
Approximation and calibration of stochastic
processes in finance

JONAS KIESSLING

Doctoral thesis
Stockholm, Sweden 2010



TRITA-MAT-10-MA-11
ISSN 1401-2278
ISRN KTH/MAT/DA 10/05-SE
ISBN 978-91-7415-741-3

KTH Matematik
SE-100 44 Stockholm

SWEDEN

Akademisk avhandling som med tillstånd av Kungl Tekniska högskolan
framlägges till o!entlig granskning för avläggande av teknologie doktorsex-
amen i matematik måndagen den 18 oktober 2010 klockan 13.00 i sal F3,
Kungliga Tekniska högskolan, Lindstedsvägen 26, Stockholm.

© Jonas Kiessling, 18 October 2010

Tryck: Universitetsservice US-AB



iii

Abstract

This thesis is a study of approximation and calibration of stochastic
processes with applications in finance. It consists of an introduction
and four research papers.

The introduction is as an overview of the role of mathematics in
certain areas of finance. It contains a brief introduction to the math-
ematical theory of option pricing, as well as a description of a mathe-
matical model of a financial exchange. The introduction also includes
summaries of the four research papers.

In Paper I, Markov decision theory is applied to design algorith-
mic trading strategies in an order driven market. A high dimensional
Markov chain is used to model the state and evolution of the limit order
book. Trading strategies are formulated as optimal decision problems.
Conditions that guarantee existence of optimal strategies are provided,
as well as a value-iterative algorithm that enables numerical construc-
tion of optimal strategies. The results are illustrated with numerical
experiments on high frequency data from a foreign exchange market.

Paper II focuses on asset pricing with Lévy processes. The ex-
pected value E[g(XT )] is estimated using a Monte Carlo method, when
Xt is a d-dimensional Lévy process having infinite jump activity and
a smooth density. Approximating jumps smaller then a parameter
! > 0 by di!usion results in a weak approximation, Xt, of Xt. The
main result of the paper is an estimate of the resulting model error
E[g(XT )]! E[g(XT )], with a computable leading order term.

Option prices in exponential Lévy models solve certain partial
integro-di!erential equations (PIDEs). A finite di!erence scheme suit-
able for solving such PIDEs is studied in Paper III. The main results
are estimates of the time and space discretization errors, with leading
order terms in computable form. If the underlying Lévy process has
infinite jump activity, the jumps smaller than some ! > 0 are replaced
by di!usion. The size of this di!usion approximation is estimated, as
well as its e!ect on the space and time discretization errors. Combined,
the results of the paper are enough to determine how to jointly choose
the grid size and the parameter !.

In Paper IV it is demonstrated how optimal control can be used
to calibrate a jump-di!usion process to quoted option prices. The cal-
ibration problem is formulated as an optimal control problem with the
model parameter as a control variable. The corresponding regularized
Hamiltonian system is solved with a symplectic Euler method.
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Sammanfattning

Denna avhandling behandlar approximation och kalibrering av sto-
kastiska processer. Den består av fyra vetenskapliga artiklar samt en
inledning.

I inledningen ges en överblick av matematikens roll inom vissa delar
av finansvetenskapen. Den innehåller en introduktion till derivatpris-
sättning och en beskrivning av en matematisk modell av en marknad.
I inledningen presenteras även de fyra artiklarna.

I Artikel I används beslutsteori och Markovkedjor för att utforma
och utvärdera handelsstrategier i en marknad med orderbok. Tillstån-
det och dynamiken för orderboken modelleras med en Markovkedja
av hög dimension och handelsstrategier omformuleras som optimala
beslutsproblem. I artikeln anges villkor som garanterar existens av op-
timala strategier samt en metod för att konstruera dessa strategier.
Resultaten illustreras med ett antal numeriska experiment utförda med
högfrekvent data från en valutamarknad.

I Artikel II studeras en metod för att beräkna väntevärdenE[g(XT )]
med Monte Carlo, då Xt är en d-dimensionell Lévyprocess med obe-
gränsat Lévymått och slät täthetsfunktion. En svag approximation Xt
av Xt konstrueras genom att ersätta hopp som är mindre än ! > 0 med
en di!usionsprocess. Huvudresultatet i artikeln är en uppskattning av
modellfelet, E[g(XT )]! E[g(XT )], med beräkningsbar ledande term.

Optionspriser i en exponentiell Lévymodell löser vissa partiella
integral- di!erentialekvationer (PIDEer). I Artikel III studeras ett fi-
nit di!eransschema som är lämpligt att använda för att lösa denna typ
av PIDEer. I artikeln anges uppskattningar av diskretiseringsfelen, i
både rum och tid, med ledande termer på beräkningsbar form. I fallet
då den underliggande Lévyprocessen har ett obegränsat Lévymått an-
vänds en di!usionsprocess för att approximera hopp som är mindre än
! > 0. Beräkningsfelet som orsakas av denna di!usionsapproximation
uppskattas, samt dess e!ekt på rums- och tidsdiskretiseringen.

Den avslutande artikeln, Artikel IV, behandlar modellkalibrering
med optimal styrning. Artikeln innehåller en beskrivning av en me-
tod för att kalibrera en hopp och di!usionsprocess till observerade op-
tionspriser. Genom att formulera kalibreringsproblemet som ett styr-
problem, där kontrollvariabeln utgörs av den sökta modellparametern,
kan optimal styrning tillämpas. Det tillhörande Hamiltonska systemet
regulariseras och löses med en symplektisk Euler-metod.
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Introduction

1 A financial market
We begin this thesis with a brief description of the scene of much financial
activity – a financial exchange. It should immediately be pointed out that
there is an abundance of financial markets around the world today, all with
their own special rules and features. The stylized market described in this
section is a so-called ’order driven market’. There are today plenty of or-
der driven markets, including several modern stock exchanges, such as the
Paris Bourse and the Stockholm Stock Exchange, as well as the interbank
currency market EBS. The key characteristic of an order driven market is
the absence of centralized market makers. Rather, all market participants
have the option of providing liquidity by placing limit orders in the order
book.

The primary role of financial mathematics has traditionally been to price
complex derivatives (see Section 3) that are not sold on an exchange. Com-
plex derivatives are typically sold ’over the counter’, thus keeping the market
makers (usually big financial institutions) from revealing their prices to com-
petitors. However derivatives are priced and hedged with the the help of
some ’underlying’ financial instruments (such as stocks, bonds and vanilla
options), that are traded on an exchange. In other words, it is at the ex-
change that market prices are revealed and it is the belief of at least this
author that a basic understanding of how market prices are formed helps to
understand asset pricing.

In addition, a quantitative understanding of exchanges can be used to
construct algorithmic trading strategies. Today this is a huge and booming
industry, with giants such as Citadel reaping huge profits from trading op-
portunities that last only fractions of a second. In Paper I, Markov chains
are used to model the limit order book, and it is shown how Markov decision
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theory can be used to find optimal strategies. See also Section 2.
There is today an extensive and growing literature on order book dy-

namics. Some authors are interested in short-term predictions based on the
current and recent state of the order book, see for instance Paper I in this
thesis, as well as [14] and [4]. A related but slightly di!erent topic is the
study of market impact and its relation to optimal execution strategies of
large market orders. See for instance [38] and [1].

The econophysics community has produced several interesting empirical
studies of statistical properties of the order book. In the enticingly titled
paper ’What really causes large price changes?’, [22], the authors claim that
large changes in share prices are not due to large market orders. They
find that statistical properties of prices depend more on fluctuations in re-
vealed supply and demand than on their mean behavior, highlighting the
importance of models taking the whole order book into account. In [11],
the authors study certain static properties of the order book. They find
that limit order prices follow a power-law around the current price, suggest-
ing that market participants believe in the possibility of very large price
variations within a rather short time horizon.

Another approach to study the dynamical aspects of limit order books
is by means of game theory. Each agent is thought to take into account the
e!ect of the order placement strategy of other agents when deciding between
limit or market orders. Some of the systematic properties of the order book
may then be explained as properties of the resulting equilibrium, see e.g. [26]
and [39] and the references therein.

1.1 Limit orders and the order book
An order driven market is a continuous double auction where agents can
submit limit orders. A limit order, or quote, is a request to buy or sell a
certain quantity together with a worst allowable price, the limit. A limit
order is executed immediately if there are outstanding quotes of opposite
sign with the same or better limit. Limit orders that are not immediately
executed are entered into the limit order book, where they await the possi-
bility of being matched in the future. An agent having an outstanding limit
order can at any time cancel this order. Limit orders are executed using
time priority at a given price and price priority across prices.

Following [22], limit orders that are ’e!ective market orders’ are distin-
guished from ’e!ective limit orders’. An order resulting in an immediate
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transaction is an e!ective market order, and an order that is not executed
but stored in the order book is an e!ective limit order. For the rest of this
thesis, e!ective market and e!ective limit orders will be referred to simply
as market orders and limit orders.

