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Abstract

The phenomenon of drag reduction by polymers in turbulent flow has been
studied over the last 60 years. New insight have been recently gained by means
of numerical simulation of dilute polymer solution at moderate values of the
turbulent Reynolds number and elasticity. In this thesis, we track elastic parti-
cles in Lagrangian frame in turbulent channel flow at Reτ = 180, by tracking,
where the single particle obeys the FENE (finite extendible nonlinear elastic)
formulation for dumbbel model. The feedback from polymers to the flow is not
considered, while the Lagrangian approach enables us to consider high values
of polymer elasticity. In addition, the finite time Lyapunov exponent (FTLE)
of the flow is computed tracking infinitesimal material elements advected by
the flow. Following the large deviation theory, the Cramer’s function of the
probability density function of the FTLE for large values of time intervals is
studied at different wall-normal positions. The one-way effect of the turbulent
flow on polymers is investigated by looking at the elongation and orientation of
the polymers, with different relaxation times, across the channel. The confor-
mation tensor of the polymers deformation which is an important contribution
in the momentum balance equation is calculated by averaging in wall-parallel
planes and compared to theories available in the literature.
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Chapter 1

Introduction

The reduction in pressure drop and therefore in power consumed to transport
fluid is defined as drag reduction. Flow in pipes or ducts is usually in the turbu-
lent regime and drag reduction is usually associated to the study of the behavior
and control of turbulent flow. Here we consider the energy saving in the case of
transport of polymer solution relative to the pure solvent for the same flow rate.

Drag reduction (DR) technologies offer several operational and tactical advan-
tages in industry. DR can be achieved by using different additives, e.g. drag
reduction by diluted polymer solutions, microbubbles, surfactants. It has been
established that polymers are the most effective drag reducers although other
DR technologies have been proved to be effective.[2] DR on addition of polymers
can reduce the skin frictional drag on a stationary surface up to 80%.[1] The
idea of drag reduction by adding polymers originated by an experimental obser-
vation on a flow of polymer solution through straight tubes at large Reynolds
number, reported by Toms in 1948.[1] He added a very small amount of poly-
methyl methacrylate, approximately 10 ppm by weight, to monochlorobenzene
in turbulent motion in a pipe and obtained a substantial reduction in pressure
drop at the given flow rate.[3]

Since then, the phenomenon has been studied widely, both experimentally and
theoretically. The first commercial use of a polymeric drag reducer additive
was in 1979 in the Trans Alaska Pipeline System. The drag reducing agent was
injected into the pipeline at pump station. It was considered experimental at
the time but it is now a standard procedure.[4]

This technology has also been successfully implemented to increase the flow
rate in fire fighting equipments and to help irrigation and drainage. [5] Water-
soluble polymers have been tested on ship hull with success. However due to
the secret nature of the work there are few results in literature.[2]

In this chapter, the key characteristics of turbulent wall-bounded flows will
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1.1 Turbulent Wall-Bounded Flows

be reviewed and some basic characteristics of polymers will be presented.

1.1 Turbulent Wall-Bounded Flows

Turbulence denotes flows which are highly irregular in both space and time.
These flows are most often encountered in nature and are characterized by vor-
tices or eddies which are very different in size. They range from the large scale
L, associated with largest dimension of the problem (for example the pipe diam-
eter) to the smallest so called, Kolmogorov scale, η, at which viscous dissipation
occurs.[6] Characteristic time scale of an eddy of size l and velocity u can be
estimated by l/u. Below the Kolmogorov scale viscous dissipation dominates
over inertial effects and the velocity field becomes smooth.

The large scale physics of the turbulent channel flow, understood by the Reynolds
averaged Navier-Stokes equations, are described briefly here. Considering a
mean turbulent flow velocity U in the streamwise direction x as a function of
distance from wall y, one can divide the channel into three different regions

1. Laminar sub-layer, proposed by Prandtl (1935), where the velocity profile
varies linearly in vertical direction

U+(y+) = y+, y � δ (1.1)

where δ is the half channel height. Here the velocity, U , and the distance
from wall, y, have been normalized with wall parameters

U+ = U/uτ , y+ = y/l∗ , uτ =
√
τw/ρ , l∗ = ν/uτ .

τw is the average wall shear stress, ρ the fluid density and ν the kinematic
viscosity.

2. Log region where the von Karmen log-law of the wall applies

U+(y+) = κ−1
K ln y+ +BK , 50l∗ < y < 0.1δ (1.2)

where κK ≈ 0.436 , BK ≈ 6.13 are known from experiments and simula-
tions. The law (1.2) is believed to be universal, independent of the nature
of the Newtonian fluid.

3. The outer layer where the velocity profile is not expected to depend on
the viscosity for high Reynolds numbers.

U(y) = Uc − uτΨ1(Y,Reτ ), y � l∗ (1.3)

where Y = y
δ , Uc is the center line velocity and Reτ = δuτ

ν .
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1.2 Homogeneous Isotropic Turbulence

The total mean shear stress, τ(y), in turbulent wall-bounded shear flow has two
contributions

τ(y) = −ρ〈u′v′〉+ µ
∂U

∂y
. (1.4)

The first term on the right hand side is the Reynolds shear stress, appearing
in Reynolds averaged Navier-Stokes equation. It models the effect of turbulent
fluctuations on the mean flow: this increase momentum transfer and mixing and
is an important part of the total stress. The second term is the mean viscous
shear stress. It is due to friction between two fluid particles in relative motion
and is proportional to the fluid viscosity µ. This term dominates the total shear
stress close to the wall.

1.2 Homogeneous Isotropic Turbulence

It is generally occurred (Kolmogorov 1941) that the large scale anisotropy of
wall-bounded flows does not affect the small scales which can be described by
Homogeneous isotropic turbulence (HIT). Kolmogorov’s idea was that the statis-
tics of the small scales has a universal character: they are the same for all turbu-
lent flows when the Reynolds number is sufficiently high. This scaling is known
as kolmogorov length scale, η, given by

η = (
ν3

ε
)1/4, (1.5)

where ε is the rate of viscous dissipation of the turbulence kinetic energy which
converts into heat and ν is the kinematic viscosity. The corresponding time
scale is defined by

tη = (
ν

ε
)1/2. (1.6)

These length and time scales can be considered as the smallest length and time
scales in our problem. For channel flow, ε of course depends on the wall normal
coordinate and hence would η and tη. This will be discussed further in the
following sections.

