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1. Introduction

The study of singularities of varieties forms an important part of algebraic and
analytic geometry. The notion of positive closed current generalizes varieties, and
their singularities can be measured by the so called Lelong numbers. In this thesis
we study the locus where the Lelong numbers of a given positive closed current are
positive, using the approximation techniques developed by J. P. Demailly ([Dem92],
[Dem93b]).

Our motivation comes from complex dynamical systems: Given a holomorphic
endomorphism of complex projective space, it is crucial to characterize the dynam-
ically invariant Green current T . More precisely, given f : Pk → Pk a surjective
holomorphic map of algebraic degree d ≥ 2, there exist a positive closed (1,1)-
current T with (Hölder) continuous local potentials such that

f∗T = dT.

The Green current T is supported on the Julia set of f and the invariant probability
measure µf := T k is the only equilibrium measure of this dynamical system (see
[BD01], [Sib99]). It is easy to see that for every smooth positive (1,1)-form α, the
sequence d−n(fn)∗α converges to cT in the sense of currents for some c > 0. In the
case of a positive closed (1,1)-current S, the weak convergence

(1) d−n(fn)∗S → T, n→ +∞

is intimately related with the appearance of totally invariant algebraic subsets of
Pk, namely, algebraic subsets X ⊂ Cf , where Cf denotes the critical set of f and
such that f−r(X) = X for some r ∈ N. It is a (non-trivial) well known fact that the
collection EPk of all totally invariant irreducible algebraic sets is finite (see [BD01],
[DS08], [Din09]). Moreover, the restriction for (1) to hold is expected to be related
to whether or not S has positive Lelong numbers along the elements of EPk . In
dimension one, the family EP1 of a rational map of the Riemann sphere consist of
at most two super-attracting points and for any positive closed (1,1)-current S (i.e.
a positive measure) the convergence (1) holds if and only if S has no mass on any
of these exceptional points (see [Bro65], [Lju83], [FLM83]).

In dimension two the situation is quite similar to dimension one. The collec-
tion EP2 contains at most three lines and finitely many points (see [FS92], [FS95],
[CLN00], [Dab00], [Bea01], [AC05]). Combining the results obtained in [FJ03] and
[FJ07], it is possible to construct a family E ′P2 of totally invariant subsets of P2,
possibly properly contained in EP2 , such that for every positive closed (1,1)-current
S, the convergence (1) holds if and only if the Lelong numbers of S along V is zero
for all V ∈ E ′P2 . The family E ′P2 contains at most three lines and (finitely many)
totally invariant super-attractive orbits.

The higher dimensional case is more obscure since at the moment not much is
known about the structure of totally invariant algebraic sets. We conjecture that
there exists a finite family E ′Pk , possibly properly contained in EPk , such that for any
positive closed (1,1)-current S, the convergence (1) holds if and only if the Lelong
number of S along V is zero for every V ∈ E ′Pk . The idea behind analyzing this
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question is to study the asymptotic behavior of the critical set Cfn , in particular it
will be crucial to understand the locus where Cfn is very singular, or equivalently,
where the current of integration d−n[Cfn ] (which has uniformly bounded mass) has
large Lelong numbers.

Some of the techniques on positive closed currents used in this thesis start with
the fundamental work of Y. T. Siu. In [Siu74] Siu proved the Zariski upper semi-
continuity of Lelong numbers, i.e. if T is a positive closed current on a compact
complex manifold X, then for any c > 0 the upper level set

{x ∈ X | ν(T, x) ≥ c}
is analytic, where ν(T, x) denotes the Lelong number of T at x. Using this, it is also
possible to prove Siu’s decomposition theorem, that is, any positive closed (p, p)-
current T can be written as a (possibly infinite) sum of currents of integration on
analytic sets plus a residue. Namely,

T =
∑
j≥1

λj [Aj ] +R

where Aj are irreducible analytic subsets of codimension p in X, the constants
λj > 0 are the (generic) Lelong numbers of T along Aj and R is a positive closed
(p, p)-current with singular locus of small size. This gives us a quite concrete pic-
ture, in codimension p, of the structure where the Lelong numbers are big for the
current T .

In order to size how big this singular locus is, various consequences can be derived
from Demailly’s results (particularly [Dem92]). For instance, if X is a compact
Kähler manifold and {x ∈ X | ν(T, x) > 0} is a countable subset of points of X
(i.e. {ν(T, x) ≥ c} is finite for all c > 0) then

∑
x∈X

ν(T, x)dim(X) ≤
∫
X

{T}dim(X) < +∞.

Note that the above inequality in the case X a Riemann surface (hence T a positive
finite measure) is trivial.

In this thesis we present a result concerning estimates of the locus of positive
Lelong numbers for positive closed currents defined on projective varieties with re-
spect to a fixed irreducible subvariety. More precisely, let X be a (possibly singular)
projective variety and let T be a positive closed (1,1)-current on Xreg with bounded
mass near Xsing (see Definition 3.8) and Y ⊂ X an irreducible algebraic subset. We
want to study the locus inside Y where the Lelong numbers of T are larger than
the generic Lelong number of T along Y . For every c > 0 we denote by Ec(T ) the
Lelong upper level sets of T defined as the analytic subset

Ec(T ) := {x ∈ Xreg | ν(T, x) ≥ c}
and by EYc (T ) = Ec(T ) ∩ Y the Lelong upper level sets of T at Y . Let

0 ≤ β1 ≤ β2 . . . ≤ βdim(X)−l+1
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be the jumping numbers of ETc (T ), i.e. for every c ∈]βp, βp+1] the algebraic set
EYc (T ) has codimension p in Y with at least one component of codimension ex-
actly p. Let {Zp,r}r≥1 be the countable collection of irreducible components of⋃
c∈]βp,βp+1]E

Y
c (T ) of codimension exactly p in Y and denote by νp,r the generic

Lelong number of T at Zp,r. Note that β := ν(T, Y ) the generic Lelong number of
T along Y corresponds to β1. Then we obtain the main result of this thesis

Theorem 1.1 (Main Theorem). With the same notation as above, there exist a
positive constant C, depending only on the geometry of X and Y , such that

∑
r≥1

(νp,r − β)p
∫
Zp,r

ωl+p ≤ C
∫
Xreg

T ∧ ωdim(X)−1, ∀ p = 1, . . . ,dim(X)− l + 1,

where ω is the Fubini-Study metric of X.

As an example, consider the case where X is the complex projective plane P2,
Y ⊂ P2 an irreducible curve and T a positive closed (1,1)-current on P2 with Lelong
number β = ν(T, Y ) along Y ; by Siu’s decomposition theorem, it is easy to see that
T − β[Y ] is also a positive closed (1,1)-current. Let’s pretend that we can restrict
T − β[Y ] at Y , i.e. T − β[Y ] admits local potentials that are not identically −∞.
Then we can study the locus of T inside Y directly. Unfortunately, it is not always
possible to restrict currents to a given subvariety, therefore having an estimate as
the one of Theorem 1.1 is useful even when Y has codimension 1. Moreover, if the
codimension of Y in X is bigger than one (say X = P3 and Y an irreducible curve
in P3) then it is not even possible to use Siu’s decomposition theorem since the
dimensions do not match. For more examples and details, see Section 6.

If we take X to be smooth, Y = X (so β = 0) we then reproduce one of the
results obtained by J. P. Demailly in [Dem93b]. As we mentioned before, our main
interest arises from the holomorphic dynamical system f : Pk → Pk where in our
case X and Y will be (not necessarily smooth) totally invariant algebraic subsets
of Pk and T the current of integration of the critical set CfN for some large N ; this
is currently work in progress.

In Section 2 we introduce the basic definitions and notation of complex mani-
folds, vector bundles, differential forms and cohomology with special emphasis on
Dolbeault cohomology and the Hodge Decomposition Theorem. Section 3 is de-
voted to introduce the main objects in this thesis, namely, positive closed currents
and the Lelong numbers, presenting the main properties needed. In Section 4,
divisors and positivity on vector bundles are introduced, where the crucial link
between divisors and line bundles is explained. The Section 5 explains some of
the techniques introduced by J.P. Demailly (particularly [Dem92] and [Dem93b])
about approximation of positive closed (1,1)-currents by divisors and attenuation
of Lelong numbers; here we present in some detail the proofs of the main results
since those techniques are not so well known but essential for our purposes. Finally
in Section 6 we present the proof of our Main Theorem.
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2. Generalities on complex manifolds

In this section we start summarizing some of the notation used throughout this
thesis. During this entire section, X will be complex manifold of complex dimen-
sion k.

2.1. Vector bundles. A vector bundle of rank r on X is a complex manifold E of
dimension k + r together with with a holomorphic surjective map π : E → X such
that

• For every x ∈ X, Ex := π−1(x) is a complex vector space of dimension r
over C.

• E is locally trivial, i.e. there is an open covering {Ui}i of X and biholo-
morphisms θi : E|Ui := π−1(Ui)→ Ui ×Cr such that for every i and j, the
map

θij := θi ◦ θ−1
j : Ui ∩ Uj × Cr → Ui ∩ Uj × Cr

can be written as

θij(x, v) = (x, gij(x)(v)) ∀ (x, v) ∈ Ui ∩ Uj × Cr

where gij : Ui ∩ Uj → GL(r,C) is holomorphic.

• The family of holomorphic cocycles {gij} satisfy

(2)
{
gii(x) = IdCr for all x ∈ Ui,
gij(x)gjk(x) = gik(x) for all i, j and k and for all x ∈ Ui ∩ Uj ∩ Uk.

