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Abstract

A parameterization of the solutions to the positive real residue interpolation with
McMillan degree constraint is given. The McMillan degree of the interpolants is equal
to the McMillan degree of the maximum entropy interpolant, and the parameterization
includes the maximum entropy interpolant.

Index Terms-Positive real interpolation, McMillan degree constraint.

1 Introduction

Positive real interpolation theory found various applications in systems theory,
where interpolants play a role of analyzed or designed systems, and they are real-
ized by transfer functions of linear time invariant systems. It is well-known that the
Carathéodory-Fejér interpolation problem [11] has the connections with the linear
prediction and the lattice ladder realization of digital �lter in terms of the Szegö
orthogonal polynomials [12,20,32].

The Nevanlinna-Pick interpolation theory [41,44] has found applications in the
circuit theory [4], and in the broadband matching [31, 51] to name a few. A result
in [52] gave a circuit theoretic interpretation of the Pick matrix, which appears in
the Nevanlinna-Pick interpolation problem. It turned out that the so-called two-
block model matching problem in H∞ control [17,18,29] is reduced to the tangential
Nevanlinna-Pick interpolation problem [3]. The two-block model matching prob-
lem includes the weighted H∞ sensitivity minimization [19], robust stabilization
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of unstructured uncertainties of the plant [49, 50], and the gap metric optimiza-
tion [28,37].

It is well-known that the solvability condition and the parameterization of the
solutions to the above mentioned problems are given by the positive real interpo-
lation theory [3,13,16,35]. A parameterization of the solutions to the positive real
interpolation problem is given by a linear fractional transformation with a J-lossless
function [43], and it is desirable that the interpolant has less complexity [34,52] since
it corresponds to the system to be implemented. However, the parameterization
by the linear fractional transformation cannot explicitly describe the interpolants,
which satisfy a McMillan degree bound, since the choice of the free parameter,
which yields the interpolant satisfying the McMillan degree bound, is highly non-
trivial. There are results of the analytic interpolation with degree constraint, which
incorporate the degree constraint on the interpolant [5,8,10,15,22,23,26,27,39,48].

In this paper, we present a parameterization of the positive real residue inter-
polants with McMillan degree constraint. The McMillan degree of the interpolant is
equal to the McMillan degree of the maximum entropy interpolant, and the parame-
terization includes the maximum entropy interpolant as a special case. For each free
parameter, the interpolant is determined by solving a nonlinear equation, which is
homotopic to a nonlinear equation to determine the maximum entropy interpolant.
The residue interpolation problem includes the matrix-valued Carathéodory-Fejér,
Nevanlinna-Pick, and tangential interpolation problems.

In Section 2, we set notations and give a brief review of topological degree the-
ory. In Section 3, motivating examples of the paper are presented. In Section 4,
some basic facts of the positive real residue interpolation problem are presented,
and a class of rational functions is introduced. We state the theory of the max-
imum entropy interpolant in the residue interpolation problem and the theory of
a parameterization of the positive real residue interpolants with McMillan degree
constraint in Section 5. In Section 6, we show numerical examples as an application
of the theory.

2 Notations and Mathematical Preliminaries

2.1 Notations

Real numbers are represented by R and complex numbers are represented by C. c̄
denotes the conjugate of a complex number c. Denote by Rj×k j × k real matrices
and by Cj×k j × k complex matrices. Im×m denotes m ×m identity matrix, and
0j×k denotes j × k zero matrix. They are simply represented by I and 0 if their
dimensions are clear in the context. The systems are represented by their transfer
functions, which are functions of the Laplace transform variable s ∈ C+ := {s ∈
C : Re s > 0} for continuous time systems or functions of Z transform variable z
∈ D := {z ∈ C : |z| < 1} for discrete time systems. We present the theory in the
discrete time setting. The interpolation problem formulated in the continuous time
setting is transformed to a discrete time setting via a conformal map between C+
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and D

z =
s− 1
s + 1

.

We denote by trA the trace of a matrix A. The spectrum of A is denoted by
ρ(A). Denote by σ̄(A) the largest singular value of a matrix A. We use the notation
A ∨ B for the vector sum of A and B. AT denotes the transpose of a matrix A.
The A∗ denotes the complex conjugate transpose of a matrix A, or the adjoint of
operator A if it is an operator. The f(z)∗ denotes the paraconjugate Hermitian
conjugate of f(z) de�ned by

f(z)∗ := f(z̄−1)T .

Denote by L2(T) the Lebesgue space of square integrable functions on the unit
circle T := {ζ ∈ C : |ζ| = 1}. Let H2(D) be the Hardy space of L2(T), which ad-
mits analytical extensions to D [21]. Let L1(T) be the Lebesgue space of integrable
functions on T. Let L∞(T) be the Lebesgue space of essentially bounded functions
on T. Denote by H∞(D) the Hardy space of L∞(T) functions which admits ana-
lytical extensions to D, i.e., H∞(D) = L∞(T) ∩H2(D) [17]. The space Hm×m

∞ (D)
are m×m matrix-valued functions whose entries belong to H∞(D).

The H∞ norm of g(z) is de�ned by

||g||∞ := sup
θ∈[0,2π]

σ̄(g(eiθ)).

A function f ∈ Hm×m
∞ (D) is called inner [47] if

f(ejθ)∗f(ejθ) = I.

Similarly, denote by Lm×m
k (T) m×m matrix-valued functions whose entries belong

to Lk(T), k = 1,∞.
We use the notations A > 0 to denote that a matrix A is positive de�nite and

A ≥ 0 to denote that a matrix A is positive semide�nite. The square root A
1
2 of

a Hermitian positive de�nite matrix A is given by A = A
1
2 A

1
2 . An m×m matrix-

valued, proper rational function f(z) is called strictly positive real if it is analytic
in the closed unit disc D̄ := {z ∈ C : |z| ≤ 1} and the Hermitian real part

2Ref(z) = f(z) + f(z)∗

is positive de�nite on the unit circle T, which is denoted by

f(z) + f(z)∗ > 0.

Denote by C+ the set of all strictly positive real functions. f(z) is strictly positive
real if and only if f(z)−1 is strictly positive real. Thus, it is necessary that all zeros
of f(z) lie in the outside of the closed unit disc D̄c := {z ∈ C : |z| > 1}.
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The interpolant in the theory presented in this paper is a strictly positive real
function. Applications of the interpolation theory such as robust control involve
bounded real functions. They are the functions g ∈ Hm×m

∞ such that the H∞ norm
is bounded by one

||g||∞ < 1.

To bring the interpolation problem of a bounded real function to an interpolation
problem of a strictly positive real function, we use a conformal map

f = (I + g)(I − g)−1 (2.1)

to transform the bounded real function g to a positive real function f .
The state-space realization of a transfer function G(z) with k inputs, j outputs

and n states is denoted by

G(z) = C(zI −A)−1B + D,

where the matrices are A ∈ Cn×n, B ∈ Cn×k, C ∈ Cj×n and D ∈ Cj×k. We also
use a notation

G(z) =
[

A B
C D

]
to denote G(z). We note the useful identities

G(z)∗ =
[

A−∗ −A−∗C∗

B∗A−∗ D∗ −B∗A−∗C∗

]
G(z)−1 =

[
A−BD−1C BD−1

−D−1C D−1

]

G1(z)G2(z) =

 A1 B1C2 B1D2

0 A2 B2

C1 D1C2 D1D2

 .

The McMillan degree of the rational function G(z) is the size of the matrix A of
G(z). We note a useful formula

(A + BCD)−1 = A−1 −A−1B(DA−1B + C−1)−1DA−1,

where A and C are nonsingular.

2.2 Topological Degree Theory

In this paper, an interpolant is obtained by solving a nonlinear equation, and the
existence of a solution to the nonlinear equation is shown in terms of topological
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degree theory. We brie�y review topological degree theory [42]. Suppose that U ,
V ⊂ Rn are open connected subsets and that

F : U → V

is a continuously di�erentiable function on U , which is also proper, i.e., the property
that the inverse image F−1(K) is compact for all compact K. It is frequently of
considerable interest to know in advance the number of solutions of the nonlinear
equation

y = F (x)

in some speci�ed set. Denote by ∂U the boundary of the set U . Suppose that, for
a given

y /∈ F (∂U),

the Jacobian matrix of F , denoted by Jacx(F ), at x is nonsingular for all

x ∈ Us := {x ∈ U |y = F (x)}.

Then, the degree of F with respect to y is de�ned by

degy(F ) :=
∑
Us

signdet Jacx(F ).

In particular, y is a regular valued, i.e., a value y such that Jacx(F ) is nonsingular
for all x ∈ F−1(y) [38]. By Sard's Theorem [38], regular values are dense. It
can be shown that deg(F ) := degy(F ) is the same for all regular y. Moreover, if
deg(F ) 6= 0, then F maps onto V [38].

One of the important property of the degree of map is the homotopy invariance
of the degree. Let H be a jointly continuous map from U × [0, 1] → V such that
H(x, 0) = G(x) and H(x, 1) = F (x). Suppose that y satis�es H(x, λ) 6= y for all
(x, λ) ∈ ∂U × [0, 1]. Then,

deg(F ) = deg(G)

holds. We only consider the degree of map with respect to zero.
A consequence of topological degree theory is that the nonzero degree of the

map F with respect to zero guarantees the existence of a solution to the nonlinear
equation F (x) = 0. This is known as the Kronecker Theorem [42].

