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Abstract

Relay networks and cooperative transmission have spurred considerable interest in re-

cent years, promising performance improvements in, e.g., system capacity, robustness and

transmission rate. In this thesis, the focus is on the so-called half-duplex relay channels,

where in the system, a source node wants to transmit a message to a destination node and

a relay node can potentially assist this transmission. The relay is said to be half-duplex in

the sense that it cannot transmit and receive at the same time within the same frequency

band. It is natural to categorize the potential relaying schemes (operations of the relay

node) into two kinds. The relay can either decode the message of the source node, or it

can process its received signal without decoding. The thesis investigates various schemes

of the second kind and they are termed as “relaying schemes without decoding.”

The first part of the thesis is devoted to the approach of instantaneous relaying. The

instantaneous relaying schemes belong to the relaying schemes without decoding, where

the relay node is implemented by a deterministic single-variable function. Both linear

and non-linear functions are investigated and it is demonstrated that the functions with

sawtooth-like shape give higher achievable rates than other functions investigated. Fur-

thermore, the work is extended to half-duplex multiple–access relay channels, where an

extra source node is present. For such channels, the relay’s operation is “instantaneous”

in the sense that it is represented by a deterministic function of two variables. Essentially,

the function handles the received signals from the two source nodes, combining them to-

gether and transmitting the combined signal to the destination node. Novel functions

based on the Archimedean spiral mapping and sawtooth-like functions are proposed and

demonstrated to perform well, using achievable rate regions and achievable sum rates of

the two source nodes as figures of merit.

In the second part of the thesis, the class of relaying schemes without decoding and with

memory is investigated, where for such schemes, information theoretic source and channel

coding with long codewords is used at the relay node. The two predominant schemes of

such kind are the so-called compress-and-forward (CF) and quantize-and-forward (QF)

schemes. The achievable rate results of the two schemes and some of their variants are

derived for static channels. Furthermore, under the assumption of slow fading channels,

with transmitter channel state information (CSIT) not available at the source and relay

nodes, outage probabilities, expected rates as well as diversity–multiplexing trade-offs

(DMT) of the respective schemes are derived and compared. In addition, to compensate

for the loss due to the absence of relay CSIT, a finite-resolution feedback link from the

destination node to the source node is designed for the CF and QF schemes to provide

the relay node with partial CSIT, and thus, the performance of the respective schemes

can be improved. Lastly, the thesis considers the problem of lack of relay CSIT from

another viewpoint. The concept of hybrid digital–analog coding, as is first investigated in

source–channel coding, is adapted and applied at the relay node. Such relaying schemes

are termed hybrid digital–analog relaying schemes and their performance in terms of

expected rate is studied. It is shown that the hybrid schemes significantly outperform

the conventional digital-only (e.g., the CF scheme) and the analog-only schemes (e.g., the

so-called amplify-and-forward scheme).
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Chapter 1

Introduction

I
NFORMATION theory paves the ground of modern communication systems,
which are now integrated and indispensable parts of people’s daily lives. Mobile

phones, the Internet, GPS, computer storages, or virtually anything related with
data storage and transmission has been influenced by information theory. Informa-
tion theory was first developed by Claude E. Shannon in [Sha48] in 1948 and it has
flourished in the sixty years that have passed since then. The reader is referred to
[Ver98] for a brief chronicle regarding the historical development of central prob-
lems in information theory. The problems investigated in this thesis belong to the
classic information theoretic problem of data transmission. Before we introduce the
problems that this thesis focus on, we shall first give some background information
on the two classic topics of information theory.

1.1 Data Compression and Data Transmission

The two fundamental topics of interest in information theory are source coding,
which deals with data compression, and channel coding, which deals with data
transmission (see, e.g, [Ver98, Gal68, CT91, Gra90, Yeu08, EK10]). We introduce
these two topics in the following two subsections, using the classic examples of
source coding of a discrete (stationary) memoryless source (DMS) and channel cod-
ing over a discrete (stationary) memoryless channel (DMC) [CT91, Yeu08, EK10].