On the other hand, if X is a complex manifold, {Ui} an open covering of X and
{gij : Ui ∩ Uj → GL(r,C)} a family of holomorphic functions satisfying (2) (i.e. a
holomorphic cocycle) then, it is easy to see that the complex manifold

E :=

( ⊔
x∈X
{x} × Cr

)
/ ∼,

where (x, v) ∼ (y, w) if and only if x = y, x ∈ Ui∩Uj for some i, j and gij(x)(v) = w,
together with the map π : E → X, π([x, v]) = x is a holomorphic vector bundle
of rank r. A vector bundle of rank 1 will be called a line bundle. The simplest
example of a vector bundle of rank r is the trivial vector bundle E := X ×Cr with
π : E → X given by the projection π(x, v) = x.

Operations between vector bundles (such as tensor product, direct sum, dualiz-
ing, etc) can be made fiberwise and then glued with the obvious cocycles. For more
details see [GH94].

If τi : Ui → Ck (τi : Ui → R2k) are holomorphic local charts (smooth local
charts) on X, then for every i, j we can define

gij(x) · v := d[τi ◦ τ−1
j ](τj(x)) · v
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for all (x, v) ∈ Ui ∩ Uj × Ck ((x, v) ∈ Ui ∩ Uj × R2k) where d[τi ◦ τ−1
j ] denotes the

complex (real) differential of the holomorphic (smooth) maps τi ◦ τ−1
j . It is easy

to see that the family {gij} defined above satisfies (2) and therefore it defines a
holomorphic (real smooth) vector bundle, namely, the complex tangent space TX
(respectively the real tangent space TRX). The dual T ∗X (or (TRX)∗) will be
called the complex cotangent space (respectively real cotangent space).

If π : E → X is a holomorphic vector bundle over X and U ⊂ X is an open
subset, a holomorphic section σ is a holomorphic map σ : U → E such that σ(x) ∈
Ex for all x ∈ U ; the concepts of meromorphic or smooth section are the obvious
one. A frame {v1, . . . , vr} of E|U is a collection of points of E|U such that θ(vi) =
(x, v̂i) ∈ U ×Cr and {v̂1, . . . , v̂r} is a basis for Cr. If E admits a frame {v1, . . . , vr}
at U ⊂ X (i.e. E|U has a frame), then a section σ : U → E can be written as

σ =
r∑
l=1

σlvl.

A global section σ : X → E is a section such that if θi : E|Ui → Ui × Cr is a
trivialization and σi := θi(σ) = (σ1

i , . . . , σ
r
i ) then it satisfies the transition relations

σi = gijσj on Ui ∩ Uj . Conversely, any collection of holomorphic functions σi :
Ui → Cr satisfying the transition relations defines a global section.

2.2. Differential forms. It is easy to see (see [GH94] for details) that the complex
structure of X induces a canonical splitting of the complexified tangent space

TRX ⊗ C = T 1,0X ⊕ T 0,1X,

where T 1,0X is a complex vector bundle of rank k over C and T 1,0X = T 0,1X as
real vector bundles on X. It is not difficult to see that there is an isomorphism of
C-vector bundles

T 1,0X ∼= TX.

It is straightforward to check that the complex dual (TRX ⊗R C)∗ is C-isomorphic
to (TRX)∗ ⊗R C, therefore it is routine to verify that the vector bundle of real
smooth r-differential forms Λr(TRX)∗ satisfies(

Λr(TRX)∗
)
⊗R C ∼= Λr(TRX ⊗R C)∗ = Λr((T 1,0X)∗ ⊕ (T 0,1X)∗).

For every p, q ∈ N define the vector bundle of C-valued differential forms of order
(p, q) (or (p, q)-differential forms for short) Λp,q(X) by

Λp,q(X) :=
(
Λp(T 1,0X)∗

)⊗(
Λq(T 0,1X)∗

)
.

With this notation we can now decompose Λr(TRX ⊗R C)∗ as

Λr(TRX ⊗R C)∗ =
⊕
p+q=r

Λp,q(X).

In local coordinates z = (z1, . . . , zk) : X → Ck, a typical section η of Λp,q(X)
can be written as
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η =
∑

|I|=p,|J|=q

ηI,Jdz
I ∧ dz̄J ,

where ηI,J are smooth functions, I = (i1, . . . , ip) ∈ {1, . . . , k}p, J = (j1, . . . , jq) ∈
{1, . . . , k}q and dzI := dzi1 ∧ · · · ∧ dzip , dz̄J := dz̄j1 ∧ · · · ∧ dz̄jq .

We also define the vector bundle of holomorphic p-forms ΩpX ⊂ Λp,0(X) as
follows: A (p, 0)-form η ∈ Λp,0(X) is a holomorphic p-form if in local coordinates
it can be written as

η =
∑
|I|=p

ηIdz
I ,

where the functions ηI are holomorphic on X. It is trivial to see that this definition
does not depend of the chosen local charts.

The exterior differential operator d : Λr(TRX)∗ → Λr+1(TRX)∗ can be linearly
extended to

d : Λr(TRX ⊗R C)∗ → Λr+1(TRX ⊗R C)∗.

Fix (p, q) ∈ N2 and denote by Πp,q the projection

Πp,q : Λp+q(TRX ⊗R C)∗ → Λp,q(X).

We define the differential operators ∂ : Λp,q(X) → Λp+1,q(X) and ∂̄ : Λp,q(X) →
Λp,q+1(X) as

∂ := Πp+1,q ◦ (d|Λp,q(X)) and ∂̄ := Πp,q+1 ◦ (d|Λp,q(X))

respectively. By linearly extending ∂ and ∂̄ on
⊕

p+q=r Λp,q(X) we easily see that
d = ∂ + ∂̄.

We conclude this section, noting that in local coordinates the actions of ∂ and
∂̄ are given by

∂

 ∑
|I|=p,|J|=q

ηI,Jdz
I ∧ dz̄J

 =
∑

|I|=p,|J|=q

k∑
i=1

∂ηI,J
∂zi

dzi ∧ dzI ∧ dz̄J

and

∂̄

 ∑
|I|=p,|J|=q

ηI,Jdz
I ∧ dz̄J

 =
∑

|I|=p,|J|=q

k∑
i=1

∂ηI,J
∂z̄i

dz̄i ∧ dzI ∧ dz̄J ,

and that ∂∂ = ∂̄∂̄ = ∂∂̄ + ∂̄∂ = 0.

2.3. Cohomology of Complex Manifolds. Let X be a complex manifold. For
every fixed p ∈ N, the condition ∂̄∂̄ = 0 implies that the following is a cochain of
abelian groups

0 ↪→ Λp,0(X) ∂̄−→ Λp,1(X) ∂̄−→ · · · ∂̄−→ Λp,q(X) ∂̄−→ Λp,q+1(X) ∂̄−→ · · ·
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Lemma 2.1 (Dolbeault lemma). Let U ⊂ Ck be an open set and let η ∈ Λp,q(U)
be such that ∂̄η = 0. Then

a) If q = 0 then η ∈ ΩpU ;
b) If q > 0 then there exist an open set U ′ ⊂ U and ξ ∈ Λp,q−1(U ′) such that

∂̄ξ = η.

Therefore the above cochain can be written as

0 ↪→ ΩpX
∂̄−→ Λp,1(X) ∂̄−→ · · · ∂̄−→ Λp,q(X) ∂̄−→ Λp,q+1(X) ∂̄−→ · · ·

We define the (p, q)-Dolbeault cohomology groups Hp,q

∂̄
(X; C) as the cohomology

determined by the above cochain, i.e.

Hp,q

∂̄
(X; C) :=

Ker
(

Λp,q(X) ∂̄−→ Λp,q+1(X)
)

Im
(

Λp,q−1(X) ∂̄−→ Λp,q(X)
)

for q > 0 and
Hp,0

∂̄
(X; C) = ΩpX .

To some extent, in this thesis we will need cohomology with coefficients in a
sheaf. For a reference in sheaf cohomology see [Dem09] and [GH94].

Theorem 2.2 (Dolbeault isomorphism theorem). Let X be a compact complex
manifold and for every p ≥ 0 let ΩpX be the sheaf of germs of holomorhpic p-forms
on X. Then

Hp,q

∂̄
(X; C) ∼= Hq(X; ΩpX).

A differential (p, p)-form α is said to be positive if for every collection α1, . . . , αk−p
of 1-forms the (k, k)-form

α ∧
√
−1α1 ∧ ᾱ1 ∧ · · · ∧

√
−1αk−p ∧ ᾱk−p

is a positive (k, k)-form on X, i.e. a positive volume form on X. A differential
(p, p)-form α will be called strongly positive if it can be written as∑

i

ci
√
−1αi,1 ∧ ᾱi,1 ∧ · · · ∧

√
−1αi,p ∧ ᾱi,p,

where ci > 0 and αi,j ∈ Λ1(X). It is important to remark that the notion of posi-
tivity and strong positivity coincide for p = 0, 1, k, k − 1.

A positive (1,1)-form ω on X will be called a Kähler form if it is closed, i.e.
dω = 0. A complex manifold that admits a Kähler form will be called a Kähler
manifold ; in particular every projective manifold is Kähler, since the restriction of
the Fubini-Study form endows it with a Kähler form.

