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Abstract

The deployment of large communication networks with many autonomous
devices has opened new possibilities for transmission. In particular co-
operation among the different nodes has been identified as an enabling
technology to satisfy the increasing demand of resources. This thesis
studies different coding strategies for cooperation in relay channels in the
form of compress-and-forward.

In the first part of this thesis we consider the application of the
newly introduced polar codes for compress-and-forward relaying in relay
channels with orthogonal receivers. First we construct polar codes for
compress-and-forward relaying based on Slepian-Wolf coding for the sce-
nario where the capacity of the relay-destination channel is large enough.
We then consider the more general picture where the capacity of the
relay-destination channel is arbitrary. As for Wyner-Ziv coding, we em-
ploy nested polar codes for source and channel coding that allow for com-
pression at any desired distortion and exploit the correlation between the
observations of the source transmission to minimize the transmission rate
over the relay-destination channel. This construction allows for transmis-
sion at the prominent compress-and-forward rate under some additional
constraints.

In the second part of this thesis we propose a new coding strategy for
compress-and-forward relaying for half-duplex Gaussian channels. Our
code construction is based on simple code concatenation for joint source-
channel coding at the relay and iterative decoding at the destination. Fi-
nally, we propose several realizations of the structure at the relay and dif-
ferent iterative decoding algorithms in order to adapt the construction to
different scenarios. Our simulation results show remarkable performance
gains over other cooperation strategies such as decode-and-forward and
amplify-and-forward in the scenarios where both source-relay and relay-
destination links have low signal-to-noise ratios.
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Chapter 1

Introduction

1.1 Background

The landscape of telecommunications has changed substantially over the
last century. The initial communication systems were generally isolated
and presented a reduced number of devices. In these systems the in-
teraction between devices other than the transmitter and the receiver
was ignored if not avoided. However, as the communication networks
have grown larger and incorporated more devices, considering the in-
teraction between the different devices has become necessary. In fact,
it is now widely accepted that one way to improve the performance
of the communication networks is to take into account this interaction
both at local and global level. For example, in modern wireless com-
munications many devices with receiving, transmitting and processing
capabilities share the transmission medium. This has brought new chal-
lenges such as interference management or resource allocation as well
as new opportunities. In particular, the communication between any
source-destination pair is usually overheard by many other devices. This,
for example, brings the possibility of cooperative strategies for commu-
nication among the different devices. There are many incentives for
cooperation in communication networks: increased rates and coverage
areas, reduction of the interference, savings in terms of battery life,
etc. [SEA03a,SEA03b,NHH04,LTW04,KGG05,KMY06].

Characterizing the problem of cooperation in communications and
evaluating its benefits requires, in first place, a simple model that is
mathematically tractable. One such information theoretical model is the
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so called relay channel in which a source-destination pair is helped by
a third node known as the relay. It was introduced by E.C. van der
Meulen in the early 70s and is still an active topic of research [vdM71]. In
spite of many research efforts, the complete characterization of the relay
channel has remained an elusive goal. Several communication strategies
over the relay channel have been proposed, but none of them has been
shown to be optimal in general. Two of the most prominent ones are
due to Cover and El Gamal [CG79]. They are known as decode-and-
forward relaying and compress-and-forward relaying. In the first case
the relay node is endowed with decoding capabilities which allow for
retransmission of the message transmitted by the source. However, in
many situations the relay cannot decode the source transmission. In these
circumstances a reasonable alternative is to have the relay describe its
observation of the source transmission to the destination; this is known as
compress-and-forward relaying. Not surprisingly, the decode-and-forward
shows good performance whenever the relay node is close to the source,
whereas compress-and-forward performs better when it is close to the
destination [KGG05].

From a practical point of view it is not only interesting to devise
optimal communication strategies but also how to implement them in
real scenarios. In the past years the research efforts have concentrated
almost exclusively on practical realizations of decode-and-forward relay-
ing [VZ03, SV05,CBSA07,Tho08, STS09]. There are several reasons for
this. On the one hand, decode-and-forward is conceptually simpler than
compress-and-forward. On the other hand, the nature of decode-and-
forward allows for a relatively straightforward application of channel cod-
ing systems. In contrast, few practical implementations of compress-and-
forward relaying have been presented so far [HT06,ULSX09]. This thesis
aims at filling, at least partially, this gap. In particular we introduce new
strategies for compress-and-forward relaying using polar codes [Arı09] as
well as methods for iterative error correction [RU08]. Polar codes are a
new class codes constructed upon the phenomenon of channel polariza-
tion. They are provably capacity-achieving although their performance
for finite block lengths is not the best one. On the other hand, con-
structions based on iterative decoding methods show remarkably good
performance under practical constraints in spite of not being capacity
achieving.
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1.2 Outline and Contributions

This section outlines the thesis and summarizes the main contributions
along with the references to the corresponding publications.

Chapter 2

This chapter is a review of the fundamental results and theory that are
necessary to understand the rest of the thesis. It is divided into four
parts. In the first part we summarize the basic definitions and results in
communication and information theory used in this thesis. In the second
part we introduce the model for cooperative communications considered
in this thesis: the relay channel. Moreover, we review some of the most
prominent bounds to its capacity. In the third part we describe the re-
cently discovered phenomenon of channel polarization and its application
to channel coding, source compression, and multiterminal problems. In
the last part we review iterative methods used in coding and communi-
cations. In particular we discuss their application to cooperation in the
relay channel.

Chapter 3

In this chapter we study the use of polar codes for compress-and-forward
in relay channels with orthogonal receiver components. We first introduce
a coding strategy based on Slepian-Wolf coding in which the destina-
tion receives enough information from the relay to reproduce the relay’s
Chanel observations. Using the two observations, the destination decodes
the message transmitted by the source. This strategy turns out to achieve
the capacity of the relay channel (which in this case coincides with the
cut-set bound) in the scenarios where all the channels satisfy a symme-
try property provided that the capacity of the relay-destination channel
is above a certain threshold. We then introduce a coding strategy based
on Wyner-Ziv coding that adapts the rate of transmission used by the
relay to the capacity of the relay-destination channel. In this case the
destination can only reproduce an approximation of the relay observation.
Using this and the observation from the direct link the destination de-
codes the message transmitted by the source. This strategy achieves the
prominent compress-and-forward rate under some additional constraints.
Finally, we analyze the performance for finite block length of these two
strategies using simulation results.
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The material in this chapter has been published/submitted for possi-
ble publication in:

• [BSTRS10] R. Blasco Serrano, R. Thobaben, V. Rathi, and M.
Skoglund, “Polar Codes for Compress-and-Forward in Bi-

nary Relay Channels”, in Proceedings of the Asilomar Confer-
ence on Signals, Systems, and Computers, November 2010.

• [BSTRS11] R. Blasco Serrano, R. Thobaben, V. Rathi, and M.
Skoglund, “Q-ary Polar Codes for Compress-and-Forward

Relaying”, submitted to the IEEE International Conference on
Communications (ICC), June 2011.

Chapter 4

In this chapter we study the problem of compress-and-forward relaying
in half-duplex Gaussian relay channels. We introduce a new code de-
sign that performs joint source-channel coding at the relay. Using simple
scalar quantizers and code concatenation, the relay uses the correlation
between the observations of the source transmission as redundancy for er-
ror protection. Moreover, we consider entropy-constrained scalar quantiz-
ers to implement the rate-performance tradeoff of compress-and-forward
and adapt the system to the conditions in each particular scenario. Since
optimal decoding at the destination is prohibitively complex we discuss
different suboptimal strategies for decoding based on iterative methods
that exploit the direct link observation. Finally, we verify the perfor-
mance of the system and compare it to other relaying schemes using
simulations.

The material in this chapter has been published/submitted for possi-
ble publication in:

• [BSTS10] R. Blasco Serrano, R. Thobaben, and M. Skoglund,
“Compress-and-Forward Relaying Based on Symbol-Wise

Joint Source-Channel Coding”, in Proceedings of the IEEE In-
ternational Conference on Communications (ICC), May 2010.

• [BSTS11] R. Blasco Serrano, R. Thobaben, and M. Skoglund,
“Bandwidth Efficient Compress-and-Forward Relaying

Based on Joint Source-Channel Coding”, submitted to
the IEEE Wireless Communications & Networking Conference
(WCNC), March 2011.
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Chapter 5

This chapter concludes the thesis with a discussion on the results and on
open problems for future research.

1.3 Notation and Acronyms

1.3.1 Notation

Throughout this thesis we use the following notation:

X Random variable
x Realization of the random variable X
X Random vector (i.e., vector of random variables)
x Realization of the random vector X
pX(x), p(x) Probability mass function1of the discrete random vari-

able X
fX(x), f(x) Probability density function1 of the continuous random

variable X
X ∼ p(x) X follows the distribution p(x)
H(X) Information entropy of X
H(X|Y ) Conditional entropy of X given Y
h2(p) Binary entropy function [CT06]
I(X;Y ) Mutual information between X and Y
Is(X;Y ) Mutual information between X and Y when X is uni-

formly distributed
I(X;Y |Z) Conditional mutual information between X and Y given

Z
Is(X;Y |Z) Conditional mutual information between X and Y given

Z when X is uniformly distributed
X Alphabet: {x0, x1, . . .}
|X | Cardinality of the alphabet X
1{.} Indicator function (equal to 1 if the argument is true,

otherwise 0)
E {X} Expectation of the random variable X
d{x, x̂} Distortion between x and x̂
⌈a⌉ The smallest integer that is not smaller than the scalar a
⊕ Group operation

1For convenience we will drop the subscripts whenever they are obvious by inspec-
tion of the arguments.
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⊖ Inverse of the group operation, i.e., a ⊖ b = a ⊕ c where
b ⊕ c = 0, where 0 is the identity element under the
operation ⊕

Throughout this thesis we will use the following vector notation. Let
x = [x1, x2, . . . , xM ] be a vector.

• xi with integer i ∈ {1, 2, . . . ,M} denotes the ith component of x.

• xj
i with integers 1 ≤ i ≤ j ≤ M denotes the subvector x =

[xi, xi+1, . . . , xj ]. For any other choices of i, j this vector is empty.

• Let F = {F1, F2, . . . , F|F |} be a subset of the integers {1, 2, . . . ,M}.
Then xF denotes the vector [xF1

, xF2
, . . . , xF|F |

].

1.3.2 Acronyms

The abbreviations and acronyms used throughout this thesis are summa-
rized in the following.

AF Amplify-and-forward
APP A posteriori probability
AWGN Additive white Gaussian noise
BER Bit error rate
BEC Binary erasure channel
BCJR Bahl, Cocke, Jelinek, and Raviv (algorithm)
BI-DMC Binary-input discrete memoryless channel
BPSK Binary phase shift keying
BSC Binary symmetric channel
bpcu Bits per channel use
BP Belief propagation
CF Compress-and-forward
CSI Channel state information
DAS Distributed antenna system
DMC Discrete memoryless channel
DMS Discrete memoryless source
DF Decoded-and-forward
ECSQ Entropy-constrained scalar quantizer
EXIT Extrinsic information transfer
i.i.d. independent and identically distributed
JSCC Joint source-channel coding
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LDPC Low-density parity-check
LLR Log-likelihood ratio
MAP Maximum a posteriori
ML Maximum likelihood
MRC Maximum ratio combining
MSE Mean-square error
PAM Pulse amplitude modulation
PC Polar code
pdf probability density function
pmf probability mass function
qSC q-ary totally symmetric channel
RV Random variable
SC Successive cancellation
SCC Serially concatenated code(s)
SISO Soft-input/soft-output
SQ Scalar quantizer
SNR Signal-to-noise ratio
w.r.t. with respect to





Chapter 2

Review

In this chapter we review the theory that is the basis of the material
to be presented in the following chapters. The purpose of this chapter is
twofold. Firstly, to summarize the basic results published in the literature
on the topics covered by this thesis. Secondly, to establish the notation
and introduce the basic expressions that will be used throughout the rest
of the text.

This chapter is divided into four parts. In the first one we summarize
some of the most fundamental results in communication and information
theory. In the second part, we introduce the system models considered in
this thesis; they are all particular instances of the so called relay channel.
In part three we discuss the phenomenon of channel polarization and
some of its applications to channel coding, source compression, and multi-
terminal problems. Finally, part four deals with iterative error correction
methods and practical implementations of relaying protocols based on
them.

2.1 Elements of Information Theory

The foundations of modern communication theory were laid by Claude
E. Shannon in 1948 [Sha48]. In his landmark paper, Shannon identified
the two most fundamental problems involved in communications: that of
representing a source and that of communicating a message. In order to
characterize and solve these problems he established the simplified model
for communication depicted in Figure 2.1.
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Source SinkEncoder Decoder
Communication

channel

Message Message estimateTransmitted signal Received signal

Figure 2.1: Communication model.

Shannon also introduced the mathematical tools to analyze and solve
these problems; a new branch of mathematics that is now known as
information theory, with many applications beyond the field of commu-
nications.

In this section we briefly review these two fundamental problems and
some of the most celebrated results in communication theory. The ma-
terial included here can be found in many standard texts on information
theory, for example [CT06,Gal68,GK10,Ber71,Gra89,CK81].

2.1.1 Channel Coding

The central element to the model in Figure 2.1 is the communication
channel. In a general sense the communication channel is the physical
medium shared by the sending and receiving parts to convey the mes-
sage. Characterizing the behavior of such physical media in response to
the signals transmitted by the sending part is a complicated task that
falls outside of the scope of this thesis. A widely used model consists
of representing the possible channel inputs and outputs as symbols from
two (possibly different) alphabets. The behavior of the channel is ex-
pressed in terms of a collection of transition probabilities. That is, every
input-output pair has an associated transition probability that models
the response of the physical medium when a certain signal is applied
at its input. In the following, whenever we refer to a channel we talk
about this. This simple description in terms of probabilistic mappings
has shown to be tremendously fruitful. It captures in a simple expres-
sion the most important features of the physical channel. In addition,
the theory of probability is a well defined and deeply studied branch of
mathematics.

In this thesis we only consider memoryless channels, even though more
general descriptions exist. Memoryless channels have the distinguishing
property that the output at certain time only depends on the collection of
inputs (past, present, and future) through the current input. We shall de-
note a discrete memoryless channel (DMC) by the triple (X ,Y,W (y|x)),
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where X and Y are the input and output alphabets, respectively, and
W (y|x) is the collection of conditional probabilities. Whenever it is clear
from the context we shall refer to a channel simply by its conditional
probability mass function (pmf) W (y|x). For memoryless channels, us-
ing this channel n times is equivalent to one single use of the channel
(Xn,Yn,

∏n
i=1 W (yi|xi)).

Channel capacity

One important parameter of a communication system is the rate of trans-
mission. Roughly speaking, it is a measure of how much information the
sending part is putting into the channel. A reasonable way of defining it
is by considering the number of signal alternatives that the sender can
use, say M . Moreover, since this number grows exponentially with the
number of channel uses n it is natural to define the transmission rate R
as the following logarithmic measure

R =
log2 M

n
bits per channel use (bpcu).

Perhaps the most fundamental question that one can pose about a
channel is about its reliability. Since most of the physical channels en-
countered in nature have a stochastic behavior one can never be certain
about the channel inputs by observing the channel outputs. The question
is if one can do some clever processing of the channel inputs and outputs
in order to compensate for this unpredictable behavior and reduce the
uncertainty to an acceptable level. Equally important, the rate of trans-
mission cannot vanish with the number of channel uses. This excludes
trivial solutions, such as repeated transmission of a symbol, that increase
the reliability at the expense of transmitting less information (i.e., reduc-
ing the transmission rate). Contrary to the beliefs at that time, Shannon
showed in 1948 that transmission at a non-vanishing rate with arbitrarily
low error probability (but not zero in general) is possible if this rate is
below a certain fundamental limit that he called the channel capacity
C [Sha48]. That is, any rate below the capacity is achievable in the sense
that arbitrarily low decoding error probability is possible. Moreover, he
also showed that reliable transmission at rates above the capacity is not
possible. The capacity is then naturally defined as the supremum of all
the achievable rates. To accomplish reliable transmission it is necessary
to design appropriately the encoder and the decoder. Unfortunately, the
increase in reliability usually comes at the expense of time delay and
computational complexity.
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Let (X ,Y,W (y|x)) be a memoryless channel with discrete input and
output alphabets (DMC). The capacity of this channel is given by the
following optimization problem.

Definition 2.1.1 (Capacity of a discrete memoryless channel).

C = max
p(x)

I(X;Y )

= max
p(x)

∑

x∈X
y∈Y

W (y|x)p(x) log
W (y|x)

∑

x̃∈X p(x̃)W (y|x̃)
.

That is, the numerical value of the channel capacity is obtained by
choosing the probability distribution of the channel inputs p(x) that max-
imizes the mutual information between the channel inputs and outputs.

A closely related quantity is the symmetric channel capacity. This is
the mutual information between the channel input and output when the
former are uniformly distributed.

Definition 2.1.2 (Symmetric capacity of a discrete memoryless chan-
nel).

Cs = Is(X;Y )

=
∑

x∈X
y∈Y

1

|X |
W (y|x) log

W (y|x)
1

|X |

∑

x̃∈X W (y|x̃)

Since the symmetric capacity is fully characterized by the transition
probabilities W (y|x) we shall often denote it by I(W ). Note that the
symmetric capacity is never larger than the capacity.

In both cases the units in which the capacity is measured are deter-
mined by the base of the logarithm: bits for base-2 logarithms, nats for
natural (base-e) logarithm, and more generally q-ary units for base-q log-
arithms. The first option has the advantage of being the most intuitive
one, the second one is often convenient for analytical purposes, and the
third one is interesting for the capacity is restricted to take values in [0, 1]
if q is chosen as min{|X |, |Y|}.

Other channel parameters and definitions

In certain cases the capacity and the symmetric capacity coincide. One
class of DMCs that has this property is the set of symmetric DMCs.
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It is customary to represent channels with discrete input and output
alphabets in terms of stochastic matrices. In a channel matrix, each row
corresponds to one input symbol (e.g., x) and each column to one output
symbol (e.g., y), and the element in the matrix corresponding to this
row and column is simply W (y|x). Using this representation symmetric
DMCs are defined as follows.

Definition 2.1.3 (Symmetric discrete memoryless channel [Gal68]). A
discrete memoryless channel is said to be symmetric if the rows of the
channel matrix are permutations of each other and the columns can be
partitioned into groups such that for each group the columns are permu-
tation of each other.

The proof that uniform inputs maximize the mutual information for
symmetric DMCs can be found in [Gal68, Theorem 4.5.2].

It is clear from the definition of achievable rate that the characteriza-
tion of the capacity of a channel depends on the probability of decoding
error. Finding an expression for the error probability for most combi-
nations of encoder-decoder pairs and channels is virtually impossible.
However, it is relatively simple to establish upper bounds to the error
probability for a single transmission over DMCs under simple decoding
rules such as maximum likelihood (ML). In this thesis we will consider
the following parameters to upper bound the error probability.

Definition 2.1.4 (Bhattacharyya distance [cETA09]). Let W : X →
Y be an arbitrary DMC. For any pair of input letters x, x′ ∈ X the
Bhattacharyya distance between them is defined as

Z(W{x,x′}) =
∑

y∈Y

√

W (y|x)W (y|x′). (2.1)

If the channel is a binary-input DMC (BI-DMC), then (2.1) is known
as the Bhattacharyya parameter. Hence, the Bhattacharyya distance is
simply the Bhattacharyya parameter of the binary DMC resulting from
restricting the input alphabet to x and x′. More generally, the average
Bhattacharyya distance of W is defined as

Definition 2.1.5 (Average Bhattacharyya distance [cETA09]).

Z(W ) =
∑

x,x′∈X
x 6=x′

1

|X |(|X | − 1)
Z(W{x,x′}). (2.2)
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Note that in the case of BI-DMCs, (2.2) reduces to (2.1). The follow-
ing lemma connects the average Bhattacharyya distance and the error
probability.

Lemma 2.1.1 (Average Bhattacharyya distance and error probability
[cETA09]). Let W be a DMC with average Bhattacharyya distance Z(W ).
The error probability Pe for uncoded transmission over W under ML
decoding is bounded as

Pe ≤ (|X | − 1)Z(W ).

Despite their simple appearance, the above parameters have played
important roles in the derivation of channel coding theorems such as the
existence and achievability of the capacity of a channel [Gal68,Arı09].

Our intuition and the empirical evidence suggest that some chan-
nels are better than others in the sense that communication fails less
(e.g., wireless phone calls) or that the quality is better (e.g., AM radio).
One mathematical way of quantifying this is the following definition of
(stochastic) degradation [CT06].

Definition 2.1.6 (Degradation). Let W1 : X → Y1 and W2 : X → Y2

be two arbitrary DMCs with arbitrary input alphabet X . W1 is degraded
with respect to W2 if there exists a DMC W̃ : Y2 → Y1 such that for
every y1 ∈ Y1 and x ∈ X

W1(y1|x) =
∑

y2∈Y2

W2(y2|x)W̃ (y1|y2).

As we shall see in Chapter 3, by considering the average Bhat-
tacharyya distances of degraded channels it is possible to formalize the
aforementioned intuition about the quality of the channels.

2.1.2 Source Coding and Rate-Distortion Expres-

sions

As stated at the beginning of Section 2.1, Shannon also considered the
problem of representing a source with the minimum possible amount of
symbols. He proposed to model the information sources (see Figure 2.1)
encountered in the nature (e.g., speech signals, pictures, etc.) as ab-
stract entities that put out symbols from a given alphabet according to
a certain probability distribution. For example, in the case of a discrete
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memoryless source (DMS) these symbols are chosen from a discrete al-
phabet independently and all according to the same distribution. We
shall denote a DMS by the duple (Y, pY (y)), where Y is the source al-
phabet and pY (y) is the source pmf1, or simply by the random variable
Y .

