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Abstract

Two types of shear flows are investigated in this thesis; numerical simulations
are performed for the analysis and control of the perturbation arising in a
boundary layer over a flat plate, whereas PIV measurements are analysed for
the investigation of a confined turbulent jet. Modal structures of the flows
are identified: the aim is to understand the flow phenomena and to identify
reduced-order models for the feedback control design.

The attenuation of three-dimensional wavepackets of streaks and Tollmien-
Schlichting (TS) waves in the boundary layer is obtained using feedback control
based on arrays of spatially localized sensors and actuators distributed near the
rigid wall. In order to tackle the difficulties arising due to the dimension of the
discretized Navier-Stokes operator, a reduced-order model is identified, preserv-
ing the dynamics between the inputs and the outputs; to this end, approximate
balanced truncation is used. Thus, control theory tools can be easily handled
using the low-order model. We demonstrate that the energy growth of both TS
wavepackets and streak-packets is substantially and efficiently mitigated, using
relatively few sensors and actuators. The robustness of the controller is inves-
tigated by varying the number of actuators and sensors, the Reynolds number
and the pressure gradient. The configuration can be possibly reproduced in
experiments, due to the localization of sensing and actuation devices.

A complete analysis of a confined turbulent jet is carried out using time-
resolved PIV measurements. Proper orthogonal decomposition (POD) modes
and Koopman modes are computed and analysed for understanding the main
features of the flow. The frequencies related to the dominating mechanisms are
identified; the most energetic structures show temporal periodicity.

Descriptors: Flow control, flat-plate boundary layer, laminar-turbulent tran-
sition, model reduction, balanced truncation, Koopman modes, POD modes,
turbulent co-flowing jet

iii



Preface

This thesis deals with feedback control via model reduction in flows over flat-
plate boundary layers and flow analysis using global modes. A brief introduc-
tion on the basic concepts and methods is presented in the first part. The
second part contains three articles. The papers are adjusted to comply with
the present thesis format for consistency, but their contents have not been al-
tered as compared with their original counterparts.

Paper 1. O. Semeraro, S. Bagheri, L. Brandt & D. S. Henningson,
2010
Feedback control of three-dimensional optimal disturbances using reduced-order
models. Under revision - Journal of Fluid Mechanics

Paper 2. O. Semeraro, S. Bagheri, L. Brandt & D. S. Henningson,
2010
Transition delay in boundary layer flow using feedback control. To be submit-
ted - Journal of Fluid Mechanics

Paper 3. O. Semeraro, G. Bellani & F. Lundell, 2011
Analysis of time-resolved PIV measurements of a confined co-flowing jet using
POD and Koopman modes. Internal Report
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Part I

Introduction





CHAPTER 1

Introduction

Control of wall-bounded transitional flows might lead to high potential benefits
and outcomes, e.g. a reduction of fuel consumption. As reported by Kim &
Bewley (2007), ocean shipping consumes about 2.1 billion barrels of oil per
year, whereas the airline industry consumes about 1.5 billion barrels of jet fuel
per year. Thus, any reduction of aerodynamic drag can positively influence
the operational cost of cargo ships or commercial aircraft. In recent years,
research efforts have been devoted to the manipulation of fluids, using both
passive and active means; passive control can be implemented – for instance
– using riblets (Choi et al. 1993) or discrete roughness elements (White &
Saric 2000). Examples for active control are given by active wave cancellation
(Sturzebecher & Nitsche 2003), opposition control (Hammond et al. 1998), wall-
motion techniques (Quadrio & Ricco 2004) or by linear and nonlinear control
theoretical approaches, using spatially localized convolution kernels (Högberg
et al. 2003) or adjoint-based optimization methods (Bewley et al. 2001).

In this thesis, feedback control is applied using localized sensors and actua-
tors for the mitigation of the perturbations arising in a boundary layer spatially
evolving on a flat plate. The configuration is fully three dimensional (3D) and
resembles experimental setups – see for instance Lundell (2007). The main aim
of our investigation is the delay of transition from laminar to turbulent flow.
Indeed, it is well established that under certain conditions the initial phase
of the laminar-turbulent transition in wall-bounded flows is largely governed
by linear mechanisms (Schmid & Henningson 2001). Thus, the tools of linear
control theory may provide efficient, robust and feasible controllers to delay
transition to turbulence.

Transition from laminar to turbulent flow can be promoted by the growth
of Tollmien-Schlichting (TS) wavepackets; this scenario - often referred to as
classical transition - is usually observed in clean environments characterized by
low levels of free stream turbulence (smaller than 1%). In figure 1.1, the linear
propagation of a localized Tollmien-Schlichting wavepacket is depicted. Iso-
contours of the streamwise velocity component of the disturbance are visualized
at three different instances in time, viewed from above. The direction of the
propagation is from left to right; the perturbation grows in size along the
streamwise-direction and spreads in the spanwise direction, as it propagates.
The structure is 3D, as it can be observed by the bending of the perturbation
along the spanwise direction. In the right panels, the effects of the controller
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Figure 1.1. Evolution of a TS wavepacket at three instants
of time, without control (left column) and with control (right
column). The iso-contours of the streamwise component are
shown in the xz-plane; the same iso-levels are used: red iso-
lines indicate positive velocity, while the negative one is indi-
cated with blue.

are shown. The original structure is distorted into a more complicated three-
dimensional pattern, where traces of the localized actuation are recognizable.
When the perturbation is further convected downstream, a significant damping
of the energy is observed; indeed, the contour levels are barely visible, while
the perturbation for the uncontrolled case attains its maximum energy. When
finite-amplitude disturbances are considered, such a drastic energy reduction
results in a delay of the initial stages of the transition process.

The long-term aim of this research project is to develop numerically reliable
and fast controllers that are suitable for the use in laboratory experiments.
From this point of view, numerical investigations can be useful for wind-tunnel
experiments and provide guidelines for the spatial distribution and shape of
the actuators and sensors.

These investigations, however, pose a significant challenge for the systems
under analysis. Indeed, the complexity of the flows leads to large systems.
For instance, the flat plate case involves about n ≈ 107 degrees of freedom;
the control theory tools cannot easily be applied in this case. An alternative
is provided by model reduction: a low-order model is computed, capturing the
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essential dynamics of the flow, and used for the control design. This strategy al-
lows to easily apply standard tools of control theory and design a fast controller
running on-line simultaneously with the main simulation. Moreover, the analy-
sis of modal structures of the flow provides valuable information. For instance,
the algorithm used in this thesis for the model reduction of the system makes
use of a basis consisting of balanced modes; the information given by the spatial
support of these modes can be used for actuator/sensor placement. Thus, the
analysis of a complex flow can take advantage of modal decompositions.