We end this section stating the very deep (and useful for our purposes) Hodge
decomposition theorem. Recall that the singular cohomology of X with coefficients
in C, denoted by H•(X; C) is defined as

Hr(X; C) = Hr(X; R)⊗R C (' Hr
DR(X; R)⊗R C).
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Theorem 2.3 (Hodge Decomposition Theorem). Let X be a compact Kähler man-
ifold. Then there are canonical isomorphism

Hr(X; C) '
⊕
p+q=r

Hp,q

∂̄
(X; C);

Hp,q

∂̄
(X; C) ' Hq,p

∂̄
(X; C).

As an immediate consequence of the Hodge decomposition theorem, we observe
that if br := dimC H

r(X; C) (the Betti numbers) and hp,q := dimC H
p,q

∂̄
(X; C) (the

Hodge numbers) then

br =
∑
p+q=r

hp,q and hp,q = hq,p.

In particular, in a Kähler manifold all the odd Betti numbers are even.
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3. Positive closed currents

In this section we introduce the main objects of this thesis: positive closed
currents. The full extension of results and proofs of this section can be found in
Demailly’s book [Dem09] unless otherwise stated.

3.1. Currents and positivity. Let X be a compact manifold of real dimension
m. We denote by Dr(X) the Frechet space of smooth r-differential forms endowed
with the family of seminorms

psK(α) := sup
x∈K

max
I,|l|≤s

|DlαI(x)|,

where u is locally written as α =
∑
|I|=r αIdx

I in an open chart Ω ⊂ X, K runs
over all the compact subsets of Ω, = (l1, . . . , lk) ∈ Nk and Dl = ∂|l|/∂xl11 · · · ∂xlmm .

We define the space of currents of degree m − r (or currents of dimension r)
Dm−r(X) on X as the topological dual of Dr(X), i.e.

Dm−r(X) := (Dr(X))∗ .

If X is a compact complex manifold of complex dimension k, in an analogous
way we define the space of currents of bidegree (k − p, k − q) (or currents of bidi-
mension (p, q)) as the topological dual of the subspace Dp,q(X) ⊂ Dp+q(X) of
(p, q)-differential forms with the induced norm.

It is not hard to see that every current S of bidegree (k− p, k− q) can be locally
written as

S =
∑

|I|=k−p,|J|=k−q

SIJ̄dz
I ∧ dz̄J ,

where SIJ̄ are distributions on X. If S ∈ Dk−p,k−q(X) we will refer to it as a
(k − p, k − q)-current for short. We will be mostly interested in (k − p, k − p)-
currents with certain positivity properties.

Definition 3.1. A current S ∈ Dk−p,k−p(X) is said to be positive (resp. strongly
positive) if

〈S, α〉 ≥ 0

for every strongly positive (resp. positive) test (p, p)-form α.

Some basics examples of positive currents are

Example 3.2. A smooth (k − p, k − p)-form β can be seen as a current by

α 7→ 〈β, α〉 :=
∫
X

β ∧ α,

for all smooth (p, p)-forms α. It is routine to check that α is positive (resp. strongly
positive) as a current if and only if it is positive (resp. strongly positive) as a form.
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Example 3.3. If Ω ⊂ Ck is an open set and u is a plurisubharmonic function on
Ω then the current

√
−1
π ∂∂̄u defined by〈√

−1
π

∂∂̄u, α

〉
:=
∫

Ω

u

√
−1
π

∂∂̄α

is a positive (and d-closed) current of bidegree (1,1) on Ω. Conversely, if T is a
positive closed (1,1)-current on Ω then (locally) it can be written in the form above.

Example 3.4. Let Z ⊂ X be a submanifold of dimension p in X. We define the
current of integration [Z] as

〈[Z], α〉 :=
∫
Z

α,

for all test (p, p)-form α. It is easy to see that [Z] is a positive current of bidimension
(p, p) (this justifies the name bidimension).

We finally note that a current S ∈ Dk−p,k−p(X) is positive (strongly positive)
if and only if S ∧ α ∈ Dk,k(X) is a positive measure on X for all strongly positive
(positive) forms α ∈ Dp,p(X). In particular, positive (k, k)-currents are simply
positive measures on X.

3.2. Trace mass and Lelong numbers. The main tool we have in order to
’measure’ the size of the singular locus of a current are the Lelong numbers. Let X
be a compact Kähler manifold with Kähler form ω and let T be a positive closed
(p, p)-current on X. The trace measure σT of T is by definition the finite positive
measure

σT := T ∧ ωk−p

on X. The mass ‖T‖ of T on X will be defined as

‖T‖ :=
∫
X

σT = σT (X) < +∞.

Note that ‖T‖ depends only on the cohomology classes of T and ω.

Let x ∈ Ω and let B(x, r) be the Euclidean ball with center x and radius r > 0.
It is possible to see that the function

r 7→ ν(T, x, r) :=
σT (B(x, r))

r2p

is increasing in r > 0. We define the Lelong number ν(T, x) of T at x as the limit

ν(T, x) := lim
r→0+

ν(T, x, r).

It is possible to see that ν(T, x) does not depend on neither the chosen local chart
nor ω. The quantity defined above can be seen as a generalization of the order of
vanishing of an analytic function. More precisely, if f is an analytic function on
Ω, then T :=

√
−1

2π ∂∂̄ log |f |2 defines a positive closed (1,1)-current on Ω and it is
possible to check that for all x ∈ Ω,

ν(T, x) = ordx(f).
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If T is a positive closed (1,1)-current, then T can be locally written as T = α+√
−1
π ∂∂̄ϕ, where α is some positive smooth (1,1)-form and ϕ is a plurisubharmonic

function unique up to a pluriharmonic function. Then it is possible to see that the
Lelong number ν(T, x) can be obtained as the limit

ν(T, x) = lim
r→0

supz∈B(x,r) ϕ

log r
,

which is well defined.

A very important feature of Lelong numbers is upper semicontinuity, which can
be obtained from its definition. More precisely

Theorem 3.5. Let X be a compact complex manifold. Then the function

Dp,p+ (X)×X 3 (T, x) 7→ ν(T, x) ∈ R,
where Dp,p+ (X) denotes the space positive closed (p, p)-currents, is upper semicon-
tinuous. In particular we have:

• if Tn is a sequence of positive closed currents weakly converging to a current
T , then

lim sup
n→+∞

ν(Tn, x) ≤ ν(T, x),

for all x ∈ X.
• if {xn} ⊂ X is a sequence converging to x ∈ X in the standard topology,

then

lim sup
n→+∞

ν(T, xn) ≤ ν(T, x),

for every positive closed current T .

For a detailed discussion on Lelong numbers, we refer the reader to [Dem09],
Chapter III. The upper semicontinuity of ν(T, ·) is remarkably stronger since it is
not only true in the standard topology but also in the Zariski topology: For every
positive closed (p, p)-current T and every c > 0 we denote by Ec(T ) the Lelong
upper level set

Ec(T ) := {x ∈ X | ν(T, x) ≥ c}.
A fundamental theorem proved by Siu [Siu74] states that Ec(T ) is always an ana-
lytic subset of X, hence ν(T, ·) is Zariski upper semicontinuous.

Note that as consequence of Siu’s theorem, given any irreducible analytic subset
V of X, the quantity

ν(T, V ) := min
x∈V

ν(T, x)

is equal to ν(T, x) for x generic, i.e. outside a proper analytic subset of V . We
define the Lelong number of T along V as ν(T, V ).

We end this subsection with another deep result due to Siu.
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Theorem 3.6 (Siu’s decomposition formula). If T is a positive closed (k−p, k−p)-
current, then there is a unique decomposition of T as a (possibly infinite) weakly
convergent series

T =
∑
j≥1

λj [Aj ] +R

where [Aj ] is the current of integration over an irreducible analytic variety Aj ⊂ X
of pure dimension p, λj > 0 the generic Lelong numbers of T along Aj and R is a
positive closed current such that for every c > 0, the level set Ec(R) has dimension
less than p.

This formula states that the singular locus of a positive closed current can be
decomposed into a union of analytic subsets plus a residual part with small size.

3.3. Extension and intersection of currents. We state here some known re-
sults on positive closed currents that we will need in this thesis.

A subset P ⊂ X is said to be complete pluripolar if for every x ∈ P there exist
an open neighborhood U 3 x and a plurisubharmonic function u not identically
−∞ such that

P ∩ U = {z ∈ U | u(z) = −∞}.
In particular all analytic subsets of X are complete pluripolar closed sets.

Theorem 3.7 (El Mir). Let P ⊂ X be a closed pluripolar subset and let T be a
positive closed current on X \P with bounded mass on a neighborhood of every point
of P . Then, the trivial extension by zero of T on X is a positive closed current.

It is well known that for any irreducible analytic subset A ⊂ X, the current of
integration [Areg] has finite mass in a neighborhood of every point of Asing, hence
the current of integration [A], meaning its extension by zero through Asing, is a well
defined positive closed current on X.

In this thesis we will need to deal with positive closed currents defined on singular
varieties. If X is a projective variety and ι : X ↪→ PN an embedding, we will say
that ω is a Fubini-Study form on X if ω = ι∗ωPN |X , where ωPN is the Fubini-Study
form on PN . Note that ω is a positive smooth differential form on Xreg.

Definition 3.8. If X is a (possibly singular) projective irreducible variety of di-
mension k and T is a positive closed (p, p)-current defined on Xreg, we will say that
T has bounded mass around Xsing if there exist an open neighborhood U of Xsing

such that ∫
U∩Xreg

T ∧ ωk−p < +∞.