The first type of problem considered in [Sha48] is lossless compression.
That is, the problem of representing the output of a source with the
smallest number of symbols such that the original information is perfectly
recoverable. For a DMS Y the average length of a codebook that allows
for lossless compression is lower bounded by the entropy of the DMS. The
entropy is defined as

H(Y ) = −
∑

y∈Y

pY (y) log pY (y) (2.3)

and is a measure of the average amount of information contained in each
symbol put out by the source.

In addition to the lossless case, Shannon also considered the more
general problem where the source output and the resulting reconstruc-
tion are allowed to differ (according to some predefined criterion) within
a limit. This consideration is clearly necessary whenever the sources are
continuous for the entropy as defined in (2.3) may be infinite, but lossy
compression is also meaningful in the discrete case. This is known as the
the theory of source coding with respect to a fidelity or rate-distortion
theory. It was also introduced in [Sha48] and fully developed a few years
later in [Sha59]. In the case of lossy compression in addition to the alpha-
bet and the probability distribution of the source it is necessary to define
a reproduction alphabet, that may differ from the source alphabet, and a
distortion measure that allows for comparison between the source output
and the reproduction. It quantifies the quality of this approximation.

Consider the encoding of a DMS that puts out letters from the al-
phabet Y according to the pmf pY (y). Let X be the reproduction and
let d(y, x) ∈ R

+ be a distortion measure defined on Y × X . The source
compression counterpart to the channel capacity is known as the rate-
distortion function R(D). It dictates the smallest amount of information

1In order to avoid confusion in the definition of the rate-distortion functions, in
this section we will use pY (y) to denote the pmf of the source instead of p(y), which
will be reserved to denote the marginalization of the joint pmf p(y, x) over y. The
definition of the rate-distortion functions ensures pY (y) = p(y), so the distinction will
be omitted in the rest of the thesis whenever possible.
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symbols required per source output so that the average distortion does
not exceed a maximum value D.

Definition 2.1.7 (Rate-distortion function of a discrete memoryless
source).

R(D) = min
p(y,x):

{

E{d(Y,X)}≤D
p(y)=pY (y)

I(Y ;X) (2.4)

The minimization is over all joint probability distributions on Y×X with
marginal over y equal to the source distribution pY (y), and with average
distortion not larger than D.

As in the channel coding context, it is possible to define a symmetric
rate-distortion function. In this case it is the reproduction alphabet that
must follow a uniform distribution.

Definition 2.1.8 (Symmetric rate-distortion function of a discrete mem-
oryless source).

Rs(D) = min

p(y,x):







E{d(Y,X)}≤D
p(y)=pY (y)
p(x)= 1

|X|

I(Y ;X) (2.5)

The minimization is over all joint probability distributions on Y×X with
marginal over y equal to the source distribution pY (y), uniform marginal
over x, and with average distortion not larger than D.

At first sight, the additional constraint may seem quite artificial but
there is a good practical reason to consider the above expression. Source
compression and channel coding are in many aspects dual problems and
quite often a good solution to one of the problems can be converted into a
good solution for the other one with only minor changes. As we shall see
in the following, this is precisely the case for polar codes; they were first
introduced as a coding strategy which achieves the symmetric capacity
of a channel and later were proved to be suitable for source compression
at rates arbitrarily close to symmetric the rate-distortion function.

A simple inspection of (2.4) and (2.5) reveals that one only needs to
find the collection of transition probabilities W (y|x) in order to solve the
minimization. It is customary to refer to W as the test channel of the
corresponding rate-distortion problem.
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As opposed to the channel coding results which are present in almost
every digital device, the theory of source compression has had a more re-
duced impact except, perhaps, for the lossless case. There are two main
reasons behind this. Firstly, modeling of sources has shown to be a chal-
lenging task that often leads to mathematically intractable expressions.
Secondly, the quality of a reproduction is often subject to human per-
ception (e.g., audio or video). It is usually hard to define a distortion
measure that is both mathematically tractable and a good indicator of
the quality perceived by humans.

2.1.3 Multi-Terminal Source Coding

In the previous section we have considered the point-to-point scenario
depicted in Figure 2.1. Clearly, more general cases exist, with several
sources, transmitters, receivers, auxiliary nodes, etc. The branch of in-
formation theory that studies these larger models is known as network
information theory. Overviews of it can be found for example in [CT06,
Chapter 15], [CK81, Chapter 3], or [GK10]. In this section we summarize
two basic results regarding compression of multiple sources.

The first case we consider here is lossless compression of two correlated
sources X and Y . If both sources are to be encoded jointly then it is clear
that we can describe them with arbitrarily low error probability at any
rate R > H(X,Y ) provided that we consider sufficiently large blocks of
source outputs. It is more interesting to study the case where X and
Y are encoded independently but are decoded jointly. This scenario is
shown in Figure 2.2

X

Y

(X̂, Ŷ )

RX

RY

Encoder 1

Encoder 2

Decoder

Figure 2.2: Encoding of correlated sources.

Slepian and Wolf showed in [SW73] that in this scenario it is possible
to achieve the same level of compression. This result is given in the
following theorem.
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Theorem 2.1.1 (Slepian-Wolf). Let ((X,Y ), p(x, y)) be a pair of dis-
crete memoryless sources, where X and Y are arbitrarily correlated. It is
possible to have two separate encoders, one for X (at rate RX) and one
for Y (at rate RY ), and a common decoder that allow for asymptotically
error-free reconstruction if

RX > H(X|Y ),

RY > H(Y |X),

RX +RY > H(X,Y ),

and we consider sufficiently large blocks of source outputs.

The other result we include here is on lossy source compression when
the decoder has access to side information. That is, the encoder has
to compress a source X subject to a fidelity criterion knowing that the
decoder will have access to the side information Y which is correlated
with the source output. This scenario is shown in Figure 2.3

X

Y

X̂
R

Encoder Decoder

Figure 2.3: Lossy compression with side information at the decoder.

Wyner and Ziv showed in [WZ76] that by proper encoding and de-
coding it is possible to compress the source at a rate which is usually
lower than the one that would be required if the destination did not have
any side information. This is given in the following theorem.

Theorem 2.1.2 (Wyner-Ziv). Let (X,Y ) be drawn i.i.d. according to
p(x, y), where X plays the role of the source to be compressed and Y is
the side information available at the decoder. Consider a letter distortion
measure d(x, x̂). The rate-distortion function with side information at
the decoder RWZ(D) is given by

RWZ(D) = min I(X;U |Y ),

where the minimum is taken over all conditional pmfs p(u|x) and recon-
struction functions f : U × Y → X̂ with average per-letter distortion

E

{

d(X, X̂)
}

≤ D. Here U is an auxiliary random variable whose cardi-

nality can be bounded as |U| ≤ |X |+ 1.
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For a fixed distortion level, source compression with side information
at the decoder requires a rate which is usually higher than the one that
would be required if both encoder and decoder had access to this side
information.

2.2 The Relay Channel

The discrete memoryless relay channel is a simple three-node communica-
tion model (see Figure 2.4) in which one source wants to convey a message
to a destination with the help of an intermediate node known as the relay.
It was introduced by van der Meulen in [vdM71] and is still an active topic
of research. It has been deeply studied, e.g., [CG79], but many fundamen-
tal questions still remain unanswered in spite of its simple appearance.
Excellent overviews of its properties, challenges, and its role as a model
for cooperative communications can be found in [GK10,KGG05,Kra07].

p(yd, ysr|x, xr)Source

Relay

Dest.U Û
X

XR

YD

YSR

Figure 2.4: The relay channel.

The relay channel consists of four alphabets (X ,XR,YSR,YD) and a
set of conditional probabilities that govern its behavior. Each of these
alphabets can be discrete or continuous. In this thesis both discrete and
continuous relay channels are studied. However, only the discrete case is
considered from the point of view of information theory. For this reason
most of the discussion in this section is restricted to the discrete relay
channel. It should be noted, however, that many of the elements to
be described in the following have their counterparts for the continuous
relay channel [GMZ06,HMZ05]. We will briefly review the (continuous)
Gaussian relay channel at the end of this section.

In the most general form, the conditional pmf governing the behavior
of the relay channel is of the form

p(yd, ysr|x, xr). (2.6)
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Here X and XR play the role of channel inputs from the source and the
relay respectively. Similarly, YD and YSR are the channel observations
at the destination and the relay, respectively. The relay channel is mem-
oryless in the sense that at a certain time instant i the channel outputs
(yd,i, ysr,i) depend on the past and present inputs only through the latter
(xi, xr,i).

Similarly to the point-to-point scenario, one fundamental question for
the relay channel is about its capacity. Many of the basic definitions from
the point-to-point channel carry over to the relay channel. In particular,
the definitions of transmission rate, achievable rate, and the definition
of the capacity as the supremum of all achievable rates are still valid.
However, in this case the elements to be designed (i.e., the code) are not
only restricted to the source encoder and destination decoder, but also
include the strategy employed by the relay. A (2nR, n) code for the relay
channel consists of:

• A set of messages: U = {1, 2, . . . , 2nR}.

• An encoding function that maps messages into codewords fe : U →
Xn of length n.

• A family of causal relaying functions
{

f i
r : Yi−1

SR → XR

}

for i ∈
{1, 2, . . . , n}.

• A decoding function that assigns a message estimate to every pos-
sible received sequence fd : Yn → U .

The expression for the capacity of the relay channel in its most general
form is not known. Its study has resorted to the establishment of inner
and outer bounds but these are only tight under special circumstances.
In this direction several classes of relay channels have been introduced.
Each class restricts the form of the relay channel by assuming some
special properties. Some examples are the orthogonal receiver compo-
nents [Zha88,Kim07], orthogonal transmitter components [GZ05], semi-
deterministic [GA82], modulo-sum [ARY09], stochastically degraded, and
physically degraded relay channels [CG79]. In some of these cases, using
the additional constraints in the model it has been possible to find ex-
pressions for the capacity. Examples of this are the physically degraded
[CG79], semi-deterministic [GA82], orthogonal transmitters [GZ05], and
the modulo-sum relay channels [ARY09], among others.

Most of the work in this thesis focuses on the relay channel with
orthogonal receiver components (Figure 2.5), also known as the primi-
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tive relay channel [Kim07]. In this particular case, the conditional pmf
governing the relay channel factorizes as

p(yd, ysr|x, xr) = p(ysd, ysr|x)p(yrd|xr).

Here YD = (YSD, YRD) where YSD and YRD are the observations at the
destination of the source and relay transmissions, respectively. This sim-
plification models the scenario where the transmissions from the source
and the relay to the destination employ orthogonal resources (e.g., dif-
ferent time slots or frequency bands). As for the general case, the ex-
pression for the capacity of the relay channel with orthogonal receivers
is not known. However, in this case the aforementioned orthogonality ef-
fectively decouples the relay-destination channel, i.e., p(yrd|xr), from the
rest of the system. That is, the capacity of the relay channel C is only
influenced by p(yrd|xr) through the value of its point-to-point capacity
CRD.

p(ysd, ysr|x)

p(yrd|xr)

Source

Relay

Dest.U Û
X

XR

YSD

YSR YRD

Figure 2.5: The relay channel with orthogonal receiver components.

In the following section we review some of the most prominent bounds
that will be considered in the following chapters. All the bounds consid-
ered have been established for the general version of the relay channel.
However, for convenience the expressions included here are particularized
to the relay channel with orthogonal receiver components [Kim07].

2.2.1 Upper Bounds to Capacity and Achievable

Rates

In the course of the study of the capacity of the relay channel several
inner and outer bounds to it have been proposed. In this thesis we shall
be mostly interested in one coding strategy (i.e., inner bound) known as
compress-and-forward (CF). In addition, we shall also consider the cut-
set upper bound and the decode-and-forward (DF) achievable rate. All
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three bounds were introduced by Cover and El Gamal in [CG79]. In this
section we include their expressions and a brief discussion about them.

Decode-and-forward achievable rate

The decode-and-forward coding strategy is perhaps the most intuitive
one. The idea is simple: the relay decodes the message sent by the
source and then cooperatively transmits some information about it to
the destination. The challenge is to design the relaying protocol in such
a way that the information sent by the relay does not overlap with the
information that the destination obtains from the direct link (i.e., source-
destination link).

In the following we give the expression of the rate and briefly describe
the code construction and transmission strategy that achieves it.

Definition 2.2.1 (Decode-and-forward achievable rate for primitive re-
lay channels [CG79]).

RDF = max
p(x)p(xr)

min {I(X;YSR), I(X;YSD) + I(XR;YRD)} (2.7)

The maximization is over all product distributions p(x)p(xr) defined on
X × XR.

Codebook generation Choose a probability distribution of the form
p(x)p(xr).

• Generate a codebook with 2nR codewords x(u) for u ∈
{1, 2, . . . , 2nR} chosen independently at random according to the
distribution

∏n
i=1 p(xi).

• Generate a codebook with 2nR0 codewords xr(s) for s ∈
{1, 2, . . . , 2nR0} chosen independently at random according to the
distribution

∏n
i=1 p(xr,i).

• Each element in the set {1, 2, . . . , 2nR} is given a bin index
that is chosen independently uniformly at random from the set
{1, 2, . . . , 2nR0}. This step is known as random binning [CT06].
For notational convenience we define the function S(.) that takes
the value of the bin corresponding to each possible element in the
set {1, 2, . . . , 2nR}.

Reveal all codebooks and the random binning to all three nodes.
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Transmission The transmission of M source messages is scheduled in
M + 1 time slots, each of which consists of n channel uses. We describe
the process in two arbitrary consecutive time slots j and j + 1. All time
slots follow this description. In order to start and finish the transmis-
sion, source, relay, and destination need to agree on the initial and final
messages.

1) Transmission during time slot j of the message uj ∈ {1, 2, . . . , 2nR}.
Assume that the message transmitted by the source uj−1 during
time slot j − 1 and S(uj−1) are known at the relay.

– The source transmits x(uj). From the packing lemma [GK10]
the relay can decode it with arbitrarily small probability of
error if

R < I(X;YSR) (2.8)

and n is sufficiently large.

– The relay transmits xr(S(uj−1)). From the packing lemma the
destination can decode it with arbitrarily small probability of
error if

R0 < I(XR;YRD) (2.9)

and n is sufficiently large.

2) Transmission during time slot j + 1 of the message uj+1 ∈
{1, 2, . . . , 2nR}. Assume that uj and S(uj) are known at the re-
lay and S(uj−1) is known at the destination.

– The source transmits x(uj+1) and the relay decodes it as be-
fore.

– The relay transmits xr(S(uj)) and the destination decodes it
as before.

– The destination can decode uj with arbitrarily small proba-
bility of error if

R < I(X;YSD) +R0 (2.10)

and n is sufficiently large.
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The DF rate is obtained by combining (2.8), (2.9), and (2.10) and
is achieved using the distribution p(x)p(xr) that yields the maximum in
(2.7).

It is easy to observe that the DF rate is constrained by the decodabil-
ity requirement at the relay, i.e., the capacity of the source-relay link. In
fact, in the cases where this capacity is lower than the capacity of the
source-destination channel, the DF strategy yields a rate that is strictly
lower than the one that could be achieved without cooperation. On the
other side, there are several cases where DF achieves the capacity of the
relay channel. Consider the following two:

• If I(X;YSR) ≥ I(X;YSD) + I(XR;YRD). This is the trivial case
where the source-relay channel can support the same rate than the
sum of the supportable rates to the destination.

• If p(ysd, ysr|x) = p(ysd|ysr)p(ysr|x), that is, if the relay channel is
physically degraded. In this case the observation at the destination
is conditionally independent from the source transmission given the
observation at the relay. This means that the observation at the
destination contains at most the same information as the relay ob-
servation.

From the preceding discussion it is clear that it is desirable to have a
coding strategy that increases the achievable rate in all circumstances.
One such strategy is called compress-and-forward relaying.

Compress-and-forward achievable rate

In CF the relay is no longer required to decode the message transmitted
by the source but simply to describe its observation to the destination.
The challenge here comes essentially from the fact that in order to lower
the requirements on the transmission rate from relay to destination the
protocol has to consider the correlation between the two observations
YSR and YSD when performing compression at the relay [WZ76].

Definition 2.2.2 (Compress-and-forward achievable rate for primitive
relay channels [CG79]).

RCF = max I(X;YSDYQ) (2.11)

The maximization is over all distributions p(x)p(xr)p(yq|ysr) such that
I(XR;YRD) ≥ I(YSR;YQ|YSD) where |YQ| ≤ |YSR|+ 1.
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Codebook generation Choose a probability distribution of the form
p(x)p(xr)p(yq|ysr).

• Generate a codebook with 2nR codewords x(u) for u ∈
{1, 2, . . . , 2nR} chosen independently at random according to the
distribution

∏n
i=1 p(xi).

• Generate a codebook with 2nR0 codewords xr(s) for s ∈
{1, 2, . . . , 2nR0} chosen independently at random according to the
distribution

∏n
i=1 p(xr,i).

• Generate a codebook with 2nRQ codewords yq(z) for z ∈
{1, 2, . . . , 2nRQ} chosen independently at random according to the
distribution p(yq) =

∏n
i=1 p(yq,i), where p(yq) is defined as

p(yq) =
∑

x,ysd,ysr

p(x)p(ysd, ysr|x)p(yq|ysr).

• Each element in the set {1, 2, . . . , 2nRQ} is given a bin index
that is chosen independently uniformly at random from the set
{1, 2, . . . , 2nR0}. This step is known as random binning. For no-
tational convenience we define the function S(.) that takes the
value of the bin corresponding to each possible element in the set
{1, 2, . . . , 2nRQ}.

Reveal all codebooks and the random binning to all three nodes.

Transmission As in the case of DF, the transmission of M source
messages is scheduled in M + 1 time slots, each of which consists of n
channel uses. We describe the process in two arbitrary consecutive time
slots j and j + 1. All time slots follow this description. In order to start
and finish the transmission, source, relay, and destination need to agree
on the initial and final messages.

1) Transmission during time slot j of the message uj ∈ {1, 2, . . . , 2nR}
is as follows. Assume that (ysr(j−1), ŷq(zj−1)) are jointly typical.

– The source transmits x(uj). The relay compresses its obser-
vation ysr(j) into zj if (ysr(j), ŷq(zj)) are jointly typical. If

RQ > I(YQ;YSR) (2.12)

and n is sufficiently large, then there is at least one such zj
with high probability (covering lemma [GK10]).
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– The relay transmits xr(S(zj−1)) and the destination obtains

the estimate Ŝ(zj−1). From the packing lemma the error in
decoding can be arbitrarily small if

R0 < I(XR;YRD) (2.13)

and n is sufficiently large.

– The destination obtains ẑj as the unique z such that

(yq(z),xr(Ŝ(zj−1)),ysd(i − 1)) are jointly typical. This can
be performed with arbitrarily low error probability if

RQ < I(YQ;YSD) +R0 (2.14)

and n is sufficiently large.

2) Transmission during time slot j + 1 of the message uj+1 ∈
{1, 2, . . . , 2nR} is as follows. Assume that (ysr(j), ŷq(zj)) are jointly
typical.

– The source transmits x(uj+1) and the relay compresses its
observation as before.

– The relay transmits xr(S(zj)) and the destination obtains

Ŝ(zj) and ẑj as before.

– The destination obtains the estimate ûj as the unique u such
that (x(u),yq(ẑj),ysd(j)) are jointly typical. From the pack-
ing lemma this decoding step has arbitrarily small probability
of error if

R < I(X;YSDYQ), (2.15)

and n is sufficiently large.

The CF rate is given by (2.15) and is achieved using the distribution
p(x)p(xr)p(yq|ysr) that yields the maximum in (2.11). The constraint in
Definition 2.2.2 comes from (2.12), (2.13), and (2.14).

As opposed to DF, in compress-and-forward the relay does not use
any knowledge of the codebook used by the source. It considers the obser-
vation as a random source and compresses it taking into account that the
destination has a correlated observation [WZ76]. Compress-and-forward
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relaying achieves the capacity of the relay channel with orthogonal re-
ceivers whenever

max
p(xr)

I(XR;YRD) > H(YSR|YSD).

In this case, compress-and-forward relaying reduces to Slepian-Wolf cod-
ing. There exists other cases where compress-and-forward achieves the
capacity but they are essentially tailored to this circumstance and lie
outside of the scope of this thesis [ARY09,Kim08].

Cut-set upper bound

The most widely used upper bound on the capacity in network informa-
tion theory is the cut-set bound [CT06]. The motivation behind it is
quite simple. The rate of transmission from the source to the destina-
tion cannot exceed the maximum possible flow of information over the
minimum cut of the network. These are the cut between the source and
the pair relay-destination, and the cut from the pair source-relay to the
destination. Figure 2.6 illustrates them.

X X

XR

YSD YSD

YSR

YRD

Figure 2.6: Cut-set bound.

The expression of the cut-set bound on the capacity is given by

Definition 2.2.3 (Cut-set upper bound for primitive relay channels).

C ≤ max
p(x)p(xr)

min {I(X;YSRYSD), I(X;YSD) + I(XR;YRD)} . (2.16)

or simply as

C ≤ max
p(x)

min {I(X;YSRYSD), I(X;YSD) + CRD}

where CRD is the capacity of the relay-destination channel.

The cut-set bound is tight for most of the classes of relay channels
whose capacity has been established, for example the physically degraded,
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the orthogonal sender components, or the semi-deterministic relay chan-
nels. Unfortunately, the bound is not tight in general. In fact some ex-
amples where the capacity of the primitive relay channel has shown to be
strictly smaller than the rate in (2.16) have been found [Zha88,ARY09].

2.2.2 The Half-Duplex Gaussian Relay Channel

The half-duplex Gaussian relay channel [vdM71,CG79,HMZ05] is another
particular case of the relay channel where all alphabets are continuous,
and all channels are modeled as AWGN channels. Consequently, the
behavior of this channel is governed by a conditional probability density
function (pdf). Again, its most general form is

f(yd, ysr|x, xr).