3 Motivating Example

We review the applications of the theory of the positive real residue interpolation
with McMillan degree constraint to the problems in systems and control.
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3.1 Two-Block Model Matching Problem in H∞ Control

Consider the standard feedback con�guration in Fig.1 [29], where u from the con-
troller K denotes a control signal, and w represents an exogenous input to the
generalized plant G, y corresponds to a measurement and z is a controlled signal to
be minimized. Denote by Tzw the closed loop transfer function from w to z. The
H∞ control problem is to �nd causal and linear internally stabilizing controllers

u = Ky

such that, for a γ > 0, the closed loop system Tzw satis�es

||Tzw||∞ < γ. (3.2)

G
yu

z

K

d

Figure 1: Feedback Con�guration

By using Q-parameterization of stabilizing controllers, some H∞ control prob-
lems of the multivariable systems, e.g., the weighted H∞ sensitivity optimiza-
tion [19], the robust stabilization for unstructured uncertainties of plant [50], and
the gap metric optimization [28,37] are formulated by the two-block model match-
ing problem [17, 18, 29]. In the two-block model matching problem, Tzw is given
by

Tzw = T1 + T2Q (3.3)

after substituting Q-parameterization of stabilizing controllers into Tzw. Q is a
stable transfer function, which is a free parameter, and Tk, k = 1, 2 are also stable
transfer functions, which depend on the given control problem. Then, we want to
parameterize stable transfer functions Q such that (3.2) holds.
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In fact, the two-block model matching problem is a tangential Nevanlinna-Pick
interpolation problem. More precisely, the admissible function Tzw is constrained
at the singularities of the T2's, where the value of Tzw is independent of Q and
agrees with T1. This gives rise to left tangential interpolation conditions [3]. If T2

is tall, i.e., the number of outputs larger than the number of inputs, then a spectral
factorization is used to reduce it to an interpolation problem [18].

3.2 Filtering with H∞ Criterion

The H∞ �ltering problem di�ers from the Kalman �ltering problem in two respects,
where the signal generating system is assumed to be a state-space system driven by
a white noise process with known statistical properties [2,29,30,40]. First, unknown
deterministic disturbances of �nite energy replace the white noise processes that
drive the signal generating system and corrupt the observations. Secondly, the aim
of �lter is to ensure that the energy gain from the disturbances to the estimation
error is less than a prespeci�ed level γ2.

y F

L

H
w e

v

z

z

+

Figure 2: General Estimation Con�guration

A general estimation problem is shown in Fig. 2. w is the process noise and
v is the measurement disturbance. y is the measurement available for the �lter
F . z is the signal to be estimated, z̄ is the estimation of the signal z, and e is
the estimation error. H and L are known causal and stable linear time-invariant
systems. The aim is to �nd an estimate of z = Lw of the form

z̄ = Fy.

Denote by Te the transfer function from w and v to e

Te =
[

L 0
]
− F

[
H I

]
.

The H∞ �ltering problem is that we seek a causal, linear time-invariant and stable
�lter F such that Te is stable and satis�es

||Te||∞ < γ. (3.4)
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This is also a two-block model matching problem (3.3), where F replaces Q, and it
is reduced to the right tangential Nevanlinna-Pick interpolation problem.

As an illustration of the H∞ �lter, we consider the Wiener �lter con�guration
given in Fig. 3. The observation y is the sum of a signal z plus a noise v, and we
wish to extract the signal z from y. In Wiener's formulation, the signals w and v
are deterministic, but unknown. It is immediate from Fig. 3 that

z = Gw

z̄ = F (v + Gw)

z − z̄ =
[

(F − I)G F
] [

w
v

]
.

Thus, the H∞ Wiener �ltering problem is to �nd stable �lters F (z) such that∣∣∣∣[ G 0
]
− F

[
G I

]∣∣∣∣
∞ < γ.

FGw z

v

y z

Figure 3: Wiener Filtering Con�guration

3.3 Modeling of Stochastic Process via Input-State Filter

Consider a multivariate stationary non-deterministic stochastic process {y(t)} and
denote by Φ(eiθ), θ ∈ [−π, π], its power spectral density. Φ(z) is given by

Φ(z) = f(z) + f(z)∗,

where f(z) is a strictly positive real function. f(z) has a series expansion

f(z) =
1
2
C0 + C1z + C2z

2 + · · ·

around zero, where Ck = E{y(t)y(t − k)∗} for k = 0, 1, 2, . . . , are the covariance
matrices. For a given partial covariance sequence, to determine a spectral density, of
which covariance sequence is consistent with the given partial covariance sequence,
is the covariance extension problem [46].
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A generalization of the covariance extension problem is to estimate Φ(z) from a
partial information of the covariance matrices. Let x, yk, k = 0, 1, . . . , n` be vectors,
where yk, k = 0, 1, . . . , n` are given by tangential information of covariance matrices

y∗k = x∗Ck, k = 0, 1, . . . , n`. (3.5)

Then, we want to determine a strictly positive real function f(z), satisfying the
tangential interpolation conditions

1
2π

∫ π

−π

e−ikθx∗f(eiθ)dθ = y∗k, k = 0, 1, . . . , n`.

It is well-known that, for each spectral density Φ(z), there exists a stable spectral
factor W (z) such that

Φ(z) = W (z)W (z)∗.

W (z) is the �lter, which shapes a white noise process into the stochastic process.
To reconstruct this �lter W (z) from the given partial information of the covariance
matrices is the tangential partial stochastic realization problem.

A generalization of this tangential partial stochastic realization problem is given
in the context of the spectral estimation by the input-state �lter [25]. Let us
consider the transfer functions of the input-state �lter

G`(z) = (I − zA`)−1B`,

where (A`, B`) is a reachable pair, and the eigenvalues of A` lie in the open unit
disc. Then, the state covariance of the input process y(t) is given by

Σ =
1
2π

∫ π

−π

G`(eiθ)Φ(eiθ)G`(eiθ)∗dθ. (3.6)

The problem is that, for a given Σ, we want to determine a spectral density Φ(z),
satisfying (3.6). The constraints given by (3.6) includes the tangential constraints
(3.5), which is formulated by choosing some matrices for A` and B`. Thus, the
constraint by the state covariance is somehow weaker than the tangential constraint
[25].

A parameterization of Φ(z), satisfying (3.6), is considered in [25], which is de-
rived in terms of the generalized Schur algorithm. A result of the thesis also gives
a parameterization of the solutions to the problem considered in [25]. A parame-
terization of the positive real residue interpolants with McMillan degree constraint
in this paper gives the solutions to the problem incorporating the McMillan degree
constraint on Φ(z).
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4 Positive Real Residue Interpolation

4.1 Problem Formulation

Given matrices A` ∈ Cn`×n` , X, Y ∈ Cm×n` , where (A`, X
∗) is a reachable pair

and ρ(A`) ⊂ D. The residue interpolation condition on an m×m strictly positive
real function f(z) =

∑∞
k=0 fkzk is given by

1
2πi

∫
T
(zI −A`)−1X∗f(z)dz = Y ∗. (4.7)

It is necessary that f(eiθ) ∈ Lm×m
1 (T). This interpolation condition is equivalent

to the condition that the Fourier coe�cients of f(eiθ) satisfy

∞∑
k=0

Ak
` X∗fk = Y ∗.

The positive real residue interpolation problem is formulated as follows.
Positive real residue interpolation problem:
Parameterize strictly positive real functions satisfying the interpolation condition
(4.7) if it is solvable.

The problem formulation by the contour integral form is general to formulate
various interpolation problems. We show some examples of interpolation problems
and how to specify the matrices to formulate them [3].
Example 1: Matrix-valued Nevanlinna-Pick Interpolation: Let zk, k = 0 . . . , n,
be distinct points in D and Wk, k = 0 . . . , n, be matrices in Cm×m. Then, the
matrix-valued Nevanlinna-Pick interpolation conditions

f(zk) = Wk, k = 0, 1, . . . , n

are given by setting A`, X and Y as

A` =


z0I 0 · · · 0

0 z1I · · ·
...

...
...

. . .
...

0 · · · 0 znI


X =

[
I . . . I

]
Y =

[
W ∗

0 . . . W ∗
n

]
.

Example 2: Tangential Nevanlinna-Pick Interpolation: Let zk, k = 0, 1, . . . , n be
distinct points in D and xk and yk, k = 1 . . . , n, be vectors in Cm×1. Then, the left
tangential Nevanlinna-Pick interpolation conditions

x∗kf(zk) = y∗k, k = 0, 1, . . . , n,
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are given by setting A`, X and Y as

A` =


z0 0 · · · 0

0 z1 · · ·
...

...
...

. . . 0
0 · · · 0 zn


X =

[
x1 . . . xn

]
Y =

[
y1 . . . yn

]
.

4.2 Assumptions on Interpolation Problem

Consider the residue interpolation condition

1
2πi

∫
T
(zI −A`)−1X∗f(z)dz = Y ∗.

We assume that

A` =
[

A`1 0m×(n`−m)

A`12 A`2

]
, (4.8)

where A`1 ∈ Cm×m, A`12 ∈ C(n`−m)×m, and A`2 ∈ C(n`−m)×(n`−m). Without loss
of generality, it is assumed that zero is an interpolation point. In fact, by using a
conformal map

z → z − z0

1− zz̄0
, (4.9)

any interpolation points z0 ∈ ρ(A`) with no multiplicity can be moved to zero.
For a regularity condition on the interpolation problem, we assume the following
condition.
Assumption 1: The geometric multiplicity of the interpolation point of zero is m.
The assumption implies that the interpolation condition at zero is given by a matrix-
valued interpolation condition

f(0) = W0. (4.10)

We assume that W0 is Hermitian. Thus, we consider a class of interpolants f(z)
such that f(0) = f(0)∗ holds.