In a complex manifold, for any given two hermitian forms ω and ω′ there is
always a positive constant A such that A−1ω ≤ ω′ ≤ Aω, in particular it is easy to
see that above definition does not depend of the embedding of X.
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We finally discuss intersection of currents. Given an open set Ω ⊂ Ck, a plurisub-
harmonic function ϕ and a positive closed current T in Ω, we would like to have a
notion of intersection

√
−1

2π ∂∂̄ϕ ∧ T on Ω. More precisely, we would like to define
√
−1

2π
∂∂̄ϕ ∧ T :=

√
−1

2π
∂∂̄(ϕT ).

The equation above does not always make sense but it is well defined as long as
the sizes of the singular sets involved are not too big; note in particular that it is
well defined if ϕ is locally integrable with respect to the trace measure of T . We
proceed to introduce the general result concerning intersection of currents.

Let T1, . . . , Tq be positive closed (1,1)-currents with local potentials ϕ1, . . . , ϕq
respectively. We denote by L(ϕj) the unbounded locus of ϕj , namely, the set

L(ϕj) := {x ∈ X | ϕj is not bounded near x}.

Theorem 3.9. Let Θ be a positive, closed (k − p, k − p)-current. Assume that for
any choice of indices j1 < · · · < jm in {1, . . . , q} the set

L(ϕj1) ∩ · · · ∩ L(ϕjm,) ∩ Supp(Θ)
has (2p−2m+1)-Hausdorff measure zero. Then the wedge product T1∧· · ·∧Tq∧Θ is
well defined. Moreover, the product is weakly continuous with respect to monotone
decreasing sequences of plurisubharmonic functions.

For the proof of the theorem above we refer the reader to [Dem93a].

We end this section with a useful theorem we will need during the proof of our
Main Theorem

Theorem 3.10. Let T1 and T2 be positive closed currents on X such that T1 ∧ T2

is well defined. Then

ν(T1 ∧ T2, x) ≥ ν(T1, x)ν(T2, x)
for all x ∈ X
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4. Divisors and positivity on vector bundles

In this section we introduce the key concept of divisors and positivity on vector
bundles. The full proofs of this section can be found in [Dem09], [Laz04a] and
[Laz04b] unless otherwise is stated.

4.1. Divisors. Let X be a projective variety (resp. manifold). We denote by
Div(X) the group of Cartier Divisors, i.e. the abelian group of global sections of
the quotient sheafM∗X/O∗X whereM∗X denotes the sheaf of nonzero meromorphic
functions on X and O∗X the subsheaf of nonzero regular (resp. holomorphic) func-
tions of X. An element D ∈ Γ(X,M∗X/O∗X) can be represented by a collection
{(fi, Ui)}i where {Ui} is an open covering of X and fi are elements of Γ(Ui,M∗X)
such that on Ui ∩ Uj we have

fi = gijfj for some gij ∈ Γ(Ui ∩ Uj ,O∗X).

We say that fi is a defining function of D at any point x of Ui. We say that the
divisor D is effective if fi ∈ Γ(Ui,OX) for all i and is said to be principal if it is
given by a global section f ∈ Γ(X,M∗X) in which case it will be denoted by div(f).
We denote the subgroup of principal divisors on X by Princ(X). Two divisors D
and D′ are said to be linearly equivalent, denoted D ≡ D′, if the difference is a
principal divisor.

Let V be an irreducible algebraic hypersurface of X. For any regular (resp.
holomorphic) function h of X we define the order ordV (h) of h along V as the
largest integer m such that

h ∈ mm
V

where mV is the maximal ideal of OX,V . It is easy to see that if h and g are
holomorphic functions on X then

(3) ordV (hg) = ordV (h) + ordV (g).

If h is a meromorphic function on X, then locally it can be written as h = h1/h2

where h1 and h2 are holomorphic functions, in this case we define the order ordV (h)
of h along V as ordV (h1) − ordV (h2) which is well defined by (3). In the obvious
way we can extend this definition for any divisor D ∈ Div(X) denoting by ordV (D)
the order of D along V .

We can define a morphism from Div(X) to the abelian free group of Weil divisors

WDiv(X) := Z{Hypersurfaces V ⊂ X} =

{∑
V⊂X

nV V | nV ∈ Z

}
given by

Div(X)→WDiv(X), D 7→
∑
V⊂X

ordV (D)V.

It is possible to prove that the homomorphism above is injective. Moreover if X is
smooth, it is in fact an isomorphism (see [Laz04a]).
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If X is smooth, then the nonzero holomorphic functions gij define (in the usual
way) a holomorphic line bundle on X which we denote by OX(D), defining a
canonical morphism

Div(X)→ Pic(X), D 7→ OX(D),
where Pic(X) denotes the isomorphism classes of line bundles on X. The morphism
above is a homomorphism of abelian groups, i.e.

OX(D +D′) = OX(D)⊗OX(D′), OX(−D) = OX(D)∗ and OX(0) = X × C.
Moreover, it is possible to see that this homomorphism is surjective and that

D ≡ D′ ⇔ OX(D) ∼= OX(D′).
In the case of X not being smooth, the ’line bundle’ OX(D) is understood as an

invertible sheaf (of abelian groups).

So far we have discussed divisors with integer coefficients. It is also possible to
talk about Q-divisors DivQ(X) or R-divisors DivR(X) meaning

DivQ(X) := Div(X)⊗Z Q and DivR(X) := Div(X)⊗Z R
respectively.

As a convention in this thesis, we will write the tensor product of line bundles in
an additive way, i.e. given two line bundles L and L′ we will write L + L′ instead
of L⊗ L′ and mL instead of L⊗m = L⊗ · · · ⊗ L. Also, when there is no confusion
we will not distinguish between a line bundle and its class in Pic(X).

A particularly important example is the Picard group of Pk. We define the
tautological line bundle OPk(−1) over Pk as

OPk(−1) :=
{

([z], v) ∈ Pk × Ck+1 | v ∈ [z]
}
.

It is routine to check that OPk(−1) is indeed a line bundle. For any m ∈ Z we
denote by OPk(m) the line bundle define by

OPk(m) := mOPk(−1)∗ = (OPk(−1)∗)⊗m .
It is a well known fact that

H2(Pk,Z) ∼= Pic(Pk) = {[OPk(m)] | m ∈ Z} ∼= Z.

4.2. Chern classes and intersection numbers. Let X be a projective manifold.
There are many ways of defining the (first) Chern class of a line bundle, here we
will briefly recall some of them (for references see [GH94] and [Bou02]). The exact
sequence of sheaves

0→ Z→ OX
exp−−→ O∗X → 0

gives a boundary map

Pic(X) = H1(X;O∗X) δ−→ H2(X; Z).
We define the (first) Chern class c1(L) of a line bundle L as the image
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c1(L) := δ(L) ∈ H2(X; Z) ↪→ H2(X; R) ∼= H2
DR(X,R).

Most of the time we will think of c1(L) as the class of a differential 2-form in the
de Rham cohomology of X. It follows from the definition above that c1(L+ L′) =
c1(L) + c1(L′).

Another useful way of finding the Chern class of a line bundle L is by providing L
with a smooth hermitian metric hL. In every local chart Ui ⊂ X where L|Ui ∼= Ui×C
and ξi a frame at Ui we can define the smooth function

Ui 3 x 7→ ϕi(x) := − log hL(ξi(x), ξi(x))
giving us that for any vector v ∈ L|Ui , v = viξi and

hL(v, v) = |vi|2e−ϕi .
We define the curvature form Θ(hL) of the hermitian line bundle (L, hL) as the
2-form

Θ(hL) =
√
−1
π

∂∂̄ϕ.

It is easy to see that Θ(hL) is a well defined real (1,1)-form and that its cohomology
class does not depend of the hermitian metric hL. Its class is the first Chern class
of L, i.e.

c1(L) = {Θ(hL)} ∈ H2
DR(X; R).

We define the (first) Chern class c1(D) of a divisor D as c1(OX(D)) (see [GH94]).

A singular hermitian metric hL on L is by definition a metric of the form hL =
he−2ϕ where h is a smooth hermitian metric on L and the weight function ϕ is a
locally integrable function. The curvature current Θ(hL) of hL is defined as

Θ(hL) := Θ(h) +
√
−1
π

∂∂̄ϕ

which also lies on c1(L). It is possible to see that any closed real (1,1)-current
T ∈ c1(L) is the curvature form of a singular hermitian metric on L.

An irreducible subvariety Y ⊂ X of codimension r in X defines an r-cycle [Y ] ∈
H2r(X; Z), namely its fundamental class. If D1, . . . , Dr ∈ Div(X) are divisors, then
the cup product c1(D1) · · · c1(Dr) is an element of H2r(X; Z). By Poincaré duality
we obtain that the cap product

(c1(D1) · · · c(Dr)) ∩ [Y ] ∈ H0(X; Z) ∼= Z
is a well defined integer. We define the intersection number (D1 · · ·Dr · Y ) of
D1, . . . , Dr and Y as

(D1 · · ·Dr · Y ) := (c1(D1) · · · c(Dr)) ∩ [Y ] ∈ H0(X; Z) ∼= Z.
If D1 = . . . = Dr = D then we write (Dr · Y ). It is routine to check that this
product only depends on the linear equivalence classes of the divisors involved.
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4.3. Ample, very ample and numerically effective line bundles. Let L be a
line bundle on the projective variety X. We say that L is very ample if there exist
an embedding ι : X ↪→ PN such that

L = ι∗OPN (1) = OPN (1)|X .
We denote by OX(1) the line bundle ι∗OPN (1). We say that L is ample if there
exist a positive integer m such that mL is very ample. The definition of ample and
very ample for divisors is the obvious one.