A second shear flow is analysed in this thesis; proper orthogonal decompo-
sition (POD) and Koopman modes are computed using PIV measurements of
a turbulent confined jet with co-flow. POD is a common method for extracting
coherent spatial structures from a flow, ranked according to the energy content;
the temporal counterpart is provided by the temporal coefficients associated to
the spatial structures. However, the most energetic structures of a flow are not
necessarily the most relevant for the flow analysis; the Koopman modes method
is a novel technique providing an alternative way for analysing the flow. Both
techniques are employed and compared to classical spectral analysis.

The first part of the thesis is organized as follows. In chapter 2, the govern-
ing equation of the flow are introduced. Inputs and outputs are introduced in
the system and briefly described. The modal decompositions used for the flow
analysis are summarized in chapter 3; as an example, the analysis of a confined
turbulent jet is used. Control design and model reduction for the boundary
layer flows are described in chapter 4. Finally, the first part of the thesis fi-
nalizes with a short summary of the papers (chapter 5) and the outlook in the
conclusive chapter 6.



CHAPTER 2

Governing equations

In this chapter the equations used to describe the flow are introduced. In sec-
tion 2.1, the incompressible Navier-Stokes equations and the linearized Navier-
Stokes are briefly described. The design of the linear control requires the intro-
duction of inputs and outputs in the system (section 2.2); the setup described
here, combined with a low-order model of the system and a linear quadratic
controller (LQG), allows to mitigate the perturbation as shown in figure 1.1.

2.1. Navier-Stokes equations and linearization

The Navier-Stokes equations governing the viscous, incompressible flow are
given by

∂u

∂t
= −u · ∇u −∇p+

1

Re
∆u (2.1a)

0 = ∇ · u (2.1b)

The velocity field u(x, t) = (u, v, w)T is a solution of the equation and

p(x, t) indicates the pressure field, both depending on space x = (x, y, z)
T

and on time t ∈ [0, Tf ]; the differential operators appearing in the equa-
tions are the gradient, defined as ∇ = (∂/∂x, ∂/∂y, ∂/∂z), and the laplacian
∆ =

(
∂2/∂x2, ∂2/∂y2, ∂2/∂z2

)
. The equations are written in non-dimensional

form; the velocity is normalized by the reference velocity U∞, the pressure by
the dynamic pressure and the lengths by the displacement thickness at the
inflow position, hereafter indicated with δ∗0 . Thus, the Reynolds number is
defined as

Re =
U∞δ

∗

0

ν
, (2.2)

where ν is the kinematic viscosity. A second definition of the Reynolds number
used in this thesis is based on the distance from the leading edge, x

Rex =
U∞x

ν
. (2.3)

The solution of this set of non-linear partial differential equations is provided
by numerical simulations and is dependent on the initial condition u0 = u (x, 0)
and the imposed boundary conditions; no-slip conditions are imposed on the
wall, whereas in the far field Neumann conditions or Dirichlet conditions can
be imposed. More details on the numerical procedure are included in Chevalier
et al. (2007), where the fully spectral code used for this work is introduced.

6
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Both direct numerical simulations (DNS) and large eddy simulations (LES)
were performed.

Stability analysis and control design are based on the characterization of
the small-amplitude perturbations evolution; to this end, the decomposition

u(x, t) = U(x) + εũ(x, t) (2.4a)

p(x, t) = P (x) + εp̃(x, t) (2.4b)

is inserted in the (2.1). P is the mean pressure and p̃ the pressure perturba-
tion, whereas U(x) is a steady solution of the Navier-Stokes equations. The
linearization is performed neglecting the terms of order ε2; the resulting system,
governing the perturbation velocity ũ (x, t) reads

∂ũ

∂t
= − (U · ∇) ũ − (ũ · ∇)U −∇p̃+

1

Re
∇2ũ (2.5a)

0 = ∇ · ũ (2.5b)

The linearized Navier–Stokes equations set can be discretized in space, resulting
in an initial-value problem

˙̃u(t) = Aũ(t) (2.6a)

ũ(0) = ũ0 (2.6b)

The action of A ∈ R
n×n on ũ ∈ R

n corresponds to evaluating the right-
hand side of the linearized Navier–Stokes equations and enforcing the boundary
conditions.

2.2. Introducing inputs and outputs

As suggested by Bewley (2001), the only requirement to achieve the desired
flow behavior is that suitable control signals are determined based on filtered
information delivered from the sensors. Thus, the relation among the inputs
and the outputs is crucial for an efficient control design. The input-output
dynamics of the system can be described defining a linear state-space system
as

u̇(t) = Au(t) + Bf(t) (2.7a)

y(t) = Cu(t) + Df(t), (2.7b)

where the tilde has been omitted for brevity. The quantity f(t) ∈ R
m denotes

the input and y(t) ∈ R
p is the output the system. The matrix A ∈ R

n×n

represents the action of the Navier-Stokes operator, as already introduced. The
matrices B ∈ R

n×m and C ∈ R
p×n are usually low-rank (i.e. m, p ≪ n)

and describe the spatial distribution of the actuators and sensors, respectively.
Finally, the matrix D ∈ R

p×m is defined as

D =

(
0 0 Il
0 Iα 0

)

, (2.8)

where the vectors Iα ∈ R
p simulates the noisy corruption of the measurements

and the matrix Il ∈ R
k×m represents the control penalty; indeed the energy
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Disturbance

                      B1

Sensors

     C222

Actuators

       B2

Domain to minimize 

disturbance energy

                 C1

     LQG

controller

z(t)

u(t)

v(t)

w(t)

Figure 2.1. Input-output configurations. The input B1 is an
optimal initial condition. The control action is provided by the
input B2, which consists of a row of actuators located. The
output C2 contains an array of sensors used for flow estima-
tion. The effect of the controller is quantified by C1; all the
estimation sensors are connected to all the actuators (central-
ized control).

expended by the actuator has to be limited in order to design an efficient
controller. The formal solution of the stable system (2.7) is given by

y(t) = C

∫ t

−∞

eA(t−s)Bf(s)ds, (2.9)

assuming both the initial condition u0 and the term D to be zero. Note that
the solution given in (2.9) provides a linear mapping from the input signals to
the output signals.

