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Abstract

Magnetization dynamics in nano-contact spin torque oscillators (STOs) is
investigated from an experimental and theoretical point of view. The funda-
mentals of magnetization dynamics due to spin transfer torque are given.

A custom-made high frequency (up to 46 GHz) in large magnetic fields
(up to 2.2 T) microwave characterization setup has been built for the purpose
and described in this thesis. A unique feature of this setup is the capability
of applying magnetic fields at any direction θe out of the sample plane, and
with high precision.

This is particularly important, because the (average) out-of-plane angle of
the STO free magnetic layer has fundamental impact on spin wave generation
and STO operation.

By observing the spin wave spectral emission as a function of θe, we
find that at angles θe below a certain critical angle θcr, two distinct spin
wave modes can be excited: a propagating mode, and a localized mode of
solitonic character (so called spin wave bullet). The experimental frequency,
current threshold and frequency tuneability with current of the two modes
can be described qualitatively by analytical models and quantitatively by
numerical simulations. We are also able to understand the importance, so far
underestimated, of the Oersted field in the dynamics of nano-contact STOs.
In particular, we show that the Oersted field strongly affects the current
tuneability of the propagating mode at subcritical angles, and it is also the
fundamental cause of the mode hopping observed in the time-domain. This
mode hopping has been observed both experimentally using a state-of-the-
art real-time oscilloscope and corroborated by micromagnetic simulations.
Micromagnetic simulations also reveal details of the spatial distribution of
the spin wave excitations.

By investigating the emitted power as a function of θe, we observed two
characteristic behaviors for the two spin wave modes: a monotonic increase
of the power for increasing out-of-plane angles in the case of the propagating
mode; an increase towards a maximum power followed by a drop of it at
the critical angle for the localized mode. Both behaviors are reproduced by
micromagnetic simulations. The agreement with the simulations offers also a
way to better understand the precession dynamics, since the emitted power
is strongly connected to the angular variation of the giant magnetoresistance
signal.

We also find that the injection locking of spin wave modes with a mi-
crowave source has a strong dependence on θe, and reaches a maximum lock-
ing strength at perpendicular angles. We are able to describe these results in
the theoretical framework of non-linear spin wave dynamics.

Keywords: magnetism, spintronics, thin magnetic films, spin transfer
torque, magnetization dynamics, spin waves, microwave oscillators, giant
magneto-resistance.
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Sammanfattning

Magnetiseringsdynamik i nanokontakt-spinntroniska oscillatorer (STO:er)
undersöks från både experimentell och teoretisk synpunkt. De fundamenta-
la begreppen inom magnetiseringsdynamik inducerad av överföring av spinn
vridmoment är beskrivna.

En specialgjord mikrovågskarakteriseringsuppställning för höga frekvenser
(upp till 46 GHz) och stora magnetiska fält (upp till 2.2 T) har byggts och
beskrivs i den här avhandlingen. En unik egenskap hos uppställningen är dess
möjlighet att kunna lägga på ett magnetiska fält i en godtycklig riktning θe

ut ur planet, samt dess höga noggrannhet.
Förmågan att kontrollera fältets vinkel mot planet är speciellt viktigt,

eftersom den (genomsnittliga) vinkeln ut ur planet hos STO:ns fria mag-
netiska lager har en grundläggande effekt på hur spinnvågor framkallas och
därmed för STO:ns funktion.

Genom att observera den spektrala emissionen av spinnvågor som funk-
tion av θe, finner vi att för vinklar θe mindre än en viss kritisk vinkel θcr, kan
två distinkta spinnvågsmoder exciteras: en propagerande mod och en lokalis-
erad mod med solitonisk karaktär (så kallad spinnvåg bullet). De två mod-
ernas svängningsfrekvens, tröskelström och frekvensavstämning med ström
kan beskrivas kvalitativt igenom analytiska modeller och kvantitativt genom
numeriska simuleringar. Vi kan också förstå den viktiga rollen som Oersteds-
fältet spelar i dynamiken av nanokontakt-STO:er, vilket tidigare varit under-
skattat. Särskilt visar vi att Oerstedsfältet starkt påverkar frekvensavstämnin-
gen med ström hos den propagerande moden vid underkritiska vinklar, samt
att detta också är den grundläggande anledningen till den mod-hoppning
som observeras i tidsdomänen. Mod-hoppningen har observerats både experi-
mentellt, genom att använda det modernaste realtidsoscilloskop som finns till-
gängligt, och bekräftats av mikromagnetiska simuleringar. Mikromagnetiska
simuleringar avslöjar också detaljer hos distributionen av spinnvågors exciter-
ing i rymden.

Genom att undersöka den emitterade uteffekten som funktion av θe, ob-
serverar vi två karakteristiska beteende för de två spinnvågsmoderna: en
monotonisk ökning av uteffekten vid ökande vinkel ut ur planet för den
propagerande moden, respektive en ökning mot en maximal uteffekt följd
av en avtagande uteffekt efter den kritiska vinkeln för den lokaliserade moden.
Bägge beteenden reproduceras av mikromagnetiska simuleringar. Överensstäm-
melsen med simuleringarna leder också till en förbättrad förståelse av magne-
tiseringsdynamiken, eftersom den emitterade uteffekten är starkt korrelerad
till variationen av jättemagnetoresistanssignalen med vinkeln.

Vi hittar också att injektionslåsning av spinnvågorna till en mikrovågskälla
har ett starkt beroende på θe och når en maximal låsningsstyrka vid vinkel-
rätt magnetfält. Vi beskriver de här resultaten inom den teoretiska ramen av
icke-linjär spinnvågorsdynamik.

Nyckelord: magnetism, spinntronik, tunna magnetiska filmer, spinn vrid-
moment överföring, magnetiseringsdynamik, spinnvågor, mikrovågsoscillator-
er, jättemagnetoresistans.
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Chapter 1

Introduction

The birth of “spintronics” is generally set in 1988, when the research groups led by
Peter Grünberg and Albert Fert discovered the giant magneto-resistance (GMR)
effect [11, 6]. Its simplest manifestation is found considering two ferromagnetic
metallic thin film, separated by a non-magnetic metallic thin film (see Fig. 1.1).
The electrical resistance of such a device (called pseudo spin valve) depends not
solely on the electrical resistivity of the metallic layers in the device, but also
on the angle between the magnetizations of the two ferromagnetic layers. The
fundamental reason behind this effect lies in the fact the electrons possesses not
only an electric charge, but also an intrinsic angular momentum called spin leading
to an intrinsic magnetic moment. This additional intrinsic property causes electrons
to be scattered by a ferromagnet in a complex fashion.

The possibility of changing the resistance of a device by acting on its magneti-
zation has found great application in information storage technology. A few years
after the original discovery of GMR, all commercial hard drives were using a spin
valve based read head in order to access the information stored in the disk. The
idea is the following: one of the two magnetic layers is made magnetically “fixed”1;
the other one, closest to the disk, is “free” to rotate its magnetization parallel or
antiparallel with respect to the “fixed” layer one, whenever it encounters a change
in the magnetization direction between two adjacent bits on the disk. (This hap-
pens because bits with opposite magnetization, i.e. north and south, generates
stray magnetic fields with opposite sign.) In this way, by feeding the read head
with a constant current, one can use the voltage at the read head to determine the
logical “0” and “1”. Magnetic random access memory (M-RAM) works on a similar
principle. The main differences are that each bit comprises now a “spin valve”, and
that the non-magnetic metallic spacer is replaced by an insulating layer, forming a
so called magnetic tunnel junctions (MTJ).

1There are several practical ways to achieve this situation, which are not important to discuss
here.

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Schematic of the giant magneto-resistance (GMR) effect. The resis-
tance of a ferromagnetic/non-magnetic/ferromagnetic thin film stack depends on
the relative orientation of the magnetization in the two magnetic layers. For most
material combinations, antiparallel alignment results in the high resistance state
and parallel alignment in the low resistance one.

Further improvements have since then been made, but one can say that the
problem of reading densely packed magnetic information was solved at this point.
On the other hand, writing is still an issue [17]. In fact, up to now, the way magnetic
information is recorded, both in hard drives and in M-RAM [2, 31, 3], is by means of
stray magnetic fields. For these, the first of Maxwell equations (i.e. the Biot-Savart
law in local form) “unfortunately” holds: the divergence of the magnetic flux is 0.
This implies that the stray field lines are closed, and hence it is impossible to focus
a magnetic field on a particular spot without having it also around it. While this
problem has been solved technologically in some acceptable way, it still remains a
big hurdle towards an all-spintronics based data storage.

In 1996, a theoretical work by John Slonczewski at IBM showed a possible path
towards a solution to the writing problem [89]. The idea follows the concept of the
action-reaction principle [16]: if a ferromagnet can polarize the spin of an electric
current (because of the aforementioned spin-dependent scattering probability), this
means that there is a transfer of angular momentum from the ferromagnet to the
electrons that build up the current. Since angular momentum is conserved, there
must be an equal amount of angular momentum from the electrons to the ferromag-
net. In other words, there exists a spin transfer torque from the electrons to the
ferromagnet. As illustrated in Fig. 1.2, one could use this mechanism to switch the
magnetization state of the “free” layer by reversing the sign of the current in the
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Figure 1.2: Schematic of the spin transfer torque (STT) induced switching. The
curved arrow indicates the direction of the electrons. Electrons reflected by the
“fixed” magnetic layer (left panel) exert a torque on the “free” layer so to align
the magnetizations antiparallel to each other. Electrons transmitted through the
“fixed layer” (right panel) acts so to keep the magnetizations of the two magnetic
layers parallel.

circuit. In this manner, information would be written in a very local way, since the
current does flow only inside the bit one is addressing. This idea has been proven
to work experimentally [65, 99, 48, 4], and if the attempts to build a spin transfer
torque random access memory (STT-RAM) will succeed, there will be a concrete
possibility that such devices will become the dominant ones in information storage
technology.

In the same work [89], John Slonczewski made a further prediction: spin transfer
torque can induce a steady precession of the “free” magnetic layer magnetization in
a spin valve. Independently, Luc Berger wrote a paper in the same year [7], where
he predicted that a spin polarized current can lead to a stimulated emission of spin
waves. The two approaches are equivalent, in the sense that they both predict a
mechanism in which the intrinsic damping of the magnetization dynamics can be
counteracted by a spin polarized current.

In a device comprised of a spin valve where the magnetization of the “free”
layer is undergoing a steady precession, the resistance is periodically varying, as a
consequence of the GMR effect. Since the device is driven with a direct current
this leads, through Ohm’s law, to the generation of an alternating voltage, which
can be extracted from the device. The frequency of the alternating voltage is in
the range of the ferromagnetic resonance frequency of the “free layer”, i.e. from
a few GHz to several tens of GHz, depending on the applied magnetic field and
current. These devices, so called spin torque oscillators have sizes of the order
of 100 nm, and represent a new class of nanosized microwave oscillators, whose
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operating frequency can be current controlled.
STOs have attracted great attention in recent years, both from an applied and

fundamental point of view [50, 72, 10, 56, 74, 43, 68, 8, 55, 26, 93, 44, 13, 60].
In fact, in terms of applications, the possibility of realizing nano-scale microwave
oscillators is very appealing. From a fundamental perspective, this topic offers a
new research field where one can study spin wave dynamics in reduced dimensions
and at high degrees of non-linearities.

Spin torque oscillators represent the main topic of this thesis. In particular,
its scope is to illustrate the fundamentals of spin wave dynamics in nanocontact
STOs. In the nanocontact geometry, the contact through which the electric current
flows has dimension in the range 40 − 200 nm, while the spin valve mesa is of the
order of 10 µm. The spin waves generated in the “free” magnetic layer are able
to propagate unbounded and be gradually damped out before reaching the edge of
the mesa. Therefore, such geometry represents an experimentally accessible model
system where to study current driven magnetization dynamics.

In 2008, a review article by Silva and Rippard [83] recognized that, while there
was a clear picture of the principles behind the general properties of nanocontact
spin torque oscillators, still a number of important open questions hindered a de-
tailed understanding of these devices. In particular:

1. which are the characteristics and the effects caused by the induced nonlinear-
ities?

2. which is the role played by the Oersted field generated by the current flowing
through the nano-contact?

3. which are the relevant noise sources?

4. which is the influence of the non-uniform spin accumulation caused by the
precession of the magnetization?

This thesis gives a contribution to the answers of the first three of these questions.
In particular, besides illustrating the intrinsic effects of nonlinearities and noise
sources, it shows the connection between these and the Oersted field. In doing this,
we infer that the influence of the Oersted field has been so far underestimated.
Other details of STOs are also discussed. In particular, the characteristics of the
emitted power and the linewidth, and of the forced dynamics.

Thesis structure

In Chapter 2, the theoretical basis for understanding the experimental work of this
thesis is given. A first section briefly introduces ferromagnetism in metals. In the
second section, the basic formalism to describe spin-dependent transport in metals
is briefly illustrated. A third section is devoted to a more detailed explanation
of the spin transfer torque effect. In a fourth section, spin wave fundamentals
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are explained. Finally, a fifth section presents the Hamiltonian formalism used to
describes spin waves induced by spin transfer torques.

In Chapter 3, the experimental techniques are described. A first section deals
briefly with the fabrication details of the samples. The second and third sections
illustrate the experimental setups used to measure the DC and the RF characteris-
tics of the devices, respectively. A fourth section explains the fundamentals of the
micro Brillouin Light Scattering (µ−BLS) characterization technique.

In Chapter 4, the original work on spin wave dynamics in nanocontact spin
torque oscillators is presented. In a first section, the experimental evidence of the
two types of spin waves (localized and propagating) that can be excited in such
devices are presented. (Attached manuscript I-II.) In a second section, the time-
domain characterization of the dynamics when both modes are excited is illustrated.
(Attached manuscript V.) In a third section, the power and linewidth characteristics
of the two modes are shown. (Attached manuscript III.)

In Chapter 5, the results of injection locking experiments are shown. In a
first section, the work on the angular dependence of injection locking is presented.
(Attached manuscript IV.)

In Chapter 6, the preliminary results obtained by µ−BLS are presented.
In Chapter 7, the work of this thesis is summarized in a concluding section.

Subsequently, perspectives and future works are discussed.
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Quelli che s’innamoran di pratica sanza scienzia son come ’l nocchier ch’entra in
navilio senza timone o bussola, che mai ha certezza dove si vada.

De som älskar praktik utan teori är som sjömannen som går ombord utan roder
eller kompass, som aldrig vet var han kommer att hamna.

Those who love practice without theory are like the sailor who boards ship without
a rudder and compass, and never knows where he may cast.

(Leonardo da Vinci)





Chapter 2

Theory

2.1 Ferromagnetism in metals

Ferromagnetism (or commonly speaking “magnetism”) is one of the natural phe-
nomena that has fascinated mankind since the dawn of civilization. Ancient Greeks
observed that certain lodestones coming from a region called Magnesia (hence the
origin of the name “magnetism”) could attract or repel iron. It seems that the first
record of magnetism is by Thales of Miletus in the 585 BCE [33]. There also exist
Chinese records of magnetism in the 4th century BCE [81], and Chinese were the
first to exploit magnetism for navigation in the 12th century CE.

However, although magnetic phenomena are easy to observe in the world around
us without the need of sophisticated instruments, a fundamental understanding of
magnetism was missing for more than 2500 years after the original discovery. In
particular, a very basic question –why are certain materials magnetic– could not
be answered until less than 100 years ago.

A first handwaving argument was given by Weiss in the beginning of the 20th
century [100]. He posited that inside ferromagnetic materials, a molecular field is
responsible for the magnetic “ordering” in certain elements1. He however could
not explain the origin of it, especially because his correct estimates predicted this
molecular field to be 1000 times larger than the highest magnetic field that could
be achieved at that time, and millions of times greater than the Earth’s magnetic
field.

Even more strikingly, Bohr and van Leeuwen demonstrated a few years later
that, within classical physics, magnetic ordering cannot exist, even under an applied
magnetic field. The rather straightforward proof is shown here, following Ref. [1].

Consider a classical system of N electrons, with charge e and 3N spatial degrees
of freedom, and which can be described by 3N generalized coordinates qi and 3N

1The concept of “ordering” comes from the idea that every atom carries a magnetic moment,
and all these individual moments are aligned in a magnetic material, giving rise to the macroscopic
magnetic moment that we can observe.

11
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generalized momenta pi. The motion of the electrons at a given position r in space
create a current density j = ev, and a magnetic moment

m = 1
2cr× j = e

2cr× v, (2.1)

where c is the velocity of light. What has to be noted is that m is a linear function
of the electron velocity. Therefore, every spatial component (for instance z) of
the total magnetic moment of all electrons is also a linear function of the electron
velocity, and can be written as

mz =
3N∑
i=1

azi (qi, . . . , q3N )q̇i, (2.2)

where the dot represents a derivative with respect to time, and the coefficients azi
are functions of qi, and do not depend on pi.

One can write the canonical equations of motion for a classical system:

q̇i = ∂H
∂pi

, ṗi = ∂H
∂qi

, (2.3)

where the Hamiltonian H for an electrically charged particle is

H =
3N∑
i=1

1
2me

(
pi −

e

c
Ai

)2
+ eV (q1, . . . , q3N ), (2.4)

where me is the electron mass, A is the magnetic field vector potential and eV is
the potential energy. Inserting Eq. (2.3) into Eq. (2.2) gives

mz =
3N∑
i=1

azi (qi, . . . , q3N )∂H
∂pi

. (2.5)

The classical statistical average of mz is

〈mz〉 =
∫
mze

−H/kBT dq1 . . . dq3N dpi . . . dp3N∫
e−H/kBT dq1 . . . dq3N dpi . . . dp3N

, (2.6)

where kB is the Boltzmann’s constant and T is the temperature. According to Eq.
(2.5), the numerator in Eq. (2.6) is given by a sum of terms, and each of them is
proportional to ∫ +∞

−∞

∂H
∂pi

e−H/kBT dpi =
[
−kBTe−H/kBT

]+∞
−∞

. (2.7)

All these terms are vanishing since, at large |pi|, H is proportional to p2
i according

to Eq. (2.44), and therefore 〈mz〉 = 0 always. No matter the strength of the applied



2.1. FERROMAGNETISM IN METALS 13

magnetic field B = ∇×A, the magnetic moment always vanishes. This means that,
in an ensamble of electrons (e.g. the electrons in a material), which is treated as a
classical gas, there cannot exist collective magnetism.

In order to understand the fundamentals of magnetism one has to wait a few
years more, and the advent of quantum mechanics. Within a quantum mechanical
formalism, particles (such as electrons) are identical and indistinguishable entities,
in contrast to classical particles, which are identical and distinguishable. This
difference, which may sound subtle at first, has fundamental implications not only
in the understanding of magnetism, but in all of physics.

In classical physics, one is always able to calculate the position and the mo-
mentum of a given object at any time, given the position and the momentum at
a certain time. For instance, one can think to the path followed by the balls on
a pool table. Once the hit is given, the final position of the different balls can be
measured or calculated exactly. Errors stem eventually from imperfections in the
observer’s measurements or calculations. Furthermore, we can identify the different
balls with numbers and “track” their individual movements.