Due to the assumption 1, A`1 = 0 and 0 /∈ ρ(A`2) in (4.8), which implies A`2 is
invertible. Thus,

A` =
[

0m×m 0m×(n`−m)

A`12 A`2

]
,
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and

X =
[

I X1

]
Y =

[
W0 Y1

]
for X1, Y1 ∈ Cm×(n`−m). Moreover, the matrices are transformed to

A` =
[

0m×m 0m×(n`−m)

0(n`−m)×m A`2

]
X =

[
I X2

]
Y =

[
W0 Y2

]
,

where

X2 := X1 + A∗`12A
−∗
`2

Y2 := Y1 + W0A
∗
`12A

−∗
`2 ,

by considering

T1Y
∗ =

1
2πi

∫
T

T1(zI −A`)−1X∗f(z)dz

=
1

2πi

∫
T

T1(zT−1
1 T1 −A`)−1T−1

1 T1X
∗f(z)dz

=
1

2πi

∫
T
(zI − T1A`T

−1
1 )−1T1X

∗f(z)dz,

where

T1 =
[

Im×m 0m×(n`−m)

A−1
`2 A`12 I(n`−m)×(n`−m)

]
.

We state the assumption on the data matrices of the left residue interpolation
condition.
Assumption 2: The data matrices of the left residue interpolation condition have
the forms

A` =
[

0m×m 0m×(n`−m)

0(n`−m)×m A`2

]
(4.11)

X =
[

Im X2

]
(4.12)

Y =
[

W0 Y2

]
.

We de�ne the harmonic function by

Φ(z) := f(z) + f(z)∗. (4.13)
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We assume that Φ(eiθ) ∈ Lm×m
1 (T). Then, the residue interpolation condition (4.7)

is also given by the generalized Herglotz formula

A`Φ = Y ∗, (4.14)

where the linear operator A` : Lm×m
1 (T) → Cn`×m is de�ned by

A`Φ :=
1
4π

∫ π

−π

(eiθI −A`)−1(eiθI + A`)X∗Φ(eiθ)dθ, (4.15)

since

A`Φ =
1
2π

∫ π

−π

[eiθ(eiθI −A`)−1 − 1
2
]X∗[f(eiθ) + f(eiθ)∗]dθ

=
1
2π

∫ π

−π

eiθ(eiθI −A`)−1X∗[f(eiθ) + f(eiθ)∗]dθ

− 1
2π

∫ π

−π

1
2
X∗[f(eiθ) + f(eiθ)∗]dθ

=
1
2π

∫ π

−π

eiθ(eiθI −A`)−1X∗f(eiθ)dθ + X∗f(0)∗ − 1
2
X∗[f(0) + f(0)∗]

=
1

2πi

∫
T
(zI −A`)−1X∗f(z)dz + X∗f(0)−X∗f(0)

=
1

2πi

∫
T
(zI −A`)−1X∗f(z)dz.

4.3 A Quotient Space in Hm×m
∞ (D): A Class of Rational

Functions A
We introduce a quotient space in Hm×m

∞ (D) to describe a class of rational functions,
associated with the residue interpolation problem. Denote by Θ`(z) a matrix inner
function in Hm×m

∞ (D). The state-space realization of Θ`(z) is given by

Θ`(z) = D` + zX(I − zA∗` )
−1B`, (4.16)

where the matrices B` and D` with compatible dimensions are determined such
that Θ`(z) is inner. The zeros of Θ`(z) is identical to ρ(A`) including the geometric
multiplicities, and

1
2πi

∫
T
(zI −A`)−1X∗Θ`(z)dz = 0 (4.17)

holds. By the assumption 1, Θ`(0) = 0, which implies D` = 0.
We introduce a quotient space, de�ned by

H(Θ`) := Hm×m
∞ (D)/(Θ`(z)H∞

m×m(D)).
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Let us de�ne a subspace

S := H(Θ`) ∨H(Θ`)∗, (4.18)

and an open convex subset

Q :=
{
Q ∈ S : Q = Q∗ and Q(eiθ) > 0,∀θ ∈ [−π, π]

}
. (4.19)

We consider the adjoint of the operatorA`, de�ned by (4.15). Note that the dual
space of Lm×m

1 (T) is Lm×m
∞ (T) [45]. The adjoint operator A∗` : Cm×n` → Lm×m

∞ (T)
is given by

A∗`q =
1
2
X(I − zA∗` )

−1(I + zA∗` )q
T (4.20)

since

tr q̄A`Φ = tr
1
4π

∫ π

−π

q̄(eiθI −A`)−1(eiθI + A`)X∗Φ(eiθ)dθ

= tr
1
2π

∫ π

−π

(
1
2
X(I − eiθA∗` )

−1(I + eiθA∗` )q
T

)∗
Φ(eiθ)dθ.

We observe that

A∗`q = X[(I − zA∗` )
−1 − 1

2
I]qT

= X(I − zA∗` )
−1qT − 1

2
XqT ,

and that X(I − zA∗` )
−1qT ∈ H(Θ`) and also 1

2XqT ∈ H(Θ`) since Θ`(0) = 0. A
parameterization of H(Θ`) is given by the closed linear span of (4.20). Thus, (4.18)
and (4.19) imply that the elements in Q can parameterized by q, where

Q(z) = 2Re
[
A∗`q

]
. (4.21)

We can identify Q with the matrices q ∈ Cm×n` satisfying Q(eiθ) > 0 on T, i.e.,

Q '
{
q ∈ Cm×n` : Q(eiθ) > 0,∀θ ∈ [−π, π]

}
. (4.22)

With slight abuse of notations, we denote by Q(z) ∈ Q and by q ∈ Q that Q(z) is
in Q.

Let us de�ne

G := z(zI −A`)−1X∗, (4.23)

and a class of rational functions

A(z) := AG. (4.24)
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A ∈ Cm×n` parameterize the m×m rational functions A(z) of the form (4.24). We
also write the matrix A as

A =
[

A0 A1

]
(4.25)

where A0 ∈ Cm×m, A1 ∈ Cm×(n`−m). The state-space realization of A(z) is given
by

A(z) =
[

A`2 X∗
2

A1A`2 AX∗

]
. (4.26)

Let us de�ne

A :=
{
A ∈ Cm×n` : A(0) is invertible and A(z)−1 is analytic in Dc

}
.

It is a set of invertible outer functions of the form (4.24) since the poles of A(z),
given by ρ(A`), lie in D and it is analytic at ∞, i.e., A(∞) = AX∗ is invertible.
Note that the set A is nonempty. In fact, due to (4.11) and (4.12),

A =
[

Im×m 0m×(n`−m)

]
yields

AG = Im×m.

A state-space realization of A(z) is given by

A(z) = A0 + zA1(zI −A`2)−1X∗
2

and it implies

A(0) = A0.

Thus, A0 is invertible for any A ∈ A by the de�nition of A. Since A(z) is invertible,
so is the matrix AX∗ in (4.26). Moreover,

(AX∗)−1 = (A0 + A1X
∗
2 )−1

= A−1
0 −A−1

0 (I + X∗
2A−1

0 A1)−1X∗
2A−1

0 .

The de�nition of A implies that the zeros of A(z) lie in D, i.e.,

|ρ((I + X∗
2A−1

0 A1)−1A`2)| < 1 (4.27)

since the state-space realization of A(z)−1 is given by

A(z)−1 =
[

(I + X∗
2A−1

0 A1)−1A`2 X∗
2 (AX∗)−1

−(AX∗)−1A1A`2 (AX∗)−1

]
. (4.28)

We show some properties of Q and A.
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Theorem 4.1. Q and A are di�eomorphic. The correspondence is given by the
conjugate minimum-phase spectral factorization

Q(z) = A(z)∗A(z), (4.29)

where Q(z) is given by (4.21) and A(z) is given by (4.24).

Proof. See Section 7.

Lemma 4.1. A is simply connected.

Proof. Q is simply connected since it is open and convex. Theorem 4.1 implies that
Q and A are homotopy equivalent [14], and thus, A is simply connected [1].

We state a di�eomorphism of Q.

Lemma 4.2. Q and Cm×n` are di�eomorphic. The correspondence is given by the
conjugate spectral factorization

Q(z) = A(z)∗A(z). (4.30)

Proof. See Section 7.

Note that A for A(z) in Lemma 4.2 is in Cm×n` , while A for A(z) in Theorem
4.1 is in A.

4.4 Solvability Condition: Positive Sequence and Pick Matrix

The positive real residue interpolation problem does not always have a solution for
any given interpolation conditions. It is shown that the condition on the existence of
the solution to the interpolation problem is given by a positivity condition [26,35].
We present a generalization of this positivity condition to the residue interpolation
problem.

Definition 4.1. The matrix Y , which is given by the interpolation condition, is
called positive if

Re[tr q̄Y ∗] > 0 (4.31)

holds for all q ∈ Q.

The solvability condition of the positive real residue interpolation problem is
given in terms of this positivity condition.

