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Abstract

In this paper, we study an approximation of spectral density in terms of the generalized
Kullback-Leibler distance minimization. For a given spectral density, we seek a spectral
density by minimizing the generalized Kullback-Leibler distance subject to a constraint
on the tangential second-order statistics.

Index Terms-Generalized Kullback-Leibler distance, tangential Nevanlinna-Pick interpo-
lation.

1 Introduction

In this paper, we study an approximation of spectral density in terms of the gener-
alized Kullback-Leibler distance minimization. For a given spectral density, we seek
a spectral density by minimizing the generalized Kullback-Leibler distance subject
to a constraint on the tangential second-order statistics.

It is a generalization of the result in [9] to the multivariate case. A generalization
is considered in [8] in terms of the Kullback-Leibler-von Neumann entropy [5,11,12].
For a given spectral density Ψ(z), we seek a spectral density Φ(z) by minimizing

1
2π

tr
(∫ π

−π

Ψ(eiθ) log Ψ(eiθ)−Ψ(eiθ) log Φ(eiθ)
)

dθ
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subject to a constraint on the state covariance of Φ(z). However, the minimizer
Φ(z) can not be obtained by a closed form of Ψ(z) since the variational analysis
fails in the optimization.

In this paper, we introduce a generalized Kullback-Leibler distance, which is
de�ned by

1
2π

∫ π

−π

det Ψ(eiθ) log
det Ψ(eiθ)
det Φ(eiθ)

dθ.

For a given Ψ(z), we minimize this distance subject to the constraint on the tan-
gential second-order statistics of Φ(z). It turns out that the minimizer Φ(z) has
a closed form of Ψ(z). The proof of results is based on the duality theory in op-
timization, similar to the scalar case [9]. We also give a proof of a geometric way
by path integration of a one form, following the procedures [4]. We also discuss a
generalization to a matricial setting.

Notations

Complex numbers are represented by C. c̄ denotes the conjugate of a complex
number c. Denote by Cj×k j × k complex matrices. We denote by a ⊗ b the
Kronecker product of a and b. We denote by trA the trace of a matrix A. We use
the notations A > 0 to denote that a matrix A is positive de�nite. A∗ denotes the
complex conjugate transpose of a matrix A, or the adjoint of operator A if it is an
operator. f(z)∗ denotes the paraconjugate Hermitian conjugate of f(z), de�ned by

f(z)∗ := f(z̄−1)T .

Denote by T := {ζ ∈ C : |ζ| = 1} the unit circle in the complex plane, and
by D := {z ∈ C : |z| < 1} the unit disk in the complex plane. Let L1(T) be the
Lebesgue space of integrable functions on T, and L∞(T) be the Lebesgue space of
essentially bounded functions on T [13]. Denote by Lm×m

k (T) m×m matrix-valued
functions whose entries belong to Lk(T), k = 1,∞.

An m×m matrix-valued, proper rational function f(z) is called strictly positive
real if it is analytic in the closed unit disc D̄ := {z ∈ C : |z| ≤ 1} and the Hermitian
real part

2Ref(z) = f(z) + f(z)∗

is positive de�nite on T, which is denoted by

f(z) + f(z)∗ > 0.

f(z) is strictly positive real if and only if f(z)−1 is strictly positive real. Thus, it
is necessary that all zeros of f(z) lie in the outside of the closed unit disc D̄c :=
{z ∈ C : |z| > 1}. Denote by C the set of the real parts of all strictly positive real
functions f(z), which satis�es f(0) = f(0)∗. A set of spectral densities considered
in this paper is C ∩ Lm×m

1 , which is denoted by S.
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2 Modeling of Stochastic Process via Input-State Filter

Consider a multivariate stationary non-deterministic stochastic process {y(t)} and
denote by Φ(eiθ), θ ∈ [−π, π], its power spectral density. Φ(z) is given by

Φ(z) = f(z) + f(z)∗,

where f(z) is a strictly positive real function. f(z) has a series expansion

f(z) =
1
2
C0 + C1z + C2z

2 + · · ·

around zero, where Ck = E{y(t)y(t − k)∗} for k = 0, 1, 2, . . . , are the covariance
matrices. For a given partial covariance sequence, to determine a spectral density, of
which covariance sequence is consistent with the given partial covariance sequence,
is the covariance extension problem [14].