In quantum mechanics (i.e. in the microscopic world of atoms and electrons),
the above is no longer true. A “quantum mechanical pool table” would not be pre-
dictable with the same accuracy. Heisenberg’s uncertainty principle states that, no
matter the accuracy of our measurements or calculations, there exists a fundamen-
tal limit to how accurately we are able to know the position and the momentum of
a particle. This can be expressed formally as follows:

∆x∆p ≥ ~, (2.8)

where ∆x represents the uncertainty in position x, ∆p the uncertainty in mo-
mentum p, and ~ = h/2π, where h is Planck’s constant. The idea of a classical
“trajectory” must then be abandoned, since this is also no longer a well defined
concept. Instead of trajectories, one has to think to wavefunctions, whose ampli-
tude squared (the only quantity which can be measured) describes the probability
of finding a particle at a certain point in space, and at a certain moment in time.
Another consequence of the uncertainty principle is that one can not put “labels” on
particles, i.e. identify them individually. In other words, the physics must remain
the same when we exchange labels among particles.

As an illustrating example, one can consider the problem of two free particles in
1-dimensional space. The single particle wavefunctions can be expressed as ψi(xj),
where i is a quantum number related to the momentum (or, equivalently in this
case, the energy) of the particle, while xj represents the position of the particle.
Therefore, the probability of finding particle 1 in the state a is |ψa(x1)|2, and
in an analogous manner, |ψb(x2)|2 is the probability of finding particle 2 in the
state b. From a pure mathematical point of view, the total wavefunction of the
system can be expressed as the product of the two single particle wavefunctions,
i.e. ψa(x1)ψb(x2). However, one can clearly see that if the labels x1 and x2 are
exchanged, the total wavefunction will be generally different, i.e. ψa(x2)ψb(x1).
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This violates the postulate previously stated, since, if these solutions were correct,
we could distinguish the two particles by means of a measurement.

A solution which is both mathematically and physically correct is the linear
combination of the two previous solutions:

ΨS ∼ [ψa(x1)ψb(x2) + ψa(x2)ψb(x1)] , (2.9)
ΨA ∼ [ψa(x1)ψb(x2)− ψa(x2)ψb(x1)] , (2.10)

where the subscript S stays for symmetric and A for antisymmetric. Both solutions
are invariant to the exchange of labels, within a sign. However, since one can
only measure squares of amplitudes, this can be disregarded. For electrons, it
is an experimental fact that the total wavefunction has always been found to be
antisymmetric.

As strange as this may sound, these concepts have been proven to correctly de-
scribe the microscopical behavior of electrons and atoms. After almost 100 years of
quantum mechanics, not a single experiment has been found that violates Heisen-
berg principle. And, as it will be shown below, this principle is also at the basis of
ferromagnetism.

Only one concept is now missing: the quantum mechanical description of elec-
trons and their spin. In nature, all particles can be classified in two types: bosons
and fermions. What distinguishes the two is the value of their spin, which can either
be integer or, respectively, half integer. The spin is an intrinsic property of any par-
ticle, and it can be thought of as the intrinsic angular momentum associated with
that particle. Historically, the name comes from the idea of an electrically charged
particle “spinning” on itself, which gives rise to a magnetic moment directed along
the spinning axis. This description has been proven to be formally incorrect, but
it still gives an image that helps understanding the concept of spin.

Electrons have spin 1/2, and they are therefore fermions. One of the impor-
tant characteristics of fermions is that they obey the Pauli exclusion principle. This
principle says that two fermions cannot be in the same state. With the word “state”
one intends the mechanical momentum (in real space) and the spin momentum (in
spin space). When one writes down the wavefunction for an electron, one has to
consider both these components, and the total wavefunction is the product of the
wavefunction in real space with the wavefunction in spin space. Then, as already
stated before, it is an experimental evidence that the total wavefunction of elec-
trons is always antisymmetric. In order to satisfy this condition, only two cases are
possible: the spatial wavefunction is symmetric and the spin wavefunction is anti-
symmetric; or the spatial wavefunction is antisymmetric and the spin wavefunction
symmetric.

The spin momentum of an electron can only assume two values: ±~/2. If one
considers the case of two electrons, the symmetric wavefunction in spin space is the
one where the two electrons have the spin parallel to each other; the antisymmetric
is the one where spins are antiparallel.
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The total wavefunction of two electrons can therefore be written in only two
ways: spin parallel and antisymmetric spatial wavefunction; or spin antiparallel,
and symmetric spatial wavefunction. It can be shown (the problem of two parti-
cles in a box) that in case of symmetric spatial wavefunctions, the two electrons
have higher probability to be found closer to each other, compared to the case of
antisymmetric spatial wavefunctions. As soon as one takes into account the fact
that electrons are electrically charged particles, it is clear that the Coulomb force
acts as to repel the two particles from each other. Therefore, the state in which
the particles are found to be less likely close to each other, will be the one with the
lowest energy.

The energy difference between the two total wavefunctions has no classical coun-
terpart, and it can only be understood considering one of the fundamental postu-
lates of quantum mechanics. Since this energy stems from the fact that we must be
able to exchange labels between quantum mechanical particles, it has been named
exchange energy, and it is the fundamental origin of magnetism. Again considering
the case of two electrons, the state where the spins are parallel is the one with the
lowest energy. In the state with “parallel spins” the magnetic moments add up,
and if the same situation happens for the ensemble of electrons in a macroscopic
material, one would observe a collective ferromagnetic ordering.

Any type of ordered state has to compete with the thermal energy, which acts
as to randomize the system. In most materials, the thermal energy at room tem-
perature (25 meV) is larger than the exchange energy, and therefore there is no
magnetic ordering. However, for a few materials (and considering the elements in
the periodic table, only three of them: Fe, Co, and Ni) the exchange energy is
larger than the thermal energy at room temperature, and a macroscopic magnetic
ordering can be obtained.

Summary of magnetic energies
The previous section discussed in some detail the origin of the exchange energy.
Before describing a way to model the exchange interaction in metals (next section),
in this section we will briefly introduce the different energies that need to be con-
sidered when describing a magnetic system. They are four in total, and the total
magnetic energy can be written in the following way [25]:

E = Eex + Ed + EZ + Eso. (2.11)

In the following, we will give a brief explanation of each one of the terms, explicitly
describing how these are involved in the working principle of a compass.

• Eex: is the exchange energy previously described, which arises because of the
exchange interaction, a pure quantum mechanical effect. A possible way to
write it compactly is the following:

Eex ∼ −Imi ·mj , (2.12)
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where I is the exchange integral. A positive sign of the exchange integral pro-
motes ferromagnetic ordering (the energy lowers when spin are parallel). It is
a short range interaction, and it is often considered only between neighboring
magnetic moments.
This energy is the fundamental reason to why a compass can be made of Fe,
Co, or Ni, but not of any other elements in the periodic table.

• Ed: is the dipolar energy. It describes the interaction between magnetic
dipoles, and has the form

Ed ∼
mi ·mj

r3
i,j

, (2.13)

where ri,j is the distance between the two dipoles. It is a long range in-
teraction, and in case of two magnetic moments, it promotes antiparallel
alignment.
When a single magnetic element is considered (for example a magnetic bar),
this energy determines which is the direction of the magnetization in absence
of external fields or other interactions (see below). For this reason, it is often
referred to as magnetostatic energy. This energy is minimized when the stray
magnetic field out of the sample is minimum. Given a fixed magnetization
value, the total stray magnetic field is proportional to the surface transversed
by it. Therefore, in an anisotropic sample, the magnetization will arrange so
that the stray magnetic field will transverse the smallest lateral surfaces.
Referring to a compass, it is this energy that causes the compass poles to be
located at the extreme points of the long axis of the needle, i.e. so that the
magnetization lies parallel to the long axis.

• EZ : is the Zeeman energy. It describes the interaction between a magnetic
dipole and an external magnetic field He. It can be written

EZ ∼ −m ·He, (2.14)

and it is minimized when the magnetic dipole is parallel to the external field.
It is this energy which is responsible for the alignment of the compass needle
parallel to Earth’s magnetic field.

• Eso: referred to as magnetocrystalline energy, which is due to spin-orbit in-
teraction. This energy can be formally incorporated only within a relativistic
quantum mechanical approach. Intuitively, it describes the interaction of an
electron’s spin angular momentum with its own orbital angular momentum.
In fact, from the reference frame of an electron in an isolated atom, the nu-
cleus is a moving charged particle, therefore creating a magnetic field which
interacts with the electron’s own spin. When considering a crystalline solid,
the picture is more complex, but the mechanism is the same: the electron’s
spin angular momentum is coupled to the orbital angular momentum (of the
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crystal, in this case). The consequence is the following: if in the crystal or-
bital angular momentum there is an anisotropic direction k̂ (which usually
corresponds to a specific crystallographic direction), the energy will be low-
ered when the magnetization is parallel to the anisotropy axis. In compact
form:

Eso ∼ −Kk̂ ·m, (2.15)

where the anisotropy axis k̂ is usually referred to as the easy axis of magneti-
zation and the anisotropy constant K describes the strength of the spin-orbit
coupling.
Materials used in compasses are typically polycrystalline, so that the average
effect of the spin-orbit coupling on the whole specimen is averaged out, and
the dipolar energy determines the magnetic easy axis. However, one could in
principle build a compass made of a crystalline ferromagnet with relatively
high anisotropy constant (e.g. FePt or FePd), and achieve a magnetization
parallel to the short side of the needle, i.e. perpendicular to the standard one.
Such a compass would then not point towards the north, but to the east or
to the west.

All the experimental results presented in this thesis come from polycrystalline
magnetic thin films. Magnetocrystalline energy will therefore not be taken into
account, since the first three energies describe observed phenomena with sufficient
accuracy.

Itinerant ferromagnetism
The description of ferromagnetism in metals, i.e. materials where electrons are
delocalized, is rather complex. A proper account of all observed magnetic properties
can be done only using sophisticated numerical computations. In particular, the
local spin density approximation (LSDA) [54, 97, 40, 46] can predict most of the
physics in transition metals such as Fe, Co, and Ni. This treatment is however well
beyond the scope of this thesis. Instead, it is interesting to give an overview of the
two models which are often used to describe qualitatively and semi-quantitatively
ferromagnetism in transition metals: the Stoner model and the s-d model. Both
models are important for the subsequent part of the thesis.

The Stoner model assumes free electron-like bands, which are rigidly shifted in
energy for minority carriers (spin antiparallel to the magnetization) and majority
carriers (spin parallel to the magnetization). See Fig. 2.1(a) for a schematic of the
density of states. Following Ref. [102], the energy and, respectively, the density of
states of the majority (+) and minority (−) carriers are:

E± = E0 ∓
1
2IM, (2.16)

n±(E) = n(E ± 1
2IM), (2.17)
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Figure 2.1: (Left side) Schematic of the Stoner model. The free electron bands are
rigidly shifted by the exchange energy for the majority (spin-up) and the minority
(spin-down) electrons. (Right side) Schematic of the s-d model.

where I is the exchange integral (or Stoner parameter), n is the degenerate free
electron density of states and M is given by:

M =
∫ EF

0

[
n+(E)− n−(E)

]
dE

=
∫ EF

0

[
n(E + 1

2IM)− n(E − 1
2IM)

]
dE. (2.18)

The total number of states is obtained by integration over all occupied states, in
both the minority and the majority spin bands:

N =
∫ EF

0

[
n+(E)− n−(E)

]
dE

=
∫ EF

0

[
n(E + 1

2IM) + n(E − 1
2IM)

]
dE. (2.19)

Since n(E) can be determined by calculations where magnetism is not considered,
and N by the condition of charge neutrality, Eq. (2.19) defines implicitly the de-
pendence of the Fermi energy EF on M , i.e. EF = EF (M). Therefore, Eq. (2.18)
defines a function

f(M) =
∫ EF (M)

0

[
n(E + 1

2IM)− n(E − 1
2IM)

]
dE. (2.20)

In order to find the eventual ferromagnetic states, one has to solve the implicit
equation defined equating Eq. (2.18) and Eq. (2.20), and look for solutions where
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Figure 2.2: Graphical solution for the Stoner model. Besides the trivial solution
M = 0, depending on the slope at the origin of the f(M) function, the solution
M = ±MS can be allowed.

M 6= 0. The function f(M) has the following properties: it is an odd function,
f(0) = 0, f(±∞) = ±M∞, and it is monotonic in M , since n(E) > 0. The case
M∞ corresponds to the half-metallic state, i.e. the minority spin band is empty
and the majority spin band is full.

Fig. 2.2 represents the graphical solution to the problem for two different f(M),
which differ for the slope of the function at the origin: for the case (1), f ′(0) < 1,
while for (2), f ′(0) > 1. In case (1), only the trivial solution f(M) = M = 0 exists.
In case (2), the same trivial solution exists and it is unstable, but also f(M) =
M = ±Ms, i.e. where the system has a finite spontaneous magnetization. The
sufficient condition for this to happen is that f ′(0) > 1. Differentiating Eq. (2.20)
gives:

f ′(M) = df(M)
dM = I

2

[
n(EF + 1

2IM) + n(EF −
1
2IM)

]
+
[
n(EF + 1

2IM)− n(EF −
1
2IM)

]
dEF
dM . (2.21)

For M = 0, this leads to f ′(0) = In(EF ), which gives the Stoner criterion for
ferromagnetic ordering:

In(EF ) > 1. (2.22)
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The Stoner model describes the competition between the potential energy, expressed
in terms of the exchange integral I, which acts as to bring the system into the
ferromagnetic state, and the kinetic energy, expressed in terms of the non-magnetic
density of states n(EF ), which tends to favor the non-magnetic state [12].

The density of states n(EF ) can be rather complex. However, in a simple
approximation, it scales inversely with the band width W :

n(EF ) ∼ 1
W
. (2.23)

There are three interesting cases to consider. If electrons are strongly delocalized
(i.e. their kinetic energy is very large), the band is wide, and the density of states
is low. The Stoner criterion is not satisfied, and one expects therefore no mag-
netism. In the opposite case, if electrons are strongly localized, the band is narrow
(in the atomic limit it tends to zero), and the density of states is large. Therefore,
the Stoner criterion is always satisfied, and one has atomic-like magnetism, where
magnetic moments are maximized according to Hund’s rules. However, to promote
magnetic ordering, the requirement of very narrow bands is sufficient but not nec-
essary. In fact, between the two cases just mentioned, there exists a third case
where the band width has some intermediate values, leading to moderate densities
of states. In such cases, the exchange integral can be large enough so that the
Stoner criterion is satisfied, and one can expect magnetism to occur. The magnetic
moment is lower than the one expected from Hund’s rules, and one refers to this
situation as band, or itinerant, magnetism.

Fig. 2.3 shows schematically where in the periodic table one would expect mag-
netic ordering, depending on the electronic orbital and on the atomic number.

The effects of an external magnetic field can also be included in the Stoner
model. Eq. (2.16) has to be rewritten as

E± = E0 ∓
1
2IM ∓ µBB, (2.24)

and consequently it is the equation M = f(M + 2µBB/I) that now needs to
be solved self-consistently. The linearization around M0 (the magnetic moment
without field) gives

∆M = M −M0 = f(M + 2µBB/I)− f(M0)
≈ f ′(M0)(∆M + 2µBB/I) (2.25)

when magnetic fields are small. In the non-magnetic state, M0 = 0, and therefore,
as shown above, F ′(M0) = In(EF ). Therefore, one can write

M = n(EF )
1− In(EF )2µBB. (2.26)

From this expression, it is easy to derive the magnetic susceptibility χ = µ0M/V B,
which can then be expressed as

χ = χP
1− In(EF ) , (2.27)
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Figure 2.3: Schematic of the band width for transition metals. Within a band
type, the bandwidth decreases as the atomic number is increased. At larger band
widths (left side), the kinetic energy of the electrons, promoting non-magnetic
ordering, dominates over the potential energy, which favors magnetic states through
exchange interaction. At intermediate band widths, kinetic and potential energies
are comparable, and band magnetism, where the magnetic moment is lower than
the one expected by Hund’s rules, can be found. At small band widths, exchange
dominates, and one observes atomic-like magnetism, with magnetic moments close
to the maximum allowed by Hund’s rules.

where χP = 2µ2
Bn(EF )/V is the Pauli susceptibility. When the exchange inter-

action is neglected (i.e. I = 0), χ = χP . The Stoner model therefore describes
the enhancement of the Pauli susceptibility due to the exchange interaction. The
expression diverges at In(EF ) = 1. For In(EF ) < 1, the non-magnetic state is
stable while In(EF ) > 1 as shown above is the sufficient condition for a stable
magnetic state. When this happens, Eq. (2.27) can no longer be used to quantify
the susceptibility χ. In fact, when a specimen is in a ferromagnetic state, the sus-
ceptibility is not a single valued function of the applied magnetic field. This is for
example seen in a hysteresis loop, where the magnetization is plotted against the
applied magnetic field. The value of χ varies as the magnetic field is varied and,
furthermore, depending on the history of the sample, the same field value can result
in different magnetization values.
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The second model is the s-d model, which was originally introduced to describe
magnetic impurities in a non-magnetic host [59]. The basic concept of this model
is that the spin s of itinerant s electrons interacts with the localized spin S of d
electrons through a weak local interaction −IS ·s, where I is the exchange integral.
The schematic energy configuration for the s-d model is depicted in Fig. 2.1(b).

Summarizing this section: in a ferromagnetic metal, electrons can be grouped in
either majority (bottom of the band at a lower energy state) or minority (bottom
of the band at a higher energy state) carriers, depending on their spin. The energy
difference between the two states arises because of exchange interaction, which can
be modeled in different ways (Stoner, s-d, or numerically, using LSDA).

2.2 Spin-dependent transport in metals

In metallic systems comprised of ferromagnetic layers (e.g. spin valves), electronic
transport is strongly affected by spin dependent phenomena.

The interesting quantity is therefore the spin current density Q. This is a tensor,
since it has a direction both in real space and in spin space. Classically, this can
be written for a single electron as Q = v⊗ s, where v is the velocity in real space
and s is the spin density. The direct product ⊗ constructs the tensor. Quantum
mechanically, the spin current density can be written

Q = ~2

2m={ψ
∗σ ⊗∇ψ}, (2.28)

where m is the electron mass, and σ represents the Pauli spin matrices σx, σy, and
σz (given in Appendix A). For the case of an electron traveling along the x-axis,
the general spinor plane wave function can be written as

ψ = eikx√
V

(c1 |↑〉+ c2 |↓〉) , (2.29)

where V is the normalization volume, and the three components of the spin current
density along the spatial x-axis are

Qxx = ~2k

2mV 2<{c1c∗2} (2.30a)

Qxy = ~2k

2mV 2={c1c∗2} (2.30b)

Qxz = ~2k

2mV
(
|c1|2 + |c2|2

)
. (2.30c)

We are interested in calculating the spin transfer torque exerted by the spin
polarized current to the magnetization of a thin ferromagnetic layer. As anticipated
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Figure 2.4: (Right side) Coordinate system used. (Left side) Schematic of an elec-
tron impinging on a non-magnetic (N) / ferromagnetic (F) interface. The spin axis
forms an angle θ with the quantization axis (z−axis in this case). The magnetiza-
tion M of the ferromagnet is directed along the quantization axis.

in the introduction, the conservation of spin angular momentum requires that the
spin transfer torque exerted onto a volume of material must be equal to the net flux
of non-equilibrium spin current which flows through the surface of the same volume.
Assuming an homogeneous distribution of the current through a flat surface A
(assumption valid for the cases considered in this thesis), the spin torque is

Nst = −An̂ ·Q. (2.31)

In case the surface or the current are inhomogeneous, the constant A has to be
replaced with the integral over the surface of interest. The important quantity that
one has to evaluate in order to compute the torque is the spin current density Q for
the particular problem of interest. This will be the objective of the next section.

