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Abstract

In this paper, a robust controller synthesis for the mismatch of delay in terms of the
Nevanlinna-Pick interpolation is presented.

Index Terms-Mismatch of delay, robust stability, Nevanlinna-Pick interpolation.

1 Introduction

It is common that there exists a mismatch of delay between the plant model and the
actual plant in the practice, while the synthesis of the celebrated Smith predictor
for the input delay system is based on the precise knowledge of the delay in the
plant [1, 3, 11, 13]. It is desirable to compute the delay margin of the closed loop
stability and to design the robust controller to compensate the mismatch of the
delay [9, 10].

In this paper, we study a robust controller design for the mismatch of delay
in terms of a parameterization of the solutions to the unweighted H∞ sensitivity
optimization of systems with time delay [4, 5]. It is based on the Nevanlinna-Pick
interpolation with boundary interpolations [8]. For a given uncertainty of the delay,
a frequency domain condition on the designed interpolant for the robust stability
is given.

We also study the feedback properties of the closed loop systems, which are
derived by the parameterization of the solutions to the unweighted H∞ sensitivity
optimization of systems with time delay [5].
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Notations

Real numbers are represented by R and complex numbers are represented by C. c̄
denotes the conjugate of a complex number c. The open right half plane is de�ned
by C+ := {s ∈ C : Re s > 0}. Denote by C̄+ the closed right half plane. The
extended imaginary axis is de�ned by jRe := {jω : ω ∈ R ∪∞}.

The systems are represented by their transfer functions, which are functions of
the Laplace transform variable s ∈ C+ for continuous time systems. Denote by
H∞(C+) the Hardy space of bounded analytic functions [4]. The H∞ norm of g(s)
is de�ned by

||g||∞ := ess sup
σ>0,ω∈R

g(σ + jω).

2 Preliminary

2.1 Unweighted H∞ Sensitivity Optimization for Systems with

Time Delay

Consider the feedback interconnection in Fig.1. The plant P (s) to be considered
here is an input delay system

P (s) = e−shPr(s), (2.1)

where Pr(s) is a strictly proper rational function. and h corresponds to the time
delay. u from the controller C(s) denotes the control input to the plant P (s) to be
controlled, d represents a disturbance, and y is the resulting output.

Let us de�ne the sensitivity function

S(s) :=
1

1 + e−shPr(s)C(s)
. (2.2)

Denote the unstable zeros of the plant by zk, k = 1, . . . , nz, and the unstable poles

Pre−sh y
C

u
−

d

Figure 1: Feedback System

of the plant p`, ` = 1, . . . , np, respectively. Assume that they are distinct points,
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and that the relative degree of Pr(s) is one. A necessary and su�cient condition
for the internal stability of the closed loop systems [5] is that S(s) is analytic in
C̄+ and satis�es the interpolation conditions

S(zk) = 1, k = 1, . . . , nz

S(p`) = 0. ` = 1, . . . , np

S(∞) = 1. (2.3)

Subject to these constraints, we want to design a controller C(s) to satisfy an H∞
norm constraint on (2.2). The unweighted H∞ sensitivity optimization for systems
with time delay is formulated as follows:
Unweighted H∞ Sensitivity Optimization: For γ > 1, �nd internally stabiliz-
ing controllers C(s) such that ||S||∞ < γ, if it is solvable.

The assumption of the strictly properness of the plant implies that the in�mum
of the H∞ norm of S(s) by the stabilizing controllers is greater than one. In [5], it is
shown that the solution to the unweighted H∞ sensitivity optimization of systems
with time delay is given by solving the Nevanlinna-Pick interpolation problem with
boundary interpolations.

2.2 Solution by Nevanlinna-Pick Interpolation with Boundary

Interpolations

We review the Nevanlinna-Pick interpolation theory with boundary interpolations
[8]. For given points, ak ∈ C+, k = 0, . . . , `, a`+r ∈ jRe, r = 1, . . . , n− `, and bk ∈
C, k = 0, . . . , n. Let us de�ne

A :=
[

1
ai + āj

]`

i,j=0

B :=
[

bib̄j

1− aiāj

]`

i,j=0

.

Denote by λmax the largest eigenvalue of A−1B, and de�ne

γmin := max
[ √

λmax, |b`+1|, . . . , |bn|
]
.

Let us de�ne the Pick matrix

P := A− 1
γ2

B

=

[
1− 1

γ2 bib̄j

ai + āj

]`

i,j=0

. (2.4)

Note that
√

λmax is also computed by the minimum of γ such that the Pick ma-
trix P is positive semide�nite. The Nevanlinna-Pick interpolation with boundary
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interpolations is formulated as follows: For γ > 0, �nd f(s) ∈ H∞, satisfying the
interpolation conditions

f(ak) =
bk

γ
, k = 0, . . . , `

f(a`+r) =
b`+r

γ
, r = 1, . . . , n− `

and

||f ||∞ < 1

if it is solvable. The solvability condition of this problem is given below.

