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Abstract

Molecular electronics is envisioned as a possible next step in device miniaturization. It
is usually taken to mean the design and manufacturing of electronic devices and appli-
cations where organic molecules work as the fundamental functioning unit. It involves
the measurement and manipulation of electronic response and transport in molecules
attached to conducting leads. Organic molecules have the advantages over conven-
tional solid state electronics of inherent small sizes, endless chemical diversity and am-
bient temperature low cost manufacturing.

In this thesis we investigate the switching and conducting properties of photoswitch-
ing dithienylethene derivatives. Such molecules change their conformation in solution
when acted upon by light. Photochromic molecules are attractive candidates for use in
molecular electronics because of the switching between different states with different
conducting properties. The possibility of optically controlling the conductance of the
molecule attached to conducting leads may lead to new device implementations.

The switching reaction is investigated with potential energy calculations for different
values of the reaction coordinate between the closed and the open isomer. The electronic
and atomic structure calculations are performed with Density Functional Theory (DFT).
The potential energy barrier separating the open and closed isomer is investigated, as
well as the nature of the excited states involved in the switching.

The conducting properties of the molecule inserted between gold, silver and nickel
leads is calculated within the Non Equilibrium Green Function theory (NEGF). The
molecule is found to be a good conductor in both conformations, with the low-bias
current for the closed one being about 20 times larger than that of the open in the case of
gold contacts, and over 30 times larger in the case of silver contacts. For the Ni leads the
current for the closed isomer is almost 40 times larger than that of the open. Importantly,
the current-voltage characteristics away from the linear response is largely determined
by molecular orbital re-hybridization in an electric field, in close analogy to what hap-
pens for Mn12 molecules. However in the case of dithienylethene attached to Au and
Ag such a mechanism is effective also in conditions of strong electronic coupling to the
electrodes.

In reality these molecules are in constant motion, and the dynamical properties has to
be considered. In this thesis such a line of work is initiated. In order to facilitate effi-
cient and stable dynamical simulations of molecular systems the extended Lagrangian
formulation of Born-Oppenheimer molecular dynamics have been implemented in two
different codes. The extended Lagrangian framework enables the geometric integration
of both the nuclear and electronic degrees of freedom. This provides highly efficient
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simulations that are stable and energy conserving even under incomplete and approxi-
mate self-consistent field (SCF) convergence.

In the density functional theory code FreeON, different symplectic integrators up to the
6th order have been adapted and optimized. It is shown how the accuracy can be sig-
nificantly improved compared to a conventional Verlet integration at the same level of
computational cost, in particular for the case of very high accuracy requirements. Ge-
ometric integration schemes, including a weak dissipation to remove numerical noise,
are developed and implemented in the self-consistent tight-binding code LATTE. We
find that the inclusion of dissipation in the symplectic integration methods gives an
efficient damping of numerical noise or perturbations that otherwise may accumulate
from finite arithmetics in a perfect reversible dynamics. The modification of the inte-
gration breakes symplecticity and introduces a global energy drift. The systematic drift
in energy and the broken symplecticity can be kept arbitrarily small without significant
perturbations of the molecular trajectories.



Sammanfattning

Den snabba miniatyriseringen av elektronikkomponenter sedan den första transistorn
tillverkades 1947 har drivit det moderna samhällets utveckling inom kommunikation
och databehandling. Sedan 60-talet har komplexiteten och prestandan hos komponen-
terna fördubblats ungefär vartannat år. Utvecklingen mot mindre och mindre transi-
storer kan med dagens halvledarteknologi dock inte fortgå länge till. Fundamentala
fysikaliska begränsningar gör att sådana komponenter inte fungerar när de blir för små.
För att kunna fortsätta minska storleken och öka prestandan hos komponenterna krävs
ett nytt paradigm. En sådan ny teknologi är molekylelektronik. Molekylelektronik in-
nebär att konstruera elektroniska komponenter och applikationer där molekyler utgör
de funktionella enheterna. Det innefattar att mäta och kontrollera elektriska signaler i
molekyler fästa till ledande kontakter. Molekyler, och framförallt organiska molekyler,
har fördelen av att vara väldigt små. De finns i ett ändlöst antal varianter, och de kan
syntetiseras med enkla och billiga metoder.

I det här arbetet undersöker vi en fotokromisk dithienyletenmolekyl (DTE). Fotokromiska
molekyler ändrar sin geometriska struktur under påverkan av ljus med olika våglängder.
DTE kan slå om mellan två olika strukturer (en öppen och en stängd) med olika hög
konduktans. Fotokromiska molekyler av det här slaget kan potentiellt användas till op-
tiskt kontrollerade transistorer.

Här undersöker vi reaktionen för det strukturella omslaget mellan de två olika struktur-
erna för DTE, och de ledande egenskaperna för de två olika strukturerna när de är fästa
vid guld-, silver-, och nickelkontakter. Beräkningarna för de atomära strukturerna och
den potentiella energibarriären mellan de två strukturerna utförs med densitetfunktion-
alteori (DFT). De ledande egenskaperna hos molekylerna beräknas med icke-jämvikts-
Green-funktionsteori (NEGF). Vi finner att DTE är en god ledare för de båda struktur-
erna, men att den stängda strukturen har ungefär 20 gånger högre konduktans än den
öppna strukturen när de är fästa till guldkontakter, för en svag pålagd spänning. För
silverkontakter är motsvarande skillnad i konduktans ca 30 gånger högre, och för nick-
elkontakter över 40 gånger högre. För starkare pålaggd spänning bestäms förhållandet
mellan ström och spänning till stor del av en rehybridisering i det elektriska fältet av
de elektroniska tillstånden på molekylen. Liknande beteende har observerats för Mn12–
molekyler, men här ser vi det också för en situation med stark elektrisk koppling mellan
molekylen och kontakterna.

De beräkningar vi gör för de ledande egenskaperna är för en statisk struktur. Dvs. atom-
erna i molekylen och kontakterna rör sig inte. I verkligheten befinner sig atomerna i
konstant rörelse. Därför bör också de dynamiska egenskaperna för systemet beaktas. I
den här avhandlingen beskrivs hur vi påbörjar arbetet för att inkludera de dynamiska
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effekterna i konduktansberäkningarna. För att kunna utföra effektiva och stabila dy-
namiska simuleringar av molekylära system har jag implementerat den utökade La-
grangianformuleringen av Born-Oppenheimer-molekyldynamik i två olika datorpro-
gram. Den utökade Lagrangeformuleringen tillåter en geometrisk integrering av både
de nukleära och de elektroniska frihetsgraderna. Detta möjliggör mycket effektiva simu-
leringar som är stabila och energibevarande till och med under ofullständig och approx-
imativ självkonsistent konvergens.

I densitetfunktionalteori-programmet FreeON har olika symplektiska integratorer upp
till sjätte ordningen optimerats och implementerats. Vi visar hur noggrannheten kan
höjas avsevärt jämfört med en konventionell Verlet-integrering, till samma beräknings-
mässiga kostnad. Geometriska integratorer, som inkluderar en svag dissipation för att
ta bort numeriskt brus, har utvecklats för självkonsistent tight-binding teori och har
implementerats och testats i elektronstrukturkoden LATTE. Inkluderingen av dissipa-
tion i den symplektiska integreringsmetoden dämpar effektivt bort numeriskt brus och
störningar, som annars kan ackumulera i en perfekt reversibel dynamik. Inkluderingen
av dissipation i de modifierade integrationsmetoderna bryter tyvär symplekticiteten
och medför en global och systematisk drift i den totala energin. Vi visar hur den sys-
tematiska driften kan hållas godtyckligt liten.
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Chapter 1

Introduction

The demand of modern society for ever faster mass communication and information
processing has driven device miniaturization for the last four decades. Molecular elec-
tronics is envisioned as a possible next step in this effort. It is motivated by the fun-
damental limitations of conventional semi-conductor based electronics. Electron trans-
port in nano scaled structures such as molecules does not follow the conventional laws
of solid state electronics. Instead quantum mechanical laws must be used to describe
the properties of such systems, due to their small sizes and non-homogeneous charac-
ter. The fundamental theory of quantum mechanics is one of the best proven theories
of modern science, but it is not directly applicable for the system sizes relevant in this
case. To predict electron transport properties in nano sized systems from the fundamen-
tal laws of quantum mechanics a statistical treatment together with carefully designed
approximations must be used. Ideally also dynamical properties should be considered.
However, because of the large computational cost involved in electron transport calcu-
lations and dynamical simulations based on quantum mechanical concepts, the devel-
opment of more efficient simulation tools is important.

1.1 This thesis

This thesis gives a short description of the theory and the computational procedure for
electron transport in nano sized systems. Results for the calculation of the properties
of a photoswitching system are presented. Also the extended Lagrangian formulation
of Born-Oppenheimer molecular dynamics is explained. The inclusion of higher order
geometric integration of the electronic degrees of freedom in the extended Lagrangian
formulation is presented.

The introductory chapter introduces the field of molecular electronics, the photoswitch-
ing molecule investigated in this thesis and ab initio molecular dynamics. In chapter 2
the computational methods used, Density Functional Theory and self-consistent tight-

2
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binding theory are described. Chapter 3 explains the basic concepts of quantum trans-
port and Non Equilibrium Green Function theory. The results for the transport calcula-
tions are presented in chapter 4. In chapter 5 the implementation of higher order geo-
metric integrators and dissipation in extended Lagrangian Born-Oppenheimer molecu-
lar dynamics is presented. Chapter 6 presents some examples for geometric integration
and dissipation. Finally some concluding remarks are made in chapter 7.

1.2 Molecular Electronics

The idea of molecular electronics is to use organic molecules as the fundamental func-
tioning unit in electronic devices and applications. The first suggested device was a
molecular rectifier, proposed in a seminal paper by Aviram and Ratner in 1974 [1]. Al-
though this was the first substantial suggestion for a molecular device, the idea of using
nano sized structures for new functionalities in science and engineering is often ascribed
to Richard Feynman. In 1959 R. Feynman gave a talk at the annual meeting of the Amer-
ican Physical Society at the California Institute of Technology (Caltech), called ”There’s
Plenty of Room at the Bottom”. In this talk he explores the possibilites of engineering
at the atomic scale. The paper by Aviram and Ratner sparked a strong effort in the
science community. The field attracts physicists, chemists, material scientists and also
biologists due to its strong inherent cross disciplinary nature. Organic molecules have
the advantages of small sizes, endless chemical diversity and ambient temperature low
cost manufacturing. They are also very promising candidates for use in the emerging
field of spin electronics. This is due to their weak spin-orbit and hyperfine interactions,
giving them a very long spin diffusion length. Suggested applications include biological
and chemical sensors, disposable electronics, displays, and data storage and processing.

The field of molecular electronics research involve the measurement and manipulation
of electronic response and transport in molecules attached to conducting leads. The
standard setup is the two-probe device where either a single molecule or an organic
monolayer is sandwiched between two metallic contacts. Experimental research have
demonstrated negative differential resistance (NDR), rectification and switching prop-
erties in such two-probe devices [2, 3, 4]. Functional molecular transistors [5], memories
[6] and logic gates [7, 8] have been demonstrated which suggest a future paradigm shift
in the electronics industry.

1.3 Photoswitching molecules

An important property of a molecular device is the ability to switch between a high
conducting state and a low conducting state. In molecules such different states can re-
sult from occupation of different electronic states or a change in the conformation of
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the molecule. The switching mechanism can be achieved by different means depending
on the molecule and its surrounding. Photoswitching molecules switch conformation
when acted upon by light. In this thesis the switching and conducting properties of pho-
toswitching dithienylethene derivatives are investigated. The dithienylethene molecule
has a central benzene ring which changes from a closed planar form to an open screw-
like form under visible light (400− 700 nm) in solution. The reversed ring-closure reac-
tion occurs under UV radiation (< 400 nm), see Fig. 1.1 This kind of optical control of

Figure 1.1. The conformation switching of the dithienylethene molecule studied.
The numbers in the central benzene ring gives the distance between the
two carbon atoms involved in the bond breaking (forming) of the reaction.
This distance is defined as the reaction coordinate.

the conducting properties can lead to optoelectronic monomolecular switches. The aim
is to be able to trigger a fast and reliable switching reaction with a short light pulse. In
solution the switching reaction time for different dithienylethene derivatives are found
to range between 100 − 102 ps, see [9] and references therein.

The interest in this particular kind of molecule stems from the breaking of the conju-
gated π-state when the conformation changes from the near planar closed geometry to
the open geometry. This in itself suggest a difference in the conducting properties of
the two conformations. Several studies, both experimental [9, 10, 11, 12, 13, 14] and
theoretical [9, 10, 15, 16, 17, 18], have recently appeared, but a consensus over the mech-
anism of the switching and its effects over the electron transport properties seems far
to be reached. For instance, Dulic et al. reported the quenching of the closing reaction
[18] when the molecule is attached to the electrodes, and found, with break-junction
experiments, that the conductance of the closed molecule is three orders of magnitude
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larger than that of the open one. On the other hand, several experimental works have
demonstrated reversible switching for different variations of dithienylethene molecules
connected to one [10, 11, 13], and two gold contacts [14, 12], and have reported a ratio
between the current for the closed and open conformations of 16 [13], 25 [12] and 131
[10] for different experimental setups. In these experiments the molecule experiences
both photo-physical and mechanical stress, which may influence the switching reaction
differently due to the experimental technique used.

1.4 Molecular dynamics simulations

Molecular Dynamics (MD) is a type of simulation where atoms and molecules are sim-
ulated dynamically in time, giving a view of the motion of the particles. It is used in
many different fields of materials research to study various phenomena.

The particle trajectories are integrated numerically in discrete time steps according to
Newton’s laws of mechanics. The approximations involved in calculating the forces on
the particles, which determines their motion, give the flavour of the molecular dynam-
ics simulation. In classical MD the forces are calculated from parametrized force fields.
This enables fast calculations where hundreds of thousands of atoms can be simulated
for very long time periods. However, classical MD has its limitations for simulations
where quantum mechanical features are important. However, these effects can be in-
cluded in a phenomenological way.

In ab initio molecular dynamics the forces on the particles are calculated from the laws of
quantum mechanics without empirical parameters. Ab initio molecular dynamics there-
fore includes quantum mechanical effects in a rigorous manner but the computational
cost over classic molecular dynamics is, unfortunately, often many orders of magnitude
larger. The force evaluation, required in each time step, involves a computationally de-
manding self-consistent-field (SCF) optimization of the electronic solution. One way
to reduce the computational cost involved in the SCF optimization is to propagate the
electronic solution between time steps. This typically reduces the number of iterations
in the self-consistent cycle. However, propagating the electronic solution causes small
errors to be propagated between time steps as well, causing a global drift in the total en-
ergy and phase space, with poor stability under approximate self-consistent field (SCF)
convergence [19, 20, 21]. This systematic total energy drift, and instability, can only be
suppressed by increasing the SCF convergence, practically performing more SCF itera-
tions in each time step.

The problem with the energy drift and stability in ab initio molecular dynamics was
solved with the recently proposed extended Lagrangian formulation of Born-Oppenheimer
molecular dynamics (XL-BOMD) [22]. The extended Lagrangian formulation enables a
systematic propagation of both the nuclear and the electronic degrees of freedom. In
this thesis the use of higher order geometric integrators in XL-BOMD is investigated.
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Also a formalism for the inclusion of dissipation, which is sometimes required to re-
move numerical noise, in higher order geometric integrators is proposed. This is the
first time modern higher-order geometric integrators have been developed and used
for the propagation of the electronic degrees of freedom in ab initio molecular dynamics.



Chapter 2

First principles calculations

When calculating properties of atomic systems without the use of empirical input one
has to start from first principles. The only input parameter is the atomic composition of
the system. One then has to solve the quantum-mechanical Schrödinger equation which
governs the motion of the nuclei and the electrons. Several program packages have been
developed for calculations from first principles based on the density functional theory.
In this work all calculations presented in chapter 4 were performed with the Siesta [23]
code and an extension for calculating transport properties called Smeagol [24].

In this chapter the theory and the approximations introduced in the density functional
theory (DFT), which yields the total energy for the system in its ground state, are briefly
described.

2.1 Density functional theory

This theory was presented by Kohn and Sham in 1965 [25] and is based on the two
theorems in the paper by Hohenberg and Kohn [26]: The first theorem tells us that
the ground state electron density n(~r) determines the potential u(~r) of a system within
an additive constant. This means that the ground state electron density completely
determines all ground state properties of a many-body problem. All the properties of
the system can be expressed as functionals of the density. The second theorem is a DFT
variational principle for the total energy functional which states that the minimum of
the energy functional is the ground state energy. The theory was later proven to work
also for fractional occupation numbers [27].

The total energy functional can be written as

E[n(~r)] = T [n(~r)] +

∫
d~rn(~r)U(~r) +

1

2

∫
d~r1d~r2

n(~r1)n(~r2)

|~r1 − ~r2| + Exc[n(~r)] (2.1)

7
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where the first term is the kinetic energy, the second term is the external potential en-
ergy, the third term is the Coulomb interaction energy of the electron density with itself
(called the Hartree energy) and the last term is the exchange-correlation energy.

Kohn and Sham proposed a method for computing the contributions to the energy func-
tional to good accuracy. The idea is to rewrite the system of many interacting electrons
as a system of non-interacting Kohn-Sham particles. They also proposed ways to ap-
proximate the terms in the energy functional, Eq. (2.1), which can’t be evaluated ex-
actly. Since the dependence of kinetic energy on n(~r) is unknown, Kohn and Sham used
the earlier Thomas-Fermi model to substitute T with T0 which is the kinetic energy of a
non-interacting electron gas.