2.3 Spin Torque Transfer

Ballistic picture

In the present section we will follow the approach developed by Refs. [70] and
[92]. The basic idea is to study the transport of a single electron at a non-
magnetic/ferromagnetic metallic interface in the ballistic approximation. We will
refine the problem in three succesive steps, which, as shown below, correspond to
three different phenomena that give rise to the spin torque transfer effect.

1. The first step consists of considering the situation depicted in Fig. 2.4. An
electron (described by a single electron wavefunction) coming from a non magnetic
metal is impinging on a ferromagnetic metal. The electron moves (i.e. the charge is
transported) along a 1-dimensional space (x−axis), while the spin rotates in three
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dimensions. From Eq. (2.29) the incident part of the wavefunction is

ψin = eikx√
V

(cos θ/2 |↑〉+ sin θ/2 |↑〉) (2.32)

obtained by rotating the spin-up state by an angle θ (see Appendix A). The incident
spin current density is therefore, using Eqs. (2.30),

Qin = ~2k

2mV (sin θx̂ + cos θẑ) (2.33)

From Eq. (2.32), one can write the transmitted and reflected wavefunctions in
a general form, using the complex transmitted t↑(↓) and reflected r↑(↓) amplitudes
for spin-up (-down) electrons

ψtrans = eikx√
V

(t↑ cos θ/2 |↑〉+ t↓ sin θ/2 |↑〉) , (2.34a)

ψrefl = e−ikx√
V

(r↑ cos θ/2 |↑〉+ r↓ sin θ/2 |↑〉) . (2.34b)

Using Eqs. (2.34) and again Eq. (2.30), the transmitted and reflected spin current
densities along the x−axis are

Qtrans = ~2k

2mV
[
Re{t↑t∗↓} sin θx̂ + Im{t↑t∗↓} sin θŷ

+
(
|t↑|2 cos2 θ/2 + |t↓|2 sin2 θ/2

)
ẑ
]
, (2.35a)

Qrefl = ~2k

2mV
[
Re{r↑r∗↓} sin θx̂ + Im{r↑r∗↓} sin θŷ

+
(
|r↑|2 cos2 θ/2 + |r↓|2 sin2 θ/2

)
ẑ
]
. (2.35b)

An important observation is that the spin current density is conserved (Qin +
Qrefl = Qtrans) only if t↑ = t↓ and r↑ = r↓, i.e. there is no spin filtering, or
θ = 0, π, i.e. the spin current and the magnetization are parallel or antiparallel
with respect to each other. In any other cases, part of the spin current density is
“absorbed” by the ferromagnet, and we have a net spin torque acting on it. Using
Eq. (2.33) and (2.35), and the relationships |t↑|2 + |r↑|2 = 1 and |t↓|2 + |r↓|2 = 1,
we can write the spin torque as

Nst = Ax̂ · (Qin + Qrefl −Qtrans)

= A

Ω
~2k

2m sin θ
[(

1− Re{t↑t∗↓ + r↑r
∗
↓}
)

x̂ + Im{t↑t∗↓ + r↑r
∗
↓}ŷ

]
. (2.36)

From this expression, it is even more evident that there is a finite spin torque only
when there is spin filtering and the spin of the electrons is not collinear with the
magnetization.
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Figure 2.5: Schematic of the spin and charge transport at a non-
magnetic/ferromagnetic interface in the approximation explained in the text: spin
up electrons see no potential step crossing the interface, spin down electrons see a
potential step of height ∆ while entering the ferromagnet.

2. We now proceed to the second step: we calculate t↑(↓) and r↑(↓) explicitly
for the case of a non magnetic/ferromagnetic interface in the Stoner model, i.e. we
will consider a rigid band shifting between spin-up and spin-down electrons2. In
particular, we will assume that the majority spin band in the ferromagnet will match
with the conduction band of the non-magnetic metal, and the minority spin band
will have a step ∆ from the majority spin band. The energy of the incident electron
E is assumed to be larger than the energy step. See Fig. 2.5 for a schematic of the
problem. Although this approximation may seem quite rough, it works reasonably
well to describe interfaces like Cu/Co and Cu/Ni [92, 91, 101]. The latter is similar
to the Cu/Ni80Fe20 interface which is the one considered in all the experiments
presented in this thesis.

The transmitted and reflected amplitudes for spin up and spin down electrons
in Eqs. (2.34) can be written explicitly by matching wavefunctions and their deriva-

2For the degree of approximation considered here, i.e. single electron wavefunctions, there is
no formal difference with the s-d model or with any other model that assumes a shift in energy
between majority and minority carriers.
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tives at the non-magnetic/ferromagnetic interface. This gives

ψtrans = eik↑x

√
V

cos θ/2 |↑〉+ eik↓x

√
V

2k↑
k↑ + k↓

sin θ/2 |↑〉 , (2.37a)

ψrefl = e−ik↑x

√
V

k↑ − k↓
k↑ + k↓

sin θ/2 |↑〉 , (2.37b)

where k↑ = k and k↓ =
√

2m (E −∆)/~. The spin current densities are accord-
ingly:

Qtrans = ~2k↑
2mV

{
cos [(k↑ − k↓)x] sin θx̂

+ sin [(k↑ − k↓)x] sin θŷ

+
[

cos2 θ/2− k↓
k↑

(
2k↑

k↑ + k↓

)2
sin2 θ/2

]
ẑ
}
, (2.38a)

Qrefl = ~2k↑
2mV

(
k↑ − k↓
k↑ + k↓

)2
sin2 θ/2ẑ. (2.38b)

Two important results are understood from Eqs. (2.38). First, the reflected
transverse spin component (i.e. along x̂ and ŷ) of the spin current density is
zero. This happens because of the hypothesis that there is no energy step between
the conduction band in the non-magnetic metal and the majority spin band in
the ferromagnet. Therefore, within this approximation, all transverse component is
transmitted through the ferromagnetic layer. Secondly, as is clear from Eq. (2.38a),
the transverse spin component undergoes a precession with a period 2π/(k↑−k↓). A
way to understand this, as Berger recognized in his seminal paper, is to see the spin
precessing around the exchange field [7]. In a real sample, with a three-dimensional
Fermi surface, electrons impinging on the ferromagnet come from different points
of the Fermi surface (i.e. they will have different wavevectors), and therefore they
will in general travel different paths. The net result is classical dephasing, i.e. the
transverse angular momentum averages to zero, and in most transition metals this
occurs within a few atomic layers.

Calculations performed for realistic three-dimensional Fermi surfaces [101, 92,
107], show that the transverse spin component indeed averages to zero (in other
words, it is absorbed by the ferromagnet) within a few lattice constants.

3. Finally, the third step in order to describe the spin transfer torque consists
in including evanescent states into the picture. So far we have considered the case
of electrons that have an energy higher than the potential step they encounter, and
therefore with a propagating character. However, in many cases this is not neces-
sarily true. In such cases, the wavevector is a complex quantity k + ıκ, and the
imaginary part accounts for the evanescent character of the electronic wavefunction,
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with a decay length ∼ 1/κ. It can be shown (again calculating the transmission
and reflection coefficients by matching wavefunctions and their derivatives at the
interface) that when the electronic wavefunction decays inside the ferromagnet, the
transverse spin component of the spin current density also precesses around the
exchange field of the ferromagnet, with a period 2π/(κ↑ − κ↓). The effect is that
electrons reflected at the interface will have their spin rotated with respect to the
incidence direction, and the amount of rotation is proportional to the amount of
spin angular momentum transferred from the current to the ferromagnet. Even in
this case, similar to the one of transmitted electrons, it can be shown that sum-
ming over the whole three-dimensional Fermi surface leads to significant classical
dephasing for most materials of interest. [101, 92, 107].

Summarizing what was written in this section, a spin polarized current exerts
a spin transfer torque on a thin ferromagnetic film by means of three mechanisms:

1. spin filtering of incident electrons: different transmitted and reflected ampli-
tudes for spin up and spin down electrons;

2. classical dephasing of the total transverse spin angular momentum of trans-
mitted electrons from the entire Fermi surface;

3. classical dephasing of the total transverse spin angular momentum of reflected
electrons from the entire Fermi surface.

Given the fact that, to a good approximation, the spin angular momentum does
not flow away from the ferromagnet, the spin of transmitted and reflected electrons
will be collinear (parallel and, respectively, antiparallel) to the magnetization di-
rection. Therefore, all the transverse spin angular momentum is absorbed by the
ferromagnet within a few atomic layers from the interface. Eq. (2.36) can therefore
be rewritten as

Nst = Ax̂ · (Qin + Qrefl −Qtrans)

= Ax̂ ·Q⊥ = A

Ω
~2k

2m sin θx̂. (2.39)

Referring to Eq. (2.36), in typical metallic interfaces, classical dephasing after sum-
ming up over all states on the Fermi surface leads to

〈
<{t↑t∗↓}

〉
=
〈
={t↑t∗↓}

〉
=〈

={r↑r∗↓}
〉

= 0 to a reasonable approximation, and to
〈
<{r↑r∗↓}

〉
≈ 0.

In magnetic tunnel junctions, the picture can be qualitatively different. In
particular, classical dephasing can be much weaker (since only specific parts of
the Fermi surface determine the tunneling process), and there is evidence that〈
={r↑r∗↓}

〉
6= 0, so that there is a significant contribution to the torque along the ŷ

direction, i.e. perpendicular to the plane defined by the magnetization direction ẑ
and the direction of the incoming electrons x̂ [79, 57]. This torque is often referred
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to as perpendicular or field-like torque, since its net effect is that of a magnetic field
acting on the magnetization. The torque along the x̂ direction, discussed in detail
in this thesis, is instead referred to as in-plane or current-like torque. There has
been a lot of discussion around the field-like torque, solved only recently thanks to
the work by Wang and coworkers [98]. Since this thesis focus on metallic samples,
we will not go into the details of this issue.

Instead, it is pedagogical and useful for the next sections of this thesis to mention
the ideas that led to the prediction of spin torque. These ideas are found in the
seminal papers by Slonczewski and Berger.

Luc Berger [7] considered a non-magnetic/ferromagnetic interface and recog-
nized that in a spin polarized current entering from a non-magnetic metal into a
ferromagnet, the spins precess around the exchange field, as already pointed out
previously in this section. He related the precession to a finite spin flip time, and
hence to a more general spin wave relaxation time. Then, he derived two impor-
tant results. First, at zero bias current, he demonstrated that Gilbert damping, and
therefore spin wave absorption, is enhanced at the interface of the ferromagnetic
thin film. Second, when the bias current is non zero, the shift in Fermi levels can
cause two opposite results, depending on the sign of the current: Gilbert damping
can be even further enhanced, or, at opposite current polarity, counteracted and
even become negative, leading to stimulated emission of spin waves. In analogy
with the laser (light emission by stimulated emission of radiation), he proposed to
name the device a SWASER (spin wave amplification by stimulated emission of
radiation).

John Slonczewski [89] also solved the equation as described in the previous
section, but for a more complex structure N/F/N/F/N resembling a more realistic
spin valve, where N is a non-magnetic layer and F a ferromagnetic one. In this way,
he was able to explicitly write an expression for the spin transfer torque that can
be added to the Landau-Lifschitz-Gilbert (LLG) equation.

The LLG equation describes the dynamics of the magnetization in a ferromag-
net:

dM
dt = −γM×Heff + αG

dM
dt ×M, (2.40)

where γ is the gyromagnetic ratio, M is the magnetization vector, αG is the Gilbert
damping parameter, and Heff is the effective magnetic field acting on the magne-
tization, calculated as

Heff = − δE
δM , (2.41)

where E is the total magnetic energy where all relevant interactions described in
Section 2.1 have been taken into account.

The physical interpretation of Eq. (2.40) is the following. The first term on
the right hand side says that whenever the magnetization is non-collinear to the
effective magnetic field Heff , it will start to precess around Heff , with a frequency
proportional to the magnitude of γ (material dependent) and to Heff . The second



2.3. SPIN TORQUE TRANSFER 29

term on the right hand side tells that the orbit of the precession will be reduced,
at a rate proportional to the Gilbert damping αG, until M and Heff align parallel
to each other.

Slonczewski proposed that an extra term should be added to Eq. (2.40) in the
following way:

dM1

dt = −γM1 ×Heff︸ ︷︷ ︸
Larmor precession

+αG
dM1

dt ×M1︸ ︷︷ ︸
Gilbert damping

−η(θ)µBI
eV

M1 × (M1 ×M2)︸ ︷︷ ︸
Slonczewski term

. (2.42)

This equation is often referred to as LLG+S equation, where “S” stands for Slon-
czewski and denote the last term on the right hand side. The subscript of the
magnetization vector reflects the fact that in a spin valve one has a “free” (M1)
and a “fixed” (M2) magnetic layer. I is the bias current, µB is the Bohr mag-
neton, e is the modulus electronic charge, V the volume of the “free” magnetic
layer and η(θ) = q/(A + B cos θ), where q, A and B depend on the materials and
cos θ = M1 ·M2.

The physical interpretation of the last term on the right hand side of Eq. (2.42)
is the following: depending on the sign of the current I, Gilbert damping can either
be increased or counteracted, in analogy with what was also observed independently
by Berger. In a more realistic structure, like the one considered by Slonczewski, the
“fixed” magnetic layer is responsible of the spin polarization of the bias current I.
Having this in mind, one can also recognize in this equation one of the results derived
earlier in this section of the thesis: spin torque occurs whenever the spin polarized
current (whose spin polarization direction is parallel to M2) is not collinear with
the direction of the magnetization in the “free” layer (M1). In fact, in case of
collinearity, the cross product M1 ×M2 vanishes.

Furthermore, Slonczweski immediately recognized that depending on the magni-
tude of I, two different behaviors of the “free” layer magnetization can be realized.
If the current is relatively large, the spin torque can destabilize a stable magnetiza-
tion state (e.g. parallel alignment of “free” and “fixed” layer) and stabilize another
magnetization state (e.g. antiparallel alignment). In other words, spin torque can
lead to switching of the magnetization of the “free” layer. If the current is not large
enough to cause complete switching, it can still counteract the Gilbert damping, so
that the second and third terms in Eq. (2.42) cancel each other. This means that
under the effect of a magnetic field, the “free” layer magnetization will undergo a
steady precession (first term on the right hand side) as long as a bias current drives
the system.

In reality, the cancellation of the second and third them does not occur at
any instant of time, but it is only true after integration over an entire precession
orbit. This fact implies that the magnetization dynamics can show rather complex
behaviors, and numerical solutions of Eq. (2.42) are required in order to obtain
useful and realistic information.
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Diffusive picture
Another way to understand spin transfer torque is to consider a diffusive spin
transport (i.e. considering spin accumulation at the interface), either by keeping
the charge transport ballistic[103], or by considering diffusive charge transport as
well [80]. The approach of Ref. [103] is very elegant, and both perpendicular and
in-plane torques appear naturally as field-like and current-like terms in the LLG
equation. A comprehensive review of the diffusive approach can be found in Ref.
[66], and it will not be presented here in detail. There are two reasons for that:
first, the full ballistic picture illustrated in the previous section gives a more direct
explanation of the physics behind the spin transfer torque. Second, the approach of
Ref. [103] gives wrong estimates of the magnitude of the field-like torque in metallic
non-magnetic/ferromagnetic interfaces, predicting that the field-like torque should
be as high as 50% of the current-like torque. However, both from first principle
calculations and experiments, it is now well established that the field-like term
is one to two orders of magnitude smaller then the current-like term in metallic
systems.

It should also be pointed out that the reason for the wrong estimates is found in
the rather extreme simplifications in Ref. [103] (very thick fixed layer, infinitely thin
spacer, thin free layer with ideal paramagnetic layer, no spin-dependent reflections
at the interface), that were used in order to obtain an analytically treatable solution.

While it is reasonable to assume that the real situation must be somewhere in
between the ballistic and the diffusive picture [80, 66], for the problems of interest
in this thesis, the ballistic picture is a better approach.

2.4 Spin Waves

The concept of “spin waves” has an important relevance in solid state physics. It
was this idea that allowed for a successful explanation of the dependence of the
magnetization on temperature [41, 53, 52, 5], after many years of experimental ob-
servations that did not find a satisfactory theoretical understanding.

In order to understand the concept of “spin waves”, one has to start from the
configuration of the spins in a ferromagnet at T = 0 K. At zero temperature,
all spins (thought as classical vectors) are aligned parallel to each other, and the
magnetization M has its maximum value M0. As temperature is increased, it is
observed experimentally that the magnetization is decreased by an amount ∆M =
M0−M and ∆M/M0 follows a T 3/2 law. What is the microscopic mechanism that
can explain this behavior?

One of the first ideas was to assume that the lowest excitation corresponds to
having one spin flipped antiparallel to all others, and as the temperature increases,
the number of flipped spins increases. However, there was an important problem
with this model: ∆M/M0 would show an exponential dependence on temperature,
qualitatively different from the experimental T 3/2 behavior.
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Figure 2.6: Schematic of a spin wave on a one dimensional line of spins. (Upper
panel) Spins viewed in perspective. (Lower panel) Top view of the spins.

A starting point towards an alternative solution consists in observing that the
flipping of a single spin requires a relatively high increase of the exchange energy.
Instead, if all spins share the reversal by being slightly canted with respect to
each other as shown in Fig. 2.6, the excitation energy will be relatively lower, and
∆M/M0 will follow a T 3/2 law. Looking at Fig. 2.6, one can also immediately grasp
the origin of the name spin wave, since the ends of the spin vectors are arranged in
a wave-like fashion.

The concept of “spin waves” found some resistance in the early days. In par-
ticular, criticism was raised regarding the physical correctness in explaining the
temperature dependence of the magnetization in the ferromagnetic transition met-
als Fe, Co, and Ni, and in their alloys. In fact, the picture just presented assumes
spins to be localized at atomic sites, while it was already well known that in these
metals valence electrons are delocalized and only itinerant magnetism can describe
ferromagnetism accurately. Therefore the picture of spin waves appeared less intu-
itive in the case of ferromagnetic metals.

Herring and Kittel already proposed some theoretical solutions in their seminal
work [41], and subsequently a large number of experimental observations confirmed
the spin wave picture to be correct even in metals. In particular, a large number of
studies have been carried out on spin waves in bulk and on spin wave confinement
in magnetic thin films. See Refs. [28] and [29] for an overview of the topic.

On the other hand, the theory of spin waves induced by spin transfer torque
is relatively recent, and it is still a matter of investigation. It is the ambition of
this thesis to also advance this understanding. One of the main differences between
the theory of spin waves in standard confined structures and the ones due to spin
transfer torque is the magnitude of the wavevector which in the former case is much
smaller than in the latter. Equivalently, the wavelength of “standard” spin waves
is much larger than that of excited by spin-transfer torque.

In the particular geometry considered in this thesis (nano-contact on a large
spin valve mesa), the wavelength of the spin waves excited by spin transfer torque
is proportional to the size of the nanocontact, and in this respect the thin film is
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virtually infinite in the film plane, so that there is no confinement in two out of
three spatial directions. The main consequence is that the excited spin waves can
be considered as exchange dominated, with group velocity determined solely by the
exchange interaction.

