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Abstract

Fluid phenomena dominated by viscous effects can, in many cases, be modeled by

the Stokes equations. The boundary integral form of the Stokes equations reduces the

number of degrees of freedom in a numerical discretization by reformulating the three-

dimensional problem to two-dimensional integral equations to be discretized over the

boundaries of the domain. Hence for the study of objects immersed in a fluid, such

as drops or elastic or solid particles, integral equations are to be discretized over the

surfaces of these objects only. As outer boundaries or confinements are added these

must also be included in the formulation. This work is focused on the development

and validation of such a wall treatment.

An inherent difficulty in the numerical treatment of boundary integrals for Stokes

flow is the integration of the singular fundamental solution of the Stokes equations

– the so called Stokeslet. To alleviate this problem we developed a set of high-order

quadrature rules for the numerical integration of the Stokeslet over a flat surface. Such

a quadrature rule was first designed for singularities of the type 1/|x|. To assess the

convergence properties of this quadrature rule a theoretical analysis has been per-

formed. The slightly more complicated singularity of the Stokeslet required certain

modifications of the integration rule developed for 1/|x|. To validate the quadrature

rule developed for the Stokeslet against a physical model we use it in a classical prob-

lem in fluid dynamics, the sedimentation of a sphere onto a flat plate. This involves a

direct discretization of the plane wall and at the same time of the immersed sphere.

Without any special treatment the algebraic system given by the discrete problem is

quite memory consuming since matrix blocks are full. By exploring the structure of

the block matrices that build up the system we have found that the wall discretization

leads to a matrix which is generated by only three of its columns. This information

together with certain preconditioning considerations allowed us to use the Schur com-

plement method thus leading to a less memory expensive solution to the algebraic

system.

As a final step it is shown that the numerical simulations match the analytical so-

lution, within the limitations of the model. This wall treatment can be easily extended

to the problem of two parallel walls, and it is also shown that the simulation is in good

agreement with some known results for the two parallel walls problem.
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Part I

Introductory chapters

1





Chapter 1

Introduction

By the Malgrange-Ehrenpreis theorem any linear differential equation with constant coeffi-
cients can be rewritten in integral equation form. An integral equation has the advantage
that it reduces a three-dimensional problem to a problem that is stated only over the two-
dimensional boundaries of the domain. In general, regardless of the dimension of the initial
problem the boundary integral equation has one dimension lower. Another aspect that
favors integral equations is that problems over infinite domains can be studied with ease
in integral form. In the field of fluid dynamics, however, only particular types of flows
are governed by linear equations that can be transformed into integral equations, namely
potential flow and highly viscous flow (Stokes flow).

We shall focus on problems that are modeled by the Stokes equations and give a brief
background on integral equations as applied to viscous flow. The applications that make
use of the boundary integral form range from blood cells in Stokes flow [27] to the motion of
microorganisms [10]. In general multiple bodies immersed in a viscous flow can be simulated
with less difficulty by stating the system of equations in integral form than by solving
the differential equations with the aid of e.g. grid based methods with moving meshes.
Characteristic to boundary integral equations is the description of physical quantities such
as velocity or pressure in terms of integrals over smooth distributions of forces multiplying
specific kernels. These kernels, or fundamental solutions, depend on the physical quantity
they are associated with but also on the geometry of the domain. Hence we may have free-
space kernels or e.g. half-space kernels which assume that the observation field is bounded
by an infinite wall. The method of images is a technique to obtain a modified fundamental
solution which accounts for certain boundaries that confine the flow, see Blake [4]. One
difficulty encountered in all these problems is the numerical integration of the singular
kernel.

The purpose of this thesis is to address certain issues concerning the numerical integra-
tion of specific singular functions. In the first part of this thesis we introduce the Stokes
equations with their corresponding integral formulation and describe the fundamental solu-
tions of Stokes flow. Subsequently we illustrate how to apply the boundary integral equation
to a series of problems that are modeled by the Stokes equations. Further we describe how
to approximate numerically an integral equation and give a brief overview of the existing
discretization and numerical integration techniques. Finally we discuss confinements and
how they are approximated in the boundary integral set-up.

The second part of this thesis contains two manuscripts which present more detailed
studies of numerical integration of singularities. The first paper treats the development of
a set of quadrature rules that handle singular functions of the type 1/|x| in two dimensions

3



4 CHAPTER 1. INTRODUCTION

and 1/|x|γ with γ < 1 in one dimension. The type of quadrature rules we consider here are
specific to the singularity they have been developed for. Our paper presents a theoretical
study of the accuracy of such quadrature rules.

The second paper applies the concepts of the quadrature rules developed for a 1/|x|
singularity to the singular fundamental solution of Stokes flow. This quadrature rule is
validated on the physical problem of a sphere sedimenting towards a flat plate due to
gravity.



Chapter 2

Stokes flow

The motion of a fluid can be accurately modeled by the Navier–Stokes equations which in
their incompressible form are given as

ρ
∂u

∂t
+ ρu · ∇u = −∇p+ µ∆u + ρf , in Ω , (2.1)

∇ · u = 0 .