A sketch of the configuration is depicted in figure 2.1, where the actuators
and sensors are schematically indicated. This setup is used for the control of
three-dimensional disturbances in the boundary layer shown in figure 1.1.

The first input B1 is located upstream and models an incoming external
perturbation. In this thesis, the optimal initial conditions leading to the largest
energy growth for a final time are used; a streaky packet is obtained for short
time of optimization, whereas long time leads to a localized initial condition
triggering packets of TS-waves, as shown by Monokrousos et al. (2010). The
second input B2 is the actuator; it consists of an array of elements distributed
along the spanwise direction. Each element of the actuator B2 is represented
by a volume forcing, localized in a region close to the wall. Two sensors are
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used, C1 and C2. The first sensor is located downstream and quantifies the
action of the controller. The second sensor C2 consists of a number of localized
elements, located a short distance upstream of the actuators; the configuration
of the sensors array is the same as that characterizing the actuators line. With
this definitions, (2.7) reads

u̇(t) = Au(t) + B1w(t) + B2φ(t), (2.10a)

z(t) = C1u(t) + Ilφ(t), (2.10b)

v(t) = C2u(t) + Iαg(t), (2.10c)

where the physical shape of the inputs/outputs is given by the matrices B =
(B1, 0,B2) and C = (C1,C2)

T . The temporal behaviour of the system is

described by the input vector f(t) = (w, g, φ)
T

and the output vector y(t) =

(z, v)
T
, respectively. In more detail, the signals φ feed the actuators with a

control signal based on the noisy measurement signals contained in the vectors
v and extracted by the sensors C2; the noise corruption is introduced by the
unit-variance white noise g. The aim is to minimize the perturbation energy in
the region defined by C1; thus the output z can be regarded as the objective
function of the controller. For more details about the configuration, we refer
to Semeraro et al. (2010).



CHAPTER 3

A portrait of the flow: linear and nonlinear

decompositions

In this chapter, two different approaches are introduced for the analysis of
complex flows: the proper orthogonal decomposition (POD) and the Koopman
modes analysis. For both cases, time-resolved PIV measurements of a con-
fined co-flowing turbulent jet are considered; a snapshot from the experimental
measurements is shown in figure 3.1. The two decompositions extract informa-
tion from datasets, obtained either by numerical simulations or experiments.
POD modes represent the most energetic structures of the flow, not related –
in general – to a specific frequency. Conversely, the Koopman modes analysis
allows the identification of flow structures related to a certain frequency; the
associated modes, in this case, can be regarded as harmonic averages.

POD modes are briefly introduced in section 3.1. Koopman modes are
described in section 3.2. A detailed introduction of the Koopman modes is
beyond the scope of this thesis; however the definition is provided and the
numerical procedure - the dynamic mode decomposition (DMD) - is briefly
outlined.

3.1. Proper orthogonal decomposition

Given a set of flow-field snapshots {u1,u2, . . . ,um}, taken from a time interval
[0, Tf ], proper orthogonal decomposition determines the most energetic struc-
tures of the flow by diagonalizing the correlation matrix

R =

∫ Tf

0

uuT dt (3.1)

The eigenfunctions are orthogonal and real-valued and the eigenvalues are real
and positive; thus, it is possible to rank them in descending order. The en-
ergy related to each function is contained in the corresponding eigenvalue. A
projection onto the subspace spanned by m POD modes provides an optimal
finite-dimensional representation of the initial data-set of dimension m (Holmes
et al. 1996).

The temporal information can be recovered projecting back the entire se-
quence of snapshots on the obtained basis or using the bi-orthogonal decompo-
sition (BOD), where a second set of temporal modes is computed by diagonal-
izing the spatial-average cross-correlation (see Aubry 1991). In literature, the

10



3.1. PROPER ORTHOGONAL DECOMPOSITION 11

Figure 3.1. Snapshot of the turbulent jet from the PIV mea-
surements; the streamwise component is shown at t ≈ 1.4. The
color-bar indicates the velocity values.

spatial modes are usually referred as topo-modes, while the temporal modes
are referred as chrono-modes.

The first three POD modes obtained from the analysis of the jet are shown
in figure 3.2; the modes are computed using the snapshot method (Sirovich
1987). The first mode (figure 3.2a) represents the mean flow and is associated to
the largest eigenvalue; the corresponding chrono-mode is constant. The second
and third topo-modes - figure 3.2(b− c) - come in pairs: this is not surprising.
Indeed, the POD modes are real-valued functions and two real-valued functions
are required to describe flow structures traveling as a wavepacket (see, e.g,
Rempfer & Fasel 1994). This is also clear from the analysis of the corresponding
chrono-modes in time domain (figure 3.2d), and spectral domain (figure 3.2e).
Indeed, the frequencies characterizing the time-behaviour are the same for both
the modes. In the latter figure, the frequency is reported in dimensionless
form as St, the Strouhal number, defined as St = f(d/2)/Uc, where f is the
frequency, d is the diameter of the internal jet and Uc a characteristic velocity
of the flow. From the physical point, these modes are related to the flapping
of the turbulent jet.

Thus, POD allows to identify spatial coherent structures and rank them in
descendent order according to the energy contents. Unfortunately, this criterion
is not always a meaningful measure: low-energy structures can sometimes be
more relevant for the flow analysis than high-energy ones.

3.1.1. POD and controllability: an alternative perspective for linear systems

Before describing the Koopman modes analysis, we step back and consider
again (2.10) with inputs and outputs. In particular, when the actuators and
sensors are localized in a small region close to the wall as sketched in figure
2.1, the actuators can manipulate only certain structures of the flow, whereas
the sensors can detect only a limited region of the system. Thus, it is crucial
to identify the states that can be controlled or observed for control design. In
particular, controllability is a property of a state-space realization and measures
of the response of states to control inputs; a controllability test is provided by
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(a) Topo-mode 0, mean-flow

(b) First topo-mode (c) Second topo-mode
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Figure 3.2. In (a−c), the streamwise component is depicted;
in (d) and (e), the solid line indicates the first chrono-mode,
while the dashed dotted line indicate the second chrono-mode.

the controllability Gramian, defined as

P =

∫
∞

0

eAtBBT eA
T tdt, (3.2)

and obtained as the solution of an optimal control problem, (see, e.g., Lewis &
Syrmos 1995). Since the impulse response for the linear system (2.10) is given
by u = eAtB, it is easy to recognize that the Gramian equals the correlation
function (3.1). Thus, the eigenvectors obtained from the diagonalization of (3.2)
can be regarded as POD modes and are characterized by the same properties
listed above. In this context, these modes represent the most controllable
structures of a flow. In control theory, POD analysis is usually referred to as
principal component analysis (PCA).