The many-body Hamiltonian is mapped onto an effective one-electron Hamiltonian

Ĥ1el = − ~
2m

∇2 + Veff [n(~r)] (2.2)

where the effective potential Veff [n(~r)] can be expressed as a functional of the electron
density and includes the effect from all the other electrons. This mapping is in principle
exact.

Veff(~r) = U(~r) +

∫
d~r′

n(~r′)

|~r − ~r′| +
δExc[n(~r)]

δn(~r)
. (2.3)

The different terms in Eq. (2.3) correspond to the same terms for the energy functional
Eq. (2.1). With this Hamiltonian, Eq. (2.2) we get the Kohn-Sham equation and can
solve for the one-electron wave functions, ψi(~r):

Ĥ1elψi(~r) = εiψi(~r) (2.4)

and from these wave functions we obtain the electron density

n(~r) =
N∑

l=1

|ψl(~r)|2. (2.5)

Eq. (2.4) can now be solved self-consistently since the effective potential only depends
on the electron density. The iteration scheme starts with guessing some initial electron
density n0(~r) and then performing the following:

1. Calculate V (~r) from Eq. (2.3).

2. Solve Eq. (2.4) to get the wave functions.

3. Calculate the new density from Eq. (2.5).

4. If the solution is not converged continue at step 1 again.
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This scheme results in the ground-state Kohn-Sham wave functions which give us the
ground-state electron density. From this we can evaluate the ground-state energy from
Eq. (2.1) with T0 substituted for T and in this way we have solved the ground state
problem.

Finally what we need is an expression for the exchange-correlation term Exc, which
will also contain the kinetic energy contribution T − T0. This energy term can not be
evaluated exactly but it plays an important role in defining the physics of the system.
Therefore much effort has been put into approximating the exchange-correlation term.

2.1.1 The exchange-correlation energy

The exchange-correlation interaction is a purely quantum mechanical effect due to the
fact that electrons are indistinguishable fermions. The Pauli principle implies that elec-
trons with the same spin can not occupy the same region in space. This means that
electrons with the same spin will be separated and thus the Coulomb energy will be
reduced.

The simplest approximation for the exchange-correlation energy within DFT is the local
density approximation (LDA) [28, 29]. The exchange-correlation energy for an electron
at point ~r is assumed to be equal to the exchange-correlation energy of a homogenous
electron gas with the same electron density,

ELDA
xc =

∫
d~rεhom

xc [n(~r)], (2.6)

where εhom
xc is a known quantity.

The LDA approach based on the homogenous electron gas does not account for gra-
dients in the electron density and therefore it is less accurate for systems where the
density varies rapidly. Improvement over LDA has led to the generalized gradient ap-
proximation (GGA), where the density gradient is included in the approximation; hy-
brid functionals, in which the exchange energy is combined with the exact energy from
Hartree-Fock theory [30, 31, 32]; and the recently developed AM05 functional which
merges separate functionals from different model systems depending on the local na-
ture of the system [33].

Specifically for conductance calculations in lead-molecule-lead setups it is important
to have a good description of the exchange-correlation energy. The theory must be
accurate when the molecule has a fractional number of electrons, and correctly describe
the electron affinity and the ionization potential of the isolated molecule. Ordinary
functionals such as LDA and GGA give qualitative errors in this respect due to the
self-interaction error (SIE), which is the interaction of an electron with the exchange-
correlation potential generated by its own charge. Sanvito et. al. have implemented an
approximate self-interaction correction in Siesta, which both reproduces the fractional
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occupation and correctly describes the alignment of the molecular levels with the leads
fermi level [34, 35]. Unfortunately this implementation was not available in the Siesta
or Smeagol package distributions at the time of the calculations in this work.

In this work the Perdew-Burke-Erzenhof (PBE) form of GGA [36], well tested for inho-
mogeneous systems including carbon and metals [37], is used.

2.1.2 Localized basis functions

In order to get a sparse structure of the hamiltonian matrix we expand the wave func-
tions ψi(~r) in a localized basis set:

ψi(~r) =
∑

n

ainφn(~r) (2.7)

where ain is the expansion coefficient for basis function n and electron i. The basis
functions φn(~r) are finite in range and are centered at the nuclei. This results in a finite
interaction range in the system and a sparse structure of the hamiltonian matrix.

Expressed in this basis Eq. (2.4) now takes the form

∑
m

Hnmaim = εi

∑
m

Snmaim (2.8)

and

Hnm = 〈φn|Ĥ1el|φm〉 , Snm = 〈φn|φm〉. (2.9)

This gives us a tight-binding form of the hamiltonian, Eq. (3.16) (discussed in the next
section), and enables us to evaluate the quantities Eqs. (3.17,3.18,3.19) introduced there.

2.1.3 Pseudopotentials

The core states do not contribute much to chemical bonding, nor to solid-state prop-
erties. Hence one may treat the core electrons as frozen in their atomic states and re-
place the atom by a pseudoatom with only valence electrons. The pseudopotential [39]
in which the valence electrons reside has a Coulomb attractive potential plus a repul-
sive potential to mimic the effect of the core electrons. The eigenvalues and the wave
functions outside a cut-off radius for the valence electrons have to be the same for the
pseudopotential as the physical ones. This approximation greatly decreases the compu-
tational cost compared to all-electron methods. This is due to reduction of the basis set
size and reduction of the number of electrons. Especially for heavy atoms the number
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of degrees of freedom is reduced by orders of magnitude. This enables simulation of
larger systems and investigation of more complex phenomena.

2.1.4 Relaxation of atomic positions

DFT finds the ground state electron density for the given configuration of the atoms.
This configuration however need not be the equilibrium positions for the atoms. If the
equilibrium positions are desired these can be found from the DFT calculations by a
procedure called structural optimization or relaxation.

For an infinite system one must distinguish between atomic displacements that change
the form of the unit cell, which corresponds to strain, and displacements within the unit
cell, which corresponds to atomic forces. These two different optimizations have to be
done separately. For a finite system in a supercell, this distinction doesn’t have to be
considered.

In order to optimize all the atomic positions one has to find the minimum of the to-
tal energy as a function of atomic positions. This can be achieved by calculating the
derivative of the total energy with respect to small displacements of the nuclei, the so-
called Hellman-Feynman forces [40]. These are used to move the atoms towards their
equilibrium positions. Here several algorithms exist for the update of the positions. A
coordinate optimization by conjugate gradients have been used in the present work.

2.2 Tight-binding density functional theory

The total energy functional in self-consistent charge tight-binding theory is derived
from a second-order functional expansion of the energy in density functional theory
with respect to charge fluctuation about the self-consistent ground state [41, 42, 43,
44, 45]. Our tight-binding total energy functional for the non-spin polarized case [46],
which closely follows the work by Elstner [41], apart from a fully orthogonal formula-
tion, can be written as

Etot
TB(R, ρ̃) = 2Tr[H(0)ρ̃] +

1

2

∑
i,j

γi,jqiqj + Epair. (2.10)

Here i and j are atomic labels and ρ̃ denotes the bond-order matrix,

ρ̃ = ρ− ρ(0), (2.11)

where ρ(0) is the single particle density matrix for the separate, non-interacting neutral
atoms, and ρ is the density matrix,

ρ = θ(µ0I −H), (2.12)
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given by the Heaviside step function θ of the effective orthogonal SCC-TB Hamiltonian,
H , which is the sum of the charge-independent Slater-Koster tight-binding Hamiltonian
H(0) and the charge dependent Hamiltonian H(1), i.e.

Hiα,jβ = H
(0)
iα,jβ + H

(1)
iα,jβ, (2.13)

where α and β labels the orbitals (s, px, py, . . .) and

H
(1)
iα,jβ =

∑

k

γi,kqkδi,jδα,β. (2.14)

The partial Mulliken charges qi are given from the diagonal elements of the bond-order
matrix, i.e. the partial trace of the atoms,

qi = 2
∑

α

ρ̃iα,iα, (2.15)

where the factor 2 is included because of the asumed spin degeneracy. The chemical po-
tential µ0 separates the occupied states from the unoccupied states and γi,j incorporates
the electrostatic interactions, where γi,j → |Ri − Rj|−1 at long range, and at short range
it is a screened Coulomb potential with the diagonal elements γi,i given by the Hubbard
parameters Ui. The last term in the tight-binding density functional, Epair, is the sum of
pair potentials that are strongly repulsive at short range with longe range ∼ 1/R6 van
der Waals-like interactions.

2.2.1 Forces

The forces acting on the atoms, FR, can be calculated from the derivative of the total
energy with respect to nuclear displacement, i.e.

FR = −∂Etot

∂R
= −2Tr[H

(0)
R ρ̃ + H(0)ρR]− 1

2

∑
i,j

∂γi,j

∂R
qiqj −

∑
i,j

γi,jqi
∂qj

∂R
− Epair

R , (2.16)

= −2Tr[H
(0)
R ρ̃] + Tr[H

(1)
R ρ̃]− 2Tr[(H(0) + H(1))ρR]− Epair

R , (2.17)

where
{H(1)

R }iα,jβ =
∑

k

∂γi,k

∂R
qkδi,jδα,β, (2.18)

and

Epair
R =

∂Epair

∂R
. (2.19)

Since Tr[(H(0) + H(1))ρR] = 0 (from first-order perturbaton theory for an orthogonal
representation at zero electronic temperature [47]), we have that the forces acting on the
atoms are given by the Hellmann-Feynman like expression

FR = −2Tr[H
(0)
R ρ̃]− Tr[H

(1)
R ρ̃]− Epair

R . (2.20)



Chapter 3

Electron transport calculations

In this section some of the basic theory of electron transport in nano-sized structures is
introduced. The transition from Ohms law to the quantum regime as devises shrink is
discussed. Also the connections between introduced concepts and the quantities used
for computation are explained. An introduction to transport calculations based on Non
Equilibrium Green function theory and some details of the Smeagol code are given.

3.1 From Ohms law to quantum transport

The phenomenological law relating the voltage U applied across a macroscopic lead to
the current I through the lead and the resistance R of the lead is well known to most
people. It is called Ohms law and was introduced by Georg Ohm in 1827.

U = RI (3.1)

The property R is more often spoken of as its inverse, the conductance G. G is inversely
proportional to the length of the lead and proportional to its cross-sectional area, multi-
plied by a material property called the conductivity σ.

1

R
= G = σA/L (3.2)

The conductivity is a measure of how easily the electrons in a material move under an
electric voltage potential, and how many electrons that are free to move. An applied
voltage U exerts a force on the electrons. If the energy gained from the electric field
exceeds the energy with which the electrons are bound to the atoms or the crystal lattice,
the electrons can accelerate in the direction of the field. What stops the electrons from
moving freely is various scattering events. This means that the electrons collide with

13
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the crystal lattice, other electrons, holes or other pseudo particles and exchange some
of their kinetic energy. The more scattering events the lower the conductance is. Ohms
law is a statistical law and it describes the average effect on a huge number of electrons,
since the number of conducting electrons in a macroscopic lead is of the order 1023.

The average length an electron travels between scattering events that change its energy
is called the phase coherence length, lφ, and is a material property. It depends on the
material composition, its metallicity and the temperature. If the size of the conductor
is comparable to this length scale the transport can be ballistic (without scattering) and
Ohms law no longer holds. Here the wave-nature of the electron becomes important. If
the wavelength of the electron, called the Fermi wavelength, is comparable to the size
of the conductor, quantum mechanical effects will govern the transport. This is what
we call the quantum transport regime. It is reached at different levels for different kinds
of materials as the Fermi wavelength varies greatly. For metals the order of the Fermi
wavelength is ∼ 1 Å while for semiconductors is can reach ∼ 100 Å.

In this quantum regime we need a completely new understanding of the conductivity.
Many new phenomena arise that can only be explained with a bottom up approach that
starts from the quantum mechanical description of matter. This approach is outlined
below. First follows a basic explanation of quantum transport.

3.1.1 What makes electrons flow?

The contacts connected to the conductor will have an important effect on the transport.
Consider a conductor with only one energy level connected to contacts with continuous
density of states, called the source and the drain leads. The electrons will flow from
the leads in and out of the conductor bringing them all in equilibrium with a common
electronic chemical potential µ. See Fig. 3.1.

The average number of electrons per time unit in the energy level will then be given by
the Fermi function:

f0(E − µ) =
1

1 + exp[(E − µ)/kBT ]
(3.3)

This number need not be an integer if the energy level lies within a few kBT of µ. Occa-
sionally the level will be occupied and occasionally empty so the average number over
time will lie between 0 and 1, see Fig. 3.2.

Now, if a voltage potential, V , is applied over the system the chemical potentials will be
shifted relative to each other in the source and drain leads:

µ1 − µ2 = eV (3.4)
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Figure 3.1. Model of a one-level conductor connected to leads with continuous den-
sity of states. If there is no voltage applied µ1 = µ2 and the net current
through the energy level will be zero.

−0.2 −0.1 0 0.1 0.2 0.3
0

0.2

0.4

0.6

0.8

1

E−µ (eV)

f 0(E
−

µ)

k
B
T=0.001

k
B
T=0.025

Figure 3.2. Fermi function around the electronic chemical potential for two differ-
ent temperatures. kBT = 0.025 eV corresponds to room temperature (300
K) while kBT = 0.001 eV corresponds to roughly 10 K.

where µi is the electronic chemical potential of lead i. The Fermi functions for the leads
will then be different and this sets the whole system in a non-equilibrium state. The lead
with raised chemical potential, the source, will try to bring the conductor in equilibrium
with itself and pump electrons into the energy level, while the drain will also try to
establish equilibrium and pull electrons out of the energy level. If the energy level
lies in the window between the two chemical potentials a current will run through the
system.

The steady state current through the conductor (per spin) is given by:
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I =
e

~
γ1γ2

γ1 + γ2

[f1(ε)− f2(ε)] (3.5)

where γi/~ is the rate for an electron in the energy level ε to escape into lead i. γi is also
called the coupling constant. This will be discussed further later.

Eq. (3.5) tells us many things about transport in small conductors. If the energy level ε
is far below µ1 and µ2, then f1(ε) = f2(ε) = 1 and no current will flow. Likewise if the
energy level is far above the chemical potentials because then f1(ε) = f2(ε) = 0. Only
when the energy level is within kBT of either µ1 or µ2, or between them will f1(ε) 6= f2(ε)
and current will flow.

The same principle holds when there are several energy levels in the conductor. There
must always be at least one level close to the chemical potentials to enable conduction.
It doesn´t matter if the level is initially occupied or empty. An occupied level will first
leave its electron to the drain an then be filled up by the source, while an empty level
will first be filled from the source and then emptied by the drain.

3.1.2 Level broadening and the quantum of conductance

If we assume that the temperature is low enough that f1(ε) ≈ 1 and f2(ε) ≈ 0 and that
the coupling is equally strong at both contacts we can write Eq. (3.5) as:

I =
eγ

2~
, γ = γ1 = γ2. (3.6)

This might lead to the belief that that the current through the energy level could be
increased with no limit if γ is increased, ie. if the coupling between the conductor and
the leads are made stronger. However, we have missed the broadening of the energy
level that accompanies coupling it to any other system.

Upon coupling, some of the states in the leads spill over into the energy level in the
conductor and the conductor loses part of its state to the leads. Since the density of
states (DOS) of the leads are continuous the gain in the conductor is spread over a range
of energies and the effect is to broaden the energy level. The gain and loss will always
be equal in size so that the energy level can still hold the same number of electrons as
before the coupling. If the coupling is strong enough the level could broaden outside
the energy window created by the chemical potentials µ1 and µ2. The current is then
reduced from what Eq. (3.6) suggests by a factor equal to the fraction of the level that
lies between µ1 and µ2. The fraction is proportional to the width of the energy window
µ1 − µ2 = eV divided by the effective width of the level, Cγ, where C is a constant.

I =
eγ

2~
eV

Cγ
⇒ G =

I

V
=

e2

2C~
(3.7)
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The conductance approaches a finite value independent of the strength of the coupling.
In fact, the maximum conductance for a conductor with one energy level is a funda-
mental constant related to the charge of an electron and Planck´s constant:

G0 ≡ e2/h = 38.7µS = (25.8kΩ)−1 (3.8)

Thus, even with the best contacts there is still an upper limit to the current that can
go through a conductor with one energy level. This was not appreciated until the late
1980s.

3.2 Different transport regimes

3.2.1 Coherent

If we neglect phonons in the scattering region, or assume that they don’t affect the trans-
port we are in the coherent regime. The transport is then completely determined by the
shape of the potential profile over the scattering region and the localization of the elec-
tronic states.

In the case of strong coupling between the leads and the conductor, electronic states
can form that extends over the whole device. Such states enable free propagation of
electrons through the device. This is the ballistic (or metallic) regime since the conductor
will behave as a good metal (without scattering). In this regime the dependence on the
length of the conductor on the conductance is weak.

If the electronic states do not extend through the whole device but instead are localized
in the scattering region we get a completely different behaviour. In this case electrons
will have to tunnel through the ”forbidden” parts of the scattering region. This is the
tunneling regime and it shows the typical exponential length dependence on the con-
ductance.

There is also an effect that arises under very special conditions. It is called the Coulomb
blockade1and this effect can stop all the current. This regime will not be considered
here.

