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Abstract

Transformation optics, a recently booming area, provides people a new approach to
design optical devices for manipulating light. With transformation optics, a lot of novel
optical devices are proposed, such as invisibility cloaks, optical wormholes, optical black
holes, illusion devices. The present thesis is devoted to investigate transformation optics
for manipulating light.

Firstly, an introduction to transformation optics is given. This part includes: (1) in-
troducing differential geometry as the mathematical preparation; (2) expressing Maxwell’s
equations in an arbitrary coordinate system and introducing the concept of transforma-
tion media as the foundation stone of transformation optics; (3) discussing light from
the geometry perspective as the essence of transformation optics; (4) showing how to use
transformation optics to design optical devices.

For our works on invisibility cloaks, we analyze the properties of arbitrary shaped
invisibility cloaks, and confirm their invisibility abilities. The geometrical perturbations
to cylindrical and spherical shaped cloaks are analyzed in detail. We show that the
cylindrical cloak is more sensitive to the perturbation than a spherical cloak. By imposing
a PEC (PMC) layer at the interior boundary of the cylindrical cloak shell for TM (TE)
wave, the sensitivity can be reduced dramatically. A simplified non-magnetic cylindrical
cloak is also designed. We show that the dominant zeroth order scattering term can be
eliminated by employing an air gap between the cloak and the cloaked region.

We propose a compensated bilayer by a folding coordinate transformation based on
transformation optics. It is pointed out that complementary media, perfect negative index
lens and perfect bilayer lens made of indefinite media are well unified under the scope of
the transformed compensated bilayer. We demonstrate the applications of the compen-
sated bilayer, such as perfect imaging and optical illusion. Arbitrary shaped compensated
bilayers are also analyzed.

Nihility media known as the media with ε = µ = 0, are generalized from transforma-
tion optics as transformation media derived from volumeless geometrical elements. The
practical constructions of nihility media by metamaterials are discussed. The eigen fields
in the nihility media are derived. The interactions between an external incident wave and
a slab of nihility media in the free space background are analyzed.

A new type of transformation media called α media is proposed for manipulating light.
Light rays in the α media have a simple displacement or rotation relationship with those
in another media (seed media). Such relationship is named α relationship. The α media
can be designed and simplified to a certain class of diagonal anisotropic media, which are
related to certain isotropic media by the α relationship. Several optical devices based on
the α transformation media are designed. Invisibility cloaks obtained from the coordinate
transformation approach are revisited from a different perspective.

Keywords: transformation optics, Maxwell’s equations, invisibility cloaks, compensated
bilayer, perfect imaging, optical illusion, nihility media, α media
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Chapter 1

Introduction

1.1 Background

Transformation optics (TO), a new booming area, opens a new door to design
optical devices for controlling light. The theory of TO simply roots in the covariance
property of the Maxwell’s equations. This property leads to that a space-time with
certain metric tensor is equivalent to certain electromagnetic (EM) media for light.
Such media are called transformation media (TME) in the area of TO. So, TME
can be used to mimic a curved coordinate system or even a curved space-time for
controlling light.

In 2006, two pioneering papers by J. B. Pendry et al. [1] and U. Leonhardt
[2] showed an amazing application of TO-invisibility cloaks. Any object cloaked
by an invisibility cloak appears invisible to the outside observer. This amazing
application intrigues the booming development of TO. Before such two papers,
similar invisibility devices operating in the quasi-static limit have been already
proposed in 2003 [3, 4]. Up to now, a lot of novel applications have been proposed
based on TO, such as EM wormholes [5], EM black holes [6–9] et al.

TO relates with metamaterials closely. Metamaterials are man-made media
with special designed sub-wavelength unit cell as their "EM molecule" [10–20]. EM
properties of metamaterials have more freedom than nature media. With metama-
terials, the designed TME can be implemented in reality. As examples, invisibility
cloaks operating at both microwave and optical wavelength have been fabricated
[21–25].

1



2 Chapter 1. Introduction

1.2 Outline of This Thesis

The present thesis is composed of two main parts. In the first part, a fundamental
introduction to TO is given. In the second part, the author’s works on TO are
described. Two parts are treated on equal foot. Hopefully, the first part of this
thesis can give readers a clear introduction, even if they know nothing about TO;
the second part can give a clear summary to the author’s work.

The first part contains four chapters. In chapter 2, basic differential geome-
try knowledge is introduced, which serves as the mathematical language of TO.
In chapter 3, we demonstrate how to express Maxwell’s equations in an arbitrary
coordinate system and introduce the concept of TME, which serves as the founda-
tion stone of TO. In chapter 4, we describe light from the perspective of geometry,
which serves as the essence of TO. In chapter 5, the way how to use TO to design
optical devices is introduced by demonstrating several typical applications.

The second part contains four chapters. In chapter 6, our works on invisibility
cloaks are presented. We show the properties of a generalized cloak, investigate the
perturbation effects to the cloak, and design a simplified non-magnetic cloak. In
chapter 7, we propose a compensated bilayer by a folding transformation. The ge-
ometrical implication of such compensated bilayer is discussed. The applications of
such compensated bilayer, such as perfect imaging and optical illusion, are demon-
strated. In chapter 8, a geometrical interpretation to nihility media with ε = µ = 0
is given by TO, based on which the generalized definition of nihility media is intro-
duced. The characteristics of generalized nihility media are discussed. In chapter 9,
a type of TME called α media is proposed for manipulating light. Optical devices
based on the α media are demonstrated.

Finally, conclusions, future work, and summary of the author’s contributions to
the published papers, are given in chapters 10 and 11.



Chapter 2

Basic Introduction to Differential
Geometry

In TO, it is required to express Maxwell’s equations in an arbitrary coordinate
system. The best mathematical tool to achieve this is differential geometry. In this
chapter, a basic introduction to the differential geometry is given. Even though all
contents of this chapter can be found in a lot of textbooks [26, 27], the introduction
here is treated in a great detail, since it is hoped that this thesis can have a self-
contained structure.

2.1 Coordinate System and Metric Tensor

Coordinates are labels of a certain space-time. As an example, in our 4D space-
time, three coordinates are used to label space and one coordinate is used to label
time. With coordinates, physical events can be labeled, and their relationships can
be expressed.

In the following, for the simplification of our discussions, we only discuss the
coordinates in a space and neglect the time dimension. The results involving both
space and time coordinates can be generalized straightforwardly. Consider a n-
dimensional space, which is described by coordinates {xi} with base vectors {ei},
where i = 1, 2, ..., n. With the coordinates and the base vectors, the distance in
this space can be measured.

Consider a simple case of a 2D space with coordinates x1 and x2. In this
space, we consider three infinitely close points denoted as A, B, and C with AB =
dx1e1 and BC = dx2e2. Manifestly, the distance between A and B is |AB| =√

(dx1)2(e1 · e1), and the distance between B and C is |BC| =
√

(dx2)2(e2 · e2).
For the distance between A and C, we have |AC|2 = |AB|2 + |BC|2 + 2AB ·BC.

3



4 Chapter 2. Basic Introduction to Differential Geometry

Coordinates Metric Tensor
Cartesian coordinates (x, y, z) gij = diag[1, 1, 1]
Cylindrical coordinates (r, θ, z) gij = diag[1, r2, 1]
spherical coordinates (r, θ, φ) gij = diag[1, r2, r2 sin θ2]

Table 2.1: Metric tensors for several well known coordinate systems in a 3D flat
space.

Since AB ·BC = dx1dx2(e1 · e2), it is derived that |AC|2 = (dx1)2(e1 · e1) +
(dx2)2(e2 · e2) + 2dx1dx2(e1 · e2). Generalizing the above results to an arbitrary
space, the infinitesimal distance ds is expressed as

ds2 = gijdxidxj , (2.1)

with
gij = ei · ej. (2.2)

where gij is called metric tensor . Here, it is noticed that in Eq. (2.1), we have
applied Einstein summation convention. According to this convection, when an
index variable appears twice in a single term, i.e., once in the superscript and once
in the subscript, we are summing over all of its possible values. As an example,
aib

i =
n∑

i=1

aib
i = a1b

1+a2b
2+· · · . This summation convention is applied throughout

this thesis.

gij is symmetry with respect to the exchange of i and j, i.e., gij = gji; gii

represents the squared length of the basis vector ei; gij with i 6= j represents the
deviation from orthogonality between ei and ej. In Table. 2.1, the metric tensors
for several well known coordinate system in a 3D flat space are given.

Based on the base vectors ei, the inverse base vectors ei are introduced with

ei · ej = δi
j , (2.3)

where δi
j is the Kronecker delta: δi

j = 1 when i = j and δi
j = 0 when i 6= j. With

the inverse bases, the inverse metric tensor gij is defined with

gij = ei · ej. (2.4)

The metric tensor and the inverse metric tensor are inverse to each other

gij · gjk = δk
i . (2.5)
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2.2 Covariant and Contravariant Vectors

A vector V can be expanded by the bases ei or the inverse bases ei as

V = V iei, V i = V · ei, (2.6)

V = Viei, V i = V · ei, (2.7)
where the expansion components V i are called contravariant vector ; Vi are called
covariant vector. Similarly, a tensor can also be expressed in the contravariant or
covariant forms. As an example, for a second order tensor T, its contravariant
tensor is T ij = (T · ej) · ei; its covariant tensor is that Tij = (T · ej) · ei. Different
from a vector, there exists a mixed covariant and contravairant tensor, such as
T j

i = (T · ej) · ei.

The scalar product between two vectors V and U is that

V ·U = gijV
iU j = gijViUj = V iUi = ViU

i. (2.8)

Eq. (2.8) implies that
Vi = gijV

j , V i = gijVj . (2.9)
From Eq. (2.9), it is seen that gij can transform a contravariant vector to a co-
variant vector, i.e., lower the index, while gij can transform a covariant vector to a
contravariant vector, i.e., raise the index. The above arguments can also be applied
to the tensors, such as Tij = gikgjlT

kl and Ti
j = gikT kj .

2.3 Coordinate Transformations

Coordinate transformations mean that a set of coordinates denoted as {xi} is trans-
formed to another set of coordinates {xi′} by certain transformation functions. The
infinitesimal differentials of the original and transformed coordinates relate each
other by

dxi = Λi
i′dxi′ , dxi′ = Λi′

i dxi, (2.10)
with

Λi
i′ =

∂xi

∂xi′ , Λi′
i =

∂xi′

∂xi
. (2.11)

Λi
i′ and Λi′

i are called transformation matrices, which are inverse to each other,
i.e.,

Λi
i′Λ

i′
j = δi

j , Λi′
i Λi

j′ = δi′
j′ . (2.12)

The metric tensors in the original and transformed coordinate systems are de-
noted as gij and gi′j′ . Since the distance in a space is coordinate independent, we
have gijdxidxj = gi′j′dxi′dxj′ . Then, from Eq. (2.10), it is derived that

gi′j′ = Λi
i′Λ

j
j′gij , gij = Λi′

i Λj′
j gi′j′ . (2.13)
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The differential components dxi and dxi′ represent the infinitesimal contravari-
ant vectors in the different coordinate systems, and relate each other by Eq. (2.10).
This indicates that a contravariant vector should transform according to the fol-
lowing rule

V i′ = Λi′
i V i, V i = Λi

i′V
i′ . (2.14)

Taking Eq. (2.14) into the expression V = V iei = V i′ei′ , one gets the transfor-
mation rule for the bases

ei′ = Λi
i′ei, ei = Λi′

i ei′ , (2.15)

which leads to Eq. (2.13), since gij = ei · ej and gi′j′ = ei′ · ej′ .

Since V ·U = ViU
i = Vi′ ·U i′ , U i′ = Λi′

i U i and U i = Λi
i′U

i′ , the transformation
rule for a covariant vector is derived as

Vi′ = Λi′
i Vi, Vi = Λi′

i V i. (2.16)

By a similar process of deriving Eq. (2.15), one gets the transformation rule for the
inverse bases

ei′ = Λi′
i ei, ei = Λi

i′e
i′ . (2.17)

Eq. (2.17) implies that

gi′j′ = Λi′
i Λj′

j gij , gij = Λi
i′Λ

j
j′g

ij . (2.18)

As shown in the above, transforming vector or tensor components between dif-
ferent coordinate systems is just to use Λi

i′ or Λi′
i to contract the label by the

Einstein summation convection.

2.4 Covariant Derivatives

According to the relativity theory, it is known that physics is independent of the
space-time. Thus, a relativistic equation should be a vector or a tensor equation,
since it has the manifestly covariant form. The derivative operator is a frequently
used in physical equations. Here, we seek the covariant derivative, which is used in
the relativistic equation.

Firstly, consider the derivative operator ∂xi is applied to a scalar ψ. One gets
∂ψ/∂xi, which is denoted as ∂iψ for convenience. Under a coordinate transforma-
tion from {xi} to (xi′), ∂iψ transforms exactly as a covariant vector, i.e.,

∂i′ψ = Λi
i′∂iψ. (2.19)

Thus, ∂i is the desired covariant derivative to a scalar, and is denoted by Di.
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Then, consider that the derivative operator ∂xi is applied to a vector V. One
gets

∂iV = ∂iV
jej + V j∂iej. (2.20)

It is seen that there are two terms on the RHS of Eq. (2.20). The first term is
contributed from the change of the vector components, while the second term is
contributed from the change of the bases. In a Cartesian coordinate system, the
second term vanishes since the bases are position independent. In a curvilinear
coordinate system, {ei} are position dependent. ∂jei is non-zero, and is expressed
as

∂jei = Γk
ijek, (2.21)

where Γk
ij is called the Christoffel symbols, which represent the kth component of

the derivative of ei with respect to xj . With Eq. (2.21), Eq. (2.20) is rewritten as

∂iV = (∂iV
jej + V kΓj

ik)ej = DiV
jej , (2.22)

with
DiV

j =
∂V j

∂xi
+ V kΓj

ik. (2.23)

DiV
j transforms in the same way as a mixed covariant and contravariant tensor,

i.e.,
Di′V

j′ = Λi
i′Λ

j′
j DiV

j , DiV
j = Λi′

i Λj
j′Di′V

j′ . (2.24)
Thus, Di defined in Eq. (2.23) is just the sought covariant derivative to a vector.

In the above, DiV
j is derived. Here, we want to derive the expression of DiVj .

To get this expression, we fist derive the expression of ∂jei. Consider that V i =
V · ei, one has

∂jV
i = ei · ∂jV + V · ∂jei. (2.25)

Noticing that the first term on the RHS of Eq. (2.25) is DjV
i, Eq. (2.25) is

rewritten as
DjV

i = ∂jV
i −V · ∂jei. (2.26)

Comparing Eq. (2.23) with Eq. (2.26), one arrives at

∂jei = −Γi
kje

k. (2.27)

By using Eq. (2.27), it is derived that

∂iV = ∂iVjej = (∂iVj − VkΓk
ji)e

j = DiVjej , (2.28)

i.e.,
DiVj = ∂iVj − VkΓk

ji. (2.29)

Observing Eqs. (2.23) and (2.29), we see that the term concerning the Christoffel
symbols in the covariant derivative to a contravariant vector take the form of +V Γ,
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while that to a covariant vector take the form of −V Γ. This rule is also applied to
the covariant derivative to a tensor, such as

DkTij = ∂kTij − Γl
ikTlj − Γl

jkTil, (2.30)

DkT i
j = ∂kT i

j + Γi
lkT l

j − Γl
jkT i

l . (2.31)

2.5 Properties of Christoffel Symbols and Metric Tensors

The Christoffel symbols Γi
jk are symmetric with respect to the exchange of their

two lower indices, i.e.,
Γi

jk = Γi
kj . (2.32)

This can be proved by using the fact DiDjψ = DjDiψ, where DiDjψ = ∂i∂jψ −
Γk

ji∂kψ and DjDiψ = ∂j∂iψ − Γk
ij∂kψ.

In general, the metric tensor is position dependent, i.e., ∂kgij 6= 0. However, its
covariant derivative is always zero

Dkgij = 0. (2.33)

This special property is named as covariantly constant. To prove this property, we
start from gij = ei · ej. Then, there is ∂kgij = (∂kei) · ej + ei · (∂kej) = Γl

ik(ek ·
ej)+Γl

jk(ek · ei). Obviously, this relation is equivalent to ∂kgij −Γl
ikgkj −Γl

jkgki =
Dkgij = 0. The inverse metric tensor is also covariantly constant.

By using the covariantly constant property of the metric tensor, the expression
of the Christoffel symbols can be derived. Firstly, we have

Digjk = ∂igjk − Γl
jiglk − Γl

kigjl

Dkgij = ∂kgij − Γl
ikglj − Γl

jkgil

Djgki = ∂jgki − Γl
kjgli − Γl

ijgkl

. (2.34)

Summing over the above three equations together, we arrive at ∂igjk + ∂kgij −
2Γl

ikgjl = 0, which is just equivalent to

Γi
jk =

1
2
gil(∂jglk + ∂kglj − ∂lgjk). (2.35)

2.6 Geodesic

Geodesic is a curve, which has the extremum (shortest or longest) length between
two fixed points in a space. The length of a curve is calculated by applying the
integration to the differential length ds, and is expressed as

s =
∫

ds =
∫

ds

dσ
dσ =

∫
Ldσ, (2.36)
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where L is called Lagrangian with

L =
√

gij ẋiẋj , (2.37)

where ẋi = dxi/dσ.

Since the geodesic has the extremum length, it is known that the first variation
of its length should be zero, i.e., δS = 0. This leads to Euler-Lagrange equations

d

dσ

∂L

∂ẋi
− ∂L

∂xi
= 0. (2.38)

If we replace L in Eq. (2.37) by

L = gij ẋ
iẋj , (2.39)

the solutions of new Euler-Lagrange equations still describe the geodesic. The
validity of this argument is rooted in that the parameter σ can be chosen arbitrarily.
In particular, we can chose a proper σ to make the Lagrangian in Eq. (2.37) be a
constant. Replacing Eq. (2.37) with Eq. (2.39), it results in that a constant term
is multiplied to the path length. Thus, the replaced Euler-Lagrange equation still
describes the geodesic. Indeed, one can prove that the Euler-Lagrange equations
with L in Eq. (2.39) naturally leads to a constant L, i.e., dL/dσ = 0

With the Lagrangian in Eq. (2.39), the Euler-Lagrange equation is expressed
as

d

dσ
gij ẋ

j − 1
2

dgkj

dxi
ẋkẋj = 0. (2.40)

This equation can be casted into an elegant form as

ẍi + Γi
jkẋj ẋk = 0, (2.41)

where ẍi = d2xi/dσ2.

2.7 Parallel Transport

Consider an infinitesimal change of a vector, which is expressed as

DV i = (DjV
i)dxj = dV i + Γi

jkV jdxk, (2.42)

where dV i = ∂V i

∂xj dxj representing the vector component change.

Moving a vector without changing itself, i.e., DV i = 0, is called parallel trans-
port. Under the parallel transport, the vector component change is only contributed
from the change of the coordinate bases, i.e., dV i = −Γi

jkV jdxk. Obviously, in a
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curvilinear coordinate system, dV i 6= 0 under a parallel transport. The change of
the metric tensor components only result from the change of the coordinate bases,
since the metric tensor gij is covariantly constant.

Consider a parallel transport to a vector V i = dxi/dσ, we have

ẍi + Γi
jkẋj ẋk = 0. (2.43)

Eq. (2.43) is the derived geodesic equation expressed in Eq. (2.41). dxi/dσ rep-
resents the tangent vector on a curve. This indicates that the geodesic is the
straightest possible curve constructed by parallel of its tangent vector.