1.1.1 Source Coding

The problem of source coding mainly considers the compression of an information
source. Consider a DMS consisting of a finite alphabet X and a probability mass
function (pmf) pX(x) over X . The DMS generates an independent and identically
distributed random process {X1,X2, · · · } where each element is distributed accord-
ing to pX(x). Consider coding this random process by grouping the elements in

1



2 CHAPTER 1. INTRODUCTION

blocks of length n. Denote the length n source sequence as Xn = {X1,X2, · · · ,Xn}.
Define a source code of rate R as follows.

Definition 1.1.1. A (2nR, n) source code of rate R (R ≥ 0) consists of:

1. An encoding function (encoder) ϕ : X n → W, where W =
[

1 : 2⌊nR⌋] =

{1, 2, · · · , 2⌊nR⌋} and ⌊x⌋ denotes the largest integer that is smaller than or
equal to x. The function ϕ assigns an index w ∈ W to each possible realization
of the source sequence Xn.

2. A decoding function (decoder) φ : W → X n that assigns an estimate x̂n ∈ X n

to each index w.

The code defined above describes a source sequence of length n using integers
from the set W. The description uses approximately nR bits (a binary sequence of
length nR) and therefore the rate of this code is R bits per source symbol. Next,
we define an important notion in information theory, namely, the notion of entropy.

Definition 1.1.2. Let X be a random variable with finite alphabet X , and it is
distributed according to a pmf pX(x). The entropy H(X) of X is defined as

H(X) = −
∑

x∈X
pX(x) log pX(x).

Furthermore, define the average probability of decoding error of the above
source code as P (E) = Pr(X̂n 6= Xn). The source coding theorem (see, e.g.,
[CT91, Yeu08]) states that there exists a source code with rate arbitrarily close to
the entropy H(X) that results in arbitrarily small probability of decoding error.
Thus, by using such a code, one can describe the source Xn almost perfectly using
approximately nH(X) bits. Such codes are commonly referred to as lossless source
codes. One can also define a lossy source code with respect to a distortion measure
and the interested reader is referred to standard textbooks of information theory,
e.g., [CT91, Yeu08], for more details.

1.1.2 Channel Coding

The problem of channel coding considers transmission of information over a chan-
nel. A DMC consists of two finite alphabets X and Y and the channel transition
probability pY |X(y|x). The channel is memoryless in the sense that if the channel
is used over n transmissions, we have

pY n|Xn(yn|xn) = Πn
i=1pY |X(yi|xi).

A channel code of length n and rate R is defined as follows.

Definition 1.1.3. A (2nR, n) channel code of rate R (R ≥ 0) consists of:
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W Encoder DecoderpY |X(y|x)
X

n

Y
n

Ŵ

Figure 1.1: A point-to-point communication system using channel coding.

1. A message set W = {1, 2, · · · , 2⌈nR⌉}, where ⌈x⌉ denotes the smallest integer
that is larger than or equal to x.

2. An encoding function (encoder) ϕ : W → X n which yields a set

{xn(w)}2⌈nR⌉

w=1 = {xn(1), xn(2), · · · , xn(2⌈nR⌉)},

where each element in the set is called a codeword and the whole set the
codebook.

3. A decoding function (decoder) φ : Yn → W, which is a deterministic rule to
assign an estimate ŵ ∈ W to each sequences yn coming out of the channel.

Next, we define another important notion in information theory, namely, the
notion of mutual information.

Definition 1.1.4. Let X and Y be a pair of random variables with finite alphabet
X × Y, and they are distributed according to the joint pmf pXY (x, y). The mutual
information I(X;Y ) between X and Y is defined as

I(X;Y ) =
∑

x∈X

∑

y∈Y
pXY (x, y) log

pXY (x, y)

pX(x)pY (y)
,

where pX(x) and pY (y) are the marginal pmf of X and Y , respectively.

