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Non-unitarity of the leptonic mixing matrix in the TeV-scale type-I seesaw model
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The non-unitarity effects in leptonic flavor mixing are regarded as one of the generic features of
the type-I seesaw model. Therefore, we explore these effects in the TeV-scale type-I seesaw model,
and show that there exist non-trivial correlations among the non-unitarity parameters, stemming
from the typical flavor structure of the low-scale seesaw model. In general, it follows from analytical
discussions and numerical results that all the six non-unitarity parameters are related to three
model parameters, while the widely studied parameters ηeτ and ηµτ cannot be phenomenologically
significant simultaneously.

I. INTRODUCTION

During the past decade, experimental progress on neu-
trino masses and leptonic mixing has opened up a new
window in searching for physics beyond the Standard
Model (SM) of particle physics. Since neutrinos are mass-
less particles in the SM, one usually extends the SM par-
ticle content in order to accommodate massive neutrinos.
Among various theories of this kind, the seesaw mecha-
nism [1] attracts a lot of attention in virtue of its natu-
ralness and simplicity. In the conventional type-I seesaw
model, three right-handed neutrinos are introduced and
assigned large Majorana masses. In order to stabilize
the masses of the light neutrinos at the sub-eV scale, the
masses of right-handed neutrinos are usually chosen to be
close to the Grand Unified (GUT) scale, i.e., 1016 GeV far
above the electroweak scale ΛEW ∼ 100 GeV. Thus, the
typical type-I seesaw model suffers from lack of testabil-
ity, since right-handed neutrinos are too heavy to be pro-
duced in current collider experiments. The Large Hadron
Collider (LHC) will soon bring us a revolution in particle
physics at the TeV-scale, which leads neutrino physics at
the TeV-scale to an exciting direction. In this respect,
the question, if we can find the answer of neutrino mass
generation at the LHC, draws more and more attention.
In order for the type-I seesaw model to be testable,

i.e., bringing the right-handed neutrino masses down to
the TeV level, the small neutrino masses have to be ef-
fectively suppressed via other mechanisms rather than
the GUT scale, such as radiative generation, small lep-
ton number breaking, or neutrino masses from a higher
than dimension-five effective operator (see, e.g. Ref. [2]
and references therein). Besides, special cancellations in
the contributions to the neutrino masses can also be em-
ployed to solve this problem. For instance, in the type-
I+II seesaw model, one may assume the right-handed
neutrino contributions to the light neutrino mass matrix
to be comparable with the contributions originated from
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the triplet Higgs field, and the tiny left-handed neutrino
masses are suppressed if there is a severe cancellation
between these two mass terms. However, such a scheme
seems implausible, since it involves strong fine-tuning be-
tween different and unrelated sources.
In this work, we will focus on a simple, but realistic,

low-scale type-I seesaw model, in which a structural can-
cellation among the contributions from different right-
handed neutrinos plays the key role of protecting neu-
trino masses [3]. Such a structural cancellation could
naturally be regarded as the appearance of certain fla-
vor symmetries stemming from some underlying dynam-
ics. Furthermore, the mixing between heavy and light
neutrinos results in observable non-unitarity (NU) ef-
fects in leptonic flavor mixing [4–6], which are usually
parametrized by using so-called NU parameters. In what
follows, we will discuss the possible NU effects in this
framework in detail, and in particular, we will show that,
due to the special flavor structure of the TeV-scale type-I
seesaw, non-trivial correlations among the NU parame-
ters exist, and not all the NU parameters can be phe-
nomenologically significant in future neutrino oscillation
experiments.
The remaining part of this work is organized as follows.

In Sec. II, we introduce the low-scale type-I seesawmodel.
Then, in Sec. III, we explore in detail the typical features
of the NU parameters in the model. A discussion on the
possible effects in future neutrino oscillation experiments
is also given. Section IV is devoted to numerical illustra-
tions of the allowed parameter regions. Finally, a brief
summary is presented in Sec. V.

