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Abstract 

A fundamental understanding of the mechanical properties of the extracellular matrix (ECM) 

is critically important to quantify the amount of macroscopic stress and/or strain transmitted 

to the cellular level of vascular tissue. Structural constitutive models integrate histological and 

mechanical information, and hence, allocate stress and strain to the different micro-structural 

components of the vascular wall. The present work proposes a novel multi-scale structural 

constitutive model for passive vascular tissue, where collagen fibers are assembled by 

proteoglycan (PG) cross-linked collagen fibrils and reinforce an otherwise isotropic matrix 

material. Multiplicative kinematics account for straightening and stretching of collagen fibrils 

and an orientation density function captures the spatial organization of collagen fibers in the 

tissue.  Mechanical and structural assumptions at the collagen fibril level define a piece-wise 

analytical stress-stretch response of collagen fibers, which in turn is integrated over the unit 

sphere to constitute the tissue’s macroscopic mechanical properties. The proposed model 

displays salient macroscopic feature of vascular tissue, and employs material and structural 

parameters of clear physical meaning. Model parameters were estimated from mean-

population data of the normal and aneurysmatic aortic wall and used to predict in-vivo stress 

states of patient-specific vascular geometries, thought to demonstrate the robustness of the 

particular Finite Element (FE) implementation. The collagen fibril level of the multi-scale 

constitutive formulation provides an interface to integrate vascular wall biology and to 

account for collagen turn-over for example. 
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1 Introduction  

The extracellular matrix (ECM) provides an essential supporting framework for the structural 

and functional properties of vessel walls. ECM contains mainly elastin, collagen, and 

proteoglycans (PGs) (Carey, 1991) and their three dimensional organization is vital to 

accomplish proper physiological functions. The ECM, therefore, rather than being merely a 

system of scaffolding for the surrounding cells, is an active mechanical structure that controls 

the micro- and macro-mechanical environment to which vascular tissue is exposed. 

Specifically, a proper understanding of ECM mechanical properties is critically important to 

estimate and quantify the amount of stress and/or strain transmitted from the macroscopic to 

the cellular levels of vascular tissue.  

Constitutive modeling of vascular tissue is an active field of research and numerous 

descriptions have been reported. Phenomenological approaches (Vaishnav et al., 1972; Fung 

et al., 1979; Choung and Fung, 1983; Takamizawa and Hayashi, 1987; Humphrey, 1995; 

Delfino et al., 1997) have been successfully used to fit experimental data, can however not 

allocate stress or strain to the different histological constituents in the vascular wall. Structural 

constitutive descriptions (Lanir, 1983; Wuyts et al., 1995, Holzapfel et al., 2000; Zullinger et 

al., 2004, Gasser et al., 2006) can overcome this limitation and integrate histological and 

mechanical information of the arterial wall.  



Specifically, collagen fibers in the vascular wall have a major impact on the mechanical 

properties at higher loads (Roach and Burton, 1957; Greenwald and Berry, 1980), i.e. 

condition the aneurysm wall experiences for example. Apart from the volume fraction of 

collagen its spatial arrangement including the spread in orientations (Finlay et al., 1995) 

significantly affects the macroscopic mechanical proprieties (Gasser et al., 2006). Collagen 

fibrils are regarded as the basic building block of collagenous ECM, and their organization 

into suprafibrilar structures determines macroscopic tissue proprieties (T.J. Wess, Collagen 

fibrillar structure and hierarchies, in P. Fratzl ed. Collagen Structure and Mechanics, Springer 

2008. Pg. 49-80).  

The present work proposes a novel constitutive model for the vascular wall, which integrates 

the collagen’s fibril and fiber levels with the tissue’s continuum level. Specifically, cross-

linked collagen fibrils are thought to form collagen fibers, which in turn are integrated over 

the unit sphere to define the tissue’s macroscopic properties (Lanir, 1983; Federico and 

Gasser, 2010). Material and structural parameters are estimated from macroscopic in-vitro 

tests of aortic tissue published early in the literature (Vande Geest et al., 2006).  The model’s 

collagen fibril level provides an interface to integrate the vascular wall biology, to study the 

impact of collagen turn-over on the macroscopic properties of the tissue and vice versa for 

example. 

