC (3)8

Pb

Pc

δb(0)
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δc(0)

δc(1)

CR

Ĉ

Figure 5.3: Encoder structure at the relay.

Once Pa is determined at the source, Pb and Pc need to be jointly
designed so that the rate of the relay code is maximized while the desti-
nation is able to successfully decode the information vector B.

5.2.2 Rate and Overall Structure

The overall rate of the system and the rates of the component codes are
calculated as follows. For both CS and CR, we use effective rates which
are defined as the number of information bits encoded by XS or XR per
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channel use, i.e., we have

RCS
=

1
∑

m δa(m)
and

RCR
=

1
∑

m δb(m) ·∑n δc(n)
. (5.3)

The overall rate of the system follows as

Roverall =
1

∑

m δa(m) +
∑

m δb(m) ·∑n δc(n)
(5.4)

=
1

1
RCS

+ 1
RCR

.

Under the assumption of optimal DF relaying, i.e., no error occurs
at the relay, the adaptive distributed code we propose is equivalent to
the structure shown in Figure 5.4. This is a generalized concatenated
code which comprises both the parallel and the serial cases. If ∆b =
[1, 0, 0], the overall code is a multiple parallel concatenation (multiple
Turbo code); if ∆b = ∆a, the proposed scheme turns out to be a serially
concatenated code as discussed in Chapter 4.

B

CS

CR

CP

CS

CR

Turbo

πo NSC

Pa

Pb Pc

Figure 5.4: Equivalent structure when the source-relay link is error-free.

5.2.3 Iterative Decoding

The modified iterative decoder for this generalized code is depicted in
Figure 5.5. Here de-puncturing (P−1) is obtained by inserting zero-valued
LLRs in the punctured positions according to the puncturing pattern. We
refer to the iterative decoding between the NSC and the Turbo code as
the outer decoding and to the iterations within the Turbo code as inner
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decoding. At the beginning of an outer decoding iteration, the SISO NSC
decoder exploits the a priori information AR(CP ) on CP provided by
the SISO Turbo decoder and the de-punctured channel observation Y RD

to produce the extrinsic information vector ER(CP ). After being de-
interleaved and de-punctured according to P−1

b , the extrinsic information
ER(CP ) is fed into the Turbo decoder as the a priori information AS(C)
on the whole codeword C. The Turbo decoder employs additionally
the de-punctured noisy observation Y SD for inner iterative decoding,
which is received via the direct link. After Turbo decoding, the extrinsic
information ES(C) is obtained by subtracting AS(C) from the LLRs
LS(C) of the codeword C. At the end of the outer iteration, ES(C) is
interleaved according to πo, punctured by Pb, and finally returned as the
a priori information AR(CP ) to the NSC decoder.

SISO

NSC

Decoder

SISO

Turbo

Decoder

B̂YRD

YSD

P−1

a

P−1

b

P−1

c

Pb
πo

π−1

o

AR(CP )

AS(C)ER(CP )

ES(C)

LR(CP )

LS(C)

Figure 5.5: Modified iterative decoding.

5.3 Analysis and Optimization with Perfect

CSI

In this section we assume that the channel-state information of each link
is known at the receiver side, and the relay has perfect knowledge of the
channel-state information of all the three channels. The SNRs for the
source-relay, the source-destination, and the relay-destination links are
given as SNRSR, SNRSD, and SNRRD, respectively.

In the following, we will show how to obtain appropriate puncturing
parameters for the proposed scheme with the help of EXIT charts. For a
specific scenario which will be introduced later, we first design the code
CS at the source and adapt then the puncturing at the relay.

In order to demonstrate the optimization of the proposed system, we
again use the simplified model where the relay is placed on a straight line
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between the source and the destination. As in Section 5.1.3, SNRSR =
SNRSD ·d−α and SNRRD = SNRSD · (1−d)−α. The path-loss coefficient
α equals to 2, and the SNRSD is set to be Es/N0SD = −5 dB. The length
of the information bits at the source is K = 10, 000.

5.3.1 Optimization of Pa

From the point of view of EXIT charts, the rate maximization of a con-
catenated code corresponds to the minimization of the area of the open
tunnel between the EXIT functions of the component decoders. Thus, the
optimization of the proposed code can be realized in two steps. Firstly,
adjust the parameters of Pa so that the two RSCs in the mother code of
CS can get the best matched EXIT functions; secondly, jointly determine
Pb and Pc in order to make the best use of the cooperation between the
source and the relay.

The optimization of CS aims essentially at finding a good code for
the point-to-point transmission from the source to the relay. This prob-
lem has been previously addressed in numerous works, e.g., [BRG04,
CRWC06,BRG09,CRWC09]. We therefore omit the EXIT charts analy-
sis of this first step and only give the resulting permeability vectors ∆a

for different positions of the relay in Table 5.1. The resulting codes Cs

have been verified to be quasi error-free (i.e. bit error rate BER ≤ 10−5)
at the relay for the listed relay positions and within 1 dB of the capacity
limit.

Table 5.1: Permeability vectors obtained from EXIT charts.

d ∆a ∆b ∆c

0.1 [0, 1, 0] [1, 0, 1] [0.58, 0.42]
0.2 [0, 1, 0] [1, 0, 1] [0.47, 0.38]
0.3 [0, 1, 0.04] [1, 0, 1] [0.4, 0.3]
0.4 [0, 1, 0.17] [0.9, 0, 0.15] [0, 1]
0.5 [0, 1, 0.37] [1, 0, 0] [0, 0.81]
0.6 [0, 1, 0.62] [0.95, 0, 0] [0, 0.63]
0.7 [0, 1, 0.94] [0.9, 0, 0] [0, 0.5]
0.8 [0.7, 1, 1] [0, 0.5, 0.5] [0, 0.25]
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5.3.2 Impact of Pb and Pc

Once Pa is determined, the design of Pb and Pc involves two aspects:
identifying which type of bits lead to desirable properties and allocating
the permeability such that the overall rate is maximized while decodabil-
ity is maintained.

In Figure 5.6 (a), we demonstrate the impact of different types of bits
on the EXIT charts for the case where the relay is positioned at d = 0.2
and the rate RCR

is fixed. Following Table 5.1, we choose ∆a = [0, 1, 0],
and we fix the sum of the permeability coefficients to be

∑

m δb(m) = 2,
∑

n δc(n) = 1 and obtain thus the rate RCR
= 0.5. The EXIT functions

of the Turbo code (solid lines) and the NSC code (dashed lines) are
measured in terms of extrinsic information on CP and are plotted with
different permeability allocations ∆b and ∆c. Note that the shape of
the EXIT functions of the NSC code relies only on ∆c while the EXIT
functions of the Turbo code are parameterized solely by ∆b.