A generalization of the covariance extension problem is to estimate Φ(z) from a
partial information of the covariance matrices. Let x, yk, k = 0, 1, . . . , n` be vectors,
where yk, k = 0, 1, . . . , n` are given by tangential information of covariance matrices

y∗k = x∗Ck, k = 0, 1, . . . , n`. (2.1)

Then, we want to determine a strictly positive real function f(z), satisfying the
tangential interpolation conditions

1
2π

∫ π

−π

e−ikθx∗f(eiθ)dθ = y∗k, k = 0, 1, . . . , n`.

It is well-known that, for each spectral density Φ(z), there exists a stable spectral
factor W (z) such that

Φ(z) = W (z)W (z)∗.

W (z) is the �lter, which shapes a white noise process into the stochastic process.
To reconstruct this �lter W (z) from the given partial information of the covariance
matrices is the tangential partial stochastic realization problem.

A generalization of this tangential partial stochastic realization problem is given
in the context of the spectral estimation by the input-state �lter [7]. Let us consider
the transfer functions of the input-state �lter

G`(z) = (I − zA`)−1B`,

where (A`, B`) is a reachable pair, and the eigenvalues of A` lie in the open unit
disc. Then, the state covariance of the input process y(t) is given by

Σ =
1
2π

∫ π

−π

G`(eiθ)Φ(eiθ)G`(eiθ)∗dθ. (2.2)
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The problem is that, for a given Σ, we want to determine a spectral density Φ(z),
satisfying (2.2). The constraints on the state covariance, given by (2.2), includes
the tangential constraints on the second order statistics (2.1), which is formulated
by choosing A` and B` as

A` =


0 0 · · · 0

1 0 · · ·
...

...
...

. . . 0
0 · · · 1 0



B` =


x∗

0
...
0

 ,

and the state covariance Σ is given by solving the Lyapunov equation

P −A`PA∗` = B`C
∗
` + C`B

∗
` ,

where

C` =


y∗0
y∗1
...

y∗n

 .

A parameterization of Φ(z), satisfying (2.2), is considered in [7], which is de-
rived in terms of the generalized Schur algorithm. A result of this paper also gives a
parameterization of the solutions to the problem considered in [7]. Our parameteri-
zation is derived in terms of the generalized Kullback-Leibler distance minimization
problem.

3 Generalized Kullback-Leibler Distance and Tangential

Nevanlinna-Pick Interpolation

3.1 Generalized Kullback-Leibler Distance

For a given Ψ(z) ∈ S, which is given by a priori data, we approximate it by
minimizing the generalized Kullback-Leibler distance subject to the constraints on
the tangential second-order statistics. Let us de�ne the generalized Kullback-Leibler
distance

IΨ(Φ) :=
1
2π

∫ π

−π

det Ψ(eiθ) log
det Ψ(eiθ)
det Φ(eiθ)

dθ. (3.3)
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In this paper, the constraints on the tangential second order statistic of the spectral
density Φ(z) are given by the tangential Nevanlinna-Pick interpolation condition [1].
This is the stronger constraint than the constraint on the state covariance of spectral
density, considered in [7].

Note that the spectral density Φ(z) ∈ S is written by the real part of a strictly
positive real function f(z)

Φ(z) = f(z) + f(z)∗.

For given n` + 1 distinct points in D, z0, . . . , zn`
and xk, yk ∈ Cm×1, k = 0, . . . , n`,

the tangential Nevanlinna-Pick interpolation constraints are given by

x∗kf(zk) = y∗k, k = 0, 1, . . . , n`. (3.4)

Let us de�ne

A` :=


z0 0 · · · 0

0 z1 · · ·
...

...
...

. . . 0
0 · · · 0 zn


X :=

[
x0 x1∗ . . . xn`

]
Y :=

[
y0 y1 . . . yn`

]
.

Then, the tangential Nevanlinna-Pick interpolation conditions are given by a Cauchy
integral form

1
2πi

∫
T
(zI −A`)−1X∗f(z)dz = Y ∗.