We proceed to list some facts about ample line bundles (for proofs see [Laz04a]).

• Let f : Y → X be a finite mapping of projective varieties. If L is an ample
line bundle on X then f∗L is ample on Y ; in particular the restriction of
an ample line bundle to a subvariety remains ample. Moreover if f is sur-
jective, then f∗L ample on Y implies L ample on X.

• (Nakai-Moishezon criterion) Let L be a line bundle on X. Then L is ample
if and only if ∫

Y

c1(L)dim(Y ) > 0

for all irreducible subvarieties Y ⊂ X.

• (Openness of the real ample cone) In the obvious way we define very ample
and ample for R-divisor, i.e. elements of Div(X)⊗Z R. Let D be an ample
R-divisor and let E1, . . . , Er be a finite collection of R-divisors. Then

D + ε1E1 + . . .+ εrEr

is ample for all sufficiently small real numbers 0 < |εi| � 1.

• (Metric characterization) Let X be a compact complex manifold. We say
that a line bundle L→ X is positive (in the sense of Kodaira) if it carries
a hermitian metric hL such that Θ(hL) is a Kähler form on X.

Theorem 4.1 (Kodaira embedding theorem). Let X be a compact Kähler
manifold and let L → X be a line bundle on X. Then L is positive if
and only if there exist a holomorphic embedding ι : X ↪→ PN into some
projective space PN such that ι∗OPN (1) = mL for some m ≥ 1.

Let L be a line bundle on X. We say that L is numerically effective (or nef for
short) if

(L · C) ≥ 0

for every irreducible curve C in X.

As before we proceed to list some facts about nef line bundles (for proofs see
[Laz04a]).
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• Let f : Y → X be a finite mapping or a finite sequence of blowups of
projective varieties. If L is a nef line bundle on X then f∗L is nef on Y ; in
particular the restriction of a nef line bundle to a subvariety remains ample.

• (Kleiman’s theorem) Let L be a nef line bundle on X. Then

(Ldim(Y ) · Y ) ≥ 0
for every irreducible variety Y of X.

• (Nef as a limit of ample) Let D be a nef R-divisor and let E an ample
R-divisor. Then for every ε > 0,

D + εE

is ample. Moreover, if D and E are any two divisors such that D + εE is
ample for every sufficiently small ε > 0 then D is nef.

• (Metric characterization) Let L be a line bundle on X and let ω be a fixed
Kähler form on X. Then L is nef if and only if for every ε > 0 there exist
a hermitian metric hL,ε for L such that

ΘhL,ε + εω

is a Kähler form on X.

4.4. Jets, ample and nef vector bundles. This section will deal with the ma-
terial needed in the proof of Theorem 5.4. We follow [Dem09]and [Laz04b]. Let X
be a compact complex manifold of dimension k and let E → X be a holomorphic
vector bundle of rank r. We define the bundle J lE of l-jets sections of E as(

J lE
)
x

:= Ox(E)/
(
ml+1
x · Ox(E)

)
, ∀x ∈ X

where mx is the maximal ideal of Ox(E). The bundle of l-jets of E can be un-
derstood as the bundle of Taylor series of sections of E up to order l. More pre-
cisely, if Ω ⊂ X is a trivialization of E, {ξ1, . . . , ξr} a local frame for E on Ω and
z = (z1, . . . , zk) a local chart (without loss of generality can assume z(x) = 0) then
the fiber

(
J lE

)
x

can be identified with the set of Taylor series

(
J lE

)
x

=


r∑
i=1

∑
α∈Nk,|α|≤l

cα,iz
αξi(z)


where the coefficients cα,i define the coordinates along the fibers of J lE; it is not
hard to check that J lE is a holomorphic vector bundle of rank r

(
k+l
k

)
. From the

very definition we see that(
J lE

)
x

(J l−1E)x
=
Ox(E)/

(
ml+1
x · Ox(E)

)
Ox(E)/ (ml

x · Ox(E))
' Sl(T ∗xX)⊗Ox(E),

using the fact that mx/m
2
x ' T ∗xX. Therefore we obtain that for every l ≥ 1 there

is an exact sequence of vector bundles
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0→ Sl(T ∗X)⊗O(E)→ J l(E)→ J l−1(E)→ 0.

Definition 4.2. Let E → X be a holomorphic vector bundle.

(i) E is said to be very ample if all the evaluation maps

H0(X;E)→
(
J1E

)
x
, H0(X;E)→ Ex ⊕ Ey, ∀x, y ∈ X, x 6= y

are onto.

(ii) E is said to be ample if there exist an integer q0 such that the symmetric
powers SqE are very ample for every q ≥ q0.

Amplitude can also be defined in a different way following Hartshorne (see
[Laz04b] for details). Let

π : P(E)→ X

be the associated projective fiber bundle, i.e. the fiber bundle of quotients of lines
on each fiber of E. As in the usual case of projective spaces, we can define the line
bundle OP(E)(1) (fiberwise) on P(E), hence we have

OP(E)(1) E
↓ ↓

P(E) π−→ X

from which is possible to verify that SqE = π∗OP(E)(q). Then we say that E is
ample over X if and only if OP(E)(1) is ample (in the sense of line bundles) over
P(E); both definitions are equivalent (see also [Dem88]). We say that E is nef over
X if OP(E)(1) is nef as a line bundle over P(E).

We proceed to enumerate a list of properties of ample and nef vector bundles
that we will need. The full proofs can be found in [Laz04b].

• Let 0 → E1 → F → E2 → 0 be a short exact sequence of vector bundles
over X. If E1 and E2 are ample (resp. nef) then F is ample (resp. nef).

• If F = E1 ⊕E2, then F is ample (resp. nef) if and only if both E1 and E2

are ample (resp. nef).

• If E1 and E2 are ample (resp. nef) vector bundles then E1 ⊗ E2 is ample
(resp. nef).

• A vector bundle E over X is ample (resp. nef) if SqE ample (resp. nef)
for any — or equivalently for all — q ≥ 1.

• If E is nef and F is ample, then E ⊗ F is ample.
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We would like to remark that even though not every vector bundle E over a
complex manifold X is necessarily nef, in certain cases we can twist it with a
sufficiently positive line bundle in order to make it nef. More precisely, if X is a
Kähler manifold and E → X a hermitian vector bundle with hermitian metric h,
then OP(E)(1) is equipped with an induced metric with curvature form Θ, whose
restriction to each fibre of the projection π : P(E)→ X coincides with the Fubini-
Study metric, so it is fiberwise positive. Then it is possible to see that given any
Kähler form ω on X there exist a sufficiently large C > 0 such that

Θ + π∗(Cω) ≥ 0.
In particular, if X is a projective manifold and we look at the tangent bundle TX
over X, then it is possible to find a sufficiently positive line bundle p : G→ X such
that

OP(TX)(1) + p∗G ≥ 0 over P(TX),
which is nothing but saying that the vector bundle TX ⊗G is nef.

4.5. Cones in H2(X,R). Different notions of positivity. We define the space
of classes of real (1,1)-forms H1,1(X; R) as

H1,1(X; R) := H1,1

∂̄
(X; C) ∩H2(X; R) =

{
α ∈ H1,1

∂̄
(X; C) | ᾱ = α

}
.

Note that in particular H1,1(X; R) is a finite dimensional real vector space of di-
mension h1,1 containing all the positive classes.

We define:

• The Kähler cone K(X) ⊂ H1,1(X; R) of X as the set

K(X) := {α ∈ H1,1(X; R) | α can be represented by a Kähler form}.
Note that if X is Kähler (or projective) this set is not empty (it contains
the Kähler form ω);

• The Pseudoeffective cone P(X) ⊂ H1,1(X; R) of X as the set

(4) P(X) := {α ∈ H1,1(X; R) | α can be represented by

a positive closed (1,1)-current};

• The Nef cone N (X) ⊂ H1,1(X; R) of X as the set

N (X) := {α ∈ H1,1(X; R) | if for every ε > 0, α can be represented by a

smooth form αε such that αε ≥ −εω}.
It follows from the definitions above that

∅ 6= K(X) ⊂ N (X) ⊂ P(X)
and that
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K(X) = N (X), K(X) = Int(N (X)).
In general N (X) ( P(X): Take p : X ′ → X the blow-up of X at a point and

E ⊂ X ′ the exceptional divisor. Then, if α := [E] we see that

α ∈ P(X) \ N (X).
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5. Approximation of (1,1)-currents

In this section we will discuss the approximation of (1,1)-currents by currents
with analytic singularities. The entire section is based on the work of J. P. De-
mailly (particularly [Dem93b], [Dem92]), where we add some details of the proof
of Theorem 5.4.

The main ingredients of the approximation are the mean value inequality and
the Ohsawa-Takegoshi L2-extension theorem

Theorem 5.1 (Ohsawa-Takegoshi’s L2-Extension Theorem). Let X be a projective
manifold. Then there is a positive line bundle A→ X over X with smooth hermitian
metric hA and a constant C > 0 such that for every line bundle L → X provided
with a singular hermitian metric hL and for every x ∈ X such that hL(x) 6= 0,
there exist a section σ of L+A such that

‖σ‖hL⊗hA ≤ C|σ(x)|.
For a proof of Theorem 5.1 see [Var].