 

 

 

 

 

 

 



2 Methods 

2.1 Modeling assumptions 

The mechanical response of vascular tissue is regarded as a fibrous collagenous tissue, where 

fibers of collagen reinforce an otherwise isotropic matrix material, thought to capture the 

mechanics of the non-collagenous tissue components, i.e. mainly elastin. Each collagen fiber 

is assembled by a bundle of collagen fibrils mutually interconnected by proteoglycan (PG) 

bridges (Scott, 2003) that provide interfibrilar load transition, see Figure 1(b). Stretching a 

collagen fiber will involve firstly a continuous recruitment of collagen fibrils, and as soon as 

the particular collagen fibril reaches its straightening stretch  λ , it starts bearing tension load. 

Consequently, at small stretches (lower than λ ) a collagen fibril gets aligned with stretch 

direction of the collagen fiber, and stretching it beyond λ  involve both, storing elastic energy 

in the collagen fibril itself and in the PG-rich matrix between fibrils.  

The suggested model accounts for the anisotropic structure of the vascular wall, and an 

orientation density functions  defines the spatial alignment of collagen 

bundles, i.e. the density of collagen among the direction N with | | 1 (Gasser et al., 2006). 

Although the subsequently detailed approach can be applied to any orientation density 

function , an isotropic distribution of collagen   is thought to capture 

salient mechanical properties of the healthy and aneurysmatic aortic tissue in the present 

work. Note that particularly the aortic wall exhibits isotropic (mean-population) properties 

(Vande Geest et al., 2006) and that isotropic constitutive descriptions have been used 

extensively in AAA biomechanics (Raghavan et al., 2000; Fillinger et al., 2002; Wang et al., 

2002; DiMartino and Vorp, 2003; Fillinger et al., 2003; Venkatasubramaniam et al., 2004; 

Gasser et al., 2010). 



2.1.1 Kinematics 

We consider a fibrous tissue under finite deformations and the unit direction vector N denotes 

the local collagen fiber direction in the reference configuration Ω , see Figure 1(a). Collagen 

fibers are assembled by numerous collagen fibrils with in general different waviness in Ω .  

The deformation   straightens the -th collagen fibril, i.e. it maps its crimped referential 

configuration into a straight but unstressed intermediate configuration Ω  . In contrast the 

deformation C  records deformation relative to Ω   and maps the fibril into its spatial 

configuration Ω. Consequently, the intermediate configuration serves as a local reference 

configuration, with fibril stretch λC 1 and fibril tension C 0, relative to which the 

fibril deforms elastically. According to multiplicative kinematics the continuum deformation  

C    

is related to the introduced sub-deformations, where incompressible det  1 is 

considered. 

To define the intermediate configuration Ω   of the -th collagen fibril, its assemblage within 

the fiber needs to be defined, i.e. its stretch λC   must be related to stretch  λ  of the collagen 

fiber. For simplicity and lack of microstructural data we assume that the collagen fibrils 

straighten according to a symmetric triangular probability distribution (Kotz and van Dorp, 

2004). Consequently, first and last fibrils within a collagen fiber straighten at the fiber 

stretches of λ  and λ , respectively, see Figure 1(b). 

Finally, we consider an affine deformation between the continuum and the collagen fiber, 

i.e. λ | | | |, which entirely describes the multi-scale kinematics of the fibrous tissue.  

 

(1) 



 

 

Figure 1: Multi-scale kinematic of the collagen fiber reinforced tissue. (a) Configurational 

mappings, where the intermediate configuration Ω   separates between straightening and 

stretching of the -th collagen fibril. (b) Hierarchical structure of a collagen fiber build up of 

statistically distributed collagen fibrils interlinked by proteoglycan (PG) bridges.  

 



2.1.2 Description of the non-collagenous contribution 

At low strains collagen fibers are (mechanically) inactive and the mechanical properties are 

determined by the non-collageneous (matrix) contribution. We use the (classical) isotropic 

neo-Hookean strain energy function H 3  to model the properties of the matrix 

material, where 0  a stress-like material parameter that denotes the referential is shear 

stiffness and ⁄ T  denotes a strain invariant. 

 

2.1.3 Description of the collagenous contribution 

A logarithmic relation between Second Piola-Kirchhoff stress and stretch of the i-th collagen 

fibril is assumed, i.e.   log λ  , where  denotes a material parameter related to the 

average stiffness of a collagen fibril PG-complex. Note that tensile testing of collagen fibrils 

revealed an about linear force stretch response (Miyazaki et. al, 1999, Shen et al. 2008), 

which to some extend is captured by the particular constitutive choice. 

To derive the constitutive relation for a bundle of fibrils, we consider the Second Piola-

Kirchhoff stress increment  d   λ  ⁄ dλ  λ⁄ dλ of the i-th fibril, where the 

multiplicative kinematics relation λC λ λ⁄   was applied. It is emphasized that, due to the 

particular choice of the constitutive law of the collagen fibrils, the Second Piola Kirchhoff 

stress increment is independent from its intermediate configuration Ω  , i.e. the stretch  λ  . 