Theorem 2.1. [8]: The Nevanlinna-Pick interpolation with boundary interpola-
tions is solvable if and only if

γ > γmin. (2.5)

A parameterization of all solutions is given by the Nevanlinna algorithm [8].
A result in [5] is that the solvability condition and the parameterization of the
solutions to the unweighted H∞ sensitivity optimization for systems with time delay
are given by solving a Nevanlinna-Pick interpolation with boundary interpolations.

Theorem 2.2. [5]: Let zk, k = 1, . . . , nz be unstable zeros of the plant and p`, ` =
0, . . . , np be unstable poles of the plant. Consider the Nevanlinna-Pick interpolation
with boundary interpolations, for which the interpolation conditions are given by

q(zk) = 0, k = 0, . . . , nz

q(p`) =
ehp`

γ
, ` = 1, . . . , np

q(∞) = 0 (2.6)

for γ > 1. Suppose that γ > γmin and that q(s) is a solution to the Nevanlinna-
Pick interpolation with boundary interpolations above. Then, the solution to the
unweighted H∞ sensitivity optimization for systems with time delay is given by

S(s) =
γ(1− γe−shq(s))

γ − e−shq(s)
. (2.7)

By substituting (2.7) into (2.2), we obtain the controller

C(s) =
γ2 − 1

γ
· 1
Pr(s)

· q(s)
1− γe−shq(s)

. (2.8)
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3 Feedback Properties and Robust Controller Synthesis for

Mismatch of Delay

3.1 Feedback Properties

We study the feedback properties [2], which is based on the parameterization (2.7)
in Theorem 2.2. Since the controller is given by (2.8), other closed loop systems
are given by

T (s) := P (s)C(s)(1 + P (s)C(s))−1

=
(γ2 − 1)e−shq(s)

γ − e−shq(s)
(3.9)

Q1(s) := P (s)(1 + P (s)C(s))−1

= e−shPr(s)
γ(1− γe−shq(s))

γ − e−shq(s)
(3.10)

Q2(s) := C(s)(1 + P (s)C(s))−1

=
γ2 − 1

γ − e−shq(s)
· q(s)
Pr(s)

. (3.11)

All transfer functions are stable because of the interpolation conditions on q(s),
which are given by (2.6). The open loop transfer function is also given by

L(s) = P (s)C(s)

=
(γ2 − 1)e−shq(s)
γ(1− γe−shq(s))

. (3.12)

We want to design the controller such that the open loop transfer function has
the high gain at a low frequency range to reduce the sensitivity gain at the low
frequency range since

|S(jω)| =
1

|1 + L(jω)|

' 1
|L(jω)|

(3.13)

approximately holds at the low frequency range. . Moreover, we want to design
the controller such that the open loop transfer function has the low gain at a high
frequency range to compensate errors in the plant model since

|T (jω)| =
|L(jω)|

|1 + L(jω)|
' |L(jω)| (3.14)

approximately holds at the high frequency range.
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Some inequalities of the feedback properties are derived in terms of the param-
eterization (3.9) and (3.12). By (3.9), we obtain

|T (jω)| ≤ (γ2 − 1)|q(jω)|
γ − |q(jω)|

(3.15)

By (3.12), we obtain

1− 1
γ
≤ |L(jω)| ≤ (γ2 − 1)|q(jω)|

γ(1− γ|q(jω)|)

< 1 +
1
γ

< 2

since γ > 1. Thus, the gain of q(s) has to be low at the high frequency range to
reduce the gain of T (s). Although the open loop transfer function has to have high
gain at a low frequency range to reduce the sensitivity gain at the low frequency
range, the inequality of |L(jω)| implies a limitation for this. One way to solve this
is to introduce an integrator for the compensation. This is achieved by introducing
an additional interpolation condition on S(s) at zero, given by S(0) = 0. The
interpolation condition enables us to reduce the sensitivity gain around the low
frequency range unless the sensitivity function has stable poles around the origin.
Moreover, an interpolation on the boundary S(jωp) = gp may be used, where ωp is
a point in the low frequency range and |gp| << 1.

3.2 Robustness of Stability for Mismatch of Delay

It is shown in Theorem 2.2 that the solution to the unweighted H∞ sensitivity
optimization for systems with time delay is given by solving the Nevanlinna-Pick
interpolation with boundary interpolations. However, the uncertainty of the plant
model cannot be avoided in the practice, and it is reasonable to assume that there
exists a mismatch between the delay in the plant model and the actual delay in the
actual plant [9�11,13]. Thus, it is desirable that the performance of the closed loop
system, e.g., closed loop stability, steady state property and tracking property, is
maintained under the uncertainty of the delay [3, 6]. We discuss the robustness of
the stability of the closed loop systems under the mismatch of the delay.