2.5 Spin Waves induced by Spin Torque Transfer

As already anticipated in previous sections of this thesis, we will consider a geom-
etry where a nano-contact of size ∼ 40 − 200 nm is lithographically defined on a
spin valve mesa of greater lateral size ∼ 10 µm. Pioneering experiments in this ge-
ometrical configuration were performed by Tsoi and coworkers [96] and by Kiselev
and coworkers [51]. Among the several differences between the two experiments, it
is important to note that in the first case a relatively large external magnetic field
(> 2 T) was applied perpendicular to the plane of the film, while in the second case
the field was smaller (∼ 1 kOe) and in-plane. The two orthogonal orientations of
the magnetic fields were studied on the same device in the article by Rippard and
coworkers [71]. An important observation that became clear in this work, was that
the frequency of the excited spin waves increases with current (i.e. it experiences
a blue shift) when the magnetic field is orthogonal to the plane of the film, while
it decreases with current (i.e. it red shifts) when the field is applied in the plane
of the film. This was a first indication that the nature of the spin waves excited in
the two cases are intrinsically different.

Nature of the excited spin waves

By linearizing the LLG+S equation, and finding an analytic solution, Slonczewski
soon recognized [90] that the spin waves excited in the experiments by Tsoi and
coworkers [96] was an exchange dominated propagating spin wave, whose wave-
vector is inversely proportional to the nano-contact radius. Furthermore, he found
an explicit expression for the threshold current, which contains two terms: a first
accounting for local viscous dissipations, and a second, accounting for the energy
radiated away from the volume beneath the nanocontact. A spin polarized current
must be large enough to compensate both effects in order to sustain a steady pre-
cession. A subsequent work by Hoefer et al. [42], based on the same approach but
including non-linear terms (in order to study the magnetization dynamics above
threshold) showed also that increasing the magnitude of the current leads to an
increase of the frequency of the excitation.

The theoretical explanation of the pioneering experiment by Kiselev and cowork-
ers [51], and on the similar results by Rippard and coworkers [71] was however given
by Slavin and Tiberkevich [85]. They proposed, and demonstrated theoretically,
that in an in-plane magnetized nano-contact, a self-localized spin wave of solitonic
character (a spin wave “bullet”) could be excited with a smaller bias current. In
fact, given the localized nature of this type of spin wave, the current does not have
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to compensate for energy radiated out of the volume of the nano-contact. Further-
more, they were able to describe the excitation of both types of spin waves within
the same formalism, predicting the correct sign of the frequency tuneability with
current. An overview of this formalism is given in the next section.

Hamiltonian formalism
A device where a periodic excitation can be sustained without the need for an-
other external periodic excitation (in our case the steady emission of spin waves
stimulated by a direct current) is generally referred to as an auto-oscillator.

Regardless of the physical working principle, all models of auto-oscillators com-
prise three elements: a resonant element, which determines the frequency of oscil-
lation; a dissipative element, which takes into account energy losses; and an active
element, which compensate for those losses. The last two elements are often re-
ferred to as positive and negative damping elements respectively [86]. The majority
of auto-oscillators can be described by the non-linear oscillator model:

∂a

∂t
+ iω(|a|2)a+ Γ+(|a|2)a− Γ−(|a|2)a = f(t), (2.43)

where a(t) is the complex amplitude of the auto-oscillation. ω is the frequency of the
resonant element, while Γ+(|a|2) and Γ−(|a|2) are the positive and negative damping
terms respectively. f(t) describes a generic time-varying external perturbation
which can affect the auto-oscillator, for instance external signals or temperature
fluctuations.

It can be shown [88] that the LLG+S equation, i.e. Eq. (2.42), can be written
using the auto-oscillator formalism when f(t) = 0, in the following manner:

∂a

∂t
= −i

[
ω0 −D∆ +N |a|2

]
a− Γa+ f(r/Rc)σI

[
1− |a|2

]
a, (2.44)

where a = a(r, t) is the spin wave amplitude, ∆ is the two-dimensional Laplace
operator, f(r/Rc) is the step function (f(x) = 1 if x < 1 and f(x) = 0 otherwise)
and I is the applied direct current. All other parameters contain a dependence on
H and θ, i.e. the magnitude and, respectively, the direction (between the normal to
the film plane and the film plane) of the internal magnetic field, calculated from the
magnetostatic boundary conditions (Appendix B). The derivation of all parameters
is given in the Appendix C, while here we only give their compact expressions:

• ω0, ferromagnetic resonance (FMR) frequency, given by the Kittel formula:

ω0 =
√
ωH (ωH + ωM cos2 θ). (2.45)

• D, spin wave dispersion coefficient:

D = λ2
exωM

∂ω0

∂ωH
= λ2

exωM
2ωH + ωM cos2 θ

2ω0
(2.46)
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• N coefficient of non-linear frequency shift:

N = −2ωM
∂ω0

∂ωM
= ωHωM

ω0

(
3 sin2 θ

ω2
0
− 1
)
. (2.47)

• Γ, Gilbert damping rate:

Γ = αGω0
∂ω0

∂ωH
= αG(2ωH + ωM cos2 θ)/2; (2.48)

• σ, spin polarization pre-factor:

σ = σ0 cos(θ − θP ), (2.49)

where σ0 = εgµB/2eM0dS, with ε being the spin polarization efficiency, g
the spectroscopic Lande factor, µB the Bohr magneton, e the modulus of
the electron charge, M0 and d the free layer saturation magnetization and
thickness, S = πR2

c the cross section of the nano-contact of radius Rc. θP is
the internal angle of the magnetization in the “fixed” magnetic layer.

It is pedagogical to compare Eq. (2.42), i.e. the LLG+S equation and Eq. (2.44),
i.e. the auto-oscillator model of the spin torque oscillator, and find the correspon-
dences between the terms on the right hand side:

1. The first term in the LLG+S equation describes the Larmor precession of
the magnetization around an effective magnetic field. The frequency of the
oscillation is determined by the gyromagnetic ratio (material dependent) and
by the magnitude of the effective field. In the auto-oscillator model this is
the resonant element.

2. The second term on the right hand side of the LLG+S equation is the Gilbert
damping, which acts as a positive damping Γ = Γ+ in the auto-oscillator
equation. In the case of Eq. (2.44), non-linear contributions (proportional to
|a|2) to the damping have been neglected.

3. Finally, the last term in the LLG+S equation is the Slonczewski spin torque
term, which is modeled as the active element, or negative damping Γ−, in
Eq. (2.43).

Depending on the sign of the coefficient of the non-linear frequency shift N ,
Eq. (2.44) can support two intrinsically different solutions.

When N > 0, there is only one possible solution, which corresponds to a spin
wave with propagating character. A pedagogical way to see this is to neglect the
non-linear part in the first term on the right hand side, and to assume that the
second and third terms are negligible perturbation to the first term. Both are
realistic assumptions. In doing this, Eq. (2.44) degenerates to Laplace’s equation
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Figure 2.7: Normalized amplitude of the two possible solutions of Eq. 2.44, i.e. a
spin wave bullet and a propagating spin wave. Eq. 2.44 has been solved assuming a
uniform cylindrical distribution of the current under the nano-contact (delimited by
the two vertical dashed lines). The radial coordinate is normalized by the contact
radius.

in cylindrical coordinates, whose solution is the Bessel function J0, which oscillates
while decaying away from the center of the cylinder (the nano-contact in our case)
[90]. The inclusion of the non-linear term enhances the decay.

When N < 0, a Bessel-like solution can still be found, but in addition the
equation also yields a solution that describes a localized wave of solitonic character,
or bullet [18, 82, 85].

Fig. 2.7 shows the profile of the two types of solutions that can be obtained
from Eq. (2.44).

As mentioned in the previous section, the threshold (or critical) current of the
propagating spin wave mode has two contributions, which can be written as

Ipropth = Γ
σ

+ 1.86 D

Rcσ
, (2.50)

where the first term describes the local viscous dissipation, while the second the
radiative contribution.

However, for the localized spin wave bullet instead, the second term is no longer
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present, and the threshold current is

Ibulth = β
Γ
σ
, (2.51)

where β is a dimensionless coefficient that depends on the parameters of the system,
as illustrated later in this thesis. As a consequence, the spin wave bullet mode
always has a lower threshold current than the Slonczewski-like propagating mode,
except very close to a critical field angle where β diverges.

Dynamics in presence of an external perturbation

Eq. (2.44) can be generalized to the case when an arbitrary external signal is per-
turbing the auto-oscillation.

In the case that the external perturbation is thermal noise, an interesting result
is that the auto-oscillator can emit finite power p below threshold [49, 86]. The
sub-threshold power can be expressed as:

p = γ

VeffM0

kBT

ω(0)
Ith

Ith − I
, (2.52)

where kB is the Boltzmann constant, T the absolute temperature, ω(0) the fre-
quency at threshold, and Ith is the threshold current.

When the external perturbation is an external RF source with a well defined
frequency, f(t) in Eq. (2.43) can be expressed as [87]:

f(t) = Λe−iωet, (2.53)

where ωe is the frequency of the external signal, and Λ is a parameter that describes
the type and the magnitude of the perturbation. In particular, for a spin torque
oscillator described by Eq. (2.44), there are two interesting expressions to consider.
If the external perturbation is a microwave magnetic field h0, this expression is:

Λ = γh0. (2.54)

If the external perturbation is a spin polarized microwave current of amplitude Irf ,
the expression is instead:

Λ = σ0 sin(θ − θP ) Irf
2
√

2
. (2.55)

2.6 Micromagnetics

All results from micromagnetic simulations discussed in this thesis have been per-
formed by the research group at the University of Messina. Here, we just briefly
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mention the main assumptions behind these simulations. Details can be found in
Ref. [23].

In micromagnetic simulations, the basic procedure consists in dividing the vol-
ume of a ferromagnetic material (in our case, the magnetic “free” layer) into a
grid of nanometer-sized domains, where the magnetization is assumed to be uni-
form. Then, one solves the equation of motion for each cell, taking into account
the interaction with the neighboring cells.

The equation that needs to be solved for each domain is again Eq. (2.42), i.e
the LLG+S equation. In order to account for the effect of the interaction with
neighbouring domains, an extra exchange term is added.

The code used for the simulations presented in this thesis has been developed
at the University of Messina. For each simulation, details of the parameters used
are specified in the respective section of this thesis. General characteristics are the
following ones:

• the code perform Finite Difference simulations in order to solve the micro-
magnetic problem;

• for the case of the nano-contact simulated in this thesis, absorptive boundary
conditions have been implemented, in order to reduce the number of compu-
tational cells to a treatable number. This because using the real dimensions
of the spin valve mesa (tens of microns) in the simulations would lead to
practically not treatable problems.

This code, together with other codes with partner research groups, constitutes
part of the GoParallel commercial package. Details of this package can be found
at http://goparallel.net/.





Chapter 3

Experimental Techniques

3.1 Fabrication

As already mentioned in the introduction and in the theoretical section, all devices
measured in this thesis are nano-contact spin torque oscillators. In this geometry,
a spin polarized current is injected via a nanosized (∼ 100 nm) electrical contact
into a pseudo spin valve mesa with a lateral size of tens of micrometers. All devices
have been fabricated by Fred Mancoff at Everspin Technologies, Inc., in Chandler
AZ.

In a first step, all materials are sputtered onto a Si wafer with a buffer oxide
layer. This defines a thin films stack comprising [62]:

• 5-nm-Pd/25-nm-Cu base electrode;

• 20-nm-Co81Fe19 “fixed” magnetic layer;

• 6-nm-Cu spacer;

• 4.5-nm-Ni80Fe20 “free” magnetic layer;

• 2-nm-Cu/3-nm-Pd capping layer.

Consequently, by means of optical lithography, the thin films stack is defined into
mesas with size 26µm × 8µm. Next, a 30 nm thick uniform SiO2 layer is deposited
over the entire wafer, covering all the mesas.

At this stage, the wafer is coated with lithographic resist and exposed to an
electron-beam lithographic step, which defines, on top of each mesas, a central nano-
sized (40 - 300 nm) and two lateral microsized openings. A subsequent selective
etching step of the SiO2 layer allows for reaching the metallic capping layer.

Finally, the sample is coated again with lithographic resist, and a last optical
lithographic step defines the profiles of coplanar waveguides above and outside the
mesas. The actual waveguides are defined by a final lift-off step, after evaporation
of a 400 nm thick aluminum layer.

39
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Figure 3.1: Schematic of the devices investigated in this thesis. For clarity, some
of the layers are not drawn. For the same reason, dimensions are not scaled. The
arrows show schematically the path followed by the electrons once they are injected
through the nano-contact.

Further details of the fabrication are not object of discussion in this thesis,
and will not be considered. However, it is important to illustrate some details of
the electronic transport in the investigated structures, as well as the microwave
characteristics of the devices.

Regarding the first issue, the transport of electrons through the structure, we
refer to Fig. 3.1. Electrons are injected from the central conductor and spread while
propagating in the mesa. The reason for spreading has to be found in the fact that
electrons “see” a lateral resistance which is comparable to the one they see in the
direction perpendicular to the stack. With a similar idea, the relatively thick (25
nm), low resistance, bottom Cu electrode, acts as to carry away the electrons flowing
from the central nano-contact towards the two lateral micro-contacts. Therefore,
in our devices, the “bottom contact” which people in literature usually refer to, is
geometrically speaking a pair of top contacts. But two factors, the low-resistance
Cu layer on the bottom, and the relatively large distance between the central and
the lateral contacts, create the conditions for an electronic transport that resemble
the one of a perpendicular spin valve.

There are two reasons for this choice. At first, it is easier to have only one
lithographic step to define the contacts all at once. Second, it is also easier to
define a good microwave geometry, as explained below.

As mentioned before, the final lift-off step defines coplanar waveguides on top
of each mesas. Coplanar waveguides are a particular geometry of transmission line
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Figure 3.2: (Left) Schematic of a coplanar waveguide. The ratio s/w, as well as
the value of the dielectric constant, determines the characteristic impedance of the
waveguide. (Right) Actual picture of a series of the devices measured, where the
rightmost device is contacted with microwave probes.

where a planar signal (S) line is flanked by two ground (G) lines (one on each side).
As sketched in Fig 3.1, the central nano-contact is the contact with the signal line,
while the two micro-contacts are the contacts with the ground lines.

Fig. 3.2 shows both the schematic and a picture of the coplanar waveguide in
the actual experiments presented in this thesis work. According to Ref. [19], the
characteristic impedance Zc of a coplanar waveguide is given by:

Zc = Z0

4√εe
K ′

K
, (3.1)

where Z0 is the vacuum impedance, w is the signal line width, and s the separation
between signal and ground lines, as depicted in Fig. 3.2. εe = (εr+1)/2, where εr is
the relative dielectric constant of the medium. The ratio K/K ′ between complete
elliptic integrals of first type is

K

K ′
=


1
π

log
(

21 +
√
k

1−
√
k

)
if 0.7 ≤ k ≤ 1,[

1
π

log
(

21 +
√
k′

1−
√
k′

)]−1

if 0 ≤ k ≤ 0.7,
(3.2)

where k = s/(s + 2w) and k′ =
√

1− k2. For the waveguides considered in this
thesis, s/w = 2 and εr = 10, and Zc ≈ 50 Ω.
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According to Ref. [19], the attenuation of the signal caused by dielectric loss αd
in this type of structures is expressed as

αd = π

λ0

εr√
εe
q tan δl (3.3)

where λ0 is the wavelength (in vacuum) of the microwave signal, q is the filling factor
(q = 0.5 in our case) and tan δl is the loss tangent [19]. For a frequency f0 = 10
GHz, λ0 = 3 cm, and the loss tangent for Si at this frequency is tan δl ≈ 0.015,
Eq. (3.3) gives αd ≈ 0.3 dB/cm. The attenuation due to conductor loss can be
instead calculated as

αc = R1 +R2

Zc
, (3.4)

where R1 and R2 are the series resistance per unit length due to the signal line and
the ground lines, respectively. The expression for these is

R1 = Rm
4s(1− k2)K2(k)

[
π + log 4πs

t
− k log 1 + k

1− k

]
, (3.5a)

R2 = kRm
4s(1− k2)K2(k)

[
π + log 4π(s+ 2w)

t
− 1
k

log 1 + k

1− k

]
, (3.5b)

where Rm =
√

2πf0µ0µr/σ and t are the skin effect resistance and the thickness of
the conductor, respectively. For the waveguides considered here, Rm = 16.5Ω

√
f0

(µ0 = 4π · 10−7, µr and σ are the relative permittivity and conductivity, respec-
tively), where f0 is the frequency and it has to be expressed in GHz, and t = 0.4
µm, and therefore αc ≈ 0.8 dB/cm. The total attenuation per unit length is there-
fore α = αd + αc ≈ 1 dB/cm at f0 = 10 GHz. The total length of the waveguide is
approximately 300 µm, and therefore the absolute attenuation is A ≈ 0.03 dB. In
linear scale, this says that approximately 0.3% of the signal (equivalently 0.7% of
the power) is lost.

The highest frequency measured in these devices is f0 ≈ 40 GHz. Assuming
a ten-fold increase of the attenuation due to dielectric loss (which should approx-
imately include the four-fold decrease in λ0 and somehow the increase of the loss
tangent), and a two-fold increase of the attenuation due to conductor loss (propor-
tional to

√
f0, the absolute attenuation at this frequency is expected to be A ≈ 0.15

dB. In linear scale, this means that about 1.7% of the signal (3.4% of the power) is
lost. Given these numbers, and the fact that the signal lost due to impedance mis-
match (see section 3.3) is relatively much larger, the attenuation has been neglected
throughout this thesis when computing the measured power.

3.2 DC characterization

In order to characterize the DC properties (i.e. resistance, magneto-resistance, dif-
ferential resistance) of our devices, a nano-voltmeter (Keithley Instruments 2182A)
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Figure 3.3: Representative magnetoresistance loop for one of the devices measured
in this thesis. A series resistance of 6.5 Ω (cables + bias-T) has been subtracted from
the original data. The different resistance between parallel and anti-parallel align-
ment of “free” and “fixed” layers and the corresponding GMR ratio are highlighted
in the figure. The current is Idc = 1 mA, and the diameter of the nano-contact
d = 40 nm.

was always connected to the transmission line in parallel with a precision current
source (Keithley Instruments 6221), and through a bias-T. (See next section for a
detailed schematic of the entire experimental setup.) In this configuration, we had
therefore a 2-point measurement setup.

The disadvantage of this configuration is that the series resistance of cables and
all other eventual components between the voltmeter and the device is added to the
device resistance. On the other hand, these components can be characterized quite
well, and their resistance can be considered constant during the measurements.
Therefore, it is just a matter of subtracting such resistance in order to get the
intrinsic device resistance.

The big advantage lies instead in the fact that by means of the same probing
event, we can simultaneously measure DC and RF properties of our devices.

Fig. 3.3 shows a typical magneto-resistance loop obtained by measuring the
voltage drop on the transmission line while a constant current is fed into it and a
device is connected. The magnetic field is swept forward and backward, so to get the
two magneto-resistive switching at positive and negative field values, respectively.
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Figure 3.4: Differential resistance as a function of applied direct current for a sample
where the nano-contact diameter was d = 80 nm, µ0He = 0 Oe. The inset shows the
data of the main plot after subtraction of the parabola drawn as a black continuous
line, and re-addition of the Idc = 0 resistance. Without averaging, a GMR ≈ 1 %
over a 4 Ω resistance can reliably be measured.

An interesting characteristic of our setup is that the current source and the
nano-voltmeter can be connected through a dedicated port, and be synchronized.
This combo allows for a straightforward measurements of the differential resistance
dV/dI as the direct current is swept. Details of the measurement technique are
given on the manufacturer home page [45]. This possibility is particularly useful
when studying spin torque induced switching, as shown in Fig. 3.4. For the cases
presented in this thesis, dV/dI measurements where mostly performed only in order
to check general properties of the sample under investigation.