The limit order book thus contains all outstanding orders at any given
time during the opening hours of the exchange. Exchanges only allow dis-
crete prices, with the size between two consecutive price levels often referred
to as a ’tick’ in the stock market, or a ’bib’ in the currency market. Let
Xt = (Xnt ) denote the state of the order book at time t, with Xnt being the
total volume (sell positive, buy negative) of quotes with limit n. A buy limit
order with volume V submitted at time t0 with price n0 will cause

Xnt0 =
!
Xnt0! if n "= n0,
Xn0
t0! ! V if n = n0,

where Xnt0! denotes the outstanding volume at level n just before the order
was submitted. The sign in front of V in the equation above is due to the
convention that buy orders are given a negative sign.

Assuming that the order book contains both buy and sell quotes, the bid
and the ask price are defined respectively by

jB = max{j : Xjt < 0},
jA = min{j : Xjt > 0}.

A buyer looking for a quick transaction can submit a market order at jB
and be sure that the order is executed immediately. The di!erence between
the bid and the ask, jA ! jB, is called the spread. The spread can be
thought of as an ill-liquidity premium that measures how the market values
the risk connected to submitting a limit order instead of a market order.
Illiquid markets typically exhibit larger spreads than liquid markets since
low liquidity entails greater risk for large price swings and hence a higher
risk for the liquidity provider.

It should be noted that although the limit order book contains all out-
standing orders, this information might not be available to the market par-
ticipants. At some markets only the first few non-zero levels on each side
of the order book are reveled. Many markets also allow so-called ’hidden
orders’. When an agent submits a hidden order, only a fraction of the vol-
ume is revealed. As soon as this part of the order has been executed, a new
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fraction of the order is revealed. This enables agents to submit large orders
without giving away too much information.

Figures 1.1–1.4 illustrate the order book and how it changes as di!erent
orders arrive.
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Figure 1.1: State of the order book. The negative volumes to the left rep-
resent limit buy orders and the positive volumes represent limit sell orders.
In this state jA = 44, jB = 42, and the spread is equal to 2.
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Figure 1.2: Left: Limit buy order of size 1 arrives at level 42. Right: Limit
sell order of size 2 arrives at level 45.
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Figure 1.3: Left: Market buy order of size 2 arrives and knocks out level 44.
Right: Market sell order of size 2 arrives.
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Figure 1.4: Left: A cancellation of a buy order of size 1 arrives at level 40.
Right: A cancellation of a sell order of size 2 arrives at level 47.

2 Markov decision theory and Paper I

Suppose an agent wants to buy a unit of a security traded on an order driven
market like the one described in Section 1. He is then faced with a range
of options. He can submit a market order, obtaining the security at the
best available ask price. He also has the option of submitting a limit order
hoping that this order eventually is matched against a future market sell
order. The answer to what is the best option typically depends on both the
agent’s view of current market condition, as well as on the state of the order
book.

The purpose of Paper I is to set up a framework where one can design
and study di!erent trading strategies. The limit order book, see Section
1.1, is modeled as a high dimensional Markov chain, X = (Xt), where each
coordinate corresponds to a price level and the state of each coordinate to
the number of outstanding limit orders at that level. Doing so opens the door
to some powerful tools from probability theory. This is not the first time
Markov chains are used to model a limit order book. Paper I was influenced
by [14], where the authors model the limit order book using a simple Markov
chain model. See also [27] and [43], and the references therein.

It is assumed that there are d # N possible price levels in the order book,
denoted "1 < · · · < "d. The Markov chain Xt = (X1

t , . . . , X
d
t ) represents

the volume at time t $ 0 of buy orders (negative values) and a sell orders
(positive values) at each price level. It is assumed that Xjt # Z for each
j = 1, . . . , d. That is, all volumes are integer valued.

Having established a Markovian framework, trading decisions such as the
problem of buying one security at the best expected price explained above,
can be interpreted as a Markov decision problem. But first some general
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results on Markov decision theory.

2.1 Markov decision theory
Let (Xn)"n=0 be a Markov chain in discrete time on a countable state space S
with transition matrix P . In the applications to come, the discrete Markov
chain (Xn) is not the same as, but will be related to, the Markov chain
used to model the limit order book described in the previous section. Let A
be a finite set of possible actions. Every action can be classified as either a
continuation action or a termination action. The set of continutation actions
is denoted C and the set of termination actions T. Then A = C %T where
C and T are disjoint. When a termination action is selected, the Markov
chain is terminated. Every action need not be available in every state of
the chain. An example of a termination action could be the submission of a
market buy order.

For every action there are associated costs. The cost of continuation is
denoted vC(s, a). The cost of termination is denoted vT (s, a). It is assumed
that both vC and vT are non-negative and bounded. The termination cost
of submitting a market buy order would be the buy price.

A policy # = (#0,#1, . . . ) is a sequence of functions: #n : Sn+1 & A
such that #n(s0, . . . , sn) # A(sn), where A(s) denotes the actions available
at state s and (s0, . . . , sn) # Sn+1. If after n transitions the Markov chain
has visited (X0, . . . , Xn), then #n(X0, . . . , Xn) is the action to take when
following policy #.

The expected total cost starting in X0 = s, and following a policy # until
termination, is denoted by V (s,#). This could (and will) be interpreted as
the expected buy price. The purpose of Markov decision theory is to analyze
optimal policies and optimal (minimal) expected costs. A policy ## is called
optimal if, for all states s # S and policies #,

V (s,##) ' V (s,#).

The optimal expected cost V# is defined by

V#(s) = inf
!
V (s,#).

Clearly, if an optimal policy ## exists, then V#(s) = V (s,##).
A stationary policy is a policy that does not change with time. That is

## = (##,##, . . . ), with ##(X0, . . . , Xn) = ##(Xn) for n = 1, 2, . . .. Here ##
denotes both the policy as well as each individual decision function.

6



Let Vn denote the minimal incurred cost before time n with termination
no later than n. It is defined recursively as

V0(s) = min
a$T
vT (s, a),

Vn+1(s) = min
"

min
a$C
vC(s, a) +

#

s!$S
Pss!(a)Vn(s%),min

a$T
vT (s, a)

$
, (2.1)

for n $ 0. Let V"(s) denote the limit of the monotone sequence (Vn)n&0 .
It is straightforward, see Lemma 4.2 in Paper I, to verify that V" satisfies
a Bellman equation

V"(s) = min
"

min
a$C
vC(s, a) +

#

s!$S
Pss!(a)V"(s%),min

a$T
vT (s, a)

$
. (2.2)

In fact, under certain extra conditions, V" is the optimal expected cost:

Theorem 2.1 Let ( be the collection of policies # that terminate in finite
time, i.e. P[$! < ) | X0 = s] = 1 for each s # S. Let #" = (#",#", . . . )
be a stationary policy where #"(s) is a minimizer to

a *& min
"

min
a$C(s)

vC(s, a) +
#

s!$S
Pss!(a)V"(s%), min

a$T(s)
vT (s, a)

$
. (2.3)

The following statements hold.
(a) For each # # (, V (s,#) $ V"(s).
(b) V" is the optimal expected cost for (. That is, V" = inf!$' V (s,#).
(c) If #" # (, then V"(s) = V (s,#").
(d) Suppose that W is a solution to the Bellman equation (2.2) and let

#w denote the minimizer of (2.3) with V" replaced by W . If #w,#" # (
then W = V".

In particular, if all policies belong to (, then V" is the unique solution
to the Bellman equation (2.2). Moreover, V" is the optimal expected cost
and is attained by the stationary policy #".

Proof: See Theorem 4.3 in Paper I.
In practice one can use Algorithm 2.1 to construct close to optimal poli-

cies.
To see that Algorithm 2.1 indeed constructs a close to optimal policy,

recall first the {Vn}n&0 defined in (2.1). Since {Vn}n&0, defined by (2.1),

7



Algorithm 2.1 Optimal trading strategies
Input: Tolerance TOL, transition matrix P , state space S, continuation

actions C, termination actions T, continuation cost vC , termination cost
vT .
Output: Upper bound Vn of optimal cost and almost optimal policy
#n.
Let

V0(s) = mina$TvT (s, a), for s # S.
Let n = 1 and d > TOL.
while d > TOL do

Put

Vn(s) = min
"

min
a$C
vC(s, a) +

#

s!$S
Pss!(a)Vn!1(s%),min

a$T
vT (s, a)

$
,

and

d = max
s$S
Vn!1(s)! Vn(s), for s # S

n = n+ 1.

end while
Define # : S& C %T as a minimizer to

min
"

min
a$C(s)

vC(s, a) +
#

s!$S
Pss!(a)Vn!1(s%),min

a$T
vT (s, a)

$
.

converges to V"(s), a close to optimal policy is obtained by finding one that
attains the expected cost at most Vn(s) for some large n. For s # S. Let
#0(s) be a minimizer of a *& vT (s, a) and for n $ 1, #n(s) is a minimizer of

a *& min
"

min
a$C(s)

vC(s, a) +
#

s!$S
Pss!(a)Vn!1(s%), min

a$T(s)
vT (s, a)

$
. (2.4)

The stationary policy #n from (2.4) coincides with the policy constructed
by Algorithm 2.1. By the following theorem, the expected cost following #n
is bounded by Vn.
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Theorem 2.2 The policy #n:0 = (#n,#n!1, . . . ,#0) has expected total cost
given by V (s,#n:0) = Vn(s). Moreover, if the stationary policy

#n = (#n,#n, . . . )

satisfies $!n # (, then the expected total cost of #n satisfies

Vn(s) $ V (s,#n) $ V"(s).