Assume that the transfer function of the actual plant is given by

P∆(s) = e−s(h+∆)Pr(s),

where ∆ > 0 corresponds to the mismatch of the delay from the delay of the plant
model. Denote by S∆(s) the sensitivity function under the mismatch of the delay,
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which is given by

S∆(s) = (1 + e−s(h+∆)Pr(s)C(s))−1

=
γ(1− γe−shq(s))

γ + (−γ2 + (γ2 − 1)e−s∆)e−sh

=
S(s)

1 + (e−s∆ − 1)T (s)

since C(s) is given by (2.8). Similarly, the complementary sensitivity function under
the mismatch of the delay is given by

T∆(s) = e−s(h+∆)Pr(s)C(s)(1 + e−s(h+∆)Pr(s)C(s))−1

=
(γ2 − 1)e−s(h+∆)q(s))

γ + (−γ2 + (γ2 − 1)e−s∆)e−sh

=
T (s)e−s∆

1 + (e−s∆ − 1)T (s)
.

We also obtain

Q1∆(s) =
Q1(s)e−s∆

1 + (e−s∆ − 1)T (s)

Q2∆(s) =
Q2(s)

1 + (e−s∆ − 1)T (s)
.

Let us de�ne

I∆(s) := 1− e−s∆.

Denote by ∆̄ the upper bound of the uncertainty of the delay ∆ > 0. Since T (s)
is stable, T∆(s) is stable if and only if I∆(jω)T (jω) 6= 1 for all ω ∈ R and for all
∆ ≤ ∆̄ by the zero exclusion principle [11]. We state a condition on q(s) to stabilize
the closed loop system under the mismatch of the delay.

Theorem 3.3. The closed loop system is stable under the mismatch of the delay
if

|q(jω)| < γ

2γ2 − 1
,

π

3∆̄
≤ ω (3.16)

holds.

Proof. Since

I∆̄(jω) = 1− e−jω∆̄

= 2 sin
ω∆̄
2
· e−j ω∆̄−π

2 ,



90 Paper C

the gain of I∆̄(jω) satis�es the inequalities below with the period of 2π

0 ≤ |I∆̄(jω)| < 1, 0 ≤ ω <
π

3
and

5π

3
< ω∆̄ ≤ 2π

and

1 ≤ |I∆̄(jω)| ≤ 2,
π

3
≤ ω∆̄ ≤ 5π

3
.

Thus, if

|T (jω)| < 1
2
,

π

3∆̄
≤ ω, (3.17)

then, I∆̄(jω)T (jω) 6= 1 for all ω ∈ R and for all ∆ ≤ ∆̄. The upper bound of the
gain of T (jω) is given by (3.15). Thus,

(γ2 − 1)|q(jω)|
γ − |q(jω)|

<
1
2
,

π

3∆̄
≤ ω,

is the condition for the closed loop stability under the mismatch of the delay, and
it is equivalent to (3.16).

We mention that the synthesis of the interpolant q(s), which satis�es (3.16),
may be carried out by using the results in [7, 12,15].

Remark 3.1. The right hand side of (3.16) is a monotone decreasing function of
γ. Thus, the lower γ is desirable to relax the constraint on q(s), and it corresponds
to the reduction of the H∞ norm of the sensitivity function.

4 Design Example

Consider an input delay system

P (s) =
e−sh

s− a
, (4.18)

where a > 0.
For γ > 1, the interpolation conditions on q(s) are given by

q(a) =
eah

γ
(4.19)

q(∞) = 0,

and γ is chosen as

γ2 > e2ah, (4.20)
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which is given by (2.4). Then, the unweighted H∞ sensitivity optimization is
solvable.

We restrict the class of the bounded real interpolants q(s) to rational functions
of degree one

q(s) =
k

s + b

to maintain the less complexity of the closed loop systems [15]. The interpolation
condition q(∞) = 0 is satis�ed, and k ∈ R and b ∈ R+ are parameters to be chosen
to satisfy the interpolation condition (4.19) and the H∞ norm constraint ||q||∞ < 1.

The interpolation condition (4.19) gives

k

a + b
=

eah

γ
⇐⇒ b = γke−ah − a.

We obtain

k >
aeah

γ

since it is necessary that s + b = s + γke−ah − a is Hurwitz. Moreover,

||q(s)||∞ =
k

b

=
k

γke−ah − a

< 1. (4.21)

By (4.21), we obtain

k >
a

γe−ah − 1
.

The square of the gain of q(jω) is given by

|q(jω)| = k√
ω2 + (γke−ah − a)2

, (4.22)

which is the monotone decreasing function of ω > 0. Thus, to satisfy (3.16) is
equivalent that

|q(j π

3∆̄
)| < γ

2γ2 − 1
. (4.23)

By (4.22) and (4.23), we obtain

∆̄ <
γπ

3
√

k2(2γ2 − 1)2 − γ2(γke−ah − a)2
. (4.24)
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