In this thesis we shall be interested in half-duplex Gaussian relay channels
where all point-to-point channels (i.e., source-relay, source-destination,
and relay-destination) are independent. In this case the governing pdf
factorizes as

f(yd, ysr|x, xr) = fSD(ysd|x)fSR(ysr|x)fRD(yrd|xr) (2.17)

where again YD = (YSD, YRD). Moreover, we will assume that the relay
operates in a half-duplex fashion. That is, it cannot transmit and receive
at the same time. The Gaussian relay channel described by (2.17) is a
simplistic model for wireless communications that disregards more com-
plex effects such as fading, but that takes into account practical hardware
restrictions.

In the following we summarize the relaying protocols considered in
this thesis for the Gaussian relay channel.

Amplify-and-forward In this strategy the relay observes the trans-
mission from the source and retransmits it to the destination with some
scaling factor to account for the power constraint.

Decode-and-forward In this strategy the relay decodes the transmis-
sion from the source and re-encodes the message before retransmitting it
to the destination.

Compress-and-forward In this strategy the relay describes its obser-
vation of the source transmission to the destination.
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2.3 Polar Codes

In this section we review the phenomenon of channel polarization and its
applications to channel and source coding, and combinations of the two.

Channel polarization was introduced by Arıkan in [Arı09] as a
method for constructing sequences of capacity-achieving channel codes
for symmetric binary-input memoryless channels. This result was subse-
quently extended to discrete memoryless channels with arbitrary inputs
in [cETA09]. The resulting channel codes were named polar codes. Ko-
rada and Urbanke established in [KU10,Kor09] their suitability for source
coding with binary reproduction alphabets. A generalization to a broader
class of reproduction alphabets was established in [KT10]. Both [KU10]
and [KT10] exploit the duality between channel and source coding and
rely on designing polar codes for channel coding over the test channel.
Arıkan derived similar results in [Arı10] for lossless source compression
by showing that the sources show a polarizing behavior similar to the one
of channels. The design of polar codes for channel and source coding was
addressed in [MT09a,MT09b,HKU09].

In all the discussion about polar codes in this thesis we assume that
every alphabet, e.g., X , together with the modulo-|X | addition ‘⊕’ forms
an Abelian group (X ,⊕). Without loss of generality we label the elements
in X as {0, 1, . . . , |X | − 1}, where 0 is the identity element. We use the
operator ‘⊖’ when adding the inverse of an element with respect to the
addition ‘⊕’. That is, x⊖ y is shorthand for x⊕ z, where y ⊕ z = 0.

2.3.1 Channel Polarization

Channel polarization is a phenomenon based on the following simple ob-
servation. Consider a q-ary input DMC W (y|x) with symmetric capacity
(in q-ary symbols)

I(W ) =
∑

x,y

1

q
W (y|x) logq

W (y|x)
∑

x̃
1
qW (y|x̃)

.

Now consider the combination of two independent uses of the channel
W as depicted in Figure 2.7. From two identical copies of a q-ary input
DMC W we have generated a channel W2 : X2 → Y 2 with transition
probabilities given by

W2(y0, y1|u0, u1) = W (y0|u0 ⊕ u1)W (y1|u1). (2.18)
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x0

x1

y0

y1

Figure 2.7: Basic operation of channel polarization.

In turn, this has given rise to the two synthetic q-ary input channels

W
(0)
2 (y0, y1|u0) =

∑

u1

1

q
W (y0|u0 ⊕ u1)W (y1|u1), (2.19)

W
(1)
2 (y0, y1, u0|u1) =

1

q
W (y0|u0 ⊕ u1)W (y1|u1). (2.20)

Observe that while the definition of W
(0)
2 is natural in the sense that

u0 acts as the input and (y0, y1) as the output, this is not the case for

W
(1)
2 . In this case an input symbol u0 is part of the output definition.

Therefore decoding of input u1 based on (2.20) requires knowledge of u0.
We will see that due to the polarization phenomenon and by using an
appropriate decoding algorithm we can emulate this behavior.

Note that x = (x0, x1) has been obtained from u = (u0, u1) using a
linear operator. That is,

x = uG2,

where G2 is given by

G2 =

[

1 0
1 1

]

. (2.21)

Consider the application of i.i.d. uniformly distributed symbols at the
input of W2. Since the transformation is reversible (i.e., G2 is invertible)
the total capacity is unchanged. That is,

I(U0, U1;Y0, Y1) = I(X0, X1;Y0, Y1)

= 2I(X;Y )

= 2I(W ),

because the inputs to the individual copies of W are also uniformly dis-
tributed. Moreover, from the chain rule of mutual information we know
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that

I(U0, U1;Y0, Y1) = I(U0;Y0, Y1) + I(U1;Y0, Y1|U0)

= I(U0;Y0, Y1) + I(U1;Y0, Y1, U0), (2.22)

where the last equality is due to the assumed independence of U0 and U1.
Note that the two terms in (2.22) are precisely the symmetric capacities
of the synthesized channels, i.e.,

I(W
(0)
2 ) = I(U0;Y0, Y1) (2.23)

I(W
(1)
2 ) = I(U1;Y0, Y1, U0). (2.24)

That is, the capacities of the two synthetic channels sum up to the capac-
ity of the combined channel W2. However, if we evaluate the capacities
of the synthetic channel individually we observe that

I(W
(0)
2 ) ≤ I(W ) ≤ I(W

(1)
2 ). (2.25)

We conclude that by the applying the simple reversible transformation
in (2.21) we have obtained two q-ary DMCs with (possibly) different
capacities. In fact, the inequalities are strict for most of the interesting
cases. In particular, this is the case if q is a prime number and the channel
W is not already extremal, i.e., I(W ) 6= {0, 1}.

It is possible to combine two independent copies of W2 in a similar
way to generate a new channel W4 : X4 → Y 4 (see Figure 2.8), two copies
of W4 to generate W8 : X8 → Y 8, and so on. In general, this channel
combining operation can be expressed as a recursive transformation that
yields a channel WN for any N = 2n (with n ∈ N) from two independent
copies of WN/2 as

WN (yN−1
0 |uN−1

0 ) = WN/2(y
N/2−1
0 |uN−1

0,e ⊕ uN−1
0,o )WN/2(y

N−1
N/2 |uN−1

0,o ),

(2.26)

where W1 = W , and uN−1
0,e is shorthand for the vector that contains the

components with even indices in uN−1
0 . Similarly, we define uN−1

0,o for the
odd components. As in the example for N = 2 the relationship between
the input to the combined channel WN and the input to the N copies of
W is given by the linear operator

GN = BNG⊗n
2 ,
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Figure 2.8: Generation of W4 from two independent copies of W2.

where BN is a permutation matrix known as bit-reversal operator [Arı09]
and G⊗n

2 denotes the nth Kronecker power of G2. That is,

G⊗n
2 = G2 ⊗G

⊗(n−1)
2

for n ≥ 1 and G⊗0
2 = 1 by definition.

Using the operator GN we write2

WN (y|u) = WN (y|uGN )

=
N−1
∏

i=0

W (yi|(uGN )i),

where the second equality expresses the fact that the channel W is mem-
oryless, i.e.,

WN (y|x) =

N
∏

i=1

W (yi|xi).

Similarly to (2.19) and (2.20) we can define N synthetic channels by
splitting the channel WN . The probabilistic description for each of these

2We follow here the notation from [Arı09] that uses WN to denote N independent
uses of the channel W (y|x), WN to denote the combined channel that has u ∈ UN at

the input and y ∈ YN at the output, and W
(i)
N

with i ∈ {0, 1, . . . , N−1} to denote the

ith synthetic channel (to be introduced shortly) obtained by channel splitting from
WN .
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new q-ary input channels is given by

W
(i)
N (yN−1

0 ,ui−1
0 |ui) =

∑

u
N−1

i+1
∈XN−i

1

qN−1
WN (yN−1

0 |uN−1
0 ), (2.27)

with i ∈ {0, 1, . . . , N − 1}.

The interesting property of this construction based on channel com-
bining (2.26) and splitting (2.27) is that each pair of newly generated

synthetic channels W
(2i)
N and W

(2i+1)
N depends on the pair of indepen-

dent (identical) synthetic channels W
(i)
N/2. This was already visible in

(2.19) and (2.20) where both W
(0)
2 and W

(1)
2 explicitly depended on W .

This property is expressed in the following lemma.

Lemma 2.3.1 (Proposition 3 in [Arı09]). For any N = 2n with n ∈ N
+,

the construction defined by (2.26) and (2.27) satisfies

W
(2i)
N (yN−1

0 ,u2i−1
0 |u2i)

=
1

q

∑

u2i+1

W
(i)
N
2

(y
N
2
−1

0 ,u2i−1
0,e ⊕u2i−1

0,o |u2i⊕u2i+1)W
(i)
N
2

(yN−1
N
2

,u2i−1
0,o |u2i+1),

and

W
(2i+1)
N (yN−1

0 ,u2i
0 |u2i+1)

=
1

q
W

(i)
N
2

(y
N
2
−1

0 ,u2i−1
0,e ⊕ u2i−1

0,o |u2i ⊕ u2i+1)W
(i)
N
2

(yN−1
N
2

,u2i−1
0,o |u2i+1),

for i ∈ {0, 1, . . . , N/2− 1}.

Following the notation in [Arı09] we shall denote this basic transfor-
mation as

(W
(i)
N/2,W

(i)
N/2) 7→ (W

(2i)
N ,W

(2i+1)
N ). (2.28)

As discussed in Section 2.1.1, the capacity of a channel is closely re-
lated to the probability of decoding error. The following lemma formalizes
the intuition that channels with high capacity have low error probabil-
ity, and that high error probabilities are associated with low-capacity
channels.
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Lemma 2.3.2 (Proposition 3 in [cETA09]). Let W be a DMC with sym-
metric capacity I(W ) and average Bhattacharyya distance Z(W ). These
two parameters satisfy the following:

I(W ) ≥ logq
q

1 + (q − 1)Z(W )
,

I(W ) ≤ logq(q/2) + logq(2)
√

1− Z(W )2,

I(W ) ≤ 2(q − 1) logq(e)
√

1− Z(W )2.

We are interested in analyzing how the symmetric capacities of the
synthetic channels behave when the number of channel combining oper-
ations increases. That is, if the behavior expressed in (2.25) continues to
happen with the repeated application of (2.26).

Using the properties of the basic transformation in Lemma 2.3.1 it is
easy to describe the evolution of the symmetric capacities of the synthetic
channels. Similarly to the example in (2.23), (2.24), and (2.25) we have
that if

(W
(i)
N/2,W

(i)
N/2) 7→ (W

(2i)
N ,W

(2i+1)
N ),

then the symmetric capacities of the new synthetic channels satisfy

I(W
(2i)
N ) ≤ I(W

(i)
N/2) ≤ I(W

(2i+1)
N ).

In addition, Lemma 2.3.2 allows us to track the evolution of an upper
bound to the error probability for uncoded transmission under ML de-
coding (i.e., the average Bhattacharyya distance). By mapping the con-

struction in (2.26) to a martingale process in terms of I(W
(i)
N ) and to

a supermartingale process in terms of Z(W
(i)
N ) and by using the binary

version of Lemma 2.3.2, Arıkan concluded in [Arı09] that the repeated
application of the channel combining operation polarized the capacities
of the synthetic channels at each step in the case of binary DMCs. That

is, for any δ > 0 as N grows either I(W
(i)
N ) ∈ [0, δ), or I(W

(i)
N ) ∈ (1−δ, 1],

except for a vanishing fraction of synthetic channels. A similar argument
allowed for the extension of this result to q-ary DMCs when q is a prime
number [cETA09]3. This is formalized in the following theorem:

3In the case of q > 2, the evolution of the average Bhattacharyya distance is not
well described by a supermartingale process [cETA09]. However, it is possible to
establish a new proof based on similar arguments [cETA09]. In addition, the new
proof requires Lemma 2.3.2, which is a generalization of a similar statement for the
binary case from [Arı09].
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Theorem 2.3.1 (c.f. [Arı09,AT09,cETA09]). For any q-ary input DMC,
where q is a prime number, the transformation described by (2.26) and
(2.27) polarizes the channel in the sense that for any δ > 0,

lim
n→∞

∣

∣

∣

{

i ∈ {0, 1, . . . , 2n − 1} : I(W
(i)
N ) ∈ (δ, 1− δ)

}∣

∣

∣

2n
= 0,

where N = 2n. Moreover, if i is a random variable uniformly distributed
on {0, 1, . . . , N − 1} then

lim
n→∞

P (Z(W
(i)
N ) ≤ 2−Nβ

) = I(W ), (2.29)

for any 0 < β < 1
2 .

In fact, as reported already in [cETA09] it is possible to extend these
polarization results to input alphabets of arbitrary size q (i.e., not nec-
essarily prime) by introducing some randomization in the construction.
The result on the rate of polarization expressed in (2.29) was first es-
tablished by Arıkan and Telatar in [AT09] for binary DMCs and later
extended to q-ary DMCs in [cETA09]

It is customary to refer to the synthetic channels with capacity close to
0 as the frozen set of channels and to those with capacity close to 1 as the
information set. Alternatively, it is possible to define these sets using the
average Bhattacharyya distances of the synthetic channels. Lemma 2.3.2
connects both definitions. The unpolarized channels are assigned to either
of the groups depending on the nature of the information theoretical
problem to be tackled using the polarization phenomenon. In this thesis
we will usually denote the frozen set as F and refer to the information
set by using the complement operator F c.

Figure 2.9 shows the progress of the polarization effect with increas-
ing block length exponent n. In this case the basic channel W is a binary
erasure channel (BEC) with capacity C = 1

2 bits. The values of the
capacities are presented in the coordinate axis for the 2n different syn-

thetic channels W
(i)
N , i ∈ {0, 1, . . . , 2n − 1} (abscissa axis). We observe

that the values of these capacities tend to cluster around 0 and 1, except
for a vanishing fraction of the channels. In fact, the plots already show
the tendency that approximately half of the channels tend to concentrate
around 0, while the other half concentrates around 1.

Before concluding this section we remark the fact that there exist
other constructions that show a similar polarization phenomenon besides
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Figure 2.9: Progress of channel polarization for a BEC( 12 ). The abscissa
axis represents the channel index i. The ordinate axis is the symmetric

capacity I(W
(i)
N ), with N = 2n.

the one based on G2. This was studied in [KSU09,Kor09], where it was
also shown that better exponents for the rate of polarization in (2.29),
i.e., 0 < β < 1, are possible by considering more complex constructions
than the one described above.

2.3.2 Polar Codes for Channel Coding

The polarization phenomenon introduced in the previous section leads
naturally to a strategy for channel coding that allows for reliable trans-
mission at rates arbitrarily close to the symmetric capacity of the channel.
The motivation behind it is to send (uncoded) information at full rate
through the synthetic channels in the information set, while sending a
predetermined sequence of symbols over the synthetic channels in the
frozen set. These constructions are known as polar codes. The rate of a
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polar code (in q-ary units) is therefore given by

R =
|F c|

|F c|+ |F |
=

|F c|

N
.

The channel encoding operation is fully determined by the channel
polarization method described in Section 2.3.1. That is,

x = uGN ,

regardless of the actual description of the channel W . Note that in the
way the construction has been defined, the vector u contains both infor-
mation symbols and frozen symbols, denoted as uF c and uF respectively.

The design of polar codes for a given channel W and a target er-
ror probability P is restricted to finding the required block length N
and specifying the frozen and information sets F and F c, respectively.
Before discussing a rule to define the information and frozen sets we in-
troduce the Successive Cancellation (SC) decoding algorithm introduced
by Arıkan in [Arı09].

Successive cancellation decoder

The Successive Cancellation decoding algorithm is a simple decoding
method for PCs that generates hard estimates of the symbols ui, for
i ∈ {0, 1, . . . , N − 1} sequentially according to the following rule

• If i ∈ F , then set ûi = ui.

• If i /∈ F , then set

ûi = argmax
ui

{

W
(i)
N (yN−1

0 , ûi−1
0 |ui)

}

. (2.30)

Observe that in (2.30) we are using the estimates ûi−1
0 instead of the true

values ui−1
0 . As we shall see later, if F is properly chosen, this has no

impact in the performance (in terms of achievable rates) when the block
length is large enough.

Using the properties of the construction based on channel combining
and splitting it is possible to derive a recursion for the SC decoding
algorithm. We describe it here for the binary case first and then comment
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on the extension to q > 2. For this purpose we define the following
likelihood ratio

L
(i)
N (yN−1

0 , ûi−1
0 ) =

W
(i)
N (yN−1

0 , ûi−1
0 |ui = 0)

W
(i)
N (yN−1

0 , ûi−1
0 |ui = 1)

Using the formulas in Lemma 2.3.1 we obtain

L
(2i)
N (yN−1

0 , ûi−1
0 )=

L
(i)
N/2(y

N/2−1
0 , û2i−1

0,e ⊕ û2i−1
0,o )L

(i)
N/2(y

N−1
N/2 , û2i−1

0,o ) + 1

L
(i)
N/2(y

N/2−1
0 , û2i−1

0,e ⊕ û2i−1
0,o )L

(i)
N/2(y

N−1
N/2 , û2i−1

0,o )

and

L
(2i+1)
N (yN−1

0 , ûi−1
0 ) =

L
(i)
N/2(y

N−1
N/2 , û2i−1

0,o )
(

L
(i)
N/2(y

N/2−1
0 , û2i−1

0,e ⊕ û2i−1
0,o )

)2û2i−1

for i ∈ {0, 1, . . . , N/2 − 1}. The recursion ends when N/2 = 1. At this
point

L
(0)
1 (yi) =

W (yi|0)

W (yi|1)
,

which depends directly on the distribution of the basic channel W .
As we have seen, in the binary case the expressions are quite simple if

one considers likelihood ratios. The recursion is due to Lemma 2.3.1 and
hence still valid for q > 2. Unfortunately, the use of likelihood ratios does
not simplify the notation significantly. In this case we need to consider
the probabilities

P (ui = j|yN−1
0 , ûi−1

0 ) =
1

α
W

(i)
N (yN−1

0 , ûi−1
0 |ui = j) (2.31)

for j = {0, 1, . . . , q − 1}, where α is the factor that guarantees that

q−1
∑

ui=0

P (ui|y
N−1
0 , ûi−1

0 ) = 1,

that is, that it is a valid pmf. Using (2.31) and Lemma 2.3.1 the derivation
of a recursion is straightforward.

It should be noted that this is neither the only possible decoding
algorithm, nor the best one. In fact, the inspection of (2.30) reveals that
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better performance is to be expected if the decoding algorithm uses all the
values in the frozen set when estimating ui, i ∈ F c and not only those j <
i. Similarly, empirical evidence suggests that Belief Propagation (BP)
decoding performs better than SC decoding [HKU09]. However, the SC
algorithm has the advantage that it is analytically tractable. Using this
algorithm, Arıkan established the following results on the performance
(in terms of block error probability) and the complexity of polar codes.

Lemma 2.3.3 (Proposition 2 in [Arı09]). For any4BI-DMC W , frozen
set F and block length N the block error probability averaged over a uni-
form distribution of the frozen symbols satisfies

P (Û 6= U) ≤
∑

i∈F c

Z(W
(i)
N ). (2.32)

The fact that we are averaging over all possible choices of the frozen
symbols implies that there is at least one choice of the frozen symbols
that exhibits the behavior in (2.32). In fact, if the channel W satisfies
certain symmetry properties any choice for these symbols will show this
behavior [Arı09].

As stated above, the design of a polar code is essentially reduced to
choosing the information and frozen sets. The previous lemma suggests
to choose them in order to minimize the right hand side of (2.32). This
is known as the polar coding rule [Arı09]. A similar rule with slightly
better performance was proposed in [MT09a]. It is important to remark
that this rule is specifically designed for the SC decoder. It was already
observed in [HKU09] that other selection rules in combination with other
decoders yield better performance. For example, if the BP decoder is
to be used in combination with the knowledge of all the symbols in the
frozen set, then choosing the information set according to the weight of
their corresponding entry in the matrixGN (i.e., Reed-Muller rule) yields
significant gains in performance.

Combining Lemma 2.3.1 and Lemma 2.3.3 the following result is ob-
tained.

Theorem 2.3.2 (Polar codes achieve the symmetric capacity [Arı09,
cETA09]). For any q-ary DMC W (y|x), where q is a prime number, and
any rate R < I(W ) there exists a sequence of polar codes (indexed by the

4In the non-binary case the bound has some slight changes that are unimportant
when analyzing the behavior for N → ∞. We omit them here for simplicity.
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block length N) with rate RN > R and block error probability under SC
decoding bounded as

PN ≤ O(2−Nβ

)

for any 0 < β < 1
2 provided N is sufficiently large. The complexity of the

encoding and decoding operations is

O(N logN)

for each.

Note that for the class of symmetric channels (Definition 2.1.3) polar
codes achieve the capacity, because in this case it coincides with the
symmetric capacity.

Note that by choosing the information set as

F c =
{

i : Z(W
(i)
N ) ≤ δ

}

(2.33)

for small enough δ > 0 and by transmitting a fixed sequence, known by
the decoder, over the synthetic channels in F we are circumventing the
problem that appeared due to the fact that the input symbols ui−1

0 are

used as channel outputs in the definition of the symmetric channel W
(i)
N

(see (2.19) (2.20), and the discussion thereafter).

Design of polar codes

So far we have only specified the rules for selecting the information and

frozen sets and we have omitted how to calculate the parameters Z(W
(i)
N )

or I(W
(i)
N ). In fact the entire discussion on channel polarization has

relied on (2.25) and its generalization with the channel combining and
splitting operation (2.28). We now review the methods for estimating

the parameter Z(W
(i)
N ).