The book [37] contains a very readable brief introduction to Markov
decision processes. A more detailed introduction can be found in [19] and
[24]. See also [45] for an interesting discussion on algorithms and Markov
decision theory.

2.2 Optimal buy strategies

The problem of finding optimal buy strategies can now be phrased as a
Markov decision process, and analyzed with the methods presented in Sec-
tion 2.1. The complexity of the problem depends on the possible actions
of the agent. In Paper I three di!erent buy strategies are analyzed, see
Sections 3.3, 4.2 and 4.3.

The ’keep-or-cancel’ buy strategy, described in Section 4.2, can be sum-
marized as follows:

In this setting the agent is assumed to initially submit a limit order at
level j0. After each transition of the limit order book, she has two options:
1) do nothing, 2) cancel the limit order and submit a market order at the
best available market price.

The agent is assumed to have decided on a maximum price level J . If
the agent’s limit buy order has not been processed, and J equals the best
ask price, then the agent will immediately cancel the buy order and place
a market buy order at level J . It will be implicitly assumed that there are
always are limit sell orders available at level J . Buying at level J can be
thought of as a stop-loss. Placing a stop-loss is typically enough to guarantee
that all strategies terminate in finite time.

By Theorem 2.1, an optimal keep-or-cancel strategy for buying one unit
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is the stationary policy #", with expected buy price V" satisfying

V"(s) = min
"

min
a$C

#

s!$S
Pss!V"(s%),min

a$T
vT (s)

$

=

%
&&'

&&(

"j0 , if the limit order is matched,
"J , stop-loss,
min
")

s!$S Pss!V"(s%),"jA(s)
$
, otherwise.

Here Pss! denotes the possibility that a transition takes the Markov chain
from state s to state s%. Recall that "n is the price corresponding to level
n, so "j0 is the final buy price if the limit order is executed, "J is the price
at the stop-loss and "jA(x) is the best o!er in state s.

The stationary policy #n in Theorem 2.2 provides a useful numerical
approximation of an optimal policy, and Vn(s) in (2.1) provides an upper
bound of the expected buy price. Both Vn and #n can be computed by
Algorithm 2.1.

2.3 Parameterization, calibration and numerical
experiments

Recall from Section 1.1 the di!erent orders that define the possible transi-
tions of the order book. To completely determine the Markov chain X =
(Xt), it is enough to specify the arrival intensities and size distributions of
these orders. In Section 5 in Paper I a model that strikes a balance between
flexibility and tractability is suggested. It can be summarized as follows:

• Limit buy orders arrive at a distance of i levels from best ask level
with intensity %BL (i).

• Market buy orders arrive with intensity %BM .

• The size of limit and market orders is exponentially distributed with
parameters #L and #M respectively. That is, the distributions (pk)k&1
and (qk)k&1 of limit and market order sizes are given by

pk = (e!L ! 1)e!!Lk, qk = (e!M ! 1)e!!Mk.

• The size of cancellation orders is assumed to be 1. Each individual unit
size buy order located at a distance of i levels from the best ask level is
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cancelled with a rate %BC(i). At the cumulative level the cancellations
of buy orders at a distance of i levels from opposite best ask level arrive
with a rate proportional to the volume at the level: %BC(i)|xjA!i|.

• Sell orders are modeled in the same way: market sell orders arrive
with intensity %SM , if i denotes the distance from best bid, then limit
sell orders arrive with intensity %SL(i), and the cancellations of limit
sell orders always have size 1 and arrive with rate %SC(i)|xjB+i|.

The model described above is an example of a zero intelligence model:
Transition probabilities are state independent except for their dependence
on the location of the best bid and ask. Zero intelligence models of the
market’s micro structure were considered already in 1993, in the work of
Gode and Sunder [27]. Despite the simplicity of such models, they capture
many important aspects of the order driven market. Based on a mean field
theory analysis, the authors of [43] and [18] derive laws relating the mean
spread and the short term price di!usion rate to the order arrival rates. In
[23], the validity of these laws are tested on high frequency data on eleven
stocks traded at the London Stock Exchange. The authors find that the
model does a good job of predicting the average spread and a decent job of
predicting the price di!usion rate.

The model outlined above is straightforward to calibrate to market data.
Moreover, the calibration is fast and easy to implement, a fact that could be
potentially important in applications. See Section 5.1 in Paper I for details
regarding the calibration.

Paper I is concluded by some numerical experiments on data from a
foreign exchange market. High frequency data on USD/EUR exchange rates
from EBS, a major foreign exchange market, is used for calibration. Di!erent
buy strategies are then evaluated using Algorithm 2.1 and compared.

Figure 1.5 illustrates the expected buy price and choice matrix for di!er-
ent market situations following a strategy called the ’ultimate-buy-strategy’,
explained in Section 4.3 in Paper I. In this particular example, the best sell
price is at 1.4344. The agents buy order is currently placed 2 of a total of
10 buy orders at 1.4342. The image to the right illustrates the expected
buy price for di!erent number of outstanding orders at 1.4343 and 1.4344.
The image to the left illustrates the choice matrix, the color in each square
determines which action to take given that precise market situation.
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Figure 1.5: Expected buy price and optimal choice of buy order placement
in the ultimate buy-one-unit strategy. The buy order currently has place
2 out of a total of 10 limit buy orders at price level 1.4342. The choice
matrix to the left shows optimal choice given di!erent volumes at levels
1.4343 and 1.4344. Dark grey indicates that the buy order should be kept
in place. Light grey indicates that the buy order should be cancelled and
resubmitted at level 1.4343. In the white region, the buy order should be
cancelled and replaced by a market order. The plot to the right shows the
optimal expected buy price.

3 Derivative pricing

A derivative is an asset that derives its value from an other asset, the un-
derlying. Usually the underlying is some tangible asset, such as a stock or a
bond. A derivative can typically be viewed as a contingent claim written on
the underlying. A contingent claim is a contract with a payo! contingent
on the future state of the underlying, i.e. it is essentially a bet on a future
state of the underlying.

A simple example of a derivative is the European call option. A call
option gives the owner of the option the right, but not the obligation, to
buy a certain quantity of the underlying at a certain price, the strike price.
The term ’European’ specifies that this option can only be exercised at
expiration, also called the maturity of the option. Let St denote the value
of a stock at time t. A call option with strike K and maturity T can be

12



considered a contingent claim that at time T pays the owner

g(ST ) = max (ST !K, 0) .

A European put option is a contract that instead gives the owner the right
to sell the underlying at a predefined price.

More generally, a European style contingent claim written on the stock
S, with maturity T and payo! g : R & R, is a contract that at expiration
pays the owner g(ST ).

The contingent claim is called American if the owner has the possibility
of early exercise, i.e. at any time t from the time of issuing until maturity, the
owner of the contract can take the payment g(St). Examples of American
style derivatives include American put and call options.

Both put and call options, of both European and American type, are
today widely traded on various exchanges, much like the one outlined in
Section 1, around the world.

One of the main objectives of financial mathematics is to price deriva-
tives in terms of some observable market conditions, such as the price and
volatility of the underlying. Essentially one would like to determine a func-
tion, depending on the time t, the price of the underlying St, and possibly
on some other market parameters, such that the price of the derivative at
time t equals the value of the function. That such a function exists is really
hoping for quite a bit. Indeed, it should be clear from the previous section
that one cannot simply speak about the value of a financial instrument. The
value of one stock is, to a seller of that stock, the highest bid price in the
market. This is di!erent from the value to a buyer. It might also be di!erent
from the value of several stocks due to the market impact of unloading a
large position. If we need to observe the interaction of thousands of market
participants on an exchange to value stocks, why should a call option be so
much easier to value?

The very existence of exchanges for vanilla options (i.e. put and call
options) seems to imply that their valuation is in fact as di"cult as the
valuation of stocks. Nevertheless, financial mathematics can provide helpful
insights and valuable tools, even though derivative pricing is more than just
a mathematical exercise.

13



3.1 The Black and Scholes equation
In the seminal publication ’The Pricing of Options and Corporate Liabili-
ties’, [10], Black and Scholes derived an explicit pricing formula for Euro-
pean put and call options. The formula is probably still the most widely
used mathematical formula in quantitative finance. In addition to being an
apparently useful result, the derivation touches several ideas that are key to
understanding how mathematics enter into the world of derivatives.

Suppose that an agent believes that future stock price returns are log-
normally distributed, or, put di!erently, that the stock price St satisfies the
stochastic di!erential equation

dSt = St (#dt+ &dWt) . (3.1)

Here and for the rest of this introduction Wt denotes the Wiener process.
Also # denotes the expected rate of return of the asset, and & is called the
volatility of the price process.