3.3 RF characterization

The schematic of the transmission line used to detect the microwave signal gener-
ated by the STO is depicted in Fig. 3.5.

The sample is mounted on a suspended arm between the poles of an electromag-
net. The separation between the poles is about 2 cm, which allows for a 0◦ − 90◦
rotation of the suspended arm within the poles. The distance between poles is such
that the magnetic field can be assumed to be uniform in large part of the opening,



3.3. RF CHARACTERIZATION 45

Figure 3.5: Schematic of the transmission line used for detecting the microwave
signal generated by the STO and described in the text. The signal source + circu-
lator element is necessary only for experiments where one wants to lock the STO
to an external source.

since the pole diameter is 4 cm. (The thumb rule says that the maximum opening
between poles in order to guarantee a uniform field does not have to exceed half of
the poles diameter.)

The contact to the sample is realized by means of GGB Industries GSG-40A
microwave probes, with 150 µm pitch and with nominal maximum operating fre-
quency of 40 GHz and nominal impedance Zc = 50 Ω. The probes were custom
built in all-non-magnetic parts, in order to avoid movements induced by the mag-
netic field generated by the electromagnet. The microwave probes were mounted
on a probe positioner by Quater Research.

After the probe, the transmission line can be configured in two ways, depending
on the frequency range of interest.

• 26 GHz line: 3.5 mm (SMA) cables are used for the connection between the
probe and a bias-T (dc – 26 GHz), and between the bias-T and a 35 dB, low
noise (3dB), broadband (100 MHz – 26 GHz) amplifier.

• 40 GHz line: 2.92 mm (N-contact) cables connect the microwave probe and
a bias-T (dc – 40 GHz) and subsequently the bias-T to 20 dB, low noise (2
dB), broadband (16 – 40 GHz) amplifier.

Fig. 3.6 shows the S21 parameter for both transmission line measured in a vector
network analyzer when port 1 is connected at the probe contact and port 2 at the
amplifier contact.

The output of the amplifier is finally connected to a Rohde&Schwarz FSU46
spectrum analyzer, which has a working range 20 Hz – 46 GHz. and displayed
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Figure 3.6: Gain of the two different transmission lines used in this thesis, evaluated
as the S21 scattering parameters measured by means of a VNA.

average noise level (DANL) lower than -140 dBm normalized to 1 Hz resolution
bandwidth (RBW) in the entire frequency range.

Eventually, a circulator with working range 10-20 GHz or 20-40 GHz can be
inserted before the amplifier, so that a signal from a microwave source can be
delivered to the device while avoiding saturation of the amplifier.

Fig. 3.7 depicts the measured S11 parameters, and the calculated reflection
coefficient Γr for two different device sizes used in this thesis. Γr is calculated using
the relation:

Γr = Z − Zc
Z + Zc

, (3.6)

where Z is the impedance of the device. For our device, we assume a purely resistive
impedance Z = R. It is clear that the calculated reflection agrees well with the
data measured by means of a VNA.

3.4 µ-BLS

Brillouing light scattering (BLS) spectroscopy [15, 64, 78, 77, 38] has been long
used as a primary tool for investigation of spin waves. Namely, it was BLS that
brought to the discovery of the interlayer exchange coupling that subsequently led
to the discovery of the GMR effect [39].

As explained in Chapter 2.4, the creation of spin waves is the way a magnetic
material responds at some type of excitations, temperature for instance. The fre-
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Figure 3.7: Measured scattering parameter S11 for two STOs of different diameter
(and therefore resistance). The reflection varies between 80% and 90% for the lower
resistance device, and around 70% for the higher resistance device. Dashed lines
are the expected values using Eq. 3.6.

quency of excitation depends on the important magnetic energies in place, therefore
being material and geometry dependent. At a microscopic level, the excitation is
quantized, and the quanta of energy are called magnons.

When a photon of energy ~ωi and momentum ~qi impinges on a magnetic
material, it may transfer part of its energy and momentum, therefore creating a
magnon, or acquire additional energy and momentum by destroying a magnon. It
is then a three-particle scattering process and the change in energy and momentum
is described as

~qs = ~(qi ± q), (3.7a)
~ωs = ~(ωi ± ω), (3.7b)

where ~ωs and ~qs are the energy and, respectively, the momentum of the scattered
photon, and ~ω and ~q are the energy and, respectively, the momentum of the
created (−) or destroyed (+) magnon. The creation of a magnon gives a Stokes shift
in energy of the emitted photon, the annihilation is instead an anti-Stokes process.
Fig. 3.8 illustrate schematically the three-particle Stokes scattering process.

A way to see this process in a classical framework, is to consider the spin wave
as a periodically varying phase grating at a velocity corresponding to the group
velocity of the spin wave [30]. The phase grating is created by magneto-optical
(MO) effects (in metals, the dominant one is the MO Kerr effect, MOKE). When
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Figure 3.8: Three-particle Stokes scattering process. An incident photon with
energy ~ωI and momentum ~qi is scattered away with a lower energy ~ωs and
momentum ~qs, leaving part of its energy in the specimen, that leads to the creation
of a magnon of energy ~ω and momentum ~q.

Figure 3.9: Typical BLS spectrum as recorded in a standard BLS setup. The
large central peak is the elastic peak given by photons which are reflected without
transfer of energy with a magnon.

light is Bragg-reflected by a moving grating, it does this with its frequency which
is Doppler-shifted by the spin wave frequency.

Figure 3.9 shows a typical BLS measurement spectrum and a typical energy vs
wavevector dispersion curve. In this case, one can clearly observe quantization of
spin waves at small wavevectors. The reason for quantization lies in the reduced di-
mensions of the sample (micron-sized nanowires) which leads to lateral confinement
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Figure 3.10: (Upper images) µ−BLS two-dimensional map of Py microrings. As an
applied field is increased in the direction parallel to the major axis of the ellipse,
spin waves move away from the major axis edges of the structures. (Lower images)
Numerical simulation for a Py structure with same nominal parameters. µ−BLS
is able to reveal the location of spin waves bit a resolution of 300 nm. [Data from
Ref. [61], reproduced with permission.]

of the spin waves, and hence to quantization of their energy.
In 2004, Demidov and coworkers [27] modified a standard BLS setup in order to

obtain micro-focusing of and subsequent recollection the light. In this configuration,
and with the sample mounted on a piezoelectric stage, one can perform a scan over
a magnetic sample and measure spin waves with spatial resolution. Eqs. 3.7 still
holds; however, in gaining spatial resolution, one loses momentum resolution. The
accessible range of wavevectors is given by the numerical aperture of the objective.
This new measurements setup has been named “µ−BLS”.

Figure 3.10 shows a µ−BLS map on some Permalloy elliptical rings [61]. The
bright and dark spots in the upper images indicates strong and weak spin wave
excitations, respectively. The dimensions of the rings is 1000 nm × 600 nm, and
the resolution of the µ−BLS around 300 nm. It is clear that the experimental data
is in good agreement with the expected simulated behavior plotted in the lower
part of the Figure.





Part II

Original work
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E ancora che la natura cominci dalla ragione e termini nella sperienzia, a noi
bisogna seguitare in contrario, cioè cominciando [...] dalla sperienzia, e con quella

investigare la ragione.

Fastän naturen börjar från anledningen och avslutar i erfarenhet är det nödvändigt
för oss att göra tvärtom, det vill säga att börja från erfarenheten, och med denna

undersöka anledningen.

Although nature commences with reason and ends in experience it is necessary for
us to do the opposite, that is to commence with experience and from this to

proceed to investigate the reason.

(Leonardo da Vinci)
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Chapter 4

Localized and propagating modes

In this Chapter, we show the original work that led to the demonstration of the
nature (localized and propagating) of the two spin wave modes excited in magnetic
nanocontacts. In a first section, we present the fundamental experimental evidence
for these two modes and the related theoretical understanding. This is the content
of the attached Manuscripts I and II. In a second section, we extend these re-
sults by showing time-domain measurements and their interpretation by numerical
simulations. This section constitutes the attached Manuscript V. A third section
describe the characteristics of power and linewidth of the two spin wave modes.
These results were compiled in the attached Manuscript III.

4.1 Experimental evidence

We recall here what anticipated in the previous chapters. In his pioneering paper
[90], Slonczewski predicted that the spin waves excited by spin transfer torque
in a perpendicularly magnetized free layer underneath a nanocontact [96], would
be exchange-dominated, propagating radially from the nanocontact region, with a
wave number k inversely proportional to the nanocontact radius Rc (k ' 1.2/Rc).
Rippard et al. [75] subsequently demonstrated that, while Slonczewski’s theory
correctly describes the frequency and threshold current of spin waves excited in
perpendicularly magnetized films, it fails to describe spin waves excited when the
same film is magnetized in the plane. It was later shown theoretically that in the
case of in-plane magnetization, apart from the Slonczewski-like propagating spin
wave mode, it is possible to excite a self-localized nonlinear spin wave mode of
solitonic character – a so-called standing spin wave bullet [85]. While the current-
induced excitation of the spin wave bullet was subsequently confirmed in several
numerical simulations [24, 8, 21, 9], and angular dependent measurements have
been presented in the literature [72], no clear experimental evidence of a spin wave
bullet nor a characterization of its properties, has yet been presented.
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Figure 4.1: Measured frequencies of the observed spin wave modes as a function
of the applied field angle θe at I = 14 mA and µ0He = 1.1 T. Inset: theoretically
calculated frequencies of the propagating (upper curve) and the bullet (lower curve)
modes at the current threshold, for nominal parameters of the nanocontact STO.

Here, by studying the angular dependence of spin wave excitations in nanocon-
tact based spin-torque oscillators (STO), we will demonstrate that when the free
layer is magnetized at sufficiently small angles θe . 55◦ with respect to the plane,
two distinct and qualitatively different spin wave modes can be excited by the cur-
rent passing through the nanocontact. The two modes have different frequencies,
f , different threshold currents, Ith, and opposite sign of the frequency tuneability,
df/dI. Through comparison with theory [85, 35] and micromagnetic simulations,
we show that the higher-frequency, blue-shifting mode is well described by the Slon-
czewski propagating mode, and that the lower-frequency, red-shifting mode exhibits
all the predicted properties of a localized spin wave bullet. Using time-frequency
wavelet-based analysis of our micromagnetic simulations we furthermore demon-
strate that the apparent simultaneous excitation of both modes, as observed in
frequency domain experiments, results from non-stationary switching between the
two modes on the sub-ns time scale.

The magnetically active part of the sample is a Co81Fe19(20 nm)/ Cu(6 nm)/
Ni80Fe20(4.5 nm) thin film tri-layer, patterned into a 8 µm × 26 µm mesa. On
top of this mesa, a circular Al nanocontact having nominal diameter 2Rc = 40 nm
was defined through SiO2 using e-beam lithography (see the Chapter 3.1 of this
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Figure 4.2: Measured threshold current for the propagating (empty triangles) and
the bullet (filled circles) modes as a function of applied field angle θe. Lower inset:
theoretical threshold current vs applied field angle. Upper inset: df/dI vs. θe for
the propagating (empty triangles) and the bullet (filled circles) modes as a function
of θe. Filled squares are the results of micromagnetic simulations.

thesis or Ref. [63] for details). An external magnetic field of constant magnitude
(µ0He = 1.1 T) was applied to the sample at an angle θe with respect to the
film plane. Details of the measurements setup are given in Chapter 3.3 of this
thesis and in Ref. [13]. As explained in previous sections of this thesis, the excited
spin waves modulate the magnetoresistance of the device and are detected as a
microwave voltage signal. Microwave excitations were only observed for a single
current polarity, corresponding to electrons flowing from the “free” (thin NiFe) to
the “fixed” (thick CoFe) magnetic layer. All measurements were performed at room
temperature. While the results presented here all come from a single sample, we
have confirmed that the results obtained on several other devices are qualitatively
similar.

Figure 4.1 shows the angular dependence of the microwave frequencies generated
at a constant current of I = 14 mA. The most striking feature is the existence of
two distinct signals for sufficiently small values of θe. The frequencies of these
two signals differ by about 2.5 GHz at angles up to θe = 40◦, and then start to
approach each other up to a critical angle θe = θc ≈ 55◦ where the lower frequency
signal disappears. The general behavior of the two signals remains the same at
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Figure 4.3: Inverse power for the two spin wave modes as a function of the bias
current. At θe = 30◦ both spin wave modes coexist: filled symbols are used for the
localized mode and empty symbols for the propagating one. At θe = 65◦, only the
propagating spin wave mode is observable.

higher currents (I = 18 mA), with a slight increase of both θc and the frequency
separation to about 58◦ and 3 GHz respectively.

Fig. 4.2 shows the angular dependence of the threshold current Ith for both
signals. Ith is found from peak power (p) measurements in the sub-critical regime
(I < Ith) analyzed using the method proposed in Refs. [95, 86], and employed
in Ref. [58]. Since 1/p(I) ∼ (Ith − I) in this regime, Ith for each signal can be
directly determined from the intercept of a straight line through 1/p(I) vs. I with
the current axis. Fig. 4.3 show two typical fitting results using this method. We
extracted Ith only for the magnetization angles 20◦ < θe < 80◦, since outside this
range the signal was too weak to allow for a reliable analysis. We note that the
low-frequency signal always has the lower threshold current (within the noise of the
analysis), in particular at low field angles. As the angle increases, the Ith values for
the two signals gradually approach each other and become essentially equal close to
θc. For the lower-frequency signal, the data is plotted up to θe = 47◦, since above
this angle the signal is too low to allow for a reliable determination of Ith.

The upper inset in Fig. 4.2 shows the experimental tuneabilities df/dI of the
two signals. The lower-frequency signal always red shifts with current (df/dI < 0)
with values ranging from -40 to -110 MHz/mA. In contrast, the higher-frequency
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Figure 4.4: (Color online) Comparison of experiment with micromagnetic sim-
ulations: (a, b) Measured microwave power, presented as color maps onto the
frequency-current plane, for two applied field angles (a) θe = 30◦ and (b) θe = 65◦,
where filled symbols show the results of the micromagnetic simulations. (c) Wavelet
analysis, and (d) Fast Fourier transform, of the micromagnetic simulation at
θe = 30◦ and I = 16 mA.

signal blue shifts with current (df/dI > 0) with values ranging from +50 to +150
MHz/mA for θe < 45◦ and from +300 to +400 MHz/mA when θe > 55◦. The
opposite tuneability sign can be clearly seen in Fig. 4.4a-b where the microwave
power of both signals is color mapped onto the frequency-current plane. At θe =
30◦ (Fig. 4.4a)) both signals are visible with a lower Ith and a clear red shift for
the lower-frequency signal, and a higher Ith and a clear blue shift for the higher-
frequency signal. At a larger magnetization angle, θe = 65◦ (Fig. 4.4b)), only the
higher-frequency, blue-shifting signal is visible.

In order to gain a physical understanding of the experimental observations, we
use the theoretical model of spin wave excitations developed in Refs. [85, 35], and
presented in Chapter 2.5 of this thesis. In this model, one of the excited modes is
directly related to Slonczewski’s propagating spin wave mode for a perpendicularly
magnetized nanocontact STO [90], but now generalized for the case of an oblique
orientation of the free layer magnetization. The mode retains its propagating char-
acter, i.e. it carries energy away from the nanocontact area, and its threshold
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current is approximately given by:

Ipropth ≈
[
Γ(θe) + 1.86D(θe)/R2

c

]
/σ(θe) , (4.1)

where Γ(θe) is the Gilbert damping rate in the free layer, D(θe) is the spin wave dis-
persion coefficient, Rc is the nano-contact radius, and σ(θe) is the spin-polarization
pre-factor (see Eq. (2) in Ref. [85]). The second term in Eq. (4.1) is independent of
the spin wave damping Γ and describes radiative energy losses due to the propagat-
ing character of the mode. It is usually larger than the first term, which describes
losses due to direct energy dissipation in the nanocontact area. The frequency of
the propagating mode

ωprop ≈ ω0(θe) + 1.44D(θe)/R2
c +N(θe)|a|2 (4.2)

is hence typically higher than the FMR frequency ω0 of the free layer, and depending
on the sign of the nonlinear frequency shift, N = ∂ω/∂|a0|2, either blue shifts or
red shifts with increasing current.

The model also predicts the existence of an additional mode whose amplitude
and spatial extension are stabilized by two concurring processes: i) energy dissipa-
tion due to Gilbert damping and ii) energy gain from the spin-polarized current.
This mode is self-localized, has a two-dimensional solitonic character with a bul-
let shaped amplitude profile (hence also called a spin wave bullet), and does not
carry any energy away from the nanocontact area. The expression for its thresh-
old current consequently lacks the radiative term, and, therefore, Ibulth is directly
proportional to the spin wave damping:

Ibulth ≈ βΓ(θe)/σ(θe) , (4.3)

where the dimensionless coefficient β ∼ 1 depends on the parameters of the system
(for further details see [85]). As a consequence, the spin wave bullet mode always
has a lower threshold current than the Slonczewski-like propagating mode, except
very close to θcr where β diverges.

The spin wave bullet mode does not exist at all magnetization angles. Only
for N < 0 can the nonlinearity counteract the dispersion-related spreading of the
spin wave profile. Since N is a function of the magnetization angle, and changes
sign from always negative for an in-plane magnetization to always positive for a
perpendicular magnetization [86], the spin wave bullet mode only exists for applied
field angles smaller than a certain critical value θcr, and does not exist for θe > θcr
[35]. As a direct consequence of the negative N, the frequency of the spin wave
bullet mode

ωbul ≈ ω0(θe) +N(θe)|a0|2 (4.4)

always lies below the FMR frequency ω0, and continues to decrease with increasing
current (it always red shifts).

The inset of Fig. 4.1 shows the calculated f vs. θe for the two modes, using
the nominal parameters of the measured STO. The experimental data confirms
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the theoretical predictions, such as the existence of a critical angle below which a
lower-frequency mode is excited, and a qualitatively similar angular dependence of
the frequency. The inset of Fig. 4.2 shows Ith vs. θe for both modes. Again, the
experimental data exhibits the same qualitative behavior as predicted by theory. In
particular, Ith of the lower-frequency mode is always lower than that of the higher-
frequency mode. The combined qualitative agreement provides a strong argument
for identifying the observed higher-frequency mode as a propagating mode, and the
lower-frequency mode as a spin wave bullet.

There are, however, some notable differences between theory and experiment,
the most striking being the apparent simultaneous excitation of both modes. Such
a co-excitation is neither supported by theory [85, 35], nor by micromagnetic sim-
ulations [24, 21], where, on the contrary, a hysteresis between the two modes was
observed. Another significant difference is the lack of any observed red shift of the
propagating mode. While our experiments clearly demonstrate that the propagat-
ing mode is blue shifted at all field angles, Eq. (4.2) predicts a red shift also for this
mode when N < 0, i.e. for θe < θcr, in clear contradiction with our experimental
data. As we show below, both effects can be explained by taking into account the
large Oersted field generated in the nanocontact, which was previously ignored in
[85, 35, 24, 21], but can be accounted for in micromagnetic simulations.

Micromagnetic simulations were carried out in a box shaped free layer volume
800 × 800 × 4.5 nm3 with constant cell size 4 × 4 × 4.5 nm3. A uniform spin
polarized current acted on a quasi-cylindrical sub-volume of the free layer with an
adjustable radius Rc. The material properties of the NiFe free layer were: saturation
magnetization µ0MS,free = 0.7 T, Gilbert damping constant αG = 0.01, exchange
constant A = 1.1×10−11 J/m, and spin-torque efficiency ε = 0.3. The thickness and
saturation magnetization of the CoFe fixed layer were 20 nm and µ0MS,fixed = 1.8
T, respectively, and a minimization of the fixed layer magnetostatic energy in the
applied field determined the fixed layer magnetization angle and consequently the
polarization angle of the spin polarized current. No magneto-crystalline anisotropy,
RKKY interaction, or dipolar coupling between the two magnetic layers were taken
into account. The external field magnitude was fixed at µ0Hext = 1.15 T, and
its direction was varied to fit the experimental data. All simulations were done at
T = 0 K.