As we can see for the Turbo code, the permeability allocation ∆b

determines the starting point and the shape of the EXIT function. Fig-
ure 5.6 (a) includes as well the extreme case ∆b = [1, 1, 0] in which the
Turbo code is degraded to an RSC code. For the NSC, we can change the
slope of the EXIT functions by varying the number of remaining system-
atic bits and parity bits in ∆c. Here, increasing the portion of systematic
bits δc(0) leads to flat EXIT curves with a comparably high amount of
extrinsic information for INSC

A = 0 while steeper EXIT functions with
low extrinsic information for INSC

A = 0 are obtained if the parity bits
dominate the codeword.

The task of minimizing the number of bits transmitted from the re-
lay is illustrated in Figure 5.6 (b). For the relay position d = 0.7,
∆a = [0, 1, 1], ∆b = [δb(0), 0, 0], ∆c = [0, δc(1)], the EXIT functions
for different δb(0) 6= 0 are plotted with the solid curves. Similarly, for
the NSC we vary the value of δc(1) 6= 0 and plot its EXIT functions with
the dashed curves. In this setup, only a fraction of δb(0) information
bits are encoded using a non-systematic non-recursive code. The goal of
the design is to minimize the product δb(0) · δc(1) under the constraint
that an open EXIT tunnel is maintained. This objective is equivalent
to minimizing the fraction of channel uses (1 − t′) in the second phase
and maximizing the overall rate for a given RCS

(see as well equations
Eq. (5.3) and Eq. (5.4)).
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∑

m δb(m) = 2 and
∑

n δc(n) = 1; in (b), maximizing the rate
by varying δb(0) 6= 0, δc(1) 6= 0 for ∆b = [δb(0), 0, 0] and ∆c = [0, δc(1)].
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5.3.3 Results for the Optimization of Pb and Pc

In the following we present the results for the optimization for different
positions of the relay d ∈ {0.1, 0.2, . . . , 0.8} which was carried out as
explained above. The results are summarized in Table 5.1 and have been
verified to achieve BER ≤ 10−5 at the destination. According to ∆a, we
divide the whole scenario into three cases.

Case 1

For d = {0.1, 0.2, 0.3}, the source-relay link has a relatively high SNR
which enables error-free relaying by using high-rate non-systematic con-
volutional codes with RCs

≈ 1. From Figure 5.6 (a), we can see that the
permeability vectors ∆b = [0, 1, 1] and ∆b = [1, 0, 1] are generally good
choices since they need a lower amount of a priori information to achieve
decoding convergence while ∆b = [1, 1, 0] leads to intersections of the
EXIT charts. However, ∆b = [1, 0, 1] allows for a lower

∑

n δc(n) or in
other words a higher rate at the relay. Therefore, we choose ∆b = [1, 0, 1]
for Pb.

The choice of ∆c can be obtained by adjusting δc(0) and δc(1) aiming
at an EXIT function which is approximately parallel to that of the Turbo
code.

Case 2

For d = {0.4, . . . , 0.7}, CS becomes a non-systematic Turbo code. A
special feature of this case is that both the source-relay and the relay-
destination links have moderate SNRs. Based on the results in Figure 5.6
(b), we choose ∆b to have the form [δb(0), 0, 0]. The position d = 0.4 is
an exception because the parity bits from CS are not sufficient for the
decoding at the destination. Additional parity bits from the relay are
required. For Pc, we select a non-systematic format because the resulting
NSC code shows a nice match to the Turbo code in the EXIT charts.

In fact, the overall code structure in this case turns out to be approx-
imately a non-systematic multiple Turbo code which promises a lower
convergence threshold than traditional Turbo codes.

Case 3

The third case falls on d = 0.8. The non-systematic Turbo code at the
source with rates above 0.5 cannot guarantee successful decoding at the
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relay so that part of the systematic bits are included. This results in a
large amount of extrinsic information even without any a priori infor-
mation. According to our experience in the DSCC/DHCC, a distributed
serially concatenated code is the best choice for this case.

5.4 Adaptive Coding with Limited CSI

In the previous section, we presented the optimized results for the dis-
tributed adaptive punctured code with perfect channel-state information.
In practice, however, perfect CSI is not always available. In this part, we
will use limited channel-state information instead of perfect CSI.

5.4.1 Representation of the CSI

We partition the coding scheme into several operation modes both at the
source and at the relay. At the source, we give a limited set of realizations
of ∆a and assign an index IxS

for each of the realizations. Throughout
this chapter we assume that all indices which are used to represent the
modes of the communication system are represented in limited resolution
by a limited number of bits.

The channel quality of the direct link plays an important role in the
mode selection at the relay. Thus, we divide the whole possible region
of SNRSD into several subregions and assign to each subregion an index
IxD

. For each realization of IxD
, we have a set of modes indexed by IxR

to define which ∆b and ∆c should be applied at the relay node. This
choice depends highly on SNRRD. The available CSI is hence represented
by the indices IxS

, IxD
, and IxR

. How the CSI is exchanged is discussed
in the following.

5.4.2 Signaling Protocol

In the initialization stage of a conversation from the source to the des-
tination, a signaling protocol is needed. The following procedure is an
example of the signaling, which is used to exchange the CSI in form of
the indices IxS

, IxD
and IxR

among the three nodes.

1. The source broadcasts a probe signal, which reaches the relay and
destination independently. Both the relay and the destination mea-
sure SNRSR and SNRSD, respectively, based on their received sig-
nals.
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2. Based on SNRSR, the relay decides which ∆a the source should
apply. The index IxS

representing ∆a is broadcasted to both the
source and the destination. Note that IxS

includes a case where
SNRSR does not allow any successful decoding at the relay. For that
case, the source will drop the current relay node, choose another
one and go back to step (1).

3. We assume that the transmission of IxS
from the relay is sufficiently

protected such that it can be correctly decoded at both the source
and the destination. In this case the destination can furthermore
estimate SNRRD based on the received message. Based on SNRSD

and SNRRD, the destination generates IxD
and IxR

and transmits
them to the relay. The combination of IxD

and IxR
is also used

to indicate the case when the whole system is in outage and the
transmission has to be abandoned.

