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Abstract

A Smith predictor synthesis for unstable and minimum-phase input delay system and
for a �rst order unstable distributed delay system is given in terms of the Nevanlinna-Pick
interpolation.

Index Terms-Time delay system, modi�ed Smith predictor, Nevanlinna-Pick interpola-
tion.

1 Introduction

It was pointed out in [5] that the unweighted H∞ sensitivity optimization for sys-
tems with time delay can be solved by the Nevanlinna-Pick interpolation with
boundary interpolations. It seems that this parameterization was not investi-
gated further because the weighted H∞ optimization was more focused on at that
time [1,3,5,15]. In fact, the achievable minimum of the H∞ norm of the sensitivity
function by feedback control was only discussed by using the singularity of the Pick
matrix [5].

In this paper, we discuss that the controller for the solution to the unweighted
H∞ sensitivity optimization for systems with time delay [5] has the modi�ed Smith
predictor form [9, 10, 12, 17], i.e., the internal feedback of an entire function. The
modi�ed Smith predictor is a generalization of the Smith predictor [13] for unstable
plants. We also show a generalization of the modi�ed Smith predictor form to a
class of in�nite dimensional systems [2,4,7], and show an example of a distributed
delay system with a single unstable pole.
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Notations

Real numbers are represented by R and complex numbers are represented by C. c̄
denotes the conjugate of a complex number c. The open right half plane is denoted
by C+ := {s ∈ C : Re s > 0}. Denote by C̄+ the closed right half plane. The
extended imaginary axis is de�ned by jRe := {jω : ω ∈ R ∪∞}.

The systems are represented by their transfer functions, which are functions of
the Laplace transform variable s ∈ C+ for continuous time systems. Denote by
H∞(C+) the Hardy space of bounded analytic functions [14]. The H∞ norm of
g(s) is de�ned by

||g||∞ := ess sup
σ>0,ω∈R

g(σ + jω).

The subspace of H∞(C+) consisting of rational functions is denoted by RH∞(C+).
Denote by Sn the set of rational bounded real functions of degree at most n, i.e,
q(s) ∈ Sn if and only if ||q||∞ < 1 and

q(s) =
b0s

n + b1s
n−1 + · · ·+ bn−1s + bn

sn + a1sn−1 + · · ·+ an−1s + an
∈ RH∞(C+).

2 Preliminary

2.1 Unweighted H∞ Sensitivity Optimization for Systems with

Time Delay

Consider the feedback interconnection in Fig.1, where u from the controller C(s)
denotes the control input to the plant P (s) to be controlled, d represents a distur-
bance, and y is the resulting output.

The plant P (s) to be considered here is the input delay system

P (s) = e−shPr(s), (2.1)

where Pr(s) is a strictly proper rational function and h corresponds to the time
delay. Let us de�ne the sensitivity function,

S(s) :=
1

1 + e−shPr(s)C(s)
. (2.2)

Denote the unstable zeros of the plant by zk, k = 1, . . . , nz and the unstable
poles of the plant p`, ` = 1, . . . , np, respectively. Assume that they are distinct
points, and that the relative degree of Pr(s) is one. A necessary and su�cient
condition for the internal stability of the closed loop systems is that S(s) is analytic
in C̄+, and satis�es the interpolation conditions

S(zk) = 1, k = 1, . . . , nz

S(p`) = 0. ` = 1, . . . , np

S(∞) = 1. (2.3)
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Figure 1: Feedback System

Subject to these constraints, we want to design a controller C(s) to satisfy an H∞
norm constraint on (2.2). The unweighted H∞ sensitivity optimization for systems
with time delay is formulated as follows.
Unweighted H∞ Sensitivity Optimization: For γ > 1, �nd a internally stabi-
lizing controller C(s) such that ||S||∞ < γ, if it is solvable.

The assumption of the strictly properness of the plant implies that the in�mum
of the H∞ norm of S(s) by the stabilizing controllers is greater than one. In [5], it is
shown that the solution to the unweighted H∞ sensitivity optimization of systems
with time delay is given by solving the Nevanlinna-Pick interpolation problem with
boundary interpolations.

2.2 Solution by Nevanlinna-Pick Interpolation with Boundary

Interpolation

First, we shall review the Nevanlinna-Pick interpolation with boundary interpola-
tions [8]. For given points, ak ∈ C+, k = 0, . . . , `, a`+r ∈ jRe, r = 1, . . . , n− `, and
bk ∈ C, k = 0, . . . , n. Let us de�ne

A :=
[

1
ai + āj

]`

i,j=0

B :=
[

bib̄j

1− aiāj

]`

i,j=0

.