The results of our micromagnetic simulations are shown as symbols in Fig. 4.4a-
b after optimization of Rc = 32 nm and magnetic field angles of 35◦ and 70◦ re-
spectively. The quantitative agreement with the experimental data is remarkable:
excitation frequency, range of the mode existence, and frequency tuneability of the
two modes are well reproduced by the simulations. The reason for the larger sim-
ulated contact radius (32 nm vs. nominally 20 nm in the experiment) is likely due
to two neglected effects: i) current crowding at the contact perimeter, essentially
increasing the effective contact radius compared to a uniform current, and ii) lat-
eral current spread in the free and fixed layers. The simulated field angles agrees
with those used in the experiments to within 10%.

It is clear from our simulations that the inclusion of the Oersted field affects the
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magnetization dynamics in several significant ways. First, the Oersted field has a
strong qualitative impact on df/dI of the propagating mode, making it positive at
all investigated field angles, effectively resolving the apparent discrepancy between
our experimental observations and theory. df/dI of the bullet mode, on the other
hand, remains largely unchanged with the inclusion of the Oersted field. If we now
add the simulated df/dI at 35◦ and 70◦ to the upper inset of Fig. 4.2, we also find
a remarkable quantitative agreement with the experimental values for both modes.

Second, the inclusion of the Oersted field also makes the simulations reproduce
the apparent simultaneous excitation of both modes. While our experimental setup
is limited to measurements in the frequency domain, our micromagnetic simulations
allow us to also investigate the detailed temporal evolution of the instantaneous
power in each mode. Fig. 4.4c shows the result of a wavelet analysis [84] of the
micromagnetic data, where the dashed line indicates the instantaneous maximum
power as a function of time. The analysis makes clear that the two modes are in
fact never excited at the same time. The instantaneous microwave power instead
exhibits a persistent (at T = 0 K also periodic) hopping between the two modes
with a very high hopping frequency exceeding 1.5 GHz. It is noteworthy that we
only observe such hopping when the Oersted field is properly included, which is
likely related to the strong spatial inhomogeneities it induces in the vicinity of the
nanocontact [20, 22].

Finally, the influence of the Oersted field also explains the large quantitative
discrepancy between the analytically calculated Ith and the experimental value
(Fig. 4.2). Previous micromagnetic simulations have demonstrated that the Oersted
field can cause a substantial (up to four-fold) increase of Ith (see Fig. 2 in Ref. [22]),
which hence agrees much better with our experimental data.

To conclude this section of the chapter, we have presented a detailed experi-
mental study of the field angle dependence of spin wave excitations in nanocontact
based spin-torque oscillators. We find that two distinct and qualitatively very dif-
ferent spin wave modes can be excited for applied field angles θe . 55◦. Through
a comparison of our experimental measurements of three different fundamental
properties (f , df/dI, and Ith) with both previously developed analytic theories
[90, 85, 35] and our own micromagnetic simulations, we unambiguously identify
the higher-frequency mode as an exchange-dominated propagating spin wave, and
the lower-frequency mode as a self-localized non-propagating solitonic mode, i.e. a
spin wave bullet. Our micromagnetic simulations show that not only is the Oersted
field required to explain the sign of df/dI, and the magnitude of Ith, it is also
solely responsible for the rapid (sub-ns) hopping between the two modes, which in
frequency domain experiments make them appear as simultaneously excited.

In the next section, we will investigate the temporal and the spatial character-
istics of the two modes in further detail.
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4.2 Spatial and temporal analysis

In the previous section, we found that below a certain critical out-of-plane angle
θc, two spin wave modes (a propagating one and a localized one) could be excited
and observed as “coexisting” in the spectrum analyzer. However, micromagnetic
simulations at 0 K and corresponding wavelet analysis revealed that there exists
a persistent switching in time domain between the two spin wave modes. We also
found that such persistent switching could be observed in simulations only when
a sufficiently large Oersted field is included, hence allowing us to understand its
fundamental importance in spin torque dynamics in nano-contacts.

In this section, we perform time domain measurements using a state of the
art oscilloscope, in order to observe the details of the dynamics experimentally.
Also, we perform micromagnetic simulations including the effect of finite tempera-
ture. Wavelet analysis on both the experimental and numerical traces gives insight
into the time resolved behavior of the magnetization dynamics. Furthermore, the
micromagnetic analysis allows us to reveal details of the spatial excitation of the
magnetization.

The experimental setup uses the broadband microwave amplifier which has 45
dB gain over the frequency range 0.1–26 GHz. Furthermore, to the frequency do-
main characterization by means of a spectrum analyzer, we added here the capabil-
ity of time resolved measurements. For this purpose, we used a LeCroy WaveMaster
825Zi real-time oscilloscope, with 25 GHz cut-off frequency and 80 GSa/s maximum
sampling rate.

The magnetic field was applied at an angle θe = 30◦ from the thin film plane. At
this angle, when a direct current is applied so that electrons flows from the “free”
(NiFe) to the “fixed” (CoFe) magnetic layer, we saw that both the localized and
the propagating spin wave mode are excited in the “free” layer. This angle can be
considered as a sort of optimum angle, since the peak power of the localized mode
is at its maximum and the linewidh is at its minimum, and comparable peak power
and linewidth are expected for the propagating spin wave mode (see next section).
The applied magnetic field was µ0He = 0.46 T.The field magnitude is lower than in
the previous section, where we had used µ0He ≈ 1 T. The only reason for this choice
lies in the possibility of matching the frequency emitted by the STO and the one
detectable by the oscilloscope. In fact, our devices show a typical field tunability
∼ +20 GHz/T, so that at µ0He ≈ 1 T the frequency emitted by our devices is
above 30 GHz, i.e. above the oscilloscope cut-off frequency. Furthermore, noticing
that even by sampling at 80 GSa/s, a 20 GHz signal would give only four points
per oscillation cycle, we tried to lower the field magnitude, and hence the emitted
frequencies, as much as possible. The value µ0He = 0.46 T is somehow an optimal
value, since lower fields give worse defined signals.

Micromagnetic simulations were carried out in a box shaped free layer volume
800×800×4.5 nm3 with constant cell size 4×4×4.5 nm3. A uniform spin polarized
current was assumed to act on a quasi-cylindrical sub-volume of the free layer with
an adjustable radius Rc. The material parameters of the spin valve stack were the
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Figure 4.5: Spectral power density recorded in the spectrum analyzer as the bias
current in the STO is varied. Inset: Section of the plot at I = 15 mA.

following: Rc = 24 nm, Ms,free = 1.0 T, Ms,fixed = 1.8 T. We included the effect
of a current induced Oersted field as large as the one created by an infinite wire.
No magneto-crystalline anisotropy, RKKY interaction, or dipolar coupling between
the two magnetic layers were taken into account. The external field magnitude
and direction was set to the same experimental nominal value. Simulations were
performed at T = 0 K, and at T = 300 K, assuming a randomly fluctuating
magnetic field.

Fig. 4.5 shows the measured power spectral density in the “frequency-current
plane”. The periodic modulation of the signal intensity along the frequency axis has
to be ascribed to the presence of a standing wave in our transmission line. This gives
rise to oscillations with a period of about 300 MHz, consistent with the transmission
line length of about 1 m. Since the amplifier used in these measurements does not
suppress low frequency signals (as it was the case for our previous works), a standing
wave modulation appears in the recorded spectra.

Several observations can be evinced from Fig. 4.5. First, for currents I & 10 mA,
two relatively strong signals can be observed in the frequency range 14–17 GHz.
Although not easily visible in this large-scale plot, a closer inspection (not shown
here) reveals that the lower frequency signal red-shifts as the current magnitude is
increased, while the high frequency signal behaves in the opposite way, i.e. it blue
shifts with current magnitude. These observations are consistent with what noticed
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Figure 4.6: (a) Experimental time-domain trace after bandpass (13–18 GHz) filter-
ing. (b) Squared amplitude coefficient of the complex Morlet wavelet transform.

in our previous work [14], and allow us to associate the low and high frequency
signals with the excitation of localized and, respectively, propagating spin wave
modes in the “free” magnetic layer.

In addition, the passband of the amplifier allows us to observe spectral features
that were precluded with the high-frequency amplifier previously used. In partic-
ular, two further signals are identifiable. First, one can observe a low-frequency
(< 1 GHz) signal which increase in magnitude as the current is swept from 5 mA
to 10 mA. Then, after reaching a maximum at the onset of excitation of the two
spin wave modes (I ≈ 10 mA), it decreases to a lower amplitude as the current is
further increased. Second, at currents I & 10 mA, one can observe a broad (≈ 5
GHz FWHM) signal centered at about 9 GHz. The inset in Fig. 4.5 is a vertical cut
of the map at I = 15 mA, i.e. the power spectral density as a function of frequency.
All the features observed in the map are clearly recognizable in this inset.

In order to grasp a deeper understanding of the experimental evidences, we
connected our transmission line to the input port of the real-time oscilloscope. The
direct current to the STO was set to the constant value I = 15 mA, where the
signal of the two spin wave modes had somehow its highest value.

Fig. 4.6(a) shows a segment (5 ns) of the entire time-domain trace (10 µs), after
filtering with a finite impulse response (Kaiser window) bandpass (13–18 GHz)
filter. The filter had 80 dB bandstop at 12.5 and 18.5 GHz. In Fig. 4.6(b) we plot
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Figure 4.7: (a) Fast Fourier transform (FFT) and (b) wavelet transform of the
numerically simulated signal at T = 0 K. (c) FFT and (d) wavelet transform of the
numerically simulated signal at T = 300 K.

the wavelet transform of the filtered time-domain trace over an interval of 15 ns.
We used the same parameters as in Ref. [84], and we also followed the method there
employed to estimate the frequency.

It is evident that the frequencies calculated with this method coincides with the
ones measured with the spectrum analyzer. Furthermore, we can now resolve in
time the transient dynamics between the two spin wave modes excited in a magnetic
nano-contact. The data presented in Fig. 4.6(b) is the first direct experimental
demonstration of the transient dynamics between localized and propagating spin
wave modes in nano-contact spin torque oscillators. One can clearly observe that
there are mainly two frequencies excited, which are the ones corresponding to the
two spin wave modes. Also, the persistent switching between the two modes can
be clearly evinced.

Fig. 4.7 summarizes the results of micromagnetic simulations. Fig. 4.7(a) is the
fast Fourier transform (FFT) of the entire (30 ns) micromagnetic trace computed
when the effects of a finite temperature were not included. The oscillation peaks
corresponding to the excitation of the two spin wave modes occur at the same
frequency as in the experimental data. The power spectral density of the two
peaks is comparable, and slightly larger for the propagating mode. Fig. 4.7(b)
shows the wavelet transform of the same micromagnetic trace. Surprisingly, the
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Figure 4.8: Micromagnetically computed spatial profiles of (a) of the localized
mode and (b) of the propagating mode. The large arrow shows the direction of the
externally applied magnetic field, while the smaller arrows around the nano-contact
show the direction of the current induced Oersted field. (c) Spatial decay of the
propagating mode (solid line) and of the localized mode (dashed line).

switching between the two modes is not as well defined and does not occur in
the same deterministic fashion as in the case presented in the previous section of
this thesis. We believe that the reason of this discrepancy lies in the fact that the
applied field here is lower (0.46 T vs 1.1 T of the previous section) and therefore the
magnitude of the Oe field is now comparable with it. Therefore, the inhomogeneities
in the magnetization caused by the Oersted field have now a larger relative weight
compared to our previous work, hence inducing a more stochastic behavior of the
spin wave dynamics.

We now turn to the micromagnetic results obtained when a finite temperature
T = 300 K was assumed. Fig. 4.7(c) shows the FFT of the entire (30 ns) computed
trace. The FFT shows that temperature does not induce noticeable effects on the
spectral characteristics of the localized spin wave mode, whereas the propagating
spin wave mode is clearly affected: the oscillation frequency is slightly blue-shifted,
and the power spectral density is decreased, and it is now smaller than the power
of the localized mode. This is consistent with what observed in the experimental
trace measured at room temperature presented in Fig. 4.5. Finally, we observe a
weak, broad, signal that at around 4 GHz, which isolates from the background of
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a 1/f type noise. We suggest that the appearance of this peak is related to the
frequency at which the hopping between the two spin wave modes occurs. This
qualitatively reproduces the broad peak centered around 9 GHz observed in the
experimental data (inset of Fig. 4.5).

Fig. 4.7(d) shows the wavelet transform of the micromagnetic trace used to com-
pute the FFT in Fig. 4.7(c), where the weakening of the signal from the propagating
mode can be clearly observed.

Our results so far presented clearly indicate that our micromagnetic simulations
are able to well describe the experimental evidences in terms of time and frequency
domain properties. Furthermore, we can use the numerical results in order to re-
trieve information about the spatial characteristics of the excited spin wave modes.

Fig. 4.8 shows the spatial variation of the magnetization when (a) the localized
mode and (b) the propagating mode are excited. Fig. 4.8(c) shows that is the
amplitude of the z-component of the magnetization along the x-direction decays
faster for the localized mode than for the propagating mode. The faster decay is
a further decay of the localization of the mode. However, the striking observation
in panels (a) and (b) is that, contrarily to what has been thought so far, the spin
wave modes excited under the nano-contact do not posses cylindrical symmetry.
The cause of the symmetry breaking is the Oersted field generated by the bias
current flowing through the spin valve, that causes the total effective field (applied
and Oersted) to be different along different radial and angular directions. One can
clearly notice that the propagating mode is excited in the region where the applied
and Oersted fields add up constructively, while the localized mode is excited where
these two fields add up destructively.

We also notice that the fact that the localized mode is excited in the region
where the Oersted and the applied fields are parallel to each other can explain the
blue shift of the propagating mode observed in experiments and in simulations only
when the Oersted field is included in the numerical simulations. In fact, while the
current acts as to red-shift the propagating mode (below the critical angle θc, where
the localized mode exists, the nonlinear coefficient of frequency shift is negative, i.e.
N < 0), the higher effective field leads to an increase of the precession frequency.

To summarize this section, we performed time-domain measurements of nano-
contact spin torque oscillators when both the localized and the propagating spin
wave modes were excited. Using wavelet transforms of the experimental data, we
could experimentally observe the details of the persistent switching. Micromagnetic
simulations which included the effect of temperature could reproduce the experi-
mental results in an excellent way. Furthermore, using the micromagnetic results,
we were able to understand spatial properties of the excited spin wave modes. Re-
markably and contrarily to what previously thought, the spin waves excited by spin
transfer torque in a nano-contact spin torque oscillator do not possess cylindrical
symmetry. In fact, the Oersted field induced by the bias current breaks this sym-
metry causing the propagating and the localized mode to be excited in the spatial
region of the magnetic “free” layer where the Oersted field adds up constructively
and, respectively, destructively to the externally applied magnetic field.
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4.3 Power and linewidth of localized and propagating
modes

In the previous sections, we demonstrated that spin waves generated in a per-
pendicularly magnetized nanocontact are propagating spin waves with wavevector
inversely proportional to the nanocontact radius [90]. On the other hand, in case
of in-plane magnetized nanocontacts, the excited spin wave is a self localized spin
wave soliton, spin wave bullet.

In this section, we will focus on the dependence of the power and linewidth
of the two spin wave modes on the applied magnetic field angle. The qualitative
features for the two cases are remarkably different. Given the good qualitative
agreement between experiments and micromagnetic simulations, we are able to
infer details of magnetization dynamics. Finally, using the analytical model that
describes thermal effects in non-linear auto-oscillators, we are able to describe the
experimental angular behavior of the linewidth, when only one mode is excited.
When two modes are excited, the analytical model underestimates the value of the
linewidth, a feature from which we argue that thermal noise is not the dominant
mechanism responsible for linewidth broadening in this case.

The sample under investigation is the same d = 40 nm circular contact on
a pseudo spin valve mesa. The mesa comprises a 20 nm thick Co80Fe20 “fixed”
magnetic layer, a 6 nm thick Cu spacer layer, and a 4.5 nm thick Ni80Fe20 “free”
magnetic layer. A constant magnetic field µ0He = 1.1 T, where µ0 is the permit-
tivity of free space, is applied to the sample. A bias current |I| = 5 − 18 mA,
flowing from the “fixed” to the “free’ layer, is injected into the nano-contact. We
performed calibration of the transmission line; however, due to the wide frequency
range (∼ 20 GHz) investigated, we are aware that the computed power will not
be very. We expect an error by 3 dB (i.e. a factor 2) to be unavoidable in the
present measurements. Nevertheless, given the variation of the STO power over
several order of magnitudes as the external angle is varied, these measurements are
meaningful and enough accurate in this context.

In order to compare our experimental results with micromagnetic simulations,
we used the data from Ref. [21]. In that case, the sample geometry was very similar,
although the applied field was slightly different. Since we are only interested in a
qualitative understanding of the results obtained by using this experimental setup,
a new ad-hoc full scale numerical study has not been performed. Details on the
micromagnetic framework can be found in Ref. [21].

Fig. 4.9 summarizes the results of the previous section. In particular, it shows
that for a certain angle θe < θc (θc ≈ 55 deg) two spin wave modes with opposite
frequency agility can coexist. Only one mode exists for θe > θc.

Fig. 4.10(a) shows the measured integrated power of the two modes as a function
of applied magnetic field angle. The power is calculated by averaging the power
at each current above the threshold current, calculated with the procedure showed
in the previous section. Error bars represent the power fluctuation at the different
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Figure 4.9: Power spectral density from the STO for two different directions of the
external magnetic field. (a) For θe = 30 deg, it is possible to identify two distinct
spin wave modes, corresponding to a localized soliton (“bullet”) at lower frequency,
and to a a propagating spin wave mode at higher frequency. (b) At θe = 70 deg
only the propagating mode can be observed.

currents. The propagating mode shows an approximately monotonic increase of the
emitted power while out-of-plane angles are approached. The localized mode, on
the other hand, shows a monotonic increase of the power up to an angle θe ≈ 30
deg, then a plateau up to θe ≈ 45 deg and then a rapid decrease down to the critical
angle, above which the mode is no longer excited. Note the logarithmic scale on
the power axis.

For micromagnetic simulations, the power was computed by means of the defi-
nition of the nonlinear oscillation power developed in Ref. [32] and then performing
an analogous average over the current values. In Fig. 4.10(b) we show the power
computed by means of this technique. It has to be noticed that the power of the
propagating mode increases monotonically with the applied field angle, while the
power of the localized mode increases up to the maximum at θe ≈ 50 deg and then
undergoes a decrease down to the critical angle

Fig. 4.11 and Fig. 4.12 show the measured linewidth and, respectively, peak
power as a function of magnetic field angle θe. The localized mode has a maximum
peak power and a corresponding minimum of the linewidth at θe ≈ 30 deg. The
propagating mode has a maximum of the peak power and a corresponding minimum
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Figure 4.10: (Color online) Upper panels: (a) experimental integrated emitted
power as a function of the direction of the external magnetic field for the two
modes, and (b) non-linear power computed by micromagnetic simulations using
Eq. (4.5). Lower panels: precession orbit of the magnetization representative of (c)
θe = 0 deg, (d) θe = 50 deg and (e) θe = 60 deg.

in the linewidth at θe ≈ 60 deg. When approaching this angle, where the localized
mode disappears, the linewidth drops by almost two order of magnitudes very
sharply, as the angle is varied by ≈ 1 deg (Fig. 4.11). On the other hand, the
increase in peak power (Fig. 4.12) around the same angle is exponential, and it
occurs over a larger angular range ≈ 10 deg.