Moreover, the tangential Nevanlinna-Pick interpolation conditions (3.4) are also
given by

A`Φ = Y ∗, (3.5)

where

A`Φ =
1
4π

∫
Γ

(eiθI −A`)−1(eiθI + A`)X∗Φ(eiθ)dθ, (3.6)
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since

A`Φ =
1
2π

∫ π

−π

[eiθ(eiθI −A`)−1 − 1
2
]X∗[f(eiθ) + f(eiθ)∗]dθ

=
1
2π

∫ π

−π

eiθ(eiθI −A`)−1X∗[f(eiθ) + f(eiθ)∗]dθ

− 1
2π

∫ π

−π

1
2
X∗[f(eiθ) + f(eiθ)∗]dθ

=
1
2π

∫ π

−π

eiθ(eiθI −A`)−1X∗f(eiθ)dθ + X∗f(0)∗ − 1
2
X∗[f(0) + f(0)∗]

=
1

2πi

∫
T
(zI −A`)−1X∗f(z)dz + X∗f(0)−X∗f(0)

=
1

2πi

∫
T
(zI −A`)−1X∗f(z)dz.

In this paper, we only consider the tangential-Nevanlinna-Pick interpolation
condition (3.14) for the constraint on the second-order statistics, however, the other
constraints, e.g., (2.1), are also given by setting the matrices A`, X and Y , appro-
priately [1].

We give a problem formulation of the generalized Kullback-Leibler minimization
problem.
Problem Formulation: For a given a priori spectral density Ψ(z), the generalized
Kullback-Leibler minimization problem is formulated as follows:

min
Φ∈S

IΨ(Φ)

subject to A`Φ = Y ∗.

Note that, if Ψ(z) is identity, it reduces to the maximum entropy interpolation
problem [3,6].

3.2 A Set of Rational Functions Q
Let us de�ne

qk :=


qk1

qk2

...
qkm

 ∈ Cm×1, k = 0, 1, . . . , n`,

and

q :=
[

q0 q1 . . . qn`

]
∈ Cm×(n`+1).
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We consider the adjoint of the operator A`, de�ned by (3.6). Note that the dual
space of Lm×m

1 (T) is Lm×m
∞ (T) [13]. The adjoint operator A∗` : Cm×(n`+1) →

Lm×m
∞ (T) is given by

A∗`q =
1
2
X(I − zA∗` )

−1(I + zA∗` )q
T (3.7)

since

tr q̄A`Φ = tr
1
4π

∫ π

−π

q̄(eiθI −A`)−1(eiθI + A`)X∗Φ(eiθ)dθ

= tr
1
2π

∫ π

−π

(
1
2
X(I − eiθA∗` )

−1(I + eiθA∗` )q
T

)∗
Φ(eiθ)dθ.

Let us de�ne

Q(z) := q(z) + q(z)∗, (3.8)

where

q(z) = A∗`q. (3.9)

The rational functions Q(z) are parameterized by q ∈ Cm×(n`+1). Let us de�ne

Q :=
{

q ∈ Cm×(n`+1) : Q(eiθ) > 0,∀θ ∈ [−π, π]
}

. (3.10)

We assume as follows.
Assumption: Q has an interior point.

Let us de�ne, for j = 1, . . . m,

gkj(z) :=
(
αk(z)− 1

2
)
xk ⊗ e∗j , k = 0, . . . , n`, (3.11)

where

α(z) :=
1

1− z̄kz

and ej is the m dimensional unit column vector of j-th component one. Then, the
rational functions q(z), de�ned by (3.9), is written by

q(z) =
n∑̀

k=0

m∑
j=1

gkj(z)qkj .

The tangential Nevanlinna-Pick interpolation conditions (3.4) are also given by
using gkj(z), de�ned by (3.11),

tr
1
2π

∫ π

−π

gkj(eiθ)∗Φ(eiθ)dθ := x∗kf(zk)ej = ȳkj , k = 0, . . . , nl, (3.12)

where ykj , j = 1, . . . ,m, is the j-th scalar component of the vector yk. We use this
expression of the interpolation conditions in the geometric proofs of Theorem 3.3.



110 Paper E

3.3 Solvability Condition: Positive Sequence and Pick Matrix

The tangential Nevanlinna-Pick interpolation problem does not always have a so-
lution for any interpolation conditions (3.4). It is shown that a condition of the
existence of the solution to the interpolation problem is given by a positivity con-
dition [8, 10]. We present this positivity condition for the tangential interpolation
problem.