1This effect comes from the fact that an electron does not feel the electrostatic potential due to itself.
If we have an initially empty degenerate level that is filled by an electron the potential in the level will
change due to the charge of the electron. The next electron that occupies the level will feel a different
potential than the first. The energy difference is called the single electron charging energy. If this energy
is larger than the broadening of the levels and kBT the split levels can end up outside the voltage window
and no current will flow. The occurance of the effect depends on the temperature, the strength of the
coupling between the levels and the leads, and the extent of the electronic wavefunction for the level.
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3.2.2 Noncoherent

What we have considered so far is a situation where the electrons move in a rigid sur-
rounding. In this approximation the electrons interact elastically with the background
and therefore their phase is not altered. If phase-breaking processes are included we
move into the non-coherent transport regime where electrons interact non-elastically
with the background and other electrons. Then the background or the surrounding can
be excited by the passage of an electron and these excitations are described by phonons,
photons or other quasi-particles.

The problem of including non-coherent processes in the calculation of the conductance
is difficult and has no exact solution. Procedures are being developed and implemented
at various levels of approximation [48, 49, 50]. Especially within the Green Function
formalism there is a convenient way to include phonons in a first-order approximation
[51]. Such processes become increasingly important as the channel length is increased.
We will not consider non-coherent processes further in this work.

3.3 Multilevel conductors

Going from the one-level model considered in this chapter to a model of a general mul-
tilevel conductor with n energy levels all the introduced concepts still holds. We have
not been exhaustive on the subject but we have discussed the alignment of the elec-
tronic chemical potentials in the leads with the energy level ε in the conductor and the
broadening γ1,2 of the level due to the coupling to the leads. Other important concepts
are the self-consistent potential U who’s influence can lead to such dramatic effects as
the Coulomb blockade; the number of electrons N in the level and also the density of
states D(E) for the conductor.

Each of these quantities is replaced with a (n × n) matrix in the model for a n-level
conductor:

ε → [H] Hamiltonian matrix

γ1,2 → [Γ1,2(E) Broadening matrix

2πD(E) → [A(E)] Spectral function

U → [U ] Selfconsistent potential matrix

N → [ρ] =

∫
(dE/2π)[Gn(E)] Density matrix (3.9)
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3.3.1 Problem setup

The typical system consists of a nanoscale device connected to two semi infinite probes,
see Fig. 3.3. The probes function as charge reservoirs and are assumed to be kept in
thermodynamical equilibrium at two different chemical potentials, µL and µR respec-
tively. The potential difference between the probes, caused by an applied voltage over
the system V = µL − µR, will have the effect of charge flowing through the device in
order to counter balance the external potential.

Figure 3.3. Device setup and schematic partitioning. The large central blob repre-
sents HS in Eq. (3.15) and the smaller blobs at the sides represent H0. The
lines represent the coupling H1 and the double lines HLS and HSR.

3.3.2 Landauer formalism and scattering approach

The current through the device can be evaluated with the Landauer formalism. It estab-
lishes a connection between the conductance and the quantum mechanical transmission
probability T (E) for an incoming electron with energy E:

I = G0

∫
T (E)[fL(E − µL)− fR(E − µR)] (3.10)

where G0 is the quantum of conductance and fα(E) is the Fermi distribution function of
lead α. The transmission probability can be evaluated as a scattering problem in terms
of a scattering matrix, S, relating the incoming |Φin〉 and outgoing |Φout〉wave functions
on a scattering potential.

|Φout〉 = S|Φin〉 (3.11)

where
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S =

(
r t′

t r′

)
, (3.12)

and r and t are the reflection and transmission coefficient matrices for the wave func-
tions coming in from the left. The primes indicate the coefficients for the wave functions
coming in from the right. This gives us the transmission coefficient

T (E) = Tr[t(E)t′(E)] (3.13)

where Tr means the trace of the matrix. In order to solve the general scattering problem
we must know the shape of the scattering potential and solve for the asymptotic wave
functions in the leads. This procedure only depends on the resulting scattering poten-
tial and the details of the electronic structure in the scattering region is eliminated. In
general however the scattering potential depends on the applied bias voltage and how
it affects the electronic structure in the scattering region.

3.3.3 Green function approach

There is an alternative approach where focus is shifted from finding the transmission
probabilities for the asymptotic wave functions to considering the electronic states and
potential in the scattering region. This procedure is better treated with the Green func-
tion for the whole system which contains more details than the asymptotic wave func-
tions. The retarded Green function GR is the solution to the equation:

[ε+S −H]GR(E) = I (3.14)

where ε+ = limδ→0+(E + iδ). The superscript R denotes retarded quantities and means
that the function GR is causal. This is related to the addition of the iδ term in Eq. (3.14).

Now we assume that the hamiltonian of the system can be written in a tight-binding
form. This means that the interaction range between the electronic states are limited to
a finite cut-off radius. We showed in the previous chapter how this is achieved with lo-
calized basis functions. We also showed how the hamiltonian depends on the electronic
structure. Since we are dealing with an infinite system the quantities H , GR and I are
all infinite dimensional matrices. The matrices can be partitioned if we consider that
the semi infinite leads have a regular periodic structure. We define the smallest unit cell
that repeats periodically along the direction of the transport as a principal layer (PL). It
is chosen as to interact only with the nearest neighbor principal layers. We then get the
hamiltonian H0 describing the interactions within the PL and the hamiltonian H1 de-
scribing the interactions between two adjacent PLs. Similarly, defining the hamiltonian
for the central scattering region HS and the interaction between the left lead and the
scattering region HLS and the same for the right lead HRS , we get the total hamiltonian
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H =




. . . . . . . . . . .

. 0 H1 H0 H1 0 . . . . .

. . 0 H1 H0 HLS 0 . . . .

. . . 0 HSL HS HSR 0 . . .

. . . . 0 HRS H0 H1 0 . .

. . . . . 0 H1 H0 H1 0 .

. . . . . . . . . . .




. (3.15)

Here the different elements of the hamiltonian correspond to the different parts of the
schematic system in Fig. 3.3. Partitioning the hamiltonian matrix along the inserted
lines we define the upper left block HL, the upper middle block HLS, the middle left
block HSL and accordingly for the right and lower parts we can write the Eq. (3.14) as




ε+SL − HL ε+SLS − HLS 0
ε+SSL − HSL ε+SS −HS ε+SSR − HSR

0 ε+SRS − HRS ε+SR − HR







GL GLS GLR

GSL GS GSR

GRL GRS GR


 =




I 0 0
0 IS 0
0 0 I




(3.16)

where we have made a corresponding partitioning of the Green function. Solving Eq.
(3.16) still involves diagonalizing an infinite matrix, which can not be done. Instead we
must consider that the leads are made of metal and have a short screening length. The
potential drop by the applied bias will therefore only occur in the scattering region and
the electronic structure deep in the leads will not be affected. We can focus solely on
the scattering region and treat the effect of the leads and the coupling to the leads as an
effective interaction. The Green function for the scattering region takes the form

GR
S (E) = [ε+SS −HS(E)− ΣR

L(E)− ΣR
R(E)]−1 (3.17)

where ΣR
α (E) is called the retarded self-energy for lead α. The self-energies include all

the effects of the leads and the coupling between the leads and the scattering region.
They are defined as

ΣR
α (E) = (ε+SSα −HSα)gR

α (E)(ε+SαS −HαS) (3.18)

where we have introduced the retarded surface Green function gR
α for lead α:

gR
α (E) = [ε+S0 −H0]

−1 (3.19)

We have now reduced the infinite dimensional Eq. (3.16) to a solvable one, with the
dimension M ×M where M is the number of basis functions in the surface of the leads.

From the scattering Green function it is possible to obtain the conductance for the de-
vice.
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3.4 Non-Equilibrium Green Function Theory

We now turn to the problem of calculating the conductance for the system. After we
have obtained the scattering Green function, the self energies and the lead surface Green
function it is straight forward to obtain the transmission probability by

T (E) = Tr[ΓL(E)GR
S (E)ΓR(E)GR†

S (E)]. (3.20)

Here we have defined a new quantity

Γα = i[Σα − Σ†
α] (3.21)

which is called the broadening matrix. This quantity clearly consists of the imaginary
part of the self energy. Looking at the Green equation for the scattering region, Eq.
(3.17), the self energies can be seen as modifying the Hamiltonian. The real parts of the
self energies then causes a shift in the device energy levels while the imaginary part
gives the eigenstates a finite lifetime. Due to the Heisenberg uncertainty relation this
means that the eigenstates must broaden in energy.

The transmission coefficient Eq. (3.20) obtained is inserted in the Landauer formula Eq.
(3.10) to evaluate the current. The integration over energy is easily performed since the
Fermi functions limits the integration to a window between the chemical potentials of
the leads.

3.4.1 Introducing finite bias

In the case of applied bias voltage the system is no longer in equilibrium and we must
see how this affects the system. The charge distribution in the scattering region will
change since both the number of electrons (net charge) and the electrostatic potential
changes. In the leads the situation is not as dramatic. The only effect of the applied
bias is a rigid shift of the energy since the potential drop occurs only in the scattering
region. This is because of the strong electron screening in the metallic leads which will
normalize the potential to the bulk value not far from the surface of the leads. Here we
should point out that a few atomic layers of the leads corresponding to the screening
length of the lead material should be included in the scattering region to ensure that the
potential has reached its bulk value at the interface between the leads and the scattering
region. The effect in the self energies is to shift the energy with ±V/2 where V is the
applied bias voltage:

ΣL/R(E) → ΣL/R(E ∓ V/2) (3.22)
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The potentials in the leads set the boundary conditions for the potential in the scattering
region. In order to solve for the electrostatic potential a linear potential ramp is added
to the Hartree potential in the scattering region:

VH(~r, V ) = VH(~r) +
V

L
(z − a) (3.23)

where L is the length of the scattering region in the direction of transport (z) and a is the
center of the region. After the effect of the applied bias is added to the self energies and
the potential we need to solve for the electron density and the electrostatic potential self-
consistently in the scattering region. We get the new density matrix for the scattering
region, ρS from the scattering Green function together with the broadening matrices:

ρS =
1

2π

∫
dEGR

S (E)[ΓLf(E − µL) + ΓRf(E − µR)]GR†
S (E) (3.24)

The electron density is obtained through

n(~r) = 〈~r|ρS|~r〉 =
∑
i,j

φi(~r)ρS,ijφj(~r). (3.25)

We can now device a self-consistent iterative method to compute the current for a finite
applied bias:

1. Compute the lead quantities ΣL/R, gR
L/R. Add the effects of the voltage in case of

finite bias.

2. Guess an initial electron density n(~r) for the scattering region.

3. Construct the scattering Hamiltonian with the effects of the applied bias included
HS = HS(n(~r), V ).

4. Calculate the retarded scattering Green function.

5. Calculate the new electron density n′(~r) from the obtained quantities.

6. Iterate step 3 to 5 until n′ = n.

7. Evaluate the transmission coefficient and calculate the current from Eq. (3.20) and
Eq. (3.10).
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3.4.2 Including spin polarization

To generalize the method described above to spin polarized systems, or cases where the
spin degrees of freedom have to be considered, the Hamiltonian, overlap matrix and all
other operators in the previous sections take the form

A =

(
A↑↑ A↑↓

A↓↑ A↓↓

)
(3.26)

The off-diagonal terms couple the up and down spins. If A↑↓ = A↓↑ = 0 the system is
collinear and there are no spin flips.

In the general case when the magnetic moments are not aligned in the same direction,
A↑↓, A↓↑ 6= 0, and the total Hamiltonian has dimensions 2N × 2N . The Green function is
now written as

G =

(
G↑↑ G↑↓

G↓↑ G↓↓

)
(3.27)

where

G↑↑ =




ε+S↑HL
− H↑↑L − Σ↑↑

L ε+S↑LS − H↑↑LS 0

ε+S↑SL − H↑↑SL ε+S↑S − H↑↑S ε+S↑SR − H↑↑SR

0 ε+S↑RS − H↑↑RS ε+S↑R − H↑↑R − Σ↑↑
R


 , (3.28)

G↑↓ =



−H↑↓L − Σ↑↓

L −H↑↓LS 0

−H↑↓SL −H↑↓
S −H↑↓SR

0 −H↑↓RS −H↑↓R − Σ↑↓
R


 , (3.29)

and correspondingly for G↓↑ and G↓↓. The self-energies are defined accordingly,

ΣL =




Σ↑↑
L 0 0 Σ↑↓

L 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Σ↓↓
L 0 0 Σ↓↑

L 0 0
0 0 0 0 0 0
0 0 0 0 0 0




(3.30)

and

ΣR =




0 0 0 0 0 0
0 0 0 0 0 0

0 0 Σ↑↑
R 0 0 Σ↑↓

R

0 0 0 0 0 0
0 0 0 0 0 0

0 0 Σ↓↑
R 0 0 Σ↓↓

R




. (3.31)
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ΓL and ΓR is obtained in an analogous way. Now, the calculation of the density, trans-
mission coefficient and the current follows according to the recipe outlined above.



Chapter 4

Results for the photoswitching
dithienylethene molecule

The switching properties of the dithienylethene molecule have been investigated with
total energy calculations along the reaction path. Also a calculation of an approximation
to the first excited state along the reaction path was performed. The conduction at finite
bias voltage for the open and closed molecule inserted between metallic leads have been
calculated for three different lead materials: Au, Ag and Ni. In connection to this the
transmission coefficient at zero and finite bias was investigated as well as the projected
density of states for certain atoms in the molecule. We compare the results for the Au
leads with a minimal Au basis set calculation.

4.1 Switching barrier

To investigate the switching properties, the total energy of the molecule surrounded by
vacuum, for different values of the reaction coordinate between the closed and the open
form of the molecule, was calculated. The reaction coordinate is defined as the distance
between the two carbon atoms in the central benzene ring involved in the opening and
the closure of the molecule, see Fig. 1.1. The two carbon atoms that define the reaction
coordinate were kept fixed, while all the other atoms were relaxed to find the lowest
energy. A double-ζ plus polarization orbital basis was used, to get a good description
of the electronic states. The molecule was put in a 25 × 25 × 25 Å supercell to avoid
interactions between adjacent molecules. Forces were relaxed to less than 0.002 eV/Å
at each step.

A challenge with relaxation calculations is to make a good initial guess for the atomic
positions. If the initial positions are far from the lowest energy configuration the relax-
ation requires many steps, or it might not even converge. The two ground state configu-

26
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rations, for the closed and open form, were found by making an educated guess, based
on known configurations of organic molecules such as benzene and thiophene. Such
a procedure takes a long time and a lot of interaction by the user. Therefore it is not
practical for the intermediate steps since in order to get a good picture of the switching
reaction, many intermediate steps are required.

The first approach for guessing the intermediate structures we call a push-pull tech-
nique. Here the structures are actually not guessed at all. The relaxed structure for the
previous step is used as the initial guess, but the two carbon atoms in the benzene ring
are ”pushed apart” for the opening reaction (”pulled together” for the closing reaction)
to the new value for the reaction coordinate. The obtained energy potential profiles for
the opening and closure reaction can be seen in Fig. 4.1.
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Figure 4.1. Total energy profiles for the opening and closing reactions obtained
with the push-pull technique described in the text.

It can be clearly seen that this procedure results in a large mismatch of the potential
profiles for the opening and closure reactions. The total energy drops dramatically at
different steps when going from open to closed and closed to open. This behaviour most
likely result because the molecule is pushed into local energy minimum structures that
are different when coming from the closed or open isomer. Note that a molecule with
many structural degrees of freedom such as the one studied here will typically exhibit
many local minima in the total energy.

Another approach was then used where the initial structure for each step is generated
from an interpolation of the atomic positions between the open and closed isomer. The
interpolation is defined as
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~Ri,k = α ∗ ~Ri,closed + (1− α) ∗ ~Ri,open, α =
k

Nstep

, (4.1)

where ~Ri,k is the coordinates for atom i at step k, k = 0, 1, 2, ..., Nstep. Nstep is the number
of intermediate steps. This procedure removes the dramatic drops in energy and also
avoids the difference between the opening and closure reaction, since the positions are
not inherited between steps. The result is shown in Fig. 4.2 together with previous
work.

The peak of the potential energy barrier has the same magnitude for the two different
approaches and are located at roughly the same value for the reaction coordinate. The
barrier of about 1.5 eV corresponds to a temperature of 17,000 K. This demonstrates
that both configurations are stable against thermal fluctuations, so that one expects the
molecule to remain in a given configuration unless an electronic excitation is produced.

Also shown in 4.2 are results extracted from the literature for three alternative photo-
switching complexes. The first is the molecule investigated both experimentally and
theoretically by Hania et al. [9] [4.2(a)]. This has two phenyl groups at each end of
the molecule, and the two central C atoms opposite to the atoms involved in the open-
ing/closing reaction are replaced by a cyclopentene unit. Our obtained potential profile
for the opening reaction with the push-pull technique is very similar to the result of
Hania et. al.

The second is the molecule investigated by Dulic et al. [18] [4.2(b)] and differs from the
previous one by having terminating thiophene instead of the phenyl groups. The third
is a diarylperflourocyclopentene investigated by Staykov and Yoshizawa [16] [4.2(c)]
that has methyl groups attached to the carbon atoms involved in the opening/closing
reaction. In all three cases the authors concluded that the opening/closing reaction is
driven by the occupation of excited states during the irradiation.

Although slightly different molecules were investigated in these previous works com-
pared to the present one, the obtained potential energy profiles are rather similar, indi-
cating that the switching reaction is mostly driven by the central part of the molecule.

With Siesta it is also possible to calculate an approximation to the first excited state
where one electron is moved from the HOMO to the LUMO [55]. In this situation
the calculations agreed for the opening of the closed isomer and the reverse reaction.
The obtained energy profile for the first excited state, Fig. 4.3, indicates that the open
molecule should be able to relax into the closed state when excited to the first excited
state in a single photon excitation. This is because the excited state energy for the open
isomer is higher both than the potential barrier as estimated above, and than the excited
state energy for the closed isomer.