Theorem 4.2. The positive real residue interpolation problem is solvable if and
only if the matrix Y is positive.
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Proof. To see the necessity, assume that Φ(z) satis�es the interpolation condition
(4.14), then,

2Re[tr q̄Y ∗] =
1
2π

∫ π

−π

trQ(eiθ)Φ(eiθ)dθ,

which is positive if Q ∈ Q. The su�ciency is shown in Theorem 5.6.

It is well-known that the solvability condition of the positive real residue inter-
polation problem is given by the positive de�niteness of the Pick matrix [3].

Theorem 4.3. [3]: The positive real residue interpolation problem is solvable if
and only if the Pick matrix P is positive de�nite, where P is the solution to the
Lyapunov equation

P −A`PA∗` = X∗Y + Y ∗X.

The transfer function G, de�ned by (4.23), is viewed as the integral kernel of
the Pick matrix P . Suppose that a strictly positive real function f(z) satis�es the
interpolation conditions (4.7). Then, the Pick matrix is given by

P =
1
2π

∫ π

−π

G[f(eiθ) + f(eiθ)∗]G∗dθ.

We show the equivalence of the two solvability conditions for the positive real
residue interpolation problem.

Theorem 4.4. The matrix Y is positive if and only if the Pick matrix P is positive
de�nite.

Proof. Let w : T −→ Cm×m be a strictly positive real function, satisfying the
interpolation condition

1
2πi

∫
T
(zI −A`)−1X∗w(z)dz = Y ∗.

If Q ∈ Q, then,

2Re[tr q̄Y ∗] =
1
2π

∫ π

−π

trQ(eiθ)(w + w∗)(eiθ)dθ (4.32)



32 Paper A

holds. For each Q(z) ∈ Q, there exists A(z) of the form (4.24), which is the
conjugate spectral factor of Q(z) by Lemma 4.2. Thus, by (4.32),

2Re[tr q̄Y ∗] (4.33)

=
1
2π

∫ π

−π

tr(w(eiθ) + w(eiθ)∗)Q(eiθ)dθ

=
1
2π

∫ π

−π

tr(w(eiθ) + w(eiθ)∗)A(eiθ)∗A(eiθ)dθ

=
1
2π

∫ π

−π

trA(eiθ)[w(eiθ) + w(eiθ)∗]A(eiθ)∗dθ

=
1
2π

tr
∫ π

−π

AG[w(eiθ) + w(eiθ)∗]G∗dθA∗

= tr APA∗. (4.34)

Assume that P is positive de�nite. Following (4.34) −→ (4.33), Y is positive in
terms of Lemma 4.2. Conversely, assume that Y is positive. For any A ∈ Cm×n` ,
there exists q ∈ Q in terms of Lemma 4.2. Following (4.33) −→ (4.34), we see that
P is positive de�nite.

4.5 Interpolation by Pick Matrix

An approach in this paper is to obtain a strictly positive real function, which
interpolates the Pick matrix, i.e., for a given Pick matrix P , which is positive
de�nite, we obtain a strictly positive real function f(z) such that

P =
1
2π

∫ π

−π

G[f(eiθ) + f(eiθ)∗]G∗dθ. (4.35)

It is clear that f(z) satis�es (4.35) if f(z) satis�es (4.7), see [3]. However, in general,
the converse does not hold in the tangential interpolation problem. We see that
the converse holds if the assumption 2 holds.

Theorem 4.5. Suppose that a strictly positive real function f(z) satis�es (4.35).
Then, f(z) satis�es (4.7) if the assumption 2 holds.

Proof. Let w : T −→ Cm×m be a strictly positive real function, satisfying the
interpolation condition

1
2πi

∫
T
(zI −A`)−1X∗w(z)dz = Y ∗.
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Then,

P =
1
2π

∫ π

−π

G[w(eiθ) + w(eiθ)∗]G∗dθ

=
1
2π

∫ π

−π

[
I

z(zI −A`2)−1X∗
2

]
[w(eiθ) + w(eiθ)∗]

×
[

I
(
z(zI −A`2)−1X∗

2

)∗ ]
dθ. (4.36)

The �rst block column of (4.36), denoted by ]P ]1, is given by

[P ]1 =
1
2π

∫ π

−π

[
I

z(zI −A`2)−1X∗
2

]
[w(eiθ) + w(eiθ)∗]dθ

=
[

W0 + W ∗
0

Y ∗2 + X∗
2W ∗

0

]
=

[
2W0

Y ∗2 + X∗
2W0

]
. (4.37)

Let f(z) be a strictly positive real function. Denote by f(0) = f0, which is Her-
mitian. Assume that f(z) satis�es (4.35). Suppose that the assumption 2 holds.
Then, the �rst block column of (4.35), [P ]1, is given by

[P ]1 =
1
2π

∫ π

−π

[
I

z(zI −A`2)−1X∗
2

]
[f(eiθ) + f(eiθ)∗]dθ

=
[

f0 + f∗0
S∗2 + X∗

2f∗0

]
=

[
2f0

S∗2 + X∗
2f0

]
(4.38)

where

S∗2 =
1

2πi

∫
T
(zI −A`2)X∗

2f(z)dz.

By comparing (4.37) with (4.38), we obtain

f0 = W0

S2 = Y2,

i.e.,

1
2πi

∫
T
(zI −A`)−1X∗f(z)dz = Y ∗

holds.
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5 A Parameterization of Positive Real Residue Interpolants

with McMillan Degree Constraint

The theory to be presented here is a parameterization of the solutions to the pos-
itive real residue interpolation with McMillan degree constraint. The McMillan
degree of the interpolants is equal to the McMillan degree of the maximum entropy
interpolant, and the parameterization includes the maximum entropy interpolant
as a special case.

5.1 Maximum Entropy Interpolant for Residue Interpolation

Problem

It is well-known that there exists a unique interpolant, which maximizes the entropy
rate of the positive real part of the interpolant [7, 13]. We generalize the theory of
the maximum entropy interpolant to the residue interpolation problem.

Let us de�ne the entropy rate

I(Φ) :=
1
2π

∫ π

−π

log det Φ(eiθ)dθ. (5.39)

The following convex optimization problem determines a strictly positive real in-
terpolant, which maximizes the entropy rate.

Theorem 5.6. Suppose that Y is positive. Then, the convex optimization problem

max
Φ∈C+

I(Φ)

subject to A`Φ = Y ∗ (5.40)

has a unique solution

Φ(z) = Q(z)−1.

The unique Q(z) is determined by solving the dual convex optimization problem

min
Q∈Q

J(Q), (5.41)

where

J(Q) := 2 Re [tr q̄Y ∗]− 1
2π

∫ π

−π

log det Q(eiθ)dθ. (5.42)

Proof. The function (5.42) is strictly convex over the convex set Q. Hence, the
solution is given at the stationary point

∂J(Q)
∂q∗

= Y ∗ −A`Q(z)−1

= 0
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if such a solution exists. We simply derive this dual problem by using the conjugate
function of I(Φ). We brie�y review the connection between Lagrange dual function
and conjugate function [6].

Definition 5.2. The conjugate of a function f is the function f• de�ned by

s → f•(s) := sup{〈s, x〉 − f(x) : x ∈ domf}, (5.43)

where 〈·, ·〉 denotes an inner product. The domain of the conjugate function consists
of s for which the supremum is �nite.

Consider a convex optimization problem with a linear equality constraint

min f(x)
subject to Ax = b. (5.44)

Then, we can write the dual function for the problem (5.44) as

g(λ) = −b∗λ− f•(−A∗λ). (5.45)

The domain of g follows from the domain of f•

dom g = {λ| −A∗λ ∈ domf•}. (5.46)

For economy of notation, we write simply
∫

Ω to denote integral of the form
1
2π

∫ π

−π
Ω(eiθ)dθ in the rest of the proof. Since the function I(Φ) takes real val-

ues, we put a linear constraint

(A`Φ)∗ = Y (5.47)

on the optimization problem to make the dual functional take real values.
The conjugate function of I(Φ) is

I•(Ψ) = sup
Φ∈C+

{tr
∫

ΨΦ + I(Φ)}

= −
∫

log det(−Ψ)− 1 (5.48)

since the stationary condition is given by considering the directional derivative

lim
ε→0

1
ε

[
{tr

∫
Ψ(Φ + εδΦ) + I(Φ + εδΦ)}

−{tr
∫

ΨΦ + I(Φ)}
]

=
∫

(Ψ + Φ−1)δΦ,



36 Paper A

which is equal to zero for all δΦ such that Φ + εδΦ ∈ C+ for some ε if and only if

Φ = −Ψ−1.

The domain of the conjugate function is

dom I• = {Ψ|Ψ < 0}. (5.49)

Let q ∈ Cm×n` be the Lagrange multipliers associated with the linear constraint
(5.40). From (5.49) and (5.46), the domain of the dual problem is

dom I• = {q|Re {A∗`q} > 0}.

In fact, the dom I• is the same as Q given by (4.22). From (5.40) (5.47) (5.48) and
(5.45), modulo additive constant, the dual function (5.42) is obtained.

By taking

q =
[

Im 0m×(n`−m)

]
,

i.e, Q(z) = Im > 0, then,

Re [tr q̄Y ∗] = 2W0 > 0

if Y is positive. It implies that the domain of the dual problem has an interior point
if Y is positive. Thus, the convex optimization problem is feasible. Denote by popt

the optimal value of (5.41). Since (5.41) is feasible, we can only have popt = −∞ or
popt �nite [6]. Since the linear term Re [tr q̄Y ∗] is positive and the linear growth is
faster than the logarithmic, J(Q) −→∞ (||q|| −→ ∞). Moreover, J(Q) takes ∞ at
the boundary of Q. Thus, the minimum lies in the interior of Q and popt is �nite,
see also [5]. This is the su�ciency of Theorem 4.2.