Here u denotes the flow velocity, p the pressure, ρ the density of the fluid, ν the kinematic
viscosity, while f is a volume force. The equations can be non-dimensionalized by using a
reference velocity U and length scale L, ∗ denotes dimensionless quantities

x∗ =
x

L
, u∗ =

u

U
, t∗ = t

U

L
, p∗ =

pL

µU
. (2.2)

With this change of variables and a subsequent multiplication of the equations by L2/(Uµ)
we have

ρUL2

µL

∂u∗

∂t∗
+
ρUL

µ
u∗ · ∇u∗ = −∇p∗ + ∆u∗ +

ρL2

Uµ
f , in Ω , (2.3)

∇ · u∗ = 0 .

By denoting the time scale of the flow T = L/U and using ν = µ/ρ together with the
following non-dimensional numbers

β =
L2

νT
, Re =

UL

ν
, Fr =

U√
gL
, (2.4)

we obtain the non-dimensional form

β
∂u∗

∂t∗
+Reu∗ · ∇u∗ = −∇p∗ + ∆u∗ +

Re

Fr2
f

f
, in Ω , (2.5)

∇ · u∗ = 0 .

where f = |f |, Re is the Reynolds number, β the Stokes number and Fr the Froude
number. If both β ≪ 1 and Re ≪ 1 the terms on the left-hand side vanish and the
incompressible Navier-Stokes equations simplify to the linear Stokes equations which by
reverting to dimensional variables can be written

5



6 CHAPTER 2. STOKES FLOW

∇p− µ∆u = f , in Ω , (2.6)

∇ · u = 0 .

The Stokes equations are linear with constant coefficients. Such partial differential
equations are much easier to solve both mathematically and numerically compared to the
Navier-Stokes equations. Furthermore they can be recast as integral equations to be solved
over boundaries and this boundary integral form is the basis of the studies presented in this
manuscript.

2.1 Fundamental solutions of Stokes flow

We shall focus on the three-dimensional set-up and state the fundamental solutions of Stokes
flow for this case. Note that in one or two dimensions the fundamental solutions take a
different form. Here we only discuss the free-space Green’s functions and for this reason
the subscript 0 is used.

Consider a point force of magnitude f located at x within a highly viscous flow. This
corresponds mathematically to the Stokes equations (2.6) with the right-hand side given
by fδ(x − x0). The velocity u, pressure p or stress τ at an observation point x0 can be
computed as functions of the relative distance to the point force f as follows

ui(x0) =
1

8πµ
G0,ij(x− x0)fj , (2.7)

where

G0,ij(x− x0) =
δij
|x̂| +

x̂ix̂j
|x̂|3 , (2.8)

with x̂ = x− x0 and δij the Kronecker delta. Or in tensor notation

G0(x− x0) =
I

|x̂| +
x̂⊗ x̂

|x̂|3 , (2.9)

with x̂ ⊗ x̂ is the outer product and I the identity matrix. The fundamental solution G0

is also known as the Stokeslet and it is important to notice that if the points x and x0

coincide the Stokeslet is singular. In a similar fashion the pressure can be expressed as

p(x0) =
1

8π
P0,j(x− x0)fj , (2.10)

with the fundamental solution

P0(x− x0) = 2
x̂

|x̂|3 . (2.11)

The stress τ can be expressed in terms of the Stresslet, T0 as

τik(x0) =
1

8π
T0,ijk(x− x0)fj , (2.12)

with

T0(x− x0) = −6
x̂x̂x̂

|x̂|5 . (2.13)

These physical quantities can be represented by using many other fundamental solutions
depending on the dimension of the problem or e.g. external geometry. However we restrict
ourselves to the basic cases, referring for details to Pozrikidis [20]. Using the above funda-
mental solutions we can state integral equations for Stokes flow as will be discussed in the
next section.
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2.2 Boundary integral equations

Assume an object with surface S immersed in the fluid and a force distribution f over the
surface of the body. A set of derivations based on the Lorentz reciprocal theorem, to be
found in [20], yield an expression for the velocity at a point x0 which is not on the surface
S

uj(x0) =− 1

8πµ

∫

S

fi(x)G0,ij(x− x0)dSx

+
1

8π

∫

S

ui(x)T0,ijk(x− x0)nk(x)dSx, x0 /∈ S .
(2.14)

The first term on the right-hand side is called the single-layer potential and the second term
double-layer potential. Equation (2.14) can be further simplified to obtain simpler formu-
lations, also called indirect boundary integral representations. The single-layer formulation
for Stokes flow reads

ui(x0) =
1

8πµ

∫

S

G0,ij(x− x0)fj(x)dSx, x0 ∈ S . (2.15)

This formulation can represent successfully flows that are internal as well as external to the
domain S. A disadvantage of the single-layer representation, which is in fact a Fredholm
equation of the first kind, is that it is ill-conditioned. This type of formulation is used
extensively in Paper II of this manuscript, where we show that for the problem at hand
the algebraic system can be manipulated such that any potential loss in accuracy due to
ill-conditioning can be overcome by exploiting certain symmetries of the kernel.