There has been many studies on the effect of polymers in Homogeneous Isotropic
Turbulence (HIT). The main results of previous numerical studies are summa-
rized here. The counterpart of drag reduction in wall-bounded flows is the
reduction of dissipation in homogeneous, isotropic turbulence.[16] Vaithianan-
than, et al. [18] have found that in homogeneous shear flow on addition of
polymers a suppression of the energy spectrum occur and the polymer exten-
sion increases as one increases the polymer relaxation time. In another study,
P. Perlekar [16] shows that the addition of polymers leads to dissipation reduc-
tion and energy spectrum is attenuated at most of the scales. Suppression of
turbulence at small scales, reduction in large-vorticity and large-strain regions
have also been reported on addition of polymers.
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1.3 Polymers

1.3 Polymers

Figure 1.1: Schematic of polymer stretch (and relaxation) in shear flow.[13]

A polymer is a long chained molecule consisting of repeated, typically or-
ganic (carbon) monomer units connected by covalent chemical bonds.[10] DNA
is an example of naturally occurring polymer. At equilibrium a polymer is in
its coiled state with radius, r ∝ N1/2, where N is the number of monomers.
When a stretched polymer is released, it can relax by several characteristic time
scales. For our purpose it is safe to consider only the slowest time scale, which
will be called the relaxation time of the polymer in the rest of this thesis. The
relaxation time of a polymer is the time duration that a stretched polymer needs
to relax back to its coiled equilibrium state. For simplicity let us first consider
a single polymer molecule in a uniform shear flow. For small shear rates the
polymer relaxes back to its coiled state. In a flow with high enough shear rate
the polymer can go through a Coil-stretch transition. Coil-stretch transition is
an abrupt complete uncoiling of a polymer molecule.[13] Figure 1.1 shows the
basic characteristics of stretching (and relaxation) of a polymer molecule in a
shear flow.

In polymeric liquids, addition of polymers to the fluid changes the properties
of the fluid from Newtonian to Viscoelastic behavior. In fact, if the polymers
are coiled, the viscosity changes by a few percent, but if they become stretched
the viscosity will considerably increases. Significant rheological changes occur
when the polymer coil is extended by a factor of ten.[14] Interaction of a single
polymer with the flow has been discussed by Lumley (1969) by comparing the
relaxation time of the polymer, τp and viscous time scale, tη. Considering the
big difference between the length scale of the flow and polymers, length scales
ratio are presumed to be physically insignificant.[14] In addition, it is found
experimentally that the time scale ratio is of the order of unity at onset of coil-
stretch transition, while the length scale ratio is nearly 10−3.[12] This matching
of time scales allows an efficient interaction between turbulent fluctuations and
polymer degrees of freedom.[9] This is the clue to understand the physics of
dilute polymeric solutions.
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1.4 Turbulent Drag Reduction

The ratio of the polymer relaxation time, τp, to the characteristic flow time
scale gives an important dimensionless number for our problem. Usually the
concept of both Deborah and Weissenberg numbers are used where[11]

De =
τp

τflow
, (1.7)

and
We = τpγ̇, (1.8)

where γ̇ is the shear rate time. In wall-bounded turbulence, time scales depend
on the distance from the wall (denoted here by y). In our case we use

We(y) = τpS(y), (1.9)

where S(y) is the typical shear rate. For high values of Weissenberg number,
the polymers interact with the turbulent flow by stretching.

1.4 Turbulent Drag Reduction

Figure 1.2: Data of Toms (1948) (replotted) for friction factor versus Reynolds number.
The material was a solution of 25% poly methyl methacrylate in monochlorobenzene.
The open points are for the solvent alone and the solid points are for the polymer
solution. The circles refer to a tube with a radius of 0.202 cm, and the triangles to a
radius of 0.0645cm.The solid line is related to the Newtonian plug curve.[12]

In 1941, a British chemist, Toms, reported the phenomenon of drag reduction
for the first time. He observed that the addition of a few parts per million of long
chain polymers in turbulent flow produces a dramatic reduction in the friction
drag. The friction drag f in a pipe flow is defined as

f =
∆p
ρV 2

r

L
, (1.10)
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1.4 Turbulent Drag Reduction

where r is the radius of the pipe, ∆p is the pressure drop measured across
the distance L in the pipe, ρ is the density of the fluid and V is the mean
velocity over the section.[15] The data related to Toms experiment are shown
in figure 1.2. As the Reynolds number exceeds a certain value, the slope of the
curve changes significantly and the drag falls well below the Newtonian curve.
The percentage of drag reduction is defined by

%DR =
∆Ps −∆P

∆Ps
× 100, (1.11)

where ∆Ps is the pressure drop of the pure solvent and ∆P is the pressure drop
of the polymer solution at the same velocity.

Figure 1.3: Figure taken from Procaccia et al. [9], Mean normalized velocity profiles
as a function of the normalized distance from the wall. The red data points (squares)
represent the MDR asymptote. The dashed red curve represents the log law (1.12).
The blue filled triangles and green open triangles represent the cross over , for in-
termediate concentrations of polymer, from the MDR asymptote to the Newtonian
plug.

Since 60 years ago many efforts has been done to understand this phenomenon.
One of the most important experimental findings (Virk,1975) about turbulent
drag reduction by polymers in wall-bounded turbulence is that the velocity is
limited between the von Karman’s law and another log law defining the maxi-
mum possible drag reduction (MDR).[9] MDR log law discovered experimentally
by Virk (1975)

U+(y+) = κ−1
V ln y+ +BV , y+ ≥ 6 (1.12)
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1.5 Objectives

where κV ≈ 0.075 , BK ≈ −17. This law is also claimed to be universal. L’vov
et al. (2004) showed that the law (1.12) contains only one parameter and can
be written in the form

U+(y+) = κ−1
V ln eκV y+, y+ ≥ 12 (1.13)

where e is the basis of the natural logarithm.[9]

For sufficiently high values of Reynolds number, concentration and length (num-
ber of monomers) of the polymer, the velocity profile in the channel is expected
to follow the law (1.13) and if these requirements aren’t fulfilled, the mean ve-
locity profile goes back to a log law which is parallel to the law (1.2).[9] This is
shown in figure 1.3.

1.5 Objectives

The objective of this thesis is to investigate the behavior of polymers in a turbu-
lent channel flow for large values of the polymer relaxation time. When looking
at the solutions with low concentration of the polymers it will be enough to look
at the one-way coupling where one only consider the forces on the polymers and
the back reaction on the flow is neglected. In this work, we first investigate the
elongation and orientation of the polymers along the channel. Introducing the
Lyapanov exponent, we try to understand the deformation of material elements
in the turbulent flow. We are also going to find the polymer stress and compare
it to the earlier proposed theories.
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Chapter 2

Models of Polymeric
Liquids

2.1 Polymer Models

Depending on their structure, polymers can have wide ranges of length and
time scales. There are some simulation techniques which take into account a
complete atomistic description of the polymer, e. g. molecular dynamics (MD)
or Monte-Carlo (MC).[10] These simulations are very expensive and not suitable
for computational fluid dynamics (CFD). There are some less accurate and less
complex models such as bead-rod or bead-spring models which are commonly
used. In this work, the finite extendible nonlinear elastic (FENE) model in
which polymers are presented by bead-spring model is considered.