A point-to-point communication system using channel coding is depicted in
Fig. 1.1. Assume that the message W to be transmitted is chosen uniformly at
random from the message set W. The message is transmitted with a (2nR, n)
channel code over a DMC. Define the average probability of decoding error as
P (E) = Pr(Ŵ 6= W ), where Ŵ represents the output of the channel decoder. The
channel coding theorem (see, e.g, [CT91, Yeu08]) states that there exists a channel
code with rate arbitrarily close to the mutual information I(X;Y ) that results in
arbitrarily small probability of decoding error. That is, by using such a code, the
message W can be transmitted to the destination and recovered almost perfectly.

The problems we focus on in the thesis belong to the problems of channel coding.
However, we shall see that the principles of source coding, especially those derived
from multi-terminal source coding or source coding with side information (see, e.g.,
[Ber77]), are also an indispensable part of the schemes investigated in the thesis.
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1.2 Networks with Relays

The channel coding system described in Section 1.1.2 is a point-to-point communi-
cation system in the sense that the overall system consists of two nodes, namely, a
source node and a destination node. The source node has information to be trans-
mitted to the destination node. The motivation to add an extra relay node into
the system can be best explained in a wireless system, where due to the broadcast
nature of wireless medium, the transmitted signal from the source node can be
“overheard” by, e.g, a relay node nearby. Thus, the relay node can potentially com-
municate to the destination node to assist the source-to-destination transmission.
Such networks are called relay networks, where one or multiple relay nodes exist.
In practice, relays are used in current mobile cellular networks, where repeaters
(the relay nodes) are placed in the network to re-transmit the signals from the base
station to the mobile terminals to extend coverage. Similar repeaters are commonly
used in wireless local area networks (WLAN) as well for coverage extension. The
concept of cooperative communication also bears similarity to the relay network,
where the relay is essentially another source node (e.g., another mobile terminal
nearby) which has its own information to be transmitted to the destination node.
In this thesis, we shall focus on networks with dedicated relay node (its only pur-
pose is to assist). We shall formally define the general problem we consider in the
thesis in the next section.

1.3 A General Problem Definition

As discussed above, consider a three-node network that consists of a source node, a
destination node and a relay node. The source node wishes to convey a message to
the destination node, and the relay node is present to assist the transmission. The
relay’s operations are subject to the constraint that it cannot transmit and receive
simultaneously, which is motivated by practical applications in wireless communi-
cations (see, e.g., [LTW04]), and hence the name half-duplex relays. We call such
type of channels half-duplex relay channels.

A natural way of designing communication schemes for half-duplex relay chan-
nels is to transmit in blocks. Assume a transmission block consists of ℓ channel
uses. We further divide a block into two sub-blocks, with n and m channel uses
for the first and second sub-blocks, respectively, where n and m are both integers
and n+m = ℓ. Moreoever, denote β = n/ℓ. The source node can transmit in the
whole block, while the relay node listens during the first sub-block and transmits
in the second sub-block. For convenience, we use the terms slot and sub-block
interchangeably in the sequel. Denote xn

1 and xm
3 as the sequences transmitted by

the source node in the first and second slots, respectively, and xm
2 as the sequence

transmitted by the relay node in the second slot. The received sequences in the
destination node in the first and second slots are yn

1 and ym
3 , respectively, and the

one at the relay node in the first slot is yn
2 . The above transmission scheme is
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Figure 1.2: A sketch of the general transmission scheme for half-duplex relay chan-
nels, with the transmission of the first and second slots displayed on the left and
right sides of the figure, respectively.

illustrated in Fig. 1.2. We define a general coding scheme (or relaying scheme) for
half-duplex relay channels as follows.

Definition 1.3.1. A (2ℓR, ℓ) code (or relaying scheme) of rate R (R ≥ 0) for the
half-duplex relay channel consists of

1. A message set W =
{

1, 2, . . . , 2⌈ℓR⌉} at the source node. Henceforth, for
notational convenience, we shall write only 2lR and it will be clear from the
context whether 2⌈ℓR⌉ is intended. We shall also use similar conventions when
defining other message sets.