In his work Arıkan showed that the calculation of the parameters

Z(W
(i)
N ) for the BEC could be performed using a simple recursion and

with complexity O(N logN). Unfortunately, for channels other than the
BEC the recursion does not hold. Moreover, attempting to calculate

Z(W
(i)
N ) using the definition is practically unfeasible, for the size of the

output channel grows exponentially with n. As an alternative, he sug-
gested to estimate the channel parameters using Monte Carlo methods.
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A different approach was proposed in [MT09a]. The authors suggested
to represent polar codes using graphs and apply the density evolution al-
gorithm [RU08] to calculate the probability distribution for each channel

W
(i)
N . The parameter Z(W

(i)
N ) can be obtained directly from the distri-

bution. However, in [MT09a] an alternative definition of polar codes is
given, that is also capacity-achieving and that performs no worse than
the original definition of polar codes in [Arı09]. In fact, it usually per-
forms better, as reported in [MT09b]. The complexity of this construction
method is O(N) for a fixed complexity of the convolutions involved in the
density evolution algorithm. Incidentally this shows that the complexity
of Arıkan’s method for the BEC can be reduced to O(N).

All the constructions of polar codes in this thesis are obtained using
the method described in [MT09a,MT09b]. However, we follow Arıkan’s
selection rule for choosing the frozen and information sets. The density
evolution algorithm is implemented following [RU08, Appendix B].

Example 1: Polar codes for coding over a binary symmetric

channel

Consider a binary symmetric channel with crossover probability p = 0.11.
The capacity of this channel is given by [CT06]

C = 1− h2(p) ≈ 0.5 bpcu,

where h2(.) denotes the binary entropy function.
The bit error rate (BER) for polar codes under SC decoding is shown

in Figure 2.10 for different block lengths (N = 2n).
We observe the improvement of the BER curves when the block length

exponent n is increased. That is, steeper curves, closer to the theoretical
limit are possible at the expense of increasing the delay and the com-
plexity. However, the gap to capacity for finite block lengths as the ones
considered here is considerable.

2.3.3 Polar Codes for Source Coding

Readily after the introduction of channel polarization and polar codes for
channel coding their application to lossless and lossy source compression
was studied. Lossless compression with polar codes was first considered
in [HKU09] where it was shown that it is possible to construct polar
codes for compressing a discrete memoryless source (DMS) that achieve
the Shannon bound (i.e., the entropy) by computing the syndromes of
the source outputs. A completely different approach was taken by Arıkan



42 2 Review

0.35 0.4 0.45 0.5
10

−4

10
−3

10
−2

10
−1

10
0

R

B
E

R

 

 

n=7

n=9

n=11

n=13

n=15

n=17

Figure 2.10: BER performance for polar codes used over a binary sym-
metric channel with capacity C ≈ 0.5.

in [Arı10]. He showed that similarly to channels, DMS also polarize, and
that applying the transformation GN to a vector of N source outputs
splits it into two groups of symbols, where one of them contains (almost)
no information when the other is given. In fact, the results in [Arı10] are
more general and also consider the presence of side information. However,
from an algorithmic point of view [HKU09] and [Arı10] are equivalent
when encoding of a DMS is considered.

The work in [HKU09] also considered the lossy compression problem
albeit from a heuristic point of view. Korada and Urbanke established
in [KU10,Kor09] the suitability of polar codes to achieve the fundamen-
tal limits in lossy source compression with binary uniform reproduction
alphabets. This was later extended in [KT10] to reproduction alphabets
with size q, where q is a prime number. In both cases the approach was to
consider the duality between channel and source coding. The test channel
plays a fundamental role in application of this duality and the derivation
of the fundamental results. Similarly to the channel coding counterpart,
polar codes for source compression achieve a constrained version of the



2.3 Polar Codes 43

rate-distortion function, the symmetric rate-distortion function Rs(D).
In this case the constraint is placed on the distribution of the symbols in
the reproduction alphabet, which need to follow a uniform distribution.
Since the constructions for source coding are based on utilizing polar
codes for channel coding over the test channel, many of the practical
considerations referenced in Section 2.3.2 also apply here.

We briefly sketch the intuition behind source coding with polar codes
before reviewing some of the most relevant results. Consider a DMS
that puts out letters from an alphabet Y according to the distribution
P (y), a reproduction alphabet X (with |X | a prime number), and a dis-
tortion measure d(y, x) defined for every (y, x) ∈ Y × X . Let W (y|x)
be the conditional pmf that solves the variational problem that defines
the symmetric rate-distortion function (see (2.5)). That is, W is the test
channel for Rs(D). Consider the joint distribution induced by applying
N uniform i.i.d. inputs at the input of W

P (y,x) =
1

qN
WN (y|x).

Note that by assumption, the marginal of P (x,y) over y is equal to
P (y) =

∏

i P (yi). This allows us to interpret the source outcomes as
virtual outputs from the test channel when the symbols at its input are
uniformly distributed. Moreover, the distortion between the source out-
come y and the virtual channel input x satisfies

E {d(Y,X)} = D

since W is the test channel. These observations establish the basis for
source compression using polar codes. If we interpret x as a codeword
from a polar code for channel coding over W (y|x) (with appropriately
sized frozen set F ), then it is possible to regenerate x from y. The only
requirement is that the symbols in the frozen set used in the generation
of x need to be known by the SC decoder. In this case, it is clear that the
information rate (i.e., entropy) of this approximation of y at distortion
D (i.e., x) is

H(X) = Rcode =
|F c|

N
≤ I(W )

where the last inequality reflects the constraint that the rate has to be
smaller than the symmetric capacity of the channel. However, this is
only an interpretation and obviously the encoder cannot have access to
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the frozen symbols used during this virtual encoding. The question is
what happens if the encoder uses any vector of frozen symbols. It turns
out that if the frozen set is defined as

F =
{

i : Z(W
(i)
N ) ≥ 1− δ

}

(2.34)

for some arbitrarily small number δ and the frozen symbols are chosen
i.i.d. according to a uniform distribution, then it is possible to obtain a
vector x̃ that is at a distortion arbitrarily close to D (from above) from y.
Note that since the frozen set now also includes the unpolarized channels
with (i.e., channels with Z(W ) ∈ [δ, 1 − δ]) the rate has to be chosen as
to satisfy

R > I(W ).

This statement is made precise in a similar result to (2.29) in [KU10,
KT10]. The changes in the definition of the frozen set for channel coding
(2.33) and source coding (2.34) mimic the differences in the packing and
covering lemmas [GK10], which are the basis of the proofs of the channel
coding and source compression theorems, respectively. In conclusion, we
can circumvent the problem of not knowing the virtual frozen symbols by
choosing them i.i.d. according to a uniform distribution and introducing
a small penalty in terms of rate and distortion. That is, it is possible to
compress at rate R with distortion D′ that satisfy

I(W ) <R ≤ I(W ) + ǫ,

D <D′ ≤ D + δ

for any ǫ, δ > 0. In fact, for |X | = 2 if the test channel and the distor-
tion measure exhibit certain symmetries, any fixed choice for the frozen
symbols will have this behavior [KU10].

Before formalizing the above explanation we define the encoding (i.e.,
compression) and decoding (i.e., reconstruction) algorithms.

Compression and reconstruction algorithms

Consider the following probability distribution

PU,X,Y(u,x,y) =
1

qN
1{x=uGN}W

N (y|x) (2.35)



2.3 Polar Codes 45

and the marginals

PU,Y(u,y) =
1

qN
WN (y|uGN ) (2.36)

and

PUi|U
i−1

0
,Y(ui|u

i−1
0 ,y) =

1

qP (ui−1
0 ,y)

∑

u
N−1

i+1

PU,Y(u,y)

=
1

qP (ui−1
0 ,y)

W
(i)
N (y,ui−1

0 |ui) (2.37)

The following compression algorithm based on the SC algorithm was
introduced in [KU10,KT10] to encode the source outputs. Fix a vector
of frozen symbols uF . Given a vector of N i.i.d. source realizations y,
for each i ∈ {0, 1, . . . , N − 1}

• If i ∈ F , then set ûi = ui.

• If i /∈ F , then set ûi = j with probability

PUi|U
i−1

0
,Y(Ui = j|ûi−1

0 ,y). (2.38)

Note that since the first factor in (2.37) is constant for all values of j,

(2.38) can be obtained by computing W
(i)
N (y,u

(i−1)
0 |ui) and normalizing

so that the sum over all j is equal to 1. Compression using this algorithm
is known as SC encoding with the randomized rounding rule. Throughout
this thesis we will denote the encoding of a source vector y using polar
codes when the frozen symbols are set to uF as Û(y,uF ) (resulting in
the vector u = û). From the description of the algorithm it is clear
that encoding twice the same source output y may not yield the same
vector û even if the frozen symbols uF remain unchanged. However, if
both encoding operations have access to a common source of randomness
(e.g., a pseudo-random number generator initialized with the same seed)
then they will produce the same output [KU10].

There exist alternatives to using the randomized rule. For example
the encoder could take hard decisions on the symbols ûi, i ∈ F c. In
fact empirical evidence based on simulations suggests that taking hard
decisions gives slightly better results than randomized rounding [KU10].
However, the randomized rule is much more amenable to theoretical anal-
ysis.



46 2 Review

The codeword or reconstruction ŷ is obtained from uF c as

ŷ = uGN

where it is assumed that the reconstructor has access to the same frozen
symbols uF that were used during compression. This represents no prob-
lem for they are fixed beforehand.

Theorem 2.3.3 (Polar codes achieve the symmetric rate-distortion func-
tion [KU10, KT10]). Consider the compression of an i.i.d. source Y
with probability distribution P (y) using a finite reconstruction alphabet
X where |X | is a prime number. Consider a bounded distortion measure
d : Y × X → R

+ and fix a distortion D > 0. Let Rs(D) denote the cor-
responding symmetric rate-distortion function. For any rate R > Rs(D),
there exists a sequence of polar codes (indexed by the block length N) with
rate RN ≤ R, so that under SC encoding using randomized rounding they
achieve expected distortion DN satisfying

DN ≤ D +O(2−Nβ

)

for any 0 < β < 1
2 provided N is sufficiently large. The complexity of the

compression and reconstruction operations is

O(N logN)

for each.

We shall often be interested in the error due to lossy compression
using PCs. We define it as

e = ŷ ⊖ y,

and we will refer to it as the quantization error.

Example 2: Polar codes for compression of a binary symmetric

memoryless source

Consider compression of a binary memoryless source Y with

p(y = 0) = p(y = 1) =
1

2
.

If we consider the Hamming distortion measure the rate-distortion func-
tion for this source is given by [CT06]

R(D) = 1− h2(D).
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In this case the test channel is a BSC with crossover probabilityD [KU10].

The performance of source compression with polar codes is depicted
in Figure 2.11 for different block lengths (N = 2n) along with the rate-
distortion function. Results for both compression with the randomized
rounding rule and with hard decision are included. We observe how the
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Figure 2.11: Rate-distortion performance for source compression of a
binary symmetric memoryless source with polar codes. The randomized
rule (cross) and the hard decision rule (dot) are considered. In addition,
the rate-distortion function is plotted (solid line) for comparison.

operational rate-distortion pairs for both rules get closer to the rate-
distortion function as the block length exponent n is increased. As dis-
cussed before, the randomized rule is optimal asymptotically but this does
not preclude the hard-decision rule from showing better performance.
Nonetheless, the gap in performance between both rules vanishes as the
block size is increased.
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2.3.4 Polar Codes for Multi-Terminal Problems

We have seen in Sections 2.3.2 and 2.3.3 that polar codes are a suit-
able tool for achieving the fundamental limits in (symmetric) channel
coding and source compression separately. Following these results the
interest on channel polarization and polar codes extended to problems
with multiple sources and channels. For example, lossless compression
of correlated sources, source compression with side information at the
decoder, transmission over broadcast channels [Kor09], multiple access
channels [Kor09,AT10], or the relay channel [ART+10], among others.

Part of this thesis deals with using polar codes for transmission
over the relay channel using the compress-and-forward strategy. It is
well known that Slepian-Wolf coding [SW73], and especially Wyner-
Ziv [WZ76] coding play a key role in compress-and-forward, both from
a theoretical and practical point of view [CG79]. Korada and Urbanke
showed that polar codes also achieve the fundamental limits of the binary
versions of these problems [KU10,Kor09]. We summarize here these two
results (see also Section 2.1.3)

Theorem 2.3.4 (Polar codes are optimal for binary Slepian-Wolf cod-
ing). Let Y, Y ′ be two symmetric Bernoulli random variables such that
Y = Y ′ ⊕ Z, where Z ∼ Ber(p). For any 0 < β < 1

2 there exists a
sequence of polar codes (indexed by the block length N) for lossless com-
pression of Y and Y ′ independently at any pair of rates R and R′ that
satisfy

R > H(Y |Y ′),

R′ > H(Y ′|Y ),

R+R′ > H(Y, Y ′),

provided N is sufficiently large. The probabilities of error under SC de-
coding satisfy

PN ≤ O(2−Nβ

),

P ′
N ≤ O(2−Nβ

).

The complexity of the encoding and decoding operations is

O(N logN)

for each.
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Theorem 2.3.5 (Polar codes are optimal for binary Wyner-Ziv coding).
Let Y, Y ′ be two binary random variables such that Y is a binary sym-
metric source and Y ′ = Y ⊕Z, where Z ∼ Ber(p). For a given distortion
0 < D < 1

2 and any rate

R > h2(D ∗ p)− h2(D),

where D ∗p = D(1−p)+(1−D)p, there exists a sequence of nested polar
codes (indexed by the block length N) with rates RN < R so that using
the SC compression algorithm with randomized rounding at the encoder
and SC decoding at the decoder, the expected distortion DN and the block
error probability PN satisfy

DN ≤ D +O(2−Nβ

),

PN ≤ O(2−Nβ

),

respectively, for any 0 < β < 1
2 , provided N is sufficiently large. The

complexity of the encoding and decoding operations is

O(N logN)

for each.

The first application of polar codes for the relay channel appeared
in [ART+10]). The authors considered the physically degraded binary
relay channel with orthogonal components (see Section 2.2), whose ca-
pacity is given by the cut-set bound. They showed that properly designed
sequences of polar codes for decode-and-forward relaying could achieve
this bound.

Theorem 2.3.6 (Polar codes achieve the capacity of the physically de-
graded binary relay channel with orthogonal components). For any rate
R < C, there exists a sequence of polar codes (indexed by their block
length N) with rates RN > R and block error probability under SC de-
coding bounded as

PN ≤ O(2−Nβ

)

provided N is sufficiently large.

If the relay channel is not physically degraded then the construction
still works but it only provides an achievable rate that may not be equal
to the capacity.
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2.4 Iterative Methods in Cooperative Com-

munications

In this section we briefly review iterative methods for error correction
and joint source-channel coding and their applications to cooperative
communications and more specifically to the relay channel.

2.4.1 Iterative Error Correction

The landmark paper of Shannon in 1948 demonstrated that reliable com-
munication was possible (see Section 2.1) by means of proper encoding
and decoding at the sending and receiving parts, respectively. However,
the proof was essentially an existence result, and its consequences for
practical implementations were rather limited. Since then researchers
have struggled to devise efficient algorithms that approach the theoret-
ical limits of reliable communication. In fact, the first error protection
systems preceded the work of Shannon by some years. The history of
channel coding from these very first systems until the modern capacity
approaching/achieving is very interesting and has influenced other areas
beyond communications. In the following we summarize only the most
recent steps of channel coding. An excellent overview of the evolution of
coding can be found in [FC07].

For almost 50 years after the publication of Shannon’s work, designing
capacity-achieving codes with manageable complexity remained an elu-
sive goal. The invention of Turbo Codes by Berrou, Glavieux, and Thiti-
majshima in 1993 [BGT93] changed the history of coding and brought to
life a new class of codes and decoding algorithms that would ultimately
achieve or approach capacity with moderate complexity. Turbo codes are
built from two convolutional codes (C1 and C2) that are concatenated in
parallel (see Figure 2.12). The key to their good performance relies on
two elements: the interleaver and an iterative decoding algorithm. The
interleaver (π in the figure) is a simple device that reorders a sequence of
bits and allows to combine simple weak codes into a powerful one.

Concatenated codes had already existed for 20 years [For66] but their
optimal decoding was computationally unfeasible. To overcome this prob-
lem the component codes of a Turbo code are decoded locally and their
interaction is restricted to exchanging extrinsic information on the in-
formation bits through the interleaver (See Figure2.13). Moreover, the
component codes are decoded sequentially using the output of each code
as input to the other. In this way the error probability decreases with
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U

CEncoder C1

Encoder C2

π

Figure 2.12: Turbo encoder.

the number of decoding iterations until convergence is achieved. How-
ever, the complexity of iterative decoding is simply that of the decoders
for the component codes (BCJR algorithm [BCJR74]) and scales linearly
with the number of iterations. Turbo codes show sudden drops in the
error probability (threshold effects) at signal-to-noise ratios (SNR) close
to the capacity of the channel, in the line of Shannon’s results, but their
error performance for large SNRs is dominated by their poor distance
properties (error floor).

Le
i

Le
o

Y

Û1 Û2

−−

π

π-1

APP
decoder C1

APP
decoder C2

Figure 2.13: Iterative decoder for Turbo codes.

After the invention of Turbo codes, different architectures based on
serial concatenation of codes were proposed [BDMP97]. In general, these
serially concatenated codes (SCC) cannot operate as close to capacity
as Turbo codes, but they have a much better behavior for high SNRs.
The success of iterative decoding lead to the rediscovery [MN97] of Low
Density Parity-Check (LDPC) codes [Gal63]. Introduced by Gallager in
1962, LDPC codes already included the idea of interleaving (although
in a less explicit way), and iterative decoding. Unfortunately, Gallager’s
work was well ahead of his time and was long ignored.
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The analysis of Turbo codes, LDPC codes and iteratively decoded
constructions in general developed in parallel to the practical applica-
tions. Important milestones in this process were the introduction of the
log-likelihood algebra and the concept of extrinsic information [HOP96],
the application of graph theory [Wib96,KFL01], the analysis in terms of
performance bounds [BM96, BDMP98], and the analysis of the conver-
gence thresholds [tB00,RU01] with the introduction of new tools such as
the extrinsic information transfer (EXIT) chart and the density evolution
algorithms.

Coding for bandwidth limited channels

The benefits of joint design of channel coding and modulation for band-
width efficiency had been known since the introduction of Trellis Coded
Modulation (TCM) by Ungerboeck in [Ung82]. The combination of
capacity-approaching codes with iterative decoding and high order mod-
ulations was considered for the first time in [GGB94]. This was fur-
ther investigated in [RW98,DDP00], where TCM-like designs were pro-
posed. The design methods based of EXIT charts for Turbo codes were
readily extended to encompass the modulation and demodulation pro-
cesses [tB00].

2.4.2 Iterative Joint Source-Channel Coding

The application of iterative decoding algorithms extended quickly be-
yond channel coding to consider other aspects of communications such
as source coding [HG03]¡, equalization [TKS02], modulation [tB00], etc.

A natural extension was to consider the field of joint source-channel
coding. Although Shannon proved that in the scenario modeled by Fig-
ure 2.1 source and channel coding could be performed separately without
any performance loss, this result is only valid in general for large blocks of
samples. In many cases, practical restrictions on the block length give an
interesting advantage to systems that perform source and channel coding
in a joint way. Moreover, in many cases the source-encoded data still has
some correlation that can be exploited to improve the performance of
channel decoding. Iterative decoding algorithms are then a natural tool
for the so-called source-controlled channel decoding.

Figure 2.14 depicts the basic structure of a joint source-channel en-
coder. The source outputs are encoded into bits using some compression
method (e.g., a scalar quantizer Q). These bits are interleaved (π) and
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then encoded using a channel code. After modulation, the output of the
channel code is ready for transmission over the channel.

U
X

B

Source πQ Channel code

Figure 2.14: Joint source-channel encoder.

The decoding method follows the same principles as for decoding con-
catenated channel codes. The basic blocks in the iterative joint source-
channel decoder are shown in Figure 2.15. The channel decoder uses
the observations Y of the transmitted symbols to generate a posteriori
probabilities on the bits B. The extrinsic part of these probabilities Le

i

is then de-interleaved and used as the input to a block that computes
MAP estimates on the bits B using the structure of the source encoded
and the a priori distribution of the source. Again, the extrinsic part of
these MAP estimates Le

o is used as a priori information for the channel
decoder. Using them as well as the channel observations this decoder
generates a new set of extrinsic information. This iterative process is
repeated until convergence is achieved or for a maximum number of iter-
ations [HOP96]. After the last iteration, the source decoder puts out a
set of estimates of the source symbols Û.
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Y Û
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π-1

−−
APP

decoder
MAP
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Figure 2.15: Iterative joint source-channel decoder.

2.4.3 Applications to Cooperative Communications

In the last years there has been a great interest on cooperation as a means
to increase the performance of communications. As discussed in Sec-
tion 2.2 the relay channel is one simple model for cooperative communi-
cation. Several code implementations for the different relaying protocols
have appeared recently. We briefly review some of the most prominent
implementations of decode-and-forward and compress-and-forward.
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Decode-and-Forward

Most of the research on practical implementations of coding for relaying
has focused on the decode-and-forward protocols and variations of it. As
we will see in the following, iterative error correction methods have played
an important role in them.

The concept of distributed Turbo coding was proposed in [VZ03] for
realizing decode-and-forward relaying. Distributed Turbo coding mimics
the construction of a classical Turbo code by assuming that the relay can
decode perfectly the transmission from the source that has been encoded
with a simple code. Under this assumption, the relay can interleave and
re-encode the information bits and transmit the resulting codeword to
the destination. The decoder at the destination using the observations
from the source and relay transmission can decode the initial message
iteratively as in the case of Turbo codes.

Similarly to the development of coding for point-to-point communica-
tions (see Section 2.4.1), serially concatenated distributed codes followed
distributed Turbo codes [STS09]. In this case the relay re-encodes the
codeword transmitted by the source. By modifying the iterative decoder
algorithm at the destination to account for the observation of the source
transmission, distributed serially concatenated codes improve upon the
performance of distributed Turbo codes in terms of error floor.

LDPC codes have also been considered for compress-and-forward re-
laying [CBSA07]. In this case, after decoding the source message the
relay node generates a new set of parity symbols that are transmitted to
the destination. Using the observations from the source and relay trans-
missions, the distributed code is decoded as for standard LDPC codes.