The agent is interested in issuing a call option on St with strike K and
maturity T and is trying to determine a reasonable price.

The market is assumed ideal in the sense that the following assumptions
hold:

(a) The interest rate r is known and constant.
(b) The stock pays no dividends.
(c) There are no transaction costs.
(d) There are no penalties for short selling.
(e) Continuous trading in the underlying is possible.

At time t = 0 the agent sells the option and invests in '0 units of the
underlying, and puts (0 in the bank. The agent has thus established a
portfolio that at time t is worth

Pt = 'tSt + (t ! Ct,

where Ct denotes the unknown value of the option. The portfolio is assumed
to be ’self-financing’, meaning that the agent is allowed to change her in-
vestment in the underlying 't and the amount in the bank (. However, no
money is allowed to be neither withdrawn nor entered into the portfolio. At
maturity the value equals PT = 'TST +(T! max(ST !K, 0). Self-financing
is equivalent to stating that the dynamics of the portfolio equal

dPt = 'tdSt + r(tdt! dCt.
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Itô’s lemma applied to dCt yields

dC =
*
)C

)t
+ #S )C

)S
+ &

2S2

2
)2C

)S2

+

dt+ &S )C
)S

dWt.

Note that the uncertainty in the option value is captured by the term
)C/)S dWt. The uncertainty in the portfolio is eliminated if the agent
trades so that )P/)S = 0. This is achieved by keeping

't = )C
)S
.

The portfolio value is now completely deterministic:

dP =
*

(r ! )C
)t
! &

2S2

2
)2C

)S2

+

dt. (3.2)

A portfolio, which future value is completely deterministic, is ’as good as
money in the bank’, provided, of course, that the returns equal the interest
rate. Suppressing any concerns the agent might have with her market view,
this implies that she would be indi!erent to initiating the transactions pro-
vided dP = rPdt. Inserting this equality into (3.2) results in the famous
Black & Scholes di!erential equation,

)C

)t
+ rS )C

)S
+ &

2S2

2
)2C

)S2 = rC, (3.3)

that together with the terminal condition C(T, S) = max(S !K, 0) deter-
mines C = C(t, S). In fact, (3.3) can be used to price any European con-
tingency claim. The indi!erence price C = C(t, S) of a contingency claim
with payo! g satisfies (3.3) and the terminal condition C(T, S) = g(S).

A straightforward application of the Feynman–Kac formula to (3.3) es-
tablishes the existence of a probability measure Q such that, under Q,

dSt = St (rdt+ &dWt) ,

and the option value can be determined as the expected value

C(t, S) = EQ
,
e!(T!t)rmax(ST !K, 0) : St = S

-
. (3.4)
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Remark 3.1 The derivation of (3.3) and (3.4) depend on the assumption
of a perfect market, defined by the statements (a)–(e). In a real market these
statements would typically all be, to a varying degree, false.

Plenty of studies have been devoted to non–perfect markets. Options
on stocks paying dividends were studied already in [35]. Markets with non-
constant interest rates have also been a popular subject, see for instance [9].
Markets with transaction costs are treated in [32].

The option value, given by (3.3) or (3.4), is the market value of a call
option in the eyes of an agent holding the belief that (3.1) is a correct
description of the future states of the stock price. In addition to estab-
lishing the value of the option, the derivation determine the strategy that
the agent should follow to achieve that value. Note that the option price
is independent of the expected rate of return #. Hence, in the same way
as a stock can be seen as a bet on its future rate of return, a call option is
a bet on the future volatility of the underlying. It is, however, also a bet
on the belief that future stock price returns are (log-)normally distributed.
Considering the turbulent nature of financial markets, there are probably
rather few market participants that would subscribe to such a view today.
Non-normally distributed price returns are popular also in academia, see for
instance Papers I-IV in this thesis. Disproving the assumption of normally
distributed returns actually has a long and venerable history predating even
the work of Black and Scholes. In his famous study of cotton prices, Man-
delbrot suggested already in the 1960th that certain asset returns have no
well-defined second moment and are hence very far from being normally
distributed, see for instance [34]. An interesting and provoking attack on
financial mathematics in general, and the ’paradigm of the normal distribu-
tion’ in particular, is the book [44].

3.2 No arbitrage
Arbitrage is defined as making risk-free money with zero initial investment.
It is easy to understand why the assumption of ’no arbitrage’ is popular in
finance and economics. As with all ideal assumptions, it is not true. How-
ever, in a market where prices are established through supply and demand,
arbitrage opportunities tend to be scarce and short lived. The following is
an example of a typical arbitrage trade that is quite popular today:
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Example 3.2 Volvo is today traded on two large exchanges in Stockholm:
Burgundy and Nasdaq OMX. Since the two exchanges are independent, there
is nothing guaranteeing that the Volvo shares trade at exactly the same price
all the time at both exchanges. Indeed, every now and then a large order
arrives at one of the exchanges and pushes the price in some direction. It
then becomes possible to buy Volvo at (say) Burgundy and at the same time
sell at Nasdaq OMX, with a buy price that is strictly lower then the sell
price. Since the trade is so profitable, the opportunity typically exists only
for a fraction of a second.

Despite its simplicity the assumption of no arbitrage has some surpris-
ingly strong consequences. For instance, if (3.1) was indeed the true dy-
namics of a certain stock, and everyone knew this, then the price of a call
option would truly satisfy the Black & Scholes equation (3.3). Another con-
sequence of the no arbitrage assumption is a relationship between the price
of call option, the price of a put option and the stock price, the so-called
put-call parity:

Example 3.3 Consider a call option with strike K and maturity T and a
put option on the same underlying with the same strike and maturity. An
investor buys one unit of the underlying and the call option and sells the put
option. At time t the agent’s portfolio is worth

St + Pt ! Ct,

where Ct is the value of the call, Pt the value of the put and St the value of
the underlying. At maturity the portfolio is worth

ST + max (K ! ST , 0)!max (ST !K, 0) = K. (3.5)

By no arbitrage, if (3.5) holds at time T , then at all times t < T ,

St + Pt ! Ct = e!r(T!t)K. (3.6)

3.3 Replicating portfolio and market completeness
A contingency claim C with payo! g and maturity T is said to be replicated
by a portfolio P if P is self-financing and the value of P and C are equal
(almost surely) at time T ,

PT = CT = g(ST ).
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Here ’replicating portfolio’ should be understood in a broad sense: a repli-
cating portfolio is a self-financing portfolio and with a trading strategy.

In the text so far we have encountered several examples of replicating
portfolios: in the derivation of (3.3), 'tSt + (t replicated the value of the
call option. A second replicating portfolio of the call option is given by
the put-call parity (3.6). In Example 3.2, a share of Volvo bought at the
Nasdaq OMX replicates a share bought at Burgundy. Note the di!erences
between the first example and the rest. Replicating a call option in the
underlying was possible only due to the very specific assumptions of the
market dynamics (3.1) whereas the other examples are independent of the
stock price dynamics.

Replicating portfolios in arbitrage free markets provide a powerful tool in
asset pricing: the value of a claim replicated by a portfolio must at all times
equal the value of the portfolio, otherwise the di!erence between the claim
and the portfolio would generate a risk-free profit, an arbitrage. Claims that
can be replicated thus have a well-defined value in terms of the replicating
portfolio.

A (system of) market(s) is said to be complete if any claim can be repli-
cated:

Definition 3.4 Let H denote a set of contingency claims. A market is said
to be complete with respect to H if all claims h # H can be replicated.

So for instance, in a stock market where the price of a stock solves (3.1), is,
by (3.3) complete with respect to any European style contingency claim.

Any book on derivative pricing will contain a discussion on replicating
portfolios and market completenes. See for instance [7, 8, 15]. An interesting
discussion of market completness from an economists perspective is provided
by Flood in [25]. He argues that exchange traded derivatives make sense
from an economic point of view as a way of completing the market.

3.4 The Q measure
At the end of Section 3.1, a probability measure Q on the future states of
the stock price process was constructed. Under the measure Q, the price of
a European contingency claim was equal to its discounted expected future
payo!, (3.4). It is rather surprising that, under quite reasonable assump-
tions, such pricing measures can be constructed.
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LetH be a collection of European style contingency claims with maturity
T on some underlying with price St. A pricing rule ! is a function associating
a price !(h) to each claim h # H. Suppose that ! is linear and excludes
arbitrage. One can for instance think of ! as the price of these claims at
some exchange. If the collection H is rich enough, and if ! satisfies certain
regularity conditions, then the pricing rule determines and is determined by
a probability measure.

Suppose that for every measurable set A + R, there is a claim 1A paying
1 at time T in the event of ST # A, and zero otherwise. For instance, the
claim 1R pays 1 at time T independent of ST , a zero-coupon bond. Such
a claim is perfectly replicated by investing e!rT in the bank at time t = 0.
The exclusion of arbitrage implies that !(1R) = e!rT . Let Q be given by:

Q(A) = erT!(1A).