5.1. Approximation by divisors. Let X be a projective manifold and let T be
a positive closed current representing the first Chern class c1(L) of a hermitian line
bundle L → X. More precisely, we can endow L → X with a singular hermitian
metric hL and curvature form Θ(hL) where

T ∈ c1(L) = {Θ(hL)} .
Now, let A→ X be an ample line bundle with smooth hermitian metric hA = e−ϕA .
Its positive curvature form ω :=

√
−1

2π ∂∂̄ϕA endows X with a Kähler metric. We
can fix a smooth hermitian metric h on L, hence we can write hL = he−2ϕ and T =
Θ(hL) = Θ(h) +

√
−1

2π ∂∂̄ϕ. We endow mL+A with the (singular) metric h⊗mL ⊗hA
and we define the (finite dimensional) Hilbert space Hm ⊂ H0(X;OX(mL+A)) as

Hm :=
{
σ ∈ H0(X;OX(mL+A)) | ‖σ‖2m < +∞

}
where the norm ‖ · ‖2m is given by

‖σ‖2m :=
∫
X

h⊗mL ⊗ hA(σ)dVω.

We present the following theorem which can be found in [Dem93b] and [Bou02].

Theorem 5.2. Let X, T , L → X, ϕ and A → X be as before. Let {σm,j}Nmj=1 be
an orthonormal basis of Hm and define

ϕm(x) :=
1

2m
log

Nm∑
j=1

h⊗m ⊗ hA(σm,j(x))

 .

Then there exist positive constants C1 and C2 independent of m such that, for
every x ∈ X we have:

ϕ(x)− C1

m
≤ ϕm(x) ≤ sup

z∈B(x,r)

ϕ(z) +
C2

m
+ C(x, r),

where C(x, r) tends to 0 as r → 0.
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Proof of Theorem 5.2. First we cover X by finitely many small open balls {B}
giving local trivializations for both line bundles A and L. On L, A|B ' B ×
C ⊂ Ck × C we pick smooth metrics ψ, ψA for L and A respectively, i.e. for all
(x, v) ∈ B × C

h(x, v) = |v|2e−2ψ(x), hA(x, v) = |v|2e−2ψA(x),

hence if σ ∈ Hm is a section supported on B we have that

h⊗m ⊗ hA(σ(x)) = |σ(x)|2e−2mψ(x)−2ψA(x).

Since σ : B → C is holomorphic, by the mean value inequality for all x ∈ B and
r < dist(x, ∂B) we have

|σ(x)|2 ≤ k!
πkr2k

∫
B(x,r)

|σ(z)|2dV (z),

implying

(5) h⊗m ⊗ hA(σ(x)) ≤ C

r2k
e−2mψ(x)−2ψA(x)

∫
B(x,r)

|σ(z)|2dV (z) ≤

≤ C

r2k
e2m[supB(x,r) ψ−ψ(x)]+2[supB(x,r) ψA−ψA(x)]

∫
B(x,r)

h⊗m ⊗ hA(σ(z))dV (z).

Denote by c(x, r) := supB(x,r) ψ − ψ(x), cA(x, r) := supB(x,r) ψA − ψA(x) and note
that ∫

B(x,r)

h⊗m ⊗ hA(σ(z))dV (z) ≤

(
sup
B(x,r)

e2mϕ

)
‖σ‖2m,

therefore

h⊗m ⊗ hA(σ(x)) ≤ C

r2k
emc(x,r)+cA(x,r)

(
sup
B(x,r)

e2mϕ

)
‖σ‖2m.

We can write ϕm as

e2mϕm(x) = sup
‖σ‖=1

h⊗m ⊗ hA(σ(x));

therefore taking log to the inequality and the supremum over ‖σ‖m = 1 we obtain

(6) 2mϕm(x) ≤ log
(
C

r2k

)
+mc(x, r) + cA(x, r) + 2m sup

B(x,r)

ϕ =⇒

=⇒ ϕm(x) ≤ sup
B(x,r)

ϕ+ C(x, r) +
1
m

log
(
C ′

rk

)
,

where C ′ > 0 and C(x, r)→ 0 as r → 0.

For the other inequality we use Ohsawa-Takegoshi’s L2 Extension Theorem: Let
x ∈ X such that hL(x) 6= 0. Since hL = he−2ϕ we can find a section σ ∈ Hm such
that
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‖σ‖2m ≤ C2|σ(x)|2 = C2h⊗m ⊗ hA(σ(x))e−2mϕ(x),

for some C > 0. Using (again) that

e2mϕm(x) = sup
‖σ‖m=1

h⊗m ⊗ hA(σ(x)),

we take log to the inequality and the supremum over ‖σ‖m = 1 obtaining

ϕ(x) ≤ ϕm(x) +
C ′

m
.

This concludes the proof.
�

As a consequence of the theorem above, we have obtained the following corollary

Corollary 5.3. Let X be a projective complex manifold with a Kähler form ω and
let T be a positive closed (1,1)-current in the cohomology class of a line bundle.
Then there exist a sequence of closed (1,1)-currents Tm in the cohomology class of
T such that

(i) Tm ≥ − 1
mω;

(ii) The sequence Tm converges weakly to T ;
(iii) For every x ∈ X the Lelong numbers at x satisfy

ν(T, x)− C

m
≤ ν(Tm, x) ≤ ν(T, x),

for some C > 0. In particular, the Lelong numbers ν(Tm, x) converge
uniformly to ν(T, x).

Proof. Let L → X be a positive hermitian line bundle with singular hermitian
metric hL such that T ∈ {Θ(hL)}. We can take a smooth metric h on L such that
hL can be written as hL = he−2ϕ and therefore we can define

Tm := Θ(h) +
√
−1

2π
∂∂̄ϕm,

with ϕm as in the theorem above. Now it is routine to check that the sequence Tm
converges to T = Θ(h) +

√
−12π
∂ ∂̄ϕ and that it has the desired properties. �

5.2. Attenuation of Lelong numbers. We finish this section with a refined ver-
sion of the theorem of the subsection above which will allow us to approximate
positive closed currents by currents with analytic singularities and attenuated Le-
long numbers. We state the main theorem of this section proved in [Dem93b].

Theorem 5.4. Let X be a projective manifold and let T be a positive closed (1,1)-
current representing the class c1(L) of some hermitian line bundle L → X. Fix a
sufficiently positive line bundle G over X such that TX ⊗G is nef. Then for every
c > 0 there exist a sequence a closed (1,1)-currents Tc,m converging weakly to T
over X such that

• Tc,m ≥ − 2
mω − cu, where u is the curvature form of G and;

• max (ν(T, x)− c− dim(X)/m, 0) ≤ ν(Tc,m, x) ≤ max (ν(T, x)− c, 0) .



26 RODRIGO PARRA

The proof of the above theorem in a more general case, namely X is a compact
Kähler manifold and T is any almost positive closed (1,1)-current can be found in
[Dem92]; the proof involves a very technical gluing procedure which is far beyond
the scope of this thesis. For the case X projective and T the curvature current of
a positive line bundle, the proof is simpler and can be obtained in a more direct
way; we present the proof given in [Dem93b].

Proof. As in Theorem 5.2 it is possible to construct sections σm,j ∈ H0(X;mL+A),
1 ≤ j ≤ Nm such that

ν(T, x)− dimX

m
≤ 1
m

min
j=1,...,Nm

ordx(σm,j) ≤ ν(T, x).

We consider the l-jet sections J lσm,j with values in the vector bundle J lOX(mL+
A). We have the exact sequence

0→ SlT ∗X ⊗OX(mL+A)→ J lOX(mL+A)→ J l−1OX(mL+A)→ 0.

Dualizing the above sequence we obtain the short exact sequence

0→ (J l−1OX(mL+A))∗ → (J lOX(mL+A))∗ → (SlT ∗X ⊗OX(mL+A))∗ → 0

which can be rewritten as

0→ (J l−1OX(mL+A))∗ → (J lOX(mL+A))∗ → SlTX ⊗OX(−mL−A)→ 0.

Twisting this exact sequence with OX(mL+ 2A+ lG) we obtain that

(7) 0→ (J l−1OX(mL+A))∗ ⊗OX(mL+ 2A+ lG)→

→ (J lOX(mL+A))∗ ⊗OX(mL+ 2A+ lG)→ SlTX ⊗OX(lG+A)→ 0

is exact. By hypothesis, the vector bundle TX ⊗ G is nef and therefore Sl(TX ⊗
OX(G)) = SlTX ⊗OX(lG) is nef for all symmetric powers of order l, hence

SlTX ⊗OX(lG+A) =
(
SlTX ⊗OX(lG)

)︸ ︷︷ ︸
nef

⊗OX(A)︸ ︷︷ ︸
ample

is ample. Using induction on l ≥ 1 we obtain that the extremes of the short exact
sequence (7) are ample, therefore the middle term

(J lOX(mL+A))∗ ⊗OX(mL+ 2A+ lG)

is also ample.

By definition there is a symmetric power of order q such that

Sq
(
J lOX(mL+A)

)∗ ⊗OX(qmL+ 2qA+ qlG)
is generated by holomorphic sections gm,i. Using this together with the pairing
(J lOX(mL+A))∗, J lOX(mL+A) we obtain sections

Sq(J lσm,j)gm,i ∈ H0(X;OX(qmL+ 2qA+ qlG))
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which in a trivialization give us the metric

ϕm,l :=
1
qm

log
∑
i,j

|Sq(J lσm,j)gm,i| −
2
m
ψA −

l

m
ψG.