As discussed in Section 2.2, the assumption of error-free decoding at
the relay is critical in the design of decode-and-forward protocols. The
performance of the algorithms described above reduces dramatically if
the relay fails to decode the message without errors. The reason for this
is that the iterative algorithm does not account for possible errors and
assume that the extra redundancy transmitted by the source is indeed
generated using the true information bits. Several alternatives have been
proposed to circumvent this problem.

The simplest method to enable cooperation in the case of noisy relays
is to use adaptive decode-and-forward protocols with different relaying
modes. In these systems the relay still decodes the message, but DF is
activated only if it is decoded without errors. Whenever decoding fails the
relay takes a different strategy such as amplify-and-forward or remaining
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silent.
A second alternative was presented in [SLV08,Tho08]. The authors

proposed to maintain the DF behavior at the relay, but instead mod-
ify the decoding algorithm used by the destination to take into account
possible errors introduced by the relay. Practical implementations with
interesting gains in performance were obtained by modeling the decod-
ing errors as independent and identically distributed. Bounds on the
performance of DF relaying were established in [GiALR10] under the as-
sumption that the relay makes decoding error only between neighboring
codewords. Interestingly, these results show that it is possible to achieve
close-to-optimal performance with a sequence-ML decoder designed for
error-free relaying by weighting appropriately the two received signals at
the destination.

In order to avoid the propagation of decoding errors at the relay,
soft-decoding and soft-encoding were considered in [SV05,LVWD06]. In
this case the relay generates soft-information on the information symbols
transmitted by the source (soft-decoding) and re-encodes it in an analog
or digital way (soft-encoding).

Compress-and-Forward

As the performance of the relay in decoding the message transmitted
by the source degraded, it is interesting to switch form a decode-and-
forward strategy to a compress-and-forward strategy. Similarly to the
case of decode-and-forward with noisy relays one of the first practical
implementations of CF relaying shares is based on soft decoding [HT06].
The authors proposed to obtain a posteriori probabilities on the informa-
tion symbols transmitted by the source at the relay and quantize them
before re-encoding and transmitting. The destination performs decoding
in two steps. In the first one it recovers the message from the relay. In
the second one the destination decodes the message transmitted by the
source from its own observation using the relay contribution as a priori
information. This basic structure is shown in Figure 2.16.

XRYSR Code/Mod.Decoder SQ

Figure 2.16: Compress-and-forward relaying based on soft-decoding.

A different approach was taken in [ULSX09] to implement CF relaying
for Gaussian relay channels. Following the reasoning behind the informa-
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tion theoretical proof of the achievability of CF, the authors proposed to
employ Wyner-Ziv coding at the relay to compress the observation and
forward it to the destination. The implementation of Wyner-Ziv is based
on splitting the compression problem into quantization and Slepian-Wolf
lossless compression [LSX05]. The basic structure of the relay is shown
in Figure 2.17. In first place the relay quantizes its observation using a

XRYSR Mod.SQ
Slepian-Wolf

coding

Figure 2.17: Compress-and-forward relaying based on Wyner-Ziv cod-
ing.

Scalar Quantizer. In order to improve the efficiency this quantizer im-
plements index nesting so that one single index identifies more than one
quantization cell. In order to resolve this ambiguity it is necessary to con-
sider the observation at the destination. The output of the quantizer is
further compressed and protected against errors in the relay-destination
channel using distributed joint source-channel coding. After modulation,
the signal is sent over the relay-destination channel. The nesting and
DJSCC compression ratios depend on the correlation between the obser-
vations at the destination.

Compress-and-forward for binary erasure relay channels with orthog-
onal receivers using nested codes was presented in [BLHC10]. In this
scheme the relay employs a Low Density Generator Matrix (LDGM) code
for lossless compression and a LDPC code for realizing Slepian-Wolf bin-
ning. By optimizing this nested construction it was possible to approach
the cut-set bound in some special circumstances. The rationale behind
using nested codes or lattices for CF relaying is their optimality for a
wide variety of information theoretical problems as shown in [ZSE02].



Chapter 3

Compress-and-Forward

with Polar Codes

In this chapter we study the problem of compress-and-forward relaying
using polar codes in relay channels with orthogonal receivers. Two sce-
narios are considered, the case where the capacity of the relay-destination
channel is large enough to support relaying based on Slepian-Wolf cod-
ing [SW73] and the more general case where the capacity of this link is
arbitrary. In the first scenario relaying can be realized using a simple
structure of polar codes for channel coding. In the second one the relay
conveys a compressed version of its channel observation to the destina-
tion using Wyner-Ziv coding [WZ76]. This requires a more sophisticated
construction that combines elements of source compression and channel
coding with polar codes in a nested way.

This chapter is divided as follows. In Section 3.1 we briefly review
the channel model considered and define inner and outer bounds on its
capacity. In Section 3.2 we consider compress-and-forward relaying based
on Slepian-Wolf coding with polar codes. In Section 3.3 we construct
nested polar codes for compress-and-forward relaying based on Wyner-
Ziv coding. In Section 3.4 we present simulation results and comment
on the performance for finite block lengths. Section 3.5 concludes the
chapter.
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3.1 System Model

In this chapter we consider the discrete memoryless relay channel with
orthogonal receiver components introduced in Chapter 2 and depicted in
Figure 3.1. The distinguishing property of this class of relay channels is
that the pmf that governs the behavior of this channel has the form

p(ysd, ysr|x)p(yrd|xr). (3.1)

Consider the following vectors of length N : U contains the information
and frozen symbols to be transmitted by the source, and Û is the corre-
sponding estimate at the destination. X is the vector of symbols put into
the channel by the source, and YSR,YSD are the channel outputs at the
relay and at the destination, respectively. Similarly, XR is the vector put
into the channel by the relay, and YRD is the corresponding observation
at the destination. Finally, in the case of CF based on Wyner-Ziv coding
we will consider the vectors YQ, which is a compressed version of YSR

generated by the relay, and ŶQ which is the corresponding estimate gen-
erated by the destination. As we have seen in Chapter 2, polar codes
work1on blocks of 2n channel uses. For this reason the discussion in this
chapter will be restricted to N = 2n.

U Û
X

XR

YSR → YQ

YSD

YRD → ŶQ

Source

Relay

Dest.

Figure 3.1: Scenario for CF relaying based on nested polar coding.

3.1.1 Capacity Bounds

As discussed in Section 2.2, the capacity of this class of relay channels is
not known. However, the fact that the pmf factorizes as in (3.1) (com-
pared to (2.6)) decouples the relay-destination channel from the rest of
the system. Consequently, p(yrd|xr) influences the capacity of the relay

1We note here that it is possible to construct polar codes with other sizes than
2n [Arı09]. However, in this thesis we restrict our attention to the construction of
polar codes described in Chapter 2.
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channel only through its capacity CRD [Kim07]. In this chapter we shall
consider two bounds on the capacity: the cut-set (upper) bound and a
particularization of the CF rate (Definition 2.2.2) that for obvious reasons
will be referred to as the symmetric compress-and-forward rate RCF

s .
For convenience we will use Is(U, V ) as shorthand for the mutual

information between U and V when the former is uniformly distributed.
The conditional mutual information Is(U, V |T ) is defined similarly.

Definition 3.1.1 (Cut-set upper bound [CG79]).

C ≤ max
p(x)p(xr)

min {I(X;YSRYSD), I(X;YSD) + I(XR;YRD)} .

Definition 3.1.2 (Symmetric compress-and-forward rate).

RCF
s = max

α
Is(X;YSDYQ) (3.2)

subject to Is(XR;YRD) ≥ Is(YQ;YSR|YSD). The maximization is over all
conditional pmfs p(yq|ysr) with |YQ| = |YSR| and of the form

p(yq|ysr) =

{

1− α if yq = ysr,
α

|YQ|−1 if yq 6= ysr.
(3.3)

If we compare Definition 3.1.2 to the definition of the compress-and-
forward rate (Definition 2.2.2) we observe that the former has some addi-
tional constraints. Namely the maximization in (3.2) is only over proba-
bility distributions p(yq|ysr) with |YQ| = |YSR| (as opposed to considering
any distribution with |YQ| ≤ |YSR| + 1) that take the form in (3.3) (as
opposed to having no other constraints besides being a valid distribu-
tion). It is clear that unless some special conditions are met the rate in
(3.2) is lower than the one in (2.11). The reasons for introducing these
additional constraints will become apparent later in this chapter.

In addition to the considerations implicit in the model and the defi-
nition of the rate, we will make the following three assumptions:

(i) If the channel input X (source node input) is uniformly distributed,
then p(ysd, ysr|x) is such that the output at the relay YSR is also
uniformly distributed.

(ii) The cardinality of YSR is a prime number.

(iii) All the information and frozen bits are drawn i.i.d. according to
a uniform distribution. In order to realize this it is necessary that
source, relay, and destination have a source of common randomness.
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Due to the first assumption, if the Hamming distortion measure is con-
sidered, then Rs(D) is equal to the rate-distortion function R(D) [Sha59],
and the test channel is described by (3.3). We will construct polar codes
for source compression using these considerations. We shall refer to a
channel described by (3.3) as the q-ary totally symmetric channel with
transition probability α and denote it by qSC(α). Note that in the bi-
nary case this simplifies to the binary symmetric channel with crossover
probability α (BSC(α)). Using the properties of (X ,⊕) we can represent
the qSC(α) as a modulo-q sum

YSR = YQ ⊕ E.

The error term E is a RV that takes the value 0 with probability 1− α,
and any of the other q − 1 values with probability α/(q − 1). We will
refer to this probability distribution as P(α)(e). The second assumption
accounts for the constraint on the size of the reconstruction alphabet for
compression with PCs [KT10]. The third assumption symmetrizes the
problem and simplifies the analysis.

3.2 Compress-and-Forward Based on Polar

Codes for Slepian-Wolf Coding

In this section we concentrate on the simple case when the capacity of
the relay-destination link is large enough to support Slepian-Wolf coding
of the relay observation.

Consider the relay channel depicted in Figure 3.1. A simple relaying
strategy in the spirit of compress-and-forward is to have the relay trans-
mit its observation to the destination. For this purpose the relay, without
attempting to decode, performs lossless compression of the observation
and sends the resulting message to the destination. If the capacity of the
relay-destination channel is large enough, then it is possible to recover
this information with arbitrarily low error probability. Namely, if the
rate used on the relay-destination channel RRD satisfies

H(YSR) < RRD < CRD (3.4)

and the block length is sufficiently large. The weakness of this strategy
is that it does not exploit the possible correlation between the two ob-
servations of the source transmission. The celebrated result by Slepian
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and Wolf ([SW73], see Chapter 2) states that it is possible to achieve
error-free reconstruction at the destination as long as

H(YSR|YSD) < RRD < CRD (3.5)

and the block length is sufficiently large. As discussed in Section 2.3.4
it was shown in [KU10] that it is possible to construct polar codes that
achieve the binary version of the binary Slepian-Wolf bound.

In the following we consider the application of q-ary polar codes for
compress-and-forward relaying based on Slepian-Wolf coding. We sum-
marize our result in the following theorem.

Theorem 3.2.1 (CF relaying with PCs based on Slepian-Wolf coding).
For any fixed rate R < Is(X;YSRYSD) there exists a sequence of polar
codes with block error probability at the destination Pe = P (Û 6= U)
under SC decoding bounded as

Pe ≤ O(2−Nβ

)

for any 0 < β < 1
2 and sufficiently large block length N, as long as

Is(XR;YRD) ≥ H(YSR|YSD).

Before proceeding with the proof of Theorem 3.2.1 we briefly sketch
our construction. The idea is to use a PC at the source for channel coding
that is capacity achieving in the ideal scenario where the destination has
access to both YSR and YSD. In order to provide the destination with
the relay observation we consider the virtual DMC WV that has YSR at
its input and YSD at its output, and conditional pmf

WV (ysd|ysr) =
∑

x∈X

p(ysd, ysr|x).

If we interpret YSR = vGN as a codeword from a PC designed for WV

(with frozen set Fv), then we only need to transmit the corresponding
frozen symbols

(

YSRG
−1
N

)

Fv
over the relay-destination channel. This

will allow the destination to generate the estimate ŶSR from YSD using
the SC algorithm.

Proof of Theorem 3.2.1. Design a sequence of PCs for the channel W :
X → YSD × YSR with transition probabilities given by

W (ysd, ysr|x) = p(ysd, ysr|x)



62 3 Compress-and-Forward with Polar Codes

where p(ysd, ysr|x) comes from the pmf of the channel (3.1). By construc-
tion this sequence achieves the symmetric capacity of W . Let E , EYSR

,
and ERD denote the events {Û 6= U}, {ŶSR 6= YSR}, and the event
of an erroneous relay-destination transmission. Let Ec, Ec

YSR
, and Ec

RD

denote their complementary events, respectively. Using this we write

P (E) = P (E|ERD)P (ERD) + P (E|Ec
RD)P (Ec

RD)

≤ P (ERD) + P (E|Ec
RD). (3.6)

If a sequence of PC is used for the transmission from relay to destination,
then we know that

P (ERD) ≤ O(2−Nβ

) (3.7)

for sufficiently large N if the transmission rate is below the symmetric
capacity of the channel [Arı09]. That is if

RRD < Is(XR;YRD). (3.8)

We now rewrite the term P (E|Ec
RD) in (3.6) as

P (E|Ec
RD) = P (E|Ec

RD, EYSR
)P (EYSR

|Ec
RD)

+ P (E|Ec
RD, Ec

YSR
)P (Ec

YSR
|Ec

RD)

≤ P (EYSR
|Ec

RD) + P (E|Ec
RD, Ec

YSR
). (3.9)

The first term in (3.9) corresponds to the probability of error for PCs
used for Slepian-Wolf coding [KU10]. In order to be able to regener-
ate YSR from YSD the destination needs to know the frozen symbols
(

YSRG
−1
N

)

Fv
. Since PCs achieve the symmetric capacity the size of Fv

can be bounded as

|Fv|

N
> 1− Is(YSR;YSD)

= H(YSR|YSD)

for sufficiently large N. Hence, if the rate used over the relay-destination
channel satisfies

RRD ≥ H(YSR|YSD), (3.10)

then we can bound the error probability as

P (EYSR
|Ec

RD) ≤ O(2−Nβ

). (3.11)
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The same bound also applies to the second term in (3.9) since the
PC used by the source node for channel coding is designed under the
hypothesis that the decoder will have access to YSR (expressed by the
condition Ec

YSR
), and YSD. That is, for any rate R < Is(X;YSRYSD) we

have

P (E|Ec
RD, Ec

YSR
) ≤ O(2−Nβ

). (3.12)

We obtain the desired bound by collecting (3.7), (3.11), and (3.12).
The constraint on the symmetric capacity of the relay-destination channel
is given by (3.8) and (3.10).

Corollary 3.2.1. If all the channels are symmetric in the sense of Def-
inition 2.1.3 and Is(XR;YRD) ≥ H(YSR|YSD), CF relaying based on
Slepian-Wolf coding achieves the cut-set bound which is necessarily given
by Is(X;YSR, YSD).

3.3 Compress-and-Forward Based on Polar

Codes for Wyner-Ziv Coding

In this section we study the general case where the capacity of the relay-
destination is arbitrary. In order to be able to transmit over the relay-
destination channel, the relay has to reduce the amount of information
about its observation conveyed to the destination.

Consider again the relay channel depicted in Figure 3.1 and the case
where the relay can neither decode nor perform compress-and-forward
relaying based on Slepian-Wolf as described in the previous section. In
this scenario a simple way of realizing cooperation is to have the relay
convey a lossy compressed version of its observation. In this way, for some
judicious choice of the distortion measure, the relay can lower the trans-
mission rate at the expense of introducing a certain amount of distortion
D. If we denote the corresponding rate-distortion function by R(D), it is
possible to reconstruct the compressed version of YSR at the destination
if the transmission rate over the relay-destination channel satisfies

R(D) < RRD < CRD

and N is sufficiently large. However, with this strategy we are not con-
sidering the fact that the two observations of the source message are
correlated. In this circumstances Wyner-Ziv coding or source compres-
sion with side information at the decoder ( [WZ76], see Chapter 2) is
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the appropriate tool to extend the idea in CF relaying with Slepian-Wolf
coding. It allows us to lower the requirements on the capacity of the relay-
destination channel. As discussed in Section 2.3.4, the optimality of polar
codes for binary Wyner-Ziv coding was also established in [KU10].

In the following we consider the application of q-ary polar codes for
compress-and-forward relaying based on Wyner-Ziv coding. We summa-
rize our result in the following theorem. Consider the rates RCF

s from
Definition 3.1.2 with the associated constraint on the symmetric capacity
of the RD channel.

Theorem 3.3.1 (Symmetric compress-and-forward relaying using polar
codes). For any fixed rate R < RCF

s there exists a sequence of PCs with
block error probability at the destination Pe = P (Û 6= U) under SC
decoding bounded as

Pe ≤ O(2−Nβ

)

for any 0 < β < 1
2 and sufficiently large block length N .

The constructions of polar codes used in the proof of Theorem 3.3.1
are based on nested polar codes, which were introduced for the binary
case in [KU10]. The proof of Theorem 3.3.1 is deferred to Section 3.3.2,
after introducing nested polar coding with q-ary alphabets.

3.3.1 Nested Polar Codes

This section presents the nested PCs that will be the basis of the system
used to achieve the rates in Definition 3.1.2. Firstly, we extend some
results from [Kor09] on polarization for degraded channels. Secondly, we
study a type of channels with special symmetry properties. Finally, using
these results we introduce the aforementioned nested codes.

Degradation and Bhattacharyya parameters

Consider Definition 2.1.6 (degraded channels) and the Bhattacharyya
distances in (2.1) and (2.2). We now extend the Lemmas 1.8 and 4.7
in [Kor09], which relate the Bhattacharyya parameters of degraded bi-
nary DMCs and the channel combining and splitting operation to arbi-
trary DMCs.
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Lemma 3.3.1 (Bhattacharyya and degradation for q-ary DMCs). Let
W1 : X → Y1 and W2 : X → Y2 be two q-ary DMCs with W1 degraded
with respect to W2. Then,

Z(W1) ≥ Z(W2).

Proof. Immediate by applying [Kor09, Lemma 1.8] to all individual Bhat-
tacharyya distance pairs Z(W1{x,x′}), Z(W2{x,x′}) in the definition of the
average Bhattacharyya distance (2.2).

Proposition 3.3.1. Let W ′ : X → Y ′ be degraded with respect to
W : X → Y, and let (W,W ) → (W−,W+) and (W ′,W ′) → (W

′−,W
′+).

Then W
′− and W

′+ are degraded with respect to W− and W+ respec-
tively. Moreover, Z(W

′(i)) ≥ Z(W (i)) for all i ∈ {0, 1, . . . , N − 1}.

Proof. Immediate using Lemma 3.3.1 and [Kor09, Lemma 4.7].

Shift-invariant test channels

In this section we establish a bound on the distribution of the error in
compression using PCs and the SC algorithm, valid for a specific type
of test channels to be introduced shortly. Most of the results included
here are extensions to q-ary DMCs of their binary counterparts in [KU10]
(Lemmas 8, 9, 11).

Definition 3.3.1 (Shift-invariant DMC). A DMC W : X → Y, with
Y = X , is shift-invariant if for every x, a ∈ X and y ∈ Y we have that

W (y|x) = W (y ⊕ a|x⊕ a).

For shift-invariant channels we have

WN (y|x) = WN (y ⊕ a|x⊕ a),

WN (y|u) = WN (y ⊕ a|u⊕ aG−1
N ).

Note that the qSC(α) is a shift-invariant DMC.
Using these properties we prove the following lemmata. Let W be a

shift-invariant q-ary test channel used for constructing a PC for source
coding.

Lemma 3.3.2. Let y,y′ ∈ YN with y′ = y ⊕ a. Let u,u′ ∈ XN with
u′i−1

0 = ui−1
0 ⊕ vi−1

0 , where v = aG−1
N . Consider PUi|U

i−1

0
,Y in (2.38).

We have that

P (ui|u
i−1
0 ,y) = P (ui ⊕ vi|u

′i−1
0 ,y′).
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Proof. From (2.36) we write

P (u,y) =
1

qN
WN (y|u) =

1

qN
WN (y|uGN )

and

P (ui|u
i−1
0 ,y) =

∑

u
N−1

i+1

P (ui−1
0 , ui,u

N−1
i+1 ,y)

P (ui−1
0 ,y)

=
1

P (ui−1
0 ,y)

1

qN

∑

u
N−1

i+1

WN (y|uGN ). (3.13)

Similarly,

P (ui ⊕ vi|u
′i−1
0 ,y′) =

1

qN
1

P (u′i−1
0 ,y′)

∑

u′N−1

i+1

WN (y′|u′GN )

=
1

qN
1

P (u′i−1
0 ,y′)

∑

u
N−1

i+1

WN (y′|(u′i−1
0 , ui ⊕ vi,u

N−1
i+1 )GN ). (3.14)

In deriving (3.14) we have used that u′N−1
i+1 is a dummy vector. The sum-

mations in (3.13) and (3.14) are equal due to the shift-invariant property

of W . The terms 1/P (ui−1
0 ,y) and 1/P (u′i−1

0 ,y′) are only scaling fac-
tors, independent of ui and vi. Moreover, for any vi we have that

∑

ui

P (ui|u
i−1
0 ,y) =

∑

ui

P (ui ⊕ vi|u
′i−1
0 ,y′) = 1.

Hence we conclude that P (ui|u
i−1
0 ,y) = P (ui ⊕ vi|u

′i−1
0 ,y′).

Lemma 3.3.3. Let y,y′,a ∈ YN , with y′ = y ⊕ a. Consider any set
F ⊆ {0, 1, . . . N − 1} and uF ,u

′
F with u′

F = uF ⊕ (aG−1
N )F then, under

common randomness,

Û(y′,u′
F ) = Û(y,uF )⊕ aG−1

N .