5.2 Reformulation by A Nonconvex Optimization

We formulate a nonconvex optimization problem by introducing the conjugate
minimum-phase spectral factorization of Q(z) = A(z)∗A(z) to the convex opti-
mization problem (5.41), similar to [5, 15, 27, 39]. It is nonconvex optimization
problem since the domain A is nonconvex.

Theorem 5.7. The maximum entropy solution is given by solving the nonconvex
optimization problem

min
A∈A

J(A),

where

J(A) := trAPA∗ − 1
2π

∫ π

−π

log det A(eiθ)∗A(eiθ)dθ. (5.50)
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The stationary condition

∂J

∂Ā
= 0 (5.51)

gives the maximum entropy solution

Φ(z) = (XP−1G)−1XP−1X∗(XP−1G)−∗. (5.52)

Proof. See Section 7.

We shall present the theory of a parameterization of positive real residue inter-
polants with McMillan degree constraint. For each free parameter, we obtain the
solution to the positive real residue interpolation with McMillan degree constraint
by solving a nonlinear equation F (A) = 0, de�ned by (5.57). The nonlinear map
F (A) is homotopic to the nonlinear map G(A), de�ned by

G(A) := AP − 1
2π

∫ π

−π

A(eiθ)−∗G∗dθ. (5.53)

The stationary condition (5.51), at which the maximum entropy solution is deter-
mined, is given by G(A) = 0.

5.3 Introduction to A Nonlinear Map F (A)

We give a parameterization of positive real residue interpolants, of which the McMil-
lan degree of the interpolant is equal to the McMillan degree of the maximum
entropy interpolant n` −m. The parameterization includes the maximum entropy
interpolant as a special case. For each free parameter, the interpolant is determined
by solving a nonlinear equation.

Let us de�ne

ΣA(z) := DΣ + A1A`2(zI −A`2)−1BΣ, (5.54)

where A1 is given by (4.25), DΣ ∈ Cm×m, which is nonsingular, and BΣ ∈
Cm×(n`−m).

Lemma 5.3. The McMillan degree of A(z)−1ΣA(z) is n` −m.
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Proof. Since the minimal state-space realization of A(z)−1 is given by (4.28),

A(z)−1ΣA(z)

=

 A`2 −X∗
2 (AX∗)−1A1A`2 −X∗

2 (AX∗)−1A1A`2 −X∗
2 (AX∗)−1DΣ

0 A`2 BΣ

(AX∗)−1A1A`2 (AX∗)−1A1A`2 (AX∗)−1DΣ


=

 A`2 −X∗
2 (AX∗)−1A1A`2 0 B2

0 A`2 −X∗
2 (AX∗)−1A1A`2 BΣ

(AX∗)−1A1A`2 0 (AX∗)−1DΣ


=

[
A`2 −X∗

2 (AX∗)−1A1A`2 B2

(AX∗)−1A1Λ (AX∗)−1DΣ

]
=

[
(I + X∗

2A−1
0 A1)−1A`2 B2

(AX∗)−1A1A`2 (AX∗)−1DΣ

]
by changing the coordinates of the state by[

I I
0 I

]
on the left and [

I −I
0 I

]
on the right, where

B2 := BΣ −X∗
2 (AX∗)−1DΣ.

Since the state-space realization of A(z)−1ΣA(z) is given by

A(z)−1ΣA(z) =
[

(I + X∗
2A−1

0 A1)−1A`2 BΣ −X∗
2 (AX∗)−1DΣ

(AX∗)−1A1A`2 (AX∗)−1DΣ

]
, (5.55)

A(z)−1ΣA(z) is analytic in D̄ due to (4.27). The matrices DΣ, which is nonsingular,
and BΣ are free parameters. Denote by

Σ =
[

BΣ

DΣ

]
. (5.56)

We obtain a strictly positive real interpolant by solving a nonlinear equation F (A) =
0, where the nonlinear map, F : A → Cm×n` , is de�ned by

F (A) := AP − 1
2π

∫ π

−π

DA(eiθ)A(eiθ)−∗G∗dθ (5.57)
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and

DA(z) := ΣA(z)ΣA(z)∗. (5.58)

Recall that A is simply connected by Lemma 4.1. For this we need the following
Lemma, which may be proved along this same lines as Lemma 3.5 in [9].

Lemma 5.4. The nonlinear map F : A → Cm×n` , de�ned by (5.57), is proper,
i.e., the inverse image F−1(K) is compact for all compact K.

5.4 Existence of A Solution to Nonlinear Equation F (A) = 0

We discuss the existence of the nonlinear equation F (A) = 0 in terms of topological
degree theory. So far, only constraint on the free parameters Σ of (5.56) is that DΣ

is a nonsingular matrix. We mention a set of admissible free parameters. Denote
by ∂A the boundary of A. A set of the free parameters Σ of (5.56), for which
ΣA(z) of (5.54) has zeros on T for some A ∈ ∂A, is a thin set. Thus, generically,
ΣA(z) has no zeros on T over ∂A.

Theorem 5.8. For a given Pick matrix P , which is positive de�nite, and for each
Σ, there exists a solution A ∈ A to the nonlinear equation F (A) = 0.

Proof. First, we show that the solution to F (A) = 0 cannot be on ∂A. This is a
corollary of Lemma 5.4. In fact, the rational functions in ∂A have zeros on T. Let
Â be a solution to the nonlinear equation F (A) = 0. Suppose that Â(z) has a zero
on T, i.e., Â ∈ ∂A. ΣÂ(z) does not have zeros on T, which implies that there is

no possible cancellation of the zero of Â(z) on T by a common factor. Then, the
integral term of F (A) diverges, which implies that Â cannot be the solutions to
F (A) = 0. Thus, Â /∈ ∂A. This asserts

0 /∈ F (∂A). (5.59)

Hence, the degree of F with respect to zero is computed.
It is shown that there is the unique maximum entropy solution, which is de-

termined by solving the nonlinear equation G(A) = 0, de�ned by (5.53). Thus,
deg G = 1. We construct a homotopy from G(A) to F (A). Consider a jointly
continuous map H : A× [0, 1] → Cm×n` , de�ned by

H(A, λ) := (1− λ)G(A) + λF (A), λ ∈ [0, 1].

This map satis�es H(A, 0) = G(A), H(A, 1) = F (A), and

0 /∈ H(∂A, λ)

since

(1− λ)I + λΣA(eiθ)ΣA(eiθ)∗ > 0, λ ∈ [0, 1],

on T. Hence, the homotopy invariance of the degree of map guarantees that deg F =
1. Thus, there is at least one solution to the nonlinear equation F (A) = 0.
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5.5 Synthesis of Interpolant via Nonlinear Equation F (A) = 0

The following theorems provide the theory of a parameterization of positive real
residue interpolants with McMillan degree constraint. We obtain the interpolants
by solving a nonlinear equation F (A) = 0. For each free parameter Σ, there
exists a strictly positive real residue interpolant, of which the McMillan degree of
interpolant is n` −m. By the choice of the free parameters

BΣ = 0
DΣ = I,

we verify than F (A) = G(A), where G(A) is de�ned by (5.53). We showed that
G(A) = 0 gives the maximum entropy solution. Thus, the parameterization in-
cludes the maximum entropy interpolant as a special case. First, we show that
the strictly positive real function, which is determined by solving the nonlinear
equation F (A) = 0, satis�es the interpolation condition (4.7). Then, we discuss a
uniqueness of A to the interpolant f(z).

Theorem 5.9. For a given Pick matrix P , which is positive de�nite, and for each
free parameter Σ, there exists an A ∈ A, which determines the strictly positive
real interpolant f(z) of McMillan degree n` −m via

A(z)−1DA(z)A(z)−∗ = f(z) + f(z)∗. (5.60)

A is a solution to the nonlinear equation F (A) = 0, for which the nonlinear map
F (A) is de�ned by (5.57).

Proof. Let A be a solution to F (A) = 0. Such an A exists by Theorem 5.8. Denote
by Ψ(z) = A(z)−1DA(z)A(z)−∗. Then, the second term of F (A) is

1
2π

∫ π

−π

DA(eiθ)A(eiθ)−∗G∗dθ =
1
2π

∫ π

−π

A(eiθ)Ψ(eiθ)G∗dθ

= A
1
2π

∫ π

−π

GΨ(eiθ)G∗dθ.

Let w(z) be a strictly positive real function, satisfying the interpolation condition

1
2πi

∫
T
(zI −A`)−1X∗w(z)dz = Y ∗.

Then,

P =
1
2π

∫ π

−π

G[w(eiθ) + w(eiθ)∗]G∗dθ,

where the integral kernel G is de�ned by (4.23). Let us de�ne

PΨ :=
1
2π

∫ π

−π

G[M(eiθ) + M(eiθ)∗]G∗dθ
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where M(z) is an analytic function in D, given by

M(z) + M(z)∗ = w(z) + w(z)∗ −Ψ(z),

and M(0) is Hermitian. Then,

F (A) = APΨ.