For sake of completeness, note that an analogous analysis can be under-
taken when observability is considered; like controllability, observability is a
property of the state-space realization and describes the ability to reconstruct
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the states from available measurements. Both concepts are essential for the
identification of the input-output behaviour of a system including sensors and
actuators, as discussed in section 4.1.

3.2. Koopman modes and dynamic mode decomposition

A drawback of POD is related to the temporal description; although frequen-
cies are captured by the chrono-modes, we cannot identify structures related to
only one frequency. Moreover, the correlation function provides second-order
statistics ranked according to the energy content; in general, low-energy struc-
tures can be relevant for a detailed flow analysis. Koopman modes analysis
was recently proposed by Rowley et al. (2009); this method is also available for
experimental measurements.

In order to describe this technique, we need to introduce the definition of
observable. An observable is a function that associates a scalar to a flow field;
in general, we do not have access to the full flow field in experiments: the
velocity – or the other physical quantities – are probed at a point, using hot
wires, or in a plane, using PIV. However, considering a fully nonlinear flow, the
analysis of the observable for a statistically long interval of time is sufficient to
reconstruct the phase space and investigate the flow behaviour. By definition,
the Koopman operator U is a linear mapping that propagates the observable
a (u) forward in time

Ua (u) = a (g (u)) (3.3)

and is associated to the nonlinear operator g. It can be shown that the operator
is linear and unitary as t→ ∞; in this case, the eigenfunctions basis constitutes
an orthonormal expansion basis

Uψj (u) = µjψj (u) , j = 0, 1, 2 . . . (3.4)

where µj denotes the eigenvalues. If a sequence of observables is considered,
starting from an initial condition u0

X = [a (u0) ,a (u1) ,a (u2) , . . .] , (3.5)

an orthogonal projection of the kth sample onto the space spanned by the
Koopman eigenfunctions yields the expression

a (uk) = Uka (u0) = Uk





∞∑

j=0

ψj (u0)φj



 =

∞∑

j=0

µk
jψj (u0)φj (3.6)

The expansion coefficients φj , given by the integral

φj =

∫

a (u0)ψ
∗

j (u0) du0, (3.7)

are defined as the jth Koopman mode associated to the map g. Some interesting
properties characterize these modes:

1. Each Koopman mode is associated with an amplitude that indicates its
significance.
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2. The temporal behaviour is given by the associated Koopman eigenval-
ues; the phase arg(µi) determines its frequency and the magnitude |µi|
determines the growth rate of the mode.

From the physical point of view, the computed modes are harmonic components
of the flow, oscillating at certain frequencies given by the eigenvalues of the
operator. For a periodic case, these modes are Fourier modes; when a linearized
flow is considered, these modes are global modes. For a detailed introduction
to the properties of this decomposition we refer to Mezić & Banaszuk (2004);
Mezić (2005); Rowley et al. (2009); Bagheri (2010).

3.2.1. Dynamic mode decomposition (DMD)

The dynamic mode decomposition (DMD) is an algorithm proposed by Schmid
(2010). Essentially, the DMD algorithm belongs to the category of Arnoldi
methods for the computation of the eigenvalues and the related eigenvectors
of a system: a low-order model of the system is identified, whose eigenvalues
- referred to as Ritz values - approximate the most important eigenvalues of
the true system. In the classical Arnoldi method the basis is computed via
a Gram-Schmidt orthogonalization (Arnoldi 1951; Saad 1980), that requires
a model of the system. An alternative is given by a projection basis defined
using a collection of samples or snapshots (Ruhe 1984). Given a snapshot
(observable) at time tj , the successive snapshot (observable) at a later time
tj+1 is given by

uj+1 = Auj . (3.8)

The defined sequence

Xr+1 = [u1 Au1 Au2 . . . Aur] (3.9)

will gradually become ill-conditioned. Indeed, the columns of the sequence
align progressively to the dominant direction of the operator A. On the other
hand, the last snapshot can be written as

ur+1 = c1u1 + c2u2 + . . .+ crur + ũr+1, (3.10)

expanding it on a basis constituted by the previous r snapshots. Here, ũr+1

indicates the residual error. Defining the sequence Xr as

Xr = [u1 Au1 Au2 . . . Aur−1] , (3.11)

the aim is to minimize the residual such that ũr+1⊥Xr. This can be cast into
the form of a least-square problem, such that the elements cj are given as a
solution of it. Introducing the companion matrix

M =










0 0 · · · 0 c1
1 0 · · · 0 c2
0 1 · · · 0 c3
...

. . .
...

0 0 · · · 1 cr










(3.12)
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Figure 3.3. In (a), the black dot indicates the mean flow
and is associated to the highest amplitude; all the amplitudes
associated to each frequency are reported in (b). In (c) the
most important eigenvalues are shown.

(3.10) is finally re-written as

AXr = XrM + ũr+1e
T
r (3.13)

Thus, the companion matrix propagates forward in time the entire sequence
of snapshots, whereas the last one is reconstructed using the coefficients cj .
The eigenvalues of M approximate the eigenvalues of the real system; the
related eigenvectors are given by Φ̃ = XrT, where T are the eigenvectors
of the companion matrix M. Hence, this algorithm can be used to extract Ritz
values and the related vectors from experimental data or sequence of snapshots
of nonlinear simulations; moreover, as observed by Rowley et al. (2009), it
approximates the Koopman modes.

A drawback of the method is the linear dependency of the dataset. An im-
provement of the algorithm is proposed by Schmid (2010), where a self-similarly
transformed companion matrix M is used, resulting in a better-conditioned
eigenvalue problem.