2. An encoding function (encoder) at the source node ϕ : W → X n
1 ×X m

3 , which
yields a set

{xℓ(w)}2ℓR

w=1 = {xℓ(1), xℓ(2), · · · , xℓ(2ℓR)}.
For a given message w ∈ W, the first n elements of sequence xℓ(w) (denoted
as xn

1 ) is transmitted in the first slot and the last m elements of it (denoted
as xm

3 ) transmitted in the second slot.

3. A relaying function γ : Yn
2 → X m

2 , which maps each received sequence yn
2 to

a sequence xm
2 , that is subsequently transmitted in the second slot.

4. A decoding function (decoder) at the destination node φ : Yn
1 × Ym

3 → W,
which is a deterministic rule to assign an estimate ŵ ∈ W of the original
message w at the source node to each pair of received sequences (yn

1 , y
m
3 ).

Remarks. It is a common assumption that the message of the source node W is
chosen uniformly at random from the message set W (as in Section 1.1.2, or see,
e.g., [CT91, Yeu08, EK10]). We shall use the same assumption throughout the
thesis.
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Definition 1.3.2. The average probability of error Pr(E) for a (2ℓR, ℓ) code is
defined as

Pr(E) = Pr(Ŵ 6= W ).

Definition 1.3.3. A rate R is said to be achievable (thus we call R the achievable
rate) if there exists a sequence of (2ℓR, ℓ) codes such that Pr(E) → 0 as ℓ → ∞.

Remarks. Note that here for convenience, we define the achievable rate with respect
to the average probability of error as in [EK10], instead of the maximum probability
of error as in, e.g., [CT91, Yeu08]. By following similar arguments as in [CT91,
Yeu08], the achievable rate results defined with respect to the average probability of
error can be readily extended to hold also with respect to the maximum probability
of error.

Definition 1.3.4. The capacity of the half-duplex relay channel is defined as the
supremum of all achievable rates.

As can be seen, we require xn
1 and xm

3 to be a function of the message w, the
relay output xm

2 to be a function of its input yn
2 and the decoder output ŵ at the

destination node to be a function of its received sequences yn
1 and ym

3 in the first and
second slots. Thus, the joint probability distribution1 of random variables under
discussion factors as

p(w, xn
1 , x

m
2 , x

m
3 , y

n
1 , y

n
2 , y

m
3 , ŵ)

=p(w) p(xn
1 , x

m
3 |w) p(yn

1 , y
n
2 |xn

1 ) p(xm
2 |yn

2 )p(yn
3 |xm

2 , x
m
3 ) p(ŵ|yn

1 , y
m
3 ).

Note that here we have adopted the convention of dropping the subscripts on the
probability distributions if it is clear from the context what the subscripts are. Note
also that here the random variables have general alphabets. The channel transition
probabilities p(yn

1 , y
n
2 |xn

1 ) and p(xm
2 , x

m
3 |ym

3 ) are given by nature.

Definition 1.3.5. The half-duplex relay channel is said to be memoryless if the
channel transition probabilities factor as

pY n
1 Y n

2 |Xn
1

(yn
1 , y

n
2 |xn

1 ) = Πn
i=1pY1Y2|X1

(y1,i, y2,i|x1,i)

and

pY m
3 |Xm

2 Xm
3

(ym
3 |xm

2 , x
m
3 ) = Πm

i=1pY3|X2X3
(y3,i|x2,i, x3,i).

1Here we do not differentiate discrete and continuous random variables and thus the probability
distribution functions can be either pmfs for discrete random variables or probability density
functions (pdf) (if they exist) for continuous random variables.
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In this thesis, we are interested in finding new codes (new relaying schemes) for
memoryless half-duplex relay channels and evaluating their performance in terms
of, e.g., achievable rates over non-fading channels and probabilities of outage over
slowly fading channels. We shall defer the introduction of fading channels and the
concept of outage till later chapters without causing much confusion here. Next,
we further categorize the problems of interest in the thesis into two kinds according
to the complexity of the relaying function γ, namely, the problem of instantaneous
relaying and the problem of relaying with memory. In the next two sections, we
shall elaborate these two problems in detail.