II. LOW-SCALE TYPE-I SEESAW MODEL

We first write out explicitly the Lagrangian responsi-
ble for neutrino Yukawa interactions and the Majorana
mass term of right-handed neutrinos in the type-I seesaw
model, viz.,

L = −ℓLφ̃Y
†
ν νR −

1

2
νRMRν

c
R + h.c. , (1)

with φ̃ = iτ2φ
∗, where ℓL, νR, and φ denote lepton dou-

blets, right-handed neutrinos, and Higgs fields, respec-
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tively. Here Yν and MR stand for the corresponding
Yukawa couplings and right-handed neutrino mass ma-
trix. If the right-handed neutrino scale is higher than
the electroweak scale, one should integrate out the heavy
degree of freedom of right-handed components in deal-
ing with low-scale processes. Explicitly, at tree level, the
only dimension-five operator is the Weinberg operator,

LW =

(

Y T
ν

1

MR

Yν

)

αβ

(

ℓLαετ
iℓcLβ

)

(

φ̃T ετ iφ̃
)

+ h.c. (2)

After electroweak symmetry breaking, the SM Higgs
field acquires a nonzero vacuum expectation value v ≃
174 GeV, while the Majorana mass matrix of the light
neutrinos then reads

mν = −v2Y T
ν

1

MR

Yν . (3)

By defining MD = vYν , Eq. (3) reproduces the ordinary
type-I seesaw formula.
In the normal type-I seesaw model, the masses of the

light neutrinos are purely suppressed by the ratio of the
electroweak scale and the B − L breaking scale, i.e.,
v/MR, and hence, the right-handed neutrino masses are
usually chosen to be close to the GUT scale. In order to
lower the B − L scale to the scope of current colliders,
i.e., the TeV-scale, one can simply assume the neutrino
Yukawa couplings to be much smaller than those of other
SM fermions. However, this will result in tiny couplings
between the right-handed neutrinos and the charged lep-
tons. Consequently, the production cross section of heavy
neutrinos is also negligible. In this respect, one would like
to maintain sizable Yukawa couplings and keep the neu-
trino masses stable simultaneously. In order to achieve
this goal in the type-I seesaw framework, the contribu-
tions to neutrino masses from different right-handed neu-
trinos have to cancel, at least at leading order. The small
neutrino masses can then be viewed as perturbations to
the structure cancellation.
The necessary and sufficient conditions for such an ex-

act cancellation require the following form of the Yukawa
couplings [3]

Yν =





x1 ax1 bx1

x2 ax2 bx2

x3 ax3 bx3



 , (4)

where a and b are free parameters, and the relation be-
tween right-handed neutrino masses is given by

x2
1

M1

+
x2
2

M2

+
x2
3

M3

= 0 , (5)

where we have already chosen a basis in which the right-
handed neutrino mass matrix is diagonal. Using Eq. (3),
one can easily prove that, under the above conditions,
the neutrino masses vanish, namely, mν = 0. Note that
the radiative corrections induced by right-handed neutri-
nos, such as renormalization group running effects, may
spoil the stability of small neutrino masses unless the
right-handed neutrinos are nearly degenerate in mass as
required by some flavor symmetric theories.

III. NON-UNITARITY OF THE LEPTONIC

MIXING MATRIX

Besides the dimension-five operator discussed above,
there exists a unique dimension-six operator [7]

L6 = C6

αβ

(

ℓLαφ̃
)

i/∂
(

φ̃†ℓLβ

)

, (6)

where the coefficient is given by

C6 = Y †
ν

1

M †
R

1

MR

Yν . (7)

After the electroweak symmetry breaking, the dimension-
six operator given in Eq. (6) leads to corrections to the
kinetic energy terms for the light neutrinos. Therefore,
in order to keep the neutrino kinetic energy canonically
normalized, one has to rescale the neutrino fields by using
the following transformation

ν′Lα =
(

δαβ + v2C6

αβ

)
1

2 νLβ . (8)

Due to this field rescaling, the usual leptonic mixing ma-
trix U , which relates the neutrino flavor basis and mass
basis, is replaced by a non-unitary matrix as

N =

(

1−
v2

2
C6

)

U = (1 + η)U = RU , (9)

where η is a Hermitian matrix containing totally nine pa-
rameters, i.e., six moduli and three phases governing the
NU effects, and U diagonalizes the light neutrino mass
matrix as U †mνU

∗ = diag(m1,m2,m3) with mi being
the masses of the light neutrinos.
Note that, different from the dimension-five opera-

tor, under the assumptions in the previous section, the
dimension-six operator is not necessarily vanishing, since
the flavor structure is different and C6 is suppressed by
the square of MR. Combining Eqs. (4)-(5) and (9), we
can explicitly write down the NU parameters as

η = −
v2

2
C6 = η0





1 a b
a∗ |a|2 a∗b
b∗ ab∗ |b|2



 , (10)

where

η0 = −
v2

2

(

|x1|
2

M2
1

+
|x2|

2

M2
2

+
|x3|

2

M2
3

)

. (11)