3.2.2. Brief overview of the results

In figure 3.3(a) the discrete spectrum associated to the Koopman/DMD analy-
sis of a confined co-flowing turbulent jet is shown; as previously noticed, when
the flow is fully developed, the eigenvalues tends to lie on an unitary circle. The
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Figure 3.4. Fifth POD mode; the streamwise component,
(a), and the spectral analysis, (b), are shown.

black dot indicates the mean flow and is associated to the highest amplitude
mode; it corresponds to the first POD mode. The spectrum resulting from the
DMD is discrete; the continuous spectrum is obtained applying the relation
ω = log(µ)/dt, where dt is the sampling time. In figure 3.3(b), the amplitudes
of the modes are represented as function of St. As shown by Rowley et al.
(2009) and Bagheri (2010), the amplitudes allow to select only the modes that
are significant from the physical point of view. Thus, the most relevant fre-
quencies of the flow correspond to the peaks in figure 3.3(b); these are reported
in the spectrum in 3.3(c)

The DMD is able to isolate structures associate to harmonics of the flow.
An interesting example is reported in figure 3.4 and 3.5, where a comparison
between the two techniques is proposed. The fifth POD mode (figure 3.4) show
the simultaneous presence of shear layer phenomena, far downstream in the
domain, and oscillation on the side of the inlet-jet, in the lower-upstream part
of the domain; the resulting spectral analysis confirms the contemporary pres-
ence of lower and higher frequencies, related to the recirculation and shear flow
structures, respectively. Using Koopman modes, it is possible to distinguish
these physical phenomena (figure 3.5). In figure 3.5(a) an elongated lobe ap-
pears in the lower-upstream region of the domain; the structure is associated to
a low frequency, St = 0.01, in agreement with the spectral analysis of the PIV
measurements and POD modes. The shear flow structures are shown in figure
3.5(b−d); the finer structures located downstream in the domain are associated
to higher frequencies and closely resemble the structure already observed.
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(a) St = 0.01 (b) St = 0.04

(c) St = 0.06 (d) St = 0.07

Figure 3.5. The streamwise component of four Koopman
modes is shown. The associated Strohual number is reported
in each label.



CHAPTER 4

Model reduction and flow control

In this section, the linear feedback controller is introduced; the aim is to quench
the perturbations growing in the boundary layer, using a set of localized actu-
ators close to the wall. Unfortunately, standard tools of linear control theory
cannot be applied to large systems; in order to tackle this difficulty, reduced-
order models are identified. The model reduction problem is introduced in
section 4.1, where approximate balanced truncation is briefly outlined. The
design of feedback control is summarized in section 4.2. Finally, a brief review
of the main results is reported in section 4.3. The control of TS-wavepacket is
used as an example; more details about streaks control are included in Semeraro
et al. (2010).

4.1. Model Reduction using balanced truncation

The tools of linear control theory cannot be easily applied to large systems; in
control theory, two different strategies are usually employed: i) Compute a high
dimensional controller, reduce its dimensions and then apply it to the system
you wish to control; ii) Identify a reduced-order model with proper techniques
and build a small controller. In our case the number of degrees of freedom,
n ≈ 107, makes the first approach unfeasible, since the controller would be
of the same dimension as the system. Moreover, from the experimental point
of view, it is more relevant to compute a model of the flow directly from the
measurements and design the control based on it. Thus, the second approach
is applied; the procedure can be briefly outlined as follows:

1. Introduction of inputs and outputs in the linearized Navier-Stokes
model.

2. Identification of a reduced-order model.
3. Design of a small controller, running in parallel with the main simula-

tion.

Reduced-order models can be identified via a projection of the system onto
a low-dimensional subspace, spanned by r ≪ n basis functions, Φ =
(φ1,φ2, . . . ,φr) ∈ R

n×r. Thus, the flow field - or, in general, the state variable
- is approximated as

ũ =
r∑

j=1

qjφj = Φq (4.1)

18
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where q = (q1, q2, . . . , qr)
T ∈ R

r are the scalar expansion coefficients. The
coefficients are computed as

q = Ψ∗u (4.2)

where Ψ = (ψ1,ψ2, . . . ,ψr) ∈ R
n×r are adjoint modes, bi-orthogonal to the

expansion basis Φ. Plugging (4.1) in the input-output system (2.10) and using
the adjoint modes, the resulting reduced model of order r is computed, with
A = Ψ∗AΦ, Bi = Ψ∗Bi and Ci = CiΦ.

Clearly, the choice of the projection basis is crucial for the performance of
the reduced-order system; for instance, the modal decomposition of the system
and the projection onto a basis containing the least stable modes is a classical
way to proceed when unstable systems are considered. However, we aim to
build a model that preserves the dynamics between the actuators and sensors.
Among all the possible flow disturbances, only a portion can be excited by the
inputs and observed by the outputs; in literature, these states are referred as
controllable and observable (see e.g. Glad & Ljung 2001; Bagheri et al. 2009).
With a limited number of inputs and outputs, most of the states are weakly
controllable and observable. Since the control design is based on the dynamics
coupling the actuators and sensors, one way to proceed is to disregard uncon-
trollable/unobservable states. In such a way, the entire input-output behaviour
of the system can be accurately reproduced by a reduced number of states.

Balanced truncation, first proposed by Moore (1981), represents a system-
atic way to perform this reduction. The procedure makes use of the Hankel
operator to define the relation among the inputs and the outputs (Glover 1984);
this operator is defined as

y(t) = Hf(t) =

∫ 0

−∞

CeA(t−s)Bf(s)ds. (4.3)

and maps past inputs signals f(t) to future outputs y(t). As already noticed
in section 2.2, the formal solution of (2.10) also provides a mapping between
inputs and outputs of the system. Unfortunately, the mapping given by this
solution is not a finite rank operator; conversely, it can be shown that the
operator H has at most rank n for a state space of order n, resulting in an
easier mapping to be handled, see Glover (1984).