Integrated power

In order to describe the angular dependence of the integrated power, we use a
mathematical model based on the evaluation of the nonlinear oscillation power [32].
Such a quantity, which represents a proper generalization of the oscillation power for
the case of spatially nonuniform and noncircular magnetization precession, is indeed
found to be proportional to the integrated power computed experimentally [32,



72 CHAPTER 4. LOCALIZED AND PROPAGATING MODES

0 15 30 45 60 75 90

10
1

10
2

10
3

Magnetic field angle θ
e
 [deg]

∆ 
f  

[M
H

z]

Figure 4.11: (Color online) Linewidth as a function of the direction of the external
magnetic field for the two spin wave modes. Note the logarithmic scale. The
continuous line is the linewidth calculated with the analytical model of Ref. [49].

55]. This tool requires the knowledge of the closed trajectory which describes the
magnetization vector during the precessional motion. By normalizing this vector
w.r.t. the saturation magnetization, the dynamics occurs onto the unit sphere. The
corresponding curve splits the surface of the unit sphere into two parts (the larger
SL and the smaller SS). The nonlinear power PNL is defined as the sum, over all
the computational cells N , of the areas of the smaller surfaces SS :

PNL = 1
4πN

N∑
j=1

x

SSj

dS (4.5)

It should be recalled that, since the simulations performed in Ref. [21] were based on
the realistic assumption that the spin-transfer torque only affects dynamically the
magnetization configuration of the thinner “free layer”, the formulation in Eq. (4.5)
will not consequently account for the trajectories described by the magnetization
vector of the thicker “fixed layer”.

The results presented in Fig. 4.10 show that the qualitatively different exper-
imental behavior (Fig. 4.10(a)) of the power of the two modes as a function of
the applied field angle θe (monotonic increase for the propagating mode, relative
maximum for the localized mode) can be well reproduced by micromagnetic sim-
ulations (Fig. 4.10(b)). Quantitative agreements are difficult to obtain for several
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Figure 4.12: (Color online) Peak power as a function of the direction of the external
magnetic field for the two spin wave modes. Note the logarithmic scale.

reasons. Firstly, the discrepancies between the nominal and realistic parameters
values are hard to estimate. Secondly, some relevant contributions arising from fi-
nite temperature effects, Oersted fields and non-linear damping were not considered
in the simulations. We showed indeed in the previous section of this thesis that a
satisfying quantitative agreement between micromagnetic simulations and labora-
tory experiments can be only achieved in the presence of a large Oersted field. In
this framework, we saw that the inhomogeneities created by this field contribution
change drastically the properties exhibited by both the propagating mode (the fre-
quency tunability, for example, can even change sign) and the localized mode (the
threshold current increases [22]). However, the fact that a qualitative agreement
between experiments and simulations has been obtained even without performing
an accurate fitting procedure to identify those parameters and in the absence of
those field contributions, gives an even stronger ground to support our considera-
tions. Because of this agreement, we have been able to infer some details of the
magnetization precession in the “free” layer for both propagating and localized
modes.

For the propagating mode, the magnetization vector describes a surface onto
the unit sphere whose area increases monotonically with the increase of the out-
of-plane bias field angle θe. This leads to the increase of power with θe observed
in Fig. 4.10(b). Such a result can be understood considering that the effect of the
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demagnetizing field in the thin film is larger at larger θe, acting in a way so to open
up the precession cone and to enlarge the corresponding precession surface. This is
also confirmed by the fact that, for the same supercriticality value, the precession
frequency decreases when θe increases [14, 88].

Analogous conclusions could be carried out by using a previously-proposed sim-
ple model for the integrated power, which is based on the assumption that the
precession orbit is circular[72]. Under this circumstance, the power P can be re-
lated to the maximum GMR signal ∆Rmax, the angle between the precessional axis
direction in the “free” layer and the magnetization in the “fixed” layer γP , and the
precession angle β, through the following relationship:

P ∼ ∆Rmax sin γP sin β, (4.6)

By performing a similar numerical investigation as a function of θe, one would
derive also in this case that the main effect of the increase of the out-of-plane angle
is the increase of the precessional cone through the increase of the angle β, which
in turn determines the increase of the power P .

However, it should be pointed out that the “linear” approach carried out in
Eq. (4.6) is not suitable to capture those details of the magnetization dynamics
which are associated to the excitation of non-linear localized bullet modes. In fact,
the closed trajectories described onto the unit sphere are, in this case, not circular
in the whole range of θe. Elliptical clam-shell-like curves are described instead.
In addition, for large supercriticality, the applied current does not yield a further
increase of the precession cone, rather it induces distortions of the surface shape.
Since the output power has to necessarily take into account all these mechanisms,
the nonlinear oscillation power tool of Eq. (4.5) appears to be more appropriate.
We will consequently use only this formulation for the description of the dynamics
involving the localized modes.

In this case, the trend observed experimentally for the integrated power can
be related to the expansion and contraction of the precession surface described
at different out-of-plane angles. In particular, for field direction θe ≈ 0 deg, the
magnetization precession takes place about an effective field which is antiparallel
to that direction and the corresponding surface turns out to be relatively small (see
Fig. 4.10(c)). The magnetization trajectory undergoes an enlargement as the out-
of-plane angle increases up to θe ≈ 50 deg. In such a configuration, the unit vector
describes an elliptical quasi-diametric path along the sphere (SL ≈ SS) which yields
a maximum in the nonlinear oscillation power (see Fig. 4.10(d)). Any further
increase of θe induces a reduction of the precession surface w.r.t. the previous
quasi-diametric path. Indeed, the nonlinear power exhibits a rapid decrease down
to the critical angle θe ≈ 60 deg (see Fig. 4.10(e)). At this field orientation, the
magnetization trajectory associated to localized modes would become null, causing
the excitation of these modes to be unconceivable.

Above the critical angle, all the power injected by the current to the system is
provided to the propagating modes.
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Linewidth and peak power

In order to understand properly the linewidth broadening in STOs one has to
include thermal effects. Those were neglected in our micromagnetic simulations
(where T = 0 K), so that they will not be used in the following.

Instead, we use the theory developed in Ref. [49]. According to that model, the
linewidth in a nonlinear auto-oscillator can be expressed as:

∆f = Γ0

2π

(
kBT

βP0

)[
1 +

(
N

Γeff

)2
]
, (4.7)

where Γ0 = αGω0(1 + QP0), β = µ0M0f0Veff/γ, Γeff = (αGω0Q + σI), σ =
(εγ~/2eM0Veff ) cos γp. P0 = (ζ − 1)/(ζ + Q), where we assumed ζ = I/Ith, and
Q > 0 is a phenomenological coefficient which quantifies the nonlinearity of the
damping[94]. See Ref. [86] for a detailed explanation of all parameters. γp is the
angle between the stationary magnetization of “free” and “fixed” layer. e is the
modulus of the electron charge and ~ is the reduced Planck constant. The explicit
expression for N , the nonlinearity coefficient, is, as we have seen in Chapter 2.5 of
this thesis:

N = ωMωH
2ω0

(
3ω2

H . sin2 θ

ω2
0

− 1
)
, (4.8)

where ω0 is the ferromagnetic resonance (FMR) frequency:

ω0 =
√
ωH(ωH + ωM cos2 θ), (4.9)

where ωH = γH and ωM = γM0, where M0 is the saturation magnetization of the
“free” layer. In these expression, H and θ are the internal magnetic field magnitude
and, respectively, angle, which are related to the external magnetic field magnitude
He and angle θe by the modified electromagnetic boundary conditions[88]:

He cos θe = H cos θ,

He sin θe =
(
H + M0

ζ

)
sin θ, (4.10)

where ζ = I/Ith takes into account the reduction of the demagnetization field
caused by the spin torque.

Compared to a conventional auto-oscillator, the extra term involving theN/Γeff
ratio in Eq. (4.7) is the one that governs linewidth broadening in non-linear auto-
oscillators. The angular dependence of the linewidth is, as well, in the same N/Γeff
ratio. One therefore expects a minimum of the linewidth at the angle where this
ratio is minimum. N is a monotonic function of the applied field angle in the range
0◦ < θe < 90◦, and it has negative value at θe = 0◦, and positive at θe = 90◦.
Therefore, there exists an angle at which N = 0. This angle coincides with the
critical angle θc, since the localized mode can be excited only when N < 0.
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In Fig. 4.11 we plot the theoretically calculated linewidth as a continuous line.
Numerical constants were set as γ = 1.76× 1011 Hz/T, µ0M0 = 0.8 T, αG = 0.01,
Veff = π(20×20×4.5) nm3, ε = 0.4, ζ = 2, and Q = 3. All parameters are realistic
values for our sample. It is evident that the analytical theory correctly predicts
the occurrence of the linewidth minimum at the critical angle θc. The theory
also can describe the data for θe > θc, where only one spin wave mode is excited
and where the linewidth increases at larger angles. However, the analytical model
underestimates the value of the linewidth by almost two orders of magnitude at
angles θe < θc, where both modes are excited. This could be understood assuming
that in this angular region the nonlinearity coefficient N is no longer the dominant
cause of linewidth broadening. Rather, it is the presence of a persistent telegraphic
switching between the two modes[14] that, causing instabilities in the magnetization
precession, doesn’t allow the magnetization to reach a steady orbit. This hypothesis
is confirmed by the fact that once the localized mode cannot longer be excited (at
θe = θc) the linewidth suddenly drops down to a value consistent with the one of a
model where the nonlinearity only can explain the broadening of the linewidth.

Summarizing this section, we showed how the power emitted by a nanocontact
spin torque oscillator varies as a function of out-of-plane applied magnetic field di-
rection. The power of the propagating mode increases monotonically as out-of-plane
angles are approached, while the power of the localized mode has a maximum and
then decreases towards the critical angle above which the localized mode does not
longer exist. Both facts are qualitatively reproduced by micromagnetic simulations.

From the micromagnetically simulated nonlinear oscillation power, we have been
able to infer some details about the precession trajectory described by the normal-
ized magnetization vector onto the unit sphere. In particular, we found that the
trajectories followed by localized modes increase, on average, up to an out-of-plane
angle θe ≈ 50 deg (where an almost diametric path is described), and then undergo
a rapid decrease down to the critical angle θc ≈ 60 deg (where the magnetization
trajectory shrinks towards a single point). Above this critical angle, the excitation
of bullet modes is therefore prevented and all the energy provided by the current
to the system can only support the excitation of propagating modes.

Finally, using the analytical model that includes the effect of temperature in
the generation linewidth of non-linear auto-oscillators, we were able to quantita-
tively describe the experimental observations when only one spin wave mode is
excited. When two modes are excited, the model underestimates the experimental
linewidth, indicating that mechanisms others than temperature are the responsible
for linewidth broadening in this case.



Chapter 5

Phase locking to an external RF
source

In the previous chapter, we investigated of the detailed properties of so-called free
running STOs. One could see that the advantages of using STOs local oscillators
are manifold: STOs are nano-sized, can be current controlled and tuned over a wide
working range, and show standard modulation behavior for the typical modulation
frequencies of interest. There are however two important drawbacks with STOs:
they emit low power, and their noise characteristics are not as good as the one of
conventional oscillators. Both issues need to be addressed before these devices can
eventually come to real application.

The phenomenon of phase locking of a STO to an external source is of crucial
importance regarding these problematic issues, for at least three reasons. At first,
an external RF source could be employed to improve the intrinsic noise charac-
teristics of a STO [73]. Second, the study of the interaction of a STO with a RF
current is a bench test for the study of the interaction of arrays of STOs that are
electrically connected, but not magnetically coupled, between each other. A serial
electrical connection and synchronization between STOs appears to be the most
promising configuration in order to achieve high power out of these devices[37].
Finally, from a more fundamental perspective, it is interesting to study the inter-
action of these oscillators, and in particular of the generated spin waves, with an
external perturbation which is known with great accuracy.

In this chapter, we study phase locking in a nano-contact based STO when
the direction of the externally applied magnetic field is varied in the in-plane/out-
of-plane direction. In the only two other published works on injection locking
[73, 34], the situation considered was the one of having a magnetic field directed
out of the thin film plane. This condition correspond to a very specific geometrical
configuration, since the locking range of the STO to the RF source has a very
pronounced variation with respect to the field angle. Furthermore, in those works,
the spin polarized RF current was considered to be the origin of phase locking. As

77
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we will show below, this assumption is incorrect.
We performed measurements on the same type of devices as in the previous

chapter. The direct current necessary for the STO operation was injected via a
bias-T inserted between the STO and the amplifier. A broadband circulator (20–
40 GHz) was connected between the STO and the bias-T, in order to direct the
signal from a RF source (Rhode&Schwarz SMF100A, 43.5 GHz) into the STO and
avoid saturation of the amplifier. With a vector network analyzer, we checked the
scattering parameters of the circulator, and found that it has an approximately
flat response in the entire working range. This is very important, because varying
the magnetic field angle causes a drastic variation in the operating frequency of
the STO[13], and one has to make sure that the RF signal to the sample can
be predicted accurately. The sample and non-magnetic microwave probes were
mounted on a rotating table within the poles of an electromagnet. In this way,
an external magnetic field (which throughout this Letter is considered of being of
constant magnitude µ0He = 1 T) could be applied at any angle 0◦ < θe < 90◦
w.r.t the sample plane. The bias current was kept at a constant value Idc = 15 mA
at the various magnetic field angles, except for the case θe = 35◦ and θe = 65◦,
where Idc = 12 mA and, respectively, Idc = 14 mA. At these two specific angles,
at Idc = 15 mA, the frequency vs current response had discontinuity, and the
excitation poorly defined.

Figure 5.1 shows the spectral map (vertical axis) of the emitted STO power
(color scale) while the frequency of the injected RF signal is varied (horizontal axis).
The upper and the lower panels show the data at θe = 30◦ and, respectively, θe =
70◦. The signal from the RF source entering directly in the spectrum analyzer (the
circulator has 25–30 dB isolation in the entire frequency range) has been removed
after repeating the measurements when the bias current Idc to the STO was set to
zero. The dashed line indicates the frequency position of the RF source. Compared
to previously published works, in our case the bias current to the STO was kept
fixed and the frequency of the RF source varied. In this way, we could investigate
the locking phenomenon over a wide frequency range while avoiding spin wave mode
transitions that may complicate the determination of the intrinsic locking range.

At θe = 30◦ one can observe that there are two excited frequencies in the STO.
Those correspond to a localized spin wave “bullet” (at lower frequency f ≈ 32.5
GHz) and to a propagating spin wave mode (at higher frequency f ≈ 34 GHz)
[85, 24, 14]. The localized mode has higher peak power and smaller linewidth
compared to the propagating mode. At θe = 70◦, only one spin wave mode is
excited, of propagating type[90, 85, 24, 14]. It is clear from Fig. 5.1 that the
localized mode at θe = 30◦ and the propagating mode at θe = 70◦ lock to the
external source. Not so evident is the locking of the propagating mode at θe = 30◦
due to a larger noise of the signal. However, closer inspection of the data (not
presented here) reveals locking even in this case.

The results presented so far are original in three important ways. At first, while
injection locking of propagating spin wave modes was already observed[73], this is
the first evidence that even a localized spin wave “bullet” can lock to an external
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Figure 5.1: (Color online) Emitted power maps (bright color – high power, dark
color – low power) in the fsource vs f0 plane, when (upper panel) θe = 30◦ and
(lower panel) θe = 70◦. In both cases, µ0He = 1 T, and Idc = 15 mA.

source.
Secondly, as it can be evinced by the upper panel of Fig. 5.1, when one of the

two modes is locked to the external source, the other one is still excited. In other
words, since only one mode is excited at a given time, the STO continuously switches
between the two excited modes, even when one of them is locked to the external
source. Low-frequency noise analysis is precluded because of the bandwidth of the
microwave amplifier.

Finally, a third evidence is that the magnitude of the locking range is remarkably
different at the two different angles. At θe = 70◦, for a value of the injected
microwave current Irf = 1 mA, the locking range is roughly twice lager than at
θe = 30◦ when Irf = 2 mA. In Fig. 5.2, we present a zoom onto the locked state
region of Fig. 5.1, to show this more clearly. For the case θe = 30◦, we only
present the data on the localized spin wave bullet, and we will follow this approach
throughout this Letter when both spin wave modes are excited. Whenever this
happens, the propagating mode has a linewidth typically larger than 100 MHz .
In these conditions, an accurate determination of the locking range is not possible,
since the locking range is typically smaller than the linewidth itself.

In order to quantify the strength of the locking, we employed the theory from
Ref.[67]. According to this model, the mismatch ∆fmis = fforced − fsource of a
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Figure 5.2: Frequency mismatch (fforced − fsource) as a function of frequency de-
tuning (f0 − fsource) when θe = 30◦, Irf = 2 mA (upper panel) and θe = 70◦,
Irf = 1 mA (lower panel). At θe = 70◦ the locking range is twice as large as at
θe = 30◦, when the injected RF current is half as large.

noisy oscillator (and hence the locking strength) is related to the detuning ∆fdet =
f0 − fsource via the locking strength ε in the following fashion:

∆fmis = −∆fdet (5.1)

− ε=

[
1/
(

2 i∆fdet − w
2

ε
+ 1

2 i∆fdet−2w2

ε + . . .

)]
,

where f0 is the free running frequency of the oscillator, fsource is the frequency of
the external RF source, and fforced is the forced frequency of the oscillator. w2 is
the noise of the oscillator, expressed as its natural linewidth. We used an expression
truncated to the fourth order, where the order corresponds to the numerical factor
multiplying w2. One can use Eq. (5.1) and compare it to the experimental obser-
vation. f0, fsource, fforced and w2 are obtained directly from the experiment. The
only free parameter is therefore ε, which can be varied so to fit the experimental
data.

The plots in Fig. 5.1 and Fig. 5.2 were taken at a fixed value of the magnitude
of the injected RF current. In order to get a more statistically significant analysis,
we varied the strength of the injected RF current, and performed the same analysis
using Eq. (5.1). The results, for the aforementioned cases θe = 30◦ and θe = 70◦,
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Figure 5.3: Symbols: extrapolated locking range from Eq. (5.1) as a function of
injected current Irf , for (upper panel) θe = 30◦ and (lower panel) θe = 70◦. Solid
lines: linear fitting forced through the axes origin.

are plotted in Fig. 5.3 as symbols. On the same figure, solid lines represent the
linear fits to the data forcing the fitted curve to cross the origin of the axes.

We repeated the procedure for several values of the applied field angle θe, and
plotted the results in Fig. 5.4. Here, we plotted the absolute value of the locking
range considering that an RF current Irf = 1 mA reaches the STO.