2.8 Riemannian Curvature Tensor

A space can be divided into two types: flat and curved spaces. Geometry relations
in a flat space respect Euclidean geometry. For examples, the sum of the interior
angles of a triangle is π, the distance between two parallel geodesics keep intact.
However, in a curved space, Euclidean equalities are broken.

In a flat space, one can always find a coordinate transformation, which trans-
forms the coordinates to the Cartesian form. As an example, a cylinder surface
is flat, since its metric tensor can be written in the Cartesian form. In a curved
space, such coordinate transformation does not exist. As an example, a sphere
surface is curved, since there is no way to transform the spherical coordinates with
gij = diag[r2

0, r0 sin θ2] to the Cartesian coordinates.

In a 2D curved space, the Gaussian curvature K is introduced to characterize
the curvature of the space. The curvature K is defined by

ε = Kσ, (2.44)

where σ represents the area of an infinitesimal polygon, and ε represents the excess
of the sum of the interior angles to the corresponding Euclidean quantity. For the
space with the digitalized metric tensor gij = diag[g11, g22], K is that

K =
1

2g11g22
{ − ∂2g11

(∂x2)2
− ∂2g22

(∂x1)2
+

1
2g11

[
∂g11

∂x1

∂g22

∂x1
+ (

∂g11

∂x2
)2]

+
1

2g22
[
∂g11

∂x2

∂g22

∂x2
+ (

∂g22

∂x1
)2]}. (2.45)

From Eq. (2.45), it is calculated that K = 1/r2
0 for a sphere surface with a radius

of r0.

For a higher dimensional space, the Gaussian curvature K should be generalized.
Consider an infinitesimal parallelogram is spanned by the vectors U and W in an
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arbitrary space. The change of a vector V after a round parallel transport is that

dV i = (DkDl −DlDk)V iUkW l = (DkDl −DlDk)V iσkl, (2.46)

where σij = U iW j . Then, we define the tensor Ri
jkl as

(DkDl −DlDk)V i = Ri
jklV

j . (2.47)

With Ri
jkl, Eq. (2.46) is rewritten as

dV i = Ri
jklV

jσkl. (2.48)

Eq. (2.48) can be viewed as the generalized form of Eq. (2.44). To see this,
we notice that ε in Eq. (2.44) relates with the directional change of a vector after
parallel transported along the polygon for a round. In particular, ε = |dV|/|V|,
where dV represents the change of the vector V after a round parallel transport.
Thus, Eq. (2.44) can be rewritten as |dV| = K|V|σ, which has the similar form as
(2.48). In this sense, we say that Eq. (2.48) is the generalized form of Eq. (2.44).
Ri

jkl is the generalized expression of the Gaussian curvature K, and is named as
Riemannian curvature tensor.

From Eq. (2.47), the Riemannian curvature tensor is derived as

Ri
jkl = ∂kΓi

jl − ∂lΓi
jk + Γi

hkΓh
jl − Γi

hlΓ
h
jk. (2.49)

By contracting the Riemannian tensor, the Ricci tensor is constructed as

Rij = Rk
ikj . (2.50)

With the Ricci tensor, a scalar called Ricci scalar is obtained with

R = gijRij . (2.51)

The Ricci tensor and Ricci scalar are the two important ingredients for constructing
the Einstein tensor, which appears in the relativistic gravitation field equation. The
Einstein tensor is expressed as

Gij = Rij − 1
2
Rgij . (2.52)

The Einstein tensor is covariantly constant just as the metric tensor, i.e., DkGij = 0.

Flatness Theorem
In the above, it has been shown that the curvature of a space can be described by
the Riemannian curvature tensor. For a flat space, the Riemannian tensor is zero.
For a curved space, the Riemannian tensor is non-zero. However, at any point P
in a curved space, there always exists certain coordinate system, in which the first
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derivative of the metric tensor is zero. This statement is called flatness theorem.
Mathematically, the flatness theorem is expressed as

gij(x) = gij(0) + bijlkxlxk, (2.53)

where the point P is chosen to be at the origin.

The flatness theorem means that we can always find a local flat space by cer-
tain coordinate transformations. To prove the flatness theorem, we starts from an
arbitrary coordinate system {xi}. Then, a coordinate transformation from {xi} to
{xi′} with ∂xi′/∂xj = δi

j − Γi
jkxk, is considered. After some direct calculations, it

is found that the first derivative of gi′j′ vanishes at the origin. Thus, the flatness
theorem is proved.



Chapter 3

Maxwell’s Equations in an
Arbitrary Coordinate System

Wave behaviors of light or electromagnetic (EM) waves are described by Maxwell’s
equations. TO is based on expressing Maxwell’s equations in an arbitrary coordi-
nate system, which will be discussed in this chapter. It will be shown that Maxwell’s
equations in an arbitrary coordinate system can be casted into the same form as
in a right-handed Cartesian coordinate system, by redefining the field components
and the material parameters of the media. In this context, transformation media
(TME), which mimic a coordinate system of a flat space or a curved space with
certain geometry, are introduced.

3.1 Maxwell’s Equations

Maxwell’s equations are a set of four partial differential equations, which charac-
terize how electric and magnetic fields are coupled with each other, and how these
fields are generated by the electric charges and currents. The equations are named
after the Scotish physicist and mathematician James Clerk Maxwell, who first wrote
them down in a paper named On Physical Lines of Force in 1861.

In free space, Maxwell’s equations are expressed as

∇ ·E =
ρf

ε0
, (3.1)

∇ ·B = 0, (3.2)

∇×E = −∂B
∂t

, (3.3)

13
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∇×B = µ0Jf + µ0ε0
∂E
∂t

, (3.4)

where E and B represent electric and magnetic fields, respectively; ρf and Jf

represent free charge density and current density, respectively; ε0 and µ0 represent
permittivity and permeability of free space, respectively. Eq. (3.1) is called Gauss’s
law, which describes how electric fields can be generated by electric charges. Eq.
(3.2) is called Gauss’s law for magnetism, which states that there is no magnetic
charge, and magnetic field is a solenoidal vector field. Eq. (3.3) is called Faraday’s
law, which states that varying magnetic fields can induce electric fields. Eq. (3.4)
is called Ampere’s law, which states that both varying electric fields and currents
can generate magnetic fields.

Maxwell’s equations tell us how the source generates EM waves. As the com-
plementary part of Maxwell’s equations, Lorentz force law tells us how EM waves
act on the source

f = ρfE + Jf ×B, (3.5)

where f represents the force density.

Consider that there are media spread in the space. Inside the media, bound
charges and currents can be induced by EM waves, and their averaged densities are
denoted as ρb and Jb, respectively. Adding ρb and Jb to the source terms, Maxwell’s
equations in the media are obtained and expressed as

∇ ·D = ρf , (3.6)
∇ ·B = 0, (3.7)

∇×E = −∂B
∂t

, (3.8)

∇×H = Jf +
∂D
∂t

, (3.9)

with

D = ε0E + P, (3.10)
B = µ0(H + M), (3.11)
ρb = −∇ ·P, (3.12)

Jb =
∂P
∂t

+∇×M, (3.13)

where D and H are called electric displacement fields and magnetizing fields, re-
spectively; P and M are called polarization and magnetization, respectively, which
relate to the averaged bound charge and current densities as seen in Eq. (3.12) and
(3.13).

The EM properties of the media are characterized by the constitutive relations,
which relate D to E, and B to H. When the media are linear, isotropic, and
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non-dispersive, the constitutive relations are simply expressed as

D = εE, B = µH, (3.14)

where ε and µ are scalars. It is noticed that Eq. (3.14)includes the special case of
free space when ε = ε0 and µ = µ0.

In nature, we do not often have such simple constitutive relations. In many
cases, ε and µ may be anisotropic matrices, which means ε and µ are directionally
dependent; ε and µ may be dependent on the strength of the fields, which means
that there are nonlinear effects in the media; ε and µ may be dependent on the
frequency; ε and µ may be dependent on the spatial frequency. Additionally, there
are biansiotropic media, which provides the cross-coupling between electric and
magnetic fields. The constitutive relations for the biansiotropic media are expressed
as

D = εE + ξH, B = µH + ςE. (3.15)

3.2 Maxwell’s Equations in an Arbitrary Space Coordinate
System

In this section, we will express Maxwell’s equations in an arbitrary space coordinate
system. The time coordinate component is put aside. To achieve this, two operators
should be specially treated. One operator is the divergence operator ∇·, the other
operator is the curl operator ∇×.
Divergence Operator
Firstly, consider the divergence operator is applied to a vector V. Its covariant
derivative form is that DiV

i. According to Eq. (2.23), DiV
i is expressed as

DiV
i =

∂V i

∂xi
+ Γi

ijV
j . (3.16)

From Eq. (2.35), Γi
ijV

j is further expressed as

Γi
ij =

1
2
gil(

∂glj

∂xi
+

∂gli

∂xj
− ∂gij

∂xl
)

=
1
2
gil ∂gli

∂xj
=

1
2det(g)

∂ det(g)
∂gil

∂gli

∂xj

=
1

2det(g)
∂ det(g)

∂xj
, (3.17)

where det(g) represents the determinant of the metric tensor gij . Taking Eq. (3.17)
to Eq. (3.16), we arrive at

DiV
i =

1√
det(g)

∂
√

det(g)V i

∂xi
, (3.18)
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which is valid under arbitrary coordinate system in both flat and curved spaces.

Curl Operator
Then, consider the curl operator. In the curl operator, the cross product × is an
important ingredient. Consider in a right-handed Cartesian coordinate system, the
cross product between two vectors V and U is expressed as

(V ×U)i = [ijk]VjUk, (3.19)

where [ijk] is the permutation symbol. This symbol is defined by the following
principles: (1) [123] = 1; (2) it is antisymmetric under an interchange of any two
indices; (3) it vanishes whenever two indices are equal. Then, we express [ijk] in a
tensor form as εijk. Such tensor is called Levi-Civita tensor with εijk = [ijk] in a
right-handed Cartesian coordinate system. Applying a coordinate transformation
from the right-handed Cartesian coordinates {xi} to arbitrary coordinates {xi′},
εijk is transformed to εi′j′k′ as

εi′j′k′ = Λi′
i Λj′

j Λk′
k [ijk] =

[i′j′k′]
det(Λ)

, (3.20)

where det(Λ) represents the determinant of the transformation matrix Λi
i′ . Since

gi′j′ = Λi
i′Λ

j
j′gij and det(g) = 1, there is

det(Λ) = s
√

det(g′), (3.21)

where s = 1 represents that {xi′} form a right-handed coordinate system, and
s = −1 represents that {xi′} form a left-handed coordinate system. Based on the
above results, we obtain

εijk = s
[ijk]√
det(g)

. (3.22)

Here, it is noticed that, even though the expression of Levi-Civita tensor in Eq.
(3.22) is derived in a flat space, it is applicable to a curved space, since the curved
space is locally flat according to the flatness theorem. Lowering all the indices of
the Levi-Civita tensor, the tensor εijk is obtained with

εijk = s
√

det(g)[ijk]. (3.23)

With the above mathematical preparations for the cross product, we come to
the curl operator, whose covariant form is that

(∇×V)i = εijkDjVk. (3.24)

According to Eq. (2.29), DjVk is expressed as

DjVk =
∂Vk

∂xj
− Γi

jkVi. (3.25)
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Taking Eqs. (3.22) and (3.25) into Eq. (3.24) and noticing that Γi
jk = Γi

kj , we
derive that

εijkDjVk = s
1√

det(g)
[ijk]

∂Vk

∂xj
. (3.26)

By using Eqs. (3.18) and (3.26), Maxwell’s equations in an arbitrary space
coordinate system are expressed as

1√
det(g)

∂
√

det(g)Di

∂xi
= ρf , (3.27)

1√
det(g)

∂
√

det(g)Bi

∂xi
= 0, (3.28)

s
1√

det(g)
[ijk]

∂Ek

∂xj
= −∂Bi

∂t
, (3.29)

s
1√

det(g)
[ijk]

∂Hk

∂xj
= J i

f +
∂Di

∂t
. (3.30)

Eqs. (3.27)-(3.30) are applicable for both arbitrary coordinate systems in a flat
space and arbitrary curved spaces.

3.3 Transformation Media

To rewrite Eqs. (3.27)-(3.30) more compactly, we define D̃i, B̃i, J̃ i
f and ρ̃f as

D̃i = s
√

det(g)Di, B̃i = s
√

det(g)Bi, (3.31)
J̃ i

f = s
√

det(g)Jf
i, ρ̃f = s

√
det(g)ρf . (3.32)

Taking Eqs. (3.31) and (3.32) into Eqs. (3.27)-(3.30), we have

∂D̃i

∂xi
= ρ̃f , (3.33)

∂B̃i

∂xi
= 0, (3.34)

[ijk]
∂Ek

∂xj
= −∂B̃i

∂t
, (3.35)

[ijk]
∂Hk

∂xj
= J̃ i

f +
∂D̃i

∂t
. (3.36)

Observing Eqs. (3.33)-(3.36), it is found that Maxwell’s equations in an arbi-
trary coordinate system are just casted into the form as in a right-handed Cartesian
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coordinate system. Such form of equations seems to define certain media with the
constitutive relations as

D̃i = ε0ε
ijEj , B̃

i = µ0µ
ijHj . (3.37)

Case 1: Empty Space

In an empty space, we have Di = ε0Ei and Bi = µ0Hi. Then, it is derived that

εij = µij = s
√

det(g)gij . (3.38)

Here, certain media with material parameters expressed in Eq. (3.38) have been
obtained. Mathematically, such media come from casting Maxwell’s equations un-
der a certain coordinate system of a flat space or a curved space, into the Cartesian
form. Physically, this means that a space with the metric tensor gij appears as the
media with the material parameters of Eq. (3.38) for light in a Cartesian space
[26, 28]. In the area of TO, such media are called transformation media (TME).

Observing the material parameters of TME, it is found that they are impedance
matched with free space in the sense of εij = µij . In the other way around, any
impedance matched media appear as a space with certain metric tensor

gij = sm

√
|det(ε)|εij , (3.39)

where sm = 1 when the material components of media are all positive, and sm = −1
when those are negative. Eqs. (3.38) and (3.39) clearly state that the space and
the impedance matched media are equivalent.

Case 2: Non-Empty Space

In the above, we consider the case of TME corresponding to an empty space.
Here, consider another case of TME corresponding to a non-empty space, i.e., the
space filled with media. In this case, the material parameters of TME will be
contributed from two factors. One is the pure geometry contribution from the
space. The other is the media contribution. In the following, the constitutive
relations will be extracted by considering such two contributions.

Consider the media in a flat space under the right-handed coordinate system
{xi′} have the constitutive relations Di′ = εi′j′Ei′ and Bi′ = µi′j′Hi′ . Then, a coor-
dinate transformation is applied to transform {xi′} to an arbitrary coordinate sys-
tem {xi}. Accordingly, the field components Ei′ , Hi′ , Di′ and Bi′ are transformed
to Ei, Hi, Di and Bi with Ei = Λi′

i Ei′ , Hi = Λi′
i Hi′ , Di = Λi

i′D
i′ and Bi = Λi

i′B
i′ .

In the transformed coordinate system, Maxwell’s equations can be expressed in the
Cartesian form as discussed before with D̃i = s

√
det(g)Di = det(Λi′

i )Λi
i′D

i′ and
B̃i = s

√
det(g)Bi = det(Λi′

i )Λi
i′B

i′ . Then, the material parameters of TME, are
derived as

εij = det(Λi′
i )Λi

i′ε
i′j′Λj

j′ , (3.40)

µij = det(Λi′
i )Λi

i′µ
i′j′Λj

j′ . (3.41)
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TME with the material parameters in Eqs. (3.40) and (3.41) are equivalent to the
media with εi′j′ and µi′j′ filled in a flat space under a coordinate system with the
metric tensor gij . For the media filled in a curved space, the material parameters
of TME have the same form as in Eqs. (3.40) and (3.41), with εi′j′ and µi′j′ rep-
resenting the material parameters of the media in the local right-handed Cartesian
coordinate system, Λi

i′ represent the transformation matrix which transforms the
local curved space to the right-handed Cartesian coordinate system.

In the above, the material parameters of TME are expressed in the right-handed
Cartesian coordinate system. The generalization of expressing the material param-
eters of TME in any specified coordinate system, are presented in appendix A.

3.4 Maxwell’s Equations in Tensor Form

In the previous section, the concept of TME is introduced as media mimicking a
coordinate system in a flat space or a curved space. Manifestly, this concept can
be generalized by considering the additional time dimension. Such generalization
needs to express Maxwell’s equations in an arbitrary space-time coordinate system
at first. For this, the tensor formulations of Maxwell’s equations will be introduced
in this section. Under such tensor form, space and time are treated on equal
foot obviously, and it becomes much easier to express Maxwell’s equations in an
arbitrary space-time coordinate system.

The space-time in Maxwell’s equations have four dimensions described by the
coordinates {xµ} (µ = 0, 1, 2, 3). x0 = ct, where c is the speed of light and t
represents the time, {xi} (i = 0, 1, 2, 3) represent the space coordinates. x0 and
{xi} have the same unit. The metric tensor of the space-time is denoted as gµν .
With the metric tensor, the geometry of the space-time can be characterized in the
same way as the space case.

For a flat space-time, there exists certain coordinate system, in which gµν is

gµν = diag[−1, 1, 1, 1]. (3.42)

The space-time with such metric tensor is called Minkowski space-time, which just
describes the inertial system. We can view the coordinates in the Minkowski space-
time as the generalized Cartesian coordinates in analogy with the Cartesian co-
ordinates in a space with the metric tensor gij = diag[1, 1, 1]. Obviously, in the
Minkowski space-time, the differential space-time distance ds for the light trajectory
defined by ds2 = gµνdxµdxν is equal to zero, i.e.,

ds = 0. (3.43)

Eq. (3.43) is also valid in any curved space-time according to the flatness theorem.
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Consider that a coordinate transformation is applied to {xµ}, the metric tensor
gµν is transformed to gµ′ν′ under the transformed coordinates {xµ′} with gµ′ν′ =
Λν

ν′Λ
µ
µ′gµν . The transformations that make gµ′ν′ = diag[−1, 1, 1, 1] when gµν =

diag[−1, 1, 1, 1] are just Lorentz transformations, which characterize the relations
between different inertial systems. As an example, a Lorentz transformation, which
transforms an inertial system to another one moving with the relative velocity v in
the x1 direction, is just expressed as

Λν
ν′ =




1√
1−v2/c2

v/c√
1−v2/c2

0 0
v/c√

1−v2/c2

1√
1−v2/c2

0 0

0 0 1 0
0 0 0 1




. (3.44)

Observing Maxwell’s equations in Eqs. (3.6)-(3.9), it is found that these four
equations can be classified into two sets. One set contains Eqs. (3.6) and (3.9),
which concern fields D and H, sources ρf and Jf . The other set contains Eqs.
(3.7) and (3.8), which concern fields B and E. The former set can be equivalently
described by one tensor formulation

DνHµν = jµ, (3.45)

with

Hµν =




0 D1 D2 D3

−D1 0 H3/c −H2/c
−D2 −H3/c 0 H1/c
−D3 H2/c −H1/c 0


 , (3.46)

jµ =




ρf

jf
1/c

jf
2/c

jf
3/c


 , (3.47)

where Hµν is called the excitation tensor, and jµ is called 4-current.