2.1.1 Dumbbell Model

In this thesis, we use a very simplified model for polymers, the so called dumbbell
model.(See fig. 2.1) The polymer is represented by two beads connected together
with a spring. Although the polymer has many degrees of freedom(DOF), in
this model only the most important DOF which is the end-to-end vector of
polymer chain, R, is considered. As long as the magnitude of R is smaller
than its maximum possible length, Rmax, polymer can be modeled by Hook’s
law (Oldroyd-B model). In the absence of flow polymer behavior obeys the
equation for damped harmonic oscillations. In this case, the coiled (equilibrium)
elongation of the polymer, R0, can be estimated by balancing the elastic and
thermal energies [15]

Eel = k0R
2/2 , Eth = kBT/2 , R0 =

√
kBT

k0
, (2.1)

where kB is the Boltzmann constant, k0 the spring modulus and T the temper-
ature.
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2.1 Polymer Models Models of Polymeric Liquids

Figure 2.1: Dumbbell model.[15]

2.1.2 FENE Formulation

FENE model was developed by Warner (1972). The inertia of the beads is
neglected in this model. When the magnitude of R is getting close to Rmax, the
maximum elongation, the elastic potential can no longer be modeled by linear
Hook’s law. In the FENE formulation if k0 = 1 the elastic force is approximated
by

Fi =
1

2τp
Ri

1− ( |R|Rmax
)2
, (2.2)

The forces which are acting on the beads, include the spring force, the fric-
tional drag force from the fluid and the Brownian force which models the thermal
collisions of polymers with solvent molecules. For all realistic flows the polymer
size (order of 0.1µm to 0.2µm) is much smaller than the turbulence viscous
scale. It means that the velocity field is smooth around the polymer.[15] There-
fore the velocity difference between the beads modeling one molecule, is given
by the local velocity gradient and the stretching of the spring can be written as

∂Ri
∂t

= Rj
∂Ui
∂xj

. (2.3)

Balancing the three forces mentioned above, one can write an equation for
the evolution of R

∂R

∂t
= (R.∇)U − 1

1− ( |R|Rmax
)2

R

2τp
+ aB, (2.4)

where B indicates random brownian motion in three dimensions as white noise
in time

< Bα >= 0 , < Bα(t)Bβ(t′) >= δαβδ(t− t′), (2.5)
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2.2 Eulerian Approach Models of Polymeric Liquids

and

a =

√
2R2

0

3τp
. (2.6)

2.2 Eulerian Approach

Since adding polymers to a Newtonian fluid changes its behavior to that of a
non-Newtonian fluid, in a dilute polymer solution we need to modify the Navier-
Stokes equation by adding a new stress term, polymer stress. However, in this
thesis we only deal with a one way coupling, i.e. only the effect of flow on
polymers considered while the polymers has no effect on the flow.

The effects of the ensemble of polymers enters the hydrodynamics in the
form of a conformation tensor, Rαβ =< RαRβ >, which stems from the ensem-
ble average of the dyadic product of the end-to-end distance of the polymers over
the thermal noise.[3] The square root of the trace of this tensor represents the
elongation of polymer. In the Eulerian frame it is possible to write an equation
for the evolution of the conformation tensor

∂Rαβ
∂t

+ (Uγ∇γ)Rαβ =
∂Uα
∂xγ

Rγβ +Rαγ
∂Uβ
∂xγ

− 1
τp

[fRαβ −R2
0δαβ ], (2.7)

where
f =

1

1− ( |R|Rmax
)2
. (2.8)

As noted above, the effect of the polymers will appear in the momentum equa-
tion via a new stress term

∂Uα
∂t

+ (Uγ∇γ)Uα = −∇αp+ ν∇2Uα +∇γTαγ , (2.9)

where
Tαβ =

νp
τp

[f
Rαβ
R2

0

− δαβ ], (2.10)

νp is a viscosity parameter which is related to the concentration of the polymer.[9]
By taking a long time average of equation (2.9) and integrating along the wall
normal coordinate, y, one can get the equation for momentum balance

− < u′v′ > +ν
∂U

∂y
+
νp
τp
〈fRαβ〉 = −p′y, (2.11)

where
p′ =

∂p

∂x
.

In this equation, the third term on the left hand side is the rate at which
momentum is transfered to and from the polymers.[9]
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2.3 Lagrangian Approach Models of Polymeric Liquids

At large Weissenberg numbers, strong gradients in the evolution of the con-
formation tensor appear. These cause stiffness in the numerical solution of the
governing equations in Eulerian frame which are usually cured by adding extra
dissipation in equation (2.7). In this thesis we use the Lagrangian approach to
avoid this problem. However, we will not consider the feedback from polymers
on the flow. The computations of the extra stress in the Navier–Stokes from
Lagrangian tracking would indeed be an interesting extension of the current
work.

2.3 Lagrangian Approach

In this approach Np Lagrangian particles are monitored. Their position evolves
according to

drp
dt

= u(rp, t), (2.12)

where u(rp, t) is the Eulerian velocity at location rp at time t, with rp is the
location of pth particle. In this frame of reference the first two terms on the left
hand side of the equation (2.7) will be replaced by the ordinary time differenti-
ation

dRαβ
dt

=
∂Uα
∂xγ

Rγβ +Rαγ
∂Uβ
∂xγ

− 1
τp

[fRαβ −R2
0δαβ ]. (2.13)

In the same way equation (2.9) will change to

dUα
dt

= −∇αp+ ν∇2Uα +∇βTαβ . (2.14)

2.4 Lyapunov Exponent

The Lagrangian approach illustrates that the extension of the polymers is con-
nected to the dispersion of a pair of particles in a turbulent flow. As it noted
before for all practical cases Rmax � η. Hence to understand the polymer ex-
tension, it is useful to first study particles dispersion in smooth flows. This is
typically described in terms of the finite time Lyapunov exponent. The finite
time Lyapunov exponent(FTLE) characterizes the amount of stretching of two
infinitesimally close particles at time t after the time interval T , i.e. at time
t+ T

µT =
1
T

log
|δx(t+ T )|
|δx(t)|

, (2.15)

where δx is the distance separating the two particles.The FTLE provides one of
the best measurements when trying to understand the flow kinematics of general
time-dependent systems. Computing the exponential rate of particle separation
also is a useful way to quantify how chaotic a system is. In a chaotic system
Lyapunov exponent is positive.
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2.5 Large Deviation Theory Models of Polymeric Liquids

The equation obeyed by δx in a smooth flow is

∂δxi
∂t

= δxj
∂Ui
∂xj

. (2.16)

Note that this equation is equivalent to that one would obtain by dropping terms
related to the elastic energy and the thermal noise from the polymer equation.

Using the FTLE for the material elements and considering time intervals of the
order of the polymer relaxation time, τp, one can estimate how much a polymer
would be stretched by the flow. The probability distribution of µT gives the
complete characterization of two particles separation in turbulent flows. Such
PDF:s are often non-Gaussian. One way of understanding them comes via the
large deviation theory. Following Balkovsky et.al (2000), we briefly describe the
application of the large deviation theory to polymer extension in the following
section.