Also from (2.14) we can derive a second formulation called the double-layer formulation
which gives

uj(x0) =
1

8π

∫

S

qi(x)T0,ijk(x− x0)nk(x)dSx, x0 ∈ S . (2.16)

As stated here this representation is not complete. It can be shown by eigenvalue analysis
that the double-layer potential is not capable of representing an arbitrary external flow, see
Pozrikidis [20]. However the double-layer potential can be applied to model flows external
to torque-free and force-free bodies, for other fluid phenomena the double layer can be
regularized as explained in [20]. With proper modification the double-layer formulation is
well suited to model also flows external to immersed bodies such as sedimenting particles
[14] or clusters of spheres in elasticity problems [19].

Similar integral equations can be written for the pressure and for the stress. We shall
refer the reader for more details concerning integral equations for Stokes flow to Pozrikidis
[20]. A comparison of the limitations and advantages of various direct or indirect boundary
integral formulations is available in [11]. The expressions listed here (2.14)-(2.16) to describe
the flow can be used to model various multiphase flow problems as will be presented in
Chapter 3.





Chapter 3

Integral formulations for particulate

flows

The use of boundary integrals as a means of modeling viscous flow phenomena offers many
advantages for the study of immersed bodies. We shall describe a number of applications
where simulations are performed by using such a formulation of the mathematical model.
The most important aspect to note upon examining all these models is the simplicity with
which we can treat flows that are external to certain submerged objects regardless whether
they are rigid or deformable particles.

3.1 Solid particles

Assume a single solid body immersed in a Stokes fluid. Over the body surface S we consider
a distribution of forces f . The velocity field u at some point x0 in the fluid or on the body
surface can be computed using the single-layer formulation as

u(x0) =
1

8πµ

∫

S

G0(x− x0)f(x)dSx . (3.1)

We are interested in computing either the flow as perturbed by a prescribed motion of
the submerged particle or the behavior of the particle as affected by an imposed background
flow or a given external force. Since we assumed a solid particle we must require that the
object obeys the rigid body equation of motion

u(x0) = V + Ω× (x0 − xc), x0 ∈ S , (3.2)

where xc is the center of mass of the object, V and Ω represent the translational and
angular velocity. A no-slip boundary condition yields that for x0 ∈ S both (3.1) and (3.2)
have to be simultaneously satisfied, i.e.

V + Ω× (x0 − xc) =
1

8πµ

∫

S

G0(x− x0)f(x)dSx . (3.3)

Let us assume that the solid particle is subject to gravity and we intend to compute
the flow due to the sedimenting particle. Then we have two extra conditions: i) the total
integrated force over the surface of the solid particle must balance the buoyancy force and,

9



10 CHAPTER 3. INTEGRAL FORMULATIONS FOR PARTICULATE FLOWS

ii) no torques are applied to the particle, i.e.

F =

∫

S

f(x)dSx = ∆ρV geg , (3.4)

L =

∫

S

(x− xc)× f(x)dSx = 0 .

Here ∆ρ denotes the density difference, V volume of the object and geg the gravitational
acceleration acting in the eg direction.

In (3.3) the translation and angular velocities V and Ω as well as the distribution
of forces f are unknown. The constraints in (3.4) close the system. Naturally, different
conditions on the integrated force and torque can be applied depending on the problem.

Consider now a neutrally buoyant particle immersed in a flow of velocity u∞, e.g. a
shear flow. By the superposition principle the correction due to the immersed particle is
added to the background flow to yield the total velocity

u(x0) = u∞(x0) +
1

8πµ

∫

S

G0(x− x0)f(x)dSx . (3.5)

To solve for the distribution of forces constraints of the type (3.4) are required together
with the no-slip boundary conditions. In this case we demand that the integrated force
vanishes over the surface of the particle.

All these simple modeling principles can be applied to a wide range of solid particles
ranging from spherical particles to fibers. We have used the same ideas as presented here to
study a sphere sedimenting in an infinite or wall bounded flow, as it will be further discussed
in Paper II.

3.2 Slender bodies

Bodies that have a slender or elongated shape admit an approximate boundary integral
representation that is very efficient from the implementation viewpoint. In Fig. 3.1 we
display such a body, a rotation ellipsoid of axes a, b, c with b = c. If the principal axes of
the ellipsoid, b and a, are such that one is much longer than the other, b/a ≪ 1 we call
the ellipsoid a slender body. In this case it can be assumed that the disturbance flow due
to the presence of the body is approximately the same as that due to a line distribution
of fundamental solutions along its long axis, a. This concept and consequent derivations
were reintroduced by Batchelor [3] following the work of Burgers [5]. Several extensions
and applications of this concept have been used for fibers [7, 25], helical swimmers [10] and
more recently for elongated drops [13].

The slender body is characterized by the slenderness parameter ǫ = a/b ≪ 1, which
is the ratio of its axes. Following Götz the velocity field is taken to be an integral over
the centerline parametrized by s with s ∈ [0, 1] of a distribution α of Stokeslets G and a
distribution β of Doublets GD. Thus the following ansatz is made

u(x) = u∞(x) +

∫ 1

0

α(s)G(x− x0(s)) + β(s)GD(x− x0(s))ds , (3.6)

with

Gij(x̂) =
δij
|x̂| +

x̂ix̂j
|x̂|3 ,

GDij(x̂) =
δij
|x̂|3 − 3

x̂ix̂j
|x̂|5 ,
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Figure 3.1: Sketch of an ellipsoid. If b/a≪ 1 this can be assumed to be a slender body.

where x̂ = x− x0.
In order to obtain a unified expression for the distribution of point forces α and β the

technique of matched asymptotic expansions is used. Without any technical details we
outline the steps as described by Götz [9] :

I. Construct an outer expansion of the ansatz as a power series of ǫ, for points parametrized
by t away from s, |t− s| ≫ ǫ.