The other set is equivalently described by

εµνρσDvFρσ = 0, (3.48)

with

Fµν =




0 −E1 −E2 −E3

E1 0 cB3 −cB2

E2 −cB3 0 cB1

E3 cB2 −cB1 0


 , (3.49)

where Fµν is called the field strength tensor, and εµνρσ is four dimensional Levi-
Civita tensor.
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3.5 Maxwell’s Equations in an Arbitrary Space-time
Coordinate System

Based on the tensor formulations, Maxwell’s equations in an arbitrary space-time
coordinate system can be expressed conveniently. Firstly, by a similar process of
deriving Eq. (3.18), the LHS of Eq. (3.45) is rewritten as

DνHµν =
1√

−det(g)
∂
√
−det(g)Hµν

∂xν
. (3.50)

Then, we have
∂H̃µν

∂xv
= −j̃µ, (3.51)

with

H̃µν = s
√
−det(g)Hµν , (3.52)

j̃µ = s
√
−det(g)jµ, (3.53)

where s = ±1 represents the handedness of the coordinate system.

By a similar process of deriving Eq. (3.26), the LHS of Eq. (3.48) is rewritten
as

εµνρσDvFρσ = s
1√

det(−g)
[µνρσ]

∂Fρσ

∂xν
. (3.54)

Thus, we have
[µνρσ]

∂Fρσ

∂xν
= 0. (3.55)

Eqs. (3.51) and (3.55) have the same form as those in the Minkowski space-
time. In this sense, the constitutive relations of TME by relating H̃µν and Fµν can
be defined as

H̃µν = ε0χ
µνρσFρσ. (3.56)

For the case of empty space, we have

Hµν = ε0g
µρgνσFρσ. (3.57)

Then, it is derived that

χµνρσ = s
√
−det(g)gµρgνσ. (3.58)

Eq. (3.58) is equivalent to the following equations [26, 29]

Di = ε0s

√
det(−g)
−g00

gijEj +
1

cg00
[ijk]gj0H

k, (3.59)

Bi = µ0s

√
det(−g)
−g00

gijHj − 1
cg00

[ijk]gj0Ek. (3.60)
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TME with material parameters in Eqs. (3.59) and (3.60) are just equivalent
to a space-time with certain metric tensor. When gi0 6= 0 (i = 1, 2, 3), TME are
bianisotropic media, which never happens for the TME of the space case in Eq.
(3.38). When gµν is independent of the time component and g0i = gi0 = 0, Eqs.
(3.59) and (3.60) are just as the same as the material parameters of TME for a
space with the metric tensor −gij/g00, as seen in Eqs. (3.38). This is owing to
that space and time are decoupled in this case. In other words, the space with the
metric tensor gij considered in Sections 3.2 and 3.3 is just equivalent to the space-
time with the space components of the metric tensor equal to gij , the pure time
metric component g00 = −1, and the space and time coupled metric components
g0i = gi0 = 0. In chapters 6-9 concerning our works, we focus on the space case,
and only results presented in Section 3.3 are used.



Chapter 4

Geometry of Light

In the previous chapter, by expressing Maxwell’s equations in an arbitrary coor-
dinate system, it is found that a type of TME with ε = µ or ε = µ and ξ = −ς
(bianisotropic case) is equivalent to an empty space-time with certain geometry.
In this sense, light trajectory in such TME is determined by the geometry of the
corresponding space-time purely, i.e., the geodesic of such space-time. For any
other medium, it is possible to find certain equivalent TME mentioned in the above
in the sense of the same dispersion relation (at least for one special polarization).
Thus, the geometry perspective can still be taken. In this chapter, we discuss the
geometry perspective of light by discussing the geodesic in a space-time.

4.1 Geodesic of Light

The geodesic is a curve with the extremum length, as discussed in chapter 2. The
trajectory of light and other massive particles follows the geodesic in the space-time.
Consider a space-time with the metric tensor gµν . Its Lagrange is that

L = gµν ẋµẋν . (4.1)

The geodesic is determined by the Euler-Lagrange equations with

ẍµ + Γµ
ρσẋρẋσ = 0, (4.2)

where Γµ
ρσ are the Christoffel symbols in the 4D space-time. Besides the Euler-

Lagrange equations, there is an additional restriction

L = 0, (4.3)

since the space-time distance for light is always zero as discussed in chapter 3. For
the massive particles, L is a non-zero constant. Thus, there are five equations in
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total to determine the geodesic with four unknowns xµ. It seems that there exists
one extra equation. In general, the extra equation may result in the contradictory
solutions. Fortunately, this is not case occurring here. The reason is that Eq.
(4.2) indicates that L should be a constant, which naturally leads to L = 0 by the
physical boundary conditions.

Based on the Lagrange, the Hamiltonian can be constructed by the Legendre
transformation. Then, it is derived that the Hamiltonian H for light is that

H =
1
4
gµνkµkv = 0, (4.4)

where
kµ =

∂L

∂ẋµ
= 2gµν ẋν . (4.5)

In the words of the Hamiltonian, the geodesic are obtained from the following
equations

dxµ

dτ
=

∂H

∂kµ
, (4.6)

dkµ

dτ
= − ∂H

∂xµ
, (4.7)

which are equivalent to the Euler-Lagrange equations.

4.2 Reduce Geodesic in Space-time to Geodesic in Space

As shown in Eq. (4.2), the geodesic in a 4D space-time is determined by four
coupled ordinary differential equations. When all components of the metric tensor
are independent of the time component and g0i = gi0 = 0, this geodesic problem in
a 4D space-time can be equivalently reduced to that in a 3D space.

To prove the above argument, we firstly notice that the geodesics in two different
space-time with the metric tensors gµν and Fgµν are the same, where F is an
arbitrary function depending on space and time coordinates. This fact can be
easily proved by brute forcedly rewriting the Euler-Lagrange equations with one of
the four coordinates as the parameter, and then comparing the rewritten equations
for such two different metric tensors. Thus, it can be said that the following two
metric tensors

g(1)
µν =




g00 0 0 0
0 g11 g12 g13

0 g21 g22 g23

0 g31 g32 g33


 , g(2)

µν =




−1 0 0 0
0 −g11/g00 −g12/g00 −g13/g00

0 −g21/g00 −g22/g00 −g23/g00

0 −g31/g00 −g32/g00 −g33/g00


 ,

(4.8)
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are equivalent in the sense of the same geodesics. If g00 and gij (i, j = 1, 2, 3)
are independent of the time component x0, the Euler-Lagrange equations for the
metric tensor g

(2)
µν can be decoupled to two sets for the space and time coordinates,

respectively. In particular, three equations concerning the space coordinates are
just the Euler-Lagrange equations for a space with the metric tensor −gij/g00. In
this space, the Lagrange is denoted as Ls with

Ls = −gij ẋ
iẋj/g00. (4.9)

Further, in the Lagrange Ls, the time coordinate x0 can be chosen as the parameter.
In this case, we have

Ls = −gij
dxi

dx0

dxj

dx0
= 1. (4.10)

From the space Lagrange in Eq. (4.10), the geodesic in the space-time with the
metric tensor g

(2)
µν can be obtained. In turn, the geodesic in the space-time with the

metric tensor g
(1)
µν can be equivalently solved by the same space Lagrange. Thus, it

has been proved that the geodesic in a space-time with all components of the metric
tensor independent of the time component and g0i = gi0 = 0, can be reduced to
that in a space. In fact, this reduction can directly be viewed from the material
parameters of TME, as discussed in the last paragraph of chapter 3. In particular,
the material parameters of TME corresponding to such space-time are equivalent
to those corresponding to a space with the metric tensor −gij/g00.

4.3 Geodesic from Maxwell’s Equations

In the above sections, we stated that light follows the geodesic. In the following, we
will prove that light indeed follows the geodesic as implied by Maxwell’s equations.
To prove this, we start from the tensor formulations of Maxwell’s equations, i.e.,

DµHµν = 0, (4.11)
εµνρσDνFρσ = 0. (4.12)

Eq. (4.12) can be automatically solved by expressing Fρσ in terms of a 4-potential
denoted as Aµ:

Fµν = DµAν −DνAµ. (4.13)

Here, it is noticed that Fµν is invariant if Aµ is transformed to Aµ′ under the gauge
transformation

Aµ → Aµ′ = Aµ −Dµχ, (4.14)
where χ is an arbitrary scalar function.

Since Hµν = ε0g
µρgνσFρσ in an empty space, it is derived that

Dµ[gµρgνσ(DρAσ −DσAρ)] = 0. (4.15)
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By noticing that the inverse metric tensor is covariantly constant, i.e., Dµgµρ = 0,
the above equation can be rewritten as

DµDµAν −DρD
νAρ = 0. (4.16)

Since Fµν is invariant under the gauge transformation, so there exists freedom to
choose Aµ. For the convenience of our discussions, Aµ is chosen to respect the
Lorentz gauge

DµAµ = 0. (4.17)

Under the Lorentz gauge, Eq. (4.16) is further expressed as

DµDµAσ − gνλ(DρDλ −DλDρ)Aρ = 0. (4.18)

It is known that (DρDλ−DλDρ)Aρ = RβλAβ , where Rβλ is the Ricci tensor. Then,
Eq. (4.18) is reexpressed as

DµDµAν − gνλRβλAβ = 0. (4.19)

The four-potential components Aµ can be represented as

Aµ = ηµeiφ, (4.20)

where ηµ is a slowly varying amplitude, while φ is a fast varying phase. Taking Eq.
(4.20) to Eq. (4.19), and ignoring the curvature contribution, the derivative of the
amplitude, we arrive at

gµν dφ

dxµ

dφ

dxν
= 0. (4.21)

Eq. (4.21) is the dispersion relation of light, which is a Hamilton-Jacobi equa-
tion. One can view this equation describing the trajectory of a particle from the
perspective of mechanics. Then, we identify dφ/dxν as the canonical momentum,
which are denoted as kν . It is known that the Hamilton-Jacobi equation can be
expressed as H(xµ; ∂S/∂xµ; τ) + ∂S/∂τ , where H is the corresponding Hamilto-
nian, S is Hamilton’s principal function defined by S =

τ∫
τ1

Ldτ . Obviously, such

Hamilton-Jacobi equation can be derived from the Hamiltonian in Eq. (4.4) by
noticing that H = 0 . This means that L and H in Eqs. (4.1) and (4.4), respec-
tively, are the proper Lagrange and Hamiltonian for the light ray. Such L and H
just describe the geodesic in a space-time.

Besides the geometrical description of light shown in the above, one can also
describe the light trajectory from the perspective of Newtonian mechanics, which
is presented in Appendix. B.



Chapter 5

Controlling Light by
Transformation Optics

In this chapter, we will show how to design TME for controlling light by using TO.
In the area of TO, two approaches are widely used to design TME. One approach is
based on coordinate transformation in a flat space. The second approach is based
on certain curved space or space-time with special geometry characteristics.

5.1 Design Transformation Media by Coordinate
Transformation in a Flat Space

To show how this approach works, two examples of designing optical devices by
coordinate transformations are given. One example is invisibility cloaks, and the
other example is perfect lenses. In these two examples, only space coordinates are
concerned.

Invisibility cloaks

We starts from Cartesian coordinate system, which is named EM space. Geodesics
in Cartesian coordinate system with coordinates {xi′} are straight lines, as seen in
as seen in Fig. 5.1(a). Then, a coordinate transformation from {xi′} to {xi} is ap-
plied to compress the region enclosed by boundary S1. The transformed coordinate
system is shown in Fig. 5.1(a), which is called physical space. Clearly, the region
enclosed by boundary S1 is compressed to the region by the exterior boundary S1

and the interior boundary S2. Obviously, The inner boundary S2 is mapped from
a point or a line. Such transformed shell can be mimicked by certain TME. Since
all geodesics travel smoothly around the boundary S2 and can not penetrate to the
region enclosed by S2, any object put inside the TME shell dose not induce distor-
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tions to the outside light. Additionally, geodesics outside the TME shell are as the
same as those without such TME shell. In this sense, the TME shell just operates
as an invisibility cloak, which together with the cloaked object appear as invisible
to the outside observers. EM waves before and after the coordinate transformation
are shown in Fig. 5.2. In Fig. 5.2(b), it is clearly seen that such TME shell operate
as an invisibility cloak perfectly.

(a) (b)

S1

S2

S1

Figure 5.1: Illustration of coordinate transformation for obtaining a invisibility
cloak in 2D cross section.

As a concrete example, we illustrate how to construct an cylindrical shaped
cloak from coordinate transformation. Consider EM space described by cylindrical
coordinates (r

′
, θ
′
, z
′
). The boundary S1 as in Fig. (5.1) is chosen to be r′ = b.

Then, a coordinate transformation is applied to transform (r
′
, θ
′
, z
′
) to (r, θ, z).

The transformation functions are choosing to be

r′ =
{

b−a
b r + a r′ ≤ b

r r′ > b
, θ′ = θ, z′ = z . (5.1)

Under such transformation, the region r′ ≤ b is compressed to the region a ≤
r ≤ b. The metric tensor in the transformed coordinates are calculated as gij =
diag[b2/(b−a)2, 1, 1]. By using Eq. (A.8), it is derived that the material parameters
of the invisibility cloak [1, 21, 30, 31] expressed in cylindrical coordinates are

εr = µr =
r − a

r
, εθ = µθ =

r

r − a
, εz = µz = (

b

b− a
)2

r − a

r
. (5.2)

If the radial direction compression in Eq. (5.1) is applied in spherical coordinate
system, a spherical shaped invisibility cloak [1, 32–34] is obtained with the material
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(a) (b)
Figure 5.2: EM waves (a) before the transformation; after the transformation

parameters

εr = µr = (
r − a

r
)2

b

b− a
, εθ = µθ =

b

b− a
, εφ = µφ =

b

b− a
. (5.3)

Perfect lenses

A slab with ε = µ = −1 in the free space background operates as a perfect lens
[35]. Here, we show how to obtain such lens elegantly from TO. The coordinate
transformation function for obtaining a perfect lens is illustrated in Fig. 5.3. It is
seen that that there exists certain region in EM space, where one point is mapped
to three points in physical space. In other words, if we put a source in any one of
such three points in physical space, the perfect images will be formed in the other
two points, since such three points are mapped from the same point in EM space.
It is noticed that TME in the grey region seen in Fig. 5.3, which is obtained by
a liner transformation with a negative slope of −1, have the material parameters
ε = µ = −1 as derived from Eq. (3.38).

5.2 Design Transformation Media Based on a Curved
Space-Time with Special Geometry

Some curved space or space-time may have special geometry characteristics. By
using TME to mimic such curved space-time, some interesting optical devices can
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Figure 5.3: The coordinate transformation for obtaining a perfect lens (grey region)
[26]

be designed. To illustrate this approach, we give an example of obtaining Maxwell’s
fish-eye from a curved 2D sphere surface.

It is well known that the geodesics on a 2D sphere surface are the great circles.
This implies that all geodesics that passing through the same point denoted as P1

should focus to the other point denoted as P2. P1P2 is the diameter of the sphere.
Certain TME can be designed to mimic the sphere surface by TO. Light rays in the
designed TME experience the same focusing phenomenon as on the sphere surface.

Consider a sphere surface with radius r0 in free space. This 2D surface is
embedded in a 3D space described by Cartesian coordinates (x′, y′, z′). This 2D
surface can be described by two coordinates (x, y) with

x =
x′

1− z′/r0
, y =

y′

1− z′/r0
. (5.4)
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The metric tensor gij for coordinates (x, y) is

gij = diag[(
2r0

2

x2 + y2 + r0
2
)2, (

2r0
2

x2 + y2 + r0
2
)2]. (5.5)

Interpreting x and y as Cartesian coordinates, such 2D sphere surface is equivalent
to an isotropic media with a refractive index of

n =
2r0

2

x2 + y2 + r0
2
. (5.6)

The media with material parameters in Eq. (5.6) are just Maxwell’s fish-eye.

5.3 Recent Progresses in Transformation Optics

Invisibility cloaks are one of the most interesting applications of TO. Invisibility
cloaks obtained by the strategy shown in Fig. 5.1 are by far the most extensively
studied cloaking structure. The studies concerning such cloaks include the following
parts: (1) studying the EM characteristics of cloaks [1, 30–34, 36–43]; (2) designing
arbitrary shaped cloaks [44–46]; (3) simplifying the material parameters [47–52];
(4) experimentally fabricating cloaks [21]. It is highlighted that a simplified cylin-
drical cloak was demonstrated experimentally by metamaterials at the microwave
wavelength in 2006, as seen in Figs. 5.4 and 5.5. In appendix C, an introduction
to metamaterials is given.

Besides the cloaking structure obtained from Fig. 5.1, people also construct
other types of cloaks, such as carpet cloaks [22–25, 53], non-Euclidean cloaks [54],
external cloaks [55]. For the carpet cloaks, they are also obtained by coordinate
transformation in a flat space. Different from cloaks in Fig. 5.1, the inner boundary
of the carpet cloaks is mapped from a surface. The objects inside the cloaks the
appears as a flat conducting surface to the outside observer. Such cloaks can be
designed to be isotropic dielectrics approximately, and have been fabricated at both
microwave [22] and optical wavelength [23–25]. For non-Euclidean cloaks, they are
based on the special geometry of the curved sphere surface.

People also used TO to design other optical devices, such as EM wormholes
[5], EM black holes [6–9], perfect lenses [56–60], field rotators [61, 62], field con-
centrators [63], beam splitters [64], optical illusion devices [65–67], transmutation
of device singularities [68], waveguide benders [69–72] et al. Besides manipulating
light, the principle of TO can also be applied to design interesting devices to control
other types of waves, such as invisibility cloaks for acoustic waves [73] and matter
waves [74].
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Figure 5.4: 2D microwave cloaking structure [21]

Figure 5.5: Snapshots of time-dependent, steady-state electric field patterns, with
stream lines indicating the direction of power flow (i.e., the Poynting vector). The
fields shown are (A) the simulation of the cloak with the exact material properties,
(B) the simulation of the cloak with the reduced material properties, (C) the ex-
perimental measurement of the bare conducting cylinder, and (D) the experimental
measurement of the cloaked conducting cylinder. [21]



Chapter 6

Results 1: Invisibility Cloaks

Invisibility cloaks are one of the most interesting applications of TO, as discussed
in chapter 5. In this chapter, our investigations on this subject are presented. The
results include Papers I-III.

6.1 Arbitrary Shaped Invisibility Cloaks

To construct an invisibility cloak, one starts from compressing an enclosed space
with the exterior boundary unchanged, as seen in Fig. 5.1. Such a space com-
pression is obtained by a coordinate transformation from Cartesian coordinates
(x1′ , x2′ , x3′) to arbitrary coordinates (x1, x2, x3), as described by the equations

xi′ = fi(x1, x2, x3). (6.1)

The exterior boundary S1 satisfies x1 = x1′ , x2 = x2′ , x3 = x3′ . The interior
boundary S2 is mapped from a line or a point. In this sense, the cloaks can be
divided into two classes: line transformed cloaks and point transformed cloaks.
The region enclosed by the boundary S1 and S2 is the desired cloak.