The angular dependence of the locking strength (or phase locking interval), can
be expressed as[87]:

∆ = |Λ|√
P0

√
1 +

(
N

ζΓ

)2
, (5.2)

where P0 is the steady power of the STO, N is the coefficient of nonlinear frequency
shift, ζ = Idc/Ith, and Γ is the Gilbert damping rate. Λ is the external signal am-
plitude and it has a different expression if one considers the microwave modulation
of the bias current or the effect of a microwave magnetic field. In the former case,
the expression is given by

Λinj = −σ0 sin γpIrf/2
√

2, (5.3)

where σ0 = εgµB/2eM0LS, where ε is the spin polarization efficiency g is the
gyromagnetic ratio, µB is the Bohr magneton, e the modulus of the electron charge,
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Figure 5.4: (Color online) Phase locking strength as a function of applied field
angle. Symbols: experimental data (dots - localized mode, diamonds - propagating
mode). Lines: calculated phase locking strength using Eq. (5.2) and (solid line)
Eq. (5.4) or (dashed line) Eq. (5.3). The dashed-dotted curve is the sum of the two
other curves.

M0 and L the saturation magnetization and, respectively, the thickness of the “free”
magnetic layer, and S the cross-sectional area of the nano-contact. γp is the angle
between the equilibrium magnetizations of the “free” and “fixed” magnetic layers,
determined by the modified magnetostatic boundary conditions [88] to include the
effect of the spin transfer torque on the magnetization.

In the case of a microwave magnetic field, the expression for Λ is given by:

Λrf = −γh0, (5.4)

where h0 is the magnitude of the microwave magnetic field. We used nominal
numerical parameters for our devices: γ = 1.76 × 1011 rad/sT, µ0M0 = 0.8 T,
αG = 0.01, L = 4.5 nm, S = π202 nm2, ε = 0.4, ζ = 2.

As clear from Fig. 5.4, the locking range expected from a spin polarized RF
current when calculated with Eq. (5.2) and Eq. (5.3) with Irf = 1 mA (dashed line)
is substantially smaller than the experimental one. This discrepancy is too large to
be ascribed to eventual incorrect characterization of the transmission line. Using
a vector network analyzer (VNA), we found that about 70% of the injected signal
(depending on the frequency) is reflected due to impedance mismatch. While these
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numbers may vary between different probing events, all of these can be included
assuming a variation ±5% in the amount of reflected signal. In order to fit Eq. (5.3)
to the data, one should assume that not more than 30% of the signal is reflected.
This is clearly against the experimental measurements with the VNA.

It appears that a good fitting of the experimental data can be obtained when,
besides the spin polarized RF current, one assumes an further contribution from
the microwave magnetic field generated around the coplanar waveguide when this
is transversed by the RF current. Fig. 5.4 shows the fitting of Eq. (5.2) when the
values Irf = 1 mA and h0 = 0.5 Oe are chosen. However simulations 2D and 3D
finite difference simulations of the co-planar waveguides give h0 ≈ 0.2 Oe. Also, it
could be argued that it is not at all obvious that the total phase locking should just
add up the two contributes (i.e. current locking and field locking), since the phase
difference between the spin polarized current and the microwave field also plays an
important role.

The reason of the discrepancy is therefore at the moment unclear. We are
currently running micromagnetic simulations in the attempt of gaining some further
understanding into this issue.

To conclude this chapter, we showed that it is possible to achieve phase locking
for both localized and propagating spin wave modes in nanocontact spin torque
oscillators. We observed a strong angular variation of the locking range while the
applied magnetic field angle was varied. We were able to describe qualitatively
the experimental data using the analytical model for non-linear auto-oscillators,
where the angular variation of the coefficient of non-linear frequency shift and of
the damping rate are considered. However, the experimental locking range is larger
than what theoretically expected, and the reasons for this discrepancy are still
unclear. Micromagnetic simulations are currently being run.





Chapter 6

Brillouin Light Scattering
investigations

The scope of this chapter is to show the preliminary results achieved on the attempt
of observing the spin torque induced spin waves in our devices by means of micro
Brillouin Light Scattering (µ-BLS) investigations. At the moment this thesis is sent
for printing, we have not succeeded yet in such experiment. Nevertheless, the effort
spent towards an eventual observation (which we believe we are getting closer to)
is worthy to be included in this thesis.

In order to access the region of the “free” magnetic layer where spin waves
are excited by the current flowing through the nano-contact, we had to modify
our samples. In fact, in the original geometry of the transmission line, the laser
light used for µ-BLS experiments was completely reflected by the thick (≈ 400 nm)
aluminum constituting the transmission line.

In order to overcome this problem, we used a focused ion beam (FIB) system in
order to open a window in the aluminum, close to the nano-contact. An example
of a such a modified sample is illustrated in the top panels of Fig. 6.1. The nano-
contact is located 1 µm above the center of the window.

An issue that we had to challenge and solve was related to the relatively large
roughness of the aluminum contact. Since the FIB system etches in a very isotropic
way, we could observe that while certain regions inside the window were already
opened, others were still covered with a relatively large amount of aluminum. Given
the fact that the SiO2 layer underneath the Al layer was etched much faster than
the Al layer itself, we realized that when aluminum was removed from all regions
of the window, other regions were already etched through, reaching and damaging
the “free” magnetic layer.

Therefore, we improved the process by stopping the FIB etching when the esti-
mated distance from the SiO2 layer was in the range 30–60 nm. Then, we employed
a selective wet etching process, in order to etch away the remaining aluminum while
leaving the SiO2 unaffected. Fig. 6.1 shows the results of energy dispersive spec-
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Figure 6.1: (Top) Scanning electron microscope (SEM) images of a processed device,
while energy dispersive spectroscopy (EDS) data was acquired in the region (left)
outside and (right) inside the etched window. The region from which electrons were
collected are indicated by the two purple squares. (Bottom) EDS analysis results,
where the measured relative atomic content is measured for the different elements.

troscopy (EDS) analysis. It is evident that the elemental analysis is almost identical
whether it is done on a part of the sample that was originally free from aluminum,
or inside the window that we have subsequently etched. This proves that the alu-
minum has been completely removed, while the SiO2 layer is still present.

As a final, and most important, confirmation of the success of the etching process
we checked the sample by performing actual µ-BLS measurements of the thermal
spin waves in the “free” magnetic layer. The results are presented in Fig. 6.2 and
show clearly that, indeed, one can observe thermal spin waves both inside and
outside the etched region, with almost the same amplitude. This proves that we
are able to access the “free” magnetic layer close to nano-contact, and that we
therefore should be able to see current induced spin waves.

However, we have not succeeded yet in this task. We speculate that two issues
could explain the negative result:

1. the magnitude of the wave vector of the spin torque excited spin waves. So
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Figure 6.2: Experimental µ-BLS spectra (Stokes side) on different regions of a
processed sample. The signal from three different regions within the window and
outside it shows the presence of thermal spin waves excited at a frequency f ≈ 5.5
GHz.

far, for experimental reasons, we have been able to apply magnetic field only
out of the sample plane. This means that, as explained in the Background
part of this thesis, the excited spin wave is of propagating type, and with
a wave vector inversely proportional to the radius of the nano-contact. We
realized that using samples where the diameter was d = 100 nm, we should
expect wave vectors (and therefore scattering angles) that are outside the
range of angles that can be collected by the objective of the µ-BLS setup.

2. the distance from the nano-contact. Simulations showed that we should still
be able to observe a tail of the excited spin waves 1 µm away from the nano-
contact. However, in reality this could be an overestimation idealized by
the simulations. Given the extreme sensitivity of the µ-BLS technique, we
speculated that we would have been able to easily observe any spin torque
oscillations so far away from the contact.

Measurements on new samples with larger contact radius (i.e. smaller wave
vector) and where the window has been opened closer (down to 300 nm) from the
contact center, are planned.





Part III

Conclusions and future works
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Costanzia: non chi comincia, ma quel che persevera.

Beständighet: ej den som börjar, utan den som persevererar.

Constancy: not he who does begin, but he who does persevere.

(Leonardo da Vinci)
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Chapter 7

Conclusions and future works

The research work presented in this thesis covered some fundamental aspects of
spin transfer torque induced dynamics in nano-contact spin torque oscillators. In
a very concise way, we can summarize the content of this thesis saying that the
main investigation strategy was to observe the spin wave dynamics as the applied
magnetic field angle was varied. By varying the applied field angle, we could obtain
the following results:

1. we were able to recognize the excitation of two different spin wave modes (a
localized one and a propagating one) in both frequency and time domain;

2. observing the detailed properties of these spin wave modes as current, field
magnitude and field angle were varied, we were able to refine micromag-
netic simulations which describe the experimental results extremely accu-
rately. Thanks to this accuracy, we could use the micromagnetic result to
evince:

• the fundamental role of the Oersted field induced by the bias current
flowing through the nano-contact;

• the detailed spatial profile of the two spin wave modes;
• the details of power and linewidth, and their correlation with the trajec-

tories of the magnetization dynamics and noise sources;

3. we were able to understand details of the injection locking phenomena for the
two spin wave modes.

We also attempted to investigate spin wave dynamics directly by means of µ-
BLS, although no satisfactory results have yet been obtained.

This thesis work gave a contribution in answering three of the original four
questions by Silva and Rippard. Definitive and complete answers to those questions
will anyhow require further years of research. In the next section, we propose some
of possible future investigations.
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Future works

It is fundamentally interesting to study the dependence of the oscillation threshold
current on the applied magnetic field magnitude and directions. Quite surprisingly,
this rather fundamental question has not been investigated thoroughly yet. Prelim-
inary experimental results seem to indicate that some further theoretical effort is
necessary in order to understand the details of this dependence, probably including
the effects of the Oersted field.

Another fundamentally important problem is a deep understanding of spin wave
dynamics in pair of nano-contacts which are closely spaced between each others
and defined on the same magnetic mesa. In such configuration, it has been demon-
strated that spin waves created under each nano-contact may mutually phase lock
[62, 47, 69]. However, a detailed understanding of how the different spin wave
modes (localized and propagating) interact is still missing.

A question that is both fundamental and of great interest for applications is a
deeper understanding of the discontinuities in the frequency vs current characteris-
tics of STOs. Such discontinuities are related to the transition to spin wave modes
of higher order. Thinking in terms of applications, one would ideally like to have
a “simple” frequency vs current characteristics. Therefore, being able to predict
where these transitions occur is an interesting and important challenge, both from
a fundamental and an applied perspective.

The attempts of investigating the dynamics by means of µ-BLS must be contin-
ued, and a new custom-built electro-magnet should allow us to have better control
over the applied magnetic field.

In terms of time-domain experiments, it would be of great interest to study the
transient dynamics during the locking/unlocking of the STO to an external RF
source. These measurements can reveal details related to STOs’ agility, i.e. the
rate at which the system can respond to an external perturbation. Agility is related
to intrinsic magnetic properties (i.e. damping, spin wave non-linearities), and it is
hence a fundamental question, also related to a recent theoretical work performed in
our group, where a “ringing” response of a STO to an RF source was observed [105].

A related study concerns the response of a STO to high modulation frequencies
(in the order of several GHz, comparable to the oscillation frequency), and high
modulation currents (comparable to the bias currents). Preliminary measurements
showed indeed that the response to such modulation does not follow the expected
Adlerian response.

All investigations just proposed assume what is considered to be a standard
spin valve device, i.e. based on transition metals with relatively small magneto-
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crystalline anisotropies. However, the use of materials with perpendicular [43, 76]
or tilted [106, 104] magnetization has also been recently proposed. Furthermore,
devices based on all-Heusler alloys, where an extremely low Gilbert damping is
expected, have shown interesting results in terms of spin torque dynamics [36]. All
the studies carried on in this thesis, as well as the proposed investigations, would
be of great interest on devices based on these materials.
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Appendix A

Rotation of the spin basis

When considering problems involving spin states, one typically assumes a basis
along the z-axis, and the eigenstates are said to point up and down along that
axis. It may occur, as the cases presented in this thesis, that spins can assume
all possible directions with respect to that basis. Instead of rewriting the problem
rotating the basis for each spin direction, it may be more convenient to define the
spin eigenstates along an arbitrary direction n̂ in terms of the same basis.

A possible approach is to calculate the scalar product between the arbitrary
direction n̂ and the spin basis S, and then solve the eigenvalue problem. The
components of n̂ in Cartesian coordinates are:

nx = sin θ cosφ
ny = sin θ sinφ (A.1)
nz = cos θ

and S = ~/2σ, where σ are the Pauli spin matrices

σx =
∣∣∣∣0 1
1 0

∣∣∣∣ , σy =
∣∣∣∣0 −ı
ı 0

∣∣∣∣ , σz =
∣∣∣∣1 0
0 −1

∣∣∣∣ . (A.2)

The scalar product n̂ · S is therefore

n̂ · S = nxSx + nySy + nzSz = ~
2

(
cos θ sin θe−ıφ

sin θeıφ − cos θ

)
, (A.3)

and the eigenvalue problem to be solved
~
2

(
cos θ sin θe−ıφ

sin θeıφ − cos θ

)(
|↑〉
|↓〉

)
=
(
λ1
λ2

)(
|↑〉
|↓〉

)
. (A.4)

Solving the characteristic equation gives λ1,2 = ±~/2. The eigenvector λ1 is
found from the system ∣∣∣∣ 1− cos θ − sin θe−ıφ

− sin θeıφ 1 + cos θ

∣∣∣∣ ∣∣∣∣c1c2
∣∣∣∣ =

∣∣∣∣00
∣∣∣∣ . (A.5)
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Both equations lead to the condition c2 = tan(θ/2)eıφ c1. Together with the
normalization condition |c1|2 + |c2|2 = 1, this gives c1 = cos(θ/2)e−ıφ/2 and
c2 = sin(θ/2)eıφ/2. Therefore, in the n̂ basis, the eigenvector corresponding to
the eigenvalue λ1 = ~/2 is

|n̂,+〉 = cos(θ/2)e−ıφ/2 |↑〉+ sin(θ/2)eıφ/2 |↓〉 . (A.6)

Similarly, the eigenvector corresponding to the eigenvalue λ2 = −~/2 is

|n̂,−〉 = − sin(θ/2)e−ıφ/2 |↑〉+ cos(θ/2)eıφ/2 |↓〉 . (A.7)

The same result can be obtained directly considering the rotation operator
U [Rθ)]:

U [R(θ)] = exp(−iθ · S/~) = exp(−iθ · σ/2)

= exp
[
−ı
(
θ

2

)
θ̂ · σ

]
=
∞∑
n=0

(
− ıθ2

)n 1
n! (θ̂ · σ)n

= I +
(
− ıθ2

)
θ̂ · σ + 1

2!

(
− ıθ2

)2
I + 1

3!

(
− ıθ2

)3
θ̂ · σ + . . .

= cos(θ/2)I − ı sin(θ/2)θ̂ · σ. (A.8)

The case considered in this thesis is the one of rotating the spin state up along
the z-axis by an angle θ about an axis perpendicular to both the z and the n̂ axes.
The rotation angle is therefore

θ = θθ̂ = θ
ẑ × n̂
|ẑ × n̂|

. (A.9)

Since n̂ is given by Eq. (A.1), then

θ̂ = 1
sin θ (− sin θ sinφ, sin θ cosφ, 0) = (− sinφ, cosφ, 0) . (A.10)

Inserting Eq. (A.10) into Eq. (A.8) gives

exp
(
− ıθ2 θ̂ · θ

)
=
(

cos θ − sin θe−ıφ
sin θeıφ cos θ

)
, (A.11)

which is consistent with Eq. (A.3) within an overall phase φ = (2m + 1)π, where
m is an integer.
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Magnetostatic boundary conditions

The magnetostatic boundary conditions can be derived from the integral formula-
tion of Maxwell equations for magnetic fields, i.e. the Gauss law for magnetism and
Ampére’s circuital law:

{

∂V

~B · d ~A = 0, (B.1)∮
∂S

~H · d~l = ~Ic, (B.2)

where V and S are the integrating volume and, respectively, surface, ~A and ~l,
~B = ~H+ ~M is the magnetic flux density, where ~H is the applied magnetic field and
~M is the magnetization.

The two equations lead to the following boundary conditions:

~Be · n̂ = ~B · n̂, (B.3)
~He × n̂ = ~H × n̂, (B.4)

i.e. the normal component of the magnetic flux and, respectively, the tangential
component of the magnetic field are continuos at the interface between two media.
The two equations can be written more explicitly as:

(H +M) sin θ = He sin θe, (B.5)
H cos θ = He cos θe, (B.6)

where θ and θe are the angles of the internal magnetization and, respectively, ex-
ternal magnetic field. H and He are the internal and, respectively, external field
magnitudes. M is the saturation magnetization of the thin film.

In the problems considered in this thesis, the external field magnitude He and
angle θe, as well as the saturation magnetization M were know, and the system
had to be solved in the internal variables H and θ. Despite the apparent simplicity
of the system of equations, this has to be solved numerically.
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Figure B.1: Internal magnetization angle θ (continuous lines) as a function of the
external field angle θe for different He/M . Dashed lines: approximate expression
for θ from Eq. (B.7). Inset: internal field magnitude H as a function of the external
field angle θe for different He/M .

The system of equations has been solved for several values He/M , and plotted
in Fig. B.1.

At small angles (i.e. when He/M is small), one can simplify the system of
equations assuming sin θ ≈ θ, sin θe ≈ θe, and cos θ ≈ cos θe ≈ 1. Under this
assumptions, one gets H ≈ He and

θ ≈
(

1
1 +M/He

)
θe. (B.7)

The solutions of this equation for different He/M values are also plotted in Fig. B.1
as dashed lines. Eq. (B.7) is a good approximation of the numerical solution in the
entire angular range in case He ∼ 0.5M . At higher applied fields, Eq. (B.7) is a
good approximation of the full numerical solution in a limited angular range.



Appendix C

Derivation of the coefficients of the
Hamiltonian

The coefficient of the Hamiltonian in Chapter 2.5 are defined asN ≡ −2ωM∂ω0/∂ωM ,
Γ ≡ αGω0(∂ω0/∂ωH), and D ≡ λ2

exωM (∂ω0/∂ωH). Therefore, one has to eval-
uate the derivatives of ω0 with respect to ωM and ωH . Recalling that ω0 =√
ω2
H + ωHωM cos2 θ, the two expressions can be written as

∂ω0

∂ωM
= − 1

2ω0

(
2ωH

∂ωH
∂ωM

+ ∂ωH
∂ωM

ωM cos2 θ

+ ωH cos2 θ − 2ωHωM cos θ sin θ ∂θ

∂ωM

)
, (C.1)

and
∂ω0

∂ωH
= − 1

2ω0

(
2ωH + ωM cos2 θ + ωH

∂ωM
∂ωH

cos2 θ

− 2ωHωM cos θ sin θ ∂θ

∂ωH

)
. (C.2)

The derivatives ∂ωM/∂ωH and ∂θ/∂ωH = ∂θ/∂ωM · ∂ωM/∂ωH are vanishing
everywhere since the magnetization M0 (and therefore ωM = γM0) is a constant
property of the material, and it does not depend on H. Being the last two terms of
Eq. (C.2) identically zero, one finds directly the expression for Γ and D in chapter
2.5.

The derivatives with respect to ωM can be determined by the magnetostatic
boundary conditions (see previous section in the Appendix)

0 = ∂H

∂M0
cos θ −H sin θ ∂θ

∂M0
, (C.3)

0 =
(
∂H

∂M0
+ 1
)

sin θ + (H +M0) cos θ ∂θ

∂M0
. (C.4)
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HAMILTONIAN

One can solve for the two derivatives and find

∂ωH
∂ωM

= −ω
2
H sin2 θ

ω2
0

(C.5)

∂θ

∂ωM
= −ωH sin θ cos θ

ω2
0

. (C.6)

Substituting Eq. (C.6) in Eq. (C.1), and after some algebra, one finds the equa-
tion for N in chapter 2.5.
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