2.5 Large Deviation Theory

The theory of large deviations studies the exponential decay of probabilities in
certain random systems. It has been applied to a wide range of problems in
which detailed information on rare events is required. One is often interested
not only in the probability of rare events but also in the characteristic behavior
of the system as the rare event occurs. In statistical mechanics, this theory
gives precise, exponential-order estimates that are perfectly suited for asymp-
totic analysis.[28]

Let us for a moment neglect the terms related to the thermal noise and
the nonlinear part in polymer equation (eq. 2.4). Then we can write

d

dt
Rα = Rβ∇βUα −

Rα
τp
. (2.17)

The vector R can be written as

R = R n (2.18)

where n is the orientation and R the magnitude of the vector R. Defining
ρ = lnR, the equation (2.17) can be written as (cf. [20])

dρ

dt
= ζ − 1

τp
,
dnα
dt

= nβ∇βUα − ζnα, (2.19)

ζ = nαnβ∇βUα. (2.20)

Since we are neglecting the back reaction from polymers to the flow, ζ is inde-
pendent of ρ. Integrating equation (2.19) we get

ρ(t) = ρ0 + z − t

τp
, z =

∫ t

0

dt′ζ(t′), (2.21)

15



2.5 Large Deviation Theory Models of Polymeric Liquids

where ρ0 is the value of ρ at t = 0. According to Balkovsky et al. (2000) the
integral z in equation (2.21) possesses some universal properties for times much
larger than the correlation time τζ of the random process ζ, i.e. ζ(t) has a finite
correlation time and when t� τζ the variable z can be considered as a sum of
a large number of independent variables.[21]

Large deviation theory (LDT) deals with the PDF of , Mn where for a se-
quence of bounded, independent and identically distributed random variables,
X1, X2, X3, ..., each with mean m,

Mn =
1
n

(X1 + ...+Xn), (2.22)

denote the empirical mean. Cramer’s theorem,shows that the tails of the prob-
ability distribution of Mn decay exponentially with increasing n at a rate given
by a convex rate function S(x):[39]

P (Mn > x) ∝ e−nS(x) for x > m,

P (Mn < x) ∝ e−nS(x) for x < m.
(2.23)

The fact that the probability density function of the finite time Lyapunov ex-
ponent, P (µT ), has a large deviation form for large values of T , has been noted
in many references.[30, 21, 29, 31] Applied to equation (2.21) with

µT =
1
t
z, (2.24)

the general formula of LDT predicts[21]

P (t, µT ) ∝ exp[−tS(µT − λ)], λ = 〈ζ〉. (2.25)

One has to keep in mind that there has been two assumptions up to this point.
First, ζ has a finite correlation time and, second, that we are dealing with mul-
tiplicative large deviation form.[29] There has been no exact form for the func-
tion S, however, one can approximately consider it to behave like a parabola,
S(x) ≈ x2, i.e. Gaussian form. In this case, as shown later in equation (4.3),
the minimum of the parabola will be λ.

The Cramer’s function can be calculated by using

S(x) = − lim
t→∞

1
t

ln[P (x)/Φ(t)], Φ(t) = max [P (t)], (2.26)

where x is a sum of random numbers and P (x) is the normalized probability
density of the variable x, i.e.

∫
P (x)dx = 1.[32]
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2.5 Large Deviation Theory Models of Polymeric Liquids

In this work, based on the equation (2.26), we have computed the Caramer’s
function of the finite time Lyapunov exponent for the first time in channel flow.
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Chapter 3

Numerical Method

For simulation of the polymeric liquid the program SIMSON [19] is used. SIM-
SON is a software package that implements an efficient spectral integration
technique to solve the Navier-Stokes equations for incompressible channel and
boundary layer flows. The solver is implemented in Fortran 77/90. The code
can be run either as a solver for direct numerical simulation (DNS) in which
all length and time scales are resolved, or in large-eddy simulation (LES) mode
where a number of different subgrid-scale models are available. The evolution
of multiple scalars, both passive and active, can also be computed. The code
can be run with distributed or with shared memory parallelization through the
Message Passing Interface (MPI) or OpenMP protocol, respectively.

For the solution of the fluid mechanics equations, the wall-parallel direc-
tions are discretized using Fourier series and the wall-normal direction using
Chebyshev polynomials. Time integration is performed using a third order
Runge-Kutta method for the advective and forcing terms and a Crank-Nicolson
method for the viscous terms. The basic numerical method is similar to the
Fourier-Chebyshev method used by Kim et al. (1987) classically used for canon-
ical turbulent flows.

The use of spectral discretization with fast Fourier transforms (FFT) is key
for very efficient algorithms. Indeed, spectral methods with exponential accu-
racy are used for turbulent flows at high values of the Reynolds number when a
wide range of length and time scales need to be resolved. As a drawback, how-
ever, spectral approaches are limited to very simple geometry (a rectangular box
in our simulations). High-order discretizations used for turbulent flows in more
complex geometries are compact differences (4-6th order most commonly used)
and Spectral Element MEthod (SEM), among others. SEM combines mesh
flexibility typical of finite elements with spectral accuracy within each element.
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3.1 Theory Numerical Method

3.1 Theory

The starting point for the theoretical aspects and derivations are the non-
dimensionalized incompressible Navier-Stokes equations, here written in tensor
notation

∂ui
∂t

+ uj
ui
xj

= − ∂p

∂xi
+

1
Re
∇2ui, (3.1)

∂ui
∂xi

, (3.2)

with different initial and boundary conditions depending on the flow geometry.
The first equation represents conservation of momentum and the second equa-
tion represents the incompressibility of the fluid.

The next step is to look at the polymers equations; as mentioned above
they are just advected and stretched by the flow. Inertia of the polymers is
neglected and they are transported by the local velocity

drp
dt

= u(rp, t). (3.3)

Their size is assumed to be much smaller than the smallest relevant scales of the
flow. This allows us to assume a smooth velocity profile around the polymers.
The equation for the evolution of polymer elongation and orientation imple-
mented in the code is the FENE model introduced before and reported here for
the sake of clarity

∂R

∂t
= (R.∇)U − 1

1− ( |R|Rmax
)2

R

2τp
+ aB, (3.4)

where B indicates random brownian motion in three dimensions as white noise
in time

< Bα >= 0 , < Bα(t)Bβ(t′) >= δαβδ(t− t′), (3.5)

and

a =

√
2R2

0

3τp
. (3.6)

Solving these equations one can investigate the effect of the flow on the poly-
mers. We find the Eulerian velocity and velocity gradient at the position of
the polymers by solving the Navier-Stokes equation, substituting this velocity
in equations (3.3, 3.4) we calculate the polymers elongation. As noted before,
the momentum balance equation in presence of polymers will change to

− < u′v′ > +ν
∂U

∂y
+
νp
τp
〈fRαβ〉 = −p′y. (3.7)

Since we do not study the back reaction on the turbulence, the last term on
the left hand side is neglected would not appear in the computations. However,
solving the equation (3.4), one may find the term 〈fRαβ〉 which might be a
good estimate for the polymer stress.
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3.2 Implementation

To calculate the force on the polymers the fluid velocity and its derivatives must
be known at the particle position. The problem here is that the velocity is only
known on the grid points. To calculate the velocity and the velocity gradients
exactly in the particle position, tri-linear interpolation is used from the 8 sur-
rounding grid points. The number 8 comes from from the three dimensions (23).