Using the Hankel operator and the related adjoint operator H∗, we can
quantify the output energy obtained from a past input f(t), by

‖y‖2
L2 = 〈Hf,Hf〉L2 = 〈f,H∗Hf〉L2 . (4.4)

If a given input forcing fi(t) is a unit-norm eigenvector of H∗H, then the output
energy will be given by the square of the corresponding Hankel Singular Value
(HSV) σi

H∗Hfi(t) = σ2
i fi(t). (4.5)

The HSVs are real and positive; thus, they can be ranked according to the
associated energy amplification. The balanced modes φi associated with σi is
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xx

z

z

z

Figure 4.1. Snapshots used for balanced truncation; the
streamwise component is depicted in all the insets. Left panels:
snapshots from simulations at t = 400, 1000, 1600; an initial
condition triggering packet of TS-waves is used. Right panels:
snapshots from the adjoint simulations at t =
−400,−1000,−1600.

defined as

φi =
1

σi
Lcfi (4.6)

where Lc is the controllability operator (see Bagheri et al. 2009a; Semeraro
et al. 2010). In an analogous way, the adjoint balanced modes are defined using
the observability operator. The two sets of modes provide a suitable projection
basis for computing the reduced-order model; moreover, their spatial support
reveals peculiarities of the flow from the input-output point of view and provides
physical insight for sensor/actuator placement. In fact, the resulting balanced
mode φj is the global structure in the flow that is “influenced” by the input Bi

by an amount given by its Hankel Singular Value (HSV). The corresponding
adjoint mode ψj is a flow structure that – if used as an initial condition – will
result in an output energy given by its corresponding HSV. For our application,
an approximate basis of balanced modes - and the associated adjoint set - is
computed using a snapshot-based method (Rowley 2005).

4.1.1. Snapshot method

An essential ingredient in the computation of the balanced modes is the iden-
tification of the controllability Gramian,

P =

∫
∞

0

eAtBB∗eA
∗tdt (4.7)
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and the observability Gramian,

Q =

∫
∞

0

eA
∗tC∗CeAtdt. (4.8)

Both the Gramians are semi-positive definite; thus, the eigenvalues are real and
positive and can be easily ranked. The analysis of the controllability Gramian
allows to identify and rank the states that are more influenced by an input, as
already introduced in the previous section. The observability Gramian identifies
the states that produce the largest output energy; the rank is provided by
the eigenvalue-decomposition of the Gramian Q. The definitions are strictly
connected to the controllability and observability operators (see Bagheri et al.
2009a; Semeraro et al. 2010). Using these operators, it is shown that balanced
modes are equivalently obtained as

PQφi = σ2
i φi, i = 1, . . . , n (4.9)

The adjoint set is represented by the set of left eigenvectors. Following Laub
et al. (1987), a Cholesky decomposition can be performed, such that

P = XX∗, Q = Y∗Y. (4.10)

The Gramians can be computed as solutions of Lyapunov equations, (Green
& Limebeer 1995). The following singular value decomposition (SVD) is per-
formed

Y∗X = UΣV∗. (4.11)

The diagonal matrix Σ contains the HSVs. The direct and adjoint balanced
modes are then given by

Φr = XVΣ−1/2 Ψr = Y∗UΣ−1/2. (4.12)

Unfortunately, the solution of the Lyapunov equations involves a computational
complexity O(n3) and a storage requirement O(n2) making it prohibitive for
high-dimensional systems. The snapshot method is based on the identification
of empirical Gramians (Rowley 2005). Low-rank Cholesky factors are formed
using snapshots collected from the numerical simulations; in particular, snap-
shots are collected marching the simulations forward in time with the inputs
introduced as initial condition, in order to obtain low-order Cholesky factor
X̃ ∈ Rn×ntp; similarly, the Cholesky factor Ỹ can be obtained by sampling
snapshots computed by marching backward in time the adjoint system. Snap-
shots samples are shown in figure 4.1. Using a localized packet triggering
TS-waves as initial condition, three different instants of time are shown in the
left panel, while three snapshots from the adjoint simulation are shown in the
right panel. The number of simulations equal the total number of inputs and
outputs. As long as the number of degrees of freedom n is much larger than
the number of collected snapshots, the method is cheaper than the standard
method.

Using the low-rank Cholesky factors, the approximate direct and adjoint
balanced modes are computed following the procedure previously outlined. In
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Figure 4.2. Balanced modes and related adjoint modes for
the TS waves. Left column: streamwise component of the first
couple of balanced/adjoint balanced modes. Right column:
streamwise component of the third couple of balanced/adjoint
balanced modes.

figure 4.2, the first and third balanced modes, and the associated adjoint modes
are shown for the TS-wavepacket case. In similar way, a set of balanced modes is
computed when considering streaks (see Semeraro et al. 2010). Numerical tests
have shown that the approximate balanced modes are a good approximation to
exact balancing modes and that Σr are close to the true HSVs (Ilak & Rowley
2008; Ahuja 2009; Bagheri et al. 2009a).

In conclusion, note that an equivalent reduced-order model can be identi-
fied directly from the input/output signal analysis using system identification
algorithms. An example is given by the Eigensystem Realization Algorithm
(ERA); it represents an approach formally equivalent to the balanced trun-
cation as shown by Ma et al. (2009), although it is computationally cheaper.
Identification algorithms are particularly suited to experimental setups; indeed,
the model is built on measurements extracted locally and full knowledge of the
flow-field is not necessary.

4.2. Feedback control design

The reduced-order model allows us to easily access the tools of linear control for
the compensator design. The controller is designed using the linear quadratic
Gaussian (LQG) approach; within this approach, the control signal φ has to
be determined, such that an objective function is minimized. In our case, this
criterion reads as follows

E (‖z‖L2) = E

(∫
∞

0

qTCT
1 C1q + φT IT

l Ilφ dt

)

. (4.13)

Thus, the controller provides a control signal φ(t) for the actuators B2, based
on the noisy measurements v(t) extracted from the sensors C2, such that the
mean of the output energy of z is minimized. Moreover, the second term of the
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right-hand side allows to penalize the control effort. The separation principle
states that the problem can be split in two steps, performed independently:

1. The estimation problem consists of an optimization, which can be solved
without any reference to the control problem.

2. It is assumed that the control signal φ(t) can be computed using the
relation

φ(t) = Kq(t), (4.14)

where K is referred to as the control gain.

The so-called compensator consists of an estimator, that provides an estimation
of the flow, and a controller that computes the control input and feeds the
actuators. If each of the two separate problems is stable, the final compensator,
obtained from the optimal estimator and the optimal controller, will be stable.
Moreover, the closed-loop system will be optimal (Anderson & Moore 1990).
For a derivation of the LQG solution, we refer to e.g. Lewis & Syrmos (1995),
Doyle et al. (1989) or Dullerud & Paganini (1999); in the following the two
problems are briefly stated.