Finally, integrating over all fibrils in tension, i.e. considering the triangular distribution 

function introduced in Section 2.1.1, defines a Second Piola-Kirchhoff stress increment for 

the collagen fiber of 

d λ CFD λ  , (3) 



where CFD λ  denotes the Cumulative Density Function of the triangular probability 

distribution. According to the considered incompressible deformation the First Piola-

Kirchhoff stress increments reads  d λ CFD λ dλ , which in turn leads to the 

constitutive relation for the collagen fiber using work conjugate variables 

CDF λ dλ . 

Integrating the cumulative density function CFD λ  of the triangular probability distribution 

and using the abbreviations λ λ  and λ λ 2 ⁄  yields the piecewise 

analytical expressions for the First Piola-Kirchhoff stress  

0,                                                   0 λ λ

           λ λ ,                          λ λ             

λ ,              λ λ  

  λ .                                      λ λ ∞

 

 

This set of equations exhibits the typically observed non-linear property of soft biological 

tissues as showed in Figure 2. Note that a spatial numerical implementation of the model is 

followed (see Section 2.2), which finally considers the Cauchy stress λ λ λ  of a 

collagen fiber. 

(4) 

(5) 



 

Figure 2: Non linear mechanical properties of a collagen fiber, which is assembled by 

statistically distributed collagen fibrils. Normalized First Piola-Kirchhoff stress  ⁄ versus 

collagen fiber stretch λ with λ 1 and λ 2 is shown. 

 

2.2 Numerical implementation 

The proposed constitutive model for vascular tissue has been implemented in the 

multipurpose Finite Element software FEAP vers. 8.0 (Taylor, 2007) at the Gauss point level 

of a Q1P0 mixed Finite Element (Simo and Taylor, 1991) formulation. To this end, the 

constitutive description of the collagen fiber was added on top of the uncoupled neo-Hookean 

contribution for the isotropic matrix material. Since a quasi-incompressible tissue is 

considered the volumetric energy contribution 1  is added to the constitutive 

formulation, and κ is adjusted at each time step such that the volume ratio 1. 

Consequently, the additive decomposition of the Cauchy stress reads 

H f  , (6) 



where  and H are stress contributions arising from   and H (Miehe, 1994, Gasser 

and Holzapfel, 2002) respectively. The superimposed bar indicate isochoric stress quantities, 

and f  is specifically detailed in the following section. 

 

2.2.1 Microfiber model 

To compute the macroscopic mechanical properties of the collagenous tissue at the Gauss 

point level, integration over the solid angle  (i.e. over the unit sphere) is required (Lanir, 

1983) 

f λ  . 

This integral is numerically approximated by a spherical design (Hardin and Sloane, 1996, 

Federico and Gasser 2010), i.e.  • d 4 ⁄ ∑ • , where  denotes the total 

number of integration points; further details regarding the numerical implementations are 

given in Table 1. 

(7) 



 

Initialization at time 0 : 

          Define spherical design, i.e. directions , 1, … , , 4 ⁄  

          Define microstructural data, i.e. λ  and  λ  

          Define collagen fiber density  

Algorithm at time t : 

          Given: Isochoric part of the deformation gradient  

          Initialize stress and elasticity tensors ,   

          DO 1,  

 Compute deformed fiber direction  and λ | | 

 IF λ λ   THEN 

               Compute stress λ 2λ⁄  

               Compute stiffness λ 1 4⁄ λ d dλ⁄ λ⁄  

               Map stress and elasticity to continuum metric 

                    2  λ  dev  

                    4  λ  dev dev 2 3⁄  

               Update stress and elasticity tensors ,  

 ENDIF 

          ENDDO 

          Weight stress and elasticity tensors  ,   

Table 1: Numerical implementation of the multi-scale vascular tissue model to compute stress 

and stiffness at the Gauss-point level of a finite element. 

 

 

 

 



3 Examples 

3.1 Single element test 

A single cubic tissue element is used to estimate material parameters from experimental data 

and to test the performance of the model’s numerical implementation. 

3.1.1 Parameter estimation 

Typically the Abdominal Aorta (AA) and the Abdominal Aortic Aneurysm (AAA) display 

nonlinear mechanical properties (Vande Geest et al., 2006), which can be captured by the 

anisotropic strain energy function  

e ⁄ e ⁄ e 3 , 

originally proposed for canine pericardium (Choi and Vito, 1990). Here, λ 1    

and  λ 1    are (in-plane) Green-Lagrange strain components in circumferential 

and longitudinal directions, with associated stretches λ  and λ  , respectively.  