Proof. By induction, identical to that of [KU10, Lemma 9].

Corollary 3.3.1. A direct consequence of the previous Lemma is that all
source vectors that belong to the same coset A(vF ) = {y : (yG−1

N )F =
vF } have the same quantization error for a fixed uF (under common
randomness), and this error is equal to Û(0,uF ⊕ vF )GN .
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The proof is quite similar to that of its binary counterpart in [KU10].
We include it here for completeness.

Proof. Consider the quantization errors e and e′ due to compression of
the vectors y and y′ using the frozen symbols uF , respectively. That is,

e = Û(y,uF )GN ⊖ y,

e′ = Û(y′,uF )GN ⊖ y′.

Using Lemma 3.3.3 we write

e′ = (Û(y,uF ⊖ (aG−1
N )F )⊕ aG−1

N )GN ⊖ y′,

for any vector a, where y′ = y ⊕ a. If y,y′ belong to the same coset
A(vF ) then

(aG−1
N )F = 0.

Hence

e′ = Û(y,uF )GN ⊕ aG−1
N GN ⊖ y′

= Û(y,uF )GN ⊕ (y′ ⊖ y)⊖ y′

= Û(y,uF )GN ⊖ y = e

which shows that the two quantization errors are equal.
Now consider y ∈ YN ,y′ = 0 and a = y′ ⊖y and let vF = (yG−1

N )F .
Again, using Lemma 3.3.3 we write

Û(y,uF ) = Û(y′,u′
F )⊖ aG−1

N

= Û(0,uF ⊖ vF )⊖ aG−1
N

= Û(0,uF ⊖ vF )⊕ yG−1
N .

Multiplying both sides by GN we obtain the desired expression for the
quantization error e

e = Û(y,uF )GN ⊖ y

= Û(0,uF ⊖ vF )GN .
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In our proof of the achievability of the rates RCF
s as defined in (3.2),

we shall approximate the quantization error incurred by source coding
with PCs built upon a qSC(α). For this purpose we extend a bound on the
quantization error [KU10, Lemma 11] to q-ary reconstruction alphabets
(with q prime).

Lemma 3.3.4 (Distribution of the quantization error). Let Y be a q-ary
DMS that puts out letters according to a uniform distribution. Let W (y|x)
be the q-ary test channel obtained in the symmetric rate-distortion prob-
lem. Let the frozen set F be defined as

F =







i ∈ {0, 1, . . . , N − 1} : I(W
(i)
N ) ≤

δ2N
√

2 logq(e)







.

Let PuF

E (e) denote the probability distribution of the quantization error
when the frozen set is fixed to uF . Then for any uF ∈ X |F |

∑

e∈YN

∣

∣

∣

∣

∣

PuF

E (e)−

N−1
∏

i=0

P(α)(ei)

∣

∣

∣

∣

∣

≤ |F |δN .

Proof. The proof is similar to that of the binary case [KU10, Lemma 11].
In this case we need to account for the differences due to q > 2. Using
Corollary 3.3.1 we can write the error probability as the expectation

PuF

E (e) = E

{

1{(Û(y,uF )GN)⊖y=e}

}

= E

{

1{(Û(0,uF⊖(yG−1

N )
F
)GN)=e}

}

= Q(u|0)1{e=uGN}. (3.15)

Here 1{.} is an indicator function that takes value 1 if the argument
is true and 0 otherwise, and Q(u,y) is the pmf that has the marginal
Q(y) = P (y) and satisfies [KT10]

Q(ui|u
i−1
0 ,y) =

{

1
q if i ∈ F,

P (ui|u
i−1
0 ,y) if i ∈ F c.

(3.16)

The equality in (3.15) is justified by the fact that Y is a uniform DMS.
Hence uF ⊖

(

yG−1
N

)

F
is also uniformly distributed over q|F | and is inde-

pendent of the actual value of uF . This behavior is reflected in (3.16) by
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the factor 1/q. Recall from Section 3.1 that W is the qSC(α). Hence we
can write

N−1
∏

i=0

P(α)(ei) = PX|Y(e|0) (3.17)

= PU|Y(u|0)1{e=uGN}. (3.18)

Using (3.15) and (3.18) we write

∑

e∈YN

∣

∣

∣

∣

∣

PuF

E (e)−

N−1
∏

i=0

P(α)(ei)

∣

∣

∣

∣

∣

=
∑

u∈YN

∣

∣Q(u|0)− PU|Y(u|0)
∣

∣1{e=uGN}

=
∑

ũ∈YN

∣

∣Q(ũ|0)− PU|Y(ũ|0)
∣

∣ (3.19)

= qN
∑

ũ∈YN

|Q(ũ,0)− PU,Y(ũ,0)| .

In obtaining (3.19) we have used the fact thatGN is a one-to-one mapping
and hence the summation is over all u ∈ YN . Note that due to the shift-
invariant property of the qSC(α), the summation

∑

ũ∈YN

|Q(ũ,v)− PU,Y(ũ,v)|

takes the same value for all v ∈ YN . Using this we write

∑

e∈YN

∣

∣

∣

∣

∣

PuF

E (e)−
N−1
∏

i=0

P(α)(ei)

∣

∣

∣

∣

∣

=
∑

v∈YN

∑

ũ

|Q(ũ,v)− PU,Y(ũ,v)|

≤ |F |δN .

The inequality is obtained is due to Lemmas 2 and 5 from [KT10].

This result allows us to model the lossy compression process as a
transmission through a qSC(α) when designing the channel PC used by
the source.

Before concluding this section we state a lemma that shall prove useful
when analyzing nested PCs.
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Lemma 3.3.5. Consider an arbitrary q-ary DMC W . Let F and F ′ be
the subsets defined by

F ′ =
{

i ∈ {0, 1, . . . , N − 1} : I(W
(i)
N ) ≤ δ′

2
N

}

,

F =
{

i ∈ {0, 1, . . . , N − 1} : Z(W
(i)
N ) ≥ 1− δ2N

}

with 1− δ2N =

√

1−
(

δ′2
N

2(q−1) logq(e)

)2

. Then F ⊆ F ′.

Proof. From Lemma 2.3.1 we know that for any q-ary DMC W̃ [cETA09]

I(W̃ ) ≤ 2(q − 1) logq(e)

√

1− Z(W̃ )2.

Hence, for every i ∈ F (i.e., i s.t. Z(W
(i)
N ) ≥ 1− δ2N )

I(W
(i)
N ) ≤ 2(q − 1) logq(e)

√

1− (1− δ2N )
2

= 2(q − 1) logq(e)

√

√

√

√1− 1 +

(

δ′2N
2(q − 1) logq(e)

)2

.

That is, I(W
(i)
N ) ≤ δ′

2
N , which implies F ⊆ F ′.

Nested q-ary polar codes

Nested polar coding was introduced in [KU10] for binary alphabets. We
extend it here to non-binary alphabets using the results from the previous
section and [cETA09,KT10].

Consider Figure 3.1. The goal is to provide the destination with a
compressed version of YSR and at the same time minimize the required
rate on the relay-destination channel by considering the correlation be-
tween YSR and YSD. The idea is to construct a good PC for source
coding (YSR into YQ) that can be partitioned into cosets that are good
channel PCs for the virtual channel from YQ to YSD. Recall that we
assumed that all values for YSR and YQ are equally likely.

We use a simple model for the statistics between YQ and YSD and
then show that it is good for large enough N . Let WQ be the test channel
from Section 3.1 and let WV denote our model for the virtual channel
between YQ and YSD described by the following transition probabilities

WV (ysd|yq) =
∑

ysr

WQ(ysr|yq)W (ysd|ysr). (3.20)
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Here W (ysd|ysr) is the DMC defined by the conditional pmf

W (ysd|ysr) =
1

|YSR|

∑

x∈X

1

|X |
p(ysd, ysr|x).

Note that WV defines the following Markov chain

YQ → YSR → YSD. (3.21)

Let W
(i)
Q and W

(i)
V be the ith synthetic channels (i = {0, 1, . . . , N−1})

in a PC construction based on WQ and WV , respectively. We define the
sets F ′

q, Fq, and Fc as

F ′
q =

{

i ∈ {0, 1, . . . , N − 1} : I(W
(i)
Q ) ≤ δ′

2
N

}

,

Fq =
{

i ∈ {0, 1, . . . , N − 1} : Z(W
(i)
Q ) ≥ 1− δ2N

}

,

Fc =
{

i ∈ {0, 1, . . . , N − 1} : Z(W
(i)
V ) ≥ δN

}

,

respectively, with 1−δ2N =

√

1−
(

δ′2
N

2(q−1) logq(e)

)2

. Let F c
q and F c

c denote

the complementary sets of Fq and Fc, respectively.
The compressed version of YSR (i.e., YQ) is obtained as

Û(YSR,uFq
)GN where uFq

is some fixed sequence of q-ary symbols.

Hence, the destination node only needs to know (Û(YSR,uFq
))F c

q
in order

to be able to regenerate YQ.
Moreover, since GN is an invertible matrix we can interpret YQ as a

codeword v from the PC based on WV . That is,

YQ = Û(YSR,uFq
)GN

= vGN

where clearly v = Û(YSR,uFq
) = YQG

−1
N . Under the assumption that

WV models correctly the aforementioned correlation, YSD can also be in-
terpreted as the output of WV when the input is YQ. The only difference
between the two PCs lies in the sizes and contents of the frozen sets, i.e.,
Fc vs. Fq. Due to the relation of degradation between WV and WQ, i.e.,
(3.20), for small δN (s.t. δN < 1−δ2N ) we not only know that |F c

q | > |F c
c |

but also Proposition 3.3.1 guarantees that every i ∈ F c
c will also belong

to F c
q provided N is sufficiently large. Under these assumptions we can
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recover v = Û(YSR,uFq
) from YSD at the destination (and hence YQ)

if we provide its decoder with the unknown part of the frozen symbols.
That is, if the SC decoder at the destination has access to the values of
the symbols vi for all i ∈ Fc ∩ F c

q (see Figure 3.2) then it will be able
to estimate the vector YQ. Moreover, the probability that this estimate

is wrong can be bounded as O(2−Nβ

) for any 0 < β < 1
2 provided N is

sufficiently large.

uFq
uF c

q

uFc
uF c

c

uFc∩F c
q

Figure 3.2: Nested structure of PCs.

We know that PCs are optimal for (symmetrical) channel coding
[Arı09, cETA09] and (symmetrical) source coding [KU10, KT10]. That
is, for any Rc < I(WV ) and any Rq > Rs(D) = I(WQ) if N is sufficiently
large, we have that

I(WV ) >
|F c

c |

N
> Rc and I(WQ) <

|F c
q |

N
< Rq.

Hence, we only need to transmit at rate

RRD =
|F c

q | − |F c
c |

N
> I(WQ)− I(WV ) (3.22)

over the relay-destination channel in order to be able to recover YQ at
the destination.

Thus far our analysis has relied on the assumption that WV mod-
els correctly the true correlation between YQ and YSD. We now verify
that using this simple model has (asymptotically) no impact on the er-
ror probability. Let PEQ

denote the actual distribution of the quantiza-
tion error and PEα

that of a vector of i.i.d. RVs with distribution P(α).
Let P (EQ,Eα) denote the optimal coupling as defined in [Kor09, The-
orem 4.1], [Ald83]. That is, P (EQ,Eα) has marginals PEQ

and PEα

and satisfies P (EE) =
∑

e

∣

∣PEQ
(e)− PEα

(e)
∣

∣ where EE denotes the event



3.3 CF Based on Wyner-Ziv Polar Codes 73

{EQ 6= Eα}. Similarly, EYQ
and ERD denote {ŶQ 6= YQ} and an erro-

neous relay-destination transmission. Ec
YQ

, Ec
E , E

c
RD are their respective

complementary events. Then we have

P (EYQ
) = P (EYQ

|Ec
E)P (Ec

E) + P (EYQ
|EE)P (EE)

≤ P (EYQ
|Ec

E , E
c
RD)P (Ec

RD|Ec
E)

+ P (EYQ
|Ec

E , ERD)P (ERD|Ec
E) + P (EE)

≤ P (EYQ
|Ec

E , E
c
RD) + P (ERD) + P (EE) (3.23)

≤ O(2−Nβ

).

Here and in the following we bound repeatedly some probabilities by 1
when necessary. In obtaining (3.23) we have used that ERD and EE are

independent. All three terms in (3.23) can be bounded as O(2−Nβ

) for
any 0 < β < 1

2 and sufficiently large N . In the first two cases this is
due to the properties of PCs under SC decoding assuming that polar
codes are also used in the relay-destination transmission, and RRD <
Is(XR;YRD). The last bound is obtained by applying Lemma 3.3.4 to F ′

q

and by observing that Fq ⊆ F ′
q due to Lemma 3.3.5.

To conclude this section, we rewrite the bound on RRD by considering
the Markov chain property in (3.21). We have that

I(YQ;YSRYSD) = I(YQ;YSR)

= I(YQ;YSD) + I(YQ;YSR|YSD).

This holds for any distribution on YQ as long as the relationship in (3.21)
is satisfied. In particular, when YQ is uniformly distributed we have that

Is(YQ;YSR|YSD) = Is(YQ;YSR)− Is(YQ;YSD)

= I(WQ)− I(WV ).

3.3.2 Compress-and-Forward Based on Polar Codes

for Wyner-Ziv coding

In this section we prove Theorem 3.3.1 using the nested polar codes from
Section 3.3.1.

Proof of Theorem 3.3.1. Design a sequence of PCs for the channel W :
X → YQ × YSD with transition probabilities

W (ysd, yq|x) =
∑

ysr∈YSR

WQ(yq|ysr)p(ysd, ysr|x)
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where WQ is the qSC(α) obtained in the maximization in (3.2) and
p(ysd, ysr|x) comes from the channel pmf (3.1). By construction this
sequence achieves the symmetric capacity of W . Design a sequence of
nested polar codes as described in Section 3.3.1 to compress YSR into YQ

and to exploit the correlation between YQ and YSD.

Let E denote the event {Û 6= U} and EYQ
, ERD, EE be defined as in

Section 3.3.1. Again, Ec, Ec
YQ

, Ec
RD, and Ec

E denote their complementary
events. Using this we write

P (E) = P (E|ERD)P (ERD) + P (E|Ec
RD)P (Ec

RD)

≤ P (ERD) + P (E|Ec
RD). (3.24)

If a sequence of PCs is used for the relay-destination transmission then

P (ERD) ≤ O(2−Nβ

) (3.25)

for any 0 < β < 1
2 and sufficiently large N by using the SC decoder

[cETA09] provided that

RRD < Is(XR;YRD). (3.26)

We now rewrite the term P (E|Ec
RD) in (3.24) as

P (E|Ec
RD) = P (E|Ec

RD, EE)P (EE |E
c
RD)

+ P (E|Ec
RD, Ec

E)P (Ec
E |E

c
RD)

≤ P (EE |E
c
RD) + P (E|Ec

RD, Ec
E)

= P (EE) + P (E|Ec
RD, Ec

E), (3.27)

where the last step is due to the independence of EE and ERD.
To bound the first term in (3.27) we proceed as in Section 3.3.1.

Let PEQ
, PEα

, P(α), and P (EQ,Eα) be defined in the same way. From
Lemma 3.3.4 we know that

P (EE) =
∑

e

∣

∣PEQ
(e)− PEα

(e)
∣

∣ ≤ O(2−Nβ

). (3.28)

Finally, we bound the last term in (3.27) as

P (E|Ec
RD, Ec

E) = P (E|Ec
RD, Ec

E , EYQ
)P (EYQ

|Ec
RD, Ec

E)

+ P (E|Ec
RD, Ec

E , E
c
YQ

)P (Ec
YQ

|Ec
RD, Ec

E)

≤ P (EYQ
|Ec

RD, Ec
E) + P (E|Ec

RD, Ec
E , E

c
YQ

) (3.29)

≤ O(2−Nβ

) (3.30)
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for any 0 < β < 1
2 and sufficiently large N . It was already argued in

Section 3.3.1 that the first term in (3.29) can be bounded as O(2−Nβ

)
as long as (3.22) is satisfied. The same bound holds also for the second
term in (3.29) since the PC for channel coding used by the source node
is designed precisely under the hypothesis that Ec

E and Ec
YQ

hold.

Combining (3.25), (3.28), and (3.30) we obtain the bound on Pe. The
constraint comes from (3.22) and (3.26).

3.4 Performance Evaluation

In this section we evaluate the performance of the proposed constructions
of polar codes for compress-and-forward relaying for finite block lengths
using simulation results. First we will discuss the design based on Slepian-
Wolf coding and then the Wyner-Ziv construction. In the latter case we
will analyze the performance step by step to observe the effect of each of
the approximations used in the theoretical derivations when finite block
lengths are considered.

3.4.1 Slepian-Wolf

We first consider polar codes compress-and-forward based on Slepian-
Wolf coding as described in Section 3.2. We have modeled the source-
relay and source-destination channels as two independent BSCs with
crossover probabilities of 0.05 and 0.1 respectively. We will consider
two possible realizations of the relay-destination channel: as an error-
free channel with fixed capacity and an independent BSC. According to
this description, the bounds in Theorem 3.2.1 are Is(X;YSRYSD) ≈ 0.83
and H(YSR|YSD) ≈ 0.58. A non-cooperative strategy would be limited
by the symmetric capacity of the direct link Is(X;YSD) ≈ 0.53.

The behavior of the bit error rate (BER) Pe(Û 6= U) is shown in
Figure 3.3 for different values of three parameters: source transmission
rate (R, coordinate axis), block length (2n, specified by the line marker),
and rate over the relay-destination channel (RRD, specified by the line
face). In this case the relay-destination channel is modeled as an error-
free link with enough capacity to support the rate RRD.

As expected the BER is reduced by increasing n for fixed R and
RRD. Similarly to other coding methods such as Turbo or LDPC codes
we observe the appearance of threshold effects around R ≈ 0.8 < 0.83 and
RRD ≈ 0.65 > 0.58. It is expected that with larger blocks their positions
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Figure 3.3: CF relaying using polar codes based on Slepian-Wolf: error-
free relay-destination channel.

will shift towards Is(X;YSRYSD) and H(YSR|YSD), respectively. For
fixed n the BER can be reduced by increasing both gaps to the bounds,
i.e., by reducing R and increasing RRD. That is, by lowering the efficiency
of the system in terms of rate we can improve the BER behavior without
adding complexity or delay. However, we observe a saturation effect if
only one of the rates is changed. For example, for R < 0.75 the BER
curves flatten out. This is due to the fact that errors on the channel
code over the virtual channel (event EYSR

) start dominating the error
probability (i.e, the term in (3.11)). A similar effect is observed if only
RRD is increased. In this case, the the virtual channel becomes nearly
error-free and the error probability is dominated by the weakness of the
channel code used by the source (i.e, the term in (3.12)).

In Figure 3.4 we observe the performance in terms of the BER
when the relay-destination channel is modeled as a BSC (with capac-
ity CRD = 0.85). We observe a severe degradation of the performance
when compared to the error-free relay-destination channel. In this case
we observe that increasing the rate of transmission RRD (which reduces
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the rate over the virtual channel) is not always beneficial. Beyond a cer-
tain point this increase yields a quick degradation in performance. The
reason for this is that the rate RRD approaches the capacity of the chan-
nel CRD and hence errors on this link channel are more frequent (i.e, the
term in (3.7)). This transmission carries the frozen bits that are to be
used in decoding the virtual channel. If these bits are incorrectly esti-
mated decoding of the virtual channel will fail regardless of the gap to
the symmetric capacity. Moreover, if the destination node cannot recover
YSR it will not be able to decode the source message either. Unfortu-
nately, lowering the rate used by the source has no noticeable impact
since the code is designed under the assumption that the destination will
have access to the two observations. This explains the presence of wider
error floor regions with respect to Figure 3.3.
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Figure 3.4: CF relaying using polar codes based on Slepian-Wolf: binary
symmetric relay-destination channel.

3.4.2 Wyner-Ziv

We now consider polar codes for compress-and-forward based on Wyner-
Ziv coding as described in Section 3.3. Again, we model the source-relay
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and source-destination as independent BSCs with crossover probabilities
of 0.1 and 0.05, respectively. That is, as opposed to the previous case, the
relay has now an observation of worse quality than that of the destination.
In this scenario the relay employs a PC for source compression at a rate
of RQ = 0.8 bits per observation. This corresponds to a parameter
α = h−1

2 (1 − RQ) ≈ 0.031 in the maximization in (3.2). Initially we
model the relay-destination channel as an error-free link with enough
capacity to support the rate RRD. The limits in Theorem 3.3.1 are
Is(X;YSDYQ) ≈ 0.81, Is(YSR;YQ|YSD) ≈ 0.44. Without cooperation the
scenario is limited by Is(X;YSD) ≈ 0.71.

The response of the system to the variations in the same parameters
as before is shown in Figure 3.5. In general the effect is the same as
for the Slepian-Wolf case. However, for similar gaps to the different
bounds the Wyner-Ziv scenario performs worse than the Slepian-Wolf
case. The reason for this is that our construction based on Wyner-Ziv
coding contains one more PC than the one based on Slepian-Wolf coding.
Moreover, the assumption on the distribution of the compression error
is only accurate in the asymptotic regime. Thats is, the addition of the
rate-distortion component adds suboptimalities for limited n not only
due to its practical implementation (PC), but also due to the modeling
of the compression error.

Figure 3.6 shows the performance in terms of BER when the relay-
destination channel is modeled as a BSC with capacity 0.85. Again, the
conclusions drawn for the Slepian-Wolf scenario apply here.

Step by step analysis

We now analyze the performance of polar codes for compress-and-forward
based on Wyner-Ziv coding step by step. The aim is to show the impact
on the performance of each of the approximations used in the theoretical
derivations. We model the source-relay and source-destination as inde-
pendent BSCs with crossover probabilities of 0.05 and 0.1, respectively.
The relay performs compression at rate RQ = 0.8 bits per observation.
Again α ≈ 0.031 in the maximization in (3.2).