Our findings are, thus, in qualitative agreement with experiments [9], although the com-
puted photon energy for the transition is underestimated. We trace this disagreement
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(a) The phenyl-
methylthien-cyclopentene
molecule considered by
Hania et al. [9].

(b) The
acetylsulfanylthien-
methylthien-cyclopentene
molecule considered by
Dulic et al. [18].

(c) The diarylperflouro-
cyclopentene molecule
considered by Staykov et
al. [16]. Here the large
blue balls (grey) at the top
are F atoms.

Figure 4.2. (Color online) Total energy as a function of reaction coordinate for the
dithienylethene molecule investigated in this work (calculated data points
are marked with ”+”; the black solid line is a guide for the eye) and the
first excited state (blue dotted line) along the path defined by the reaction
coordinate. The excited state is obtained by promoting an electron from
the HOMO to the LUMO. We also show results for three related molecules
investigated previously in the literature by Hania et al. [9] (red dash-dot
curve), Dulic et al. [18] (green dashed line) and Staykov et al. [16] (magenta
solid line) . The geometries of these molecules are presented in the panels
(a), (b) and (c) respectively.
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back to the inability of the GGA to position correctly the empty molecular orbitals with
respect to the occupied ones, that is, to the DFT gap problem. Improvements may be
expected after self-interaction removal [52, 53], for instance, by using hybrid exchange-
correlation functionals such as B3LYP [30], which has been shown to give excitation
energies in closer agreement with experiments in most cases. Our calculated energy
difference between the ground state and the first excited state is 2.18 eV for the open iso-
mer and corresponds to an optical excitation in the visible part of the spectrum (568 nm),
whereas the closing reaction occurs only under UV light.

Another piece of information we extract from 4.2 is that the opening reaction does not
seem to be accessible with a single optical excitation of the type investigated here. This
suggests that further excitations are necessary to move the molecule into an electronic
state with minimum at the open coordinates. Our results are then consistent with the
idea that the ring-opening reaction involves a multiphoton process, in agreement with
earlier work [9, 17, 15].
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Figure 4.3. Total energy for the ground state and first excited state.

4.2 Conductive properties

The calculations of the conductive properties proceed as follows. First, the equilibrium
structures of the two molecular configurations in vacuum are found by coordinate op-
timization. The molecule is subsequently inserted into the scattering region, Fig. 4.4,
which consists of five layers of the lead material (3× 3 atoms per layer) on each side of
the molecule. For the electrodes, we assumed the experimental value of the lead bulk
lattice parameter. Further, we chose to anchor the molecule to the leads at the hollow
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site of the (100) surface, since this is the energetically preferred site [17]. The distance be-
tween the lead surface and the S end atom, the anchoring distance, was also calculated
by relaxation. The current is calculated only for positive bias, because the molecule is
anchored approximately symmetrically to the leads and, therefore, the current at nega-
tive bias is almost identical (except for the sign).

Figure 4.4. The scattering region with Au leads and the closed form of the
dithienylethene molecule.

We used a double ζ plus polarization orbital basis set for all the atoms in the molecule.
In contrast, the lead atoms in the leads were treated at the level of single ζ orbitals for
the 5d electrons and double ζ orbitals for the 6s electrons plus a 6p polarization orbital.
Because the scattering region is quite large (110 atoms), the conduction calculations
become rather time consuming. Therefore, we also employed a smaller basis for the Au
atoms, consisting of only double ζ 6s orbitals. Previous calculations show that such a
reduced basis can indeed reproduce reasonably well the I-V characteristics calculated
with a full Au spd basis set up to about 2 V [54], and we come to a similar conclusion
(see section 4.2.2).

For the conduction calculations it is important that the electrostatic potential in the scat-
tering region (SR) is well behaved. This depends on the quality of the description of
the lead parts in the SR. At the boundaries of the SR the potential should have reached
the value of the bulk material. The SR must contain enough layers of the lead mate-
rial so that the potential drop is screened, even at finite bias. This is illustrated in Fig.
4.5 where we plot the planar average ∆V of the difference in the electrostatic potential
calculated at 0.5 V and 0.0 V for Au leads (the planar average is taken along the plane
perpendicular to the transport direction). The curve in Fig. 4.5 demonstrates that the
potential drop occurs entirely across the molecule, while it is constant in the metallic
electrodes. This reassures us that the scattering region is large enough for the electron
screening to be correctly described.
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Figure 4.5. Planar average of the difference between the potential profiles calcu-
lated at 0.5 V and 0 V for Au leads. The black dashed vertical lines indicate
the positions of the electrode surfaces.

Before we present the results for the transport calculations, we will take a short look
at the different properties of the electrode materials, namely gold (Au), silver (Ag) and
nickel (Ni). In Fig. 4.6 the density of states divided into s- and d-states for the leads sur-
faces is shown. The most striking feature are the Ni d-states present at the Fermi level.
For Au and Ag the d-states are situated well below the Fermi level (centered around 1.5
eV for Au and 3 eV for Ag). Thus, one can assume that d-states will have an influence on
the transport for Ni leads. One might expect a stronger coupling between the molecule
and the leads, leading to additional broadening of the peaks in the transmission, since
the density of states at the Fermi level is much larger for the Ni d-states than for the
s-states which are involved in the transport for the Au and Ag leads.

Also important for the transport are the molecular levels. These are shown in Fig. 4.7 as
the DOS for the closed and open molecule respectively.

4.2.1 Au leads

The anchoring distance on the Au lead surface was found to be 1.93 Å for the closed
molecule, in agreement with earlier results [10, 17, 56]. In regard to the open molecule,
the relaxed anchoring distance was found to be somewhat smaller, 1.81 Å. We per-
formed conduction calculations for the open molecule with both anchoring distances
in order to facilitate comparison.

The I-V characteristics, up to 3 V, for both the closed molecule and the open molecule
for the two different anchoring distances are presented in 4.8. Also shown in the inset is
the ratio between the current for the closed and the open isomer Iclosed/Iopen. In Fig. 4.8
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Figure 4.6. (Color online) Leads surface DOS divided into s-states and d-states for
Au, Ag and Ni.
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Figure 4.7. (Color online) Density of states for the two conformations of the DTE
molecule in vacuum.

a recent NEGF-DFT calculation by Tsuji et al. [57] for a diarylethene molecule attached
to gold leads in the closed conformation is also shown.

The most striking feature emerging from Fig. 4.8 is the large Iclosed/Iopen ratio. This is
quite pronounced (Iclosed/Iopen ∼ 20) at low bias, but it still persists as the bias increases
up to 3 V. In fact, we note that, for bias voltages exceeding 0.8 V the Iclosed/Iopen ratio
saturates to around a value of 5. It is also important to observe that little differences
are found in the I-V for the two anchoring distances of the open geometry, demon-
strating that our result is rather independent from the anchoring distance. To compare
our calculations with existing literature [10, 17], we also perform a non-self-consistent
evaluation of the I-V , where the current is simply obtained by integrating the zero-bias
transmission function over an increasingly large bias window. This is shown in Fig. 4.9.
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Figure 4.8. Self-consistent I-V characteristics for the closed and open molecules
sandwiched between two Au electrodes. In the figure, we also present the
calculation of Tsuji et al. [57] for a diarylethene molecule attached to gold
leads in the closed conformation. For the open molecule, the current is
evaluated for two different anchoring distances, as discussed in the text.
The ratio between the current for the closed and the open molecule at the
large anchoring distance is shown in the inset.

We note that the I-V of the closed molecule is rather similar to its self-consistent coun-
terpart (see Fig. 4.8). In contrast, that for the open isomer is remarkably different for
voltages above 0.5 V. As a consequence, the non-self-consistent Iclosed/Iopen ratio is sim-
ilar to the self-consistent one at small bias (up to about 0.5 V), but differs substantially
in the high bias region. In particular, in the non-self-consistent calculations, there is a
crossover between the I-V curves of the open and closed molecules at around 1.2 V, so
that the high bias Iclosed/Iopen ratio becomes smaller than 1 beyond such a voltage. We
then have to conclude that T (E, V ) of the open molecule must display a rather severe
bias-dependence, which is not taken into account in the non-self-consistent calculation.
This dependence is examined next.

The transmission functions as a function of energy and for different bias voltages are
presented in Fig. 4.10, for the open isomer. The results for the closed isomer are pre-
sented in supplement[III]. In general and for both the molecular configurations we find
that the peaks in T (E, V ) associated to the various molecular levels are rather broad,
indicating a strong electronic coupling between the molecule and the electrodes. This
strong coupling limit is the one where the NEGF-DFT formalism is expected to perform
better [35].

For the closed molecule, in supplement[III], it is found that T (E, V ) is dominated by a
single peak, whose position and width change only marginally with bias. The transmis-
sion coefficient at zero bias T (E, V = 0) has a large peak centered just below the Fermi
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Figure 4.9. Non-self-consistent I-V characteristics for the closed and open
molecules sandwiched between two Au electrodes. This is obtained by
integrating the zero-bias transmission function over an increasingly large
bias window. The inset shows the ratio between the calculated current for
the closed and open molecule.
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Figure 4.10. Transmission coefficient as a function of energy for the open isomer
and two different anchoring distances at different bias voltages. The ver-
tical lines denotes the bias window.

level (EF) of the electrodes. This means that the zero-bias transmission and, therefore,
the conductivity are rather large. Such a peak has only a modest shift when the bias is
applied, and already for V = 1 V it is completely positioned within the bias window. As
the bias is further increased, no new peaks enter the bias window. This explains why
the non-self-consistent I-V is a good approximation for the self-consistent one, as can
be seen in the I-V curve of Fig. 4.8.
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Note that the exact position of the first transmission peak, corresponding to the molecule
HOMO, can be affected in DFT by the self-interaction error, intrinsic to the local and
semilocal approximations of the exchange and correlation functional [34]. This shortfall
can be corrected by subtracting the spurious self-interaction, a procedure that usually
improves the agreement between the calculated I-V and experiments. The main ef-
fect of self-interaction removal is that of downshifting in energy the occupied part of
the molecular spectrum. This is somehow equivalent to applying a gate to the entire
system. Because the same corrections apply to both the open and closed molecules, we
expect that our main result will remain unchanged, except for a shift of the current onset
from zero to larger biases.

In contrast, the situation for the open molecule appears rather different. At V = 0 the
transmission coefficient shows a broad peak, approximately 1 eV wide, positioned at
about 0.3 eV below EF. Only the far tail of this peak crosses EF and therefore the zero-
bias conductance is small, approximately 20 times smaller than the same for the closed
isomer (see the inset of Fig. 4.8).

Because the peak in T (E, V = 0) for the open molecule of Fig. 4.10 is much broader
than that for the closed isomer, one might expect that at sufficiently large biases the
dominant current will be that associated to the open isomer. This is precisely what hap-
pens if the calculation is carried out non-self-consistently (see 4.9). However, when the
nonequlibrium charge density is recalculated at every bias step, the situation changes
dramatically. In fact, the broad transmission peak narrows considerably as the bias
grows and it remains almost pinned at the lower boundary of the bias window (i.e. at
the lowest of the chemical potentials of the two electrodes). Therefore, for all the values
of the bias voltage considered, the current receives contributions only from the tail of
the transmission coefficient, so that the current does not grow much with bias.

The sharpening of the peak in T (E, V ) of the open isomer with bias is investigated
by calculating the projected density of states (PDOS). This is obtained from the non-
Hermitian part of the Green function, so that it corresponds to the nonequilibrium
charge density at a given bias, and it is presented in Fig. 4.12, for the open molecule.
The results for the closed isomer are presented in supplement[III]. As a matter of no-
tation, we denote with C1 the left-most carbon atom of the molecule, with C4 the right-
most carbon atom, and with C2 and C3 the two central carbon atoms not involved in
the opening/closing reaction, see Fig. 4.11 for illustration. For both the closed and the
open isomers, one can clearly identify a one to one correspondence between peaks in
the PDOS and those in T (E, V = 0). Importantly, the transmission peak heights are
directly related to the electronic coupling between the given molecular orbital and the
electrodes [59, 58]. In particular, if there is an identical electronic coupling with both the
leads, one expects T = 1 at the maximum of each peak.

In contrast, if a molecular state is coupled unevenly, then the height of the correspond-
ing transmission peak is reduced, until it reaches zero when the electronic coupling with
one of the leads vanishes. From Fig. 4.10 one can immediately deduce that at V = 0
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Figure 4.11. DTE molecule with C atoms investigated for PDOS.

all the molecular levels involved are essentially equally coupled to the leads. For the
closed molecule such a situation is maintained even after the bias is applied. In con-
trast, the broad peak in transmission of the open isomer originates from the overlap of
a number of molecular orbitals. As the bias increases, the PDOS shows that different
atoms contribute differently to the various peaks. This indicates that the molecular lev-
els involved in the transport develop a different spatial localization, that is, that they
localize in space and polarize. As such, the initially broad peak under bias fragments in
a number of more narrow peaks, whose spectral contributions to T (E) overall decrease.
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Figure 4.12. Projected density of states for four C atoms of the open isomer at dif-
ferent applied bias. The atom labels C1, C2, C3 and C4 are defined in 4.11.
The vertical lines define the bias window.

We then conclude that the reduction in height of the transmission peak of the open
isomer is due to the localization of the molecular orbitals responsible for the transport
under bias, with the consequent development of a progressively more uneven electronic
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coupling with the leads. This is analogous to what has already been found for Mn12 at-
tached to Au surfaces [59]. In the case of Mn12, however, the molecule is only weakly
coupled to the electrodes. As a consequence, the rehybridization is abrupt at certain
critical voltages and generates negative differential resistance (NDR). Note that orbital
rehybridization is by no means a sufficient condition for NDR. Here, in fact, we demon-
strate that, although the same mechanism for rehybridization is possible also in the
strong coupling regime, no NDRs are found. The main difference between the present
case and that of the Mn12 molecule, is that here the HOMO always remains at the edge
of the scattering region. As a consequence, the current is associated to the transmission
of the tail of the HOMO resonance only. This changes little with bias because a reduc-
tion of the HOMO width is compensated by a relative shift of its center toward the edge
of the bias window. For Mn12 at the NDR, the HOMO is already completely within the
bias window, so that a reduction of its width results in a reduction of the current.

4.2.2 Results for the minimal Au 6s basis set

The many Au atoms included in the scattering region and necessary for correctly de-
scribing the electron screening make the computational costs rather high. Of course if a
smaller basis can be used the calculations will be speeded up significantly. We therefore
compare our results obtained with the large Au 6s6p5d basis set, with some new ones
obtained with a minimal Au 6s-only basis. The 5d shell is assumed to be completely
filled, and it is therefore included in the core (pseudopotential).

Our calculated I-V curves for the closed and open molecule obtained with the two
different basis sets are shown in Fig. 4.13. We note that the currents are rather similar
for the two basis sets for the closed molecule. For the open molecule the small basis
produces a larger current, and even a small NDR effect is present between 1.5 and 2.5 V
applied bias. However, there is still a large difference between the current for the closed
and the open molecule for the small 6s basis.

In Fig. 4.14 the transmission coefficient for the closed molecule is compared for the two
different basis sets for different applied bias.

The peaks close to the Fermi level, EF, are very close in energy, while some of the other
peaks are found at somewhat different positions. Furthermore the main peak just below
the Fermi level is lower for the small basis as compared to the large one. However, at
small applied bias the smaller amplitude of the peak is compensated by a small shift so
that the peak is more centered in the bias window. Hence the slightly larger current for
the small basis up to 1.0 V applied bias. As the bias is increased the shift of the peak
decreases and the larger amplitude of the peak for the large basis takes overhand and
the current for the large basis is higher.

When the analogous calculation is repeated for the open molecule, we note that the
peaks obtained with the two different bases do not overlap exactly (Fig. 4.15).
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Figure 4.13. Current as function of applied bias for the closed an open molecule
calculated with the two different Au basis sets.

−3 −2 −1 0 1 2 3
0

1
Closed

 

 

0V

−3 −2 −1 0 1 2 3
0

1
0.5V0.5V

−3 −2 −1 0 1 2 3
0

1
1.0V

tr
an

sm
is

si
on

 c
oe

ffi
ci

en
t

1.0V

−3 −2 −1 0 1 2 3
0

1
1.5V1.5V

−3 −2 −1 0 1 2 3
0

1
2.0V

E−E
f
 (eV)

2.0V

6s26p15d1 basis 6s2 basis

Figure 4.14. Transmission coefficient as function of applied bias for the closed
molecule calculated with the two different Au basis sets.



40CHAPTER 4. RESULTS FOR THE PHOTOSWITCHING DITHIENYLETHENE MOLECULE

−3 −2 −1 0 1 2 3
0

1
Open, d=1.93Å

 

 

−3 −2 −1 0 1 2 3
0

1
0.5V0.5V

−3 −2 −1 0 1 2 3
0

1
1.0V

tr
an

sm
is

si
on

 c
oe

ffi
ci

en
t

1.0V

−3 −2 −1 0 1 2 3
0

1
1.5V1.5V

−3 −2 −1 0 1 2 3
0

1
2.0V

E−E
f
 (eV)

2.0V

6s26p15d1 basis 6s2 basis

Figure 4.15. Transmission coefficent as function of applied bias for the open
molecule calculated with the two different Au basis sets.