When the signaling is completed, the source transmits its information
with the code indicated by IxS

. The relay locates the corresponding ∆b

and ∆c in a look-up table with the indices IxD
and IxR

from step (3),
and then applies them for its transmission to the destination.

5.4.3 Mode Partitioning

Mode Partitioning for CS

In the DF protocol, SNRSR is the only parameter which determines the
choice of ∆a. Therefore, we can partition the operating modes of CS

based on ∆a and thus based on SNRSR. Assuming that a number of
LS bits are allowed to represent IxS

, the number of operating modes
is 2LS . Figure 5.7 shows an example of a possible mode partitioning for
LS = 3. For each mode, the code CS with the corresponding ∆a is always
decodable for all the SNRSR values situated within that mode or above.

Mode Partitioning for CR

For the mode partitioning for CR, the analysis of EXIT charts will be
applied as we did in the case of perfect CSI. The partitioning for CR

involves IxD
and IxR

.
According to our experience from the perfect CSI case, in general,

the choice of ∆b is solely decided by ∆a. For simplicity, here we only
employ three realizations of ∆b, which leads to three typical overall code
structures.
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Figure 5.7: An example of mode partition of CS.

1. When ∆a leads to a high-rate code (e.g., Mode 0, 1, 2 in Figure 5.7),
we choose ∆b = [1, 0, 1] to provide the missing part of the mother
code by the relay.

2. When CS is similar to a non-systematic Turbo code (e.g., Mode 3, 4,
5), we keep at the relay only the systematic bits from the codeword
of the source and choose ∆b = [1, 0, 0]. This systematic vector is
re-encoded by the NSC code, and an overall multiple-concatenated
Turbo code is constructed.

3. When CS is a complete Turbo code, i.e., ∆a = [1, 1, 1], we construct
a distributed serially concatenated code by setting ∆b = [0, 1, 1].
This distributed serially concatenated code shows superiority to the
DTC in terms of error-floor performance and robustness.

The quality of the source-destination link SNRSD is an important
parameter in the design, which affects the EXIT function of the Turbo
decoder together with ∆a and ∆b. At the destination we divide the
possible SNRSD region into 2LD subregions, where LD is the number of
bits for the index IxD

.
For a given IxD

, the EXIT function of the Turbo decoder is determined
when ∆a and ∆b are known. We can now adjust ∆c aiming at well-
matched EXIT charts for different SNRRD estimated at the destination.
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The EXIT charts should present an open tunnel for all the possible values
of SNRSD represented by the given IxD

. The choice of ∆c together with
∆b is represented by IxR

.

Table 5.2: Permeability vectors for SNRSD = −5 dB.

Mode Index of ∆a ∆a ∆b ∆c

Mode 0 [0, 1, 0] [1, 0, 1] [0.57, 0.51]
Mode 1 [0, 1, 0.05] [1, 0, 1] [0.48, 0.45]
Mode 2 [0, 1, 0.20] [1, 0, 1] [0.38, 0.32]
Mode 3 [0, 1, 0.40] [1, 0, 0] [0, 0.95]
Mode 4 [0, 1, 0.65] [1, 0, 0] [0, 0.65]
Mode 5 [0, 1, 1] [1, 0, 0] [0, 0.45]
Mode 6 [1, 1, 1] [0, 1, 1] [0, 0.1]
Mode 7 ‘Failure’ ‘Failure’ ‘Failure’

Since the full table of all modes is difficult to present, we give an
extract of the different modes for the case LS =LR =3 bits in Table 5.2.
We assume that ES/N0SD = −5 dB, and move the relay from position
d = 0.1 to d = 0.9. The fixed SNRSD selects IxD

representing the interval
SNRSD ∈ [−5,−4.5] dB, and while moving the relay, different realizations
of IxS

and IxR
are triggered. The corresponding permeability vectors are

given in Table 5.2, and the results have been verified to be quasi error-
free (i.e., BER ≤ 10−5) at the destination. Several examples of EXIT
charts with these parameters are furthermore plotted in Figure 5.8. When
SNRSD takes other values in that subregion, the tunnels between the
EXIT functions will be even wider and will lead to better performance.

5.5 Performance Evaluation

5.5.1 Numerical Results with Perfect CSI

In this section, we evaluate the performance of the proposed code design
with perfect CSI. We compare the achieved rates with the theoretical
bounds and achievable rates of important reference systems and analyze
the sensitivity of the obtained parameters to mismatch of the position.
The results are shown in Figure 5.9 and Figure 5.10.
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Figure 5.8: EXIT charts with parameters from Table 5.2.

Achievable Rate

In Figure 5.9, we plot the overall rate with the parameters in Table 5.1
versus the source-relay distance d. For comparison purpose, we also in-
clude the DTC and the DSCC/DHCC. For the DTC, we consider a tra-
ditional implementation by the rate-1/2 RSC (1, 5/7)8 at the source and
the rate-1 RSC code (5/7)8 at the relay. We realize the DSCC/DHCC
with a rate-2/3 Turbo code as the outer encoder at the source node, and
a rate-1 inner encoder at the relay. We will refer to this realization as the
DSCC in sequel. For the DTC and the DSCC, the overall rates are both
1/3. In order to compare our results with the theoretical performance
bounds, we also plot the cut-set bound from Eq. (5.1) and the achievable
rate from Eq. (5.2) in Figure 5.9. Furthermore, both the upper bound
for two-hop relaying with ideal codes and the rate achieved by practical
codes with optimized rates (based on CS) are included.

In Figure 5.9, only the positions where the coding schemes are ap-
plicable are plotted. We can see that the DTC is only applicable for
d = {0.2, 0.3, 0.4} and that the DSCC is restricted to d = {0.3, 0.4, 0.5}.
In comparison, the proposed adaptive code shows obvious superiority in
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Figure 5.9: Comparison of the achievable rate with reference systems
and theoretical limits.

both the overall rate and the range of application. Compared with the
theoretical limits, a decent performance is achieved which certainly can
be further improved by applying, e.g., an irregular code design which
however would limit the feasibility in practice. Besides, the proposed
scheme clearly outperforms any two-hop strategy thanks to the utiliza-
tion of the noisy but not decodable observation on the direct link. The
overall rate exceeds the rate of the two-hop transmission with practical
adaptive codes by approximately 30%.