We start by considering the polar (channel) code used by the source
to protect the information bits against possible errors in transmission
over the channel W : X → YSD ×YQ. As described in Section 3.3.2, this
model assumes that the compression error is equivalent to a transmission
through a BSC(α). Figure 3.7 shows the performance in the scenario
where the destination can recover this idealized compressed version of
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Figure 3.5: Performance of CF relaying with PCs based on Wyner-Ziv
coding: error-free relay-destination channel.

the relay observation without errors. Note that the symmetric capacity
of the channel W is Is(X;YSD, YQ) ≈ 0.78.

In the next step we consider the scenario where the destination has
access to its own observation and to the real output of the source com-
pression algorithm used by the relay. That is, we no longer model the
compression error as a transmission through a BSC(α), but we still as-
sume that the destination has access to the compressed version of the
relay observation without errors. The performance is shown in Figure 3.8
for the two quantization rules described in Chapter 2: randomized round-
ing (R) and hard decision (H). We observe some degradation for small
values of the block length exponent n with respect to Figure 3.7. How-
ever, as the block length increases the performance quickly approaches
that of the BSC(α) model, especially for the hard decision rule.

Finally, in Figure 3.9 we see the performance when the nested con-
struction of exploiting the correlation through the virtual channel is used.
In this case we still assume that the channel from relay to destination is
error-free with large enough capacity to support the rate RRD. We ob-
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Figure 3.6: Performance of CF relaying with PCs based on Wyner-Ziv
coding: binary symmetric relay-destination channel.

serve severe degradations in performance if the rate RRD is low because
this implies that the code construction for the virtual channel operates
to close to capacity. However, as we increase RRD (and consequently
the capacity of this channel), the gap to the symmetric capacity of the
virtual channel increases and the polar code used for nesting performs
better. Consequently, the performance approaches that of Figure 3.8. If
the relay-destination channel is not error free, then it is necessary to use
a polar code for this channel as well. In this case increasing RRD makes
the code operate closes to the symmetric capacity of the channel CRD

which leads to decoding errors that propagate as described for Figure 3.6.
In general, for finite block lengths one has to find the optimal rate RRD

so that neither the rate over the virtual channel nor the rate over the
relay-destination channel are too close to their respective capacities. The
BER plots for this case are quite similar to those in Figure 3.6 and do
not provide us with more insights on the system, hence we omit them.
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Figure 3.7: CF relaying using polar codes based on Wyner-Ziv: perfor-
mance of the broadcast code.

3.5 Conclusion

In this chapter we have shown that polar codes are suitable for compress-
and-forward in relay channels with orthogonal receivers. For scenarios
with relay-destination channels with large capacity, CF based on Slepian-
Wolf coding allows the destination to achieve the same rates that would
be achieved if the decoder had direct access to both observations of the
source transmission. Moreover, if all the channels are symmetric this
strategy achieves the cut-set bound. More generally, for arbitrary ca-
pacities of the relay-destination channel, transmission at a constrained
version of the CF rate is possible by nesting PCs for source coding into
PCs for channel coding as in the Wyner-Ziv problem.

Our simulation results match the behavior predicted by the theoretical
derivations. However, even though asymptotically optimal, the perfor-
mance for finite block lengths is far away from these limits for large N .
This problem is common to polar codes in general and is particularly
visible in our case due to the presence of multiple approximations that
only hold for large enough blocks.
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Chapter 4

Compress-and-Forward

Based on Joint

Source-Channel Coding

In this chapter we present a code design for realizing compress-and-
forward (CF) in Gaussian relay channels. We first analyze two general
models for implementing CF relaying and observe that only one of them
approaches the performance of a distributed antenna system under ideal
circumstances.

Based on this observation we introduce our system design. It has two
distinguishing features: joint source-channel coding of the relay observa-
tions and iterative decoding at the destination. The former allows for
simple designs where the relay utilizes the correlation between the ob-
servations of the source transmission as redundancy for channel coding.
In order to adapt the transmission rate from relay to destination to the
available bandwidth we propose to use entropy-constrained scalar quan-
tizers and joint code/modulation designs. The destination, in order to
recover the message from the relay performs iterative decoding using the
direct-link observation of the source transmission as side information.

This chapter is organized as follows. In Section 4.1 we review the
system model and discuss two basic alternatives for realizing CF relaying.
In Section 4.2 we introduce the general model for our relay and propose
several alternatives to implement it according to the specific conditions
of the scenario. In Section 4.3 we discuss several variants of the iterative



86 4 CF Based on Joint Source-Channel Coding

decoding algorithm used by the destination. In Section 4.4 we verify the
performance of the proposed code design using simulations. Section 4.5
concludes this chapter.

4.1 System Model

In this chapter we consider the half-duplex Gaussian relay channel with
orthogonal receivers described in Chapter 2 and depicted in Figure 4.1.
In this model all the links (i.e., source-relay, source-destination, and
relay-destination) are independent additive white Gaussian noise chan-
nels. Each of these channels is parametrized by its signal-to-noise ratio
(SNR).

Source Destin.

Relay

XU

XR

YRD

YSR

YSD

NRDNSR

NSD

Û

Figure 4.1: Transmission model.

The source node wants to convey a sequence of equally likely i.i.d.
bits U to the destination. Communication is divided into two phases. In
the first one the source performs channel coding (Cs with rate Rs) and
modulation on the information bits and transmits the resulting symbols
X. Both relay and destination observe noisy versions of this transmitted
signal, YSR and YSD, respectively. After this phase is completed the
relay processes its observation and generates a message XR that is sent
during the second phase of communication. The destination observes a
noisy version YRD of the relay transmission. Using this observation as
well as the contribution from the source-destination link, the destination
node generates an estimate of the information bits Û.

The number of channel uses for the first and second communication
phases are given by N1 and N2 respectively, where

N2 = γN1.

For simplicity we will only consider the cases where γ ∈ N. In particular,
γ = 1 corresponds to a symmetric distribution of the bandwidth between
both transmission phases, whereas γ > 1 implies bandwidth expansion.
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This chapter, as most of the work on compress-and-forward, focuses
on the scenarios where the SNR on the source-relay channel is too low
to allow for decoding of the message U. In addition, we restrict our
interest to the cases where the relay-destination channel has a low SNR
as well. In these circumstances, the combination of a relaying strategy
that does not require the source message to be decoded and the use of
digital modulations at the relay yields significant gains in performance
over the other strategies. For higher SNRs on the relay-destination link
simpler relaying protocols such as amplify-and-forward (AF) also show
remarkable gains with much lower complexity.

4.1.1 Compression Strategies

In this section we analyze two general models for realizing compress-and-
forward relaying. They differ in how the relay performs lossy compression
to convey information about its channel observations to the destination.
In the first case (Figure 4.2) the relay compresses (e.g, quantizes) its
observations directly and then applies some further processing to the
resulting signal (e.g., channel coding, lossless compression, etc.). In the
second case the relay (Figure 4.3) performs soft-decoding to obtain a
posteriori probabilities (APP) on the information symbols transmitted by
the source Ui. These probabilities are then compressed, and the resulting
signal is further processed.

Source
compression

Relay
processing

XRYSR

Figure 4.2: CF relaying based on compression of the channel observa-
tions.

APP
decoding

Source
compression

Relay
processing

XRYSR

Figure 4.3: CF relaying based on soft-decoding and compression.

Let the source node use an arbitrary channel code Cs with rate Rs =
K̃/Ñ with K̃ < Ñ . Clearly, the second method has the advantage that
the relay only needs to compress and transmit K̃ measurements, whereas
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in the first case the number of measurements is Ñ . It is desirable that
under favorable conditions on the relay-destination channel (i.e., large
capacity) the performance of the system approaches that of a distributed
antenna system (DAS) that decodes the source message using the two
independent observations YSR and YSD. As we will see in the following,
the second strategy has an inherent loss that cannot be recovered and
hence cannot approach this ideal performance. We first motivate our
analysis with one example.

Example 3:

Consider the following simple scenario in which a sender wishes to trans-
mit two information bits (U1, U2) to a destination through a binary era-
sure channel1(BEC) with erasure probability ǫ1. In addition, the relay
node observes the source transmission through an independent BEC with
erasure probability ǫ2. In order to protect the information bits a simple
single parity-check code is used. That is, for every U = (U1, U2) the 3-bit
codeword C = (C1, C2, C3) = (U1, U2, U1 ⊕ U2) is generated, where the
symbol ⊕ denotes the mod-2 addition. This codeword is modulated and
transmitted over the two parallel BECs giving rise to the two independent
observations YA = (Y A

1 , Y A
2 , Y A

3 ) and YB = (Y B
1 , Y B

2 , Y B
3 ).

We now analyze the two relaying strategies corresponding to Figures
4.2 and 4.3 under the assumption that the relay can convey information
to the destination at any desired rate. Without loss of generality we will
assume that the source transmits the codeword (−1,−1,−1).

First consider the case where the relay performs decoding of the in-
formation bits by obtaining the APPs (in LLRs)

LA
i = log

p(ui = 0|YA)

p(ui = 1|YA)
for i ∈ {1, 2}

and conveys this information to the destination. Note that due to the
properties of the BEC these LLRs can only take values in {−∞, 0,+∞}.
The destination decodes the source message using these LLRs and its own
observation. It is clear that if the relay observes the sequence (e, e,−1)
the LLRs conveyed to the destination are then (LA

1 , L
A
2 ) = (0, 0). If the

observation at the destination is (e,−1, e) the relay contribution will not
be useful to determine the value of the first bit U1.

However, if the relay conveys instead its observation to the destination
then it is possible to decode the bit U1 perfectly.

1For notational convenience the input and output alphabets are {−1,+1} and
{−1, e,+1} respectively, where e denotes an erasure.
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We now formalize the idea behind the example. Let U be the source
message. Let YA and YB be the observations at relay and destination.
The APPs obtained by the relay using the second strategy are denoted
by LA

U . Assume that the decoder at the relay cannot decode without
errors the source message, i.e., I(Ui;Y

A) < H(Ui). Consider the mutual
information in the event of decoding Ui using the two observations

I(Ui;Y
AYB) = I(Ui;Y

B) + I(Ui;Y
A|YB) (4.1)

= I(Ui;Y
B) + I(Ui;Y

ALA
U |Y

B) (4.2)

= I(Ui;Y
B) + I(Ui;L

A
U |Y

B) + I(Ui;Y
A|YBLA

U ) (4.3)

≥ I(Ui;Y
B) + I(Ui;L

A
U |Y

B) (4.4)

= I(Ui;Y
BLA

U ). (4.5)

We have obtained (4.1) using the chain rule for mutual information, (4.2)
by considering that LA

U is a deterministic function of YA, and (4.3) us-
ing again the chain rule for mutual information. The inequality in (4.4)
comes from the non-negativity of mutual information. The expression in
(4.5) is the mutual information between the symbol Ui and the observa-
tion YB and the LLRs transmitted by the relay LA

U . That is, using the
second strategy the amount of information that can be extracted using a
decoding algorithm is, at best, equal to the first case. But we have seen
in the preceding example that in general the term I(Ui;Y

A|YBLA
U ) is

not zero.
Note that it is not possible to make a general statement about the

strictness of the inequalities. For example, if the source node uses un-
coded transmission or repetition coding both strategies yield the same
performance. However, for most of the channel codes that are usually
considered (e.g., convolutional, Turbo, LDPC codes, etc.) performing
soft-decoding at the relay leads to an information loss. In fact, as we
shall see in Section 4.4 this degradation can be quite severe.

4.2 Joint Source-Channel Coding at the Re-

lay

The relay node depicted in Figure 4.4 consists of two modules, here named
as source code and channel code, concatenated through a bit interleaver
(denoted as π in the figures). As discussed in Chapter 2, due to the
presence of the interleaver the choice of both source and channel codes
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influences the behavior of the iterative decoding algorithm. We now
describe the structure of both component codes.

YQ

XRYSR

π
B

SQ Co Ci

Source code Channel code

P/M

Relay

Figure 4.4: Relay structure.

4.2.1 Source Code

The purpose of the source code is to convert the sequence of relay obser-
vations YSR, which belong to a continuous alphabet, into a sequence of
discrete symbols such that they can be processed in a digital way. More-
over, it should have good properties so that the concatenated structure
performs well under iterative decoding.

As we have seen in the previous chapters relaying involves a trade-off
between the quality of the relay contribution (and hence the performance
of the overall system) and the requirements on the rate for transmission
from relay to destination. The structure of the source code has to ac-
count for this consideration. In the most general case, the observations
YSR can be processed in block (i.e., vector quantization). This leads
in general to the best results in terms of rate and distortion. However,
optimal or near-optimal vector quantization normally comes at the ex-
pense of high complexity. On the other extreme we find the simple scalar
quantizer (SQ). The SQ is a simple memoryless method of discretizing
the information based on partitioning the input space into cells accord-
ing to some criterion. By memoryless we mean that each observation or
sample2is processed independently of past and future observations. That
is, every sample YSR is mapped independently into a single cell index jn
or equivalently into a reconstruction value YQ(n). As we shall see in the
following the SQ already captures the aforementioned rate vs. perfor-
mance trade-off. For this reason we will restrict the discussion here to
relaying based on scalar quantization of the observations. However, the
construction to be presented in the following can easily be extended to
more general quantization methods.

2The word sample denotes an observation YSR which can be a real or complex
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Scalar quantization

The design of a scalar quantizer involves finding the partition of the input
space and the set of reconstruction values that minimize some average
distortion measure. In this chapter we will consider the mean square
error distortion (MSE), i.e., (YSR − YQ)

2 when designing SQs. This is
not necessarily the optimal choice for CF relaying. In fact it has been
observed that in the context of iterative decoding using the mutual infor-
mation as the distortion measure yields a slight improvement in perfor-
mance [Rav09]. Nonetheless, the constructions and discussion to follow
are valid for most reasonable choices of the distortion measure.

For practical reasons it is convenient to use SQs with 2m quantization
indices. In this way every index is represented using m bits. However,
in the design of the SQ it is possible to add a constraint so that the
information contents of the output (i.e., the entropy) stays under a certain
value H0. That is, if J denotes the set of 2m quantization indices then

H(YQ) = −
∑

j∈J

p(j) log2 p(j) ≤ H0 bits/sample.

Consequently, unless H(YQ) = m the outputs of the SQ will contain
some redundancy that can be used as protection against the errors in
the relay-destination channel. Obviously this comes at the expense of a
higher compression distortion. This type of SQs are commonly referred to
as entropy-constrained scalar quantizers (ECSQ), and in the case where
there is no constraint on the entropy, i.e., H0 = m, they are known as
Lloyd-Max quantizers [Max60,Llo82].

As stated at the beginning of the section, the source code should be
designed so that it performs well under iterative decoding. It is well
known that one required property for good convergence behavior is that
the outer code has good distance properties [TK06]. In particular, it is
necessary that the minimum distance of the code dmin satisfies dmin ≥
2. To realize this we concatenate the SQ with an outer code Co with
rate Ro < 1. We will consider two possible realizations of Co: single
parity check codes (SPCC) and convolutional codes. As we shall see in
Section 4.3.2 the choice of Co not only influences the iterative decoder due
to its distance properties but also determines how the contribution of the
direct link can be taken into account when decoding the relay message.

number, depending on the modulation used by the source.
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4.2.2 Channel Code

The output of the source code B, after interleaving at bit level, is used
as the input to the channel code. The purpose of the channel code is
to further protect the information and to adapt it for transmission over
the relay-destination Gaussian channel. We will perform this operations
separately, first by encoding the bits B using an inner code Ci and then
by adapting the outputs for transmission (block “P/M” in Figure 4.4).

For serially concatenated systems as the one considered here it is well
known that simple inner codes with rate Ri < 1 should be avoided for
they introduce an irrecoverable gap with respect to capacity [AKtB04].
For this reason we will only use codes Ci with rate Ri = 1 or Ri > 1
(implemented with puncturing as we will see shortly).

The output symbols of Ci need to be prepared before entering the
channel. In particular, it is necessary to distribute them among the
number of channel uses available for the second phase of the transmission
and to map them into channel inputs (i.e., modulation).

In order to adapt the transmission to the number of channel uses
available in the second phase of communication we consider puncturing
of the bits and/or the use of multilevel modulations. Puncturing will
be performed randomly (assuming that the destination also knows the
punctured positions) at rate Rp. In order to accommodate all the symbols
at the output of Ci or the puncturer (if present), the size M of the
modulation used by the relay has to satisfy

N2 log2(M) ≥

⌈

mN1(1−Rp)

γRoRi

⌉

.

In the cases where the output of the inner code is directly modulated
using an arbitrary M -level modulation, it is interesting to consider non-
binary codes so that the outputs can be directly mapped onto modulation
symbols. This avoids the need for transformations in decoding (e.g.,
symbol-to-bit) that are inherently lossy.

It is well known that the design of coding and modulation for band-
limited channels should be performed in a joint fashion. This was al-
ready observed in [Ung82] for the concatenation of convolutional codes
and multilevel modulations, without iterative decoding. This analysis
and design aspects were later extended to concatenated codes with iter-
ative decoding [DDP00, tB00]. Therefore, in the case where high order
modulations are used we follow these considerations and design jointly
the source-channel code and the modulation.
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4.3 Decoding at the Destination

4.3.1 Information Combining

Decoding at the destination should aim at minimizing the error probabil-
ity Pr(Û 6= U). Regardless of the actual implementation of the relay, this
amounts to obtaining the a posteriori probabilities (APP) p(u|yrd,ysd).
Unfortunately, the direct calculation of these probabilities is a hard task
due to the structure of the relay. Instead we consider an indirect ap-
proach. Take into account the following Markov chain

U → X → YSR → YQ → XR → YRD.

From the data processing inequality [CT06] we know that

I(U ;YQYSD) ≥ I(U ;YRDYSD)

with equality if the relay-destination transmission can be decoded with-
out errors. Under this assumption we have that

p(u|yrd,ysd) = p(u|yq,ysd). (4.6)

The equality in (4.6) suggests to decode the source message in two steps:
first the relay transmission and then the source message. By considering
the conditional independence of YQ and YSD given X we see that the
message transmitted from the relay and the direct-link observation can
be optimally combined as

p(yq,ysd|x) = p(yq|x)p(ysd|x), (4.7)

and since the SR and SD channels and the SQ are memoryless

p(yq, ysd|x) = p(yq|x)p(ysd|x).

If we take logarithms this becomes

LYCF
= LYQ

+ LYSD

and

LYCF
= LYQ

+ LYSD

for vectors.
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4.3.2 Iterative Decoding

We have argued in the previous section that decoding of the message U

can be performed in two steps without any loss in performance, as long
as the transmission from the relay is perfectly decoded, i.e., ŶQ = YQ.

Clearly, the best performance in terms of error probability (i.e., Pr(ŶQ 6=
YQ)) is achieved by obtaining the APPs p(yq|yrd,ysd). However, the
presence of CS at the source node and the structure of the relay node
discourages the direct calculation of these APPs. Instead we propose
iterative decoding of the relay component codes using the information on
the symbols YQ obtained from the direct link observation YSD. This is
depicted in Figure 4.5.

YRDYSD

Û

Li
e

Lo
e

LYSD

LYQ

π

π-1

Destination

SISOSC SISOCC

DEC. Cs

Figure 4.5: Receiver structure at the destination.

In the first iteration the Soft-Input/Soft-Output (SISO) decoder for
the channel code (SISOCC) obtains APPs on the bits B. The extrinsic
parts of these probabilities (Li

e) are de-interleaved (π−1) and fed to the
SISO decoder for the source code (SISOCS) [HOP96]. This decoder uses
this information in combination with the observation from the SD link
to obtain APPs on the symbols B. It passes the extrinsic part of these
probabilities (Lo

e) to the SISOCC which uses them in combination with the
RD link observations to generate new extrinsic information (Li

e), starting
a new iteration. The decoders repeat this process until convergence is
achieved or a maximum number of iterations is reached3.

As we have just described, the operation of the decoder for the source
code includes extracting the information about the quantization indices J
contained in YSD. However, we are not interested in this information per

3Decoding schedules that start the with the source code instead of the channel
code may results in earlier convergence. This, however, depends on the characteristics
of the constituent codes.
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se, but in using it to obtain the a posteriori probabilities of the symbols
B. Hence, the optimal processing is to compute

Lopt
bi

= log
p(bi = 0|YSD,Li

e)

p(bi = 1|YSD,Li
e)

(4.8)

where we have used LLRs for simplicity. Unfortunately, the direct calcu-
lation of (4.8) is computationally unfeasible because the code Cs at the
source, and the interleaver and the channel code at the relay induce a
complex statistical dependency between Jn, YSD, and Li

e. In the fol-
lowing we will discuss alternatives to (4.8) by taking into account the
underlying structure of the code Co.

Single parity-check outer codes

In the case where the redundant index mapping is generated using a
SPCC with rate Ro = m

m+1 , each block of m + 1 bits at the output
of the code depends only on the m-bit block at the input. Assuming
that each of the possible values of the index j is represented using some
unambiguous binary mapping (e.g., Gray, binary, etc.), there is a unique
relation between each j or YQ(n) and the corresponding sequence of m+1
bits at the output of Co. That is,

YQ(n) ≡ jn ≡ bn = [bn,0 bn,1 . . . bn,m].

Using this notation and the structure of the SPCC we can rewrite (4.8)
as

Lopt
bn,k

= log

∑

jn→bn,k=1

p(jn|YSD,Li
e)

∑

jn→bn,k=0

p(jn|YSD,Li
e)

where “j → bn,k = 0” and “j → bn,k = 1” denote the indices j such that
the mapping used has bit bn,k equal to 0 or 1, respectively.