To achieve the invisibility, the cloak should be able to exclude light from a
protected object without perturbing the exterior field. This indicates that two con-
ditions should be fulfilled: (1) at the outer boundary S1, external incident light
induces no reflection; (2) at the inner boundary S2, no reflection is excited, and
EM waves can not penetrate into the cloaked region. In the following, we will prove
the invisibility of the cloak by investigating the wave behaviors at the cloak’s exte-
rior and inner boundaries. The matrix calculation is applied as our mathematical
language. Λ is denoted as the matrix form of Λi

i′ . Thus, the permittivity and
permeability of the cloak medium according to Eq. (3.38) expressed in the matrix
form are ε = µ = det(Λ)(ΛT Λ)−1.
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6.1.1 Outer Boundary

In this subsection, it will be shown that no reflection is excited at the exterior
boundary. The transmitted electric field E and magnetic field H without interacting
with the inner boundary S2 are expressed as

E = ΛE
′
, H = ΛH

′
, (6.2)

where E
′ and H

′ represent the vector fields of the external incident waves. Eq.
(6.2) means that fields in the cloak medium are just transformed from the incident
waves, which is consistent with the coordinate transformation manner as seen in
Eq. (2.16). Thus, the fields expressed in Eq. (6.2) satisfy Maxwell’s equations in
the cloak medium. This indicates that to prove no reflection excited at S1, one
only needs to confirm that the tangential components of E (H) and E

′ (H′) keep
continuous across S1.

Decompose E and H into [En, Et1 , Et2 ] and [Hn, Ht1 , Ht2 ], where the sub-
scripts ”n” represent S1’s normal direction pointing outward from the cloak; ”t1”
and ”t2” represent S1’s two tangential directions, which are vertical with each other.
Thus, Eq. (6.2) can also be expressed as




En

Et1

Et2


 = [n, t1, t2]−1ΛT E

′
,




Hn

Ht1

Ht2


 = [n, t1, t2]−1ΛT H

′
, (6.3)

where n, t1, t2 represent the unit vectors in n, t1, and t2 directions, respectively.
By some mathematical calculations, Λ on S1 is expressed as

ΛT = [F1n + x̂, F2n + ŷ, F3n + ẑ], (6.4)

with

|Fi| =
√

(
∂fi

∂xi
− 1)2 + (

∂fj

∂xj
)2 + (

∂fk

∂xk
)2, (6.5)

where i, j, k = 1, 2, 3 and (i, j, k) are three different numbers. Substituting Eq.
(6.4) into Eq. (6.3), we have

Et1 = E
′ · t1, Ht1 = H

′ · t1, (6.6)

Et2 = E
′ · t2, Ht2 = H

′ · t2, (6.7)

which indicates that the tangential components of E (H) and the incident fields are
continuous across S1. Thus, it is proved that no reflection is excited at the exterior
boundary.
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6.1.2 Inner Boundary

In this subsection, we show that at the inner boundary S2, no reflection is excited
and no field can penetrate into the cloaked region. The inner boundary is mapped
from a line or a point, as seen in Fig. 6.1(a) and (b). In the following, two cases
that: (1) line transformed cloaks, (2) point transformed cloaks, will be discussed
separately.

t
1

(a)

S
2

line
s

q

t
2

n

point

t
2 t

1

n

(b)

S
2

Figure 6.1: Illustration of cloak’s inner boundary for (a) a line transformed cloak;
(b) a point transformed cloak.

Case (1): line transformed cloaks

The line characterized by x1′ = b1(s) , x2′ = b2(s) and x3′ = b3(s) is mapped to
the inner boundary S2. We have f1(x1, x2, x3) = b1(s) and f2(x1, x2, x3) = b2(s),
and f3(x1, x2, x3) = b3(s) at S2. For the ease of discussion, we again decompose
the transmitted fields expressed in Eq. (6.2) as [En, Et1 , Et2 ], [Hn,Ht1 ,Ht2 ], where
the subscript n denotes S2’s normal direction, which points outward the cloaked
region; t1 and t2 denote the tangential directions of S2, with t1 vertical with the
plane determined by two vectors in n and ∇xs directions, and t2 vertical with t1.
The unit vectors in the n, t1, t2, and ∇xs directions are denoted as n, t1, t2 and
s, respectivelt. It is derived that Λ at S2 is

ΛT = [F1n +∇xb1, F2n +∇xb2, F3n +∇xb3], (6.8)

with

|Fi| =
√√√√

3∑

j=1

(∂fi/∂xj − ∂bi/∂xj)2. (6.9)

Substituting Eq. (6.8) into Eq. (6.2), it is easily derived that

Et1 = Ht1 = 0, (6.10)
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while the other components of fields are not zero.

To further investigate how the waves interact with the inner boundary, the values
of the permittivity and permeability at S2 are needed. Considering Λ expressed
in Eq. (6.8), it is easily seen that Λt1 = 0. This indicates that Gt1 = 0, where
G = ΛT Λ. Thus, one of G’s eigen vectors is t1 with the eigen value λt1 = 0,
indicating that det(Λ) = 0. Since G is a symmetry matrix, the other two eigen
vectors denoted by a and b should be orthogonal to each other and in n− t2 plane.
The corresponding eigen values are denoted by λa and λb, respectively, with

λaλb = |n× s|2|F×B|2, (6.11)

where F = F1e1+F2e2+F3e3, B = B1e1+B2e2+B3e3 with Bi =

√
3∑

j=1

(∂bi/∂xj)
2.

Further, we have λt1 = det(Λ)2/(λaλb), since λt1λaλb = det(G) = det(Λ)2. Observ-
ing the material parameters of the cloak, it is obtained that Gε = Gµ = det(Λ)I,
where I is the identity matrix. Therefore, ε and µ can be expressed as

ε = µ = diag[λaλb/det(Λ), det(Λ)/λa, det(Λ)/λb], (6.12)

where the diagonal elements are in the directions of t1, a, and b, respectively. Since
det(Λ) = 0, we have εa = µa = εb = µb = 0, indicating that the cloaked medium at
S2 is isotropic in the n−t2 plane. For εt1 and µt1 , it is seen that they have infinitely
large values. Thus, the inner boundary operates similarly as a combination of the
PEC (perfect electric conductor) and PMC (perfect magnetic conductor), which can
support both electric and magnetic surface displacement currents in t1 direction
[31]. In order to have zero reflection at S2, the boundary conditions at this PEC
and PMC combined layer require that the incident electric (magnetic) fields in t1
direction and normal electric (magnetic) displacement fields are all zero. From Eq.
(6.10), we have Et1 = Ht1 = 0. Additionally, since εn = µn = 0, it is obtained
that Dn = Bn = 0. Therefore, it is achieved that no reflection is excited at S2,
and E and H expressed in Eq. (6.2) are just the total fields in the cloak medium.
The PEC and PMC combined layer guarantees that no field can penetrate into
the cloaked region. It is worth noting that the induced surface currents in the t1
support the discontinuities of Et2 and Ht2 across the boundary S2 [31, 36].

Point transformed cloaks

In this case, a point with the coordinate (c1, c2, c3) maps to the inner boundary.
At S2, we have fi(x1, x2, x3) = ci. The transmitted electric and magnetic fields
at the inner boundary can be decomposed into [En, Et1 , Et2 ] and [Hn,Ht1 ,Ht2 ],
where the definition of the subscript n denotes S2’s normal direction, which directs
outward from the cloaked region; t1 and t2 represent S2’s two tangential directions,
which are vertical with each other, as shown in Fig. 6.1(b). Consider ΛT at the
inner boundary, which can be expressed as

ΛT = diag[F1n, F2n, F3n], (6.13)
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with
|Fi| =

√
(∂fi/∂x1)2 + (∂fi/∂x2)2 + (∂fi/∂x3)2, (6.14)

Then considering Eq. (6.13), it can be derived that at S2

Et1 = Ht1 = 0, (6.15)

Et2 = Ht2 = 0. (6.16)

Analyzing G = ΛT Λ similarly as in the line-transformed cloak case, it is de-
rived that n is eigen vector of G with the eigen value λn = F 2

1 + F 2
2 + F 2

3 . While
the other two eigen vectors are t1 and t2 with the eigen values λt1 = λt2 = 0.
This indicates det(Λ) = 0. Since λnλt1λt2 = det(Λ)2, there is λt1 = λt2 =
det(Λ)/

√
(F 2

1 + F 2
2 + F 2

3 ). Thus, ε and µ are given as

ε = µ = diag[det(Λ)2/(F 2
1 +F 2 +F 3),

√
F 2

1 + F 2 + F 3,
√

F 2
1 + F 2 + F 3], (6.17)

where the diagonal elements are in the directions of n, t1, and t2, respectively.
Since det(Λ) = 0, it is derived that εn = µn = 0. Considering εn = µn = 0
and tangential components of incident fields at S2 are zero, we conclude that no
reflection is excited at S2, and the fields inside the cloaked region are zero. Thus,
the fields expressed in Eq. (6.2) are the total fields in the cloak medium.

With this section, we have proved that no reflection is excited at both the outer
and inner boundaries of an arbitrarily shaped cloak, and no field can penetrate
into the cloaked region. Therefore, the invisibility ability of both line and point
transformed cloaks is confirmed.

6.2 Geometrical Perturbation Effects to Cylindrical and
Spherical Shaped Invisibility Cloaks

The cylindrical and spherical shaped invisibility cloaks [1, 30–34, 36–39] are exten-
sively studied cloaking structures. A cylindrical cloak is a line-transformed cloak,
while a spherical cloak is a point transformed cloak. The material parameters of
the cylindrical cloak at the inner boundary should have both infinitely large compo-
nents and zero components, while those of the spherical cloak at the inner boundary
should have zero components. Such infinitely large components and zero compo-
nents are difficult to be realized in practice. To avoid this situation, one can remove
a thin layer from the inner boundary, as seen in Fig. 6.2. Such a geometrical per-
turbation lifts the requirement of these extreme material parameters. Thus, it is
meaningful to study the influence of such perturbation.
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Figure 6.2: Schematic of an invisibility cloak, where a perturbation δ is introduced
to make the actual inner boundary be at r = a + δ

.

6.2.1 Cylindrical Cloak

A cylindrical cloak is constructed by compressing a cylindrical region r
′

< b into
a concentric cylindrical shell a < r < b. Here consider a generalized coordinate
transformation in cylindrical coordinate that r

′
= f(r) with f(a) = 0 and f(b) = b,

while θ and z are kept unchanged. The permittivity and permeability of the cloak
expressed in cylindrical coordinate system are as follows

εr = µr =
f(r)

rf ′(r)
, εθ = µθ =

rf
′
(r)

f(r)
, εz = µz =

f(r)f
′
(r)

r
, (6.18)

where the superscript ”′” in the front of f denotes differentiation. Eq. (6.18) is
obtained by using Eq. (A.8). A thin layer is removed from the inner boundary
as illustrated in Fig. 6.2. The goal here is to find the scattering performance of
such approximate cylindrical cloak. Without loss of generality, the TM polarization
(magnetic field of the wave is polarized purely along z axis) is considered.

The eigenfunction of the wave equations in the cloak relates with that in free
space by the matrix Λ as discussed in the above section. Thus, the general form
of the Hz component outside the cloak and in the cloak medium can always be
expressed as

Hz =
+∞∑

n=−∞
ain

n Jn(k0r)einθ + asc
n Hn(k0r)einθ (b < r), (6.19)

Hz =
+∞∑

n=−∞
a1

nJn(k0f(r))einθ + a2
nHn(k0f(r))einθ (a + δ < r < b),(6.20)

where Jn and Hn represent Bessel function of the first kind and Hankel function
of the first kind, respectively, both with the order n; ain

n and asc
n are the expansion
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coefficients for the incident and scattered fields outside the cloak, respectively; ai
n

(i = 1, 2) are the expansion coefficients for the field in the cloak shell; and k0 = ω/c
is the wavenumber in free space. Hz and Eθ in the region r < a+δ can be expressed
as

Hz =
∑

n

a3
nSn(r)einθ, (6.21)

Eθ =
∑

n

k0a
3
nTn(r)einθ/(iωε0), (6.22)

respectively, where ε0 is the permittivity of the free space, and Sn(r) and Tn(r) are
determined by the media in the cloaked region.

By matching the boundary conditions, the scattering coefficient defined by
Csc

n = asc
n /ain

n can be obtained. When δ ¿ a and k0δ ¿ 1, Csc
n is approximated

approximated as

Csc
n ≈ aJn(k0δf )Tn(a + δ)− δfJ

′
n(k0δf )Sn(a + δ)

δfH ′
n(k0δf )Sn(a + δ)− aHn(k0δf )Tn(a + δ)

, (6.23)

where δf = fp(a)δp, fp(a) = dpf(r)/drp|r=a, with p ≥ 1 and fq(a) = 0 for q < p.
For the special case when a PEC layer or a PMC layer is put at r = a + δ, Eq.
(6.23) is still valid by setting Sn(a + δ) = 1 and T (a + δ) = 0 for the PEC case, or
setting Sn(a + δ) = 0 and T (a + δ) = 1 for the PMC case.

zeroth order scattering coefficient

Case (1): no PEC layer at r = a + δ

In this case, Csc
0 can be further simplified to

Csc
0 ≈ aJ0(k0δf )T0(a + δ)

i2S0(a + δ)/(πk0)− aH0(k0δf )T0(a + δ)
. (6.24)

Observing Eq. (6.24) and noting that H0(k0δf ) diverges with the decrease of δ, it is
found that the value of Csc

0 can be approximated by J0(k0δf )/H0(k0δf ) ∝ −1/ ln(δ),
which is independent of the media inside the cloak under the circumstance that no
PEC layer is at the inner boundary. This results in a very slow convergence speed
for Csc

0 approaching zero as δ decreases [30]. An numerical example is illustrated
in Fig. 6.3, where it is seen that |Csc

0 | is 0.1017 even when δ/a = 10−8.

By choosing appropriate f(r), the noticeable scattering induced by a tiny per-
turbation can be reduced to some extent. Observing Eq. (6.24), we find that
|Csc

0 | decreases when δf decreases. Since δf = fp(a)δp, we know that choosing a
f(r) with the small fp(a) and large p can reduce the scattering coefficient. How-
ever the reduction in the scattering coefficient is not significant because the overall
convergence speed determined by −1/ ln(δ) can not be improved.
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Figure 6.3: |Csc
0 | versus δ for a cylindrical cloak with f(r) = b(r − a)/(b − a),

a = 1.2π/k0, b = 2π/k0, where k0 is the wave number. The region inside the cloak
shell is assumed to be air.

Case (2): with a PEC layer at r = a + δ

When a PEC layer is present, Csc
0 is equal to

Csc
0 = − J1(k0δf )

H1(k0δf )
. (6.25)

Here, the value of Csc
0 is determined by J1(k0δf )/H1(k0δf ) ∝ δ2p. δ2p converges

to zero much faster than −1/ ln(δ). Therefore, in this case, Csc
0 is not sensitive to

the perturbation. To show the improvement of the convergence speed of Csc
0 , we

calculate |Csc
0 | versus δ with f(r) = b(r − a)/(b − a), a = 1.2π/k0, b = 2π/k0, for

both case (1) and case (2). The region inside the cloak shell is air for the case (1).
The result is shown in Fig. 6.4. It clearly indicates that the convergence speed of
Csc

0 is improved drastically by introducing a PEC layer at r = a + δ.

High order scattering coefficients

For the high order terms, Csc
n is approximated as

Csc
n ≈ −AnBn, (6.26)

where

An =
k0aTn(a + δ)− |n|Sn(a + δ)
k0aTn(a + δ) + |n|Sn(a + δ)

, Bn =
Jn(k0δf )
Hn(k0δf )

. (6.27)

It can be seen that An is nearly a constant, which characterizes the properties of the
cloaked region. However, Bn is affected significantly by the perturbation. There-
fore, the value of Csc

n is mainly determined by Bn, i.e., Jn(k0δf )/Hn(k0δf ) ∝ δ2|n|p,
which is, unlike the case for the zeroth order case, independent of the situation
whether a PEC layer is put at the inner boundary or not.
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Figure 6.4: |Csc
0 | versus δ for the case (1) without a PEC layer at r = a+ δ and the

case (2) with a PEC layer at r = a + δ. Other parameters are the same as those in
Fig. 6.3.

6.2.2 Spherical Cloak

A three-dimensional spherical cloak can be constructed by compressing a spherical
region r

′
< b into a spherical shell a < r < b. Here a generalized coordinate

transformation that r
′

= f(r) with f(a) = 0 and f(b) = b is considered. The
permittivity and permeability of the cloak depending on r are given as

εr = µr =
f(r)2

r2f ′(r)
, εθ = µθ = εφ = µφ = f

′
(r), (6.28)

which is derived by using Eq. (A.8).

The EM waves in the cloak shell can be decoupled into TE modes (electric
field has no r̂ component) and TM modes (magnetic field has no r̂ component).
We consider the case where a TM wave is incident upon the cloak with a tiny
perturbation. The results for a TE wave can be obtained in a similar way. The
perturbation is again introduced by dislocating in cloak’s inner interface from the
ideal r = a to r = a + δ. The media inside the cloak shell is unknown, but with
the assumption that the wave can be decoupled into TE and TM components. It
is known that the wave in each region can be expressed by Debye potentials. The
Debye potentials in outer free space and the cloaked shell is expressed as

πe =
+∞∑
n=1

n∑
m=−n

ain
(n,m)jn(k0r)Pm

n (cos θ)eimφ+asc
(n,m)hn(k0r)Pm

n (cos θ)eimφ (b < r)

(6.29)

πe =
+∞∑
n=1

n∑
m=−n

f(r)f
′
(r)

r
[a1

(n,m)jn(k0f(r))+a2
(n,m)hn(k0f(r))]Pm

n (cos θ)eimφ

(a + δ < r < b),(6.30)
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where jn and hn represent the nth order spherical Bessel function of the first kind
and nth order spherical Hankel function of the first kind, respectively; Pm

n represent
the associated Legendre polynomials with order n and degree m; ain

(n,m) and asc
(n,m)

are the expansion coefficients for the Debye potentials of the incident and scattered
field outside the cloak, respectively; and ai

(n,m) (i = 1, 2) are the expansion coeffi-
cients for the the Debye potentials of the field in the cloak shell. Hθ and Eθ in the re-

gion r < a+δ are denoted by Hθ =
+∞∑
n=1

n∑
m=−n

a3
(n,m)mSn(r)Pm

n (cos θ)eimφ/(sin θµ0)

and Eθ =
+∞∑
n=1

n∑
m=−n

a3
(n,m)Tn(r)Pm

n

′
(cos θ)eimφ/(−iωε0), respectively, where Sn(r)

and Tn(r) are determined by the media in the cloaked region.

By considering the boundary conditions at r = b and r = a + δ, we obtain the
scattering coefficient Csc

n,m = asc
(n,m)/ain

(n,m) in an approximate form as

Csc
(n,m) ≈

δf jn(k0δf )Tn(a + δ)− (k0δf j
′
n(k0δf ) + jn(k0δf ))Sn(a + δ)

(k0δfh′n(k0δf ) + hn(k0δf ))Sn(a + δ)− δfhn(k0δf )Tn(a + δ)
, (6.31)

where δf is defined as the same as the cylindrical cloak case. Csc
n,m is only dependent

on n, so in the following discussions Csc
n,m is denoted by Csc

n . Following the same
procedure for the cylindrical cloak, it is obtained that the value of Csc

n for the
spherical cloak is mainly determined by jn(k0δf )/hn(k0δf ) ∝ δ(2n+1)p, which is
independent of a, b, or the media in the cloked region.