This produces a large difference in the V = 0 transmission coefficient at EF, with that
calculated with the 6s basis being four times larger than that obtained with the spd
basis. The reason for this discrepancy can be attributed to a shift in the electronic levels
of the open molecule due to the interaction with the Au 5d shell. The transmission
coefficient also differs considerably below−2 eV. We conclude that the Au 6s basis gives
qualitatively the same result as the Au spd basis for small applied bias. For quantitative
results and for large applied bias the larger spd basis should be used. In agreement
with the discussion for the transmission coefficients, we find that the I-V curves for the
closed molecule (Fig. 4.13) are similar for both bases. Especially at V = 0 the slope of
the curves is very close. For larger applied voltages, around 1.5 V, the I-V curves differ
more. For the open molecule the I-V curves differ between the two bases already at
V = 0 bias (Fig. 4.13).
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4.2.3 Ag leads

The results of the I-V calculation for Ag leads are presented in Fig. 4.16. A complete
investigation of the transport properties is presented in supplement [IV]. There it is
found that the characteristics for the transport with the Ag leads are very similar to
those found for the Au leads [III]. This is explained by the fact that the properties for
the Au and Ag leads a similar, with s-type electron dominated transport, as discussed
in relation to Fig. 4.6. Here a brief discussion of the transport for Ag leads is presented.

At the onset of the applied bias voltage we see a large ratio for the current in the closed
molecule compared to the open of about 35 times. The ratio then decreases to around
five at 1 V applied bias and stays around the same value for increasing bias. In Fig.
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Figure 4.16. (Color online) Self-consistent I-V characteristics for the closed and
open molecules sandwiched between two Ag electrodes. Also shown
in the inset is the ratio between the current for the closed and the open
molecule with the large anchoring distance.

4.17 a non-self-consistent calculation of the I-V characteristics for the closed and open
molecule is shown. It is obtained with the same method used for the Au leads in section
4.2.1. Comparing the non-self-consistent result, Fig. 4.17, with the self-consisent, Fig.
4.16, we see a similar behaviour at the onset of the applied bias with a ratio of about
35, and a similar decrease in the ratio up to about 1 V. However, for larger bias we see
a qualitative difference between the two cases. For the non-self-consistent calculation
the ratio drops below one at about 1.3 V when the current in the open molecule grows
larger than the current in the closed one.

This difference indicates a strong dependence of the transmission coefficent on the ap-
plied bias voltage, just as for the case with Au leads in section 4.2.1. Looking at the I-V
curves for the closed and open molecule in Figs. 4.16 and 4.17 one can suspect that it
is the transmission coefficent of the open molecule that shows the strongest bias depen-
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Figure 4.17. (Color online) Non-self-consistent I-V characteristics for the closed
and open molecules sandwiched between two Ag electrodes. This is ob-
tained by integrating the zero-bias transmission function over an increas-
ingly large bias window. The inset shows the ratio between the calculated
current for the closed and open molecule.

dence as the curves differ a lot between the two cases. The analysis of the transmission
coefficient and the projected density of states, found in supplement [IV] confirms that
this is indeed the case.

It is found that the observed suppression of the peaks in the transmission coefficient of
the open molecule is due to polarization and rehybridization of the electronic states in
the molecular bridge at applied bias. This is the same polarization mechanism as ob-
served for the transport in Au leads. What is different between the two cases, is that we
see a stronger correlation between the molecular states in Fig. 4.7 and the transmission
coefficient for the Ag leads than we did for the Au leads. This difference is attributed to
the different alignment of the d-states with respect to the fermi level in Au and Ag. In
Au the 5d-states are closer to the fermi level (centered around 2 eV below Ef ) than the
4d-states in Ag (centered around 3 eV below Ef ), see Fig. 4.6.

4.2.4 Non spin polarized Ni leads

The results for the I-V calculation for non-magnetic Ni leads is presented in Fig. 4.18.
At the onset of the applied bias we see a large ratio for the current in the closed molecule
compared to the open molecule of about 40 times. The ratio then increases to over 50
slightly above 1 V applied bias, before it starts decreasing to about 5 at 2.5 V applied
bias. Compared to the case with Au and Ag leads the results are qualitatively similar.
The difference is that the current for the closed molecule is larger with the Ni leads than
with the Au and Ag leads for the whole bias range, and that the current for the open
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molecule is smaller with the Ni leads than with the Au and Ag leads for the whole
bias range. The results for a smaller anchoring distance between the molecule and the
Ni leads (1.4 Å) is also shown in in Fig. 4.18. The current for the smaller distance is
larger than for the larger distance for the closed molecule, and somewhat smaller for
the open molecule. However the behavior is similar, so that we conclude that changing
the anchoring distance does not have an effect on the qualitative results.
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Figure 4.18. (Color online) Self-consistent I-V characteristics for the closed and
open molecules sandwiched between two Ni electrodes. The inset shows
the ratio between the calculated current for the closed and open molecule.

In Fig 4.19 the non-self-consistent calculation of the I-V characteristics is shown. It is
calculated with the same method as Figs. 4.8 and 4.17. Surprisingly the result of the non-
self-consistent calculation is very similar to the self-consistent result in Fig 4.18, contrary
to the results for the Ag leads, Figs. 4.16 and 4.17, and for the Au leads calculations,
Figs. 4.8 and 4.9. Building on the discussion in the previous section about the Au and
the Ag leads, we can expect that the transmission coefficient with Ni leads will not be
significantly dependent on the applied bias, neither for the closed molecule nor for the
open molecule.

The calculated transmission coefficient for the closed molecule with Ni leads is pre-
sented in Fig. 4.20. We first note the difference with the results for Au and Ag leads,
presented in section 4.2.1 and 4.2.3, and supplement [III and IV]. The peak around the
Fermi level is much broader for the Ni leads than with the Ag leads at zero bias (around
1 eV compared to∼ 0.2 eV for Ag leads). In the Ag and Au leads the d-bands are located
a few eV below the Fermi level and don’t affect the transmission coefficient around the
Fermi level, whereas for Ni the d-band cross the Fermi level, see Fig. 4.6. The HOMO
level is coupled to both the s and d states of Ni, whereas for Ag electrodes it can only
couple to the s states. Since the HOMO can couple to more states in the electrodes for
Ni, the broadening of the peak increases. Moreover, for Ni leads the transmission co-
efficient is much more jagged around the Fermi level compared to the Ag leads. These
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Figure 4.19. (Color online) Non-self-consistent I-V characteristics for the closed
and open molecules sandwiched between two Ni electrodes. This is ob-
tained by integrating the zero-bias transmission function over an increas-
ingly large bias window. The inset shows the ratio between the calculated
current for the closed and open molecule.

rather jagged peaks are visible also in the whole bias window for applied bias and are
caused by the d-band conduction channels in the Ni electrodes. In fact, for higher ener-
gies, where there are no d states in the Ni electrodes, the transmission is similar to the
one of Au and Ag. For increasing bias the peak in the broad HOMO moves to lower
energies, and it gets narrower, so that the situation resembles the one for the Au and Ag
leads more. In conclusion the transmission coefficient for the closed molecule exhibits
a larger dependence on the applied bias with Ni leads than with Ag leads. The reason
that this dependence does not manifest itself as a difference between the self-consistent,
Fig. 4.18, and the non-self-consistent I-V characteristic, Fig. 4.19, is beacause the inte-
grated transmission coefficient under the bias window at applied bias roughly equals
the integrated zero bias transmission coefficient under the same bias window.

The calculated transmission coefficient for the open molecule with Ni leads is presented
in Fig. 4.21. Also in this case there is a large difference between the results for the Ni
leads and the results for the Au and Ag leads. At zero bias we don’t see the broad peak
below the Fermi level that was present with the Ag leads. Instead there is one peak
around −1.3 eV and a smaller peak around −2.0 eV. These peaks correspond to the
molecular levels at −1.4 eV and −1.8 eV for the open molecule in Fig. 4.7. Around the
Fermi level the transmission coefficient is very small. Even at applied bias the coefficient
inside the bias window is very small. This explains the very small current we see in
Fig. 4.18 for the open molecule. At 2.0 V applied bias the tail of the peak around −1.3
eV starts to contribute to the current giving rise to the increasing current after 2.0 V.
The transmission coefficient for the open molecule shows a quite small dependence on
the applied bias. Especially for the region between −1.0 and 1.0 eV the transmission
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Figure 4.20. (Color online) Transmission function as a function of energy for the
closed molecule sandwiched between two Ni electrodes at different bias
voltages. The vertical lines denotes the bias window.

coefficient is very similar at the different applied bias. This explains why the current
for the open molecule is very similar for the self-consistent and the non-self-consistent
calculation in Figs. 4.18 and 4.19.
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Figure 4.21. (Color online) Transmission function as a function of energy for the
open molecule sandwiched between two Ni electrodes at different bias
voltages. The vertical lines denotes the bias window.

The results for the transmission with Ni leads are quite different from the results with
Au and Ag leads. For the Au and Ag leads we saw a strong dependence on applied
bias for the open molecule, while the transmission coefficient for the closed molecule
changed very little (the peaks were only shifted slightly at applied bias). The situation
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is almost reversed with the Ni leads where the transmission coefficient for the closed
molecule changes with applied bias while for the open molecule it remains roughly the
same. In order to investigate what happens with the molecular states in the closed and
open molecule we proceed with the same analysis as we did for the Au and Ag leads
and plot the projected density of states for certain atoms at applied bias. The PDOS of
four C atoms and the two end S atoms in the closed molecule with Ni leads is shown in
Fig. 4.22. At zero bias the PDOS of the respective pairs C1 - C4, C2 - C3 and S1 - S2 are
very similar. At increasing bias the PDOS for the two S atoms become different. This is
expected since these atoms are closest to the metallic leads and therefore feel different
electrostatic potentials and may receive different total charge. The PDOS of the carbon
atom pairs remain very similar at applied bias but are shifted relative to the Fermi level.
Therefore the change in the transmission coefficient for the closed molecule is mainly
due to a shift of the states relative to the Fermi level.
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Figure 4.22. (Color online) Projected density of states for four C atoms of the closed
isomer at different applied bias. The atom labels S1, S2, C1, C2, C3 and C4

are defined in Fig. 4.11.

The PDOS for the open molecule is shown in Fig. 4.23. Also for the open molecule the
PDOS of the atom pairs C1 - C4, C2 - C3 and S1 - S2 are very similar at zero bias. At
applied bias the PDOS of the end S atoms, S1 and S2, exhibit some polarization, just as
in the case of the closed molecule. The PDOS of the pairs C1 - C4 and C2 - C3 also exhibit
some polarization, more so for the former, especially at higher bias. This is the reason
why the peak in the transmission coefficient around −1.3 eV in Fig. 4.21 decreases with
increasing bias.

Here it is obvious why the transmission coefficient is so close to zero down to −1.0
eV in Fig. 4.20. The reason is the very small PDOS for the pair C2 - C3 in this range,
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Figure 4.23. (Color online) Projected density of states for four C atoms of the open
isomer at different applied bias. The atom labels S1, S2, C1, C2, C3 and C4

are defined in Fig. 4.11.

indicating that there is no molecular state in this energy range over this part of the
molecule, creating a tunneling barrier for the electrons.

4.2.5 Spin polarized Ni leads

The I-V characteristics of both the conformations of the molecule between the Ni leads
with spin orientation of the leads parallel to each other in shown in Fig. 4.24. In the low
bias regime we find a large ratio for the current in the closed molecule as compared to
the open molecule of about 60. At about 0.5 V applied bias the ratio decreases to around
50.

The contribution of the various spin channels to the I-V characteristics is shown in Fig.
4.25. The current for the two different spin channels is similar for the closed confor-
mation of the molecule. Interestingly, the ratio for the current in the closed and open
isomer exhibits a large difference for the two different spin channels, seen in the inset of
Fig. 4.25. Since the current for the closed isomer in the different spin channels is similar
this large difference in the ratio is due to a large difference of the current in the two spin
channels for the open isomer.

In Fig 4.26 the non-self-consistent calculation of the I-V characteristics is shown. It is
calculated by integrating the transmission coefficient at 0 V applied bias for an increas-
ingly large bias window. The results for the non-self-consistent calculation in Fig. 4.26
exhibits the same qualitative behaviour as the results for the self-consistent results in
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Figure 4.24. (Color online) Self-consistent I-V characteristics for the closed and
open molecules sandwiched between two Ni electrodes. The inset shows
the ratio between the calculated current for the closed and open molecule.
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Figure 4.25. (Color online) Spin polarised Self-consistent I-V characteristics for the
closed and open molecules sandwiched between two Ni electrodes. The
inset shows the ratio between the calculated current for the closed and
open molecule for the corresponding spin channels.
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Fig. 4.25, with similar current for the two spin channels in the closed isomer, and a large
difference in the ratio for the two spin channels.
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Figure 4.26. (Color online) Spin polarised Non Self-consistent I-V characteristics
for the closed and open molecules sandwiched between two Ni elec-
trodes. The inset shows the ratio between the calculated current for the
closed and open molecule.

The transmission function for the different spin channels is plotted in Fig. 4.27 for the
closed conformation of the molecule. The shape of the transmission function near the
Fermi energy is notably different for the two spin channels. For the spin up channel it is
seemingly smooth down to about −0.5 eV, while for the spin down channel it is smooth
down to about 0.5 eV. Below these two different levels the transmission coefficent ex-
hibits more jagged features. At 0 V applied bias the transmission function is larger for
the spin down channel, compared to the spin up channel, around the Fermi energy. This
results in the larger current for the spin down channel (for the closed isomer) at low ap-
plied bias, seen in Fig. 4.25. With increasing applied bias voltage the contribution of the
spin up channel increases, until the current for the spin up channel exceeds the current
for the spin down channel at 0.6 V applied bias in Fig. 4.25.

The transmission function for the open conformation of the molecule is shown in Fig.
4.28. The transmission function is negligible in the bias window as compared to that
for the closed molecule thus explaining the low current for the open isomoer in Figs.
4.24 and 4.25. Both the spin channels behave similarly in this case. Also, in absolute
numbers, there is no significant effect of the applied bias voltage on the transmission
function in the case of the open molecule.

To explain the difference in the transmission function for the two different conformation
of the molecules we look at the projected density of states (PDOS) over different atoms
of the molecule. In case of the closed molecule the π-electrons in the C-C double bond
is free to hop along the C1-C2-C3-C4 backbone of the closed molecule. This is the main
pathway of the conduction in case of the closed conformation of the DTE molecule.
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Figure 4.27. (Color online) Transmission function as a function of energy for the
closed molecule sandwiched between two Ni electrodes having relative
parallel spin orientation at different bias voltages. The vertical lines de-
notes the bias window. The red curve denotes the transmission function
for the up-spin channel and the blue denotes the down spin channel.
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Figure 4.28. (Color online) Transmission function as a function of energy for the
open molecule sandwiched between two Ni electrodes having relative
parallel spin orientation at different bias voltages. The vertical lines de-
notes the bias window. The red curve denotes the transmission function
for the up-spin channel and the blue denotes the down spin channel.
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This can be easily verified from the PDOS over the C1-C2-C3-C4 backbone shown in
Fig. 4.30. The effect of the applied bias on the PDOS is to allow conduction along this
pathway. There is no significant polarisation of the states with increasing applied bias
voltage. In case of the open conformation, the electron cloud is mainly localised in the
two thiophene rings at the sides of the molecule. The PDOS for the C2-C3 bridge is
veru small, which inhibits conduction of the charge carriers across this bridge. This is
obvious from the Fig. 4.31, thus there is an effective tunneling barrier for the electrons
in the bias window. In conclusion, we have found that the I − V characteristics for the

Figure 4.29. (Color online) Schematic diagram of the closed conformation of the
Dithienylethene molecule showing hopping of the electrons along the C1-
C2-C3-C4 backbone.
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Figure 4.30. (Color online) Projected density of states for four C atoms of the closed
isomer at different applied bias.

spin up and spin down channels are very similar, despite the fact that the Ni electrode
density of states is very different for the two cases - Ni is known to be a so-called strong
ferromagnet meaning that it is almost completely spin polarized at the Fermi level. This
implies that the conduction of the Ni-dithienylethene-Ni system is dominated by the
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Figure 4.31. (Color online) Projected density of states for four C atoms of the open
isomer at different applied bias.

properties of the molecule rather than the electrodes and that the number of d-states at
the Fermi level play a minor role for these systems.



Chapter 5

Ab initio molecular dynamics

Molecular dynamics is used in many different fields of materials research. It is used to
study melting, solidification, shock waves, chemical reactions, and biomolecular struc-
tures, just to name a few of its applications. Molecular dynamics simulations can be
performed at different levels of approximations depending on specifics of the phys-
ical problem, requirements in accuracy and simulation time, and computational re-
sources. Classical molecular dynamics, where the atoms interact through parametrized
force fields, is practical for system sizes up to hundred of thousands of atoms and for
very long simulation times. However, it has its limitations for simulations beyond the
parametrized equilibrium structures and when it comes to treating bond formation and
breaking, charge transfer, finite size effects, electronic correlation and other quantum
mechanical features. These effects can be included in a phenomenological way, but then
often requires a cumbersome parameterization of the force fields.