By linearity, if A and B are disjoint then Q(A%B) = Q(A)+Q(B). Extend-
ing Q linearly to countable sums thus defines a measure, called the pricing or
risk neutral measure. Note that Q(R) = erT!(1R) = 1, so Q is a probability
measure.

The expected payo!, under Q, of a contingency claim f # H is denoted
by EQ[f ]. By linearity, if f can be decomposed into a finite sum f =)n
k=1 %k1Ak , then

!(f) = e!rTEQ[f ]. (3.7)
In fact, if the pricing rule ! is determined by its value on claims on the form
f =)nk=1 %k1Ak then (3.7) is valid for all claims f # H, so in this situation
! can be recovered from its pricing measure Q.

The density of the pricing measure can be determined explicitly in terms
of the price of call options. This was first observed by Dupire in [20], and
plays an important role e.g. in model calibration (see Paper IV). Let pT (S)
denote the density of the pricing measure. The price of a call option with
strike K and maturity T , C(T,K), equals

C(T,K) = e!rTEQ [max (ST !K, 0)]

= e!rT
.

R
max (S !K, 0)pT (S)dS.

Di!erentiating twice yields

pT (K) = erT )
2C

)K2 . (3.8)
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In terms of market completeness discussed in Section 3.3, equation (3.8)
implies in particular that a market containing European call options is com-
plete with respect to the collection of all European contingency claims.

The absence of arbitrage imposes certain conditions on the pricing mea-
sure. For instance, the present value of a claim paying ST at maturity,
a futures, is S0. Indeed, such a claim is perfectly replicated by a unit of
the underlying. Put di!erently, the discounted price e!rtSt is a martingale
under Q,

S0 = e!rTEQ[ST ]. (3.9)

Equation (3.7) establishes a link between contingency pricing on the one
hand, and stochastic calculus on the other. Except for (3.8) and (3.9), there
is however very little information regarding how to choose the pricing mea-
sure Q. This unfortunate fact has lead to a veritable explosion of literature
treating di!erent pricing measures. The standard approach is to parametrize
the measure in terms of the dynamics of the underlying, i.e. specifying the
so-called risk-neutral dynamics of the underlying. Popular models include
jump-di!usion, [2] and Paper IV, stochastic volatility, [28, 5], and pure jump
models, [15]. Lévy processes provide a particular class of jump-di!usion and
pure jump models, and are discussed in Section 3.5.

Note however that Q does not quantify uncertainty concerning future
stock price movements. Unless the underlying market is complete (as in
Section 3.1), it is unclear how the dynamics of the underlying a!ect the
pricing measure. Determining how statistical properties of the stock price,
and how subjective beliefs of the future, a!ect the pricing measure remains
an important question that deserves more attention from both mathemati-
cians and economists.

Risk-neutral option pricing involves two important steps: 1) estimation
of the expected value (3.7), and 2) model calibration. Di!erent models and
contracts require di!erent methods: Monte Carlo methods are treated in
Paper II and option pricing using integro-di!erential equations is treated in
Paper III. An other popular method is to use the fast Fourier transform, see
for instance [13]. Model calibration is the process of determining the pricing
measure from observed option prices. That is, the measure Q is determined
so that the theoretical prices, as given by (3.7), equal the observed prices.
In Paper IV it is demonstrated how optimal control can be used to calibrate
a jump-di!usion process.
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3.5 Lévy processes
An increasingly popular way to parametrize the pricing measure is to let
the underlying asset be driven by a Lévy process. A common motivation for
using Lévy processes is that they capture the ’jumpy’ nature, as well as the
’heavy tail’ of asset returns, see for instance [30] or [15]. However, as was
pointed out in the previous section, the pricing measure Q is defined by a
pricing rule and is not a measure of price dynamics. Since markets driven
by Lévy processes are typically not complete, it is not clear how the Lévy
structure of the market translates into a pricing rule for contingency claim.

Arguing from an asset pricing perspective, there are still good reasons
why Lévy processes are useful. Lévy processes provide a class of processes
that is flexible enough to capture observed volatility smiles and skews. They
are semimartingales and hence posses good stochastic integration proper-
ties. The Lévy-Khinchin formula, (3.13), provides an explicit formula for
the Fourier transform. Contingency claims satisfy certain parabolic par-
tial integro-di!erential equations, similar to (3.3), a fact useful in numerical
computations.

Definition 3.5 A stochastic process Xt is called a Lévy process if the in-
crements of Xt are independent and stationary, and the map

t *& Xt

is almost surely right continuos with left limits.

Two standard examples of Lévy processes are Brownian motion and the
Poisson process.

Fix a Lévy process Xt in Rd. The processes is said to jump at t0 with
size s "= 0 provided

s = Xt0 !Xt0! "= 0.
Here Xt0! denotes the left limit at t0, guaranteed to exist by Definition 3.5.
Let * be the measure on Rd ! {0} defined by

*(A) = expected number of jumps per unit time with size in A.

In general * can be any non-negative measure on Rd ! {0} satisfying
.

|y|>1
*(dy) <), and

.

|y|(1
|y|2*(dy) <). (3.10)
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The process Xt is said to have finite jump activity if *(Rd) < ). If
*(Rd) =) then Xt has infinite jump activity. Finite activity processes can
be represented as the sum of a Brownian motion with drift and a compound
Poisson process,

Xt = &Wt + t+ +
Nt#

k=1
Yk. (3.11)

Here &Wt is d-dimensional Brownian motion with covariance matrix &2,
+ # Rd, Nt is a counting process with intensity *(R) and Yk’s are i.i.d. with
law */*(R). In general the jump intensity *(R) could equal infinity and one
needs to compensate for the e!ect of the small jumps,

Xt = +t+ &Wt + lim")0

/

0
#

0(s(t
"Xs1|!Xs|>" ! t

.

"<y(1
*(dy)

1

2 . (3.12)

Here "Xs := Xs!Xs!. For each ! > 0,)0(s<t"Xs1|!Xs|>" is a compound
Poisson process with intensity * ({y : |y| > !}), finite by (3.10), and jump
size distribution given by

1|y|>"*(dy)/* ({y : |y| > !}) .

The Lévy measure * together with &2 and + in (3.12) completely character-
izes Xt. The triplet (&2, +, *) is referred to as the characteristic triplet of
the Lévy process Xt.

A fundamental result is the explicit expression of the characteristic func-
tion in terms of the characteristic triple, the Lévy-Khinchin formula

E
,
eiz·Xt

-
= et#(z), z # Rd with (3.13)

,(z) = !1
2z&

2z + i+ · z +
.

Rd

"
eiz·y ! 1! iz · y1|y|(1

$
*(dy).

The most common role of Lévy processes in asset pricing is to let the
underlying be given as the exponential of a Lévy process,

St = S0e
Xt .

The universe of all Lévy processes is too vast and, without further re-
strictions on the Lévy measure, the calibration is potentially very ill-posed.
The standard approach when using Lévy processes in asset pricing is to first
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chose a particular parameterization of the Lévy triple, then calibrate the
parameters to observed market prices. Di!erent parameterizations of the
characteristic triple (&2, +, *) give rise to di!erent Lévy models.

The zoo of Lévy models can broadly be divided into two sections, de-
pending on the activity of the jump term: finite and infinite jump activity.

Probably the first model with jumps to be considered in asset pricing was
the ’Merton model’. Merton, [36], considered a jump-di!usion model with
log-normal sized jumps arriving with finite intensity. In this setting, the
price of European contingency claims can be expressed as a series expansion
in their Black & Scholes prices. The ’Kou model’ is an example of a finite
jump activity model with exponential decay in the jump size distribution,
see [31].

Infinite jump activity models are typically ’pure jump’, i.e.&2 = 0. Pop-
ular examples include the variance Gamma [33] and the tempered stable
processes [29].

For a general background on Lévy processes, see the books [6] and [42].
See [15] for applications to finance.

4 Monte Carlo methods, di!usion approximation
and Paper II

Let Q denote a pricing measure, see Section 3.4. Suppose that under Q,
the price of the underlying is driven by a Lévy process Xt. The value of a
European style contingency claim with payo! g and maturity T is given by

C(t, x) = EQ [g(XT ) |Xt = x] , (4.1)

where we assume for simplicity that the risk-free interest rate is zero.
The Monte Carlo approach to estimating (4.1) is to generate N indepen-

dent samples x1, . . . , xN of XT and approximate

C(t, x) , 1
N

N#

k=1
g(xk).

The di!erence,

ES = 1
N

N#

k=1
g(xk)! EQ [g(XT ) |Xt = x] ,
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is called the statistical error. Provided that the variance of g(XT ) is finite, it
is a consequence of the Central Limit Theorem that the standard deviation
of the statistical error decreases as N!1/2,

std (ES) - 1
N1/2 . (4.2)

If the characteristic triple (see Section 3.5) of Xt is known and *(Rd) <
), then XT can be sampled exactly using Algorithm 4.1.

Algorithm 4.1 Sampling a finite jump activity Lévy process
Input: Characteristic triple (&2, +, *), time T , initial value X0.
Output: Sample of final value XT .
Let Bk, k = 1, . . . d be d independent samples from a N(0, 1)-distribution.
Let

B = (B1, . . . , Bd).
Sample the number of jumps NT from an exponential distribution with
intensity T*(Rd).
Sample NT i.i.d. jump sizes Y1, . . . , YNT from a distribution with law

* (dy) /*
"
Rd
$
.