6.3 Non-magnetic Simplified Cylindrical Cloak

It is difficult to implement an ideal invisibility cloak, since their material parame-
ters are complicated in general. Therefore, it is desirable to simplify the material
parameters of an ideal invisibility cloak. The simplification principle is to keep the
dispersion relation intact. The first simplified model was proposed in [47] and later
demonstrated in [21]. However, as pointed in Ref. [50], this simplified cloak leads
to considerable scattering for both zeroth order and high order cylindrical waves.
A major factor for the high scatterings is due to mismatched exterior boundary. In
Refs. [49] and [51], the authors proposed two different types of simplified cloaks
with matched exterior boundary. The high order scatterings for such cloaks are
reduced substantially, due to matched exterior boundary. Hence, the cloaking per-
formance is improved significantly. However, as pointed in Ref. [51], the zeroth

order scattering is still considerable. Thus, to the improve the performance of the
simplified cloak, it is necessary to suppress the zeroth order scattering.

It is noticed that the simplified cloaks proposed in Ref. [51] have drawbacks
of requiring magnetic materials even for a single polarization, while the cloaked
proposed in Ref. [49] having the size restriction of b/a > 2. In order to overcome
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these drawbacks, here we propose another transformation function

f(r) =
−ar2 + (b2 + a2)r − ab2

(b− a)2
. (6.32)

The parameters of the corresponding simplified cloak obtained from such a trans-
formation are:

εr = µr =
(b2 − ra)2(r − a)2

(b− a)4r2
, εθ = µθ =

(a2 + b2 − 2ra)2

(b− a)4
, εz = µz = 1. (6.33)

It is seen from Eq. (6.33) that the parameters of the cloak at the exterior boundary
is the same as free space, i.e., the exterior boundary matches perfectly with free
space. Since µz = 1, the cloak can be made non-magnetic for the TM polarization.
Our discussions in this section is focused on TM polarization.

To make the performance of the cloak independent of the material inside the
cloaked region, a PEC lining is put at the boundary of the cloaked region. To main-
tain the matched exterior boundary, the embedded layer to eliminate the zeroth

order scattering is put at the inner boundary of the cloak. Consider the simplest
case that the embedded layer is just free space, i.e., a gap is imposed at the cloak’s
inner surface. In the following, we focus on this case with the structure illustrated
in Fig. 6.5, where it is seen that a gap with a width d is added between the cloak
and the cloaked region.

Cloak Cloaked
  region

    PEC
    lining

a
b

d

  Added
    gap

Figure 6.5: Schematic picture of the proposed cloak structure. A gap of free space
with width d is imposed between the cloak and the PEC lining.

To choose the appropriate thickness of the imposed gap, the zeroth order scat-
tering coefficient of the proposed structure needs to be analyzed. Since εθ varies
only with r, an asymptotic approach can be employed to calculate the zeroth order
scattering. As an example when a = 0.3m, b = 0.6m, and the wavelength λ is
0.3m, the value d for the zero value of the zeroth order scattering is calculated to
be 0.1365m. To illustrate the effect of the added gap, we carry out simulations
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for this example with commercial COMSOL Mutiphysics package. For comparison,
the case without the gap is also simulated. The scattering coefficients versus wave-
length for these two cases are plotted in Fig. (6.6). It is seen that the zeroth order
scattering reduces dramatically around λ = 0.3m by employing the gap, which
agrees well with above analysis. This cancellation phenomenon is due to the scat-
tering resonance. It is also seen from Fig. 6.6(b) that the zeroth order scattering
approaches zero quite smoothly. Within a certain wavelength range near λ = 0.3m,
the zeroth order scattering is relatively small. This in turn means that the zeroth

order scattering at λ = 0.3m should be very small even when the thickness of the
gap deviates from ideal design values. Thus, this effect is relatively insensitive to
perturbations of the structure.
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Figure 6.6: (Scattering coefficients of different orders versus wavelength for the case
(a) without the gap and the case (b) with the gap. The structure parameters are
a = 0.3m, b = 0.6m, d = 0.1365m.



Chapter 7

Results 2: Compensated Bilayer
by a Folding Transformation

In this chapter, we present our works on designing a compensated bilayer structure
by a folding coordinate transformation. The results include Papers IV-V.

7.1 Compensated Bilayer Structure

7.1.1 Geometry of Compensated Bilayer

The considered bilayer in physical space is constructed by folding a single layer of
arbitrary medium in EM space. After folding, the bilayer is put into an arbitrary
background. “Folding”, in the simplest case, denotes an identity transformation
plus a coordinate inversion. Both operations can also be accompanied by some
other (less important) coordinate changes, such as displacement, rotation and com-
pression. Without loss of generality, here we assume that the first layer (layer 1) is
based on an identity transformation of the single layer confined by the boundaries
S1 and S3 in the EM space. The second layer (layer 2) confined by the boundaries
S1 and S2 is obtained by folding layer 1 with respect to boundary S3. The two
outer boundaries S1 and S2 of the bilayer are mapped from an identical boundary.

Compensated bilayers can be classified into two categories. The first type com-
pensated bilayer denoted as type A, is surrounded by two discontinuous regions,
denoted as regions I and II. The second type bilayer denoted as type B, is sur-
rounded by one continuous region. Such two type of bilayers are illustrated in Fig.
7.1(a) and (b).

45
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Figure 7.1: (a) Illustration of constructing a cylindrical shape compensated bilayer
of type A by folding a single cylindrical shell in radial direction; (b) illustration
of constructing a compensated bilayer of type B by folding a half cylinder in one
Cartesian axis direction.

7.1.2 Material Parameters of Compensated Bilayer

Assume that layer 1 in the EM space has material parameters ε′ and µ′. The
coordinates in the EM space denoted as (x1′ , x2′ , x3′) are transformed to coordi-
nates (x1, x2, x3) in the physical space. Layer 1 in the physical space has material
parameters ε1 = ε′ and µ1 = µ′ due to the identity transformation. The material
parameters of the layer 2 can be calculated if the transformation function is known.

Consider the bilayer in Fig. 7.1(a). It is calculated

ε2 =
h(r)

r

dh

dr
diag[

1
dh/dr

,
r

h(r)
, 1]ε1diag[

1
dh/dr

,
r

h(r)
, 1],

µ2 =
h(r)

r

dh

dr
diag[

1
dh/dr

,
r

h(r)
, 1]µ1diag[

1
dh/dr

,
r

h(r)
, 1], (7.1)

where material parameters are expressed in cylindrical coordinates. Eq. (7.1) is
obtained by using Eqs. (A.10) and (A.11).

Consider the bilayer in Fig. 7.1(b). The material parameters of layer 2 are
derived as

ε2 =
∂h

∂z
diag[1, 1, 1]ε1diag[1, 1,

1
∂h/∂z

],

µ2 =
∂h

∂x3
diag[1, 1,

1
∂h/∂z

]µ1diag[1, 1,
1

∂h/∂z
], (7.2)

where material parameters are expressed in Cartesian coordinates. Eq. (7.2) is
obtained by using Eqs. (3.40) and (3.41).
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7.2 Relationship of Fields at Bilayer Boundaries

The two outer boundaries S1 and S2 of a compensated bilayer in the physical space
are both mapped from the boundary S1 in the EM space. The special coordinate
mappings deployed ensure a special feature of a compensated bilayer structure: the
fields at two boundaries of the bilayer connect with each other with certain simple
relationship.

We use ni′ , t1i′ and t2i′ denoted as the components of the unit normal vector
and two orthogonal unit tangential vectors of the boundary S1 in the EM space,
respectively. Such unit vectors remain the same on the S1 in the physical space.
However, they are mapped to ni, t1i and t2i on the S2. Accordingly, the fields on the
boundary S1 and S2 can be decomposed to the normal and tangential components.
The tangential components of the fields have the following relations

Et1|S1 = T1Et1|S2 , Et2|S1 = T2Et2|S2 ,

Ht1|S1 = T1Ht1|S2 ,Ht2|S1 = T2Ht2|S2 , (7.3)

with T1 =
√

(t11)2 + (t12)2 + (t13)2, and T2 =
√

(t21)2 + (t22)2 + (t23)2, where
ti1 = Λi

i′t
i′
1 and ti2 = Λi

i′t
i′
2 , ti

′
1 = t1i′ and ti

′
2 = t2i′ .

As an example, consider the bilayer in Fig. 7.1(a), one has

Ez|S1 = Ez|S2 , Eθ|S1 =
b

a
Eθ|S2 ,

Hz|S1 = Ez|S2 ,Hθ|S1 =
b

a
Eθ|S2 . (7.4)

Consider a slab-shaped bilayer obtained by folding a single slab in z direction, we
have

Ex|S1 = Ez|S2 , Ey|S1 = Ey|S2 ,

Hx|S1 = Ez|S2 ,Hy|S1 = Hy|S2 . (7.5)

7.3 Properties and Applications

The fields at two boundaries of the bilayer relate to each other by a scaling, as
shown in Eq. (7.3). This special property will result in that an observer outside
the bilayer can feel the scattering fields as the nonexistence of the bilayer.

As an illustration, consider the bilayer structure of type A. An observer, say
Bob, in region I, see the scattering fields are as if they come from a region denoted
as region II′ connecting directly with region I via boundary S1, as illustrated in
Fig. 7.2(a). Another way around: if Bob is in region II, the observed fields by him
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are as if they are coming from a region denoted as region I′ connecting directly
with region II via boundary S2, as illustrated in Fig. 7.2(b). To show the validity
of the above statements, we consider the case as shown in Fig. 7.2(a). Assume that
EM fields in regions I and II are denoted as (EI

i ,HI
i ), and (EII

i ,HII
i ), respectively.

It is known that the tangential fields at boundaries S1 and S2 relate to each other
via Eq. (7.3). The transformed fields in region II′ are denoted as (EII′

i′ ,HII′
i′ ),

which can be calculated from (EII
i ,HII

i ). Since boundary S2 of region II maps to
boundary S1 of region II′, we can have

EII′
t1′ |S1 = 1/T1E

II
t1 |S2 , EII′

t2′ |S1 = 1/T2E
II
t2 |S2 ,

HII′
t1′ |S1 = 1/T1, HII

t1 |S2 , HII′
t2′ |S1 = 1/T2H

II
t2 |S2 , (7.6)

Combining Eq. (7.3) with Eq. (7.6), one has

EII′
t1′ |S1 = EI

t1|S1 , E
II′
t2′ |S1 = EI

t2|S1 ,

HII′
t1′ |S1 = HI

t1|S1 ,H
II′
t2′ |S1 = HI

t2|S1 . (7.7)

This indicates that the fields (EI
i ,HI

i ) and (EII′
i′ ,HII′

i′ ) can automatically fulfill the
continuous boundary condition between regions I and II′. Thus, it is proved that
Bob in region I perceives the same fields as region II′ is connected with region I
directly. When Bob is in region II, the similar argument can also be proved.

Figure 7.2: For the bilayer structure of type A, (a) an observer in region I perceives
the same fields as region region II′ is connected with region I directly; (b) an
observer in region II perceives the same fields as region I′ is connected with region
II directly.

For the bilayer structure of type B, the background region is connected. How-
ever, one can generate two background regions by introduce an extra boundary.
This idea is illustrated in Fig. 7.3. Similar to the bilayer structure of type A, Bob
in region I / II feels the same fields as if region II′ / I′ is connected with region I /
II, which are illustrated in Fig. 7.3(a) and (b). This mechanism has been deployed
for demonstrating illusion optics in Ref. [65].
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Figure 7.3: By inducing an extra boundary S4, the region outside the bilayer struc-
ture of type B can be separated into regions I and II. (a) An observer in region
I perceives the same fields as region II′ is connected with region I directly; (b) an
observer in region II perceives the same fields as region I′ is connected with region
II directly.

Based on such property, a compensated bilayer has the following applications:
Perfect imaging: With a right choice of background material, one can transfer
EM fields from one boundary of a compensated bilayer to the other perfectly with
or without a scaling. To require zero reflection, it is necessary for region I (II) to
be perfectly matched with region II′ (I′).
Optical illusion: An object appears as another object to an observer in a different
domain [65]. This is well illustrated in Figs. 7.2 and 7.3.
Invisibility cloaking: An object is made invisible without perturbing the incident
fields. For this purpose, we can put a compensating object to offset the original
object in a compensated structure. To achieve invisibility, region I (II) should be
impedance matched with region II′ (I′). This phenomenon has been well discussed
in Ref. [55].

7.4 Explain Some Phenomena Based on Compensated
Bilayer

A compensated bilayer in slab geometry can be constructed by an identity transfor-
mation plus a coordinate inversion based on a single slab layer. Suppose the bilayer
under study is oriented perpendicular to the z axis. The transformation function
for the coordinate inversion is denoted by z = h(z

′
) with a negative slope. The layer

1 has material parameters ε1 and µ1, which are the same as those of the original
single slab. The layer 2 has material parameters expressed by Eq. (7.2). Assume
that the inversion transformation function h(z) is a linear function with a slope
of −p, where p > 0, it is derived that ε2 = −pdiag[1, 1,−1/p]ε1diag[1, 1,−1/p],
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µ2 = −pdiag[1, 1 − 1/p]µ1diag[1, 1,−1/p]. When p = 1, the above equations de-
scribe exactly the complementary media [75]. In Ref. [75], it is stated that a
slab-shaped bilayer composed of complementary media, when put in a homogenous
background, can transfer EM fields perfectly from one interface to the other without
reflections. Here, we see that transformation optics provides a clear geometrical in-
terpretation for this phenomenon. One can easily extend a compensated bilayer to
the following situations: (1) p 6= 1; and/or (2) h(z) is a nonlinear function; and/or
(3) the transformation function concerns all coordinates, not only z and z

′ ; and/or
(4) the single slab in EM space contains arbitrary inhomogeneity, anisotropy, or ac-
tive sources. This facilitates the unification of a range of previously studied perfect
imaging devices, including Pendry’s perfect lens [35] and the bilayer lens made of
indefinite media [76].

7.5 Numerical Analysis for Compensated Bilayer

7.5.1 Slab-shaped Compensated Bilayer of Type A

Perfect Imaging:

Consider a lossy Pendry’s lens with εL = −1 + 0.008i, µL = −1 + 0.008i,
positioned at z ∈ [0, 10/3λ]. The simulated electric field distribution for a line
current source Js = Aδ(z + 7/3λ)δ(x)ŷ is Fig. 7.4(a). It is seen that there are
two images. Refer to the figure, one perfect image will be formed through perfect
field tunneling by the bilayer 1. Then, through field tunneling by the bilayer 2,
the second perfect image is constructed in free space. Consider that a dielectric
cylindrical obstacle is put in front of the Pendry’s lens. Then, the images are
destroyed. To recover the imaging, we embed a compensated cylinder inside the
lens. This is illustrated in Figs. 7.4 (b) and (c).

If the single slab in EM space contains some active sources, the corresponding
transformed bilayer will also contain the active sources, which are compensated
with each other. Such a bilayer with active sources can be applied to design a
perfect lens for achieving subwavelength imaging beyond active noise sources, even
when the noise is much stronger than the signal. This is illustrated in Fig. 7.5.

7.5.2 Cylindrical-Shaped Compensated Bilayer of Type A

Here we consider a compensated bilayer obtained by transforming a cylindrical shell,
as illustrated in Fig. 7.1(a). Consider the case when ε′ and µ′ can be expressed
diagonally in cylindrical coordinates, i.e., ε1 = ε′ = diag[ε1r, ε1θ, ε1z] and µ1 = µ′ =
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Figure 7.4: (a) Electric field distribution for a line current source Js = Aδ(z +
7/3λ)δ(x) interacting with a Pendry’s lens εL = −1 + 0.008i and µl = −1 + 0.008i;
(b) electric field distribution when a dielectric cylinder is put in the front of the
lens; (c) electric field distribution when the dielectric cylinder together with its
compensated cylinder are put outside and inside the lens, respectively. (d) Field
intensity at the image plane z = 13/3λ for (a), (b) and (c). The dielectric cylinder
has a radius of 2/3λ with the center at z = −λ and x = 0, and a refractive index
of 2.
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Figure 7.5: Electric field distribution when (a) a current sheet Js = 4Aδ(x +
z/6λ) x ∈ [−2λ, 2λ] is put in the front of the lens of Fig. 7.4(a); (b) the compensated
current sheet is put inside the lens. (c) Field intensity at the the image plane
z = 13/3λ for (a), (b), and also Fig. 7.4(a).
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diag[µ1r, µ1θ, µ1z]. Then, from Eq. (7.1), the expressions for ε2 and µ2 are

ε2 = diag[
h(r)

r∂h/∂r
ε1r,

r∂h/∂r

h(r)
ε1θ,

h(r)∂h/∂r

r
ε1z], (7.8)

µ2 = diag[
h(r)

r∂h/∂r
µ1r,

r∂h/∂r

h(r)
µ1θ,

h(r)∂h/∂r

r
µ1z]. (7.9)

Perfect Imaging:

Perfect imaging requires that region I is perfectly matched with region II′.
One can start by considering that regions I and region II′ have identical material
parameters. Region II′ is then transformed back to region II with boundary r′ = a
mapped to r = b. The simplest transformation function satisfying this boundary
transformation condition is a linear function expressed as r′ = ra/b. Under this
linear transformation, region II has material parameters

εII = diag[1, 1,
a

b
]εIdiag[1, 1,

a

b
],

µII = diag[1, 1,
a

b
]µIdiag[1, 1,

a

b
]. (7.10)

As an example, a cylindrical shaped compensated lens composed of indefinite media
is illustrated in Fig. 7.6.
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Figure 7.6: Electric field distribution for a line current source located at (r =
1.55λ, θ = π) interacting with a cylindrical compensated bilayer composed of indef-
inite media. The compensated bilayer lens has the parameters ε1 = diag[1,−1, 1]
and µ1 = diag[−1, 1, 1], ε2 = diag[(r − 2λ)/r,−r/(r − 2λ), (r − 2λ)/r] and
µ2 = diag[−(r − 4λ)/r, r/(r − 4λ), (r − 4λ)/r]. The material parameters smaller
than 1 are all given a small loss of 0.006i in the simulation. The region II has
material parameters of εII = 9 and µII = 1. The bilayer is outlined by solid lines.
The source and the image are denoted by ” ∗ ”.

Optical Illusion:
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If a scatterer is put in region II, an observer will feel as if the scattered field is
from a magnified scatterer located in region II′. Conversely, if a scatterer is put in
region I, the observer in region II will feel a shrinked scatterer. Here, a numerical
example to illustrate that the observer in region II feels a shrinked scatterer is
illustrated in Fig. 7.7.
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Figure 7.7: (a) Electric field distribution when a line current source J1 = aδ(r −
1.25λ)δ(θ − π)ẑ is put inside layer 1 of a cylindrical bilayer of type A; (b) electric
field distribution when the line current source J1 = aδ(r − 1.25λ)δ(θ − π)ẑ and
its compensated source Ĵ2 = −aδ(r − 1.25λ)δ(θ − π)ẑ are put inside layers 1 and
2, respectively. The compensated bilayer has the same geometrical parameters as
in Fig. 6, but has different material parameters as ε1 = µ1 = 1, and ε2 = µ2 =
diag[(r − 2λ)/r, r/(r − 2λ), (r − 2λ)/r]. Regions I and II have the same material
parameters as in Fig. 7.6. All material parameters smaller than 1 are all given a
small loss of 0.006i in the simulation. The bilayer is outlined by solid lines, the
sources are denoted by ” ∗ ”.