We now introduce a suboptimal algorithm that works on a symbol-by-
symbol basis disregarding partially the statistical dependency between jn,
YSD and Li

e. In each iteration the suboptimal decoder for Co generates
the extrinsic information as

Lo
e = Lb − Li

e (4.9)
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where the elements in the vector Lb are obtained as

Lbn,k
= log

∑

jn→bn,k=1

p(jn|YSD(n),Li
e(n))

∑

jn→bn,k=0

p(jn|YSD(n),Li
e(n))

. (4.10)

The vector Li
e(n) contains the extrinsic values [Li

en,0
. . . Li

en,m
] that

correspond to the m+1 bits in bn. The elements in the summations can
be expressed as

p(jn|YSD(n),Li
e(n)) =

1

c
p(YSD(n), jn)p(L

i
e(n)|jn) (4.11)

with

p(Li
e(n)|jn) =

m
∏

k=0

p(Li
en,k

|bn,k) =

m
∏

k=0

e
bn,kL

i
en,k

1 + e
Li

en,k

, (4.12)

where c is a normalization constant that cancels out in the expression of
the LLR. Equation (4.11) results by assuming conditional independence
of YSD(n) and Li

e(n) given Jn. The first factor in (4.11) corresponds to
the a priori information about Jn contained in YSD(n). We can rewrite
it as

p(ysd(n), jn) =
∑

{x(n)}

p(ysd(n), jn, x(n))

=
∑

{x(n)}

p(ysd(n)|x(n))p(jn|x(n))p(x(n)) (4.13)

=
1

c′

∑

{x(n)}

p(ysd(n)|x(n))p(jn|x(n)). (4.14)

The summations run over all possible transmitted values (e.g., ±1 for
BPSK). Again c′ is a normalization constant that has no effect in (4.10).
Equation (4.13) comes from the conditional independence of the observa-
tions YSR, YSD given the transmitted symbol X and the properties of the
SQ. Equation (4.14) is obtained under the assumption of equally likely
transmitted symbols from the source.

Convolutional Outer Codes

We have just derived a suboptimal decoding algorithm for the case of
redundant index mapping implemented with a SPCC. In order to reduce
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the complexity we only considered the information about jn contained in
ysd(n) (see (4.14)), disregarding all the other elements ysd\n. However,
due to the constraints of the code Cs these other elements also contain
information about jn. In fact, for time instant n we can write

p(jn|ysd) =
∑

x(n)

p(jn, x(n)|ysd) (4.15)

=
∑

x(n)

p(jn|x(n),ysd)p(x(n)|ysd)

=
∑

x(n)

p(jn|x(n))p(x(n)|ysd). (4.16)

The last equality is due to the conditional independence of Jn and YSD

given X(n). Equation (4.16) can be interpreted in terms of two contribu-
tions. The first term in the summation is determined by the SR channel
statistics and the design of the SQ. The second term is the APP on the
nth coded symbol given the direct-link observation and can be computed
using a decoding algorithm for Cs that obtains information on the coded
bits [BDMP97].

Using (4.16) we can reformulate our iterative decoding algorithm and
the way it extracts and uses the information about YQ contained in the
direct link observation. The vector of probabilities obtained by comput-
ing (4.16) for all n can be used as a priori information when decoding the
outer code Co. That is, as opposed to using the information contained in
the direct link as in (4.10) we are extracting it outside the decoder, and
using it as another source of a priori information. In this way, we can
use any code Co that is suitable for serial concatenation and iterative de-
coding. In particular, convolutional codes can be used and decoded using
the BCJR algorithm [BCJR74]. This is depicted in Figure 4.6, where we
have considered the logarithms (or LLRs) of the a priori probabilities in
(4.16), La

YQ
.

It is possible to predict the gains in performance obtained by decoding
using (4.16) instead of (4.14) using the EXIT functions of the source code.
An example is shown in Figure 4.7. For a fixed source code we can see
that (4.14) yields less extrinsic information Ie than (4.15) for the same
level of a priori information Ia (circle markers vs. square markers),

I(4.15)e (Ia) ≥ I(4.14)e (Ia).

Nevertheless, decoding based on (4.15) adds the complexity of decoding
Cs to that of decoding the relay joint source-channel code. For this reason,
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Figure 4.6: Iterative decoding with a priori information.

in some cases decoding based on (4.14) might be preferred over using
(4.15). In this case it is important to emphasize that we are ignoring the
structure of Cs only when decoding the relay transmission. Decoding of
the message U does need to consider this structure.

In addition, Figure 4.7 also shows the benefits of using the direct link
observation as a priori information when decoding the relay message.
The gap between the EXIT function for a channel decoder that neglects
this correlation (dash-dotted line) and the EXIT functions for decoders
that use (4.14) or (4.15) is quite considerable. Moreover, the differences
in terms of convergence of the decoding algorithms when considering two
ECSQs with different constraints (H0 = 1.5 and H0 = 2) are also visible
in the figure (solid vs. dashed lines). As argued before, for a fixed number
of cells SQs with lower entropies have more redundancy and are therefore
easier to decode.

Before concluding this section we remark that the choice of mappings
(e.g., indices to bits in the case of a SPCC) affects the performance of
the decoder for Co in iterative decoding. This is a well known effect
[tB00] and the design should take advantage of it in order to get the best
performance.

4.4 Simulation Results

In this section we evaluate the performance of the proposed system using
computer simulations. We have divided the section into two parts. First
we analyze the performance for asymmetric bandwidth allocations be-
tween the first and the second phases of transmission. We then constrain
the number of channel uses on both parts to be the same and focus on
the effect of coding and modulation.
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Figure 4.7: EXIT functions for different realizations of the source code.
The effect of the different degrees of exploitation of the correlation cor-
responds to the gap between curve pairs and to the case where the cor-
relation is disregarded. The code Co and the size of the SQ is common to
all functions.

4.4.1 Relaying with Bandwidth Expansion

We consider transmission of source messages U consisting of 104 bits
i.i.d. drawn from a uniform distribution. In order to protect these bits
the source uses a recursive convolutional code Cs with the generator poly-
nomials from Table 4.1. The relay performs joint source-channel coding
as described in Section 4.2. In this case we have chosen to implement
compression using Lloyd-Max SQ with 2m cells. The redundant index
mapping is generated using a SPCC (Co) with rate Ro = m

m+1 . The
interleaver between the source and channel codes is chosen at random.
The channel code consists of a rate Ri = 1 recursive convolutional code
Ci whose description is given also in Table 4.1. Random puncturing of the
output is performed to lower the number of bits generated per channel
observation to m. This results in m bits per channel observation that
are put into the channel using bandwidth expansion with γ = m. For
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fairness in comparison the transmit power at the relay for AF is scaled
by a factor of γ. The destination decodes the relay transmission using
(4.10) and the source message U as described in Section 4.3.2.

Table 4.1: System parameters for CF relaying using bandwidth expan-
sion, optimized using EXIT chart methods.

Code Generator polynomial

Cs

[

1 1+D+D2

1+D2

]

Ci
1+D

1+D+D2

Figure 4.8 shows the end-to-end bit error rate (BER) Pr(Û 6= U) for
SNRSR = 3 dB. Two realizations of our system appear in the plot im-
plementing 1-bit and 2-bit SQ respectively. The bandwidth expansion
factors are γ = 1 and γ = 2, respectively. The schemes are optimized for
SNRSD = 1 dB and SNRSD = 2.5 dB, respectively. A minimum SNRRD

of 5.1 dB is required to guarantee that both implementations are decod-
able. As we shall see in the following section, it is possible to extend the
range of operating SNRs on the relay-destination link by using entropy
constrained scalar quantizers. For comparison purposes we have also in-
cluded the performance of a non-cooperative system (decoding based on
single reception of YSD) and that of a DAS scheme (decoding of opti-
mally combined YSR and YSD).

In this example we observe how for a fixed value of γ the proposed
CF relaying algorithm outperforms AF. We also see with γ = 1 the
proposed CF approaches the limiting performance for the CF method
based on soft-decoding from [HT06]. That is, the performance obtained
by decoding YSD using the LLRs on the information bits obtained from
YSR as a priori information. Note that this would require γ → ∞. If
we consider the case γ = 2, then we obtain a gain of 1 dB over them and
around 0.75 dB when compared to AF with normalized power. This is
due to the fact that for low and medium values of the SNR on the RD
link digital transmission performs better than analog communication.

In Figure 4.9 we compare the effect of bandwidth increase on our
proposed scheme and on other alternatives. The scenario depicted here
corresponds to cooperation when relay and destination have observations
of the same quality (SNRSR = SNRSD = 3 dB). In this case the RD link
has SNRRD = 5.5 dB and without cooperation we have BER = 4.4 ·10−3.
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Figure 4.8: BER performance comparison.

For the size-constrained SQs considered here this is only optimal for γ =
3. This means that the gap to AF is even larger under the appropriate
channel conditions.

4.4.2 Relaying with Higher-Order Modulations

In the previous examples we have increased the resolution of the quantiz-
ers at the expense of a larger number of channels uses in the second phase
of communication. In the following we fix the number of channel uses
on both phases to be the same (i.e., γ = 1) and instead accommodate
the additional bits due to increased resolution using higher-order modu-
lations. In addition, we also investigate the performance of SQs designed
with a constraint on the entropy.

Source messages U consist of i.i.d. bits chosen from a uniform dis-
tribution, encoded with a simple non-systematic/non-recursive (NSNR)
convolutional code Cs. All the polynomial descriptions of the encoders
in this section can be found in Table 4.2. The relay compresses the ob-
servation using m-bit SQs (m = 1, 2) using redundant index mapping
generated by a convolutional code Co. In the case of 1-bit SQs, the code
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Figure 4.9: Effect of bandwidth expansion

has rate Ro = 1/2 and for 2-bit SQs the code has rate Ro = 2/3. The out-
put of the outer code is interleaved using a randomly chosen interleaver
and encoded using a rate Ri = 1 that works on blocks of m+1 bits. Prior
to transmission, the output is mapped onto a symbol from a 2m+1-level
modulation. For simplicity we will only consider one-dimensional mod-
ulations (e.g., M -PAM). The destination decodes the relay transmission
using (4.15) and the source message U as described in Section 4.3.2.

Figure 4.10 shows the performance of the proposed CF in terms of
end-to-end BER (Pr(Û 6= U)) when the SNRRD varies. In this example
both SR and SD channels have the same quality. For comparison purposes
we have also included the performance bound for the system in [BY07]
as explained in Section 4.1.1 as well as the performance curves for AF,
non-cooperative and DAS schemes.

We first describe the performance of the proposed system with Lloyd-
Max SQs and iterative decoding based on (4.15). For SNRRD values
between 1 and 9 dB the CF scheme uses a 1-bit SQ in combination with
4-PAM. For higher values of the SNRRD a 2-bit SQs and 8-PAM are
used. The step behavior at SNRRD ≈ 9 dB is due to the convergence
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SNRSD = 3 dB)

effect of the iterative decoder for the implementation with a 2-bit SQ.
Figure 4.10 shows that the combination of digital techniques (SQ and
coding) can yield large gains in terms of SNRRD with respect to AF. In
this scenario the system with a 1-bit SQ outperforms AF in approximately
6 dB (BER=10−4). If a 2-bit SQs is used this gain is reduced to 2.5 dB
(BER=3 · 10−5). Note that the former has Co with Ro = 1/2 whereas
the latter has Ro = 2/3.

In the range of SNRRD from 7 to 9 dB, AF shows a better performance
since the 1-bit SQ provides a too coarse observation of YSR and the 2-bit
SQ scheme is still not decodable. However, as discussed in Sections 4.2.1
and 4.3.2, it is possible to design systems in this range that converge and
perform better than AF using 4-level ECSQs (see curve labeled as ECSQ).
In this case the quantizers are designed using the algorithm described
in [CLG89] with all the other parameters the same as for the 2-bit scheme
except for the mapping of the 8-PAM symbols (M1 vs. M2 in Table 4.2).
Using a SQ with H0 = 1.5 (range 6 − 8 dB) allows for decoding 3 dB
earlier than the 2-bit Lloyd-Max SQ scheme and gives a SNR advantage
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around 2 dB over AF. In the case of H0 = 1.75 (range 8 − 9 dB) both
gains are reduced to 1.25 dB. This is due to the poor match between
the EXIT functions of source and channel code. However, there exist
other codes Co with the same complexity that should result in better
performance. In general, it may be necessary to optimize the code design
for different operating conditions. From this example we observe that
the use of ECSQs gives an advantage on those systems where the relay
has access to quantized channel state information. If decoding of the
relay message uses (4.14) instead of (4.15) losses in SNRRD of the order
of 1− 2 dB are observed.

Finally, in order to show the benefits of using the correlation be-
tween YQ and YSD as redundancy against errors on the RD channel we
have included (as vertical lines) the minimum SNRs required for reliable
transmission of 1 and 2 bits per channel use over an AWGN channel (i.e.,
C = 1

2 log2(1 + SNRRD)). The gap to modulation-constrained capacity
(i.e., M−PAM) is even larger.

Figure 4.11 shows the end-to-end BER in terms of the SNR on the
source-relay channel for the proposed CF scheme designed with a 1-bit
SQ (Lloyd-Max). In addition, the performance of AF and a conventional
DF implementation4are also shown. In order to allow for DF relaying
the encoder for CS has been replaced by its systematic/recursive (SR)
equivalent.

For low SNRs AF and CF have an advantage over DF due to the
presence of decoding errors at the relay. In this case the performance
of all three systems is limited by the noise on the source-relay channel.
However, as the SNR increases, the benefits of digital relaying over AF
become visible. In fact, for high SNRs the system is limited by the
channel from relay to destination, and the performance of AF can never
exceed that of repetition coding. On the contrary, the performance of
both CF and DF shows a better behavior with the increase in SNRSR.
In the case of CF this improvement is gradual due to the fact that the
area under pdf of YSR tends to concentrate around the values of the
transmitted symbols, and this leads to better quantization. In the case of
DF we observe a waterfall-like region, as expected for a distributed Turbo
code when the source-relay link becomes error-free. We note here that
more sophisticated DF schemes and choices for Cs are possible. However,
to some extent the behavior will be the same as the one described here.
A similar behavior is observed when increasing the SNRRD. In this case

4The DF implementation corresponds to the Stronger PCCC distributed Turbo
code from [VZ03].
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Figure 4.11: Performance comparison for varying quality of the relay
observation (SNRSD = SNRRD = 3 dB).

the proposed CF can benefit from better RD link conditions and use a
SQ with higher H0 in the way it was described before.

For low values of SNRSR both CF and AF show remarkable perfor-
mance, for all three system are limited by the noise on the SR channel.
However, as this noise is reduced the advantages of digital relaying over
AF become visible. In fact as SNRSR → ∞ the performance of AF will
tend to that of repetition coding. On the contrary, both CF and DF im-
prove their performance with SNRSR. However, DF requires a minimum
SNR on the SR link in order to allow for DF cooperation resulting in a
waterfall-like region. Stronger CS codes yield a more distinct threshold,
with DF mode never activated below it and always activated otherwise.
On the contrary the proposed CF algorithm improves performance grad-
ually for the pdf of YSR tends to concentrate around the transmitted
symbols which leads to better quantization. We note here that more so-
phisticated DF schemes exist with steeper decreases of the BER, however,
all of them suffer to some extent from the constraint of decodability on
the SR link. The same behavior is observed when increasing the SNRRD.
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In this case the proposed CF can benefit from better RD link conditions
and use a SQ with higher H0 in the way it was described before.

Table 4.2: System Parameters for CF relaying using multilevel modu-
lations optimized using EXIT chart methods.

Code (Cs) Generator polynomial

NSNR
[

1 +D2 1 +D +D2
]

SR
[

1 1+D+D2

1+D2

]

SQ Outer Code (Co) Inner Code (Ci)

1 bit
[

1 +D2 1 +D +D2
]

[ 1
1+D

D
1+D

D
1+D

1
1+D

]

2 bits

[

1 +D 1 D
D 1 1 +D

]





1
1+D

D
1+D

D
1+D

0 1 1
1+D

0 D
1+D 1





Mappings
Index: 0 1 2 3 4 5 6 7
4-PAM: 3A 1A −1A −3A

8-PAM M1: 7A 5A 3A 1A −1A −3A −5A −7A
8-PAM M2: 7A −3A 5A −1A 3A −7A 1A −5A

4.5 Conclusion

In this chapter we have presented a new implementation of compress-and-
forward relaying based on joint source-channel coding at the relay and
iterative decoding at the destination. We have argued that whenever
decode-and-forward cooperation is not possible, the relaying strategies
should compress the observations of the source transmission rather than
a measure on the information bits.

The system is designed to employ the correlation between the ob-
servations of the source transmission as redundancy for error protection
instead of attempting to remove it. This simplifies the processing at the
relay, which consists only of scalar quantization and concatenated coding.
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Moreover, in order to adapt the relay operation to the conditions on the
relay-destination channel we propose to use entropy-constrained scalar
quantizers. In this way the relay can trade off between the fineness of the
compression and the transmission rate.

The simulation results show remarkable performance gains over
decode-and-forward and amplify-and-forward in the scenarios where both
source-relay and relay-destination links have low signal-to-noise ratios.





Chapter 5

Conclusions and Future

Research

5.1 Concluding Remarks

In this thesis we have studied the problem of designing codes for
compress-and-forward relaying. The contributions of this thesis can be
divided into two parts.

In the first part we have considered the application of polar codes for
compress-and-forward in relay channels with orthogonal receivers. We
have constructed polar codes based on Slepian-Wolf coding for the sce-
nario where the capacity of the relay-destination link is large enough.
This allows for transmission from the source at the same rates that would
be possible in the ideal scenario where the destination had access not
only to its own observation of the source transmission but also to that
of the relay. Moreover, in the case where all the individual channels
are symmetric, this strategy achieves the capacity of the relay channel.
We then considered the more general case where the capacity of the
relay-destination channel is arbitrary. In this case we have designed con-
structions of nested polar codes for source and channel coding similar
to the ones used in the Wyner-Ziv problem. This allows the relay to
efficiently utilize the available resources and provide the destination with
an approximate description of the channel observations. Our simulation
results show that the performance of the proposed code constructions
match the theoretical derivations. However, as for polar codes in general,
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the performance for finite block lengths is far away from the asymptotic
limits.

In the second part we have presented an implementation of compress-
and-forward relaying based on joint source-channel coding at the relay
and iterative decoding at the destination. First we have discussed two dif-
ferent strategies for compression at the relay and concluded that methods
based on soft-decoding lead to undesirable degradations in performance.
In order to avoid this we have proposed to compress directly the chan-
nel observations at the relay. Our construction for compress-and-forward
relaying uses the correlation between the channel observations as redun-
dancy for protection against errors in the relay-destination channel. This
allows for simpler relay designs that shift most of the processing require-
ments to the destination. Moreover, by varying the different parameters
in the relay design, it is possible to adapt the transmission rate used by
the relay to the conditions of the scenario. The simulation results show
remarkable performance gains over decode-and-forward and amplify-and-
forward in the scenarios where both source-relay and relay-destination
links have low signal-to-noise ratios.

5.2 Future Research

In the following we discuss several topics for future research and new
questions that have arisen during the elaboration of this thesis.

Achievability of the general compress-and-forward rate

The constructions of polar codes for compress-and-forward relaying us-
ing polar codes for Wyner-Ziv coding presented in Chapter 3 have addi-
tional constraints with respect to the original coding strategy proposed
in [CG79]. This constraints simplify the code construction at the expense
of some rate loss. It is therefore interesting to investigate under which
circumstances this can be circumvented and how to construct polar codes
for compress-and-forward relaying in these scenarios.

Compress-and-forward in general relay channels

The discussion in Chapter 3 has been restricted to the class of relay chan-
nels with orthogonal receiver components. In the general relay channel
the source and the relay transmit their signals to the destination over
a multiple access channel, a circumstance which is often encountered in
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practice. It is therefore interesting to investigate if the constructions of
polar codes introduced in Chapter 3 can be extended to this scenario.
The main challenge here is to combine the construction of nested po-
lar codes for compress-and-forward relaying with the polar codes for the
multiple access channel which were introduced in [AT10].

Similarly, the extension to general relay channels of the code construc-
tions based on iterative error corrections methods in Chapter 4 is also an
interesting topic for future research.

Polar codes for general relay networks

The results from Chapter 3 in combination with the work on decode-
and-forward relaying using binary polar codes from [ART+10] establish
the achievability of the decode-and-forward and compress-and-forward
rates using polar codes. These two coding strategies are used to prove
the achievability of many coding theorems for networks with an arbitrary
number of relays. It is therefore interesting to study the application of
polar codes for general relay networks. This requires an understanding
of the interaction of the different code constructions. Moreover, at least
partial answers to the preceding two questions are necessary in order to
cover a wide range of scenarios. Similarly, it is necessary to consider
decode-and-forward relaying in general relay channels since the work in
[ART+10] was also restricted to the class of binary relay channels with
orthogonal receivers. The results from Section 3.3.1 on nested q-ary polar
codes provide a good starting point to generalize the decode-and-forward
construction.

General designs for compress-and-forward relaying based on

joint source-channel coding

The decoding algorithms proposed in Chapter 4 can be extended to in-
clude the code used by the source in the iteration process. Such an
extended iterative decoding algorithm could lead not only to better per-
formance of the systems presented in Chapter 4 but also to insights in
the joint design of the codes used by the source and the relay.

Connections between compress-and-forward and decode-and-

forward based on iterative coding methods

The construction for compress-and-forward relaying presented in Chap-
ter 4 and the decoding algorithm are reminiscent of the implementations
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of decode-and-forward relaying using distributed serially concatenated
codes in [STS09]. It is interesting to investigate their connections, in
particular the parallelism between the effect of the quantizer in decoding
as described in Chapter 4 and the limiter function from [SLV08,Tho08]
used in decoding of the distributed serially concatenated codes. At first
sight, the general designs with extended iterative decoding suggested in
the previous paragraph seem to be necessary to connect both relaying
strategies. A deeper understanding of the relationship between the prac-
tical implementations of decode-and-forward and compress-and-forward
would not only help to improve their performance but also to increase
the adaptability of relaying protocols to varying scenarios.
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