II. Obtain an inner expansion in terms of the slenderness parameter ǫ, for points close to
s.

III. Match the two expansion using the principle "Outer limit of the inner expansion =

Inner limit of the outer expansion".

This will yield a composite expansion where the common part of the inner and outer
expansion that matches is removed.

IV. Apply boundary conditions (no-slip) on the slender body surface. Neglecting higher
order terms in ǫ an expression is obtained which is O(ǫ).

V. An integral equation depending on the parameter ǫ is obtained.

We can write a unified equation for a distribution of Stokeslets and Doublets of strength
α across the centerline parametrized by s

u(x) = u∞(x) +
1

8πµ

∫ 1

0

[

G(x− x0(s)) +
ǫ2

2
GD(x− x0(s))

]

α(s)ds , (3.7)

which coincides with (3.6) where we have set

β(s) =
ǫ2

2
α(s) .

This relationship between α and β is chosen such that the angular dependence which
occurs in the composite expansion is eliminated. This is needed since the no-slip boundary
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condition on the slender body is only imposed along the centerline and does not take into
account the cross section of the slender body. This equation holds for a slender body of
any smooth shape. This type of equation has been used in simulations of flexible and rigid
fibers, see [25, 26].

The slender body formulation (3.7) depends on the slenderness parameter ǫ and the
velocity of the center-line is of order O(ǫ2 log ǫ) accurate. The fluid velocity in a point
outside the slender body is of order O(ǫ) accurate all the way up to the fiber surface.

3.3 Deformable objects

Many phenomena involving drop deformation occur in the Stokes-flow regime. Here is given
a brief overview of a boundary integral formulation developed by Rallison and Acrivos [22].
We choose to describe and show simulation results based on our own implementation for
the model applied to a two-dimensional problem. This model has also been used in three
dimensions by many other authors, e.g. [12].

Assume a drop of viscosity µ1 and density ρ1 immersed in a fluid of viscosity µ2 and
density ρ2. We seek to track the deformations as the bubble rises due to buoyancy effects.
We focus on the instability of a rising bubble but the mathematical model we state is also
applicable to studies of drop deformation due to various background flows.

Consider the general formulation of the velocity field - note that we consider the two-
dimensional case and the factor in front of the integral terms is now 1/4π as opposed to the
three-dimensional version stated in (2.14) for a point x0 not on the surface of the drop

uj(x0) = − 1

4πµ

∫

S

G0,ij(x− x0)fi(x)dSx +
1

4π

∫

S

ui(x)T0,ijk(x− x0)nk(x)dSx , (3.8)

where S is the surface of a deformable drop, and f a distribution of point forces over this
surface.

The fundamental solution in the two-dimensional set-up takes the form

G0,ij(x̂) =
x̂ix̂j
|x̂|2 − δij ln|x̂| , (3.9)

T0,ijk(x̂) = −4
x̂ix̂j x̂k
|x̂|4 , x̂ = x− x0 . (3.10)

Since we assumed different viscosities across the interface we have in (3.8) µ = µ1 or
µ = µ2 according to whether x0 is inside or outside the drop. By requiring continuity of
the velocity across the interface Rallison and Acrivos [22] obtained the expression for the
interfacial velocity

uj(x0) =− 1

2πµ1

1

1 + λ

∫

S

G0,ij(x− x0)∆fi(x)dSx+

+
β

2π

∫ PV

S

ui(x)T0,ijk(x− x0)nk(x)dSx ,

(3.11)

where λ = µ1/µ2, β = (1 − λ)/(1 + λ), and the superscript PV in the second integral
represents the principal value.

If we assume the buoyancy acting in the x-direction we will have a distribution of normal
force densities on the surface of the drop as given by ∆f = ∆ρgx. When surface tension
with strength γ is present it contributes to the stress jump across the interface and we have

∆f = (∆ρgx+ γ∇ · n̂)n̂, (3.12)
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(a) a/b = 2/1 (b) a/b = 1/2

Figure 3.2: Rayleigh – Taylor instability for a rising bubble with starting configuration
given by an ellipsoid x2/a2 + y2/b2 = 1. Two different instabilities are observed according
to the ratio a/b (own implementation).

where γ is the surface tension coefficient.
This expression replaces the force density over the interface in (3.11) and what remains

is the integral equation for u(x0), with x0 ∈ S is

uj(x0) =− 1

2πµ1

1

1 + λ

∫

S

G0,ij(x− x0)∆fidSx

+
β

2π

∫ PV

S

ui(x)T0,ijk(x− x0)nk(x)dSx,

(3.13)

The singular integrals in (3.13) that hinder a straightforward implementation of this
model can be reduced by using certain classical identities derived according to e.g. [20]. For
the integral over the Stresslet we have

∫ PV

S

Tijk(x0,x)nk(x)dS(x) = −2πδij , x0 ∈ S , (3.14)

and also for the integral over the Stokeslet

∫

S

Gij(x0,x)ni(x)dS(x) = 0, x0 ∈ S . (3.15)

We exemplify here how to approach the singularity of the double-layer potential by using
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(3.14)

∫ PV

S

ui(x)T0,ijk(x− x0)nk(x)dSx =

∫

S

(ui(x)− ui(x0))T0,ijk(x− x0)nk(x)dSx

+ ui(x0)

∫ PV

S

T0,ijk(x− x0)nk(x)dSx

=

∫

S

(ui(x)− ui(x0))T0,ijk(x− x0)nk(x)dSx − 2πuj(x0) .