The material parameters ,  and the structural parameters λ , λ ,  of our constitutive 

model were identified from the strain energy function (8), where parameters , … ,  that 

reflect the mean-population properties of the AA and the AAA were used (Vande Geest et al., 

2006). For the (isotropic) AA wall the parameters were estimated from a simple tension test, 

and, to investigate the predictive capability of our model, the same set of parameters was used 

to predict the tissue’s equibiaxial properties, see Figure 3 and Table 1. In contrast, for an 

anisotropic tissue simple tension data cannot provide enough information, and hence, for the 

AAA wall parameters were directly estimated from equibiaxial data, see Figure 4 and Table 1. 

(8) 



In all cases the clear physical meaning of the introduced model parameters allowed their 

straightforward manual estimation and the applied analytical stress expressions are given in 

the Appendix. 

Abdominal Aorta (AA) 
Matrix material 
          neoHookean parameter                         c            0.014 MPa 
Collagen fibers 
        Stiffness of collagen fibril PG-complex   k            53.5 MPa/sr 
         Density                                                                    ρ            1/4π 1/sr 
         Lower limit of the straightening stretch   λ        1.0300     
         Higher limit of the straightening stretch   λ        1.3360                  
Abdominal Aortic Aneurysm (AAA) 
Matrix material 
          neoHookean parameter                        c              0.035 MPa 
Collagen fibers 
        Stiffness of collagen fibril PG-complex  k              107 MPa/sr 
         Density                                                                   ρ              1/4π 1/sr 
         Lower limit of the straightening stretch   λ          1.0451     
         Higher limit of the straightening stretch               λ          1.1300                 

 

Table 1: Material and structural parameters estimated from mean-population data of the 

normal and aneurysmatic abdominal aortic wall. (sr denotes steradian). 

Figure 3: Macroscopic constitutive response of the Abdominal Aorta (AA) wall under simple 

tension (left) and equibiaxial tension (right). Finite Element (FE) results (points) according 

to the proposed multi-scale constitutive model are compared to mean-population data (lines) 
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reported in the literature (Vande Geest et al., 2006). Material and structural parameters are 

estimated from simple tension properties and given in Table 1. 

 

Figure 4: Macroscopic constitutive response of the Abdominal Aortic Aneurysm (AAA) wall 

under equibiaxial tension. Finite Element (FE) results (points) according to the proposed 

multi-scale constitutive model are compared to mean-population data (lines) reported in the 

literature (Vande Geest et al., 2006). Material and structural parameters of are given in Table 

1.  

3.1.3 Integration over the solid angle 

The integration of eq. (7) requires a sufficient accurate spherical design, which is directly 

linked to the polynomial degree of the function to be integrated. To investigate the accuracy 

of the numerical integration, results from different spherical designs are compared in Figure 5. 

This figure illustrates that at least a 9-design (involving 48 integration points over the unit 

sphere) is required to integrate the governing equations accurately. Note that this study used 

an isotropic collagen orientation distribution, and concentrated (anisotropic) distributions will 

naturally require higher-order integration schemas (Federico and Gasser, 2010).   
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Figure 5: Finite Element (FE) predictions of tension along circumferential direction of 

Abdominal Aortic (AA) wall tissue using different spherical designs to integrate eq. (7). 

 

3.2 Aorta and Abdominal Aortic Aneurysm Analysis 

In this study the stress field of an AA and an AAA are predicted based on the proposed 

constitutive model for vascular tissue. The examples aim at demonstrating the applicability of 

the constitutive frame to analyze realistic (clinical relevant) problems. 

3.2.1 Modeling assumptions 

The geometry between the renal arteries and 1.5 cm distal the iliac bifurcation were 

segmented from Computer Tomography-Angiography (CT-A) data (A4research, VASCOPS 

GmbH), where deformable (active) contour models provided (Auer and Gasser, 2010) 

artifact-insensitive and user-independent reconstructions. A constantly 2.0 mm thickness wall, 

represented by 5650 (AA) and 6209 (AAA) hexahedral elements, was considered. A single 

element across the thickness was used, and hence, bending effects from inhomogeneous stress 
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across the wall were neglected. The intra-luminal thrombus was not considered in the stress 

analysis for the AAA model.  

A mean arterial blood pressure of 100 mmHg (13.33 kPa) was applied and the FE models 

were fixed (nodal degrees of freedom were locked) at the bottom and top slices. No contact 

with surrounding organs was considered. 