7.5.3 Compensated Bilayer of Type B

Perfect Imaging:

Here we consider a square-shaped bilayer of type B as illustrated in Fig. 7.8(a).
Refer to the figure, layer 1 and layer 2 are connected through the square diagonal
with a length of λ. Layer 2 is obtained by folding layer 1 linearly in the x1 direction.
Thus, the material parameters of the bilayer should fulfill ε1 = −ε2 and µ1 = −µ2.
To achieve zero reflection, region I should be perfectly matched with region II′ (see
Fig. 7.3(a)). To find an appropriate background combination, we may start with
an EM space where regions I and II′ are both free space fulfilling the impedance
matching condition. Region II can be obtained by a compression of region II′. For
our example, this can done with transformation functions x1 = 1/2x1′ +3/2(0.5λ−
|x2′ |), x2 = x2′ , and x3 = x3′ . In this way, we obtain the material parameters of
region II as εII = µII = [5,−3, 0;−3, 2, 0; 0, 0, 2] for the half part of x2 > 0 and
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εII = µII = [5, 3, 0; 3, 2, 0; 0, 0, 2] for the half part of x2 < 0. The corresponding
simulation result is plotted in Fig. 7.8(b).
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Figure 7.8: (a) Illustration of a square shaped compensated bilayer of type B. (b)
Electric field distribution for a line current source J1 = aδ(x1−0.3λ)δ(x2−0.3λ)x̂3

interacting with the square shape compensated bilayer as in (a). The compensated
bilayer has material parameters ε1 = µ1 = 1, and ε2 = µ2 = −1 + 0.006i. Region
II has material parameters εII = µII = [5,−3, 0;−3, 2, 0; 0, 0, 2] for the half part of
x2 > 0 and εII = µII = [5, 3, 0; 3, 2, 0; 0, 0, 2] for the half part of x2 < 0. Region I
is free space. The bilayer and region II are outlined by solid lines, the source and
the image are denoted by ” ∗ ”.



Chapter 8

Result 3: Generalized Nihility
Media from Transformation Optics

Nihility media were previously known in the metamaterial community as media
with ε = µ = 0 [77]. Such media have a lot of interesting characteristics, such as
complete transmission of a normal-incident wave while complete blocking of any
oblique-incident wave [78], and complete tunneling of EM energy through a sub-
wavelength channel or bend made of such media or its simplified version [79]. In
this chapter, such nihility media will be understood from the perspective of trans-
formation optics. Based on such understanding, nihility media will be generalized.
The results include Paper VI.

8.1 Nihility Media and Zero-Volume Geometrical Elements

In Ref. [77], nihility media were introduced as the media with

ε = µ = 0. (8.1)

Wave propagation is inhibited in all directions in such nihility media. Strictly
speaking, the plane wave vector k has no physical meaning here. However, one
can always assume ε and µ asymptotically approaching zero, and obtain k = 0.
Therefore, optical path length φ defined by φ = k · l is zero independent of l. Zero
φ is the essential property of such media which we should really pay attention to.
The equation φ = 0 can be satisfied under two options: (1) k = 0 or (2) l = 0.
The first option just describes the nihility media. The second option indicates a
geometrical point object. Therefore, in the spirit of zero φ, a point can also be
viewed as nihility media. The above argument can be more easily reasoned from
TO. A medium with ε = µ = 0 can be viewed as a space with the metric tensor

55
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Table 8.1: Zero-Volume geometrical elements link with nihility media by transfor-
mation optics.

Zero-Volume Geometrical Element Bridge Transformation Media
Point Transformation P-type nihility media
Line Optics L-type nihility media

Surface S-type nihility media

gij = diag[0, 0, 0]. Obviously, in such a space, volume measurement is always zero
just like a geometrical point. In other words, media with ε = µ = 0 are merely
transformation media based on a geometrical point element. Extending this idea,
a geometrical line or surface element also has zero geometrical volume, therefore
their corresponding transformation media can be addressed as nihility media too.
This generalizes the definition of nihility media as transformation media based on
volumeless geometrical elements. Transformation media obtained by transforma-
tions of point, line, and surface elements are called P-, L-, and S-type nihility
media, respectively. In particular, wave propagation is prohibited in three dimen-
sions for P-type nihility media, since φ = 0 is valid in three dimensions for a point;
wave propagation in prohibited in two dimensions for L-type nihility media; wave
propagation in prohibited in one dimension for S-type nihility media. Table. 8.1
summarizes the classification of nihility media.

The material parameters of P-type nihility media are derived as

ε = µ = 0. (8.2)

The material parameters of L-type nihility media are derived as

ε = ε′diag[
αy

αx
β,

αx

αy
β, 0], (8.3)

µ = µ′diag[
αy

αx
β,

αx

αy
β, 0]. (8.4)

Here, |αx/αy| describes the anisotropy in expanding, and β represents shrinking or
stretching of the line accompanying with the expansion. Observing Eqs. (8.3) and
(8.4), we see that there is always one zero component for ε and µ.

The material parameters of S-type nihility media are derived as

ε = µ = diag[∞, 0, 0]. (8.5)

Media with material parameters expressed by Eqs. (8.2)-(8.5) are hard to be
found in nature. The recent progresses in metamaterials have made it possible
to fabricate such media. In Ref. [77], it was proposed to embed subwavelength
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negative index spheres in free space background to construct P-type nihility media.
Here, we give an example on how to construct S-type nihility media. The material
parameters of S-type nihility media are expressed in Eq. (8.5) with assumption
that diagonal components are in three axes of Cartesian coordinate system. In
particular we deploy subwavelength bilayer as the building block for constructing
S-type nihility media. For simplicity, it is assumed that the subwavelength bilayer
has isotropic material parameters ε1 and µ1 for layer 1, and ε2 and µ2 for layer 2.
The filling factors of layers 1 and 2 are f1 and f2, respectively, with f1 + f2 = 1.
Then, it is derived that such S-type nihility media can be effective constructed with

f1 = f2 = 1/2, (8.6)

ε1 = −ε2, µ1 = −µ2. (8.7)
By inspection, we find the bilayer is a just a compensated bilayer as discussed in
the above chapter. To see connections between such S-type nihility media and a
stack of compensated bilayers more clearly, we resort to their respective transfor-
mation functions. The transformation function of the S-type nihility media can be
considered as a straight flat line. This flat line can be replaced by a line with peri-
odic subwavelength fluctuations approximately, as seen in Fig. 8.1. Each period of
fluctuation represents a folding-type transformation function, which is exactly the
transformation function deployed for deriving a compensated bilayer. Notice that
each compensated bilayer can be composed of anisotropic media or inhomogeneous
media, and two individual layers can have different sizes [60, 80].

Figure 8.1: Transformation function, i.e. a straight line, for obtaining S-type ni-
hility media can be approximately viewed as a line with periodic fluctuations with
subwavelength periods, representing a stack of compensating bilayers.

8.2 Eigen Fields in Nihility Media

Case (1): P-type nihility media

By introducing electrical potential ψe and magnetic potential ψh, Maxwell’s
equations can be solved with

E = −∇ψe, H = −∇ψh. (8.8)
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In Cartesian coordinates, harmonic solutions to ψe and ψh are expressed as

ψe,h = Aeikxxeikyyeikzz, (8.9)

where A is a constant, and
k2

x + k2
y + k2

z = 0. (8.10)
In spherical coordinates, harmonic solutions to ψe and ψh are expressed as

ψe,h = ArlY m
l (θ, φ) + B

Y m
l (θ, φ)
rl+1

, (8.11)

where Y m
l (θ, φ) represents spherical harmonics, A and B are arbitrary constants.

Case (2): L-type nihility media

We consider L-type nihility media with specified material parameters ε = µ =
diag[1, 1, 0]. The diagonal components of the material parameters are in three axes
of Cartesian coordinates, i.e., x, y, and z axes. Without loss of physical sight to
the problem, we consider eigen fields with only x and y dependencies here. Under
this case, the fields can be decoupled into TE and TM polarizations. In the below,
TE polarization is focused on. The magnetic potential ψh to solve magnetic fields
is introduced as in Eq. (8.8). Then, electric fields can be solved from Faraday’s
law. In Cartesian coordinates, harmonic solutions to ψh are

ψh = Aeikxxeikyy, (8.12)

where
k2

x + k2
y = 0. (8.13)

In cylindrical coordinates, harmonic solutions to ψh are

ψh = Armeimφ + B
eimφ

rm
, (8.14)

with m 6= 0, otherwise
ψh = A ln r + B, (8.15)

for m = 0.

Case (3): S-type nihility media

We consider special S-type nihility media with two zero components in y and z
directions, and one infinite component in x direction. We only consider eigen field
functions with x and y dependencies here. Similar to the previous study case, field
solutions are decoupled into TE and TM cases. TE polarization is focused on. The
eigen fields are derived as

Ez = Aeikyy, (8.16)

Bx = A
ky

ω
eikyy, (8.17)

Hx = 0, (8.18)
Hy = Beikyy, (8.19)
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8.3 Interaction between Nihility Media and External Fields

Based on the eigen fields of nihility media derived in the previous section, we will
investigate how external EM fields interact with such media. For ease of discussion,
the nihility media considered here all have a slab shape with 0 ≤ x ≤ l and is placed
in free space background. The material parameters of L and S-type nihility media
are considered as the same as in the above section. A TE polarization wave in x−y
plane (i.e., electric field only has z component) incidents upon the slab from the
left side.

Case (1): P-type nihility media

For a normal incidence, we arrive at

r = 0, t = 1. (8.20)

The fields in the slab are expressed as

Ez = E0, Hy = E0

√
ε0

µ0
. (8.21)

For the oblique incidence case, we arrive at

r = −1, t = 0. (8.22)

The fields in the slab are expressed as

Ez = 0, (8.23)

Hy = E0
k0x

ωµ0

ek0yxe−k0yl − e−k0yxek0yl

sinh(k0yl)
eik0yy, (8.24)

Hx = −E0
ik0x

ωµ0

ek0yxe−k0yl + e−k0yxek0yl

sinh(k0yl)
eik0yy, (8.25)

where k0x and k0y represent the free space wave vector in x and y directions,
respectively. For oblique incident waves with r = −1, the slab therefore functions
as a PEC. By duality, for oblique incident TM waves, the slab operates as a PMC.
However, for TE incident waves, according to Eqs. (8.24) and (8.25), magnetic
fields in the slab are not zero. In particular, Hy decays along x direction, and
becomes zero at x = l.

To illustrate the interaction characteristics between an external wave and a slab
of P-type nihility media directly, the amplitudes of the reflection and transmission
coefficients for TE incident plane waves with different k0y values are plotted in Fig.
8.2(a) and (b). The material losses have been taken into account. Electric field
distributions under normal incidence case (k0y = 0) are plotted in Figs. 8.3(a) and
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(b) for l = 0.3λ and l = 0.8λ, respectively. Electric field distributions under an
oblique incidence case (k0y = 0.5ω/c with l = 0.3λ) are plotted in Figs. 8.3(c) and
(d) for l = 0.3λ and l = 0.8λ, respectively. Both the ideal slab and the lossy slab
with ε = 0.001i and µ = 0.01i are considered.
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Figure 8.2: The amplitudes of (a) reflection coefficient and (b) transmission coeffi-
cient versus k0y for a TE plane wave incident upon a slab of lossless P-type nihility
media or lossy P- type nihility media. The thickness of the slab is 0.3λ.
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Figure 8.3: Electric field distributions for a TE plane wave incident upon a slab of
lossless P-type nihility media or lossy P-type nihility media with ε = 0.001i and
µ = 0.01i. (a) k0y = 0, l = 0.3λ; (b) k0y = 0, l = 0.8λ; (c) k0y = 0.5ω/c, l = 0.3λ;
(b) k0y = 0.5ω/c, l = 0.8λ. Solid lines: the slab is composed of lossless P-type
nihility media; dashed lines: the slab is composed of lossy P-type nihility media;
shaded regions: the slab.

Case (2): L-type nihility media

For the normal incidence case, we arrive at

r =
−ik0l

2− ik0l
, t =

2
2− ik0l

, (8.26)

and the electric field in the slab is expressed as

Ez =
2− i2k0(l − x)

2− ik0l
E0. (8.27)
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Observing Eq. (8.26), it is found that the reflection coefficient increases with the
increase of l.

For the oblique incidence case, we arrive at

r =
(1 + k0x

2/k0y
2) sinh(k0yl)

i2(k0x/k0y) cosh(k0yl) + (k0x
2/k0y

2) sinh(k0yl)− sinh(k0yl)
,

t =
i2(k0x/k0y) cosh(k0yl)

i2(k0x/k0y) cosh(k0yl) + (k0x
2/k0y

2) sinh(k0yl)− sinh(k0yl)
. (8.28)

The electric field in the slab is expressed as

Ez = ωµ0E0e
ik0yy(C+e−k0yx + C−ek0yx), (8.29)

where
C± =

1∓ ik0x/k0y

2
+

1± ik0x/k0y

2
r. (8.30)

As a further illustration, one considers two explicit slabs with l = 0.1λ and
another with l = 0.5λ. When the composing media of the slabs are of lossless or
lossy nihility media, the reflection and transmission coefficients for a TE incident
plane wave are plotted in Fig. 8.4(a) and (b), respectively. In Fig. 8.5, electric
field distributions in the cases of normal incidence (k0y = 0) and oblique incidence
(k0y = 0.5ω/c) for the slab with l = 0.3λ and l = 0.8λ are illustrated. Both the ideal
lossless case and the realistic lossy case with ε = 0.05i and µ = 1 are considered.
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Figure 8.4: The amplitudes of (a) reflection coefficient and (b) transmission coeffi-
cient versus k0y for a TE plane wave incident upon a slab of lossless L-type nihility
media or lossy L- type nihility media. µ is set to be 1.

Case (3): S-type Nihility Media

The reflection and transmission are calculated as

r = 0, t = 1, (8.31)
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Figure 8.5: Electric field distributions for a TE plane wave incident upon a slab
of lossless L-type nihility media or lossy L-type nihility media with ε = 0.05i and
µ = 1. (a) k0y = 0, l = 0.3λ; (b) k0y = 0, l = 0.8λ; (c) k0y = 0.5ω/c, l = 0.3λ; (b)
k0y = 0.5ω/c, l = 0.8λ. Solid lines: the slab is composed of lossless L-type nihility
media; dashed lines: the slab is composed of lossy L-type nihility media; shaded
regions: the slab.

and the fields in the slab are written as

Ez = E0e
ik0yy, (8.32)

Hy = E0

√
ε0

µ0
eik0yy, Hx = 0. (8.33)

The above equations are valid for both normal and oblique incident cases. It is
found that all plane wave components can transmit through the slab perfectly, and
the field in the slab experiences no phase variation along x direction. These two
properties are also found for the compensated bilayer, which in fact can be used as
the elemental building block for constructing S-type nihility media.

In Fig. 8.6(a) and (b), the reflection and transmission coefficients versus k0y are
plotted for both a slab made of lossless S-type nihility media and a slab with loss
and finite value of µx. The slab has l = 0.5λ. In Fig. 8.7, electric field distributions
in the cases of normal incidence (k0y = 0) and oblique incidence (k0y = 0.5ω/c)
for both slab geometries (l = 0.3λ and l = 0.8λ) are illustrated. Both the ideal
lossless case and the realistic lossy case with ε = 0.02i, µy = 0.01i, and µx = 10 are
considered.
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Figure 8.6: (a) The amplitudes of reflection coefficient and (b) transmission coeffi-
cient versus k0y for a TE plane wave incident upon a slab of ideal S-type nihility
media or lossy S- type nihility media with finite value of µx .
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Figure 8.7: Electric field distributions for a TE plane wave incident upon a slab
of lossless S-type nihility media or lossy S-type nihility media with ε = 0.02i,
µy = 0.01i, and mux = 10. (a) k0y = 0, l = 0.3λ; (b) k0y = 0, l = 0.8λ; (c)
k0y = 0.5ω/c, l = 0.3λ; (b) k0y = 0.5ω/c, l = 0.8λ. Solid lines: the slab is
composed of lossless S-type nihility media; dashed lines: the slab is composed of
lossy S-type nihility media; shaded regions: the slab.





Chapter 9

Result 4: Manipulation of Light
with α Transformation Media

In this chapter, we propose a type of transformation media named α transformation
media for manipulating light. The results include Paper VII.

9.1 Transformation Relation and Transformation Media

Consider an empty space with the spatial metric tensor gs
ij (i, j = 1, 2, 3). The

spatial coordinates of such space are (x1, x2, x3). This space is called seed space.
Based on the seed space, a new space called α space with the metric tensor gα

ij

is constructed by a transformation relation named as α transformation relation,
which is expressed as

gα = diag[α, 1, 1]gsdiag[α, 1, 1]. (9.1)

where gs and gα represent the matrix forms of the metric tensors gs
ij and gα

ij . We
assume that: (1) any component of gs

ij is either a constant, or a function depending
on one specified coordinate component, which is chosen to be x1; (2) α is a real
constant or a real function depending on x1.

The transformation relation defined in Eq. (9.1) is different from the coordinate
transformation in essence. For the coordinate transformation, one can not trans-
form a curved (flat) space to a flat (curved) space. However, such transformation
is permitted under the above defined transformation relation. As an example, con-
sider a 2D case. The seed space is a flat space with gs = diag[1, r2]. Its Gaussian
curvature K is equal to zero. Applying the defined transformation relation to the
seed space with α = r2, the α space is obtained with gα = diag[r2, r2]. Obviously,
the α space is curved, and its Gaussian curvature K is equal to 1/r4.

65
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In the laboratory space, we interpret the transformation media in a right-handed
coordinate system with the metric tensor gc

ij . In such coordinate system, material
parameters of the seed media are expressed as

εs = µs = ±
√

det(gs)√
det(gc)

h(gs)−1gch−1, (9.2)

where gc represents the matrix form of the metric tensor gc
ij ; h = diag[

√
gc
11,

√
gc
22

,
√

gc
33]; ± represents the handness of (x1, x2, x3) in the seed space (+ for a right-

handed coordinate system, − for a left-handed coordinate system). Similarly, ma-
terial parameters of the α media are given as

εα = µα = ±
√

det(gα)√
det(gc)

h(gα)−1gch−1. (9.3)

Eqs. (9.2) and (9.3) are obtained by using Eq. (A.8).

9.2 Light Rays in Seed Media and α Media

Consider a seed medium placed in an arbitrary background. The boundary of the
seed medium is set to be a closed continuous surface with x1 = a1, or two separated
surfaces with x1 = a1 and x1 = a2, where a1 and a2 are two arbitrary constants.
A light ray from the background incidents upon the seed medium at the boundary
x1 = a1, and leaves the boundary x1 = ai, where i = 1 or 2. It is assumed that the
refracted ray in the seed medium follows the equations

x1 = f1(σ), x2 = f2(σ), x3 = f3(σ), (9.4)

where σ is an arbitrary parameter with σ ∈ [σ1, σ2].

Transforming the seed medium to the α medium, it can be proven that the
refracted light ray follows

x1 = f1(σ),

x2 =

σ∫

σ1

α(x1)
df2(σ)

dσ
dσ + f2(σ1),

x3 =

σ∫

σ1

α(x1)
df3(σ)

dσ
dσ + f3(σ1), (9.5)
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where the parameter σ has the same range as that in Eq. (9.4). Consider a special
case when α is a constant. Eq. (9.5) is simplified to

x1 = f1(σ),
x2 = αf2(σ)− αf2(σ1) + f2(σ1),
x3 = αf3(σ)− αf3(σ1) + f3(σ1). (9.6)

Denote ∆xis and ∆xiα as the coordinate changes of the light ray passing through
the seed medium and the α medium, respectively. From Eqs. (9.4) and (9.6), one
derives that

∆x1α
= ∆x1s

, ∆x2α
= α∆x2s

, ∆x3α
= α∆x3s

, (9.7)
where α is a constant.