(3.16)

In this way the integral was split in one regular term and one integral term that can be
evaluated numerically. In similar fashion the singularity of the single-layer potential can be
eliminated by using (3.15).

In Fig. 3.2 we illustrate simulation results obtained with this formulation for bubbles of
different initial eccentricities.



Chapter 4

Numerical methods for integral

equations

This chapter addresses some aspects of the numerical treatment of integral equations. A
common difficulty shared by most integral equations is the treatment of singular kernels.
Several methods that deal with such kernels have been developed over the years. In some
cases it is possible to analytically integrate the isolated kernel, in other cases it is easier
to use specially designed quadrature rules to numerically evaluate the integral equation.
Nonetheless the integration of singularities is still problem dependent and as such a rather
difficult task.

In the context of numerical treatment of singular integrands we introduce our work
on the development of quadrature rules tailored to specific singular kernels. This set of
quadrature rules is developed in the framework of Nyström’s method. In this chapter we
provide only an overview of the method, details are given in Paper I.

The discussion concerning the numerical integration of singular kernels calls for a review
of numerical methods applicable to integral equations. The most used classes of numerical
methods are collocation methods and Nyström’s method.

Assume the boundary integral equation associated to a one-dimensional problem

u(t) =

∫ b

a

G(t− s)f(s)ds , (4.1)

and the three-dimensional correspondent

u(x0) =

∫

S

G(x− x0)f(x)dSx , (4.2)

where G is the Green’s function and f a distribution of point forces. In the next sections we
will give a short description regarding the numerical treatment of integrals (4.1) and (4.2)
by means of the collocation method as well as by using Nyström’s method. Disregarding
the specific form taken by the kernel G we discuss surface discretization followed by con-
siderations on numerical integration techniques. In order to relate to the work presented in
this thesis we consider that the kernel in the three-dimensional examples is the Stokeslet.

Instead of a special analytic or numerical treatment of the singular kernel it is possible to
regularize the kernel thus eliminating the singular behavior. We shall present the regularized
fundamental solution of Stokes flow in the last section of this chapter.
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4.1 Collocation method

Assume we have a one-dimensional integral equation as in (4.1). First we divide the domain
[a, b] in N distinct intervals and take the nodes si ∈ [a, b], i = 1, . . . , N + 1. We attempt
to find a solution by making the ansatz

f(s) =
∑

j

cjφj(s) , j = 1, . . . , N + 1 , (4.3)

where φj is a basis function and N + 1 is the number of discrete points taken from a to b.
The basis function is taken to be either a linear function or a higher order polynomial such
that φj(si) = δij . In order to retrieve the solution f we need to compute the coefficients
cj with j = 1, . . . , N + 1 and we do so by requiring that f satisfies (4.1) exactly in the
discretization points si. The integral in (4.1) can be integrated by any known quadrature
rule, e.g. the trapezoidal rule. Assume ∆i = si+1 − si then we can approximate

∫ b

a

G(t− s)f(s)ds ≈
N+1
∑

i=1

∆i−1 + ∆i
2

G(t− si)f(si) , (4.4)

where ∆0 = 0. In this expression we substitute the ansatz for f and by using the values of
u(sj) we compute the coefficients cj and ultimately obtain the sought solution f . This is
possible if the kernel G is non-singular, however if G singular special techniques need to be
used. If the kernel G can be integrated over the domain of definition then the integral may
be split by using the singularity subtraction method as

∫ b

a

G(t− s)f(s)ds =

∫ b

a

G(t− s)(f(s)− f(t))ds+ f(t)

∫ b

a

G(t− s)ds , (4.5)

where the first term is non-singular and can be integrated numerically while the last term
can be evaluated analytically (if possible) or numerically.

The singularity can also be treated by using a quadrature rule which has been designed
to handle this specific singularity, e.g. Gaussian quadrature rules as developed for one-
dimensional problems in [24], ideas extended to the boundary integral set-up in [16].

We now turn to the higher dimensional integral equation given by (4.2). A common
approach to the discretization of a smooth surface S is to triangulate it as in Fig. 4.1.
The triangulation we considered here is the simplest possible and uses flat triangles. Using

Figure 4.1: Triangulation of a surface.

a similar representation of f as a linear combination of basis functions, now defined over
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triangles, we integrate
∫

Triangle

G(x− x0)f(x)dSx.