1.4 Instantaneous Relaying

The problem of instantaneous relaying (or memoryless relaying) is a special case of
the general problem described in Section 1.3, where it is assumed that the relaying
scheme is symmetric, orthogonal and memoryless. The symmetry is defined such
that the length of the first slot is equal to the length of the second slot, i.e., n = m.
The orthogonality comes from the assumption that xm

3 = 0 so that the source node
keeps silent in the second slot and it does not interfere with the transmission of the
relay node. Moreover, the relaying function γ is memoryless in the sense that it is
a deterministic single-variable function defined as

γ : Y2 → X2.

Thus, the relay’s operations are simply to apply function γ element-wise to the
received sequence yn

2 , i.e., x2,i = γ(y2,i) for i = 1, 2, · · · , n, where x2,i denotes the
ith element in sequence xn

2 . Instantaneous relaying is of special practical interests
in certain scenarios, e.g., large sensor networks, due to the simple implementation
of the relay node, which is cost effective and easy for mass deployment.

1.5 Relaying with Memory

Contrary to the philosophy of design simplicity of instantaneous relaying schemes,
the relaying schemes with memory make use of more sophisticated relaying func-
tions, as originally defined in the general problem in Section 1.3, where coding with
long codewords can be applied at the relay node. The relaying functions of such
kind generally fall into two categories based on the characteristic of the relaying
functions. Naturally, upon receiving the signal from the source node, the relay node
can try to decode the message W of the source node. The relaying schemes of such
kind are the so-called decode-and-forward (DF) schemes, which include the original
scheme proposed in [CE79, Theorem 1] and many of its variants. However, it is
obvious that in cases where the source-to-relay link is worse than the source-to-
destination link over non-fading channels, the DF schemes are not helpful since if
the relay node can decode W , the destination node should be able to decode W as
well. In (but not restricted to) such scenarios, it makes more sense at the relay node
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not to decode2 the source message W . Instead, we can treat the received signal at
the relay node as an “information source3” and the relay’s task is to forward this
“information source” to the destination node as accurately as possible to facilitate
the decoding at the destination node. Thus the relay’s operations of such type of
schemes resemble those of source–channel coding, where the “information source” is
first compressed using a source encoder, the output of which is passed subsequently
to a channel encoder and then the output of the channel encoder is transmitted via
the relay-to-destination link. We shall refer to such type of schemes generally as
relaying schemes without decoding with memory.

1.6 Relaying without Decoding

We coin the term relaying schemes without decoding to denote conceptually the
relaying schemes that assume that no decoding of source message W is performed
at the relay node. Naturally this includes the instantaneous relaying schemes men-
tioned in Section 1.4. It also includes the relaying schemes without decoding with
memory, which are described in Section 1.5. As the title of the thesis suggests, in
this thesis, we shall focus on these two types of schemes, and we divide the thesis
into two parts, with each part dealing with one of the specific type of schemes.

1.7 Background and Previous Works

The classic relay channel was first introduced by van de Meulen in [van69, van71].
The channel was systematically studied by Cover and El Gamal from the informa-
tion theoretical channel capacity viewpoint in [CE79], where two fundamental cod-
ing strategies for the channel were developed (see [CE79, Theorem 1 and 6]), which
were later referred to as the decode-and-forward and compress-and-forward (CF)
schemes, respectively. The relay node considered in [van69, van71, CE79] can op-
erate in a full-duplex fashion in the sense that the relay can transmit and receive at
the same time using the same frequency band without interference. For the purpose
of differentiation, we call such type of channels full-duplex relay channels. The exact
capacity of relay channels (either full-duplex or half-duplex) is generally not known
except for certain special cases, e.g., degraded relay channels and reversely degraded
relay channels [CE79]. An upper bound of the capacity of full-duplex relay channels
is proposed in [CE79], which is a special case of the more general cut-set bound (see
[CT91]). Lower bounds of the capacity are also proposed based on the achievability
proofs (the obtaining of the achievable rate result). The achievability results give
some hints on the flavor of the relaying schemes that can be implemented in practi-
cal systems and much of the work thereafter focus on the achievability part, as well

2Decoding partially might help as well in these cases, see, e.g., [CE79, Theorem 7] and [EK10].
However, we shall not discuss such type of schemes in the thesis.