Note that ψA and ψG are smooth; therefore we have

ν(ϕm,l, x) =
1
m

min
j

ordx(J lσm,j) =
1
m

(
min
j

ordx(σm,j)− l
)
.

This gives us the inequality

max
(
ν(T, x)− l + dim(X)

m
, 0
)
≤ ν(ϕm,l, x) ≤ max

(
ν(T, x)− l

m
, 0
)
.

Finally, for every c > 0 and every m � 0 it is possible to find l > 0 such that
c < l/m < c+ 1/m, hence

√
−1
π

∂∂̄ϕc,m ≥ −
2
m
ω − cu,

where ϕc,m := ϕm,l for this choice of m, l, and ω and u are the curvature forms of
A and G respectively.

Now, for any smooth metric h on L, the sequence of currents

Tc,m := Θ(h) +
√
−1
π

∂∂̄ϕc,m,

converges weakly to T and satisfies the desired properties.
�
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6. The Main Theorem

Given a projective variety X, an irreducible algebraic subset Y ⊂ X and a pos-
itive closed (1,1)-current T on Xreg, we would like to study the singularities of T
inside Y . In this section, we provide a uniform bound for the locus inside Y where
the Lelong numbers of T are larger than the generic value of T at Y . For this,
we generalize some of the techniques developed by J.P. Demailly in [Dem92] and
[Dem93b].

6.1. Statement of the result. If X is an irreducible complex projective variety
and T is a positive closed (1,1)-current onXreg with bounded mass aroundXsing (see
Definition 3.8), we will denote by Ec(T ) the Lelong number upper level (analytic)
set

Ec(T ) = {x ∈ Xreg | ν(T, x) ≥ c}.

Let Y be an irreducible algebraic subset of X of codimension l not contained in
the singular set Xsing of X and denote by EYc (T ) = Ec(T ) ∩ Y the Lelong upper
level sets at Y . Let

0 ≤ β1 ≤ β2 . . . ≤ βdim(X)−l+1

be the jumping numbers of ETc (T ), i.e. for every c ∈]βp, βp+1] the algebraic set
EYc (T ) has codimension p in Y with at least one component of codimension ex-
actly p. Let {Zp,r}r≥1 be the countable collection of irreducible components of⋃
c∈]βp,βp+1]E

Y
c (T ) of codimension exactly p in Y and denote by νp,r the generic

Lelong number of T at Zp,r. Writing β := β1 = ν(T, Y ) we obtain the main result
of this thesis

Theorem 6.1. Let X be a projective variety, ω the Fubini-Study form restricted
to X and Y ⊂ X an irreducible algebraic subset of codimension l not contained
in Xsing. Then there exist a constant C > 0 such that, for every positive closed
(1,1)-current T on Xreg, in the same cohomology class of a line bundle with bounded
mass around Xsing and such that

‖T‖ :=
∫
Xreg

T ∧ ωdim(X)−1 = 1,

the following inequality holds

∑
r≥1

(νp,r − β)p
∫
Zp,r

ωl+p ≤ C, ∀ p = 1, . . . ,dim(X)− l + 1.

Here the the constant C > 0 depends on the geometry of X and Y but not on
T . When X is smooth we can actually write a precise estimate of this constant,
but in the general case, the value of C will depend on the choice of a resolution of
singularities of X.
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6.2. Some examples. In this subsection we provide a few examples showing the
value of our result.

Example 6.2. Let’s start with the trivial case where X = Y is a projective curve.
In this case, the current T is a positive finite measure on X, giving us∫

X

T ≥
∑
x∈X

ν(T, x) =
∑
r≥1

ν1,r.

So Theorem 6.1 follows immediately.

Example 6.3. If X is a projective manifold (i.e. smooth) and Y = X, hence l = 0,
β = 0 and EYc (T ) = Ec(T ), then the inequality of Theorem 6.1 can be written as∑

r≥1

νpp,r

∫
Zp,r

ωp ≤ C.

In [Dem92] Theorem 7.1, J.P. Demailly proved that under the same assumptions
as above, we have that there is a positive constant C ′ > 0 such that∑

r≥1

(νp,r − β1) · · · (νp,r − βp)
∫
Zp,r

ωp ≤ C ′,

where β1 ≤ . . . ≤ βk+1 are the jumping numbers of T . Observing that

νp,r ≥ νp,r − βj ∀ j = 1, . . . , p

Theorem 6.1 shows that∑
r≥1

(νp,r − β1) · · · (νp,r − βp)
∫
Zp,r

ωp ≤
∑
r≥1

νpp,r

∫
Zp,r

ωp ≤ C

implying Demailly’s result.

In the same setting, it is also interesting to observe the two extreme cases p = 1
and p = k:

a) The case p = 1 follows immediately from Siu’s decomposition theorem, since

T =
∑
j≥1

λj [Aj ] +R

with R ≥ 0 and {Z1,r}r ⊂ {Aj}j, therefore

T ≥
∑
r≥1

ν1,r[Z1,r]

and the result follows after integrating this inequality with
∫
· ∧ ωk−1.

b) The case p = k is especially interesting when Ec(T ) is countable for all
c > 0. A remarkable result proved in Corollary 6.4 of [Dem92] is that if
Ec(T ) countable then the class {T} is nef. Moreover, Demailly gave the
more refined inequality
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∑
r≥1

νkk,r +
∫
X

T kac ≤
∫
X

{T}k,

where Tac is the absolutely continuous part in the Lebesgue decomposition
of the coefficients of T .

Example 6.4. Let X be the projective plane P2, let Y ⊂ P2 be an irreducible
curve and let T be the current of integration defined by T := (deg(D))−1[D] (hence
‖T‖ = 1), where D 6= Y is another irreducible curve. It is not hard to see from
the proof of our theorem (see Subsection 6.3) that the constant C > 0 satisfies
C = deg(Y ) and that∑

r≥1

ν1,r

∫
Z1,r

ω = #(Y ∩D) · (deg(D))−1.

Therefore Theorem 6.1 is nothing but Bézout’s theorem for these two curves.

Example 6.5. If X is a projective manifold (i.e. smooth) and Y ⊂ X an irre-
ducible smooth hypersurface, hence l = 1, then using Siu’s decomposition theorem
it is easy to see that the closed (1,1)-current T − β[Y ] is positive. Assume that
T − β[Y ] admits local potentials not identically −∞ along Y . Then we can restrict
T − β[Y ] to Y and the statement is reduced to Example 6.3.

It is important to remark that it is not always possible to restrict positive close
currents. Part of the idea in the proof of Theorem 6.1 is to restrict an approxima-
tion of the current.

Example 6.6. If Y ⊂ X has codimension l > 1 in X, then it is not even possible
to subtract [Y ] from T since the dimensions do not match (see Definition 3.1 and
Example 3.4). Therefore there is no direct method for studying the Lelong numbers
of T inside Y , so our theorem proves to be useful in the general case.

6.3. Proof of the main theorem. We will divide the proof of Theorem 6.1 into
three steps. In the first step we will assume that our projective variety X is smooth
and that the cohomology class of T is nef. We can then find suitable smooth repre-
sentatives of {T} which, together with the sequence obtained in Theorem 5.4, will
allow us to approximate T by a sequence of currents Tc,m of bounded potentials
and therefore we will be able to intersect such sequence with the current of integra-
tion [Y ]; this procedure will be the key for obtaining our result in this setting. In
the second step, we still assume X smooth but {T} not necessarily nef; using that
H1,1(X; R) is finite dimensional and the upper semicontinuity of Lelong numbers,
we will replace T by a current T̂ with nef class {T̂} but the same Lelong numbers as
T everywhere; then we apply our result in Step 1 to T̂ implying the same conclusion
to T . Finally, in Step 3 we prove the general case when X is a projective variety,
not necessarily smooth, by taking a resolution of singularities of X, and applying
Step 2 to the strict transform of T , Y and Zp,r.
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Let us be more precise:

Step 1: Assume X to be a (smooth) complex projective manifold and the class
{T} to be nef. For this case, we will actually prove a slightly more general result,
where we will be able to ’kill Lelong numbers’ locally. More precisely, given any
subset Ξ of Y and p = 1, . . . ,dim(X) − l + 1, we denote the jumping numbers
bp = bp(T,Ξ) of EYc (T ) with respect to Ξ as

bp := inf{c > 0 | codimx(EYc (T );Y ) ≥ p, ∀x ∈ Ξ}.
In our situation, the subset Ξ will be a Zariski dense subset Y with a prescribed

geometrical condition, namely, Ξ will be the complement of all irreducible compo-
nents of EYc (T ) of codimension strictly less than p. Following Demailly we prove
the following lemma

Lemma 6.7. Let Ξ be any subset of Y and 0 ≤ b1 ≤ b2 ≤ . . . ≤ bdim(X)−l+1

the jumping numbers of EYc (T ) with respect to Ξ. Fix a positive line bundle with
smooth curvature u as in Theorem 5.4 and assume that the class {T} is nef. Then
for every p = 1, . . . ,dim(X)− l+1 there exists a closed positive (l+p, l+p)-current
Θp in X with support on Y such that

(8) {Θ} = {Y } · ({T}+ b1{u}) · · · ({T}+ bp{u}) ∈ H l+p,l+p
R (X),

(9) Θp ≥
∑
r≥1

(νp,r − b1) · · · (νp,r − bp)[Zp,r].