In ab initio molecular dynamics the forces on the particles are calculated from the laws of
quantum mechanics without empirical parameters [60]. Approximations to the many-
particle problem that are used includes density functional theory (DFT), Hartree-Fock
(HF) theory and their extensions [61, 25, 26]. The Born-Oppenheimer approximation
[62, 63] allows for the separation of nuclear and electronic degrees of freedom and the
forces are calculated at the electronic ground state [64]. This ensures an adiabatic prop-
agation of the system. However, the evaluation of the forces at each time step involves
the self-consistent construction and solution of an effective single-particle Hamiltonian
eigenvalue problem, at a high computational cost. The number of iterations required to
converge the solution may range from ten to hundreds depending on the system. One
way to decrease the required number of iterations is to propagate the electronic solu-
tion between time steps. This means that some combination of the electronic solutions
from previous time steps is used as an initial guess in the SCF optimization. Prop-
agation typically reduces the required number of iterations by an order of magnitude
[60, 19, 20, 65, 66, 67]. Often only 1−3 SCF cycles are required. Unfortunately, propagat-
ing the electronic solution causes small errors to be propagated between time steps as

53
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well, causing a systematic global energy drift and an unphysical behaviour of the phase
space [19, 20, 21]. Until recently, the only way to reduce the energy drift was to increase
the number of iterations in the SCF loop, forcing the electronic solution closer to the
adiabatic surface. This basically removes the propagation of errors between steps, but
greatly increases the computational cost. The cause of the systematic energy drift is the
irreversibility of the electronic evolution under incomplete SCF convergence [19, 21].
To avoid the systematic energy drift, it is therefore necessary to propagate the electronic
solution by a geometric integration that can conserve properties like phase-space area
and the total energy [68, 69]. Time reversible and/or symplectic integrators are well
known from classical molecular dynamics to give stable dynamics without a systematic
energy drift [68, 69]. They can not, however, be applied in a straightforward manner to
ab initio molecular dynamics because of the irreversible and non-linear nature of the SCF
optimization. Recently, this problem was overcome with the construction of extended
Lagrangian Born-Oppenheimer molecular dynamics [21, 22].

The extended Lagrangian formulation [22], facilitates simulation without a systematic
long-term drift in the energy even under incomplete SCF convergence. In particular, the
proposed extended Lagrangian Born-Oppenheimer molecular dynamics (XL-BOMD)
allows for the use of higher-order symplectic integration schemes orginally developed
for classical celestial and molecular dynamics simulations [68, 70, 71, 72, 73]. Symplectic
integration of the electronic solution enables highly efficient simulations while keeping
a rigorous control over physical properties.

5.1 Born-Oppenheimer MD

The equations of motion for Born-Oppenheimer molecular dynamics can be derived
from the Born-Oppenheimer Lagrangian:

LBO(R, Ṙ) =
1

2

∑

k

MkṘ
2
k − USCF[R; D] (5.1)

where R = {Rk}, the set of nuclear positions, and Mk are the nuclear masses. USCF is
the self-consistent total electronic energy from Hartree-Fock, density functional theory,
or tight-binding theory. D is the self-consistent ground state solution for the electronic
degrees of freedom which can be represented by the one-particle density matrix, the
electronic density, the wave functions, the Hamiltonian, or partial Mulliken charges .
The Euler-Lagrange equations,

d

dt

∂L
∂Ṙ

=
∂L
∂R

, (5.2)

give the equations of motion for the dynamical variables in the Lagrangian. The Euler-
Lagrange equations of motion can be numerically integrated using time reversible and/or
symplectic schemes that preserve physical properties of the system [69]. The density
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matrix, D, in the Born-Oppenheimer Lagrangian in Eq. (5.1) is not a dynamical vari-
able since it is given uniquely from R, if the SCF optimization is exact. If the elec-
tronic degrees of freedom could be included as dynamical variables in the Lagrangian,
they could be integrated in a systematic and time reversible way. This trick was suc-
cessfully applied two decades ago by Car and Parinello [74], simply by dropping the
SCF optimization and adding a kinetic energy term and orthogonality constraints to
the electronic degrees of freedom in the Lagrangian. The Car-Parrinello method has
the drawback of having an artificial electronic mass parameter that has to be tuned
for different systems. Only in the limit of the mass parameter going to zero is the ex-
act Born-Oppenheimer molecular dynamics recovered. The largest possible time-step
that can be used in the integration is determined by the evolution of the electronic de-
grees of freedom, which is very fast if the electronic mass is small. The Car-Parrinello
method therefore typically requires time steps that are small compared to the evolution
of the nuclear degrees of freedom. Also, no optimization of the electronic degrees of
freedom is performed. Thus, the nuclear degrees of freedom do not evolve on the Born-
Oppenheimer potential energy surface. However, statistical averages are often accurate
[60, 63].

5.2 Extended Lagrangian BOMD

The solution proposed within the framework of XL-BOMD is to systematically prop-
agate the electronic degrees of freedom, while staying on the Born-Oppenheimer sur-
face, without breaking the time reversal symmetry, by adding an auxiliary dynamical
variable P to the Born-Oppenheimer Lagrangian that has the same form as the self-
consistent electronic solution D. P evolves in an extended potential centered around
the ground state solution D, but without any self-consistent optimization. The most
straightforward choice is to let the auxiliary variable P move in a harmonic poten-
tial around D. This can be described by the extended Born-Oppenheimer (XBO) La-
grangian,

LXBO(R, Ṙ, P, Ṗ ) = LBO +
µ

2
Tr[Ṗ T Ṗ ]− µω2

2
Tr[(D − P )T (D − P )]. (5.3)

Here Tr denotes the trace of a matrix. The auxiliary variables P and Ṗ are included
with a kinetic energy term and a harmonic potential energy term. The parameter µ is a
fictitious mass parameter for the electronic degrees of freedom and the parameter ω is a
fictitious frequency for the extended harmonic potential. The parameter ω determines
the curvature of the harmonic potential that P evolves in. The higher the curvature of
the potential, i.e. the larger ω, the closer P will stay to D. The value for ω can be opti-
mized with respect to stability for a given choice of time step and integration scheme.
This will be further discussed in section 5.3.3.
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The time evolution of the dynamical system described by the extended Lagrangian
LXBO is determined by the Euler-Lagrange equations of motion:

MkR̈k = −∂USCF[R; D]

∂Rk

− µω2Tr[(D − P )∂D/∂Rk], (5.4)

µP̈ = µω2(D − P ). (5.5)

To avoid the density matrix derivative in Eq. (5.4) and the arbitrary mass parameter µ,
we take the limit µ → 0. In this case LXBO → LBO. This is very fortunate, since P
should not affect the dynamics of the nuclear degrees of freedom. The dynamics is now
determined by

MkR̈k = −∂USCF[R; D]

∂Rk

, (5.6)

P̈ = ω2(D − P ). (5.7)

Equation (5.6) is the regular Born-Oppenheimer molecular dynamics equation of mo-
tion for the nuclear coordinates. The forces on the nuclei are calculated at the self-
consistent electronic ground state D. The nuclei therefore propagate on the Born-Oppenheimer
potential energy surface and the Born-Oppenheimer total energy is a constant of mo-
tion. Equation (5.7) is the equation of motion for the auxiliary electronic degrees of
freedom, which is the key equation of our XL-BOMD. It is independent of µ, and no
fictitious mass parameter has to be included in the propagation. Although we call the
Lagrangian in Eq. (5.3) extended, we prefer to call the variable P auxiliary since it does
not change the nuclear equations of motion. This is in contrast to extended Lagrangian
Car-Parinello formulations of ab initio molecular dynamics [74, 75, 76].

Since the auxiliary electronic degrees of freedom P (t) evolve in a harmonic potential
centered around the self-consistent solutions D(t) in Eq. (5.3), the auxiliary density ma-
trix P (t), and D(t) will stay close together. We can therefore use P (t) as an efficient
initial guess to D(t) in the iterative SCF optimization,

D(t) = SCF[R(t), P (t)]. (5.8)

If P (t) is integrated by a time-reversible integration scheme, the evolution of D(t) will
also be time-reversible. The nuclear forces are then calculated with an underlying
time reversible propagation of the electronic degrees of freedom. We therefore get
time-reversible propagation for both the nuclear and the electronic degrees of freedom,
which avoids the problem of energy drift and unphysical behaviour of regular Born-
Oppenheimer molecular dynamics [19].

5.3 Integration schemes

The solutions to Eqs. (5.6) and (5.7) can be approximated with numerical integration
methods. Many different algorithms exist that approximate the solutions with different
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levels of accuracy and stability. Of particular interest are geometric integrators, which
preserve geometric properties of the exact flow of the differential equations [69]. All
the methods investigated here belong to the class of symplectic integrators, a subclass
of geometric integrators, which will be adapted for the numerical solution of the Euler-
Lagrange equations of motion derived from the extended Lagrangian formulation of
Born-Oppenheimer molecular dynamics.

5.3.1 Conventional Verlet scheme

Applying the time-reversible Verlet scheme [77], X(t+δt) = 2X(t)−X(t−δt)+δt2Ẍ(t),
to the integration of the electronic degrees of freedom in Eq. (5.7) yields

P (t + δt) = 2P (t)− P (t− δt) + δt2ω2(D(t)− P (t)). (5.9)

XL-BOMD does not remove the local truncation error, but the accumulation of error in
the total energy is not systematic and the global error is therefore small. In Fig. 5.1
the total energy over time is shown for conventional BOMD, where the SCF optimiza-
tion is initialized with a guess from a linear interpolation for two previous time steps,
at different degrees of SCF convergence and for a Verlet integration of the nuclear and
electronic degrees of freedom in XL-BOMD. Only by increasing the number of SCF cy-
cles is it possible to reduce the systematic energy drift in regular BOMD, whereas the
systematic drift is removed in XL-BOMD even when only 1 SCF iteration per time step
is used.
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Figure 5.1. Total energy for a SCC-TB molecular dynamics simulation of four
methane molecules with a linear interpolation of the electronic degrees of
freedom (BOMD) at three different number of SCF cycles per time step,
and a Verlet integration of the electronic degrees of freedom (XL-BOMD).
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5.3.2 Higher-order symplectic schemes

In higher-order integration schemes the local truncation error scales as a higher order
of the time step δt. In a n-th order scheme the local truncation error scales as O(δtn). To
achieve the higher order of accuracy the integration over each time step is divided into
a number of intermediate steps. Symplectic integrators form a class of algorithms for
solving Hamiltons equations (or the corresponding Lagrange equations of motion) that
preserves the linear symplectic structure inherent in the phase space representation of
the dynamics [83, 69, 84, 85, 86].

In Fig. 5.2 the total energy over time is shown for three different integration schemes.
The XL-BOMD schemes in Fig. 5.2 clearly conserve the total energy globally, while a
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Figure 5.2. Total energy for a molecular dynamics simulation of an H2O molecule
with threee different integration methods (XL-BOMD with symplectic Ver-
let shown with a dotted line in blue, linear extrapolation shown with a
dashed line in green, and XL-BOMD 4th order shown with a black solid
line). The number of SCF cycles in the SCF optimization is 4 for all methods
and the time step is chosen for each method such that the computational
cost is the same per unit time of the simulation.

conventional BO dynamics, with an initial guess of the SCF optimization that is based
on a linear extrapolation of the density from previous time steps, shows a systematic
drift in the energy. It is also evident that the higher order symplectic integrator (4th
order) has a smaller total energy fluctuation amplitude (error amplitude) than the sym-
plectic Verlet integrator, also called the Leapfrog integrator (2nd order). The error am-
plitude Eerr is defined as half the absolute difference between the smallest total energy
Emin and the largest total energy Emax,

Eerr =
|Emax − Emin|

2
. (5.10)
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Equation (5.10) is meaningful only when there is no global drift in the total energy. We
will use it as a measure of the local truncation error that occur because of the application
of a finite time step δt in the integration of Eqs. (5.6) and (5.7).

For the nuclear coordinates in Eq. (5.6) a general symplectic integration [72, 79] over a
time step δt is divided into m steps (i = 1, 2, . . . , m)

Ṙk(ti) = Ṙk(ti−1) + biδtR̈k(ti−1),

Rk(ti) = Rk(ti−1) + aiδtṘk(ti).
(5.11)

Here [
Ṙk(t0)
Rk(t0)

]
=

[
Ṙk(t)
Rk(t)

]

and [
Ṙk(tm)
Rk(tm)

]
=

[
Ṙk(t + δt)
Rk(t + δt)

]
.

For the electronic degrees of freedom in Eq. (5.7), for i = 1, 2, . . . ,m, and using the
variable substitution δtṖ (t) → Ṗ (t), the corresponding symplectic integration is

Ṗ (ti) = Ṗ (ti−1) + biκ (D(ti−1)− P (ti−1)) ,

P (ti) = P (ti−1) + aiṖ (ti),
(5.12)

where D(ti) = SCF[R(ti), P (ti)]. Here κ = δt2ω2,
[

Ṗ (t0)
P (t0)

]
=

[
Ṗ (t)
P (t)

]
,

and [
Ṗ (tm)
P (tm)

]
=

[
Ṗ (t + δt)
P (t + δt)

]
.

Equation (5.12) can be written in the more compact matrix form that maps the auxiliary
dynamical variables between time steps,

[
Ṗ (t)
P (t)

]
= TmTm−1 . . . T1

[
Ṗ (t− δt)
P (t− δt)

]
, (5.13)

where (i = 1, 2, . . . , m),

Ti =

[
1 biκ[D(ti)P (ti)

−1 − 1]
ai aibiκ[D(ti)P (ti)

−1 − 1] + 1

]
(5.14)

are the coefficient matrices. These mappings have the important symplectic property
that

TT
j JTj = J, (5.15)
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where J is the symplectic structure matrix

J =

(
0 1
−1 0

)
, (5.16)

and
Det(Tj) = 1, (5.17)

which means that the mappings in Eq. (5.13) preserves the symplectic property and the
phase space area for the electronic degrees of freedom.

Examples of coefficients ai and bi for the integrators investigated in this work can be
found in supplement 2. We have chosen several different integration schemes up to and
including 6th order. Beginning with the lowest order methods they are (with the names
used here): The Leapfrog method [79] which is of 2nd order and corresponds to the
Verlet method, the Optimal 2nd order method [79], the Optimal 3rd order [79], Ruth’s
3rd order method [70], Candy and Forest’s 4th order method [81, 80], McLachlan and
Atela’s 4th order method [79], Calvo and Sanz-Serna’s 4th order method [82], Blanes
and Moan’s 4th order method [78], the 5th order method [79], Blanes and Moan’s 6th or-
der method (Blanes and Moan 1) [78] (Table 3, Ef = 0.78), Blanes and Moan’s 6th order
method (Blanes and Moan 2) [78] (Table 3, Ef = 0.63) and Yoshida’s 6th order method
[72]. The chosen set of integrators is a selection from the literature. It is not exhaus-
tive, but it is a fairly broad representation of some of the best performing symplectic
integrators used in classical molecular dymanics.

Even though the integrators investigated in this work greatly decrease the energy error
amplitude and the use of the time reversible formalism removes the energy drift, nu-
merical errors can still cause a growth of the energy error amplitude or even divergence
for long simulation times. To remove the accumulation of numerical errors dissipative
forces may sometimes have to be included in the integration [I]. This is discussed in
section 5.4

5.3.3 Optimization under incomplete SCF convergence

Since ω in Eq. (5.7) can be chosen arbitrarily we can optimize the value of κ = δt2ω2

for each integrator. The dimensionless constant κ should be set to the largest value that
still allows stability for all levels of SCF convergence, since this gives the largest value
of ω for a given time step δt. This is because the curvature of the extended harmonic
potential, which is determined by ω in Eq. (5.3) should be as large as possible to ensure
that P stays close to D. To analyze the stability of the integrator in Eq. (5.12) the SCF
optimization procedure is linearized around its exact ground state D∗:

D = SCF[P ] ≈ D∗ + Γ(P −D∗) (5.18)

Here Γ corresponds to the linearized SCF optimization kernel representing a super ma-
trix acting on the matrix (P −D∗). The largest eigenvalue γ of the matrix Γ will lie in the
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interval γ ∈ [−1, 1] if at least some convergence can be assumed in the SCF optimiza-
tion. If γ = 0 the SCF convergence is exact and if |γ| = 1 there is no SCF convergence.
The linearized SCF procedure in Eq. (5.18) is inserted in the integration, Eqs. (5.12,5.13)
and (5.14). Let us take a closer look at the homogeneous part of the equation, i.e. for
D∗ ≡ 0, and replace Γ with its largest eigenvalue γ. The coefficient matrices in Eq. (5.14)
take the form

Ti =

[
1 biκ(γ − 1)
ai aibiκ(γ − 1) + 1

]
. (5.19)

For the mapping in Eq. (5.13) to be stable under all degrees of SCF convergence, no
eigenvalues of the combined matrix TmTm−1 . . . T1 should lie outside the unit circle for
all values of γ ∈ [−1, 1]. The value for κ can now be optimized by finding the largest
value for which the stability conditions hold. The optimized κ-values for each integra-
tor is presented in Table 5.1. By chosing the optimal κ-value any small amount of SCF
convergence is enough to avoid instability. This means that, in principle, only one sin-
gle SCF cycle is necessary, if at least some small amount of SCF convergence is reached.
However, larger values of κ than the optimal can be used as long as a sufficient degree of
SCF convergence is enforced, i.e. by using more SCF cycles in each step. A larger value
of κ corresponds to a larger curvature of the auxiliary harmonic potential in Eq. (5.7). In
this way the auxiliary density matrix P can be forced closer to the SCF optimized den-
sity matrix D, which improves the SCF optimization and the accuracy in the nuclear
forces. If a smaller value than the optimal is used for κ, stability is typically still guar-
anteed but the propagation of the auxiliary density matrix will deviate more from the
SCF solution, increasing the error in the nuclear force calculation. In Fig. 5.3 the error
amplitude Eerr in Eq. (5.10), for different values of κ is shown. We find that the error
decreases with increasing κ even above the optimal value of κ = 4.617 when the num-
ber of SCF cycles per SCF optimization cycle are 1 (SCF = 1) and 3 (SCF = 3). This can
not be expected however for a general system since stability is not guaranteed in this
regime. For κ > 8 the calculations were unstable. The error increases when κ decreases
because the propagation of the auxiliary electronic degrees of freedom deviates further
away from D. When SCF = 5 the error is decreased to the highest possible accuracy
set by the local truncation error and no improvement is seen between κ = 1 and 8. For
the hypothetical case of exact SCF convergence there would be no dependence on κ in
the error amplitude. We conclude that with a few SCF cycles, or when a good SCF con-
vergence is hard to reach, the accuracy in the integration can be substantially improved
by optimizing the κ value. In the opposite case, when a good SCF convergence is easily
reached, the accuracy of the propagation is less sensitive to κ.