3Here, the “information source” is the in the same sense as that in information theoretical
source coding, as mentioned in Section 1.1 (see also, e.g., [CT91, Yeu08] for details).
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as on the extension of the results to multi-terminal networks (e.g., networks with
multiple relays), see, e.g., [KGG05, GV05, XK05, EMZ06, HM06, Kim08, EK10].
Realizing the difficulty of implementing full-duplex relays, half-duplex relay chan-
nels are considered in [KSA03, LTW04, LV05, HMZ06], where the capacity upper
and lower bounds are proposed similarly as those for full-duplex relay channels.

The concept of instantaneous relaying is used by several authors in [GJ06,
CK08], motivated by the use of simple and easy-to-implement relays. One natural
way of implementing instantaneous relaying functions is to use a linear function,
which simply scales the received signal at the relay node (under some, e.g., average
transmit power, constraints). Such relaying scheme is commonly referred to as the
amplify-and-forward (AF) scheme [LTW04, EMZ06]. However, it is not optimal
in general, especially when the source-to-destination link is present. Works on in-
stantaneous relaying mainly focus on finding good relaying functions that give high
achievable rates, and the reader is referred to [KS10] and the references therein for
a thorough view.

As mentioned in Section 1.5, for the relaying schemes without decoding with
memory, part of the relay is in essence a source encoder. Thus, the relay’s operations
in such type of schemes are closely related to similar problems in source coding.
Particularly, since the received sequence yn

1 at the destination node is correlated to
the “information source” sequence yn

2 at the relay node, techniques developed for
source coding problems in the presence of side information, as in, e.g, Slepian-Wolf
[SW73] and Wyner-Ziv (WZ) [WZ76] problems, can be used here to design the
relaying functions.

One typical scheme of such kind is the CF scheme as in [CE79, Theorem 6]. For
the CF scheme, the relay’s operation can be seem as a two-stage source–channel
coding process. The first stage is essentially based on a source encoder, which
outputs integer indices. The indices are further divided into separate bins and the
binning indices are the input of the second stage, which is a channel encoder. The
binning techniques can be used to effectively utilize the side information at the
destination node, as are used typically in problems of multi-terminal source coding
or source coding with side information (see, e.g., [Ber77, CT91, EK10]).

However, binning, which is essential for the standalone source coding problems,
is not necessary to achieve the rates obtained by using the CF scheme. In [LKEC],
the authors propose a scheme, which we shall refer to as the quantize-and-forward
(QF) scheme throughout the thesis, which achieves the same rates as those of the
CF scheme, without using binning. The relay’s operations of the QF scheme, as
suggested by its name, are similarly to those of the CF scheme, except that no
binning is used and the indices from the output of the source encoder are directly
used as the input of the channel encoder. At the destination node, a joint decoding
is performed instead of the step-by-step decoding used in the CF scheme in [CE79].
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1.8 Outline and Contributions

The thesis is divided into two major parts. Although both parts focus on the
relaying schemes without decoding, the first part (Chapter 3,4 and 5) mainly deals
with the instantaneous relaying schemes with simple deterministic functions, while
the second part (Chapter 6, 7,8, 9 and 10) focuses on the relaying schemes with
memory, where at the relay node, source/channel coding with long codewords is
considered. Chapter 2 introduces common information theoretic definitions used
in the thesis for completeness. It also introduces the Gaussian channel model and
the fading channel model used in subsequent chapters. Chapter 11 concludes the
thesis.