The fluid velocity, five components of the symmetric tensor ∂ui
∂xj

and the
three vorticity components are extracted from SIMSON on the grid points.
Having this eight terms and the continuity equation, the equation for the single
polymers can be solved. To interpolate these quantities at the particle posi-
tion, first interpolation in x and z directions is done for each y plane which
is followed by the interpolation in y direction. For the vertical direction, y,
Chebyshev discretization is used, while for the horizontal directions, x and z,
a Fourier series expansion is applied which assumes that the solution is periodic.

The equation of the polymers (eq. 3.4) has been implemented in the code
during this work. The code allows the relaxation time to tend → ∞ and the
noise can be switched off. In this way, we are able to follow the deformation of
an infinitesimal material element.
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Chapter 4

Eulerian and Lagrangian
Statistics in Turbulent
Channel Flow

In this chapter, first the DNS results obtained for the turbulent channel flow,
driven at constant mass flux, are presented. Later the results for material
elements, FTLE and Cramer’s function, will be discussed.

4.1 Turbulent Channel Flow

In this section some important statistics of the turbulent channel flow are pre-
sented. An overview of the parameters used for the simulations is given in table
4.1.

Table 4.1: Parameters used for the turbulent channel flow

parameter value description

lx × ly × lz 4π × 2× 4π
3 channel dimensions

nx × ny × nz 128× 129× 128 resolution
Re 4200 Reynolds number
Reτ 180 friction Reynolds number

The left plot in figure 4.1 displays the mean velocity profile versus the wall nor-
mal coordinate, whereas the Reynolds stress, shear stress and the total stress
are shown in the plot to the right. As one can see the shear stress has its max-
imum value close to the wall while the Reynolds stress is zero in this region.
The reason is that the velocity fluctuations become zero at the wall. The stress
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4.1 Turbulent Channel Flow Turbulent statistics

balance in channel takes the form

τ(y) = −ρ〈u′v′〉+ µ
∂U

∂y
, (4.1)

and as expected from theory τ(y) ∝ −y.
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Figure 4.1: Statistics of turbulent channel flow at Reτ = 180 in wall units. Left: Mean
velocity profile versus wall normal coordinate. Right: wall-normal profiles of Reynolds
stress, shear stress and total stress.
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Figure 4.2: Mean dissipation in turbulent channel flow at Reτ = 180. Left: Mean
dissipation profile versus wall normal coordinate expressed in wall units. Right: Kol-
mogorov time scale versus wall normal coordinate.

As mentioned in the introduction, the Kolmogorov time scale is defined as

τη = (
ν

ε
)

1
2

(4.2)

where ε is the mean dissipation. This is reported on the left panel of the fig-
ure 4.2 as a function of the wall normal coordinate.

Since the mean dissipation, ε, varies in the wall-normal direction, one can
also express the Kolmogorov time scale as a function of y. This is shown in
the right plot of figure 4.2. One can notice that the time scale is larger in the
middle of the channel than in the region close to the wall.

22



4.2 Deformation of Material Elements Turbulent statistics

4.2 Deformation of Material Elements

In this section, we first present the results of the finite time Lyapunov exponent
(FTLE) and then we analyze the Cramer’s function of FTLE.

4.2.1 Finite Time Lyapunov Exponent
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Figure 4.3: Probability density function of the finite time Lyapunov exponent for dif-
ferent time interval T . Left: center of the channel, y+ ∈ [176.4, 180]. Right: statistics
collected close to the wall, y+ ∈ [7.2, 10.8].

In order to understand polymer’s extension we must first study how two neigh-
boring particles evolve in the flow. As already explained in detail in section 2.4,
the equations used for monitoring this quantity are

∂δxi
∂t

= δxj
∂Ui
∂xj

,

µT =
1
T

log
|δx(t+ T )|
|δx(t)|

,

where µT is related to the stretching rate.

In figure 4.3 the probability density function of the finite time Lyapunov ex-
ponent, close to the wall and at the center of the channel, for different time
intervals T is reported. The FTLE can be analyzed both considering the varia-
tion of T and also by monitoring the behavior of the particles at different vertical
positions.

In order to compute the FTLE, first we divide the channel into 100 equal hori-
zontal slabs with vertical thickness of 3.6y+. The value of δx(t+ T ) for all the
particles in each horizontal layer is compared with the value of δx(t) at the be-
ginning of the observation, regardless of their position at time t. In other words,
when referring to µT (y0), y0 indicates the vertical position of the particles at
the time t+T . We use 575 equi-spaced bins for the probability density functions
in the range of µT ∈ [−2 , 3], i.e. ∆µT ≈ 0.009. For each pair of snapshots

23



4.2 Deformation of Material Elements Turbulent statistics

with time lag T , the values of µT for all the particles positioned in the same
horizontal slab at time t+T are added to a histogram with the above-mentioned
binning. The plots are all normalized in such a way that∫

P (µT )dµT = 1.

As one can see in figure 4.3, due to the presence of shear in the region close to
the wall, particles are more stretched in this area. Conversely, particles close to
the centre of the channel are less stretched since they experience lower and more
isotropic shear. This finding is also confirmed in figure 4.4. Here we display the
variation of the peak of the FTLE versus the time interval (left plot) as well as
along the height of the channel for different time intervals (right plot). As the
relaxation time increases the differences across the channel start to decrease.
There exists a wall-parallel plane, where the peak of the FTLE becomes inde-
pendent of the relaxation time. According to figure 4.4 it is somewhere around
y+ = 84.
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Figure 4.4: Left: Peak of the finite time Lyapunov exponent versus particle relax-
ation time. Right: Peak of the finite time Lyapunov exponent versus the wall normal
coordinate.
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Figure 4.5: Left: Mean of the finite time Lyapunov exponent versus particle relaxation
time. Right: wall-normal dependence of the mean of the finite time Lyapunov exponent
for different time intervals.

For large values of time intervals the particles have been at different vertical
positions so that the difference between stretching of infinitesimal elements that
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4.2 Deformation of Material Elements Turbulent statistics

are at the final time close to the wall and in the centre is less. This effect makes
the mean value of the FTLE more uniform along the wall normal coordinate
of the channel for large values of T . To confirm the interpretation above, we
show in figure 4.5 the mean value of the FTLE for the different time intervals
considered together with its variation of mean value along the height of the
channel.
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4.2 Deformation of Material Elements Turbulent statistics

4.2.2 Cramer’s Function of FTLE

In order to better understand the probability density distribution of FTLE,
we plot its Cramer’s function, as described in section 2.5. In figure 4.6 the
Cramer’s function is shown for three different wall normal positions (defined
as above according to the particle position at t + T ) and for the three largest
relaxation times investigated. Here S(µT ) is defined as

S(µT ) = − 1
T

ln[P (µT )/Φ(T )], Φ(T ) = max [P (µT )]. (4.3)

One can see that they collapse to some extent for large values of T, which is not
the case when we consider smaller values of T . The best collapse occurs at the
normal position at which the peak of µT is independent of T . At the center of
the channel we find good collapse before the minimum while close to the wall
the curve for different T overlap for the largest µT , i.e. after the minimum of
S(µT ).
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(b) at y+ = 84
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(c) close to the wall

Figure 4.6: Cramer’s function of FTLE for three values of the wall-normal coordinate
y+ and for the largest intervals considered.