Denote ∆φs and ∆φα as the phase changes of the light ray passing through the
seed medium and the α medium, respectively. When α is a constant, one has

∆φα = α∆φs. (9.8)

Here we have demonstrated that the light rays in the α medium and the seed
medium have a simple displacement or rotation relationship determined by the
parameter α. As an illustration, we plot how light is rotated by the α media in
Fig. (9.1). Thus, by adjusting the parameter α, light rays in the α medium can be
modulated accordingly. To end this section, the term "α relationship" is introduced
to specifically refer to the displacement or rotation relationship between the light
ray in the α medium and in the seed medium.

Figure 9.1: Illustration of a light ray passing through (a) a seed medium with
εs = µs = 1, (b) and a α medium with the parameter α being a constant. The
background is free space. The coordinates of the laboratory space are cylindrical
coordinates.

9.3 Simplified α Media

The α media show a potential of controlling light by adjusting the parameter α.
However, their material parameters as expressed in Eq. (9.3) are complicated in
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general, and require that εα = µα. Thus, it is desirable to design the α media
with achievable material parameters by choosing special gs, gα, and free from the
requirement of εα = µα by some simplifications.

Firstly, one chooses that gs, gα and gc only have diagonal components, and
gs = n2gc, where n is a real constant or function. In this case, the seed media and
α media have material parameters

εs = µs = n, εα = µα = ndiag[1/α, α, α]. (9.9)

Here it is noticed n2gc should be independent of x2 and x3, since gs is independent
of x2 and x3 by the assumption.

By keeping the dispersion relation intact, the α media can be simplified, and
the requirement of εα = µα can be lifted. The material parameters of the α media
in Eq. (9.9) are simplified to εα = n1 diag[1/α, α, α] and µα = n2 diag[1/α, α, α],
where n1n2 = n2. In the same spirit, the seed media in Eq. (9.9) can be simplified
to any isotropic media with a refractive index of n. If one is interested in light
with a special polarization, the α media can be simplified further. As an example,
consider a light propagating in the x1−x2 plane with TE polarization. In this case,
the relevant material parameters are the x1 and x2 components of the permeability
and the x3 component of the permittivity. Thus, the simplified α medium only
requires that µx1 = n2/α, µx2 = n2α, and εx3 = n1α, while other components can
be arbitrary. On the other hand, an anisotropic medium with material parameters
µx1 , µx2 , and εx3 , which have the same sign, can be viewed as a simplified or an
ideal α medium. Such medium has a α relationship with an isotropic medium with
a refractive index of n =

√
εx3µx1 . The parameter α is equal to sgn

√
µx2/µx1 ,

where sgn = 1 when the material parameters of the anisotropic medium are the
positive values, and sgn = −1 when they are the negative values. As a reminder, the
validity of the above argument requires that n2gc and α are independent of x2 and
x3. For TM polarization or light propagating in the x1 − x3 plane, one can obtain
similar results. The results are summarized in Table. (9.1). The most important
information containing in Table. (9.1) is: certain class of diagonal anisotropic media
can be viewed as a simplified or ideal α media; light propagating in such media can
be understood by its trajectory in certain isotropic medium plus a α relationship.

Based on Table. (9.1), it is can be easily deduced that: (1) in Cartesian coordi-
nate system, considering light propagating in the xi − xj plane, any medium with
all material components having the same sign and being independent of xk and xi

or xk and xj , where i, j and k are three different numbers, can be viewed as a
simplified or ideal α medium; (2) in the cylindrical coordinate system, considering
light propagating in the r− θ plane, any diagonal anisotropic medium with all ma-
terial components having the same sign and being independent of θ and z, can be
viewed as a simplified or ideal α medium.
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Propagation Plane Anisotropic Media α Relationship Isotropic Media

x1 − x2 µx1 µx2 εx3 (TE) α = sgn
√

µx2/µx1 n =
√

εx3µx1

εx1 εx2 µx3 (TM) α = sgn
√

εx2/εx1 n =
√

µx3εx1

x1 − x3 µx1 µx3 εx2 (TE) α = sgn
√

µx3/µx1 n =
√

εx2µx1

εx1 εx3 µx2 (TM) α = sgn
√

εx3/εx1 n =
√

µx2εx1

Table 9.1: α relationship between a diagonal anisotropic medium and an isotropic
medium. All material components of the anisotropic medium have the same sign.
sgn = 1 when the anisotropic material parameters are the positive values, and
sgn = −1 when the anisotropic material parameters are the negative values. The
validity of this table requires that α and n2gc should be independent of x2 and x3,
where gc is the metric tensor of the coordinates (x1, x2, x3) in the laboratory space.

9.4 Optical Devices Based on the α Media

In this section, several optical devices will be demonstrated based on the anisotropic
α media in the cylindrical coordinate system. Light propagating in the r− θ plane.
TE polarization is focused on. The devices for TM polarization can be obtained
similarly.

Frequency Demultiplexer: Consider a cylinder is composed of a positive ho-
mogenous medium. The material components µr, µθ and ε, are independent of z
and θ. µθ is designed to be dispersive. The components µr and ε are designed
to be non-dispersive. As discussed in the above section, it is known that such
anisotropic medium has the α relationship with an isotropic medium, which has a
refractive index of n =

√
µrε. The parameter α is equal to

√
µθ/µr, which depends

on frequency. This makes waves at different frequencies are rotated to different
angles. Thus, such cylinder composed of the α medium operates as a frequency
demultiplexer. As a numerical demonstration, Fig. 9.2 is plotted.

Broad-band Beam Splitter: A beam splitter is an optical device that splits one
beam in two or more. Here, it is shown that the α media can be used as a beam
splitter operating in a broad-band frequency range. One considers that a beam
incidents upon a cylinder of an isotropic medium nearly normally from the free
space background. The angular coordinate, where the beam enters the cylinder,
is around θ0 = π. The propagation direction of the incident beam is parallel with
the x axis. The beam leaves the cylinder around θ1 = 0 or θ1 = 2π. Thus,
∆θs = θ1 − θ0 = ±π, where ∆θs = π is for the light ray just below y = 0, and
∆θs = −π is for the light ray just above y = 0. If the isotropic medium in the
cylinder is replaced by the α medium, the angular change ∆θα is equal to ±απ
according to the α relationship. This indicates that the beam are split in two, as
long as α is not an integer. Thus, the cylinder composed of the α medium just
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Figure 9.2: Simulated power flow distribution for a current sheet J =
exp(−(y − 6λp)2)/(3λp)2δ(x − 20λp)ẑ with two frequencies ω1 = 0.6ωp and ω2 =
0.65ωp, interacting with a cylinder in the free space background. The cylinder has
material parameters µr = 1, µθ = 3 − ω2

p/ω2 and ε = 1, and has a radius of 16λp,
where λp = 2πc/ωp . The dashed line represents the boundary of the cylinder. The
solid line represents the calculated light ray.

operates as a beam splitter. To make the splitter work in a broad-band frequency
range, its material parameters are required to be non-dispersive, i.e., have values
larger than one. As an numerical demonstration, Fig. (9.3) is given.
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Figure 9.3: Simulated power flow distributions for a current sheet J =
exp(−y2/(2λ)2)δ(x − 11λp)ẑ at wavelength λ interacting with a cylinder in the
free space background. The EM waves incident upon cylinder near normally. The
cylinder has material parameters µr = 3, µθ = 1 and ε = 1, and has a radius of 10λ.
The dashed line represents the boundary of the cylinder. The solid line represents
the calculated light ray.

Focusing Lens: Consider that a cylinder composed of free space put in the free
space bacground. A plane wave from the left infinity incidents upon such cylinder.
The light rays are plotted in Fig. 9.4(a). Then, consider that free space inside the
cylinder is replaced by a α medium, which has the α-relation with free space, and
α = 1/2. The corresponding light rays can be calculated from Eq. (9.6) based on
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the light rays in Fig. 9.4(a), are plotted in Fig. 9.4(b). It is seen that all light rays
after passing through the cylinder are focused to two points denoted as A1 and A2.
This focusing phenomenon can be easily understood by connecting Figs. 9.4(a) and
(b) through the α relation. Also, it is noticed that light rays only interact with the
half cylinder in Fig. 9.4(b), only the half of the cylinder can be used as a focusing
lens. As a numerical demonstration, Fig. 9.5 is plotted.

(a) (b)

Figure 9.4: Illustration of light rays for a plane wave from the free space back-
ground interacting with a cylinder composed of (a) a α medium, which has the α
relationship with free space, and α = 1/2; (b) free space. In (a), the reflected rays
are not plotted, since it is assumed that the induced reflections at the boundary of
the cylinder can be ignored

Figure 9.5: Simulated electric field intensity for a TE plane wave interacting with
(a) a cylinder; (b) the half cylinder. The cylinder has material parameters µr = 2,
µθ = 1/2 and ε = 1/2, and has a radius of 10λ. The background is free space. The
dashed line represents the boundary of the cylinder or the half cylinder.

Half-Space Invisibility Cloaks: In Fig. 9.4(b), it is seen that no light ray can
enter the shaded region. Thus, arbitrary objects can put inside the shaded region
without disturbing outside light rays. Additionally, there is no scattered light ray
in the left side of the cylinder, if the induced reflections at the boundary of the
cylinder can be ignored. In this sense, the observer in the left half space can not
notice both the cylinder and the object inside the shaded region. Thus, the cylinder
operates as an invisibility cloak. As a numerical demonstration, Fig. 9.6 is plotted.
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Figure 9.6: Simulated electrical field distributions for a TE plane wave interacting
with (a) a cloak and a PEC cylinder; (b) a half cloak and a PEC cylinder; (c)
a PEC cylinder. The background is free space. The cloak has the same material
parameters as the cylinder in Fig. 5, but a different radius of 12λ. The PEC cylinder
has a radius of 6λ centered at x = 6λ and y = 0. The dashed line represents the
boundary of the cloak. The solid line represents the boundary of the PEC cylinder.

Radiation Controller: Consider that a line current source is put inside a cylinder
and is located at (rc, θc) with rc 6= 0. The background is free space. If the cylinder
is composed of free space, EM waves emit out the cylinder isotropically. This means
that the angular coordinate denoted as θ1 for the light ray leaving the cylinder, has
a range of [0, 2π]. Here, the angular difference ∆θs is defined as ∆θs = θ1− θc with
a range of [−π, π]. Consider that the cylinder is composed of a α medium, which
has the α relationship with free space. The angular coordinate for the light ray
leaving the cylinder is denoted as θα

1 . Then, the angular difference ∆θα is defined
as ∆θα = θα

1 − θs. It can be proved that ∆θα = α∆θs just as the refraction case.
The light rays emit out the cylinder in a limited angular range. θα

1 is equal to
θc + α∆θs. Thus, the angular range of the radiation can be controlled by tuning
the parameter α and θc. As an numerical demonstration, Fig. 9.7 is plotted.

9.5 Revisit Invisibility Cloaks Obtained from Coordinate
Transformations

In this section, we will revisit invisibility cloaks obtained from coordinate trans-
formations and give some qualitative discussions based on our understandings of
the α media. Consider a linearly transformed cylindrical cloak [1] with material
parameters

εr = µr =
r − a

r
, εθ = µθ =

r

r − a
,

εz = µz = (
b

b− a
)2

r − a

r
, (9.10)



9.5. Revisit Invisibility Cloaks Obtained from Coordinate Transformations 73

x / λ

y 
/ λ

−10 0 10

−15

−10

−5

0

5

10

15

(a1)

x / λ

y 
/ λ

−10 0 10

−15

−10

−5

0

5

10

15

(a2)

−90 0 90
−20

−15

−10

−5

0

5

10

N
or

m
al

iz
ed

 R
ad

ia
tio

n 
P

ow
er

 (
dB

)

θ (degree)

 

 

(a1)
(a2)

(a3)

x / λ

y 
/ λ

−10 0 10

−15

−10

−5

0

5

10

15

(b1)

x / λ

y 
/ λ

−10 0 10

−15

−10

−5

0

5

10

15

(b2)

−135 0 135
−20

−15

−10

−5

0

5

θ (degree)

N
or

m
al

iz
ed

 R
ad

ia
tio

n 
P

ow
er

 (
dB

)

 

 

(b1)
(b2)

(b3)

Figure 9.7: Simulated electric field distribution for a line current at rc = 4λ and
θc = 0 interacting with a cylinder composed of a medium with (a1) µr = 2, µθ =
1/2, and ε = 1/2; (a2) µr = 1, µθ = 1/4, and ε = 1; (b1) µr = 4/3, µθ = 3/4,
and ε = 3/4; (b2) µr = 1, µθ = 9/16, and ε = 1. The normalized radiation power
for (a1) and (a2) is plotted in (a3). The normalized radiation power for (b1) and
(b2) is plotted in (b3). The cylinder has a radius of 8λ. The dashed line in (a1),
(a2), b(1) and (b2), represents the boundary of the cylinder. The dotted line in all
figures represents the boundary of the radiation range from our theory.

where b and a represent the outer and the inner radius of the cloak, respectively.
We are interested in light propagating in the r− θ plane. According to Table. 9.1,
the invisibility cloak can be considered as a α medium, which has the α relationship
with an isotropic medium. The refractive index n of such isotropic medium and
the parameter α are expressed as

n =
b

b− a

r − a

r
, α =

r

r − a
. (9.11)

Consider the light ray in an isotropic shell a ≤ r ≤ b with a refractive index of
n in Eq. (9.11). As seen from Eq. (9.11), n decreases gradually from 1 to 0 as r
varies from r = b to r = a. When n = 0, the medium has a zero optical volume.
This indicates that the light ray feels the boundary r = a as a optical point. Thus,
the light ray can not enter the region inside the boundary r = a, as seen in Fig.
9.8(a). According to the α relationship between the cloak and such isotropic shell,
it can be deduced the light ray also can not enter the region enclosed by the cloak.
Observing the rotation parameter α, it is seen that α increases from b/(b − a) to
+∞ as r varies from r = b to r = a. This indicates that the light rays experience
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(a) (b)

Figure 9.8: Illustration of light rays passing through (a) an isotropic shell with
a refractive index of b

b−a
r−a

r ; (b) a cylindrical invisibility cloak with material pa-
rameters in Eq.(9.10). The invisibility cloak in (b) has the α relationship with the
isotropic shell in (a). The background is free space.

a sharp rotation near the inner radius of the cloak. This qualitatively explains
why the light ray can bypass the cloked region enclosed by r = a and rotate to its
original direction, even under the case that the light ray incidents the cloak near
normally. By using Eq. (9.5), the light rays for the invisibility cloak are plotted in
Fig. 9.8(b).



Chapter 10

Conclusion and Future Work

In this thesis, we focus on the investigations of TO for manipulating light. In-
visibility cloaks, one of the most interesting applications of transformation optics
are studied. Several different types of TME are designed for controlling light. We
also give geometrical understanding and further make generalizations to some well
known phenomena based on TO.

By investigating wave properties at cloak boundaries, we confirm that arbitrary
shaped invisibility cloaks are perfectly invisible to the external incident wave (Paper
I). The differences between line transformed cloaks and point transformed cloaks are
discussed. For the inner boundary of any line transformed cloak, the permittivity
and permeability in a specific tangential direction are always required to be infinitely
large. Furthermore, the field discontinuity at the inner boundary always exists; the
surface current is induced to make this discontinuity self-consistent. For a point
transformed cloak, it does not experience such problem.

Cylindrical and spherical shaped invisibility cloaks are two typical examples
of line and point transformed cloaks, respectively. The influence of a geometrical
perturbation δ at the inner boundaries of the cylindrical and spherical cloaks to the
cloaks’ performances is presented (Paper II). We show that the cylindrical cloak is
more sensitive to the perturbation than a spherical cloak. Especially, the zeroth

order scattering coefficient for a cylindrical cloak is noticeable even under a tiny
perturbation. This problem can be overcome drastically by imposing a PEC (PMC)
layer at the interior boundary of the cloak shell for TM (TE) wave.

We propose a simplified non-magnetic cloak with matched exterior boundary
working for the TM polarization (Paper III). It is analyzed that the zeroth order
scattering of this cloak is dominant in all scattering terms. We employ an air gap
between the cloak and the cloaked region to eliminate the zeroth order scattering,
which improves the performance of the cloak significantly.
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A compensated bilayer is proposed based on transformation optics by a folding
transformation (Papers IV and V). We show that Pendry’s perfect lenses, perfect
bilayer lenses made of indefinite media, and the concept of complementary media
are well unified under the scope of the proposed compensated bilayer. Several
interesting applications concerning the bilayer, such as perfect imaging and optical
illusion. Arbitrary shaped compensated bilayers are analyzed.

By using transformation optics, a geometrical interpretation is given to nihility
media with ε = µ = 0. From such geometrical perspective, we generalize the defini-
tion of nihility media as transformation media derived from volumeless geometrical
elements (Papers VI). The constructions of nihility media by metamaterials are dis-
cussed. The eigen fields in the nihility media are derived. The interactions between
an external incident wave and a slab of nihility media in the free space background
are analyzed.

A type of transformation media called α media is proposed for manipulating
light (Papers VII). Light rays in the α media have a simple displacement or rota-
tion relationship with those in another media called the seed media. Such relation-
ship is named as α relationship. The α media can be designed and simplified to a
certain class of diagonal anisotropic media, which are related to certain isotropic
media by the α relationship. Based on the α media, several optical devices in-
cluding frequency demultiplexer, beam splitter, focusing lens, half-space invisibility
cloak, and radiation controller, are designed. Invisibility cloaks from coordinate
transformations are revisited from a different perspective.

For the future work, there are several works which we are interested in. One of
them is about generalizing coordinate transformation approach. One of the candi-
date is canonical transformation, to which coordinate transformation is a special
transformation belonging. Hopefully, some novel TME can be designed for inter-
esting optical applications based on canonical transformation. The second one is
to seek new applications of TO, such as designing new optical devices, assisting in
EM numerical simulations .
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Summary of Contributions

Paper I: Coordinate transformation makes perfect invisibility cloak with arbitrary
shape. New J. Phys., 10:043040, 2008.

Author’s Contributions: The calculations about the invisibility cloaks with arbi-
trary shape interacting with EM waves, the analysis about the material parameters
of the invisibility cloaks, the first draft of the manuscript.

Paper II: Influence of geometrical perturbation at inner boundaries of invisibility
cloaks. J. Opt. Soc. Am. A, 25:968, 2008.

Author’s Contributions: The calculations about the perturbation effects to the
invisibility cloaks, the idea about choosing special transformation function and
imposing PEC or PMC boundary condition to reduce the perturbation effects, the
first draft of the manuscript.

Paper III: Non-magnetic simplified cylindrical cloak with suppressed zeroth order
scattering. Appl. Phys. Lett., 93:021909, 2008.

Author’s Contributions: The design of the non-magnetic simplified cylindrical
cloak, the idea about adding the air gap to suppress zeroth order scattering, the
simulation work, the first draft of the manuscript.
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Paper IV: Achieving perfect imaging beyond passive and active obstacles by a
transformed bilayer lens. Phys. Rev. B, 79:161101, 2009.