Mismatch of the Position

In order to analyze the robustness of the scheme against a mismatch of
the position, we select three codes specifically designed for relaying at
d = 0.3, d = 0.5, and d = 0.7 and perform simulations for varying relay
distances. For the distances where the source-relay link is not error-free,
the error probability at the relay is taken into account by the decoder
at the destination, and a limiter function is included in the iterative
decoding.
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Figure 5.10: BER performance for a mismatched position of the relay
for code designs at d ∈ {0.3, 0.5, 0.7}.

We can see from Figure 5.10 that the code is sensitive to the posi-
tioning of the relay. It performs well when the relay is on the specified
distance and does not work in other positions. In fact, there is a trade-off
between the overall rate and the robustness of the scheme. If we lower
the overall rate, then the open tunnel in the EXIT charts becomes wider.
Consequently, even though the relay node is not exactly on the designed
position, there are still chances for successful decoding. On the other
hand, if the system chooses to operate at maximum rate, then it will ex-
perience a dramatic performance degradation if the relay is shifted from
its designed position.

5.5.2 Numerical Results with Limited CSI

In this section, the performance of the limited CSI case is evaluated. In
Figure 5.11, we compare the achieved rates with the theoretical bounds
and the rate of the optimized scheme with perfect CSI for different
SNRSD. The achievable rates of important reference systems such as
the DTC and the DSCC are again included. The adaptability of the pro-
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posed scheme is demonstrated for different values of SNRSD. Since the
amount of overhead caused by the signaling is small compared with the
size of the codewords, we neglect it.

Achievable rate

In Figure 5.11 (a), we plot the overall rate of the adaptive system with
limited CSI and with the modes listed in Table 5.2 for SNRSD = −5 dB
over the source-relay distance d ∈ [0.1, 0.9]. For comparison, we include
the achievable rate from Eq. (5.2) and the results for perfect CSI. The
DTC and the DSCC are implemented in the same way as those in the
perfect CSI case. Figure 5.11 (b) shows a similar comparison as in Fig-
ure 5.11 (a) while the SNRSD is set to be −2 dB.

For both cases, we only plot the positions where the coding schemes
allow successful decoding (BER ≤ 10−5) at the destination. The scheme
based on limited CSI shows the same applicable region as the one with
perfect CSI, and it obviously outperforms the DTC and the DSCC in both
coverage and achievable rate. Compared with the full-CSI case some rate
is however sacrificed due to the decreased precision of the channel-state
information. If we increase the number of bits for representing the mode
indices (and thus increasing the resolution of the CSI), the overall rate
can certainly be further improved. Besides, the proposed scheme clearly
outperforms the conventional two-hop strategies. The overall rate exceeds
the rate of the two-hop transmission with practical adaptive codes by 25%
to 50% for different relay positions.

Analysis of the adaptability

Figure 5.11 (a) represents the case of a weak direct link while Figure 5.11
(b) is an example in which the direct link is of good quality. The adaptive
scheme proposed with limited CSI is feasible for both cases. As we marked
in the plots, the former scenario utilizes 8 modes including ‘Mode 7’ to
indicate a transmission failure while the latter case employs only 6 modes.
The higher SNRSD is, the fewer modes will be required.

As we explained in Section 5.4, the adaptive scheme includes different
cooperative codes depending on the puncturing parameters. In fact, it
also includes the non-cooperative case. For the setup in Figure 5.11 (b),
the direct link is of good quality, and it allows for an error-free transmis-
sion with a rate-1/2 Turbo code (4/7, 5/7)8. There is one mode (Mode 5,
for d ∈ [0.86, 0.9]) in which the actual applied coding scheme is only using
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Figure 5.11: Achievable rate compared with theoretical limits and ref-
erence systems: (a) SNRSD = −5 dB, (b) SNRSD = −2 dB.
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the direct link with the rate-1/2 Turbo code. For the even higher SNRSD,
more modes only adapting to the direct link will be employed. The con-
ventional distributed codes like the DTC and the DSCC are obviously
not wise choices in this situation due to their low rate.

5.6 Conclusion

In this chapter, we have presented a practical approach to implement
adaptive codes for three-node relay networks under the assumption of
optimal (i.e., error free) decode-and-forward relaying. Adaptation at the
relay is achieved by puncturing the input and output bit streams of the
codes employed. By adjusting the puncturing parameters, the code is
able to adapt to varying channel conditions. The design and analysis of
the code was conducted with the help of EXIT charts. The proposed
scheme shows obvious superiority in both the overall rate and the range
of application compared with the traditional distributed Turbo codes,
distributed serially/hybrid concatenated codes, and conventional two-
hop relaying. Compared with theoretical limits, a decent performance
is achieved, considering that the aim was to propose a coding scheme
which is feasible in practical applications.

We also modified the scheme for the case with limited channel-state
information. In order to account for the limited channel-state informa-
tion the coding strategy is divided into a certain number of modes, and
encoding at the source and the relay are carried out adaptively by mode
switching controlled by the available CSI. A simple signaling protocol
was additionally proposed in order to distribute the required CSI. As the
results show, the modified scheme maintains the coverage region which
is obtained for the underlying code structure adapted based on perfect
CSI, although a loss in achievable rate can be observed due to the lack of
precise channel-state information. In addition, we have also verified that
the proposed scheme is applicable for a wide range of channel conditions.



Chapter 6

Instantaneous Relaying

with BICM

In the previous chapters, we have discussed the implementations of re-
laying based on blockwise channel coding. In this chapter, we propose to
combine the instantaneous relaying strategies with bit-interleaved coded
modulation (BICM). Channel encoding and decoding are carried out
blockwise at the source and at the destination respectively while the relay
is constrained to symbol-wise low-complexity information processing.

We employ convolutional codes and Turbo codes for channel cod-
ing. For a given channel code, we optimize the system in two steps
by evaluating the symbol-wise and the bitwise mutual information. In
the first step the instantaneous relaying function is optimized to provide
the maximum amount of mutual information to the destination. In the
second step we focus on the optimization of the bit-to-symbol mapping
which leads to the largest gain from iterative demapping/decoding. The
mapping optimization problem of BICM has been studied for example
in [tSY98,tB00,SGHB03]; however, the optimized mappings for point-to-
point communications are not optimal for the relay structure. Therefore,
we focus in this chapter on the optimization of the bit-to-symbol mapping
for BICM in relay channels. The performance of different relaying strate-
gies and the impact of the mapping are analyzed and discussed based on
both the EXIT charts and the bit error rate performance. The simulation
results reveal a significantly improved BER compared with conventional
instantaneous relaying with the commonly used bit-to-symbol mappings.
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The remainder of the chapter is organized as follows. Section 6.1
briefly introduces the transmission model, the instantaneous relaying
strategies, and the iterative decoding. The optimization problem is stud-
ied in Section 6.2 using information-theoretical measures. The numerical
results in Section 6.3 verify the performance prediction we obtained from
the optimization. Section 6.4 concludes this chapter.