In figure 4.7 the Cramer’s function for the FTLE is shown for three different
relaxation times at the same wall-normal location in each panel. The plots
show that the minimum of the Cramer’s function, µ̄, depends on the wall normal
coordinate, as exemplified by the forth subplot in the figure. A closer look shows
that as T increases the difference of the minimum of the Cramer’s function at the
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4.2 Deformation of Material Elements Turbulent statistics

center and close to the wall decreases. The minimum of the Cramer’s function
as a function of wall normal coordinate is plotted to indicate that as T increases
the range of µ̄ shrinks. It is also apparent that the minimum of S(µT ) becomes
larger as one moves from the center to the wall.
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Figure 4.7: Cramer’s function of FTLE at Top left: T=25. Top right: T=35. Bottom
left T=45. Bottom right: Minimum of the Cramer’s function versus wall normal
coordinate.

Since the dimension of µ̄ is 1/s, a new local Weissenberg number can be defined
as

Weµ(y+, T ) = µ̄τp, µ̄ = µ̄(y+, T ). (4.4)

It is displayed in figure 4.8 versus the wall-normal coordinate; for large values
of T , µ̄ = µ̄(y+).
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Figure 4.8: Local Weissenberg number Weµ(y+, T ) versus wall normal coordinate for
three largest time intervals under consideration.
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The formalism of large deviation theory is valid in the limit of T → ∞. At
this limit we expect a unique Cramer’s function for the whole channel. However,
such large time limit may not be relevant for the polymeric physics since the im-
portant time scale is the polymer relaxation time. Our analysis shows that even
for a moderate range of time scales a unique Cramer’s function can be defined
although this function depends on y+. This reflects the fact that polymers are
more stretched near the wall than at the center. A detailed analysis matching
the Cramer’s function to the PDF of polymer extension will be attempted in
the future.
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Chapter 5

Results for Polymers

Results for the polymers are divided into three sections. First we study the
polymers deformation whereas the polymer stress in relation to drag reduction
will be presented later. At last, a small discussion related to the power law seen
for the linear polymers is presented.

5.1 Polymer Deformation
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Figure 5.1: Weissenberg number versus wall normal coordinate expressed in wall units.

As noted earlier, the Weissenberg number is a dimensionless number repre-
senting the ratio of the polymer relaxation time to the time scale related to the
flow shear rate. In addition, one can define a viscous Weissenberg number for
polymeric fluids as

Weη =
τp
τη
. (5.1)

This is plotted in figure 5.1 for several relaxation times. The polymer relaxation
time plays the most important role for polymers deformation.
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(a) FENE model, R/R0 < 100
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(b) FENE model, R/R0 < 1000
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Figure 5.2: Mean elongation of the polymers in wall-parallel slabs of thickness 3.6y+

for different relaxation times, using (a) FENE model with the limitation of R/R0 < 100
(b) FENE model with the limitation of R/R0 < 1000 (c) Oldroyd-B model.

Table 5.1: Parameters used in simulations for the polymers (FENE)

case # R0 Rmax/R0 τp Np formulation

1 1.0e− 07 100 1 3 5 15 25 35 45 216,000 FENE model
2 1.0e− 08 1000 5 15 25 35 45 216,000 FENE model
3 3.5e− 05 − 0.5 1 2 3 5 216,000 Oldroyd-B model

The parameters used for the different simulations with elastic particles are
summarized in the table 5.1. As mentioned before, R0 is the initial end-to-end
distance of the polymer, τp is the polymer relaxation time and Np is the number
of polymers. Here we will focus more on the results for the FENE case with the
cut-off at 100R0, i.e. Rmax/R0 = 100, which is close to the real physical value
of a stretched polymers. We have performed simulations with Rmax/R0 = 1000
and with the linear formulation, Oldroyd-B model, for small values of τp as well.
Later we show that for the latter case the tail of the probability distribution
function follows a power law which we cannot be seen in the FENE case. We
will first consider the elongation and orientation of the polymers. Before that,
we have to mention that all the reported values of elongation and components
of conformation tensors from now on are normalized by R0 and R2

0, respectively.
For the sake of simplicity we skip mentioning it in the notation.
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5.1.1 Polymers Extension

Extension of a polymer is quantified by the elongation vector R, which shows
the end-to-end distance of the polymer. The mean elongation of the polymers
averaged in each horizontal layer, with thickness of 3.6y+, is reported for both
cases of non-linear FENE model and for linear Oldroyd-B model in figure 5.2.
Comparing the dofferent curves it is apparent that the Oldroyd-B model is not
applicable for large values of τp.

According to figure 5.2, as it was expected due to the presence of shear, close
to the wall polymers are more elongated compared to those at the center. Con-
sidering the plots for non-linear FENE model, for higher relaxation times the
variation of mean elongation decreases and its profile becomes more uniform
across the channel. Consistent with the explanation for the variation of mean
value of µT for large values of the time interval, here polymers have enough time
to be at different vertical positions during their relaxation so that experience
different shear intensities. This effect decreases the difference of elongations of
the polymers along the channel.

As mentioned before, most of the post-processed data presented here are re-
lated to the case #1. Figure 5.3 shows the probability density function of R/R0
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Figure 5.3: Probability density function of polymer elongation with Rmax/R0 = 100
(displaying the coil-stretch transition) (a): τp = 5. (b): τp = 15. (c): τp = 45.
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Figure 5.4: Diagonal terms of the polymers conformation matrix, Rαβ = 〈RαRβ〉, for
small values of polymer relaxation times (a): 〈RxRx〉xz (b): 〈RyRy〉xz (c): 〈RzRz〉xz.

for three different relaxation times. In this case we used 1000 equi-spaced bins
to plot the probability density functions in the range of R ∈ [0, 100R0]. For
small values of τp most of the particles have a coiled configuration. At higher
values of the relaxation time, the number of the stretched polymers increases.
For the case with τp = 45 it is clear that most of the polymers are stretched.
The so called coil-stretch transition is well illustrated in these plots.

The diagonal terms of the conformation tensor, indicating the components of
the polymer stretching (as explained in section 2.2) are shown in figures 5.4
and 5.5 for small and large values of relaxation time, respectively. As one can
see the most important diagonal component is the one in the streamwise direc-
tion, i.e. 〈RxRx〉. Polymers are therefore mainly elongated in the steamwise
direction. Further analysis of the components of the conformation tensor and
polymer stress are presented in the section 5.2.