PΨ has the structure of the Pick matrix, but it has nothing to do with the positivity.
We shall see that PΨ = 0 by using the displacement structure of the Pick matrix [33]
and by A ∈ A. Note that

PΨ = P − 1
2π

∫ π

−π

GΨ(eiθ)G∗dθ.

Due to Theorem 4.5, PΨ = 0 implies that f(z) via (5.60) satis�es the interpolation
condition (4.7).

We wrote the matrix A as

A =
[

A0 A1

]
,

where A0 ∈ Cm×m, and A1 ∈ Cm×(n`−m). Similarly, we write PΨ as

PΨ =
[

P0 S∗

S P1

]
where P0 = P ∗0 ∈ Cm×m, S ∈ C(n`−m)×m and P1 = P ∗1 ∈ C(n`−m)×(n`−m).

Denote by M0 = M(0). Then,

P0 = 2M0. (5.61)

S is given by

S =
1
2π

∫ π

−π

eiθ(eiθI −A`2)−1X∗
2 [M(eiθ) + M(eiθ)∗]dθ

= Z∗3 + X∗
2M0 (5.62)

for a matrix Z3 ∈ Cm×(n`−m). F (A) = 0 gives

P0 = −A−1
0 A1S

S∗ = −A−1
0 A1P1, (5.63)

and, by (5.63), we obtain

P0 = A−1
0 A1P1A

∗
1A

−∗
0 . (5.64)

The Pick matrix P1 satis�es

P1 −A`2P1A
∗
`2 = X∗

2Z3 + Z∗3X2. (5.65)
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By using (5.61)(5.62)(5.63) and (5.64),

X∗
2Z3 + Z∗3X2 = X∗

2 (S∗ −M0X2) + (S −X∗
2M0)X2

= X∗
2 (−A−1

0 A1P1 −
1
2
A−1

0 A1P1A
∗
1A

−∗
0 X2)

+(−P1A
∗
1A

−∗
0 − 1

2
X∗

2A−1
0 A1P1A

∗
1A

−∗
0 )X2

= −X∗
2A−1

0 A1P1 − P1A
∗
1A

−∗
0 X2 −X∗

2A−1
0 A1P1A

∗
1A

−∗
0 X2

= −(I + X∗
2A−1

0 A1)P1(I + X∗
2A−1

0 A1)∗ + P1.

By the Lyapunov equation (5.65), we obtain

A`2P1A
∗
`2 = (I + X∗

2A−1
0 A1)P1(I + X∗

2A−1
0 A1)∗.

It is equivalent to

P1 = (I + X∗
2A−1

0 A1)−1A`2P1A
∗
`2(I + X∗

2A−1
0 A1)−∗.

Due to (4.27), the Lyapunov equation has the unique solution

P1 = 0.

Then, we also obtain

S = 0
P0 = 0

by (5.63) and (5.64), and, thus PΨ = 0.

(5.60) implies that the strictly positive real interpolant f(z) is represented by
f(z) = B(z)∗A(z)−∗ for a rational function B(z) such that the McMillan degree of
f(z) is n` −m.

Theorem 5.10. A minimal state-space realization of B(z) is given by

B(z) =
[

A`2 −A`2C
∗
n

A1A`2 D∗
n −A1A`2C

∗
n

]
(5.66)

for some matrices Dn ∈ Cm×m and Cn ∈ Cm×(n`−m). Then, the minimal state-
space realization of f(z) = B(z)∗A(z)−∗ is given by

f(z) =
[

(I + A∗
1A

−∗
0 X2)A−∗`2 A∗

1A
−∗
0

Cn + DnA−∗0 X2A
−∗
`2 DnA−∗0

]
. (5.67)
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Proof. Assumption 1 implies that 0 /∈ ρ(A`2). Thus, A`2 is invertible. Note that

A(z)−∗ =
[

(I + A∗
1A

−∗
0 X2)A−∗`2 A∗

1A
−∗
0

A−∗0 X2A
−∗
`2 A−∗0

]
B(z)∗ =

[
A−∗`2 A∗

1

Cn Dn

]
.

Then,

B(z)∗A(z)−∗ =

 A−∗`2 A∗
1A

−∗
0 X2A

−∗
`2 A∗

1A
−∗
0

0 (I + A∗
1A

−∗
0 X2)A−∗`2 A∗

1A
−∗
0

Cn DnA−∗0 X2A
−∗
`2 DnA−∗0


=

 A−∗`2 0 0
0 (I + A∗

1A
−∗
0 X2)A−∗`2 A∗

1A
−∗
0

Cn Cn + DnA−∗0 X2A
−∗
`2 DnA−∗0


=

[
(I + A∗

1A
−∗
0 X2)A−∗`2 A∗

1A
−∗
0

Cn + DnA−∗0 X2A
−∗
`2 DnA−∗0

]

by changing the coordinates of the state by[
I −I
0 I

]
on the left and [

I I
0 I

]
on the right.

5.6 A Uniqueness of A to f(z)

For a given solution to the nonlinear equation F (A) = 0, we obtain a strictly
positive real interpolant f(z) via (5.60). Let us de�ne

WA(z) := A(z)−1ΣA(z),

of which the minimal state-space realization is given by

WA(z) =
[

(I + X∗
2A−1

0 A1)−1A`2 BΣ −X∗
2 (AX∗)−1DΣ

(AX∗)−1A1A`2 (AX∗)−1DΣ

]
, (5.68)

see (5.55). Then, (5.60) is written by

WA(z)WA(z)∗ = f(z) + f(z)∗. (5.69)
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It is well-known that WA(z) is called the spectral factor of f(z) + f(z)∗, and that
WA(z), which is outer, is unique. However, this uniqueness of the outer spectral
factor does not imply the uniqueness of A, for which WA(z) for (5.69) is outer.
Let Ak, k = 1, 2 be solutions to F (A) = 0. Then, for the �xed f(z), we consider
whether

WAk
(z)WAk

(z)∗ = f(z) + f(z)∗, k = 1, 2 (5.70)

is possible or not.

Theorem 5.11. Let A be a solution to the nonlinear equation F (A) = 0, for
which WA(z) is outer. It determines f(z) via (5.69). Then, there is no other A,
for which WA(z) is outer, to give the same f(z).

Proof. Suppose that there exists two solutions to the nonlinear equation F (A) = 0,
denoted by

Ak =
[

Ak,0 Ak,1

]
, k = 1, 2,

where Ak,0 ∈ Cm×m and Ak,1 ∈ Cm×(n`−m), k = 1, 2. Each Ak, k = 1, 2, de-
termines WAk

(z), k = 1, 2, of which minimal state-space realizations are given
by

WAk
(z) =

[
(I + X∗

2A−1
k,0Ak,1)−1A`2 BΣ −X∗

2 (AkX∗)−1DΣ

(AkX∗)−1Ak,1A`2 (AkX∗)−1DΣ

]
=

[
AW,k BW,k

CW,k DW,k

]
, k = 1, 2. (5.71)

Consider (5.70). Since WAk
(z), k = 1, 2, are outer, modulo constant unitary matrix

multiplication from the right, we obtain

WA1(e
iθ) = WA2(e

iθ).

This does not imply A1 = A2, neither does the two state-space realizations of
(5.71) are identical since there exists a freedom of similar transformations of the
state-space realizations of WAk

, k = 1, 2. By evaluating WAk
(z), k = 1, 2, at ∞,

we obtain

A1X
∗ = A2X

∗, (5.72)

and it implies BW,1 = BW,2 in terms of the state-space realizations (5.71). Thus,
there is no freedom of similar transformations of the state-space realizations. Hence,
AW,1 = AW,2 and CW,1 = CW,2 hold. CW,1 = CW,2 implies

A1,1 = A2,1.

We also obtain

A1,0 = A2,0

by (5.72) and the structure of the matrix X, de�ned by (4.12).
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6 Numerical Simulation

6.1 Sub-optimal Gap Metric Optimization with Integrator

We apply the theory to the sub-optimal gap metric optimization [28, 37]. The
problem is formulated by an H∞ control problem. For a given plant P (s), we want
to �nd internally stabilizing controllers K(s) such that∣∣∣∣∣∣∣∣[ I

P

]
(I −KP )−1

[
I −K

]∣∣∣∣∣∣∣∣
∞

< γ.

It is formulated as a two-block model matching problem, and it is reduced to an
interpolation problem [18]. We review this transformation below.

Consider doubly-coprime factorization of the plant P (s)

P = NM−1 = M̄−1N̄[
X̄ −Ȳ
−N̄ M̄

] [
M Y
N M

]
=

[
I 0
0 I

]
,

where the N(s),M(s), N̄(s) and M̄(s) are the normalized coprime factors, i.e.,[
M
N

]∗ [
M
N

]
= I[

N̄ M̄
] [

N̄ M̄
]∗ = I. (6.73)

Then, the set of all proper stabilizing controller is parameterized by

K = (Y −MQ)(X −NQ)−1

= (X̄ −QN̄)−1(Ȳ −QM̄) (6.74)

Q ∈ H∞.

Let us de�ne

G :=
[

I
P

]
(I −KP )−1

[
I −K

]
.

By using the stabilizing controller parameterization, we obtain

G =
[

M
N

] [
X̄ −Ȳ

]
−

[
M
N

]
Q

[
N̄ −M̄

]
.