6.1 System Model

6.1.1 Transmission Model

In this chapter, we still restrict ourself to the three-node relay channel.
The source node wants to transmit its information to the destination
node with the assistance of the relay node. Due to practical constraints,
we consider only half-duplex relaying, and the transmissions are assumed
to be orthogonal. However, the design approach and the optimization
principle discussed in the following can be applied as well in more general
cases (see e.g. [ZKYS09b,ZKYS09a]).
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Function
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Figure 6.1: Transmission model of BICM in relay channels.

The transmission scheme is shown in Figure 6.1. The source node en-
codes the information bit vector B (B ∈ {0, 1}) with a channel encoder
and interleaves the codeword with a random interleaver π. We denote
the coded and interleaved sequence by C. Every M consecutive bits in
C are grouped to W = [W (1), W (2), ..., W (M)], and the modulation as-
sociates these M bits with one of the 2M constellation signals xs ∈ χ.
The modulated symbols XS (XS ∈ χ) are then broadcasted to the relay
and the destination. At the relay, the received information is instanta-
neously processed and the symbols XR are forwarded to the destination
as discussed in the following.
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At the destination, a demapper and a channel decoder are employed
to carry out the iterative demapping/decoding. The demapper takes the
channel observations YSD and YRD and the a priori information from the
decoder as its inputs. The extrinsic information output by the demapper
is then fed into the channel decoder as the a priori information. The
decoder performs the decoding based on the input and feeds back its
extrinsic information to the demapper. Iterative demapping/decoding is
conducted by repeating the above procedure.

6.1.2 Instantaneous Relaying

Four types of protocols are considered as the candidate strategies for the
instantaneous relaying: the amplify-and-forward, the detect-and-forward,
the sawtooth and the constellation rearrangement.

Amplify-and-Forward Relaying

As introduced in Section 2.5, the relay with amplify-and-forward protocol
only amplifies the received signal taking into account the power constraint
at the relay. No other processing will be performed.

Detect-and-Forward Relaying

With this strategy, the relay detects the received symbol, generates xr =
x̂s = argmax p(xs|ysr), and transmits it to the destination.

Sawtooth Relaying

Figure 6.2 shows an example of sawtooth relaying in which the x-axis
represents the received signal at the relay, and the y-axis shows the output
signal to the destination. The function is defined as [YKS08]

xr = f(ysr) = α(ysr − nΛ), ysr ∈ [(2n − 1)Λ/2, (2n + 1)Λ/2)

where n is an integer and Λ is the period of the function. The coefficient
α is included to meet the power constraint. When Λ → ∞, sawtooth
relaying degrades to AF.

Relaying with Constellation Rearrangement

With the constellation rearrangement strategy [KL08], the relay performs
demapping based on the channel observation ysr and generates x̂s as
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Figure 6.2: Sawtooth function.

for DtF. The symbol forwarded by the relay is chosen according to x̂s

and the rearrangement rule Π(·), i.e., xr = Π(x̂s) where again xr ∈ χ.
Figure 6.3 depicts two examples of rearrangement rules Π(·) for an 8-level
pulse amplitude modulation (PAM) constellation. Note that constellation
rearrangement relaying includes the DtF as a special case as shown in
Figure 6.3 (a).
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Figure 6.3: Constellation rearrangement examples.

6.1.3 SISO Demapping

At the beginning of the iterative demapping/decoding, the demapper
utilizes the channel observations ysd, yrd and the a priori information
LA on W from the channel decoder to produce the LLR of the m-th bit
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in W . For an arbitrary 2M -ary modulation, the LLR of the m-th bit in
W can be calculated as

L(W (m)) = ln
P (W (m) = 0|ysd, yrd, LA)

P (W (m) = 1|ysd, yrd, LA)

= ln

∑

w∈φ0
m

p(ysd|W = w)p(yrd|W = w) exp(w · LA)
∑

w∈φ1
m

p(ysd|W = w)p(yrd|W = w) exp(w · LA)
,

where w is a binary vector and φb
m (b ∈ {0, 1}) is the set of those

vectors whose m-th bit equals to b. The a priori LLRs are given by
LA = [LA(W (1)), LA(W (2)), ..., LA(W (M))]T . Since there is a one-to-
one mapping from w to xs, we have for the probability density functions
p(ysd|w) = p(ysd|xs) and p(yrd|w) = p(yrd|xs). The pdf p(yrd|w) for
the special case of sawtooth relaying and constellation rearrangement is
given in the following.

For sawtooth relaying, we have

p(yrd|w) = p(yrd|xs) =

∫

ysr

p(yrd|xr)p(ysr|xs)dysr (6.1)

where xr = f(ysr), and for constellation rearrangement, we get

p(yrd|w) = p(yrd|xs) =
∑

xr

p(yrd|xr)p(xr|xs) (6.2)

where xr = Π(x̂s) and p(xr|xs) denotes the transition probability of the
constellation signals. Note that p(xr|xs) is determined by both the error
probability p(x̂s|xs) due to the source-relay link and the rearrangement
rule Π(·) at the relay node.

After demapping, the extrinsic information produced by the demap-
per is de-interleaved and then passed to the channel decoder. The de-
coder carries out the decoding based on the input, feeds back its extrinsic
information to the demapper and completes one iteration.

6.2 Optimization

The optimization of the coded system can be realized in two steps. First,
we optimize the relay function to provide the receiver with the highest
possible amount of mutual information. This can be done by searching
for the optimal Λ in the sawtooth function or by adjusting Π(·) for the
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constellation rearrangement. Secondly, we optimize the mapping from
the coded bits to the symbols where the bitwise mutual information is the
objective function to be optimized. This optimization aims at maximizing
the achievable gain over iterations, i.e. searching for the most beneficial
mapping for the iterative demapping/decoding. The optimization in the
second step will not change the amount of mutual information obtained in
the first step, but change the allocation of the bitwise mutual information
for different amounts of a priori information. We will further explain this
two-step optimization procedure with the help of EXIT charts in the next
section.

Since the AF and the DtF are the special cases of the ST and the
CR relaying respectively, we only give the optimization for the latter
strategies. Without loss of generality, we apply the 8-level PAM as the
modulation. The optimization results are given for different scenarios in
the following.