5.1.2 Polymers Orientation

In this section the results related to the orientation of the polymers are reported.
First the orientation of the polymers is presented by displaying the cosine of the
angles between R and the coordinates axes. Later, the angles between R and
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Figure 5.5: Diagonal terms of the polymers conformation matrix, Rαβ = 〈RαRβ〉, for
large values of polymer relaxation times (a): 〈RxRx〉xz (b): 〈RyRy〉xz (c): 〈RzRz〉xz.

both the three principal directions of the deformation tensor, φ1, φ2 & φ3, and
the vorticity vector, ψ, will be discussed. The values plotted are calculated by
using the dot product between the corresponding vectors and showing the PDF
of the cosines. Note therefore that in the following figures the value of 0.707 in
the horizontal axis corresponds 45◦ degree angle. The interval of [0, 0.7] displays
angles between 0◦ and 45◦ while the interval [0.7, 1] values of the angle from 45◦

to 90◦.

Orientation of R

In figures 5.6 (a) and (b) the probability density function of cosαx, the angle
between R and x-direction, is shown both at the center of the channel and close
to the wall for different values of polymer relaxation time. One can notice that
most of the polymers close to the wall are aligned with x direction, while the
distribution of their orientation with respect to stream-wise direction is rather
uniform at the center. As the relaxation time of the polymers increase, con-
sistent with the explanation for elongation, the distribution of the angle αx at
the center becomes more similar to that observed near wall, i.e. particles are
more likely to be aligned with the x-axis. Interestingly, the number of particles
aligned with the streamwise direction is therefore slowly diffusing away from the
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(a) at the center, y+ ≈ 180
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(b) close to the wall, y+ ≈ 7
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Figure 5.6: Probability density function of the cosine of the angle between R and
x-direction (a): at the center (b): close to the wall (c): for different vertical positions
for τp = 45.

wall for long relaxation times. For large values of τp the profiles of the PDF:s
collapse on each other close to the wall, as clearly seen in figure 5.6 (b). The vari-
ation of P (cosαx) across the channel for τp = 45 is also reported in figure 5.6 (c).

The PDF of cosαy and cosαz, the angles between R and the y- and z-directions,
respectively, display a prevalence of angles about 90◦ degrees close to the wall,
consistent with the observed alignment with x. Particles in the centre have an
almost homogeneous orientation as oberved for cosαx. These data are reported
in figure 5.7.

Orientation of R relative to principal directions of the deformation
tensor

The angles between eigenvectors of the deformation tensor and R are shown
in figure 5.8, where the indices 1, 2 & 3 represents the corresponding largest,
middle and the smallest eigenvalues of the deformation tensor

(
∂ui
∂xj

+ ∂uj
∂xi

)
.

Close to the wall the shear is dominated by the component ∂u/∂y, therefore the
direction of the two largest eigenfunction of the deformation tensor are inclined
about 45◦ away from the wall. As mentioned before, close to the wall polymers
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(a) cosαy at the center, y+ ≈ 180
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(b) cosαy close to the wall, y+ ≈ 7
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(c) cosαz at the center, y+ ≈ 180

0 0.2 0.4 0.6 0.8 10

1

2

3

4

cos(!z)

P(
co

s(
!

z))

 

 

"p=1 "p=3 "p=5 "p=15 "p=25 "p=35 "p=45

(d) cosαz close to the wall, y+ ≈ 7

Figure 5.7: Probability density function of the cosine of the angle between R and (a):
y-direction at the center (b): y-direction close to the wall (c): z-direction at the center
(b): z-direction close to the wall.

clearpage
align with the stream-wise direction, so it is expected that the angle between R
and the largest principal directions of the shear is about 45◦ degrees. The same
does not apply to particles in the centre of the channel where large-scale flow
structures have a more isotropic distribution.

Orientation of R relative to vorticity

In figure 5.9 the PDF of the cosine of the angle between elongation vector, R,
and vorticity is reported both at the center of the channel and close to the wall.
It appear more likely to find a polymer aligned with the local vorticity vector
at the centre of the channel rather than close to the wall.

5.2 Polymer Stress

As we discussed before, neglecting the back reaction doesn’t let us to calculate
the real polymer stress. However by solving the polymer equation, eq. (3.4),
we can calculate the term 〈fRxRy〉 which appears as the polymer stress in
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(a) cosφ1 at the center, y+ ≈ 180
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(b) cosφ1 close to the wall, y+ ≈ 7
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(c) cosφ2 at the center, y+ ≈ 180
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(d) cosφ2 close to the wall, y+ ≈ 7
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(e) cosφ3 at the center, y+ ≈ 180
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(f) cosφ3 close to the wall, y+ ≈ 7

Figure 5.8: Probability density function of the cosine of the angle between R and
eigenvector of the shear tensor corresponding to (a): first (largest) eigenvalue at the
center (b): first (largest) eigenvalue close to the wall (c): second eigenvalue at the
center (b) second eigenvalue close to the wall (e): third (smallest) eigenvalue at the
center (f): third (smallest) eigenvalue close to the wall.
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(a) cosψ at the center, y+ ≈ 180
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(b) cosψ close to the wall, y+ ≈ 7

Figure 5.9: Probability density function of the cosine of the angle between R and
vorticity vector (a): at the center (b): close to the wall.
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Figure 5.10: 〈fRxRy〉 normalized by R2
max (a): for small values of the polymer relax-

ation time (b): for large values of the polymer relaxation time.

clearpage
momentum balance equation (see eq. 2.11). As noted before, f is the non-
linear term in FENE formulation

f =
1

1− ( |R|Rmax
)2
. (5.2)

In figure 5.10 this term is displayed across the channel for different values of
polymer relaxation times. The components of conformation matrix reported in
this section are normalized by R2

max.

For sufficiently high concentration of the polymers and sufficiently high val-
ues for Reynolds and Weissenberg numbers, L’vov et al. (2005a) and Benzi et
al. (2006) showed that

〈fRxRy〉 = c1〈RyRy〉S(y)τp, (5.3)
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Figure 5.11: Solid line: 〈fRxRy〉, Dashed line: c1〈RyRy〉S(y)τp where c1 = 1.6 (a):
τp = 15, (b): τp = 25, (c): τp = 35, (d): τp = 45.

where S(y) is the mean shear, dU(y)/dy, and c1 is a dimensionless coefficient of
order one. In order to compare our results with the above mentioned equation,
we depict our data against the theoretical prediction for the four largest values
of τp examined in figure 5.11. The coefficient c1 is chosen to be constant c1 ≈ 1.6
for these large values of τp. The collapse of the different curves is observed only
for the region close to the wall.