As a rough estimate, if we choose Mi ∼ TeV and the
Yukawa couplings at order one, then η ∼ 0.1 % can be
expected. In addition, the magnitudes of the NU pa-
rameters are constrained from universality test, rare lep-
ton decays, and invisible width of Z-boson. The present
bounds at 90 % C.L. on the NU parameters are given
by [4]

|η| <





2.0× 10−3 6.0× 10−5 1.6× 10−3

∼ 8.0× 10−4 1.1× 10−3

∼ ∼ 2.7× 10−3



 , (12)
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in which, the most severe constraint is that on the eµ
element coming from the µ → eγ decay.1

In the literature, these NU parameters are usually
taken as free parameters. However, according to Eq. (10),
the NU parameters are not independent in general. The
correlations between these parameters stemming from
some possible flavor symmetries can be viewed as a typ-
ical feature of the low-scale type-I seesaw model, and
should be tested in the future neutrino oscillation exper-
iments.
Concretely, it can be seen from Eq. (10) that the NU

parameters are governed by the three independent pa-
rameters η0, a, and b. The present restrictions on the
elements of η are at percentage level, except a rather
stringent bound ηeµ < 6.0×10−5. Hence, to avoid severe
unitarity constraints, one may expect either a or η0 in
Eq. (10) to be tiny. If a is very small, one may ignore
the NU parameters proportional to a, and Eq. (10) can
be simplified to

η ≃ η0





1 0 b
0 0 0
b∗ 0 |b|2



 . (13)

In this limit, both the ηeµ and ηµτ cannot be significant
and ηeτ is the only possibly large NU parameter. On the
other hand, in the case η0 is very small while a and b
are relatively large, the first row and column in η can be
ignored, and one has approximately

η ≃ η0





0 0 0
0 |a|2 a∗b
0 ab∗ |b|2



 . (14)

Therefore, ηeτ and ηµτ cannot be sizable simultaneously,
although their current upper bounds are both within the
sensitivity scope of a neutrino factory.
When neutrinos propagate in vacuum, in the ultra-

relativistic limit E ≫ mi, the time evolution in the flavor
basis is described by the Hamiltonian

H =
1

2E
R̃∗

[

U∗ · diag
(

m2

1,m
2

2,m
2

3

)

· UT
]

(R̃∗)−1 , (15)

where the normalized R̃αβ ≡ Rαβ

(

RR†
)− 1

2

αα
is used in-

stead of Rαβ for the consistency between quantum states
and fields. The transition amplitude from a neutrino
flavor α to another neutrino flavor β after traveling a
distance L can now be obtained as [8]

Aαβ(L) =
∑

i

F i
αβ exp

(

−i
m2

iL

2E

)

, (16)

1 Note that, in deriving these constraints, the condition MR >

ΛEW is assumed. In case of MR < ΛEW, the constraint on ηeµ
is relaxed due to the restoration of the GIM mechanism.

where F i
αβ =

∑

γ,ρ(R̃
∗)αγ(R̃)βρU

∗
γiUρi. With the above

definitions, the oscillation probability is then given by
Pαβ(L) ≡ |Aαβ(L)|

2
. A salient feature is that, in the

case α 6= β, Pαβ(0) is not vanishing generally. Therefore,
a flavor transition might already happen at the source
even before the oscillation process, which is known as
the zero-distance effect.
In general, a near detector at a short distance pro-

vides the best sensitivities to the NU parameters, since
the standard oscillation effects in the unitary limit are
suppressed with respect to the baseline length. In par-
ticular, in a future neutrino factory, a near detector with
ντ detection is shown to be useful for studying NU effects
[5]. In this respect, one may be interested in the flavor
transitions in the appearance channels. For short enough
distances, the oscillation amplitudes approximate to

Aαβ(L) ≃ ASM

αβ (L) + 2η∗αβ , (17)

where ASM

αβ (L) denotes the oscillation amplitude of the
unitary analysis. With respect to the NU parameters in
the present model, i.e., Eqs. (13) and (14), the channels
νe → ντ and νµ → ντ [9] turn out to be the best options
to search for the NU effects. On the other hand, if sizable
NU effects are observed in both two channels, the sim-
plest type-I seesaw model will be ruled out. The possible
way out might then be theories possessing more than
three heavy neutrinos, e.g. the inverse seesaw model [10]
or theories with extra spatial dimensions [11].