Let XT be given by

XT =
.
TB + T+ +

NT#

k=1
Yk.

Note that the expected computational work in simulating each value
of XT following Algorithm 4.1 grows like the expected number of jumps
*(Rd). If *(Rd) = ), the algorithm is impossible to apply. A standard
technique to deal with infinite jumps measures, dating back at least to the
work of Asumussen and Rosi#ksi in [3], is to introduce a type of viscosity
approximation ofXt where the small jumps are replaced by a suitably chosen
di!usion term.

The idea of the di!usion approximation is to replace all jumps smaller
than some ! > 0 by di!usion. The main ambition in Paper II is to under-
stand how to chose !. A large value results in fast simulations since the
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number of jumps decreases with !. However, a large value of ! also results
in a large model error, defined as the di!erence

EM = E[g(XT )]! E[g(XT )],

where XT denotes the approximate process. The main result of Paper II is
a computable estimate of the model error, see Theorem 4.5 below.

Note that the entire approximation error when using Algorithm 4.1 and
Xt to compute E[XT ] equals the sum of the statistical error and the model
error,

E = 1
N

N#

k=1
g(xk)! EQ [g(XT )]

=
*

1
N

N#

k=1
g(xk)! EQ

,
g(XT )

-+

+
"
EQ[g(XT )]! EQ[g(XT )]

$

= ES + EM ,

where x1, . . . , xN are N independent samples of XT . The statistical error
is determined by (4.2), so it remains to estimate the model error. But first
a more detailed description of how to construct the di!usion approximation
Xt.

4.1 A di!usion approximation of small jumps
Recall that Xt denotes a d-dimensional Lévy process with characteristic
triple (&2, +, *). Let R"t denote the compensated sum of jumps not exceeding
! in absolute value. The process Xt ! R"t can be simulated with Algorithm
4.1 since its jump measure is finite. A higher order weak approximation is
constructed by adding a di!usion term approximating R"t . For ! > 0 define
the Lévy measure *", the number +" and the covariance matrix &2(!) by

*"(x) = 1|x|>"*(x) =
!
*(x) |x| > !
0 |x| < !. (4.3)

+" =
!
+ if ! ' 1
+ +
3

1<|x|<" x*(dx) if ! > 1 (4.4)

and
&2
ij(!) =

.

|x|<"
xixj*(dx). (4.5)
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Let Xt denote the Lévy process with characteristic triple (&2 +&2(!), +", *").
The processXt is referred to as the di!usion approximation ofXt. Note that
Xt has finite jump activity, the new drift +" ensures that E[Xt] = E[Xt],
and the matrix &2(!) is defined so that the variance of Xt equals that of Xt.

Remark 4.1 The precise choices of +" and *" vary from situation to situ-
ation. For instance, in Paper III, +" is chosen so that eXt is a martingale.

4.2 Estimation of the model error
In Paper II the focus is on pure jump Lévy processes. More specifically it is
assumed that the driving Lévy process Xt satisfies the following condition:

Condition 4.1 A Lévy process Xt is said to satisfy Condition 1 with order
( if, 3

|x|<" |x|2*(x. ) = O(!$) as !& 0,

the density pt(x) of Xt is C"(Rd) and

)!pt(x)& 0 as |x|& 0,

for all |#| $ 0.

To guarantee regularity of the value function u(t, x) with respect to x,
we need to make certain integrability assumptions on the payo! g(x):

Definition 4.2 Let Xt be a Lévy process satisfying Condition 4.1 with prob-
ability density pt(x). The payo! g : Rd & R is said to be integrable to the
n’th order if g can be written as finite sum g = )Nk=1 gk, and there are
%1, . . . ,%N # Rd, such that

e!%k·xgk # L1 / L2 and e%k·x)!pt # L1 / L2 for k = 1, . . . N and |#| ' n.

Remark 4.3 The requirement that a contract is integrable is not very re-
strictive. For instance, the call option, the put option, the digital option,
and the basket option, are all examples of contracts that have integrable
payo! functions, of any order, when the underlying is a Lévy process with
’stable-like’ behavior close to zero,

*(y. ) - 1
|y|1+! , for # > 0.
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Integrability of the payo! guarantees that the value function is smooth:

Remark 4.4 The value function u(t, x) can be written as a convolution of
the payo! g(x) with the density pT!t of XT , conditioned on Xt = x:

u(t, x) =
.

Rd
g(y)pT!t(x! y)y. .

Hence if g is integrable to the n’th order, then u(t, x) is C! in x, for all
|#| < n, independent of the regularity of the payo! g(x).

The following theorem estimates the di!erence between Xt and Xt.

Theorem 4.5 Let Xt be a d–dimensional Lévy process with characteristic
triple (*,&2, +) satisfying Condition 1 with order (, and let Xt be its di!u-
sion approximation defined above for some ! > 0. Let g(x) be a real valued
function that is integrable to the 6’th order. The model error

EM = E[g(XT )]! E[g(XT )]

is then
EM = O(!1+$) as !& 0.

Moreover, the model error can be expressed as

EM = Tf(!)ijk6 E[g(3)
ijk(XT )] +O(!2+$), (4.6)

where
f(!)ijk =

.

|y|<"
yiyjyk*(y. ).

Proof: See Theorem 4.1 in Paper II.
The estimate (4.6) is an example of an a posteriori error estimate, i.e. information

about the approximate solutionXT is used to determine the size of the error.

Example 4.6 Consider a contract with maturity T = 1 and payo!

g(x) =
!

1 if x > 0
0 if x < 0.

Suppose that the underlying is a pure jump Lévy process with characteristic
triple (0, 0, *), where *(dy) = 10<y<11/y2dy. This process has infinite jump
activity.
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Let Xt denote the di!usion approximation of Xt, defined for some ! >
0. Let E denote the approximation error in a Monte Carlo calculation of
E[g(XT )], using N independent samples of Xt. From (4.2) and Theorem
4.5 it follows that there are constants C1 and C2 such that, with a high
probability,

|E| ' C1
1
N1/2 + C2!

2. (4.7)

The computational work of simulating N samples of X1 is proportional to
the expected number of jumps

Work - N*(|y| > !) - N 1
!
. (4.8)

An optimal choice of (N, !) would minimize (4.8) while keeping the right
hand side of (4.7) constant. It follows that ! should decrease when N in-
creases as

! - 1
N1/4 .

4.3 A simple adaptive scheme
Recall the situation of the previous section: Xt denotes some Lévy process
with infinite jump activity and g = g(x) is the payo! of some European style
contingency claim with maturity T . The idea of the adaptive scheme is to
identify a region where the payo! g is more sensitive to approximations, this
could for instance be near the strike of a call option. One first simulates
a coarse approximation of Xt, corresponding to a large !. If the coarse
approximation ends up in the sensitive region, the approximation is refined.
The details are as follows:

Fix !2 > !1 > 0 and some region L + Rd. We call L the critical region,
since it should correspond to the area where the contract is most sensitive
to approximations. Recall the definition of &2(!) in (4.5). Let X(1)

t and X(2)
t

respectively be the viscosity approximations given by !1 and !2. Let X"1t and
X"2t denote the compensated sum of jumps exceeding !1 and !2 respectively.
Note that in absolute value,

X
(1)
t = X"1t + &(!1)Wt, and

X
(2)
t = X"2t + &(!2)Wt = X"1t + "t + &(!2)Wt,
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where "t := X"2t !X"1t . Note that the three terms in the last expression of
X
"2
t are independent. Let the control parameter # # {1, 2} be given by

# =
!

1 if X"1T /# L
2 if X"1T # L.

Finally the adaptive approximation is defined by

X
(!)
t = 1!=1X

(1)
t + 1!=2X

(2)
t

= X"1t + 1!=1&(!1)Wt + 1!=2 ("t + &(!2)Wt) .

The model error when using the adaptive approximation to estimate
(4.1),

EA = E[g(XT )]! E[g(X(!)
T )],

is estimated in the following theorem.

Theorem 4.7 Let Xt be a Lévy process satisfying Condition 1 with order
( and let X(!)

t be its adaptive approximation, defined for a particular choice
of !1, !2 and L. Fix some function g that is integrable to the 6th order. The
model error

EM = E[g(XT )]! E[g(X(!)
T )] (4.9)

can be expressed as

EM = T6

2#

n=1
fijk(!n)E

,
1!=ng

(3)
ijk(X

(n)
T )
-

+O(!2+$
n )E[1!=n].