Small discussion about the results reported in Procaccia et al. 2008

In this section we show how our results compare with those reported by Pro-
caccia et al. 2008. Figure 5.12 (a) (taken from this reference) shows two com-
ponents of the conformation matrix 〈RxRx〉 and 〈RyRy〉, where their theory
predicts that for large values of Weissenberg numbers, 〈RxRx〉 decrease as 1/y+

and 〈RyRy〉 linearly increase with y+ in the log-law turbulent region. Fig-
ure 5.12 (b) reports our results for 〈RxRx〉 and 〈RyRy〉. Figure 5.13 shows that
our results compare quite well with the theory proposed by these authors. To
be consistent with their plots, the values of 〈RyRy〉 in our data are multiplied
by a factor of 10 as well. To summarize, our results show that the polymer
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Figure 5.12: (a): Comparison of the DNS data (Sibila & Baron,2002) for mean profiles
of 〈RxRx〉 and 10〈RyRy〉, the components of the dimensionless conformation tensor,
with analytical predictions. Squares, DNS data for the stream-wise diagonal compo-
nents 〈RxRx〉, that according to our [9] theory has to decrease as 1/y with the distance
to the wall. Solid line, the function 1/y+. Open circles, DNS data for the wall-normal
component 10〈RyRy〉, for which predicted a linear increase with y+ in the log-law tur-
bulent region. Dashed line: linear dependence, ∝ y+. Figure and caption from [9]
(b): Our results for larger values of τp. Squared lines show 〈RxRx〉 and lines show
10〈RyRy〉

stretching is not significantly affected by the feedback onto the flow. In other
words, the modification of turbulence do not alter the polymer stretching as
much as it affects the polymer stress in the momentum balance.
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Figure 5.14: Rank-ordered probability for the polymers extension at y+ ≈ 74 for
τp = 5 with different models.

5.3 Power Law for Linear Polymers

Using FENE model, limiting the length of the polymers to a maximum physical
value, one cannot find a power law in the tail of the PDF of elongation. However,
one can see this power law using the data from linear model. Therefore, in this
section the results related to the linear Oldroyd-B model will be used. Using
the rank-order method, we display in figure 5.14 the probability of different
extensions obtained from several different simulations. To obtain the data in
the figure, first a wall-parallel slab is chosen at y+ ≈ 74 and the elongation
of every polymer in this region stored for a statistically sufficient number of
snapshots. These values have been sorted from the largest magnitude of R to
the smallest and stored in a vector called, rank vector, which represents the
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Figure 5.15: Rank-ordered probability for the polymers extension (a): data for dif-
ferent values of τp at y+ ≈ 74. (b): data for different wall-normal positions and
τp = 5.

values in the horizontal axis. The vertical axis data are computed by

P c =
y − 1
Np

, (5.4)

where Np is the number of the polymers monitored in the chosen slab, y is the
index matrix of rank vector and P c is the rank-ordered probability. In other
words, the vertical axis shows the probability of finding polymers with larger
extension than that of the corresponding value on the abscissa; e.g. y = 2
implies that the probability of finding an extension larger than rank(2) is 1

Np
.

According to figure 5.14 the range of the scaling shrinks as a limitation is intro-
duced for the polymers elongation.

The rank-ordered probability for different values of τp, using the linear model,
is displayed in the left graph of figure 5.15. It is clear that a power law starts to
appear as the value of the relaxation time increases. In the plot to the right in
the same figure, P c is reported for τp = 5 at different vertical positions across
the channel. The exponent of the power-law tail does not depend on y+. In
addition, it can be mentioned that the range of the power law is shorter close
to the wall and at the center. For the chosen values of y+, the largest range
belongs to the distance y+ ≈ 74.

The exponent of the power law, −q, it is found to be best approximated by
0.8 from the cumulative distribution function (CDF). Recallling that the prob-
ability distribution function can be found by derivation of the CDF, it can be
concluded that

PDF(R) ∝ R−q−1. (5.5)

As reported earlier [33, 34], this exponent can be related to the Cramer’s func-
tion of the finite time Lyapunov exponent. This would however require further
analysis of the Cramer’s function and will not be attempted here.
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Chapter 6

Conclusions

In this thesis we performed direct numerical simulations of dilute solution of
polymers in turbulent channel flow. The polymers are tracked in the flow by
implementing a Lagrangian model for elastic particles in the spectral simulation
code SIMSON[19]. The advantage of our Lagrangian formulation is the possi-
bility to examine the behavior at large values of the polymer relaxation time.We
consider only the effect of turbulent flow on the polymer stretching and neglect
the feedback onto the flow. The results presented include the statistical analysis
of the finite time Lyapunov exponent (FTLE) in the turbulent channel flow at
Reτ = 180, the polymer deformation and a short discussion about the polymer
stress.

Our analysis of the FTLEs show several interesting features. Firstly the
PDF of FTLE for most of the time intervals and for any y+ shows a prominent
peak and this peak always occurs at a positive corresponding FTLE value. For
short time intervals the PDF near the wall and the PDF at the center of the
channel are quite different from each other: the mean of the PDF near the wall
is almost 10 times larger than the mean of the PDF at the center (See fig. 4.5),
the PDF near the wall is more negatively skewed than the PDF at the center
(See fig. 4.3). However, for large values of time interval the PDFs become more
similar to each other. e.g. for the time interval T = 45, which is the largest
value the FTLE is computed for, the difference of the peak value across the
channel is less than 1% than that computed with a time horizon T = 1. The
same behavior is seen for the mean of FTLE. Secondly we analyse the PDFs
using the concept of large deviation theory. This shows that for a range of time
scales a unique Cramer’s function can be defined for each value of y+. (See fig.
4.6)The relationship of this Cramer’s function with PDF of polymer extension
will be investigated in details in the future.

The analysis of the data pertaining the polymer deformation reveals that the
polymers are more elongated close to the wall rather than at the center, which
can be explained by the dominance of shear stress in the near wall region. (See
fig. 5.2) For polymers with larger relaxation times, this difference decreases
across the channel while the mean elongation increases. Close to the wall,

42



Conclusions

most of the polymers are aligned with the streamwise x-direction, and, as a
consequence, the angle between polymers and the y- and z- directions show a
prevalence of 90◦ degrees. (See figs. 5.6 & 5.7)

At the end of the report we compared our results for the profile of the
off-diagonal component of the polymers conformation tensor multiplied by the
nonlinear function which appears in the polymer stress term, 〈fRxRy〉, with
the theory by L’vov et al. (2005a) and Benzi et al. (2006). Our data match
with their formulation only close to the wall (See fig. 5.11). The results for the
diagonal components of the conformation matrix are also compared with the
predictions made by Procaccia et al. (2008) where we find good agreement with
their theories. (See fig. 5.13)

As possible extensions, one may consider the time history of the polymer
stretching in relation to the local deformation/vorticity field. Similar type of
analysis was performed by Terrapon [40], where it was found that the most
probable flow structure responsible for stretching the polymer corresponds to
biaxial extensional flow; this mainly occurs in the buffer layer. To fully under-
stand drag reduction in turbulence one would need to consider back-reaction
from polymers to the flow. This presents difficulties related to the interpolation
from a Lagrangian scheme to an Eulerian grid.
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