The issue of integrating singular functions over triangles is slightly more intricate and it
shall not be discussed here. We find it necessary though to mention the Duffy quadrature [8]
which is one of the most used numerical integration rules in the field of boundary integrals.
For a more thorough discussion regarding the collocation methods or boundary element
methods we refer the reader to [21].

4.2 Nyström’s method

This method can be regarded as the correspondent of the finite-difference method for integral
equations. In the one-dimensional case (4.1) we can discretize the line [a, b] by taking
discretization points si with si ∈ [a, b]. For the numerical integration using Nyström’s
method no ansatz of the term f is needed. The type of system to be solved requires as
solution the actual point values fi evaluated at discrete points si. Assuming we know the
discrete values of u(sj) and also that G is regular we can use the trapezoidal rule to solve
the system emerging from the following set of equations

u(sj) =

N+1
∑

i=1

∆i−1 + ∆i
2

G(sj − si)f(si), j = 1, . . . , N + 1 . (4.6)

Figure 4.2: Parametrization of a sphere in spherical coordinates.

In the higher dimensional case the Nyström’s method is most suitable for integrating
surfaces that have a parametric representation. For example a sphere of radius R can be
parametrized using spherical coordinates, as in Fig. 4.2. The integral can then be written
as

∫

S

G(x− x0)f(x)dSx =

∫ π

0

∫ 2π

0

G(φ− φ0, θ − θ0)f(φ, θ)R2 sin(θ)dφdθ . (4.7)

This integral can be numerically evaluated by discretizing the angles φ and θ and subse-
quently using e.g. the trapezoidal rule. This example illustrates that in certain situations
Nyström’s method offers a simpler solution to the problem than the collocation method
in terms of domain discretization and numerical integration. The actual integration of the
singularity however has not been discussed yet. The singularity subtraction method may
be employed just as in (4.5). This integral over a sphere is evaluated in Paper II where this
discussion is continued. In the same paper we develop a quadrature rule for integrating the
Stokeslet over flat surfaces.
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4.3 Modified quadrature rules for singular kernels

A part of this thesis is concerned with the integration of kernels of the type s(x) = |x|γ
with γ > −1 in one dimension and s(x) = |x|−1 in two dimensions by using a specially
designed quadrature rule in the framework of Nyström’s method. The type of method
of numerically integrating singular but integrable kernels that we employ in Paper I was
explored by Lyness, [18] and later Kapur et al., [15]. They propose a quadrature which
uses the trapezoidal rule wherever the integrand is non-singular, thus skipping the singular
point. Close to the singularity a correction term is constructed to compensate for the
omitted point. These ideas have been extended to singularities of the type log(|x|) over a
circle in [1] or 1/|x| in the three-dimensional space in [2], though their work lacks formal
convergence proofs. Our work fills in this gap by proving for specific singular functions that
the order of accuracy that can be observed in practice is theoretically justified.

As a preview to Paper I we describe the designed quadrature rule without detailing
the entire construction process. Assume we intend to numerically integrate the integral
∫

S
f(x)s(x)dx where s defined as above is singular at the origin. As a first step we use the

punctured trapezoidal rule, where the singular point is not included in the summation

T 0
h [f · s] =

∑

βh∈S,β 6=0

hdf(βh)s(βh)− 1

2

∑

βh∈∂S

hdf(βh)s(βh).

Here β ∈ Z
2 and h is the interval in space given by the discretization of the domain,

homogeneous in all directions. We shall construct a quadrature rule, Qph which is applied
to the integrand f(x)s(x) in the following fashion

Qph[f · s] = T 0
h [f · s] +Aph[f ].

where the correction operator is given as

Aph[f ] = a(h)
∑

|β|≤p

ωβf(βh), (4.8)

where a(h) has a simple expression which depends on the singularity s(x) and on the grid
spacing h. In the two-dimensional with s(x) = 1/|x| case a(h) = h.

The main task in developing the rule Qph is the computation of the weights ωβ. Note
that in the correction operator Aph the weights ωβ take the place of the singular function
in every discrete point βh and that the correction operator spans a set of discrete points
at a distance of maximum ph from the origin. The parameter p determines the number
of weights ωβ and ultimately determines the convergence order of the modified trapezoidal
rule.

Details on the computation of the weights ωβ are available in Paper I together with a
theoretical analysis of the accuracy and existence of such modified trapezoidal rules. The
set of rules developed for e.g. 1/|x| are O(h2p+3) accurate and are available in Paper I up to
O(h11). Furthermore in Paper I we provide an expression based on which we can directly
compute the weights for the one-dimensional quadrature rules applied to s(x) = |x|γ for any
γ > −1. The same type of method can be used to develop a set of high-order quadrature
rules for the Stokeslet and the extension to the Stokeslet is presented in Paper II.