6.2.1 Symbol-Wise Optimization

The mutual information between constellation symbols XS and the chan-
nel outputs YSD and YRD is given by

I(XS ; YSD, YRD)

=I(XS ; YSD) + I(YRD; XS |YSD)

=h(YSD, YRD) − h(YSD|XS) − h(YRD|XSYSD)

=h(YSD, YRD) − h(YSD|XS) − h(YRD|XS)

The last equation follows from the fact that YRD is independent of
YSD given XS . For the calculation of the differential entropies, the pdf
p(yrd|xs) has been given in Eq. (6.1) and Eq. (6.2) for the two relaying
strategies and the joint pdf p(ysd, yrd) is given as follows

p(ysd, yrd) =
∑

xs

p(ysd|xs)p(yrd|xs)p(xs).

The optimization in this step lies in the search for the optimal Λ or
Π(·) for different relaying schemes, i.e.

Λopt = arg max
Λ

(I(XS ; YSD, YRD))

or
Π(·)opt = argmax

Π(·)
(I(XS ; YSD, YRD)).
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Figure 6.4: Sawtooth function with optimized Λ: (a) Eb/N0SR = 20 dB,
Eb/N0SD = Eb/N0RD = 2 dB; (b) Eb/N0SD = 3 dB, Eb/N0SR =
Eb/N0RD = 10 dB.
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Figure 6.5: Constellation rearrangement with optimized Π(·): (a)
Eb/N0SR = 20 dB, Eb/N0SD = Eb/N0RD = 2 dB ; (b) Eb/N0SD = 3 dB,
Eb/N0SR = Eb/N0RD = 10 dB.

Figure 6.4 and Figure 6.5 show examples for the relay functions with
the optimized parameters for different channel conditions. If we compare
Figure 6.4 (a) and Figure 6.5 (a) where a strong source-relay link is con-
sidered, we can find that for this setup ST relaying and CR relaying lead
to a similar symbol layout. However, since the sawtooth function does
not cancel the noise of the source-relay link while constellation rearrange-
ment does (given that the decision is correct), the CR relaying can be
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expected to outperform the ST relaying in this situation.

By maximizing the symbol-wise mutual information, we provide the
destination with the largest amount of mutual information. The symbol-
wise mutual information only depends on the symbol layout of the con-
stellation and is independent of the bit-to-symbol mapping. The impact
of the mapping will be studied in the next subsection.

6.2.2 Bitwise Optimization

With the Λopt or Π(·)opt we obtained in the first step, the second step aims
at finding the optimal bit-to-symbol mapping for the selected channel
coding.

For this purpose, the average extrinsic mutual information for each
bit Ī(W ; LA\W , YSD, YRD) is of interest. Note that here W denotes one
bit in W . It can be expressed as

Ī(W ; LA\W , YSD, YRD)

=
1

M

M
∑

m=1

I(W (m); LA\W (m), YSD, YRD)

=
1

M

M
∑

m=1

I(W (m); YSD, YRD|LA\W (m)) + I(W (m); LA\W (m))

=
1

M

M
∑

m=1

I(W (m); YSD, YRD|LA\W (m)) (6.3)

where

LA\W (m) = [LA(W (1)), ..., LA(W (m−1)), LA(W (m+1)), ..., LA(W (M))].

By assuming independence of the bits, we have I(W (m); LA\W (m)) = 0.
Therefore, we get Eq. (6.3) which is the function we need to optimize in
this step.

In the following, we specifically focus on two special cases, the “no
a priori information” case and the “perfect a priori information” case.
Depending on the outer channel code, either the one case or the other
case represents an important design parameter.
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Case 1: No A Priori Information

Without a priori information, the average bitwise mutual information Ī0

is given as follows

Ī0 =
1

M

M
∑

m=1

I(W (m); YSD, YRD|LA\W (m) = 0)

=
1

M

M
∑

m=1

I(W (m); YSD, YRD)

=
1

M

M
∑

m=1

h(YSD, YRD) − h(YSD, YRD|W (m))

The differential entropy h(YSD, YRD) is calculated as in the previous sub-
section, while for h(YSD, YRD|W (m)) we need to use the pdf

p(ysd, yrd|w(m) = b) =
∑

xs

p(ysd, yrd|xs)p(xs|w(m) = b)

=
1

2M−1

∑

xs∈χb
m

p(ysd|xs)p(yrd|xs)

where χb
m is the subset of symbols xs ∈ χ whose binary representations

have the value b in position m, b ∈ {0, 1}.

Case 2: With Perfect A Priori Information

Perfect a priori information means, for W (m), all other bits W \m =
[W (1), ..., W (m − 1), W (m + 1), ..., W (M)] are perfectly known due to
the information provided by LA\W (m).

ĪP =

2M

∑

k=1

p(W k)
1

M

M
∑

m=1

I(Wk(m); Ysd, YRD|W k\m)

=
1

M2M

2M

∑

k=1

M
∑

m=1

h(YSD, YRD|W k\m) − h(YSD, YRD|W k)

=
1

M2M

2M

∑

k=1

M
∑

m=1

h(YSD, YRD|W k\m) − h(YSD|XSk
) − h(YRD|XSk

)
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To calculate h(YSD, YRD|W k\m), we need to employ

p(ysd, yrd|wk\m) =
∑

xs

p(ysd, yrd|xs)p(xs|wk\m)

=
1

2

∑

xs∈χ\m

p(ysd|xs)p(yrd|xs)

where χ\m denotes the subset of symbols whose binary representations
satisfy w\m = wk\m.
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Figure 6.6: Optimized bit-to-symbol mapping for (a) no a priori infor-
mation and (b) perfect a priori information when Eb/N0SR = 20 dB and
Eb/N0SD = Eb/N0RD = 2 dB.

Figure 6.6 (a) and (b) depict the bit-to-symbol mappings obtained by
maximizing Ī0 and ĪP respectively for the constellation in Figure 6.5 (a).
We also give the Hamming distance between the associated bit vectors
of neighboring constellations points. Without a priori information, the
mapping differs mainly in 1 bit from its neighbors. For the case of perfect
a priori information, the mappings of neighboring symbols differ in 2 or
3 bits. Similar results are obtained for the ST relaying.

6.2.3 Optimization Methodology

Taking CR relaying as an example, for a given modulation with M bits
per symbol, there are 2M ! possible rearrangement rules Π(·) for the
symbol-wise optimization. For bit-wise optimization, there are as well
2M ! possible mappings which need to be taken into account. Therefore,
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exhaustive search is obviously not a proper option for the optimizations.
As a remedy, search methods based on simulated annealing and binary
switching are employed.