62 CHAPTER 5. AB INITIO MOLECULAR DYNAMICS

0 1 2 3 4 5 6 7 8 9
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

κ

E
rr

or
 a

m
pl

itu
de

 

 

F
2
 RHF/6−31G McL & A 4th

SCF=1
SCF=3
SCF=5

Figure 5.3. Error amplitude, Eq. (5.10), for a F2 molecule for different numbers of
SCF cycles versus increasing values of κ. Shown are 1 SCF per time step in
blue, 3 SCF:s per time step in red, and 5 SCF:s per time step in black. The
integrator used is McLachlan and Atela’s 4th order integrator for which
the optimized κ-value is 4.617. The time step is δt = 1 fs.

Name Ref. Order # Steps κopt
Leapfrog [79] 2 1 2
Optimal 2nd [79] 2 2 2.563
Optimal 3rd [79] 3 3 10.215
Ruth 3rd [70] 3 3 3.143
Candy, Forest [81, 80] 4 3 1.237
McLachlan and Atela [79] 4 4 4.617
Calvo and Sanz-Serna [82] 4 5 4.669
Blanes and Moan [78] 4 7 5.004
5th [79] 5 6 4.689
Yoshida [72] 6 7 2.574
Blanes and Moan 1 [78] 6 12 41.165
Blanes and Moan 2 [78] 6 14 18.911

Table 5.1. The symplectic integrators investigated in this work with their order,
number of intermediate steps, m, and their optimized κ values.

5.4 Dissipation

The extended Lagrangian formulation of Born-Oppenheimer molecular dynamics offers
an efficient and accurate time-reversible propagation of both the nuclear and electronic
degrees of freedom. Thanks to the the ability of geometric integration the dynamics
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can be stabilized with respect to global energy drift as illustrated in Figs. 5.1 and 5.2.
However, because of perfect reversibility the propagation of the electronic degrees of
freedom is also lossless. This brings the property that numerical errors, or noise, will
propagate throughout the simulation, potentially accumulating over time and causing
divergence. This is a problem for exact reversibility. The propagation and accumulation
of noise can be avoided by introducing dissipation in the integration [I,V]. Unfortu-
nately this breaks the time reversibility and introduces drift in the total energy. There-
fore, one must carefully consider how the dissipation is included, and the strength of
the dissipation must be balanced against the long term drift and the level of numerical
noise.

5.4.1 The Verlet integrator

The inclusion of dissipation was accomplished for the Verlet integrator [I] by consider-
ing an underlying Langevin type dynamics, for the electronic dynamics given by Eq.
(5.7), which is modified to

P̈ (t) = ω2(D(t)− P (t)) + η(t) + αµ−1fDiss(t), (5.20)

where η(t) corresponds to a noise term due to intrinsic numerical inaccuracies and fDiss

is an added dissipative force term where α is a small coupling constant. The dissipative
force term can be constructed such that the time-reversal symmetry is broken only to a
small degree in the propagation of the auxiliary variable P (t). For example, with

fDiss(t) ∼
K∑

k=0

ckP (t− kδt), (5.21)

the Verlet integration with dissipation takes the form,

P (t + δt) = 2P (t)− P (t− δt) + δt2ω2(D(t)− P (t)) + α

K∑

k=0

ckP (t− kδt), (5.22)

where the optimized values for α, {ck} and δt2ω2 are given in [I]. This facilitates highly
efficient integrators where a high degree of dissipation is combined with a well con-
trolled neglible systematic drift in phase space and total energy.

5.5 Symplectic Integration with dissipation

Here the inclusion of dissipation in two different symplectic integration schemes, the
2nd order optimal method and the 3rd order optimal method [II],[79], is explained. We
have seen that the use of higher order symplectic integrators can reduce the energy
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error amplitude by orders of magnitude compared to the Verlet scheme and can sig-
nificantly improve efficiency in the case of high accuracy requirements [II]. However,
as with the perfectly reversible Verlet algorithm, the higher-order symplectic schemes
also suffer from the accumulation of numerical noise. We will show how dissipation
can be included, not through an external dissipative force term, but through a modified
integration scheme for the electronic degrees of freedom.

For the symplectic integrators the inclusion of the dissipation is not straightforward. It
can be managed in several different ways but we have not been able to find a formu-
lation where the breaking of the symplecticity can be systematically controlled to some
higher order in the integration time step while keeping a significant dissipation. Here
we propose a simple (tentative) solution to include a tunable dissipation. By doing this
we get the benefits of the higher order symplectic integrators, such as a high degree of
accuracy and excellent energy and phase-space stability, while keeping noise accumu-
lation suppressed.

For the nuclear coordinates in Eq. (5.6) the symplectic integration is the same as for
integration without dissipation Eq. (5.11).

For the electronic degrees of freedom in Eq. (5.7) (i = 1, 2, . . . ,m), the symplectic inte-
gration in Eq. (5.12) is modified to

Ṗ (tj) = Ṗ (tj−1) + bjκ(D(tj−1)− P (tj−1)),

P (tj) = P (tj−1) + ajṖ (tj) + α(D(tj−1)− P (tj−1)),
(5.23)

The term α (P (tj−1)−D(tj−1)) is the dissipative term proposed, which breakes the sym-
plecticity when α > 0. The magnitude of α determines the amount of dissipation. The
coefficient matrices, Eq. (5.14) now takes the form

Tj =

[
1 bjκ[D(tj)P (tj)

−1 − 1]
aj (ajbjκ + α)[D(tj)P (tj)

−1 − 1] + 1

]
, (j = 1, 2, . . . , m). (5.24)

The symplectic property in Eq. (5.15) and the phase space conservation in Eq. (5.17)
becomes

TT
j JTj = J + α

(
0 (DP−1 − 1)

(DP−1 − 1) 0

)
, (5.25)

and
Det(Tj) = 1 + α(DP−1 − 1). (5.26)

For small values of α or when P → D, TT
j JTj → J and Det(Tj) → 1, which means that

the mappings in Eq. (5.13) preserves the symplectic property and the phase space area
for the electronic degrees of freedom. For α 6= 0 these properties are broken. Examples
of coefficients aj and bj for the 2nd order optimal and 3rd order optimal integrators
investigated in this work can be found in Table 5.2.
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5.5.1 Optimization of the dissipation under incomplete SCF conver-
gence

The optimization in section 5.3.3 now becomes an optimization of the dimensionless
constant κ = δt2ω2 for each integrator and for a given value of α, Eq. (5.23). The value
of α will not only determine the amount of dissipation but also the amount of drift
in the calculations and a number of different values for α will be investigated to find
a balance between the drift and the dissipation. For the chosen α the dimensionless
constant κ should be set to the largest value for which the integration is stable under
all levels of SCF convergence, as discussed previously. If κ is large, P will stay close to
D, which both improves SCF convergence and reduces error in symplecticity, Eq. (5.25),
and phase space area conservation, Eq. (5.26). To analyze the stability and dissipation of
Eq. (5.23), we follow the procedure of section 5.3.3. The SCF optimization is linearized
around a hypothetical exact ground state D∗, and we look at the homogeneous part of
Eq. (5.18), when D∗ ≡ 0, and replace Γ with its largest eigenvalue γ, and insert this
equation in the integration, Eqs. (5.23-5.24). The coefficient matrices in Eq. (5.24) take
the form

Ti =

[
1 biκ(γ − 1)
ai (aibiκ + α)(γ − 1) + 1

]
. (5.27)

The necessary requirement for a stable integration scheme is the same as previously. All
eigenvalues λ of the combined matrix TmTm−1 · · ·T1 should lie within the unit circle for
all degrees of SCF convergence, i.e. for all values of γ ∈ [−1, 1]. If the largest eigenvalue
|λ|max > 1 the integration scheme is unstable and will diverge. On the other hand, if the
largest eigenvalue |λmax| < 1, the integration will be dissipative. In an exact symplectic
integration, i.e. for α = 0, which corresonds to the case in section 5.3.3, the eigenvalues
are all on the unit circle for all values of γ ∈ [−1, 1] if κ is chosen correctly.

The largest value for κ for any chosen value of α can now be found for the necessary
condition of stability under incomplete approximate SCF convergence, γ ∈ [−1, 1]. The
dissipation can be investigated by looking at |λ|max in the entire region γ ∈ [−1, 1] for
different values of α and their corresponding optimal κ-value. The stability curves for
the 2nd and 3rd order integrators are shown in Figs. 5.4 and 5.5 respectively. The
smaller the value of |λ|max, the more dissipation is introduced in the integration, as seen
in Figs. 5.4 and 5.5. For the 2nd order optimal method in Fig. 5.4 the damping is very
small for α ≤ 0.01. The optimal case combines large damping for the whole interval
γ ∈ [−1, 1], efficiently removing numerical noise, while at the same time keeping the
long term energy drift small. Unfortunately, introducing the damping term in Eq. (5.12)
breaks the symplecticity and introduces larger drift the larger α we use. Our aim is
therefore to find the best balance between the dissipation and the drift. The drift for the
2nd and 3rd order methods will be investigated below.

For the 3rd order method in Fig. 5.5 the dissipation is slightly larger than for the 2nd
order method for the same value of α. In Fig. 5.5 the dissipation curve for α = 0.36
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Figure 5.4. Dissipation measured by the largest eigenvalue λmax of Eq. (5.13) as
a function of the degree of SCF convergence measured by γ = [−1, 1] for
various values of α for the 2nd order optimal method.
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Figure 5.5. Dissipation measured by the largest eigenvalue λmax of Eq. (5.13) as
a function of the degree of SCF convergence measured by γ ∈ [−1, 1] for
various values of α for the 3rd order optimal method.

is shown. This is the largest possible value of α (for any value of κ) that allows stable
integration. However, because of the large cusp in the curve for negative γ this choise
for α might not be optimal. The optimized values of κ for the 2nd and 3rd order optimal
integrators are presented in Table 5.2 for different values of α. The maximal dissipation
(Max Diss.) in Table 5.2 is defined as the dissipation measured by |λ|max at γ = 0.
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Method / coefficients α κopt Max Diss.
2nd order opt. 0.0 2.563 1.0

a1 = 1/
√

2 0.0001 2.563 >0.999
a2 = 1− a1 0.001 2.560 >0.999

b1 = a2 0.01 2.530 0.990
b2 = a1 0.1 2.270 0.900

0.3 2.001 0.700
1.0 2.000 0.0

3rd order opt. 0.0 10.215 1.000
a1 = 0.919661523017399857 0.0001 10.214 >0.999

a2 = 1/4a1 − a1/2 0.001 10.209 0.999
a3 = 1− a1 − a2 0.01 10.152 0.985

b1 = a3 0.1 9.657 0.854
b2 = a2 0.3 8.634 0.586
b3 = a1 0.36 8.308 0.512

Table 5.2. Coefficients for the symplectic integrators investigated in this work [79]
with different values for the dissipation coefficient α and the corresponding
optimal vaues for κ and maximal dissipation.



Chapter 6

Results for geometric integration

The 12 symplectic integration schemes in Table 5.1 (see Supplement [II]) without dissi-
pation have been implemented in the density functional theory code FreeON [88], and
are analyzed with regards to the local error amplitude Eerr in Eq. (5.10). The two geo-
metric integration schemes with dissipation in Table 5.2 and the Verlet integrator with
dissipation [I] have been implemented in the self-consistent charge tight-binding the-
ory code LATTE [89], and analyzed with regards to both the local and the global energy
error. The error can be studied on a global scale thanks to the long simulation times that
are possible for the LATTE code.

The 12 symplectic integration schemes in Table 5.1 have been systematically tested for
three different test systems. The integrators range from 2nd to 6th order where the
number of intermediate steps, m, range from 1 to 14. The optimized κ-value range
between 1.237 and 41.165. The test systems are two diatomic oscillators, the F2 and the
H2 molecules, and the H2O molecule. Diatomic molecules are ideal since they exhibit
stable and regular motion. The integrators are tested for the local error amplitude Eerr

in Eq. (5.10) with respect to the length of the time step and to the number of SCF cycles
in the SCF optimization.

6.1 Time step vs Period

Since the integrators have different numbers of intermediate steps the computational
cost will be different for the same time step size. A force evaluation is performed for
each intermediate step i in Eqs. (5.11) and (5.12), requiring an SCF optimization to get
the total electronic energy USCF[R; D] in Eq. (5.6). This force evaluation together with
the prior SCF optimization is the most costly part of the simulation. The error ampli-
tude can be plotted against the number of force evaluations per unit time to get a direct
comparison between the integrators at the same computational cost. Even more gener-

68
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ally, for approximate harmonic oscillators with only one dominant vibration frequency,
the error amplitude can be plotted against the number of force evaluations per period.
In Fig. 6.1 the results for both the F2 and the H2 molecules are shown for two differ-
ent integrators. It is found that the magnitude of the error ultimately depends on the
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Figure 6.1. Error amplitude as function of the number of force evaluations per pe-
riod for the F2 and H2 molecules for the 2nd order optimal and 4th order
McLachlan and Atela integrators.

number of force evaluations per period regardless of the system. Whenever possible,
the number of force evaluations per period will be used for the comparison of different
integrators. A larger number of force evaluations per period, or unit time, corresponds
to a shorter time step in Figs. 6.1-6.3.

6.2 Performance over time step

The integrator with the smallest error of 3rd, 4th and 6th order are compared with the
Leapfrog, the Optimal 2nd and the 5th order method for the F2 molecule with SCF = 5
in Fig. 6.2. For a small system like the F2 molecule SCF = 5 gives a very high degree of
SCF convergence. At this level of convergence we can compare the absolute accuracy of
the different integrators. In supplement [II] the same integrators are shown for the H2O
molecule. The Leapfrog integrator in Fig. 6.2 corresponds to the velocity Verlet integra-
tor used in many ab initio molecular dynamics codes for the integration of the nuclear
degrees of freedom. The slope of the plots in Fig. 6.2 follows the order of the specific
integrator, with the Leapfrog scheme having the smallest slope and the 6th order having
the steepest slope. It can be seen that the error amplitude levels out at about 10−9 for the
F2 molecule and at about 10−8 for the H2O molecule in supplement [II]. This is due to the
absolute minimum error of the particular implementation of the current verion of the
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code, which would be larger for more complex systems. At about 100 force evaluations
per period we observe a difference in error amplitude between the Leapfrog and the 6th
order methods of about three orders of magnitude for the H2O molecule in supplement
[II]. Thus, the error amplitude can be reduced at no additional computational cost up to
three orders of magnitude for certain lengths of the time step. Alternatively, the length
of the time step can be increased up to 100 times for this accuracy requirement by using
a higher-order symplectic method compared to the Leapfrog algorithm. At the other
end of the graph in Fig. 6.2, i.e. for long time steps, we see the lower order methods
perform better than the higher order methods.
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Figure 6.2. Error amplitude as function of the number of force evaluations per pe-
riod for all orders for the F2 molecule.

6.3 Performance over number of SCF cycles

The integrators with the smallest error for each order are analyzed with regard to their
behaviour for different number of SCF cycles in the SCF optimization loop in supple-
ment [II]. This is done to compare the error amplitude and slope for each integrator
under different degrees of SCF convergence. The error amplitude for 1, 2 and 5 SCF
cycles have been evaluated. Here only the result for the 4th order Blanes and Moan
integrator are shown in Fig. 6.3. It is found in supplement [II] that the sensitivity of the
accuracy to the number of SCF cycles increases with the order of the integrators. This
is because the higher-order methods require more accurate force evaluations to match
their higher-order accuracy level.

The higher order integrators give a very accurate propagation of the nuclear positions.
However, for each new nuclear configuration the electronic degrees of freedom have
to be optimized to give the correct forces. For few SCF cycles we get an approximate



6.4. DISSIPATION OF NOISE 71

solution for the electronic degrees of freedom for the given nuclear configuration. In this
case the full advantage of the higher degree of accuracy in higher order integrators is not
utilized. The error will be dominated by the SCF accuracy instead of the local truncation
error due to the size of the finite time step. For the higher order integrators, which give
a more accurate propagation of the nuclear configurations, higher SCF convergence will
bring us closer to the exact ground state, thus reducing the error amplitude.