Proof. Let c > b1 and let α ∈ {T} be a smooth real (1,1)-form. Take the sequence
of currents Tc,n = α +

√
−1

2π ∂∂̄ϕc,n as in Theorem 5.4 where ϕc,n is singular along
Ec(T ) and Tc,n ≥ −εnω − cu. Since we are assuming {T} to be nef, for every
εn > 0 we can pick αn ∈ {T} smooth such that αn ≥ −εnω and we can write αn
as αn = α+

√
−1

2π ∂∂̄ψn with ψn smooth. Set

ϕc,n,L := max{ϕc,n, ψn − L},

for L � 0 and Tc,n,L := α +
√
−1

2π ∂∂̄ϕc,n,L. Given two plurisubharmonic functions
φ1 and φ2 then it is true (see [BM08]) that

(10)
√
−1

2π
∂∂̄ [max{φ1, φ2}] ≥ min

{√
−1

2π
∂∂̄φ1,

√
−1

2π
∂∂̄φ2

}
,

hence, since
√
−1

2π ∂∂̄ϕc,n ≥ −α− εnω − cu and
√
−1

2π ∂∂̄ψn ≥ −α− εnω the equation
(10) implies that

Tc,n,L + εnω + cu ≥ 0.

The family of potentials {ϕc,n,L} is bounded everywhere, therefore

Θ1,c,n,L := [Y ] ∧ (Tc,n,L + εnω + cu)

is a well defined closed positive (l + 1, l + 1)-current on X with support on Y by
Theorem 3.9. By extracting a weak limit we define
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Θ1,c,n := lim
L→+∞

Θ1,c,n,L

on X. Since the potentials ϕc,n,L decrease monotonically to ϕc,n as L → +∞ we
have that

Θ1,c,n = [Y ] ∧ (Tc,n + εnω + cu)
in a neighborhood of Ξ and {Θ1,c,n} = {Y } · ({T}+ εn{ω}+ c{u}) for every n ≥ 1
and every c > b1.

We observe that for every x ∈ X,

ν(Θ1,c,n, x) ≥ ordx(Y )ν(Tc,n, x) ≥ ordx(Y )(max{ν(T, x)− c− dim(X)/n, 0}).

Note also that the total mass of the family {Θ1,c,n} is uniformly bounded. We
extract (modulo a subsequence) a limit

Θ1 := lim
c↘b1

lim
n↗+∞

Θ1,c,n,

which satisfies {Θ1} = {Y } · ({T} + b1{u}) and by the upper semicontinuity of
Lelong numbers we obtain

ν(Θ1, x) ≥ (ν1,r − b1), ∀x ∈ Z1,r ∀ r ≥ 1.
By Siu’s decomposition theorem, Θ1 can be written as

Θ1 =
∑
j≥1

λj [Vj ] +R1,

where for every j ≥ 1, Vj is an irreducible variety of codimension l + 1 in X, λj is
the generic Lelong number of Θ1 along Vj and R1 is a closed positive current with
upper level sets Ec(R1) of codimension strictly bigger than l+ 1 for all c > 0. This
in particular implies that for all r ≥ 1 we have that Z1,r = Vjr for some jr and for
a generically chosen x ∈ Z1,r we obtain

λjr = ν(Θ1, x) ≥ (ν1,r − b1) =⇒ Θ1 ≥
∑
r≥1

(ν1,r − b1)[Z1,r].

Now we proceed by induction on 2 ≤ p ≤ dim(X) − l + 1. We assume we have
constructed Θp−1 with the desired properties and in the exact same way as before,
for c > bp we define the closed positive (l + p, l + p)-current

Θp,c,n,L := Θp−1 ∧ (Tc,n,L + εnω + cu),
which is well defined everywhere. The current

Θp,c,n := lim
L→+∞

Θp,c,n,L

satisfies
• Θp,c,n = [Y ] ∧ (Tc,n + εnω + cu) in a neighborhood of Ξ,

• {Θp,c,n} = {Y }·({T}+εn{ω}+c{u}) for every n ≥ 1 and every c > bp and,
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• ν(Θp,c,n, x) ≥ ν(Θp−1, x) max{(ν(T, x)−c−dim(X)/n), 0} for every x ∈ X.

We extract a weak limit (modulo a subsequence)

Θp := lim
c↘bp

lim
n↗+∞

Θp,c,n,

which (by the same arguments as above) satisfies the desired properties.
�

Step 2: Now assume that X is a complex projective manifold and let ω′ be any
Kähler form on X. However, the class {T} is not necessarily nef.

Let

(11) P1 := {α ∈ P(X) | ‖α‖ = 1} ⊂ H1,1(X; R)

be a slice of the pseudoeffective cone of X, where ‖ · ‖ is any norm on the finite
dimensional real vector space H1,1(X; R). Since P1 is compact and Int(N (X)) =
K(X) 6= ∅ we can pick A0 = A0({ω}) > 0 such that A{ω} + α is nef for every
A ≥ A0 and every α ∈ P1. Moreover, by the upper semicontinuity in both vari-
ables of the Lelong numbers (Theorem 3.5) there exists a constant τ = τ(X) such
that ν(T, x) ≤ τ for every x ∈ X and every T ∈ P1.

Now, fixing A ≥ A0 we define the closed positive (1,1)-current T̂ := T + Aω. It
satisfies:

• {T̂} ∈ N (X),

• ν(T̂ , x) = ν(T, x) for every x ∈ X (in particular, the Lelong upper level sets
EYc (T̂ ) and EYc (T ) coincide, giving us the same decomposition in terms of
jumping numbers).

Taking β = ν(T, Y ) = ν(T̂ , Y ) and defining the set

Ξp := {
(
∪c>β(Irreducible components of EYc (T ) of codimension < p)

)
,

we obtain that the jumping numbers with respect to Ξp satisfy

b1(T,Ξp) = . . . = bp(T,Ξp) = β.

If {Zp,r}r≥1 are the irreducible components of EYc (T̂ ) = EYc (T ) for c ∈]βp, βp+1]
of codimension exactly p in Y and νp,r the generic Lelong numbers, we apply the
previous lemma to T̂ , hence we obtain a closed positive (l+ p, l+ p)-current Θp on
X with support on Y such that

{Θp} = {Y } · ({T̂}+ b1{u}) · · · ({T̂}+ bp{u}) =

= {Y } · ({T}+A{ω}+ b1{u}) · · · ({T}+A{ω}+ bp{u})

and
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∑
r≥1

(νp,r − β)p[Zp,r] ≤ Θp.

We apply
∫
X
· ∧ ωdim(X)−l−p to the inequality, giving us

∑
r≥1

(νp,r − β)p
∫
Zp,r

ωl+p ≤
∫
X

Θp ∧ ωdim(X)−l−p =

=
∫
X

[Y ] ∧ (T +Aω + b1u) ∧ · · · ∧ (T +Aω + bpu) ∧ ωdim(X)−l−p ≤

≤
∫
X

[Y ] ∧ ((1 +A)ω + τu)p ∧ ωdim(X)−l−p =: C.

Step 3: We now prove the theorem in the general case.

Let π : X̃ → X be a resolution of singularities. Since Y and Zp,r are not
contained in Xsing, we can define Ỹ and Z̃p,r the strict transforms of Y and Zp,r,
respectively. Let T̃ be the positive closed (1,1)-current defined by

T̃ := π∗T on π−1(Xreg).

By assumption, T̃ has locally bounded mass around π−1(Xsing) hence by Theo-
rem 3.7 the extension by zero of T̃ is a positive closed (1,1)-current on X̃. On the
other hand, since π : π−1(Xreg)→ Xreg is a biholomorphism we can conclude that
ν(T̃ , Z̃p,r) = νp,r and ν(T̃ , Ỹ ) = β.

We know by Step 2 if ω̃ is the Fubini-Study metric on X̃ we can find a positive
constant C depending only on X̃, Ỹ and ω̃ such that

C ≥
∑
r≥1

(νp,r − β)p
∫
Z̃p,r

ω̃p+l.

We prove the following lemma

Lemma 6.8. Let A be an ample line bundle defined on X and ω̃ the Fubini-Study
metric on X̃. Then, there exist δ > 0 depending only on ω̃ and A such that for
every irreducible algebraic set Z ⊂ X not contained in Xsing of dimension q and
strict transform Z̃ the following holds∫

Z̃

ω̃q ≥ δ(Aq · Z).

Proof of Lemma. First observe that

(Aq · Z) =
∫
Z

c1(A)q =
∫
π∗Z̃

c1(A)q =
∫
Z̃

π∗(c1(A)q) =
∫
Z̃

(π∗c1(A))q.

Since ω̃ is positive, we can find ε > small enough such that the class of {α} :=
{ω̃} − επ∗c1(A) is numerically effective (even ample) on X̃. Then
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∫
Z̃

ω̃q =
∫
Z̃

(επ∗c1(A) + α)q =

=
∫
Z̃

(επ∗c1(A))q +
q−1∑
i=0

(
q

i

)∫
Z̃

(επ∗c1(A))i ∧ αq−i ≥

≥ εq
∫
Z̃

(π∗c1(A))q ≥ δ(Aq · Z),

where δ := εdim(X). This proves the lemma.
�

Now picking ω̃ on X̃ and δ > 0 as above, and taking A = OX(1) the theorem
follows since

C ′ := Cδ−1 ≥
∑
r≥1

(νp,r − β)pδ−1

∫
Z̃p,r

ω̃p+l ≥
∑
r≥1

(νp,r − β)p
∫
Zp,r

ωp+l.

This completes the proof of the Main Theorem.
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