4.4 Regularized kernels

So far we have regarded the exact integration of the singular kernel as being possible either
analytically or by using special numerical techniques. It is worth mentioning that there
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is another type of approach namely to replace the singular kernel by a regularized kernel.
This technique has been analyzed and developed in [6]. We will mention only that the
regularized Stokeslet which is the non-singular version of the Stokeslet takes the form

Gǫ(x− x0) = (|x̂|2 + 2ǫ2)
I

(|x̂|2 + ǫ2)3/2
+

x̂⊗ x̂

(|x̂|2 + ǫ2)3/2
, (4.9)

where x̂ = x − x0 and ǫ is the regularization parameter. This is an approximation of
the Stokeslet and is obtained by considering that the point force acting at x0 is in fact
a smooth function which acts with maximum intensity in the point x0 and away from x0

decays smoothly. The role of ǫ is to smoothen the Stokeslet. This parameter is chosen to be
fairly small but still not too small compared to the grid resolution in the discrete case. The
regularization has an error of O(ǫ) in a region of size O(

√
ǫ) that surrounds the boundaries.

Further away from the boundaries the error is O(ǫ2).





Chapter 5

Boundaries in Stokes flow

Consider a flow simulation in which we study the interaction of various immersed objects.
The time evolution of a suspension of particles is interesting when their average concen-
tration is maintained constant all throughout the simulation and we can study phenomena
such as clustering or dispersion. Hence, while in some applications is favorable to be able
to treat the free-space case in others it is natural to bound the computational domain.
This can be done with periodic boundary conditions or by introducing walls with no-slip or
free-slip boundary conditions.

A simple solid boundary such as a flat wall is introduced in the classical theory of
boundary integrals by the method of images. To begin with we shall present the basic
principles of the method of images followed by a brief analysis of its limitations. Our work
is directed towards providing an alternative to this traditional method of modeling solid
walls. The approach we suggest involves a direct numerical treatment of the solid boundary.
This wall treatment can be extended to more complicated confinements although the work
in this thesis is concerned with flat walls. In the last section of this chapter we offer some
details concerning our approach to confinement treatment which is further analyzed in Paper
II.

5.1 Method of images

The method of images originated in the field of electrostatics. In order to calculate the
distribution of the electric field of a charge in the vicinity of a conducting surface the mirror
image with respect to a symmetry hyperplane is added. This is done in such a way that the
tangential component of the electrical field to the surface of a conductor is zero and the field
is uniquely defined by the normal component. In electrostatics the potential corresponding
to a point charge at x0 is of the type 1/|x̂| which is similar in expression to a point force in
Stokes flow which is 1/|x̂|+ x̂⊗ x̂/|x̂|3, here x̂ = x−x0, with x being an observation point.

The seminal paper of Blake, [4], gives the recipe of how the method of images should
be applied to Stokes flow such that a modified fundamental solution is obtained. This
fundamental solution contains implicitly the presence of a wall over which a no-slip boundary
condition is imposed. Not all details are reproduced here but a short description of the
derivation is needed in order to stress the advantages and also the limitations of the method
of images.

To start with we consider a point force at x0 of some strength F , see Fig. 5.1 situated
at a distance h from a flat wall given by x3 = 0. The Stokeslet G for an observation point
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x is given as

Gij(r) =
1

8πµ

(

δij
|r| +

rirj
|r|3
)

,

where r = x− x0 as indicated in Fig. 5.1.

x3

x2

x1

h

h

+

x0

−

x
im

0

x

r

R

R0

xw

R0

Figure 5.1: Point force at x0 and its mirror image xim0 .

The mirror image of the point x0 is taken to be xim0 and is of negative strength −F .
The contribution of the image point xim0 yields a fundamental solution

Gimij (R) =
1

8πµ

(

δij
|R| +

RiRj
|R|3
)

+ ωij ,

where R = x− xim0 and ωij is a complementary solution which remains to be determined.
We may write the fundamental solution given by the Stokeslet and the mirror image as

Gwij(r) = Gij(r) +Gimij (R).

We require that at the wall we have a no-slip boundary condition, thus Gwij(r̃) = 0 for
r = xw − x0 with xw a point of the wall x3 = 0, thus

Gimij (xw − xim0 ) = −Gij(xw − x0) . (5.1)

From this we can determine ωij such that it satisfies the Stokes equations and also the
boundary conditions over the wall surface. Ultimately we have an expression for Gwij(r) in

terms of a potential dipole GD and a Stokeslet doublet GSD

Gwij(r) = Gij(r)−Gij(R) + 2h2GDij(R)− 2hGSDij (R) .

where

GDij(R) = ±
(

δij
|R|3 − 3

RiRj
|R|5
)

,

GSDij (R) = R3G
D
ij(R)± δj3Ri − δi3Rj|R|3 .



5.2. DIRECT NUMERICAL DISCRETIZATION 23

with a minus sign for j = 3 and plus sign for j = 1, 2.
We can notice from this derivation of the modified Stokeslet Gwij that it has been devel-

oped specifically for a flat wall. A similar type of reasoning can be applied to consider the
influence of a second parallel wall, see [17]. This is not without difficulties since the for-
mulation involves slowly converging series which have to be evaluated. To circumvent this
inconvenience Staben et al. [23] have performed computations resulting in rather lengthy
expressions. Therefore, although not impossible, the method of images may be cumbersome
to implement in situations that exceed the simple case of one infinite wall.

Confinements given by curvilinear surfaces are even more difficult to explore by using the
method of images. In the next section we will discuss the alternative approach of explicitly
discretizing the wall and numerically imposing boundary conditions over its surface.