IV. NUMERICAL ANALYSIS

We proceed to perform a full scan of the parameter
space of the model in order to obtain predictions for the
NU parameters. For each set of these parameters, we
compare the model predictions to the experimental data
with a χ2 function

χ2 =
∑

i

(ρi − ρ0i )
2

σ2
i

, (18)

where ρ0i are assumed to be zero for the central values
of the NU parameters, σi the corresponding 1σ absolute
error, and ρi the predicted values of η’s. In our numerical
analysis, we make use of the current bounds given in
Eq. (12). Note that, since neutrino masses are assumed to
be generated via other mechanisms (e.g. deviations from
the exact structure cancellations), we do not consider
experimental constraints on neutrino masses and leptonic
flavor mixing parameters in our analysis. Discussions on
the neutrino mass generation in the current framework
can be found in Refs. [3].
In Fig. 1, we show the allowed parameter space of a,

b, and η0 at 1σ, 2σ, and 3σ C.L. One can observe from
the plot that there exists an upper bound on η0, which
results from the relation η0 = ηee according to Eq. (10).
Furthermore, for a fixed η0, the allowed regions of b are
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FIG. 1: Allowed regions of the model parameters a (colored
regions), b (curves), and η0 at 1σ (red, solid), 2σ (orange,
dashed), and 3σ (yellow, dotted) C.L.

larger than those of a, i.e., the upper bound of b is about
one order of magnitude larger than that of a. This is
in agreement with our analytical analysis, since ηeµ sets
only a strong constraint on a but not on b. For a very
tiny η0, a and b can be arbitrarily chosen without suf-
fering from stringent unitarity constraints, i.e., their up-
per bounds approach infinity. However, as we mentioned
before, for a realistic type-I seesaw model with sub-eV
scale neutrino masses, these parameters cannot be arbi-
trarily small unless another mechanism responsible for
the masses of the light neutrinos is considered.
According to Eq. (17), the phenomenologically inter-

esting NU parameters are the off-diagonal elements in
η. Since ηeµ is strongly constrained experimentally, the
remaining ones are ηeτ and ηµτ , whose allowed regions2

are illustrated in Fig. 2. One can observe that both ηeτ
and ηµτ can reach their upper bounds in general. How-
ever, as we expected from the above analysis, in order for
one of them to be sizable, the other one has to be sup-
pressed, reflecting the underlying correlations among the
NU parameters. For example, in the case of ηeτ > 10−3,
a severe bound ηµτ . 3× 10−4 (at 2σ C.L.) can be read
off from the plot. Similarly, in the case of ηµτ > 10−3,
one has ηeτ . 3× 10−4 (at 2σ C.L.). For comparison, in
the plot we also show the discovery potential of the NU
parameters by using an OPERA-like near tau-detector of
a future neutrino factory (see detailed discussions on the
detector setup in e.g. Refs. [5]). The regions on the right-
hand side of the vertical line and above the horizontal
line can be well searched for with such an experimental

2 Given the fact that there is no experimental information on

the leptonic CP-violation until now, we do not include the CP-

violating phases of η’s, and only show the constraints on the

absolute values of these NU parameters.

FIG. 2: Allowed regions of the NU parameters |ηeτ | and |ηµτ |
at 1σ (red), 2σ (orange), and 3σ (yellow) C.L. The dashed
lines in the figure correspond to the sensitivities to these NU
parameters (at 90 % C.L.) in a near OPERA-like tau-detector
of a neutrino factory (parent muon energy E = 25 GeV).

setup. Therefore, besides the search of the NU effects,
it can also shed some light on distinguishing the possible
new physics behind the NU effects.

V. SUMMARY AND CONCLUSION

In this Letter, we have studied the NU effects from the
low-scale type-I seesaw model. We have pointed out that
in the realistic low-scale type-I seesaw model without un-
acceptable lepton number violations, there exists a non-
trivial flavor structure of the NU parameters, which orig-
inates from the structural cancellations of the neutrino
Yukawa couplings. The underlying correlations among
the NU parameters have been established, and the al-
lowed parameter spaces have been illustrated. In view of
the current constraints on the NU parameters, we have
found that, in the low-scale type-I seesaw model, there
exists only one phenomenologically interesting NU pa-
rameter, i.e., either ηeτ or ηµτ . This flavor structure
can be viewed as a distinctive feature of the low-scale
type-I seesaw model, and can be tested in the future ex-
periments, in particular, in the near tau-detector of a
neutrino factory. In addition to the neutrino oscillation
experiments, direct searches of right-handed neutrinos at
colliders also rely on the NU parameters. Especially, the
signals of tri-lepton final states with transverse missing
energy at the LHC provide us with the capability of re-
vealing the underlying nature of right-handed neutrinos.
In conclusion, the low-scale type-I seesaw features a very
distinctive flavor structure, and a combined analysis of
both collider signatures and neutrino oscillation exper-
iments will be very useful to obtain knowledge on the
physics behind the right-handed neutrinos.
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