Definition 3.1. The sequence constructed by the interpolation conditions (y0, . . . , yn`
)

is positive if

Re{
n∑̀

k=0

y∗k q̄k} > 0 (3.13)

for all q ∈ Q.

Denote by P the set of all positive sequences.

Theorem 3.1. The tangential Nevanlinna-Pick interpolation problem is solvable
if and only if the sequence (y0, . . . , yn`

) is positive.

Proof. To see the necessity, the interpolation conditions (3.4) imply

2Re{
n∑̀

k=0

y∗k q̄k} =
1
2π

∫ π

−π

trQ(eiθ)Φ(eiθ)dθ,

which is positive if q ∈ Q. The su�ciency is proved in Theorem 3.3.

It is well-known that the solvability condition of the interpolation problem is
given by the positive de�niteness of the Pick matrix [1].

Theorem 3.2. The tangential Nevanlinna-Pick interpolation problem is solvable
if and only if the Pick matrix

P :=
[
x∗kyj + y∗kxj

1− z̄kzj

]
j,k=0,...,n`

is positive de�nite, which is obtained by solving the Lyapunov equation

P −A`PA∗` = X∗Y + Y ∗X.

3.4 Main Theorem

We state the results of this paper.
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Theorem 3.3. Suppose that the sequence (y0, . . . , yn`
) is positive. Then, for a

given spectral density Ψ(z) ∈ S, the convex optimization problem

min
Φ∈S

IΨ(Φ)

subject to A`Φ = Y ∗ (3.14)

has a unique solution

Φ(z) = det Ψ(z)Q(z)−1.

The unique Q(z) is determined by solving the convex optimization problem

min
Q∈Q

JΨ(Q), (3.15)

where

JΨ(Q) := 2Re{trY ∗q̄} − 1
2π

∫ π

−π

det Ψ(eiθ) log detQ(eiθ)dθ. (3.16)

Proof. The function (3.16) is convex over the convex set Q. Hence, the solution is
given at the stationary point

∂JΨ(Q)
∂q∗

= Y ∗ −A` det Ψ(z)Q(z)−1

= 0

if such a solution exists. We simply derive the dual problem (3.15) by using the
conjugate function of IΨ(Φ). We brie�y review the connection between Lagrange
dual function and conjugate function [2].

Definition 3.2. The conjugate of a function f is the function f• de�ned by

s → f•(s) := sup{〈s, x〉 − f(x) : x ∈ domf}, (3.17)

where 〈·, ·〉 denotes an inner product. The domain of the conjugate function consists
of s for which the supremum is �nite.

Consider a convex optimization problem with a linear equality constraint

min f(x)
subject to Ax = b. (3.18)

Then, we can write the dual function of the problem (3.18) as

g(λ) = −b∗λ− f•(−A∗λ). (3.19)

The domain of g follows from the domain of f•

dom g = {λ| −A∗λ ∈ domf•}. (3.20)
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For economy of notation, we write simply
∫

Ω to denote integral of the form
1
2π

∫ π

−π
Ω(eiθ)dθ in the rest of the proof. Since the function IΨ(Φ) takes real values,

we put a linear constraint

(A`Φ)∗ = Y (3.21)

to make the dual function take real values. The conjugate function of IΨ(Φ) is

I•Ψ(Ξ) = sup
Φ∈S

{tr
∫

ΞΦ− IΨ(Φ)}

= −
∫

det Ψ log det(−Ξ)− 1−
∫

det Ψ log det Ψ. (3.22)

since the stationary condition is given by considering the directional derivative

lim
ε→0

1
ε

[
{tr

∫
Ξ(Φ + εδΦ)− IΨ(Φ + εδΦ)}

−{tr
∫

ΞΦ− IΨ(Φ)}
]

=
∫

(Ξ + Φ−1)δΦ,

which is equal to zero for all δΦ such that Φ + εδΦ ∈ S for some ε if and only if

Φ = −Ξ−1.

The domain is

dom I•Ψ = {Ξ|Ξ < 0}. (3.23)

With a slight abuse of notations, let q ∈ Cm×(n`+1) be the Lagrange multipliers
associated with the linear constrain (3.14). From (3.23) and (3.20), the domain of
the dual problem is

dom I•Ψ = {q|Re {A∗`q > 0}}. (3.24)

In fact, dom I•Ψ is the same as Q, given by (3.10). From (3.14) (3.21) (3.22) and
(3.19), modulo additive constant and change of the sign, (3.16) is obtained.