4.2.1. Estimation problem

The first step in constructing a controller is to estimate the full state u given
only the noisy measurements v(t). The estimator is defined as

˙̂q(t) = Aq̂(t) +B2φ(t) − L(v(t) − v̂(t)). (4.15)

The reconstructed state is denoted by q̂(t) ∈ R
r and is of the same dimensions

as the reduced model. In the last term of the right-hand side of (4.15), the
noisy measurements v extracted from the sensors C2 are compared with the
measurements v̂ = C2q̂ computed from the estimated state. The estimation
gain L is computed casting an optimization problem, where the estimation
error ‖q − q̂‖ has to be minimized. It can be shown (Kalman 1960) that the
estimation gain is given by

L = −
1

α2
Y CT

2 , (4.16)

where Y ∈ R
r×r is a solution to the algebraic Riccati equation

AY + Y AT − Y CT
2 C2Y +B1B

T
1 = 0 (4.17)

Note that the solution to the Riccati equation for a problem of order n requires
a computational cost of order O(n3), which is intractable for a large system
with n > 105.

4.2.2. Optimal Control

A second optimization problem is formulated in order to compute the control
gain K. We assume that the full state is given by q at all times. Inserting the
feedback relation into (2.10) and neglecting the output v, we get

q̇(t) = (A+B2K)q(t) +B1w(t) (4.18a)

z(t) = C1q(t) + Ilφ(t). (4.18b)
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Figure 4.3. The r.m.s. values of the controlled systems (red
line) are compared with the uncontrolled system (black line).
The location of the actuators and sensors is indicated with a
blue and grey region, respectively.

The gain K is chosen such that the system is stable and the control signal φ(t)
satisfies the objective function (4.13). The solution is provided by a optimal
control state-feedback problem, (see e.g. Anderson & Moore 1990), where the
control signal is given by

K = −
1

2

(
IT
l Il

)−1
BT

2 X, (4.19)

and X is a solution of the Riccati equation

AXT +XA+XB2B
T
2 X + CT

1 C1 = 0. (4.20)

It can be shown that the optimal control signal is given by φ(t) = Kq̂(t), where
K is the control gain computed for the full state and q̂ is the estimated state.
Finally, the LQG compensator is obtained combining the estimator (4.15) and
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Figure 4.4. Energy-density evolution as function of x; the
uncontrolled case (red line) is compared with the respective
controlled case (black line).

the controller

˙̂q(t) = (A+B2K + LC2)q̂(t) − Lv(t) (4.21a)

φ(t) = Kq̂(t). (4.21b)

The main disadvantage of LQG is its limited robustness; indeed, uncertainties
of the underlying system are not accounted for within the framework. The
robustness check can be performed a posteriori, testing the controller at off-
design conditions.

4.2.3. Centralized vs. decentralized approach

The spatial localization of the actuators and the sensors requires a proper
multi-variable approach for the controller design. In the simplest approach
each actuator is connected to only one sensor (in our case, the corresponding
upstream sensor). In such a case, an equal number of actuators and sensors is
required and each loop can be regarded as a single-input-single-output (SISO)
setting; thus, the compensator consists of a number of closed-loops that equals
the number of actuators/sensors. In this case, the controller is called decentral-
ized ; if the decentralized controller is stable in each SISO loop and the inputs
and outputs are decoupled or only weakly coupled, then the closed-loop is also
stable. Conversely, when the system is characterized by strong cross-coupling,
the closed-loop is not guaranteed to be stable. Preliminary tests performed
using DNS show that this approach cannot be applied to our system. Thus, a
centralized control is adopted, where all actuators are connected to all sensors,
as sketched in the inset of figure 2.1.

4.3. Towards laminar-turbulent transition delay

The designed controller is included in the numerical simulations; we analysed
the dynamics of the controlled perturbation within the linear framework, for
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both streaks and TS-waves. The urms as function of the streamwise direction
is shown in figure 4.3. The energy is damped by about one order of magnitude
after the actuation when TS-waves are considered, see figure 4.3(a); the loca-
tion of the sensors and the actuators is marked with a grey and a blue line,
respectively. The controller quenches the propagating disturbance similarly to
opposition controller, transforming the original structure into more complex
3D structure as shown in the introduction, figure 1.1. For the streaks case (fig-
ure 4.3b), a second low-dimensional model is built, using the same typology of
actuators and sensors. A sudden drop of the urms is observed at the actuator
location. The effect of the actuator location is also shown: moving the array
further upstream leads to an improvement of the urms reduction.

When three dimensional TS wavepackets with realistic amplitudes of the
initial perturbation are considered, the energy reduction obtained using the con-
troller results in a delay of the initial stages of the transition process. As shown
in figure 4.4, the original uncontrolled undergoes a rapid energy amplification,
which is delayed when turning on the control. Indeed, mitigation of the en-
ergy is observed soon after the actuation, when the controller is active. Later,
a renewed TS-wavepacket appears and a second energy growth is observed;
however, the entire transition process is delayed by about ∆Rex ≈ 3 × 105.



CHAPTER 5

Summary of the papers

Paper 1

Feedback control of three-dimensional optimal disturbances using reduced-order
models
We apply feedback control to mitigate the growth of small-amplitude three-
dimensional disturbances in boundary layer flows. Numerical simulations are
performed at Reδ∗

0
= 1000, corresponding to Rex ≈ 3 × 105 at the compu-

tational inlet. Low dimension models capture the input-output behavior of
the flat-plate boundary layer; optimal feedback control is designed, based on
a reduced-order model, in combination with localized sensors/actuators (10 to
20 elements). It is shown that with only n = 60 degrees of freedom the entire
input-output behaviour of the full linearized Navier-Stokes, n ≈ 107 system is
captured.

The localized initial conditions introduced provide the maximum energy
growth for a given final time. We demonstrate that the energy of three dimen-
sional Tollmien-Schlichting wavepacket – obtained for long-time optimization –
is damped by two order of magnitude using 9 sensors for the estimation and 9
actuators. The control performance is investigated when reducing the number
of sensors and actuators in the configuration: it was found that a controller
based on a reduced number of actuators affects significantly the performance
of the device. When streaky wavepackets – associated with short time of opti-
mization – are considered, the perturbation energy is damped using 8 sensors
for the estimation and 8 sensor for the actuation.

The influence of the controller effort, the noise contamination of the mea-
surements and the position of the arrays are analysed. Moreover, a robustness
study is carried out. The designed controller schemes are robust also when
strong deviations of the Reynolds number are considered, whereas a less sat-
isfactory behaviour was found when uncertainties of the pressure gradient are
considered.