Denote by λmax the largest eigenvalue of A−1B, and de�ne

γmin := max
[ √

λmax, |b`+1|, . . . , |bn|
]
.
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√
λmax is also computed by the minimum of γ such that the Pick matrix, de�ned

by

P := A− 1
γ2

B

=

[
1− 1

γ2 bib̄j

ai + āj

]`

i,j=0

, (2.4)

is positive semide�nite. The Nevanlinna-Pick interpolation with boundary inter-
polations is formulated as follows: For γ > 0, �nd f(s) which is analytic in C+,
satisfying the interpolation conditions

f(ak) =
bk

γ
, k = 0, . . . , `

f(a`+r) =
b`+r

γ
, r = 1, . . . , n− `

and

||f ||∞ < 1,

if it is solvable. The solvability condition of this problem is given below.

Theorem 2.1. [8]: The Nevanlinna-Pick interpolation problem with boundary
interpolations is solvable if and only if

γ > γmin. (2.5)

A parameterization of all solutions is given by the Nevanlinna algorithm. A
result in [5] is that the solvability condition and the parameterization of the solu-
tions to the unweighted H∞ sensitivity optimization for systems with time delay
are given by the Nevanlinna-Pick interpolation with boundary interpolations.

Theorem 2.2. [5]. Let zk, k = 1, . . . , nz be unstable zeros of the plant and p`, ` =
0, . . . , np be unstable poles of the plant. Consider the Nevanlinna-Pick interpolation
with boundary interpolations, for which the interpolation conditions are given by

q(zk) = 0 k = 0, . . . , nz

q(p`) =
ehp`

γ
` = 1, . . . , np

q(∞) = 0 (2.6)

for γ > 1. Suppose that γ > γmin and that q(s) is a solution to the Nevanlinna-
Pick interpolation with boundary interpolations above. Then, the solution to the
unweighted H∞ sensitivity optimization for systems with time delay is given by

S(s) =
γ(1− γe−shq(s))

γ − e−shq(s)
. (2.7)
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By substituting (2.7) into (2.2), we obtain the controller

C(s) =
γ2 − 1

γ
· 1
Pr(s)

· q(s)
1− γe−shq(s)

. (2.8)

Thus, we can design the controller C(s) by the interpolant q(s). It is natural to
consider that the less complexity of q(s) render the less complexity of the controller
C(s). Thus, we restrict the class of the interpolants q(s) to Sn, [6, 16].

3 Smith Predictor Synthesis by Nevanlinna-Pick

Interpolation

3.1 Unstable Plant and Minimum-phase with Input Delay Case

We show that the controller (2.8) has a form of the modi�ed Smith predictor [9,
10, 12, 17]. This fact is addressed in [11] for a plant with a single unstable pole.
We present this modi�ed Smith predictor form of (2.8) for unstable and minimum-
phase plants with the relative degree one. The plant is minimum-phase, unstable
plant and strictly proper with the relative degree one

P (s) = e−shPr(s),

where

Pr(s) =
n(s)

p(s)d(s)
p(s) = (s− p1) · · · (s− pn)
n(s) = n1s

m−1 + · · ·+ nm−1s + nm

d(s) = sm−n + · · ·+ dm−n−1s + dm−n,

where m > n. The unstable poles of the plant are given by pk, k = 1, . . . , n. n(s)
and d(s) are Hurwitz polynomials.

We restrict the class of the interpolants q(s) to Sn to design the controller of
less complexity [6, 16]. Since the relative degree of the plant is one, one of the
interpolation conditions is q(∞) = 0. Thus, q(s) ∈ Sn is given by

q(s) =
b1s

n−1 + · · ·+ bn−1s + bn

sn + a1sn−1 + · · ·+ an−1s + an

=
b(s)
a(s)

. (3.9)

Thus, the controller (2.8) is

C(s) =
γ2 − 1

γ
· 1
Pr(s)

· b(s)
a(s)− γe−shb(s)

. (3.10)
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Let us de�ne the quasipolynomial

Υ(s) := a(s)− γe−shb(s) (3.11)

in the controller (3.10).
We solve the Nevanlinna-Pick interpolation with boundary interpolations for the

solution to the unweighted H∞ sensitivity optimization for the input delay system.
For γ > 1, the interpolation conditions on q(s) are given by

q(pk) =
ehpk

γ
, k = 1, . . . , n, (3.12)

q(∞) = 0.

Assume that γ > γmin. By using the interpolation conditions (3.12). we shall
derive the modi�ed Smith predictor form from the controller (3.10), i.e., the internal
feedback of an entire function [9, 10,12,17].

Theorem 3.3. Suppose we are given q(s) ∈ Sn, satisfying the interpolation con-
ditions (3.12). Then, the controller (3.10) has the form of the modi�ed Smith
predictor

C(s) =
γ2 − 1

γ
· b(s)d(s)

n(s)
· 1
1 + Π(s)

. (3.13)

The entire function Π(s) is given by

Π(s) := CΠ(sI −AΠ)−1{I − e−(sI−AΠ)h}BΠ,

where

AΠ :=


p1 0 · · · 0
0 p2 · · · 0
...