Proof: See Theorem 5.2 in Paper II.
Section 5 in Paper II is concluded with an illustration on the work re-

duction that can be obtained with the adaptive approximation. The com-
putational work for a given level of tolerance for both the adaptive and
the di!usion approximation are compared. In this particular example, the
contract is a digital option, and the parameters (!1, !2, L) of the adaptive
approximation are chosen in a simple fashion. It appears (see Figure 4.3 be-
low) that there is a substantial amount to gain from using even such simple
adaptive schemes.
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Figure 1.6: Here the work, defined as the expected number of jumps per
path, is plotted as a function of the tolerance for the adaptive and non-
adaptive approximations. The solid line represents the non-adaptive ap-
proximation. The dashed line represents the adaptive approximation. For
details on the particular choice of processes Xt, the contract and details on
the choice of adaptive approximation, see Example 5.6 in Paper II.

5 Integro-di!erential equations, computable
error estimates and Paper III

In Paper III a finite di!erence scheme for option pricing in exponential Lévy
models is discussed. In particular computable estimates of space and time
discretization and di!usion approximation errors are derived under weak
assumptions of the payo!.

Let Xt denote a Lévy process with infinitesimal generator L = LXt ,
see 3.13, and let g : R & R be a measurable function satisfying certain
exponential growth conditions, see (5.3) below. In Paper III we derive er-
ror estimates of a finite di!erence scheme suitable for constructing weak
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solutions to initial value equations on the form

f %t(t, x) = Lf(t, x), for (t, x) # (0, T ]0 R, (5.1)
f(0, x) = g(x).

Here f %t(t, x) denotes the partial derivative of f with respect to t evaluated
at the point (t, x).

Such equations arise in asset pricing when the underlying is an exponen-
tial Lévy process. Indeed, let ! = !(t, St) denote the price of a European
style contingency claim with maturity T and payo! G. Recall from Section
3.4 that under certain assumptions there is a probability measure Q such
that ! equals the future discounted expected payo!,

!(t, St) = e!r(T!t)EQ[G(ST ) |St].

Suppose that under Q, St is an exponential Lévy process St = S0eXt , where
Xt is a Lévy process with infinitesimal generator L = LXt , see 3.13. Let
$ denote time to maturity, $ = T ! t, and x the ’log-moneyness’, x =
log (S/S0). Introducing the functions f($, x) = er&!(t, S0ex) and g(x) =
G(S0ex) leads to

f($, x) = E[g(x+X& )]. (5.2)
Under certain regularity assumptions, for instance if f # C1,2 and has
bounded derivatives, then f = f($, x) is a classical solution to (5.1).

In financial applications, the contract g is typically not C2. Some con-
tracts, such as the binary, are not even continuous. As a consequence, f
will usually not be a classical solution to (5.1). In [17], Cont and Voltchkova
show that, if g is Lipschitz then f is a viscosity solution to (5.1). In [16], the
same authors suggest a finite di!erence scheme suitable for solving (5.1). In
Paper III, the conditions imposed by Cont and Voltchkova are relaxed, and
g is only assumed to be measurable and such that

e%1xg! + e!%2xg+ # L1 / L2, (5.3)

for some %1,%2 $ 0, where Lk = {
3
R |f |kdx < )}, g! = g1x<0 and g+ =

g1x>0. It is interesting to study this wider class of contracts for several
reasons. First of all, as mentioned above, some contracts have a payo! that
is not Lipschtiz. Second, the Greeks of a contract can be determined with
equations similar to (5.1). However, a Greek is typically even less regular
than the original contract.
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In Paper III we study weak solutions to (5.1). A weak solution is defined
in terms of observable , : R & R satisfying certain regularity conditions,
see Theorem 5.1 below. If f = f(t, x) is a weak solution to (5.1), then the
expression

3
R ,(x)f(T, x)dx is well defined and equals

.

R
,(x)f(T, x)dx =

.

R
-(0, x)g(x)dx,

where - is the solution to the backward equation
-%t(t, x) + L#-(t, x) = 0, for (t, x) # [0, T )0 R, and

-(T, x) = ,(x).
Recall from Section 3.4 that St is a martingale under the pricing measure

Q. For an exponential Lévy process St = S0eXt , where the Lévy process Xt
has characteristic triple (&2, +, *), the martingale condition (3.9) is equiva-
lent to

.

|y|>1
ey*(dy) <),

+ = r ! 1
2&

2 !
.

R

"
ey ! 1! y1|y|(1

$
*(dy).

Consequently, the infinitesimal generator L in (5.1) takes the form

Lf(x) =
*

r ! &
2

2

+

f %(x) + &
2

2 f
%%(x)

+
.

R

4
f(x+ y)! f(x)! (ey ! 1)f %(x)

5
*(dy).

The operator L is typically non-local, the Lévy measure can even have sup-
port on the whole real line. As a consequence, solving (5.1) with an implicit
scheme is potentially computationally very costly. An explicit scheme is not
suitable for stability reasons. The scheme suggested in [16] is an explicit-
implicit scheme, that treats the integral term explicitly and the di!erential
term explicitly. The details are as follows:

Assume at first that *(R) < ). The operator L can be divided into a
sum of two terms, L = D + J , where

Df(x) =
*

r ! &
2

2 !
.

R
(ey ! 1) *(dy)

+

f %(x) + &
2

2 f
%%(x)! f(x)

.

R
*(dy),

J f(x) =
.

R
f(x+ y)*(dy).
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To obtain a finite dimensional problem, the operator L and the measure *
need to be truncated. Fix B,K > 0, let LB equal L inside the compact set
[!B,B] and zero outside, and let *K(dy) = 1|y|<K*(dy). Fix two integers
M,N and introduce a finite grid on [0, T ] 0 [!B,B]: let tn = n"t, xm =
m"x for n = 0, . . . , N , m = !M, . . .M , where "t = T/N and "x = K/M .
Let fnm denote the approximate solution fnm , fB(n"t,m"x), for 0 ' n ' N
and !M ' m 'M . The explicit-implicit scheme used to solve (5.1) involves
the two matrices D! and J! given by

(D!f
n)m =

*

r ! &
2

2 !
#

k

"
ek!x ! 1

$
*K(k"x)"x

+

Dfnm (5.4)

+ &
2

2 D
2fnm + fnm

#

k

*K(k"! x)"x,

(J!f
n)m =

#

k

fnm+k*K(k"x)"x, where fnm+k = 0 if |m+ k| > M. (5.5)

Where D and D2 are standard finite di!erence approximations of the first
and second derivatives respectively, namely upwind for the first derivative
and centered di!erence quotient for the second derivative.

If Xt has infinite jump activity, i.e. if *(R) = ), then Xt is replaced
by its di!usion approximation, as described in Section 4.1, defined for some
! > 0. The explicit-impliticit time stepping method amounts to solving

f0
m = g(m"x), and (5.6)

fn+1
m = fnm + "t(D!f

n+1)m + "t(J!f
n)m,

for n = 1, . . . , N and m = !M, . . . ,M .

5.1 Error estimates and model parameter optimization
Fix an observable ,. Using Algorithm 5.6 to solve (5.1) results in an ap-
proximation error, defined as the di!erence

E =
#

k

,(k"x)fNk "x!
.

R
,(x)f(T, x)dx.

The approximation error can be split into a sum of di!erent error terms:
space and time discretization errors, measure truncation error and domain
localization error. In addition, if the process has infinite jump activity, there
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is a di!usion approximation error. The measure truncation and domain lo-
calization errors will, under suitable conditions, decrease exponentially with
respect to the truncation parameters, see [40]. In Paper III computable
estimates of the time and space discretization errors are determined. The
di!usion approximation error was treated in Paper II. The space discretiza-
tion error, E!, is by definition the di!erence

E! = 1,, f!(T, ·)2 ! 1,, f(T, ·)2 . (5.7)

and the time discretization error, ET , is the di!erence

ET = 1,, fN 2 ! 1,, f(T, ·)2. (5.8)

Here 1·, ·2 denotes the usual L2 inner product of functions. The following
theorem estimates the space discretization error:

Theorem 5.1 Assume that there are constants %1,%2 $ 0 such that the
contract g satisfies

1x>0e
!%1xg + 1x<0e

%2xg # L2 / L1.

Suppose further that the observable , is such that
"
e%1x + e!%2x

$
,(n) #

L2 / L1 / C for n = 0, . . . , 6. If the Lévy measure * satisfies
.

R

"
e%1x + e!%2x

$
*(dx) <),

then there is a constant C1 independent of "x such that the space discretiza-
tion error (5.7) verifies

|E!| ' C1"x.
Moreover, there is a constant C2, independent of "x, such that the leading
order term of (5.7) can be expressed in computable form

E! = "x
2

*

r ! &
2

2 !
.

R
(ey ! 1) *(dy)

+.

R
,%%(x)f!(T, x)dx+R, where

(5.9)
|R| ' C2"x2.

In particular, if the Lévy measure * is an approximation of an infinite activ-
ity measure for some di!usion approximation parameter ! < !0, i.e. * = *̃",
where *̃(R) =). Then the constant C2 in (5.9) can be chosen independently
of !.
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Proof: See Theorem 5.4 in Paper III.
The time discretization error is estimated in the following theorem:

Theorem 5.2 Assume that there are constants %1,%2 $ 0 such that the
contract g satisfies

1x>0e
!%1xg + 1x<0e

%2xg # L2 / L1.