Due to (6.73),

||G||∞ =
∣∣∣∣∣∣∣∣[ M

N

] [
X̄ −Ȳ

]
−

[
M
N

]
Q

[
N̄ −M̄

]∣∣∣∣∣∣∣∣
∞

=
∣∣∣∣[ X̄ −Ȳ

]
−Q

[
N̄ −M̄

]∣∣∣∣
∞ .
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Let us de�ne

Z :=
[

N̄∗ M
−M̄∗ N

]
,

which is isometry. Then,

GZ :=
[

X̄N̄∗ + Ȳ M̄∗ I
]
−Q

[
I 0

]
.

Hence,

||G||∞ = ||GZ||∞
=

∣∣∣∣[ X̄N̄∗ + Ȳ M̄∗ −Q I
]∣∣∣∣
∞ < γ

⇐⇒
∣∣∣∣X̄N̄∗ + Ȳ M̄∗ −Q

∣∣∣∣
∞ <

√
γ2 − 1.

This is the Nehari problem [37]. Let B(s) be a Blaschke product of minimal McMil-
lan degree such that R(s) := (X̄(s)N̄(s)∗ − Ȳ (s)M̄(s)∗)B(s) is stable. By multi-
plying B(s), we obtain a formulation of the right tangential interpolation problem,

||R−QB||∞ <
√

γ2 − 1.

Note that the right tangential interpolation problem is transformed to a left tan-
gential interpolation problem by considering the transpose of the transfer function.
Let us de�ne

f(s) := R(s)−Q(s)B(s),

which is determined as an interpolant. After obtaining the interpolant f(s), the
free parameter Q(s) is determined by

Q(s) = (R(s)− f(s))B(s)−1,

and the controller K(s) is given by substituting Q(s) to (6.74).
The continuous time plant to be controlled is

P (s) =

[
5(s+10)

s2+12s+20
−8.66(s+1)
s2+12s+20

8.66(s+10)
s2+11s+10

5(s+1)
s2+11s+10

]
,

of which McMillan degree is four. The plant P (s) is strictly proper, stable and
minimum phase. The upper bound of the H∞ norm is set as γ = 4. We design a
strictly proper controller with an integrator. The interpolation conditions are given
by

f(1.4507)
[

0.8660
−0.5000

]
=

[
0.0125
0.1200

]
, f(10.0871)

[
0.4680
0.8837

]
=

[
−0.5416
−0.0079

]
f(14.1826)

[
0.8661
−0.4999

]
=

[
−0.0019
0.3300

]
.
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To design a strictly proper controller, we add the interpolation condition

f(∞) =
[

0 0
0 0

]
.

We show an interpolation condition such that the controller has an integrator.
The condition such that the controller has an integrator is given by K(0) = ∞. An
equivalent condition on Q are given by

Q(0) = N(0)−1X(0)

since

Q = (N −K−1M)−1(X −K−1Y )

by (6.74). Thus, the interpolation condition for an integrator is given by

f(0) = R(0)−N(0)−1X(0)B(0),

which is the matrix-valued interpolation condition. It is given by

f(0) =
[
−0.0192 0.0639
1.4654 −1.0331

]
.

The number of the right tangential interpolation conditions is seven, and thus we
can design the interpolant, of which McMillan degree is �ve in terms of the presented
theory. The number of the free parameters is 2 × 7 = 14. We �x DΣ = I2, and
choose three parameters below

BΣ1 =


−0.0200 0.1000
0.0400 −0.1000
0.1600 −0.1400
0.1800 0.1000
−0.0200 0.1000

 , BΣ2 =


−0.2000 0.2000
0.1960 −0.4000
0.2000 −0.4600
0.6000 0.2000
−0.2200 0.3000



BΣ3 =


−0.3529 0.3529
0.3506 −0.4706
0.2353 −0.3882
0.3529 0.3529
−0.2471 0.2941

 .

The state-space realizations of the bounded real interpolants, fk(s) = Ck(sI −
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Ak)−1Bk + Dk, k = 1, 2, 3, are given by

A1 =


−0.06015 0.01188 0.426 −0.07055 −1.958
0.00785 −0.05696 −0.2938 0.05437 1.349
−0.004844 0.001198 −1.271 0.6754 −0.7206
−0.003014 0.006095 0.1525 −7.354 −0.6035
−0.0007633 0.002362 0.04966 −0.2917 −8.59



B1 =


−10.66 0.2156
0.6757 −10.08
−6.713 5.709
−3.694 −4.567
−5.852 2.865


C1 =

[
−0.0006345 −0.001691 −0.008018 0.427 −0.04079
−0.002967 0.002667 0.1052 0.05948 −0.4975

]

A2 =


−0.05333 0.01118 0.4607 0.5283 −1.711
0.003994 −0.06231 −0.4755 0.5976 1.234
−0.002296 −0.007658 −1.426 3.947 −1.756
−0.00552 0.01465 0.5782 −6.485 −1.983
0.001407 0.004602 0.01366 −2.394 −7.344



B2 =


−11.18 −0.1864
2.527 −10.56
−4.294 5.827
−4.093 −1.541
−7.419 1.557


C2 =

[
−0.0001033 −0.00282 −0.04895 0.8649 −0.2467
−0.00131 0.002134 0.1113 0.4468 −0.5617

]

A3 =


−0.09518 0.005222 0.5029 −1.055 −4.664
0.03694 −0.05103 −0.3983 0.2722 3.218
0.0146 0.002073 −1.555 −0.7926 0.4899
0.0165 −0.005173 −0.182 −5.415 2.53
−0.02041 0.0006405 0.2194 0.03696 −10.03



B3 =


−13.7 3.58
−4.553 −20.18
−19.33 4.742
−0.8218 −13.99
−5.264 8.36


C3 =

[
−0.0004465 −0.0007438 0.004042 0.2302 0.164
−0.004498 0.0007597 0.04898 −0.1791 −0.5186

]
and

Dk =
[

0 0
0 0

]
, k = 1, 2, 3.
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The singular values of the gain of the interpolants are depicted in the Fig.4. Let us
de�ne the input sensitivity function

SI := (I −KP )−1,

the complementary sensitivity function and the open loop transfer function

T := −P (I −KP )−1K

L := PK.

The maximum singular values of the gain of the input sensitivity functions, the com-
plementary sensitivity functions and the open loop transfer functions. are depicted
in the Fig.5-7.
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Figure 4: Parameterization of singular values of f

7 Proofs of Theorems and Lemmas

7.1 Proof of Theorem 4.1

To show Q −→ A, we use the conjugate minimum-phase spectral factorization.

Lemma 7.5. [36]: For a given q(z) = C(zI−A)−1B+D, where (A,B) is reachable
and q(z) + q(z)∗ is positive de�nite on T, let Xc be a stabilizing solution to the
Riccati equation

Xc = A∗XcA− (A∗XcB − C∗)(B∗XcB − (D + D∗))−1(A∗XcB − C∗)∗.
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Figure 5: Parameterization of maximum singular values of SI
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Figure 6: Parameterization of maximal singular values of T

Then, the conjugate minimum-phase spectral factor a(z) = Cc(zI −Ac)−1Bc + Dc

of q(z) + q(z)∗ is given by

Ac = A

Bc = B

Cc = D−1
c (C −B∗XcA)

Dc = (D + D∗ −B∗XcB)
1
2 .
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Figure 7: Parameterization of maximal singular values of L

Denote by

q =
[

q0 q1

]
,

where q0 ∈ Cm×m and q1 ∈ Cm×(n`−m). If Q(z) ∈ Q, then Q(z) = q(z) + q(z)∗,
where

q(z) = (A∗`q)∗

=
1
2
qX∗ + q1(zI −A`2)−1A`2X

∗
2

= D + C(zI −A)−1B. (7.75)

We compute the conjugate minimum-phase spectral factor a(z) of Q(z) by
Lemma 7.5. In fact, by using

Xc −A∗XcA = (z−1I −A∗)Xc(zI −A) + (z−1I −A∗)XcA + A∗Xc(zI −A),

the Riccati equation is

Xc + XcA(zI −A)−1 + (z−1I −A∗)−1A∗Xc

= (z−1I −A∗)−1(C −B∗XcA)∗

×(D + D∗ −B∗XcB)−1(C −B∗XcA)(zI −A)−1. (7.76)
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An identity below holds

a(z)∗a(z) = [Dc + Cc(zI −Ac)−1Bc]∗[Dc + Cc(zI −Ac)−1Bc]
= B∗c (z−1I −A∗c)

−1C∗c Cc(zI −Ac)−1Bc + B∗c (z−1I −A∗c)
−1C∗c Dc

+D∗
cCc(zI −Ac)−1Bc + D∗

cDc

= B∗(z−1I −A∗)−1(B∗XcA− C)∗

×(D + D∗ −B∗XcB)−1(B∗XcA− C)(zI −A)−1B

+B∗(z−1I −A∗)−1(C −B∗XcA)∗

+(C −B∗XcA)(zI −A)−1B + D + D∗ −B∗XcB. (7.77)

By substituting (7.76) into (7.77), we verify

a(z)∗a(z) = B∗[Xc + XcA(zI −A)−1 + (z−1I −A∗)−1A∗Xc]B
+B∗(z−1I −A∗)−1(C −B∗XcA)∗

+(C −B∗XcA)(zI −A)−1B + D + D∗ −B∗XcB

= C(zI −A)−1B + D + D∗ + B∗(z−1I −A∗)−1C∗.

Thus, the conjugate minimum-phase spectral factor a(z) of Q(z) is given by

a(z) = Π`1 + Π`2(zI −A`2)−1A`2X
∗
2 ,

where

Π`1 = Dc

Π`2 = Cc.