Paper 2

Transition delay in boundary layer flow using feedback control
Delay of the transition process using a feedback controller based on localized
sensors/actuators is shown. Three dimensional Tollmien-Schlichting wavepack-
ets with realistic initial amplitudes are considered. The controller is designed

27
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using a reduced-order model; the disturbances are mitigated during the early
stage of the propagation, when the flow is still laminar. The action of the
controller resulted in a significant reduction of the perturbation energy of the
disturbance and - later - in a delay of the transition process; a parametric
analysis is carried out, adjusting the controller effort and using different finite-
amplitudes for the initial conditions. The streamwise delay of transition is
estimated in terms of Reynolds number as ∆Rex ≈ 3 × 105.

The analysis of the actuation clearly reveals the excitation of higher order
harmonics; the excitation is related to the three-dimensionality of the controller
action, combined with the non-linearities of the uncontrolled flow. Starting
from this knowledge, a further improvement of the device can be achieved,
including - for instance - the non-linear effects during the modeling process.

Paper 3

Analysis of time-resolved PIV measurements of a confined co-flowing jet using
POD and Koopman modes
Modal analysis by proper orthogonal decomposition (POD) and dynamic mode
decomposition (DMD) of experimental data from a fully turbulent flow is pre-
sented. The flow case is a turbulent confined jet with co-flow, with Reynolds
number based on the jet thickness of Re=10700. Experiments are performed
with time-resolved PIV. The jet is fully turbulent; however the results from
the spectral analysis shows the presence of periodic features, arising from the
flapping of the jet induced by a recirculation zone on the side of the inner jet.

Jet flapping appears as two large structures located downstream on the
first two POD modes. These two modes appear to be coupled to each other;
frequency analysis shows a clear peak at (St = 0.02), in line with previous
experimental results. POD-modes 3, 4 and 5 show the coupling between the
recirculation zone near the inlet and shear-layer oscillation, which is believed
to be the leading sustaining mechanism for the jet flapping. The DMD analysis
clearly isolates these structures, appearing in separate modes; thus, the method
efficiently identifies structures with a single frequency. The peaks found by
spectral analysis of the POD time coefficient are in good agreement with the
frequencies found by DMD. A selection procedure able to retain only the modes
physically relevant is proposed within the DMD framework.



CHAPTER 6

Conclusions and outlook

This chapter contains an overview of the results and few outlines for the future
developments of this work.

Feedback control in boundary layer flows

Numerical simulations of a flat-plate boundary layer have been performed. We
have applied feedback optimal control to quench the arising perturbation; to
this end inputs and outputs have been included in the system. The first in-
put is represented by initial conditions providing a disturbance exploiting the
maximum energy growth for a given final time; the second input is represented
by an array of localized actuators, that act on the the flow. The outputs al-
low us to detect the flow: a set of localized sensors is introduced upstream
of the actuators; the measurements extracted from the flow allow to compute
the control signal which is then fed to the actuators. A second set of sensors
quantifies the action of the controller downstream of the actuators. However,
the complexity of the flow and the number of degrees of freedom arising from
the discretization of the Navier-Stokes equation prohibit the application of the
control theory tools; to tackle these difficulties, the controllers are based on
low-order models, built via a projection onto a suitable expansion basis. Since
modern and robust control is based on the input-output formulation, a success-
ful controller can be designed using a model able to reproduce the dynamics
between the sensors and actuators. To this end, balanced truncation is used.

Within the linear framework, we demonstrate that the energy of three
dimensional Tollmien-Schlichting wavepacket, obtained for long-time opti-
mization, is damped by two orders of magnitude. It was found that a smaller
number of actuators decreases the effectiveness of the controller significantly,
whereas a reduced number of sensors has a smaller impact on the performance.
When an initial condition triggering a streaky wavepacket is considered, the
controller is able to damp by half the perturbation energy.

The drastic reduction of the perturbation energy results in a delay of tran-
sition to turbulence when three dimensional TS wavepacket with realistic am-
plitudes are considered. The controller quenches the disturbances during the
early stage of propagation, when the flow is still laminar, reducing the pertur-
bation energy of the disturbance; this action results - later - in a delay of the
transition process.

29



30 6. CONCLUSIONS AND OUTLOOK

The performance of the control is degraded by the 3D nature of the con-
troller action, combined with the non-linearities of the uncontrolled flow. Thus,
an improvement of the performance can be achieved if the non-linear effects
are explicitly accounted with during the modeling process or a more robust
controller is used. More in general, the techniques of flow analysis tested for
the confined turbulent jet, can provide physical insight on the flow and help us
to improve the controllers.

These approaches can improve the controller performance even in more
realistic cases; in particular, control of bypass transition due to free-stream
turbulence (FST) or natural transition can be undertaken. Note that also
within the linear modeling further improvements can be achieved; novel tech-
niques for the model reduction, less computationally demanding than the bal-
anced truncation, allow for more detailed parametric analysis of the optimal
actuators/sensors placement. This aspect can result essential for the design of
realistic actuators and sensors; indeed, numerical tests can help determining
the most efficient form of actuation, provided these are correctly modeled in
the simulations, and valuable information about th experimental set-up before-
hand. Although flat-plate geometry was considered, this framework can also
be applied to more complex geometries, for example an elliptic leading edge.

Analysis of experimental data

POD and DMD have been applied to experimental data from PIV measure-
ments of a turbulent confined jet with co-flow. The jet is fully turbulent,
however the results from the spectral analysis have shown the presence of pe-
riodic features, arising from the flapping of the jet induced by a recirculation
zone on the side of the inner jet.

Spectral analysis of the PIV measurements, modal analysis by POD and
DMD were used and compared. Jet flapping is identified by the first couple
of POD modes. These two modes appear to be coupled to each other, as
highlighted by the eye-inspection of the spatial structure and the temporal-
analysis of the corresponding temporal modes. A recirculation zone appears on
the side of the jet, which is believed to be the leading sustaining mechanism
for the jet flapping; this mechanism is clearly identified by the DMD analysis
together with the associated frequency.

DMD and POD are snapshot-based methods; thus, the same analysis
framework can be easily applied for more detailed investigations of specific
region of the flow using the same dataset (e.g., the inlet of the jet). Moreover,
the analysis of the same flow with polymers can be undertaken.
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