Simulated Annealing

In [Far90], simulated annealing was presented as a method of optimiza-
tion. There the authors used it to solve the index assignment problem in
quantization.

The concept of “annealing” is well known in growing crystals. It
firstly melts the material by increasing the temperature to the melting
point and then lower the temperature until the crystal is formed. The
slow cooling stage allows the formation of a molecular configuration with
minimum stored potential energy.

For the optimization problem in this chapter, we interpret the simu-
lated annealing as follows.

1. Define an effective temperature T and set T = T0 as the temper-
ature of the melting point. Randomly choose an initial mapping
M.

2. Randomly choose another mapping M′, which is generated by tak-
ing two symbol indices in M and switching them. Let ∆I =
I(M′) − I(M), where I(M) and I(M′) are mutual information
with M and M′ respectively. If ∆I > 0, replace M with M′ and
go to step (3). Otherwise, replace M with M′ with probability
exp(−∆I/T ) and go to step (3).

3. If ∆I is so large that it exceeds a predefined number or there have
been too many M′ which lead to ∆I ≤ 0, go to step (4).

4. Lower the temperature T . If T reaches the prescribed freezing
temperature or a stable state is obtained, stop the algorithm and
take M as the optimal mapping. Otherwise, go to step (2).

In step (2), ∆I > 0 corresponds to an increase of the objective func-
tion and hence it is accepted. On the other hand ∆I ≤ 0 is also accepted,
with a probability which decreases with the effective temperature. This
allows the algorithm to climb out of the local optimum when T is high,
in the hope that the state falls in the global optimum as the system is
cooled down.
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Binary Switching Algorithm

The binary switch algorithm (BSA) was proposed in [ZG90] and applied
in the optimization of mapping in [SGHB03]. We mainly utilize this
algorithm for the bitwise optimization in the case of perfect a priori
information.

The BSA is started with an initial mapping. Using the objective
function we defined, the contribution of each symbol and the total con-
tribution are calculated. A list of contributions of all the symbols is
generated, sorted in increasing order. The symbol with the smallest con-
tribution is selected, and we switch the index of this symbol with the
index of another symbol. The latter is selected such that the increase
of the total contribution due to the switch is as large as possible. If no
switch partner can be found for the symbol with the smallest contribu-
tion, the one with the second-smallest contribution will be selected, and
the trial of switching will be repeated. This procedure continues for the
symbols in the list, until a switch is found so that the total contribution
is increased. After a successful switch, a new ordered list is generated
and the above procedure repeats. The algorithm stops when no switching
can be found to further increase the objective function.

As noted in [SGHB03], the BSA finds a local optimum. Therefore, we
need to consider a sufficient number of random initial mappings to avoid
local maxima.

6.3 Numerical Results and Discussions

In this section, we will verify the optimization results which we have
obtained in the previous section with the help of EXIT charts. Besides,
we will also use bit error rate to show the performance improvement
compared with conventional relaying and compared with conventional
mappings.

In the simulations, we use the 8-level PAM as the modulation scheme.
Two commonly used mappings in point-to-point communications are
plotted in Figure 6.7. The channel code we employ is rate-1/2 Turbo
code (4/7, 5/7)8 or rate-1/2 convolutional code (1, 5/7)8.

6.3.1 EXIT Charts

From the point of view of EXIT charts, the first step (optimizing the
relaying function) leads to a maximization of the area under the EXIT
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Figure 6.7: Conventional bit-to-symbol mappings in point-to-point
communications.

function; the second step (optimizing the mapping) changes the slope
of the EXIT function of the demapper. Maximizing Ī0 will lead to the
flattest EXIT function while maximizing ĪP will generate a curve with
the steepest slope, since the area below is fixed after the symbol-wise
optimization.

The area under the EXIT functions of the demapper corresponds to
the average rate, i.e., A ≈ I(XS ; YSD, YRD)/M . In Figure 6.8 (a) and
(b), we compare this area after the first-step optimization. For all the
relaying schemes, we currently use Gray mapping as the bit-to-symbol
mapping.

For high SNR on the source-relay link with Eb/N0SR = 20 dB and
with Eb/N0SD = Eb/N0RD = 2 dB, CR relaying and ST relaying clearly
outperform the traditional AF and DtF as shown in Figure 6.8 (a). For
this setup, the CR relaying also shows superiority to the ST since it
removes the noiseness in the source-relay link by detection. With more
noise at the relay as in Figure 6.8 (b), ST relaying slightly outperforms
the other strategies while the DtF is the worst choice for this scenario.
By the symbol-wise optimization, we are encouraged to always choose
the most suitable relaying strategy for varying channel conditions.

Figure 6.9 shows the impact of the bit-to-symbol mapping for a given
relaying scheme. For the purpose of comparison, we also include Gray
mapping and the so called d23 mapping [tB00] which provide respectively
the flattest and the steepest slope in point-to-point communications. We
can see from the plot that the mappings obtained in the bitwise opti-
mization show either a flatter or a steeper slope than Gray mapping
and d23 mapping in the relay channel. From the perspective of iterative
demapping/decoding, the mapping maximizing Ī0 is a better choice for
the Turbo code we employed, while the mapping maximizing ĪP is bene-
ficial for the convolutional code. Note that for all the mappings, the area
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Figure 6.8: Comparison of area under the EXIT functions when
Eb/N0SR = 20 dB, Eb/N0SD = Eb/N0RD = 2 dB in (a) and Eb/N0SD =
3 dB, Eb/N0SR = Eb/N0RD = 10 dB in (b).
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Figure 6.9: Impact of mapping for the constellation rearrangement
relaying, Eb/N0SR = 20 dB and Eb/N0SD = Eb/N0RD = 0 dB.

below the EXIT functions is constant. The bitwise optimization only
changes the slope of the EXIT functions.

Generally, it is not necessary to always choose the mapping which
gives the flattest or the steepest slope. A practical criterion is to make
the slope parallel to the curve of the channel decoder while avoiding an
early intersection. This could be done by searching for a mapping which
gives the required value of Ī0 or ĪP .

6.3.2 Bit Error Rate

Figure 6.10 shows the BER performance of the systems which combine
the rate-1/2 convolutional code and different relaying schemes. For the
CR and the ST relaying, we apply the results from Figure 6.4 (a), Fig-
ure 6.5 (a) and Figure 6.6 which are optimized for Eb/N0SR = 20 dB and
Eb/N0SD = Eb/N0RD = 2 dB.