3.2.2 Result 

Solving the nonlinear FE problem required approximately 20 minutes with a standard PC 

(Dell Optiplex 760), which is roughly 2-3 times more than using a single-scale constitutive 

model. To this end the pressure loading was incremented and the quasi-static solution was 

computed using FEAP’s direct solver option. We neither observe numerical instabilities nor 

required any kind of numerical regularization to compute the quasi-static solution. 

The maximum principal Cauchy stress distribution in the AA and AAA is plotted in Figure 6. 

Similar to macroscopic stress pattern predicted by alternative constitutive formulations 

(Raghavan and Vorp, 2000 for example), the mechanical stress is complex distributed. 

Naturally the Peak Wall Stress (PWS) in the AAA is several times higher than in the AA. 

Circular spots of low stress, specifically seen in the AA model, indicate bifurcations of larger 

arteries. 

 



 

 

 

 

Figure 6: Finite Element (FE) predictions of the maximum principal Cauchy stress in the 

Abdominal Aorta (AA) (left) and the Abdominal Aortic Aneurysm (AAA) (right). FE 

calculations are based on material properties given in Table 1. 

 



4 Conclusions 

The proposed constitutive model has a strong biological motivation and integrates the fibril 

and fiber levels of collagen with the tissue’s macroscopic properties. Such a structural view is 

important to understand the interplay of the tissue’s histology (internal architecture) and its 

macroscopic mechanical properties.  

Although simple mechanical and kinematics assumptions defined the collagen fibril level, the 

model captures the macroscopic complexity of vascular tissue, i.e. replicates the typically 

stiffening of vascular tissue at the physiological strain level. The introduction of a probability 

distribution function that defines the load carrying mechanism at the fibril level is most 

critical to the model. Similar recruitment mechanisms have been suggested earlier (Lanir 

1983, Wuyts et al. 1995; Zulliger et al. 2004), however in contrast to them, our particular 

approach led to analytical (pice-wise) relations for the stress-strain properties of the collagen 

fiber, and hence, facilitate an efficient numerical implementation of the model. The model 

integrates two mechanical parameters (c, k) and three structural parameters (λ , λ , ) 

which clear physical meaning that allows their straight forward estimation from experimental 

data. Specifically, λ , λ  control the transition from the elastin-driven low stress and 

collagen-driven high stress response of the tissue and  defines its anisotropy.  

The application of the proposed multi-scale constitutive model requires the collagen fiber 

orientation density  of the entire simulation domain. Unfortunately, no applicable 

experimental data has been reported in literature, and hence, an isotropic collagen orientation 

was used in this study. From a biological point of view the collagen fiber formation 

(orientation density) will develop according to the tissue’s macroscopic mechanical stress 

state. Consequently, collagen undergoes an adaptation process (Humphrey, 2002) and 

modeling that may be a promising approach to provide the requested information. 



The close packing and the cross-linking of collagen fibrils defines a virtually inextensible 

fiber, such that the strain within collagen fibrils is always much smaller than the macroscopic 

strain in collagenous tissue. This has been confirmed by recent experimental data, which 

suggested that sliding between collagen fibers (inter-fiber sliding) and between collagen 

fibrils (as it is captured by the present model), plays a significant role in tendon deformation 

(Gupta et al., 2010). If inter-fiber sliding also applies to vascular tissue the considered affine 

deformation between collagen fiber and continuum should be relaxed. 

Following earlier attempts (e.g. the HGO model (Holzapfel et al., 2000)) the constitutive 

model neglects interaction between collagen fibers, and the impact of that has not yet been 

thoroughly discussed in literature.   

The proposed constitutive model considers the passive response of the vascular tissue and any 

tissues remodeling has been suppressed. Consequently, only a limited time period, within 

which biological process cannot change mechanical tissue properties, is covered.  
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Appendix 

This appendix provides the analytical equations for simple tension and equibiaxial tension 

used to estimate material parameters from the normal and aneurysmatic aortic wall, see 

Section Parameter Estimation. Using the strain energy function  and assuming an 

incompressible simple tension deformation along the circumferential direction, standard 

arguments (Humphrey, 2002) lead to the First Piola-Kirchhoff stress  

λ  

in tension direction.  

Similarly, considering an equibiaxial and incompressible deformation leads to 

λ e ⁄ e  , 

λ e ⁄ e  . 

For the First Piola-Kirchhoff stress components in circumferential  and longitudinal 
 directions, respectively. 
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