...
...

...
0 0 · · · pn


BΠ := V a

CΠ :=
[ ∏n

j 6=1(p1 − pj), · · ·∏n
j 6=k(pk − pj), · · ·

∏n
j 6=n(pn − pj)

]

V :=



1 p1 · · · pn
1

...
...

...
...

1 pj · · · pn
j

...
...

...
...

1 pn · · · pn
n

 .
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Proof. Since q(s), given by (3.9), is strictly proper, the interpolation condition,
q(∞) = 0, is satis�ed. The interpolation conditions (3.12) yield the linear equation

V b = ΛV a, (3.14)

where

Λ :=


ehp1

γ 0 · · · 0
0 ehp2

γ · · · 0
...

...
...

...

0 0 · · · ehpn

γ


a :=

[
an · · · ak · · · a1 1

]T

b :=
[

bn · · · bk · · · b1 0
]T

.

By using (3.14), (3.11) is written by

Υ(s) = p(s)
[
a(s)
p(s)

− γe−sh b(s)
p(s)

]
= p(s)

[
CΠ(sI −AΠ)−1BΠ + 1

−γe−shCΠ(sI −AΠ)−1V b
]

= p(s)
[
CΠ(sI −AΠ)−1BΠ + 1

−γe−shCΠ(sI −AΠ)−1ΛV a
]

= p(s)
[
CΠ(sI −AΠ)−1BΠ

+1− CΠ(sI −AΠ)−1e−(sI−AΠ)hBΠ

]
= p(s) [1 + Π(s)] . (3.15)

Then, by substituting (3.15) into (3.10), the controller is written by (3.13).

4 A Generalization to a Class of In�nite Dimensional

Systems

We mention a generalization to a class of in�nite dimensional systems [2, 4, 7].
Consider a plant

P (s) = φ(s)Po(s)Pr(s)
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where φ(s) is a singular inner function, Po(s) is an invertible outer function and
Pr(s) is a strictly proper rational function. The numbers of unstable poles and
unstable zeros of this class of the plants are �nite. By replacing e−sh by φ(s),
Theorem 2.2 can be generalized to this class of the systems.

Theorem 3.3 may be also generalized to this class of the systems. As an example,
we consider a distributed delay system with single unstable pole

P (s) =
1− e−(s−p)h

s− p
· 1
s− a

, (4.16)

where p ∈ R and a > 0. Consider the inner outer factorization,

1− e−(s−p)h

s− p
=

[
1− e−(s−p)h

s− p
· s + p

e−sh − eph

]
·
[
e−sh − eph

s + p

]
.

The singular inner function is given by

φ(s) =
1− e−(s−p)h

s− p
· s + p

e−sh − eph
,

and the invertible outer function is given by

Po(s) =
e−sh − eph

s + p
.

The interpolation conditions on q(s) ∈ S1 for the unweighted H∞ sensitivity
optimization are given by

q(a) =
1

γφ(a)
(4.17)

q(∞) = 0.

γ > 1 is chosen such that

γ2 >
1

|φ(a)|2
, (4.18)

which is given by (2.4). Then, the unweighted H∞ sensitivity optimization is solv-
able. By replacing e−sh by φ(s) in (2.8), we obtain the controller for the solution.

We obtain an interpolant q(s) ∈ S1. To satisfy q(∞) = 0,

q(s) =
k

s + b
,

where k ∈ R and b ∈ R+ are parameters to be chosen to satisfy the interpolation
condition (4.17) and the H∞ norm constraint ||q||∞ < 1.
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Theorem 4.4. A controller

C(s) = (1− γ−2) · 1
Po

· γk

1 + γkΠ2(s)
,

where

Π2(s) :=
φ(a)− φ(s)

s− a
,

is a solution to the unweighted H∞ sensitivity optimization for the plant (4.16).
Due to the constraint ||q||∞ < 1, the constraint on the free parameter k is given by

k >
a

γφ(a)− 1
.

Proof. The interpolation condition (4.17) gives

k

a + b
=

1
γφ(a)

⇐⇒ b = γkφ(a)− a.

We obtain

k >
a

γφ(a)

since it is necessary that s + b = s + γkφ(a)− a is Hurwitz. Moreover,

||q(s)||∞ =
k

b

=
k

γkφ(a)− a

< 1. (4.19)

By (4.19), we obtain

k >
a

γφ(a)− 1
.

The controller is written by

C(s) = k
γ2 − 1

γ
· s− a

s + b− γkφ(s)

= k
γ2 − 1

γ
· s− a

s− a + γkφ(a)− γkφ(s)

= k
γ2 − 1

γ
· 1
Po

· 1

1 + γk φ(a)−φ(s)
s−a

= (1− γ−2) · 1
Po

· γk

1 + γkΠ2(s)
.
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