Author’s Contributions: The idea about constructing a bilayer lens by applying
a folding transformation to a single slab, the interpretation of complementary media
from such transformed bilyer, the simulation work, the first draft of the manuscript.

Paper V: Generalized compensated bilayer structure from transformation optics
perspective. J. Opt. Soc. Am. B, 26:B39, 2009.

Author’s Contributions: The analysis about a bilayer with arbitrary shape
obtained from a fold transformation, the simulation work, the first draft of the
manuscript.

Paper VI: Generalized nihility media from transformation optics. accepted by J.
Opt., 2010.

Author’s Contributions: The idea about generalizing nihility media from trans-
formation optics, the analysis and calculations about nihility media interacting with
EM waves, the first draft of the manuscript.

Paper VII: Manipulation of light with α transformation media submitted for
publication.

Author’s Contributions: The idea about constructing α transformation media,
the design of optical devices based on the α transformation media, the simulation
work, the first draft of the manuscript.



Appendix A

Transformation Media Expressed
in an Arbitrary Space Coordinate
System

In this appendix, we will express the material parameters of TME in any specified
space coordinate system. The metric tensor of the specified coordinate system is
assumed to be τij . In such coordinate system, Maxwell’s equations are expressed
in Eqs. (3.27)-(3.30) with det(g) replaced by det(τ).

Consider an arbitrary coordinate system with the metric tensor gij , in which
Maxwell’s equations can be expressed as

1√
det(τ)

∂
√

det(τ)D̃i

∂xi
= ρ̃f , (A.1)

1√
det(τ)

∂
√

det(τ)B̃i

∂xi
= 0, (A.2)

sτ
1√

det(τ)
[ijk]

∂Ek

∂xj
= −∂B̃i

∂t
, (A.3)

sτ
1√

det(τ)
[ijk]

∂Hk

∂xj
= J̃ i

f +
∂D̃i

∂t
, (A.4)

with

B̃i =
sτ

s

√
det(g)√
det(τ)

Bi, D̃i =
sτ

s

√
det(g)√
det(τ)

Di, (A.5)

ρ̃f =
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sτ

s

√
det(g)√
det(τ)

Jf
i, (A.6)
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System

where s = ±1 and sτ = ±1 represent the handedness of the coordinate systems for
the metric tensors gij and τij , respectively, with +1 representing the right-handed
coordinate system and −1 representing the left-handed coordinate system.

Maxwell’s equations in Eqs. (A.1)-(A.4) just have the same form as in the
specified coordinate system. In this sense, we can define the constitutive relations
of TME in the specified coordinate system similarly as in Eq. (3.37).

Case 1: Empty Space

In an empty space, the material parameters of TME are derived as

εij = µij =
sτ

s

√
det(g)√
det(τ)

gij . (A.7)

Unfortunately, for the practical implementation of TME in a non-Cartesian coor-
dinate system, the material parameters expressed in Eq. (A.7) are not useful in
general. To see the reason, we notice that εij and µij correlate D̃i with Ei, and B̃i

with Hi. However, D̃i (B̃i) and Ei (Hi) do not lie in the same direction in general.
Additionally, these components are not equal to the true physical magnitudes of
the fields, if the bases are not unit vectors. In other words, it is desirable to define
the constitutive relations by correlating the field components in the same direction
and with the true physical magnitudes. For this, we choose the field components
D̃i|eτ i| and Ei|eτ i|, B̃i|eτ i| and Hi|eτ i|, where eτ i represent the base vectors in the
specified coordinate system, Ei = τ ijEj and Hi = τ ijHj . The material parameters
of TME determined by the relations between these field components are

ε = µ =
sτ

s

√
det(g)√
det(τ)

τdg
−1ττd

−1, (A.8)

with
τd = diag[

√
τ11,

√
τ22,

√
τ33], (A.9)

where the material parameters are expressed in the matrix form, τ and g are the
matrix forms of τij and gij , respectively.

Case 2: Non-Empty Space

Here, we derive the material parameters of TME correspond to a non-empty
space in the specified coordinate system. Consider that the media in the specified
coordinate system {xi′} have material parameters ε′ and µ′. ε′ and µ′ correlate
Di′ |eτ i′ | and Ei′ |eτ i′ |, Bi′ |eτ i′ | and Hi′ |eτ i′ |. A coordinate transformation is ap-
plied to transform {xi′} to an arbitrary coordinate system {xi}. By expressing
Maxwell’s equations in the form as the specified coordinate system, we can obtain
Maxwell’s equations for TME. The material parameters of TME can be obtained
by correlating Di|eτ i| with Ei|eτ i|, Bi|eτ i| and Hi|eτ i|. Noticing that Di = Λi

i′D
i′ ,

Bi = Λi
i′B

i′ , Ei = τ ijEi = τ ijΛi′
j Ei′ and Hi = τ ijHi = τ ijΛi′

j Hi′ , the material
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parameters of the corresponding TME are derived as

ε = det(Λ)τdΛ−1τd
−1ε

′
τdτ(Λ−1)tτd

−1, (A.10)

µ = det(Λ)τdΛ−1τd
−1µ

′
τdτ(Λ−1)tτd

−1, (A.11)

where Λ represents the transformation matrix Λi′
i .





Appendix B

Newtonian Mechanics Analogy of
Light

In Chapter 4, we have discussed light from the geometry perspective. That is light
follows the corresponding geodesic in a space-time. For the massive particles, they
also follow the geodesic in the space-time. In this sense, the dynamics of light and
massive particles is unified in the geometry level. Additionally, in the classical limit,
the geometry descriptions of massive particles can be degenerated into Newtonian
mechanics. Manifestly, there is no classical limit for light. However, as shown in the
below, the light trajectory equations can be casted into the same form as Newtonian
equations if the media are isotropic.

Consider an isotropic medium with a refractive index of n, which is independent
of the time coordinate. Obviously, such a medium is equivalent to a space with
the metric tensor gij = diag[n2, n2, n2] or a space-time with the metric tensor
gµν = diag[−1, n2, n2, n2, n2]. We use the space Lagrange Ls expressed in Eq.
(4.10) to write down the geodesic equations as

d

cdt
(n2 dxi

cdt
)− 1

2
∂n2

∂xi

3∑

j=1

(
dxj

cdt
)
2

=0. (B.1)

Since Ls = 1, the above equations are equivalent to

1
c2

n2 d

dt
(n2 dxi

dt
)− 1

2
∂n2

∂xi
= 0. (B.2)

By introducing a parameter τ with dτ/dt = c/n2, Eq. (B.2) can be rewritten as

d2

dτ2
(xi) = −∂(−n2/2)

∂xi
. (B.3)
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Obviously, Eq. (B.3) has the same form as Newtonian equations, which describe
a particle with the unit mass traveling under the potential φ = −n2/2. The total
energy of this virtual particle E is always zero, i.e.,

E =
1
2

3∑

i=1

(
dxi

dτ
)
2

− n2/2 = 0, (B.4)

which just states that the kinetic energy of the virtual particle is fixed to n2/2.
However, for a real particle, its kinetic energy can be an arbitrary value in principle.

Owing to such analogy between light trajectory and Newtonian equations, some
well known potential in mechanics can be applied to control light. Consider the
Newtonian gravity potential with φ = a− b/r, where r =

√
(x1)2 + (x2)2 + (x3)2,

a is an arbitrary real number, and b is a positive real number. It is well known the
massive particle in this potential can travel along the close ellipse or circle. Thus,
one may deduce that light ray in a medium with n2 = b/r− a can also travel along
the same trajectory. This deduction should be used carefully due to the restriction
of Eq. (B.4). In particular, when a < 0, the light ray in such media travels along
the hyperbola; when a = 0, the light ray travels along one the parabola; when
a > 0, the light ray in such media travels along the close ellipse or circle confined
in a region r < b/a, in which n2 > 0. The light ray trajectory for the above three
cases are illustrated in Fig. B.1.

 

 a=−1
a=0
a=1/4

Figure B.1: Illustration of the light ray in an isotropic media with a refractive index
of n, where n2 = 1− a/r.



Appendix C

Basic Introduction to
Metamaterials

In reality, the designed TME are implemented by metamaterials, such as invisibility
cloaks [21–25] and EM black holes [7]. TO and metamaterials link with each other
firmly. In this appendix, a simple introduction to metamaterials is given. The
introduction is focused on the basic level of metamaterials. Under such spirit, this
appendix is started by deriving macroscopic Maxwell’s equations from microscopic
Maxwell’s equations. Then, based on macroscopic Maxwell’s equations, we discuss
how to describe nature media by their macroscopic material parameters. Finally,
the concept of metamaterials is introduced as a natural extension from the nature
media.

C.1 From Microscopic to Macroscopic Maxwell’s Equations

Maxwell’s equations presented in Eqs. (3.6)-(3.9) are well developed macroscopic
equations, which describe macroscopic behaviors of EM waves in certain media. In
the following, they will be derived from microscopic Maxwell’s equations. From the
derivations, the physics behind macroscopic equations becomes clear.

Microscopic Maxwell’s equations describe behaviors of EM fields generated by
microscopic charged particles, such as electrons and nuclei. The equations are
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expressed as

∇ · e =
ρ

ε0
, (C.1)

∇ · b = 0, (C.2)

∇× e = −∂b
∂t

, (C.3)

∇× b = ε0µ0
∂e
∂t

+ µ0j, (C.4)

where e and b represent microscopic electric and magnetic fields, respectively;
ρ =

∑
i

qiδ(x− xi) and j =
∑
i

qiviδ(x− xi) with qi representing the charge of
certain microscopic particle.

Microscopic fields fluctuate wildly on a microscopic scale in the vicinity of in-
dividual atoms. In general, people are interested in the average behavior of the
fields. Macroscopic Maxwell’s equations are just introduced to describe such av-
erage fields by applying a suitable averaging procedure to microscopic Maxwell’s
equations. The average is usually applied over volume elements with linear dimen-
sion ∆, which satisfies

a << ∆ << λ, (C.5)

where a and λ represent the lattice constant of media and the wavelength of EM
waves, respectively.

The spatial average of a microscopic function A(x) is defined as

< A(x) >=
∫

w(x′)A(x− x′)d3x′, (C.6)

where
∫

w(x′)d3x′ = 1. Eq. (C.6) indicates that

< dA(x)/dt >= (d/dt) < A(x) >, (C.7)
< dA(x)/dxi >= (d/dxi) < A(x) > . (C.8)

Applying the spatial average to microscopic Maxwell’s equations and using Eqs.
(C.7) and (C.8), macroscopic Maxwell’s equations are obtained as

∇ ·E =
< ρ >

ε0
, (C.9)

∇ ·B = 0, (C.10)

∇×E = −∂B
∂t

, (C.11)

∇×B = ε0µ0
∂E
∂t

+ µ0 < j >, (C.12)
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where E =< e > and B =< b > represent macroscopic electric and magnetic fields,
respectively. < ρ > and < j > can be expanded by Taylor series, as shown in Ref.
[81]. In particular, < ρ > is expanded as

< ρ >= ρf −∇ ·P, (C.13)

where ρf represents the averaged charge density of free moving charged particles,
P represents the averaged electric dipole moment density. Here, it is noticed that
the higher order moments are neglected in Eq. (C.13). < j > is expanded as

< j >= Jf + (d/dt)P +∇×M, (C.14)

where Jf represents the averaged current density of free moving charged particles,
M represents the averaged magnetic moment density. Similarly as in Eq. (C.13),
the high order terms are neglected in Eq. (C.14).

Taking Eqs. (C.13) and (C.14) into Eqs. (C.9)-(C.12), we get

∇ ·D =
ρf

ε0
, (C.15)

∇ ·B = 0, (C.16)

∇×E = −∂B
∂t

, (C.17)

∇×H = Jf +
∂D
∂t

, (C.18)

with

D = ε0E + P, (C.19)
B = µ0(H + M). (C.20)

(C.21)

The above equation are just macroscopic Maxwell’s equations appeared in Chapter
3.

C.2 Macroscopic Material Parameters of Media

In general, the macroscopic material parameters of media are permittivity ε and
permeability µ, which are defined by D = εE, B = µH. In the macroscopic
perspectively, such media can be considered as homogenous media. Their material
parameters characterize how media interact with light macroscopically. To get
material parameters, one should obtain relations between P and E, M and B.

Here, to illustrate how to obtain macroscopic material parameters, we consider
a type of crystal with the cubic lattice. The lattice constant is a. It is assumed that
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there is one molecule in each lattice. A molecule with the electrons of the charge
q moving around the nuclei is modeled by an isotropic harmonic oscillator of the
mass m, the charge q, and the resonance frequency ω0. The equation describing
the motion of the electrons under a external field e is

m(
d2x
dt2

+ ω0
2x− γ

d3x
dt3

) = qe, (C.22)

where
γ =

q2

6πε0c3
. (C.23)

The term mγ d3x
dt3 called Abraham-Lorentz force is the recoil force caused by the

particle losing its momenta through EM radiations. Applying Fourier transforma-
tion to Eq. (C.22), the expression of x depending on the frequency can be obtained.
Then, the electric dipole moment p = qx is known. Based on the electric dipole
moment, the electric polarizability αe defined by α = p/e, is derived as

αe =
q2

ω0
2 − ω2 − iγω3

, (C.24)

which can be casted into another form as
α−1

e = α−1
e0 − i6πε0(ω/c)3, (C.25)

with
αe0 =

q2

ω0
2 − ω2

. (C.26)

Similarly, the magnetic polarizability αm can be introduced to characterize how
magnetic fields interacting with the each individual molecules. Obviously, in our
currently considered case, αm = 0. This indicates that the media are non-magnetic
with µ = µ0.

To relate E with P, we notice that (1) E is composed of the averaged external
incident electric fields and the averaged radiated electric fields from the induced
dipole moments of the molecules; (2) the dipole moment of one molecule is equal
to that αe times the electric field felt by a molecule, which is equal to the external
incident electric field plus the radiated electric field from the other molecules. Based
on the above two facts, one can deduce that

P =
n0α0E

1− n0α0/(3ε0)
, (C.27)

where n0 = 1/a3 represents the numbers of the molecule in a unit volume. The
derivations to Eq. (C.27) can be found in a lot of textbooks or papers, such as
Refs. [82] and [83]. From Eq. (C.27), the permittivity is found to be

ε = ε0 +
n0α0

1− n0α0/(3ε0)
, (C.28)

where is equivalent to the Clausius-Mossotti (or Lorentz-Lorenz) relation.
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C.3 Metamaterials: A Natural Extension from Media in
Nature

In nature, each unit cell of media is usually composed of molecules or atoms. EM
characteristics of the molecule or atom determine the macroscopic behaviors of the
media. Since everything is fixed by the molecule or atom, which is hard to be
manipulated, some limitations are inherent to such media. As examples, in nature,
almost no media exhibits magnetic response at the visible frequency regime, and no
media exhibits simultaneously negative permittivity and permeability at the same
frequency.

To overcome the limitations, a natural way is to construct media composed of
periodical "man-made EM molecules", which can be manipulated flexibly. Each
individual "EM molecule" is composed of some media with certain geometry shape.
The lattice constant is designed to be in the subwavelength scale so that such artifi-
cial media can be viewed as homogenous media described by macroscopic material
parameters effectively, just as the case of the media in nature. Such artificial media
are called metamaterials. Unlike nature media, the macroscopic EM characteristics
of metamaterials can be manipulated conveniently by adjusting the geometry or
the composed media of the elemental "EM molecule".

Historically, the concept of metamaterials is not new in essence. About one
century ago, people began to study the artificial media intensively, even though
the term metamaterials is not used. A well known example is the periodically
dielectric spheres in a dielectric matrix. The macroscopic material parameters of
such system is described by the Clausius-Mossotti relation. As an illustration, we
consider that the dielectric sphere has material parameters εs and µ0 embedded in
the free space background. Obviously, the considered system here is similar with
the case considered in the above section, if we view each dielectric sphere as an
elemental molecule. Indeed, the macroscopic material parameters of this system
are also described by Eq. (C.28), with the electric polarizability αe expressed as

αe = 3ε0
εs − ε0

εs + 2ε0
(
4πr0

3

3
), (C.29)

where r0 represents the radius of the sphere.

Until the late fifteen years, people began to realize that the material parameters
of metamaterials can be relaxed into an unexpected freedom by introducing the
strong dipole resonance electrically or magnetically to the "EM molecule". Such
development is mainly credited to two pioneering works by J. B. Pendry in 1996
[10] and 1999 [11]. In the 1996’s paper, it was demonstrated that an artificial
medium composed of the periodic PEC wires can be viewed as an electric plasma
medium with the plasma frequency at the microwave frequency regime. In the
1999’s paper, it was demonstrated the media composed of the periodic split ring
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resonators (composed of PEC) have strong magnetic response at the microwave
frequency, and even can achieve negative permeability.

Using the PEC wire and the split ring resonator as the elemental block, Shelby
et.al fabricated a medium with simultaneously negative permittivity and permeabil-
ity at the microwave frequency, and observed the unusual phenomenon of negative
refraction in 2001 [12]. Such media with simultaneously negative permittivity and
permeability are commonly called negative index media (NIM), which have not be
found in the nature. A lot of unusual phenomena are inherent to the NIM, such
as negative refraction, electric field, magnetic field and wave vector forming a left-
handed coordinate system, inverse Cerenkov Radiation, and inverse Doppler effect
[84]. Owing to these unusual characteristics, the NIM have a lot of applications.
One of the most interesting applications is that a slab composed of the NIM with
ε = µ = −1 in the free space background operates as a perfect lens, which has the
unlimited resolution ideally [35]. Currently, metamaterials have been pushed to the
optical frequency regime [13–15, 17–20].

To illustrate what the metamaterials in the nowadays look like and how they
are designed, an artificial electric plasma media composed of periodic PEC wires
is discussed in the following. The schematic of such medium is illustrated in Fig.
C.1. It is seen that the PEC wires extend infinitely in the z direction, and are
arrayed periodically in the x− y plane. The wire has a radius of r0, and the period
is a, with r0 << a << λ. We focus on that a TE wave (the electric field has on z
component) propagating in the x−y plane interacts with such wire medium. Since
r0 << λ, each individual wire interacts with the EM waves in a dipole manner. Its
electric polarizability per unit length is derived as

αe =
i4

ω2µ0

J0(k0r0)

H0
(1)(k0r0)

, (C.30)

where J0 and H
(1)
0 represent the zeroth order of Bessel function of the first kind

and that of Hankel function of the first kind, respectively; k0 = ω/c represents the
wave vector. Eq. (C.30) is obtained by solving a cylinder scattering problem. In
particular, the induced dipole moment contributes to the zeroth order scattering
term, from which the electric polarizability can be derived [85].

Taking Eq. (C.30) into the Clausius-Mossotti relation for the 2D case (seen in
Ref. [86]), the macroscopic permittivity is derived as

ε = ε0[1− ωp
2

ω2
], (C.31)

with

ωp
2 =

2πc2

[ln( a
2πr0

) + 0.5275]a2
. (C.32)



C.3. Metamaterials: A Natural Extension from Media in Nature 91

Figure C.1: The schematic of a man-made electric plasma medium constructed by
periodically PEC wires standing in free space.

The macroscopic permeability is µ0, since this structure is non-magnetic. Observing
Eq. (C.31), it is found that the permittivity is negative when ω < ωp. Thus, this
structure is effectively equivalent to an electric plasma medium.
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