Suppose further that the observable , is such that
"
e%1x + e!%2x

$
(Ln)#, #

L2 / L1 / C for n = 0, . . . , 3. If the Lévy measure * satisfies
.

R

"
e%1x + e!%2x

$
*(dx) <)

and "t the constraint

"t
*

%k

*
&2

2 +
.

R
(ey ! 1) *(dy)! r

+

+ &
2

2 %
2
k

+

< 1/2,

for k = 1, 2, then there is a constant C, independent on "t, such that the
time discretization error (5.8) satisfies

|ET | ' C"t. (5.10)

If the Lévy measure is an approximation of an infinite activity measure for
some di!usion approximation parameter !, i.e. * = *̃", where *̃(R) = ),
and if "t satisfies the relaxed condition

"t
*

%k

*
&2

2 +
.

|y|>"0
(ey ! 1) *(dy)! r

+

+ &
2

2 %
2
k

+

< 1/2, for k = 1, 2,

for some !0, ! <! 0 < log (1 + 1/%). Then there is a constant C satisfying
(5.10), which is independent of both "t and !.

Finally, the leading order term of the time discretization error can be
expressed in computable form

ET = T2

.

R
,(x)(D ! J )(fN (x)! fN!1(x))dx+O("t2).

Proof: See Theorem 5.10 in Paper III.
Theorems 5.1 and 5.2 together with Theorem 4.5 are enough to determine

how to choose the parameters "x, "t and !, as illustrated by the following
example.
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Example 5.3 Let Xt be a Lévy process with infinite jump activity. Suppose
that the jump measure satisfies

*(dy) - 1
y3!$
,

for some 0 < ( < 1. By Theorems 4.5, 5.1 and 5.2 there are constants C1,
C2 and C3, independent of "x, "t and !, such that

|E| ' C1

*

1 +
.

|y|&"
|ey ! 1| *(dy)

+

"x+ C2"t+ C3!
$+1. (5.11)

The term
3
|y|&" |ey ! 1| *(dy) can be estimated by

.

|y|&"
|ey ! 1| *(dy) ' C

"
!$!1 + 1

$
. (5.12)

The computational complexity is proportional to 1/ ("x"t) and independent
of the choice of !. Hence, ! should be chosen so that (5.11) is minimized.
Furthermore, "t is chosen so that the computational work is minimized for
a given level of tolerance. These two conditions amount to letting ! and "t
decrease with "x like

! - "x1/2, (5.13)
"t - "x(1+$)/2.

The resulting computational work will increase as the tolerance, TOL, de-
creases as

Work - TOL!1!2/($+1). (5.14)

6 Optimal control, model calibration and Paper
IV

Having spent some time on the forward problem, i.e. estimating the expected
value (3.7), we now turn to the inverse problem of determining the pricing
measure Q from observed option prices. Robust and e"cient calibration is
essential for the applicability of a model. The great success of the original
Black & Scholes model is probably partly due to the fact that it is very
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easy and fast to calibrate. The objective of the final paper of this thesis,
Paper IV, is to describe how optimal control can be used to calibrate a
jump-di!usion process.

Suppose that, under the pricing measure Q, the underlying St is an
exponential jump-di!usion process,

dSt/St! = (r ! µ(t)m(t)) dt+ &(t, St!)dWt + (J ! 1) d"(t), (6.1)

where the local volatility & = &(t, S) is state and time dependent, the jump
times are governed by a Poisson counting process "(t) with time dependent
intensity µ(t), and the relative jump size is a stochastic variable with density
.. The risk free interest rate is denoted by r and the drift term is determined
by the fact that e!rtSt is a martingale, forcing m to be

m = E[J ! 1].

In (6.1), St! denotes the left limit of St. Note that if & and µ are constant
then St is an exponential Lévy process with finite jump intensity.

A similar model, but with constant jump intensity, is calibrated by An-
dersen and Andreasen in [2]. Calibration of partial and stochastic di!erential
equations is a huge field, with plenty of applications also outside finance. An
accessible introduction to model calibration, with a focus on computations,
is the book [46]. A more mathematical introduction to regularization tech-
niques of inverse problems is the book [21].

Recall that the value of a call option with strikeK and maturity T equals
its future discounted expected payo!,

C(St, t;T,K) = e!r(T!t)EQ [max(ST !K, 0) |St] . (6.2)

Let {Cm(T,K)}T,K be a collection of call option prices, for di!erent
strikes K $ 0 and maturities 0 < T < T̂ , observed in a market at time
t = 0. Calibration of the pricing measure amounts to determining &(t, S),
µ(t) and . in such a way that the di!erence between the observed price Cm
and the theoretical price (6.2) is minimized. There are di!erent measures
of the di!erence between observed and theoretical prices, in Paper IV we
study the L2-distance

. T̂

0

.

R+
(C(S0, 0;T,K)! Cm(T,K))2 dKdT.
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Another popular measurement is the L2-distance of implied volatility, see
for instance [2].

Similarly to the exponential Lévy setting described in the previous sec-
tion, the theoretical option price satisfies, in the variables t and S, the partial
integro-di!erential equation

rC = C %t ! µ(t)
"
C +mSC %S + E

6
C
4
t, S
57 $

+ 1
2&

2(t, S)S2C %%SS + rSC %S ,

C(T, S) = max(S !K, 0), (6.3)

where
E[C(t, JS)] =

.

R+
C(t, Sx).(x)dx.

Here C %t, C %S , etc. denote the derivative of C with respect to t, S, etc.
In (6.3) the strike K and maturity T are fixed. Hence to price a family

of options on the same underlying, one needs to solve (6.3) once for each
di!erent value of (T,K). Following Dupire, [20], one can derive a forward
equation in T and K that can be used to price a whole family of call options
on the same underlying. A similar result is obtained in [2].

Proposition 6.1 Suppose that the risk neutral dynamics of a stock is given
by (6.1). The value of European call options C(T,K) = C(0, S;K,T ), for
t = 0 and S0 = S fixed, solve the forward equation

C %T = µ(T )
"
mKC %K ! (m+ 1)C + E

6
J(T )C

4
T, J(T )!1K

57$

+ 1
2&

2(T,K)K2C %%KK ! rKC %K , (6.4)

where

E
,
J(T )C

4
T, J(T )!1K

5-
=
.

R+
zC(T,K/z).(z)dz

C(0,K) =max(S !K, 0).

Proof: See Proposition 1 in Paper IV.
For later use we introduce the two operators ,1 and ,2:

,1(C) := (m+ 1)C !mKC %K + E[JC(T, J!1K)], (6.5)

,2(C) := 1
2K

2C %%KK .
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6.1 Optimal control and model calibration
The idea in Paper IV is to use optimal control to determine the local volatil-
ity and the jump intensity (&2(t, S), µ(t)). The jump size density . needs
to be treated separately, so assume for now that . is known.

Suppose that the price of call options with maturity T , 0 < T < T̂ and
strike K > 0, are priced in a market with prices given by Cm = Cm(T,K).
The corresponding theoretical price C(T,K) = C(0, S0;T,K) is for fixed
(&2, µ) given by (6.2). For the sake of readability we assume that the interest
rate r = 0.

The optimal control formulation amounts to determining
"
&2(t, S), µ(t)

$
# arg minB

. T̂

0

.

R+
(C(T,K)! Cm(T,K))2 dKdT, (6.6)

where
CT = ,1(C) + ,2(C),

C(0,K) = max(S0 !K, 0).
It is assumed that (&2, µ) takes values in the compact set

B =
8

(&2, µ) : (&2(t, S), µ(t)) # [&2
!,&

2
+]0 [µ!, µ+]

9
.

There are several di!erent methods for solving optimal control prob-
lems. The method suggested in Paper IV was introduced by Sandberg and
Szepessy in [41] and is based on a symplectic approximation of the Hamil-
tonian system for the control problem. In [12] the method is applied to
reconstruct data for the heat and wave equations.

The Hamiltonian system associated to (6.6) is
C %T = H %%(C,%), (6.7)
%%T = !H %C(C,%).

One major reason why the method of Sandberg and Szepessy is suitable in
the setting of Paper IV is that the Hamiltonian can be determined explicitly.
In Paper IV it is shown that the Hamiltonian equals

H(C,%) = s[µ",µ+]

:.

R+
%,1(C)dK

;

+
.

R+
s['2
",'

2
+]

:
%,2(C)

;
dK +

.

R+
(C ! Cm)2dK, (6.8)
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where s[a,b](x) is the function

s[a,b](x) =
!
ax if x < 0
bx if x > 0.

Note that the Hamiltonian is not di!erentiable, however, it is straightfor-
ward to construct an explicit regularization of H, see Section 1.4.2 in Paper
IV.

Discretizing the regularized Hamiltonian system using an implicit sym-
plectic scheme results in a coupled system of equations, see Section 1.4.2
in Paper IV. Since the regularized Hamiltonian is known explicitly, the
discretized system of equations can be solved e"ciently with the Newton
method.

Paper IV is concluded with some numerical experiments, both on artifi-
cial, as well as real, data from call options on the S&P-500 Index.
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