100 6 Instantaneous Relaying with BICM

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

E
b
/N

0 SD
 = E

b
/N

0 RD

B
E

R

 

 

CR, Gray

CR, d23

CR, opt

DtF, Gray

DtF, d23

AF, Gray

AF, d23

ST, Gray

ST, d23

ST, opt

Figure 6.10: Comparison of BER performance when Eb/N0SR = 20 dB.

For this setup, i.e. low Eb/N0SD and Eb/N0RD, conventional AF
and DtF relaying cannot benefit from the iterative demapping/decoding.
Their EXIT functions intersect early with the channel decoder regardless
of the bit-to-symbol mappings, which makes successful decoding impos-
sible.

With CR or ST relaying and applying Gray mapping or d23 mapping,
chances for successful decoding arise with increasing channel quality on
the source-destination and relay-destination links. This improvement is
due to the optimization based on the symbol-wise mutual information.
However, Gray mapping and d23 mapping are obviously not optimal for
the relay channel. As we show in the figure, the performance is further
improved by applying the optimal bit-to-symbol mapping for the ST and
the CR relaying. Another 1 dB can be gained through the optimization
based on the bitwise mutual information. The CR relaying outperforms
the ST relaying for this setup, since it achieves a higher rate as shown in
Figure 6.8 (a) and consequently shows a lower convergence threshold.
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6.4 Conclusion

We have combined instantaneous relaying and bit-interleaved coded mod-
ulation. We optimized the system based on mutual information in two
steps. The performance of different relaying schemes and the impact of
using different bit-to-symbol mappings were analyzed and discussed. A
significant gain in terms of bit-error-rate performance is obtained by em-
ploying sawtooth relaying or constellation rearrangement relaying with
optimized mappings compared with conventional amplify-and-forward
and detect-and-forward and compared with standard mappings. This
has been achieved without adding any complexity at the relay node.





Chapter 7

Conclusions and Future

work

7.1 Concluding Remarks

In this thesis we have studied practical implementations of cooperative
transmission in three-node relay channels. Attributed to the use of the re-
lay, the transmission from the source to the destination can be performed
with a higher reliability, a higher efficiency or a lower power consumption.

The main contribution of the thesis concerns channel coding solutions
which implement cooperative ideas in practice. According to the actions
taken at the relay node, the code realizations can be divided into two
categories.

The implementations in the first category focus on the decode-and-
forward protocol and are based on blockwise channel coding techniques
at both the source and the relay. As a complement to distributed paral-
lel concatenated codes (DPCCs), we proposed in this thesis a novel dis-
tributed coding scheme, distributed serially concatenated codes (DSCCs).
To constitute a DSCC, the relay interleaves and re-encodes the code
symbols of the received codeword instead of the information symbols as
in DPCCs. As shown by numerical results, DSCCs can provide a bet-
ter error-floor performance and an increased robustness compared with
DPCCs, especially, in the noisy-relay setup. Thereafter, we proposed a
distributed code design which provides flexibility in the sense that it can
be adapted to the channel conditions. For the benefit of implementa-
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tion in practice, the adaptive coding scheme is constructed with Turbo
and convolutional codes and employs puncturing for the adaptation. The
simulation results showed that the adaptive scheme has a wider range of
application and achieves higher rates compared with static schemes, like
DPCCs and DSCCs, in both the cases with perfect and limited channel-
state information.

The aforementioned implementations require the relay to possess the
ability of blockwise decoding and encoding. In many applications, how-
ever, this is not feasible due to limited processing and storage capabilities
of the relaying nodes. Therefore, as the second major contribution of
the thesis we proposed to combine instantaneous relaying strategies with
bit-interleaved coded modulation. Channel encoding and decoding are
carried out blockwise at the source and at the destination respectively
while the relay is constrained to symbol-wise low-complexity informa-
tion processing. For a given channel code, we optimized the system in
two steps. The first step optimizes the instantaneous relaying functions
in order to provide the highest amount of symbol-wise mutual informa-
tion to the destination. The second step focuses on the bit-to-symbol
mapping with the purpose to maximize the achievable gain from itera-
tive demapping/decoding. As our results showed, a significant gain can
be obtained by using sawtooth relaying and constellation-rearrangement
relaying with optimized mappings compared with conventional amplify-
and-forward and detect-and-forward relaying and compared with stan-
dard mappings optimized for point-to-point communications.

7.2 Future Research

In the following we list a few topics suggested for future research.

Distributed Coding Based on IRA Codes

As a special class of LDPC codes, irregular repeat accumulate (IRA)
codes have drawn much recent attention because they feature extremely
simple encoding and low-complexity decoding while maintain the similar
performance as irregular LDPC codes [JKM00, YWM07]. Meanwhile,
they allow for explicit analysis and optimization compared with Turbo-
like codes. Therefore it is interesting to construct distributed codes based
on rate-compatible IRA codes. Also the performance of such codes in
different scenarios deserves investigation. The code design principle can
follow the ideal decode-and-forward strategy, and the degree distribution
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of distributed IRA codes can be derived from density evolution or EXIT
charts. Further more, higher-order modulation can be considered in the
proposed code structure to improve the efficiency of the system.

Relay Selection Combined with Adaptive Distributed Coding

Based on the adaptive distributed coding and the signaling introduced
in Chapter 5, we now extend our interests to the combination of relay
selection and adaptive coding in a larger network topology. We will inves-
tigate low-complexity and low-delay signaling protocols for selecting relay
nodes for the transmission between a given source-destination pair. When
a relay node is selected, adaptive coding can be applied based on the sig-
naling information exchanged in the relay-selecting phase. By choosing
a proper relay and by coding in an adaptive manner, high throughput of
the network can be obtained.

Irregular Modulation in Relay Channels

As an extension of Chapter 6, the study on irregular modulation in relay
channels can be developed into two directions. First, the relay node can
employ multiple-level modulations based on the concept of constellation
rearrangement. By doing this, the overall code structure is able to adapt
to varying channel conditions, and therefore a higher efficiency can be
obtained. The optimization of the system can be performed by evaluating
mutual information and/or with the help of EXIT charts. In contrast to
the standard constellations employed in Chapter 6, the second direction
can focus on the design of irregular constellations. We can jointly design
the signal layout of the constellations at the source and at the relay so
that the symbol-wise mutual information can be further increased.
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