Let us de�ne

Π`3 := Π`1 −Π`2X
∗
2 .

Then,

a(z) = Π`3 + Π`2X
∗
2 + Π`2(zI −A`2))−1A`2X

∗

=
[

Π`3 Π`2

]
X∗ + Π`2(zI −A`2)−1A`2X

∗
2

=
[

Π`3 Π`2

]
X∗ +

[
0 Π`2A`2

](
zI −

[
0 0
0 A`2

])−1 [
I

X∗
2

]
=

[
Π`3 Π`2

]
X∗

+
[

Π`3 Π`2

] [
0 0
0 A`2

](
zI −

[
0 0
0 A`2

])−1 [
I

X∗
2

]
=

[
Π`3 Π`2

]
X∗ +

[
Π`3 Π`2

]
A`(zI −A`)−1X∗

= z
[

Π`3 Π`2

]
(zI −A`)−1X∗

=
[

Π`3 Π`2

]
G.
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It is in A, and all transformations are smooth.

To show A −→ Q, we need the following result.

Lemma 7.6. [36]: For a given

a(z) = C(zI −A)−1B + D,

where A is stable and (C,A) is observable, let L` be a unique solution to the
Lyapunov equation

A∗L`A− L` + C∗C = 0.

Then, there exist a unique g(z) such that

a(z)∗a(z) = q(z) + q(z)∗,

holds, where

q(z) = (CD∗ + B∗L`A)(zI −A)−1B +
1
2
[B∗L`B + D∗D]. (7.78)

Let a(z) ∈ A. Then, there exist matrices

Γ` =
[

Γ`1 Γ`2

]
,

where Γ`1 ∈ Cm×m and Γ`2 ∈ Cm×(n`−m), such that

a(z) = Γ`G

= Γ`1 + Γ`2X
∗
2 + Γ`2(zI −A`2)−1A`2X

∗

is in A. Let L be the unique solution to the Lyapunov equation

A∗`2LA`2 − L + Γ∗`2Γ`2 = 0.

Denote by

a(z) = Ca(zI −Aa)−1Ba + Da.

We use Lemma 7.6. By using,

L−A∗aLAa = (z−1I −A∗a)L(zI −Aa) + (z−1I −A∗a)LAa + A∗aL(zI −Aa),
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We verify

a(z)∗a(z) = [Da + Ca(zI −Aa)−1Ba]∗[Da + Ca(zI −Aa)−1Ba]
= B∗a(z−1I −A∗a)−1C∗aCa(zI −Aa)−1Ba + B∗a(z−1I −A∗a)−1C∗aDa

D∗
aCa(zI −Aa)−1Ba + D∗

aDa

= B∗a(z−1I −A∗a)−1[(z−1I −A∗a)L(zI −Aa)
+(z−1I −A∗a)LAa + A∗aL(zI −Aa)](zI −Aa)−1Ba

+B∗a(z−1I −A∗a)−1C∗aDa + D∗
aCa(zI −Aa)−1Ba + D∗

aDa

= B∗aLBa + B∗aLAa(zI −Aa)−1Ba + B∗a(z−1I −A∗a)−1A∗aLBa

+B∗a(z−1I −A∗a)−1C∗aDa + D∗
aCa(zI −Aa)−1Ba + D∗

aDa

= B∗aLBa + D∗
aDa + (B∗aLAa + D∗

aCa)(zI −Aa)−1Ba

+B∗a(z−1I −A∗a)−1(A∗aLBa + C∗aDa). (7.79)

Thus, q(z) is given by

q(z) = Υ`1 + Υ`2(zI −A`2)−1A`2X
∗,

where

Υ`1 =
1
2
[B∗aLBa + D∗

aDa]

Υ`2 = B∗aLAa + D∗
aCa.

It has the same form as (7.75). Thus, q(z)+ q(z)∗ ∈ Q, and all transformations are
smooth.

The correspondence of f(z), which is positive on T, and a(z), which is minimum-
phase, by

f(z) + f(z)∗ = a(z)∗a(z)

is bijective. The map g1 : f(z) −→ a(z) in terms of Lemma 7.5 and g2 : a(z) −→
f(z) in terms of Lemma 7.6 are inverse each other since g1 ◦ g2 : a −→ a and
g2 ◦ g1 : f −→ f due to the uniqueness of the stabilizing solution to the Riccati
equation and the uniqueness of the Lyapunov equation.

7.2 Proof of Lemma 4.2

The proof is quite similar to the proof of Theorem 4.1. Q −→ Cm×n` is the
consequence of the conjugate spectral factorization, while we used the conjugate
minimum-phase spectral factorization to show Q −→ A in the proof of Theorem
4.1.

Lemma 7.7. For a given q(z) = C(zI−A)−1B +D, where (A,B) is reachable and
q(z) + q(z)∗ is positive de�nite on T, let Xc be a solution to the Riccati equation

Xc = A∗XcA− (A∗XcB − C∗)(B∗XcB − (D + D∗))−1(A∗XcB − C∗)∗.
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Then, a conjugate spectral factor a(z) = Cc(zI − Ac)−1Bc + Dc of q(z) + q(z)∗ is
given by

Ac = A

Bc = B

Cc = D−1
c (C −B∗XcA)

Dc = (D + D∗ −B∗XcB)
1
2 .

If Q(z) ∈ Q, then Q(z) = q(z) + q(z)∗, where q(z) is similarly given by (7.75).
We compute the conjugate spectral factor a(z) of Q(z) by Lemma above, and it is
given by

a(z) = Dc + Cc(zI −A`2)−1A`2X
∗
2 .

Thus, Q −→ Cm×n` since Cc ∈ Cm×n` We show Cm×n` −→ Q. For any ΓD ∈
Cm×m and Γc ∈ Cm×(n`−m), let us de�ne

a(z) = ΓD + ΓC(zI −A`2)−1A`2X
∗.

Then, Q(z) ∈ Q, where a(z)∗a(z) = Q(z), is computed, similar to the proof of
A −→ Q in the proof of Theorem 4.1.

7.3 Proof of Theorem 5.7

By using the conjugate minimum-phase spectral factorization of Q(z) = A(z)∗A(z),
the linear term in (5.42) is written by trAPA∗ similar to (4.33)-(4.34). Thus, J(A),
de�ned by (5.50), is derived from J(Q), de�ned by (5.42). The di�eomorphism be-
tween Q and A by Theorem 4.1 guarantees that each minimum of the optimization
problems are one-to-one. The function is real-valued, thus, we consider (5.51) for
the stationary condition. Note that

det A(z)∗A(z) = det
(
A(z)∗A(z)

)T
,

where

A(z) = AG

A(z)T = GT AT

A(z)∗ = G∗A∗(
A(z)∗

)T = Ā
(
G∗)T

,
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Thus,

∂

∂Ā
det

(
A(z)∗A(z)

)T =
∂

∂Ā

[
det A(z)T + det

(
A(z)∗

)T ]
=

∂

∂Ā

[
det GT AT + det Ā

(
G∗)T ]

=
∂

∂Ā

[
det Ā

(
G∗)T ]

=
(

Ā
(
G∗)T

)−T
∂

∂Ā
tr Ā

(
G∗)T

=
(

G∗Ā
T
)−1

G∗

= A(z)−∗G∗

due to the formula

∂

∂B
det BX = (BX)−T ∂

∂B
trBX

= (BX)−T XT

∂

∂B
trBX = XT .

Moreover,

∂

∂Ā
trAPA∗ =

∂

∂Ā
trAP Ā

T

= AP

due to the formula

∂

∂B
trXBT = X.

Hence, the stationary condition (5.51) is given by

∂J

∂Ā
= AP − 1

2π

∫ π

−π

A(eiθ)−∗G∗dθ.

Denote by

A(z)−1 = Ca(zI −Aa)−1Ba + Da.
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Then,

1
2π

∫ π

−π

A(eiθ)−∗G∗dθ

=
1
2π

∫ π

−π

[eiθB∗a(I − eiθA∗a)−1C∗a + D∗
a]

[
I X2(I − eiθA∗`2)

−1
]
dθ

=
1
2π

∫ π

−π

[D∗
a + eiθB∗aC∗a + e2iθB∗aA∗aC∗a + · · · ]

×
[

I X2 + eiθX2A
∗
`2 + e2iθX2A

∗2
`2 + · · ·

]
dθ

= (AX∗)−∗X

since Da = (AX∗)−1. Thus,

∂J

∂Ā
= 0
⇐⇒

AP − (AX∗)−∗X = 0
⇐⇒

AP = (AX∗)−∗X
⇐⇒

A = (AX∗)−∗XP−1

⇐⇒
A∗ = P−1X∗(AX∗)−1,

and

XA∗ = XP−1X∗(AX∗)−1

⇐⇒
XA∗AX∗ = XP−1X∗. (7.80)

We obtain

AG = (AX∗)−∗XP−1G.

Thus, the minimizer is given by

Φ(z) = A(z)−1A(z)−∗

= (AG)−1(AG)∗

=
(
(AX∗)−∗XP−1G

)−1((AX∗)−∗XP−1G
)−∗

= (XP−1G)−1(AX∗)∗(AX∗)(XP−1G)−∗

= (XP−1G)−1XA∗AX∗(XP−1G)−∗

= (XP−1G)−1XP−1X∗(XP−1G)−∗,

where we use (7.80) at the last step.
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