We assumed that Q has an interior point. Thus, the convex optimization prob-
lem is feasible. Denote by popt the optimal value of (3.15). Since (3.15) is feasible,
we can only have popt = −∞ or popt �nite [2]. Note that

Re{tr q̄Y ∗} = Re{
n∑̀

k=0

y∗k q̄k}.

Suppose that (y0.y1, . . . , yn) is the positive sequence, then, JΨ(Q) −→∞ (||q|| −→
∞) since the linear term Re [tr q̄Y ∗] is positive and the linear growth is faster
than the logarithmic. Moreover, JΨ(Q) takes ∞ at the boundary of Q. Thus,
the minimum lies in the interior of Q and popt is �nite. This is the su�ciency of
Theorem 3.1.
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3.5 Geometric Proof of Theorem 3.3

We shall give a proof of Theorem 3.3, following the procedure for the scalar case in
[4], by constructing the strictly convex functional (3.16) from the moment equations
(3.25) below. For the �xed Ψ(z), by using (3.12), we can express the tangential
Nevanlinna-Pick interpolation conditions in terms of a map

F : Q → P,

de�ned by componentwise via

Fkj(Q) := tr
1
2π

∫ π

−π

gkj(eiθ)∗ det Ψ(eiθ)Q(eiθ)−1dθ (3.25)

k = 0, . . . , n`

j = 1, . . . ,m.

Let p be the positive sequence P. We want to solve the equation

F (Q) = p (3.26)

using a variational approach where the functional is de�ned by the path integral.
To this end, we shall prove that the map F is homeomorphism. For this, we use

the inverse function theorem in [4].

Lemma 3.1. Suppose M and N are n-dimensional topological manifolds and that
N is connected. Consider a continuous map f : M → N . Then, f is a homeomor-
phism if and only if f is injective and proper. In this case M is connected.

Recall that f is said to be proper if the inverse image f−1(K) is compact for
all compact sets K ∈ N . That F is proper follows from the similar way in [4].

Lemma 3.2. F : Q → P is proper.

The domain Q is an open convex subset of Cm×(n`+1). Therefore, it will follow
from Lemma 3.1 that F is a homeomorphism if we can show that F is injective.
We prove this by constructing the strictly convex function (3.16). We de�ne the
one-form

ωF := 2Re{
m∑

j=1

n∑̀
k=0

[ȳkj − Fkj(Q)]dq̄kj .

To say that the one-form is closed is to say that

∂Fik

∂q̄jn
=

∂Fjn

∂q̄ik

i, j = 0, 1, . . . , n`, k, n = 1, . . . ,m,
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which, in turn, follows from

1
2π

∫ π

−π

det Ψ(eiθ) tr gik(eiθ)∗Q(eiθ)−1gjn(eiθ)∗Q(eiθ)−1dθ

=
1
2π

∫ π

−π

det Ψ(eiθ) tr gjn(eiθ)∗Q(eiθ)−1gik(eiθ)∗Q(eiθ)−1dθ.

Therefore, by the Poincaré lemma, the path integral of ωF depends only on the end
points

JΨ(Q) :=
∫

ωF

=
∫

2Re{
m∑

j=1

n∑̀
k=0

[ȳkj − Fkj(Q)]dq̄kj

= 2Re{
∫
{

n∑̀
k=0

y∗kdq̄k}

− tr
1
2π

∫ ∫ π

−π

det Ψ(eiθ)Q−1(eiθ)dQdθ.

We obtain, modulo a constant of integration, JΨ(Q), de�ned by (3.16). Since, for
j = 1, . . . ,m,

∂JΨ(Q)
∂q̄kj

= ȳkj − tr
1
2π

∫ π

−π

gkj(eiθ)∗ det Ψ(eiθ)Q(eiθ)−1dθ

= ȳkj − x∗kf(zk)ej , k = 0, 1, . . . , n`,

the function has a critical point precisely at the solution to the tangential Nevanlinna-
Pick interpolation problem. To see this, we decompose the exterior di�erential as
the sum of d = ∂ + ∂̄, where ∂̄ is the Cauchy Riemann di�erential. Since JΨ(Q) is
real, to say that dJΨ(Q) = 0 is to say that ∂JΨ(Q) = 0 or, equivalently, ∂̄JΨ(Q) = 0.
The function JΨ(Q) is strictly convex. Hence, there is at most one critical point,
which must be a minimum. Consequently F is injective. Note that, as a conse-
quence of Lemma 3.2, the minimum cannot be attained at the boundary of Q,
which consists of the Q for which det Q has a zero on the unit circle. In fact, (3.25)
diverges at the boundary.