It is also found that the sensitivity of the number of SCF cycles increases with decreasing
time step for all methods. This can be seen for the 4th order Blanes and Moan integrator
in Fig. 6.3. The reason is the same as stated above. For a smaller time step we get better
propagation of the nuclear configuration, thus increasing the sensitivity for the number
of SCF cycles. Because of this, the order of the convergence for the higher order methods
(the slope of the ampliture error) also decreases with decreasing SCF convergence. The
lower order methods (2nd and 3rd order) are very robust and the effect of a reduced
degree of SCF convergence is small, as shown in supplement [II].
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Figure 6.3. 4th order Blanes and Moan. κ = 5.004

6.4 Dissipation of noise

In the previous section we found that for approximate SCF convergence the symplec-
tic integrators of 2nd and 3rd order performed just as well or better than the higher
order symplectic integrators. Therefore the 2nd order optimal and 3rd order optimal in-
tegrators, including dissipation, and the Verlet integrator with dissipation [I], are here
investigated for low SCF convergence. The three integrators have been implemented in
the self-consistent charge tight-binding theory code LATTE [89]. In order to study the
damping for different degrees of dissipation (i.e. for different values of α in Eq. (5.23)
we performed molecular dynamics simulations where we introduced a perturbation in
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the electronic solution at time t = 2 ps for the Verlet integrator and for the 2nd order
optimal integrator. The results are presented in Fig. 6.4. The perturbations are damped
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Figure 6.4. Self-consistent tight-binding molecular dynamics (LATTE) simulation
of a methane molecule where a perturbation is introduced at time t = 2
ps, for two different integrators and at different levels of damping. The
number of SCF cycles is 1 for both methods. The length of the time step is
δt = 0.8 fs for the 2nd order integrator (upper panel) and δt = 0.4 fs for the
Verlet integrator (lower panel).

out after a few picoseconds for all simulations in Fig. 6.4. The Verlet method exhibits ex-
cellent properties with no noticable drift during the simulation time shown in the figure
and the higher dissipation method (K = 5) completely removes the error in the energy
after less than one picosecond. The 2nd order optimal method also exhibits efficient
damping for all levels of dissipation, but already for α = 0.001 some drift in the total
energy is visible and for α = 0.01 the drift is significant during the simulation time. The
results indicate that the inclusion of dissipation in symplectic integrators is problematic
and that a more efficient formalism, which has a better balance between damping and
global energy drift, than the one proposed in this work, is desirable. The efficiency of
the dissipation for the Verlet scheme also indicates that this should be possible.

6.4.1 Perfect dissipation

For α = 1.0, in the 2nd order integrator in Fig. 5.4, we have an interesting case where
the dissipation is maximal, |λ|max = 0, for perfect SCF convergence (γ = 0). This in-
dicates a method that combines very efficient damping with stable integration. There
are not many methods that obtain these properties. In Fig. 6.5 the 2nd order optimal
method with α = 1.0 is compared with the Verlet method with K= 4, which has a high



6.4. DISSIPATION OF NOISE 73

degree of dissipation, and with a regular BOMD scheme where the solution for the elec-
tronic degrees of freedom in the previous step is used as the starting guess in the SCF
optimization. Fig. 6.6 shows a simulation where a perturbation is introduced at time
t = 0.1 ps. The different methods in Fig. 6.6 all have a high degree of dissipation but
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Figure 6.5. Dissipation measured by the largest eigenvalue λmax of Eq. (5.13) as a
function of the degree of SCF convergence measured by γ ∈ [−1, 1] for the
Verlet method with K= 4, for the 2nd order optimal method with α = 1.0
and for the BOMD method with the previous charges as the guess.

only the 2nd order method and the regular BOMD method have perfect dissipation at
γ = 0, while at the same time fullfilling the criteria for stability under approximate SCF
convergence. The Verlet integrator also fullfills stability but doesn’t possess the same
degree of dissipation (see Fig. 6.5). BOMD methods based on higher order extrapola-
tion using solutions for the electronic degrees of freedom from several previous time
steps [19, 20, 60, 65, 66, 67] are all unstable under incomplete SCF convergence.

The high degree of dissipation is clearly visible for the 2nd order method and the BOMD
method in Fig. 6.6 where the perturbation is damped out in just a few time steps. The
disadvantage with the BOMD method is the large drift in the total energy, visible al-
ready in the short time frame of Fig. 6.6. The 2nd order method appears to show no
total energy drift, but for a longer simulation time the drift is noticable because of the
large dissipation coefficient α, even for a fairly high degree of SCF convergence. The
Verlet integrator takes longer to damp out the perturbation, about 10 fs, while on the
other hand the method has a much smaller total energy drift even for long simulation
times.
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Figure 6.6. Self-consistent tight-binding molecular dynamics (LATTE) simulation
of a methane molecule where a perturbation is introduced at time t = 0.1
ps for three different integrators. The number of SCF cycles is 3 for all
methods. The length of the time step is δt = 0.8 fs for the 2nd order inte-
grator and δt = 0.4 fs for the Verlet integrator and for the BOMD method.

6.4.2 Effect of dissipation coefficient on global energy fluctuations

The Verlet integrator, the 2nd order optimal and the 3rd order optimal integrator are
analyzed with regards to the global total energy drift for different degrees of dissipa-
tion, different lengths of the time step, and for 1 and 2 SCF cycles per time step. The
system is a gas of 8 methane molecules at a temperature of 300 K evolving over 100 ps
of simulation time in a microcanonical ensemble with no thermostat.

As a messure of the accuracy, i.e. the global long term drift or the energy fluctuation
amplitude when there is no appreciable drift during the simulation time, we take the
difference Ediff between the largest global value for the total energy and the smallest
global value for the total energy during the entire simulation time of 100 ps, according
to

Ediff = |Emax − Emin|. (6.1)

Equation (6.1) is meaningful both when a global drift in the total energy is present
(which is the case for the 2nd and 3rd order integrators), and when the drift during
the simulation time is smaller or comparable to the local energy fluctuation amplitude
(which is the case for the Verlet integrator). The reason for using this measure of global
accuracy, instead of a fitted line which angle would be a measure of the global drift, is
that for some combinations of integration method, time step and dissipation, the total
energy exhibits a behaviour that can best be described as a random walk. In such cases
the angle of a fitted line would heavily depend on the length of the total simulation
time.
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The results for the Verlet integrator for 1 and SCF cycle per time step are shown in
Fig. 6.7. The results for the 2nd order optimal integrator and the the 3rd order optimal
integrator are shown in Fig. 6.8 and Fig. 6.9 respectively. Since the symplectic integrators
of 2nd and 3rd order are divided into 2 and 3 substeps, respectively, where one force
evaluation is performed per substep, the effective time step is equal to the time step
δt in Figs. 6.7 to 6.9, divided by 2 for the 2nd order integrator, and by 3 for the 3rd
order integrator. The accuracy for the Verlet integrator at δt = 0.4 fs should therefore
be compared with the accuracy for the 2nd order integrator at δt = 0.8 fs, and for the
3rd order integrator at δt = 1.2 fs, and similarly for other lengths of the time step δt.
The results for the Verlet integrator in Fig. 6.7 indicate that this method is insensitive
to the degree of dissipation, that is, for different values of K. The other result found in
supplement [V] is that there is very little improvement in the accuracy when increasing
the number of SCF cycles per time step from 1 to 2 . This effect was also noticed in
previous studies. In general, one can expect a smaller drift when increasing the SCF
convergence.
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Figure 6.7. Global accuracy for a self-consistent tight-binding molecular dynamics
(LATTE) simulation as measured by Eq. (6.1) during a simulation time of
100 ps, for the 1st order Verlet integrator with 1 SCF cycle per force evalu-
ation for different values of K as function of the length of the time step.

For the 2nd order optimal method, presented in Fig. 6.8, and for the 3rd order optimal
method, Fig. 6.9, the improvement in the accuracy is much more pronounced when
going from large values of α to fairly small values (α = 0.01). The conclusion is simply
that for such large values of α the dissipation is too strong, causing a significant amount
of systematic energy drift because of the broken symplecticity and phase space conser-
vation in Eqs. (5.15) and (5.17). A visual example of the large drift at larger values of α
can be seen in Fig. 6.4. For lesser degrees of dissipation, when α ≤ 0.01, the difference
in the amount of drift is much smaller, especially for shorter lengths of the time step δt.



76 CHAPTER 6. RESULTS FOR GEOMETRIC INTEGRATION

0.025 0.05 0.1 0.2 0.4 0.8
δt (fs)

1e-08

1e-06

0.0001

E
di

ff
 (

eV
/(

at
om

 a
nd

 p
s)

)

α = 0.3
α = 0.1
α = 0.01
α = 0.001
α  = 0.0001

2nd order optimal, (CH
4
)
8
, 1 SCF

Figure 6.8. Global accuracy for a self-consistent tight-binding molecular dynam-
ics (LATTE) simulation as measured by Eq. (6.1) during a simulation time
of 100 ps, for the 2nd order optimal integrator with 1 SCF cycle per force
evaluation for different values of α as function of the length of the time
step.
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Figure 6.9. Global accuracy for a self-consistent tight-binding molecular dynam-
ics (LATTE) simulation as measured by Eq. (6.1) during a simulation time
of 100 ps, for the 3rd order optimal integrator with 1 SCF cycle per force
evaluation for different values of α as function of the length of the time
step.

For the shortest time step in the simulations presented in Figs. 6.7 to 6.9, the accuracy is
likely very close to the absolute numerical accuray of the implementation of the LATTE
code.
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When increasing the number of SCF cycles from 1 to 2, the drift is generally decreased
for the 2nd order and the 3rd order methods. The fact that for some combinations of
integration method and value of α, the curves of Figs. 6.7 to 6.9, does not exhibit an
expected linear shape, is likely due to the limitations in the definition of Ediff in Eq. (6.1)
and the random walk behaviour of the total energy, as discussed previously. This is
likely also the reason that for some combinations of integration method and choise of
time step δt in Figs. 6.7 to 6.9, the curves for different values of α do not align in the
expected order, with the curve for the smallest value of α at the bottom and the curves
for increasing α above. If we instead would define accuracy from a local measure of the
energy fluctuations the results look somewhat different, see Fig. 6.11.

Finally the three different integrators with the lowest degree of dissipation, respectively,
are compared for the effective time step, for 1 SCF cycle in Fig. 6.10. We see that for 1 SCF
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Figure 6.10. Global accuracy for a self-consistent tight-binding molecular dynam-
ics (LATTE) simulation as measured by Eq. (6.1) during a simulation time
of 100 ps, for the three investigated integrators with the highest degree of
dissipation, for 1 SCF cycle per force evaluation as function of the effec-
tive time step.

the magnitude of the gobal energy fluctuations are almost identical for the three meth-
ods up to an effective time step of 0.1 fs, Fig. 6.10. For longer effective time steps the
Verlet integrator performs better. For the case of 2 SCF cycles per time step,presented
in supplement [V], the 2nd order method performs better or comparable to the Verlet
intgerator, except for the two shortest effective time step, where the 3rd order method
has a higher level of accuracy. However, altogether there are small to no gains as mea-
sured by the amplitude of the global energy fluctuations to be made by switching from
the Verlet integrator to the 2nd or 3rd order symplectic integrator. This is to a part a
result of the definition of Ediff in Eq. (6.1), which measures the fluctuations on a global
scale. Looking at the local fluctuations, where the magnitude of the energy fluctuations
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is determined by the length of the time step and the local accuracy of the integration
method, there is a significant increase in the accuracy for the 3rd and 2nd order method
over the Verlet scheme. This is illustrated in Fig. 6.11, where the local energy error is
defined similarly as in Eq. (6.1) but for a time period of only 1 ps.
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Figure 6.11. Local accuracy for a self-consistent tight-binding molecular dynam-
ics (LATTE) simulation as measured by Eq. (6.1) but on a local short
time scale, for the three investigated integrators with the lowest degree
of dissipation and for 1 SCF cycle per force evaluation as function of the
effective time step.

We can conclude that for calculations which require a high accuracy, measured by the
local energy error, using XL-BOMD with a higher-order symplectic integrator, the time
step can be increased significantly. For systems where the local error in the total energy
is not so crucial, requiring fewer SCF cycles and fewer force evaluations per period,
the lower order integrators perform just as well or better than the higher order integra-
tors. The optimal method in these cases are the 2nd order Leapfrog or the 2nd order
Optimal method, since these perform well at large δt and are less sensitive to the SCF
convergence. When dissipation is included, the three investigated geometric methods
exhibit good performance for a range of lengths of the time step δt and different degrees
of dissipation even for only 1 SCF cycle per time step. The optimal choise of integra-
tion method, level of dissipation, and length of time step, depends on the system, the
desired length of the total simulation time and specific properties of interest. If high ac-
curacy is important and the simulation time is not too long, a fairly short length of the
time step can be combined with a higher degree of dissipation for either of the symplec-
tic integrators, which has a smaller local energy fluctuation amplitude than the Verlet
method at the same level of computational cost. If a long simulation time is desired the
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highest degree of dissipation is obtainable with the Verlet method (K = 5), which gives
an accuracy comparable to the optimal symplectic methods with the lowest degree of
dissipation.



Chapter 7

Concluding remarks

Research in the field of molecular electronics is performed both experimentally and the-
oretically, based on many different models. Aided by the fast development in computer
power, ab initio calculations are now a useful and accurate tool for predicting properties
of nano-sized systems. However, the complexity of these systems is large and there are
still much knowledge to be gained. Important aspects that have not been investigated
in this work are the geometry of the contact between molecule and lead, the effect of
different side groups on the molecule, and also effects that are outside of the reach of
the computational methods used in this work, such as the effect of phonons and ex-
cited states. Research in this direction is performed in many groups. Also there is still
a large mismatch between experimental and theoretical results. Here one reason is the
lack of knowledge about the exact geometry of the experimental system. Recent reports
indicate that theorists and experimentalists are getting closer, in terms of their results
[35]. Although experimental results are the key, both for designing new products and
increasing knowledge, accurate computer simulations are of great importance for pre-
dicting which systems may be of interest, and what experimentalists should look for.

In this thesis I have presented my work on the transport properties of a molecular
system. Although the results concerns only one specific photoswitching complex, the
dithienylethene molecule, our findings are relevant to transport in molecular systems in
general. I have also presented my work on the development of new algorithms for inte-
gration in ab initio molecular dynamics. The XL-BOMD formalism has the potential to
become a new standard because of the possibility to perform stable and efficient simu-
lations. The geometric integration methods investigated in this work specifically allows
longer time steps and a reduced number of self-consistent field optimizations per time
step at the same level of accuracy. This reduces the computational cost and allows for
longer total simulation times and larger system sizes.

An obvious continuation is to integrate the two subjects investigated in this work, elec-
tron transport in molecular systems and efficient integration in molecular dynamics
simulations. This would allow the investigation of how the dynamics is influenced by
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an applied bias voltage, and vice versa, how the transport characteristics is influenced
by the dynamics of the molecular system. Ultimately, one would like to be able to run a
fully time resolved dynamical simulation of the electron transport in a molecular system
under a transient applied voltage. This, however, lies in the far reached future because
of the large computational cost involved in the self-consistent field optimization in each
time step and for each applied bias voltage point.

Regarding the large computational cost of ab initio calculations a middle way between
accurate density functional theory and more approximate, but fast, semi-empirical meth-
ods is briefly touched upon in this work. The self-consistent charge tight-binding method
(LATTE) described in section 2.2 and in supplement [V] is many orders of magnitude
faster than density functional theory methods, but essentially captures the same physics.
A method for calculating electron transport from non-equilibrium Green function the-
ory based on the self-consistent charge tight-binding scheme could potentially be very
efficient and fast. Shorter computation times allows for researchers to investigate a
larger number of different systems, and could help to resolve some of the issues men-
tioned above regarding geometry and functional side groups. Also, with the method
proposed, a molecular dynamics simulation under applied bias voltage could be feasi-
ble.



Acknowledgements

I would like to thank Prof. Börje Johansson, my supervisor Doc. Anna Delin and my
assistant supervisor Doc. Anders Niklasson for giving me the opportunity to perform
this work. My appreciation also goes to the other members of the Applied Materials
Physics group at KTH. SSF and VR are acknowledged for financial support and SNIC for
computer resources. PDC, Uppmax, NSC and HPC2N are acknowledged for computer
support. Axel Hultgrens fond is acknowledged for the travelling stipends.

Finally I would like to thank Prof. Stefano Sanvito, Dr. Ivan Runger, Alexandre Reily
Rocha, Cormac Toher, Tom Archer, Peter Steneteg, Kanchan Ulman, Shobhana Narasimhan,
Nicholas Bock, Matt Challacombe, Marc Cawkwell and Travis Peery for collaborations
and discussions.

82



Bibliography

[1] A. Aviram, M. A. Ratner, Chem. Phys. Lett. 29, p. 277 (1974).

[2] J. Chen, M. A. Reed, A. M. Rawlett, J. M. Tour, Science 286, p. 1550 (1999).

[3] Z. Yao, H. W. C. Postman, L. Balents, C.Dekker, Nature 406, p. 273 (1999).

[4] D. Dulic, S. J. van der Molen, T. Kudernac, H. T. Jonkman, J. J. D. De Jong, T. N.
Bowden, J. Van Esch, B. L. Ferringa, B. J. Van Wees, Phys. Rev. Lett. 91, p. 207402
(3003).

[5] S. J. Tans, A. R. M. Verschueren, C. Dekker, Nature 393, p. 49 (1998).

[6] P. Kuekes, J. Heath, R. S. Williams, US Patent #6128214, Hewlett-Packard (2000).

[7] C. Collier, E. Wong, M. Belohradsky, F. Raymo, J. Stoddart, P. Kuekes, R. Williams,
J. Heath, Science 285, p. 391 (1999).

[8] Y. Huang, X. Duan, Y. Cui, L. Lauhon, K-H. Kim, C. Lieber, Science 294, p. 1313
(2001).

[9] P. R. Hania; R. Telesca; L. N. Lucas; A. Pugzlys; J. van Esch; B. L. Feringa; J.
G.Snijders; K. Duppen J. Phys. Chem. A 106, 8498-8507, 2002.

[10] J. He, F. Chen, P. A. Liddell, J. Andréasson, S. D. Straight, D. Gust, T. A. Moore,
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