5.2 Direct numerical discretization

In the method of images the boundary condition to be imposed at the wall - such as no-slip
and impermeability - is used explicitly in the derivation. Here we directly discretize the
wall which separates this procedure from the choice of boundary conditions.

Assume first that the wall Γ is the only boundary in the computational domain. The
flow velocity at any point x0 ∈ Γ is then given

u(x0) =
1

8πµ

∫

Γ

G(x− x0)fw(x)dΓx , (5.2)

where G is the fundamental solution of Stokes flow (Stokeslet) and fw represents the force
densities at the wall. We seek to solve the inverse problem (5.2) and compute the distribution
of forces that satisfies given boundary conditions on the velocity u. In order to avoid end
effects of a finite plate, we employ periodic boundary conditions in the the wall parallel
directions, effectively rendering the wall infinite. In the boundary integral formulation
periodic boundary conditions are imposed by using rather intricate formulas. Hence the
discussion on the bi-periodic Stokeslet we use to account for periodic boundary conditions
is resumed in Paper II.

Equation (5.2) is singular whenever x = x0. We therefore developed a high-order method
to numerically integrate the singularity of the Stokeslet. The quadrature rule is based on
the trapezoidal rule to which a correction operator is added to account for the singular
behavior of the integrand. The idea is the same as described in Section 4.3 for singular
functions of the type 1/|x|.

To study the advantages and shortcomings of the present approach to wall treatment
we analyze the problem of a sphere in a free-fall trajectory towards a plane wall. By using
superposition we add to equation (5.2) the velocity due to a sedimenting sphere. On the
surface of the wall we impose the no-slip and impermeability conditions u(x0) = 0 for any
x0 ∈ Γ and solve a coupled system for the distribution of point forces over the surfaces of
the wall and sphere and also for the sphere velocity. A complete description of the system
in continuous and discrete form is given in Paper II, where we also compare the simulation
results to the wall-corrected Stokes law.

The discretization of a two-dimensional surface leads to a large, full matrix. However,
we have found that certain symmetries of the matrix arising from the discretization of the
wall allow us to store only three of its columns. The wall used in conjunction with a falling
sphere can thus be algebraically solved by using e.g. the Schur complement method as
explained in Paper II.

The high-order and memory efficient method we developed can be extended to two
parallel walls in a straightforward manner. Although we impose homogeneous Dirichlet
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boundary conditions over the surface of the wall, we can use the same method in combination
with non-homogeneous boundary conditions.



Chapter 6

Future work

The type of quadrature rules that we developed and analyzed in the two papers provided
in this thesis have been applied to the kernel of the Laplace equation – 1/|x|, which is
widely encountered in the field of electrostatics and to the kernel of the Stokes equation –
δij/|x|+xixj/|x|3. The studies performed so far on this class of rules do have some limiting
traits. The rules have been developed for homogeneous spatial resolution in all directions.
It would be of interest to study how the quadrature rules can be adapted to handle different
spacing in the x, y and z directions. The quadrature rule developed for the Stokeslet is in
Paper II applied to the integration over a flat wall in R

3. A natural extension is to study
how this approach can be applied to other geometries such as curved walls etc.

From a more physical point of view it would be appealing to extend the work in Paper
II which is focused on confinement modeling to study wall effects occurring in other areas
of microfluidics. In Paper II we have studied the sphere-wall interaction and this could be
extended to fiber-wall interaction, drop-wall interaction etc. The model problem in Paper
II assumes homogeneous Dirichlet boundary conditions at the wall, but our method can
be applied to handle non-homogeneous boundary conditions as well. It would be worth to
pursue this track in order to find a wider range of applications where the wall treatment
developed here may be of use.
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Chapter 7

Summary of papers

Paper I

The first paper entitled ’Corrected trapezoidal rules for a class of singular kernels’ develops
a type of high-order quadrature that handles singular kernels. In one-dimension we consider
kernels s(x) = |x|γ with γ > −1 and in two-dimensions γ = −1. The core of the manuscript
deals with the theoretical analysis of the accuracy of the developed quadrature rules. We
also provide careful descriptions concerning the techniques used together with implemen-
tation considerations. The rules that have been constructed are investigated numerically
and shown to match the theoretical results. Under the supervision of Olof Runborg and
Anna-Karin Tornberg the author of this thesis has written a large part of the manuscript,
performed the proofs in two dimensions and the numerical computations.

Paper II

The second paper, ’A wall treatment for confined Stokes flow’ extends the principles of
the same type of quadrature rule that has been analyzed in Paper I to the singular kernel
given by the fundamental solution of Stokes equations (i.e. the Stokeslet). A quadrature
rule that integrates the Stokeslet over a flat plate is developed and validated numerically.
This quadrature rule is used to model a wall in the classical problem of a sphere sediment-
ing towards a straight wall. The analytical solution of the sphere-wall problem provides
a good reference case against which we can analyze the strengths and short-comings of
our approach to wall treatment. The author of this thesis developed the quadrature rule
under the supervision of Anna-Karin Tornberg and also the algebraic treatment of the sys-
tem. The author also performed the numerical computations and wrote the manuscript
under the supervision of Anna-Karin Tornberg and Katarina Gustavsson. Appendix B was
contributed by Katarina Gustavsson.
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