3.6 Remark on A Generalization to Matricial Case

We consider a generalization of the result in Theorem 3.3 to the matricial case. A
generalization may be given by de�ning the moment map by

Gkj(Q) := tr
1
2π

∫ π

−π

gkj(eiθ)∗Ψ(eiθ)
1
2 Q(eiθ)−1Ψ(eiθ)

1
2 dθ (3.27)

k = 0, . . . , n`

j = 1, . . . ,m.
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Then, the tangential Nevanlinna-Pick interpolation problem is given in terms of

G : Q → P.

In [8], it is shown that, for each positive sequence p ∈ P, there exists a unique
Q ∈ Q such that

p = G(Q). (3.28)

It is also shown that the Kullback-Leibler von-Neumann entropy cannot yields the
equation (3.28) as a stationary condition of the Kullback-Leibler-von Neumann
entropy minimization problem. We also give a proof of the negative answer to the
generalization of variational approach to the matricial case in the context of the
geometric derivation.

Theorem 3.4. There is no functional J such that

∂J(Q)
∂q∗

= p−G(Q).

Proof. We show that the corresponding one-form is not closed. Taking partial
derivatives of (3.27), we obtain

∂Gik

∂q̄jn
=

1
2π

∫ π

−π

tr gik(eiθ)∗Ψ(eiθ)
1
2 Q(eiθ)−1gjn(eiθ)∗Q(eiθ)−1Ψ(eiθ)

1
2 dθ

∂Gjn

∂q̄ik
=

1
2π

∫ π

−π

tr gjn(eiθ)∗Ψ(eiθ)
1
2 Q(eiθ)−1gik(eiθ)∗Q(eiθ)−1Ψ(eiθ)

1
2 dθ.

i, j = 0, 1, . . . , n`, k, n = 1, . . . ,m.

Due to the non-commutativity of the matrices,

∂Gik

∂q̄jn
6= ∂Gjn

∂q̄ik
. (3.29)

Thus, the corresponding one-form is not closed.

We see an example of (3.29). Given an interpolation condition with z0 = 0 and

x0 =
[

1
0

]
, By (3.11),

g01(eiθ) =
1
2
x0e

∗
1

g02(eiθ) =
1
2
x0e

∗
2.

Denote by

Q−1(z) =
[

T1 T2

T ∗2 T3

]
, Ψ(z)

1
2 =

[
Ψ1 Ψ2

Ψ∗2 Ψ3

]
.
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We obtain

∂G01

∂q̄02
=

1
2π

∫ π

−π

tr g01(eiθ)∗Ψ(eiθ)
1
2 Q(eiθ)−1g02(eiθ)∗Q(eiθ)−1Ψ(eiθ)

1
2 dθ

=
1
2π

∫ π

−π

1
4

tr e1x
∗
0Ψ(eiθ)

1
2 Q(eiθ)−1e2x

∗
0Q(eiθ)−1Ψ(eiθ)

1
2 dθ

=
1
2π

∫ π

−π

1
4
(Ψ1T1 + Ψ2T

∗
2 )(T ∗2 Ψ1 + T3Ψ∗2)dθ

and

∂G02

∂q̄01
=

1
2π

∫ π

−π

tr g02(eiθ)∗Ψ(eiθ)
1
2 Q(eiθ)−1g01(eiθ)∗Q(eiθ)−1Ψ(eiθ)

1
2 dθ

=
1
2π

∫ π

−π

1
4

tr e2x
∗
0Ψ(eiθ)

1
2 Q(eiθ)−1e1x

∗
0Q(eiθ)−1Ψ(eiθ)

1
2 dθ

=
1
2π

∫ π

−π

1
4
(Ψ∗2T1 + Ψ3T

∗
2 )(T1Ψ1 + T2Ψ∗2)dθ.

Thus,

∂G01

∂q̄02
6= ∂G02

∂q̄01
.
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