Part I: Instantaneous Relaying

Chapter 3 considers the instantaneous relaying schemes in the setting of an or-
thogonal half-duplex AWGN relay channel (defined in Section 2.4 and 3.1). In the
scenario investigated, the AF scheme (implemented by using a linear function at
the relay node) is not optimal. Thus, a “modulo function” or a “triangular func-
tion” is proposed to be used to implement the relaying functions. Since both these
functions have sawtooth-like shapes we coin the term “sawtooth relaying.” It is
demonstrated that significantly improved achievable rates can be obtained by the
proposed schemes over the conventional AF relaying scheme. The work presented
in this chapter is one of the first works to investigate using non-linear functions
for instantaneous relaying and it has spurred interesting related research, as in
[ZKYS09b, ZKYS09c, ZKYS09a, KS10].

Chapter 4 extends the results of Chapter 3 to a multi-terminal scenario where
an extra source node is present (the so-called multiple–access relay channel). Due
to the presence of the extra source node, the relay node can first combine the re-
ceived signals from the two source nodes, and then process the combined signal
for transmission to the destination node. The relaying schemes in this scenario are
“instantaneous” in the sense that the relay node is implemented by deterministic
two-to-one mappings. Due to the resemblance (of the combining operation) to the
concept of network coding [ACLY00], we term those mappings as analog network
coding mappings. Both linear and non-linear relaying mappings are investigated.
In particular, the Archimedean spiral mapping is proposed to be used for the ana-
log combining, inspired by similar works in source–channel coding. In addition,
the sawtooth-like mappings can be used toward the combined signal for potential
performance improvement, similar to the case discussed in Chapter 3. The pro-
posed coupled spiral–sawtooth mapping is shown via numerical studies to be able
to obtain significant gains over the conventional linear relaying scheme in terms of
achievable rate regions and achievable sum rates of the two source nodes.

The material relating to Part I has previously been presented in works listed
below. The material in [ZKYS09b, ZKYS09c, ZKYS09a] is briefly referred to and
is not explicitly discussed in the thesis.
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[YKS08] S. Yao, M. N. Khormuji, and M. Skoglund. Sawtooth relaying. IEEE
Communications Letters, 12(9):612–614, September 2008

[YS09b] S. Yao and M. Skoglund. Analog network coding mappings in Gaus-
sian multiple-access two-hop channels. In Proc. IEEE Information Theory
Workshop, Volos, Greece, June 2009

[YS09a] S. Yao and M. Skoglund. Analog network coding mappings in Gaussian
multiple-access relay channels. In Proc. IEEE International Symposium on
Information Theory, Seoul, Korea, June 2009

[YS10] S. Yao and M. Skogland. Analog network coding mappings for the Gaus-
sian multiple-access relay channel. IEEE Transactions on Communications,
58(7):1973–1983, July 2010

[ZKYS09b] A. A. Zadi, M. N. Khormuji, S. Yao, and M. Skoglund. Optimized
mappings for dimension-expansion relaying. In Proc. IEEE Workshop on
Signal Processing Advances in Wireless Communications, Perugia, Italy, June
2009

[ZKYS09c] A. A. Zadi, M. N. Khormuji, S. Yao, and M. Skoglund. Rate maxi-
mizing mappings for memoryless relaying. In Proc. IEEE International Sym-
posium on Information Theory, Seoul, Korea, July 2009

[ZKYS09a] A. A. Zadi, M. N. Khormuji, S. Yao, and M. Skoglund. Optimized
analog network coding strategies for the white Gaussian multiple-access relay
channel. In Proc. IEEE Information Theory Workshop, Sicily, Italy, October
2009

Part II: Relaying with Memory

In Chapter 6, the coding schemes and achievable rates of CF and QF relaying
schemes and their variants are presented in detail, with necessary proofs provided.
Unlike the case of the CF scheme, for which it is straightforward to extend the
achievability proof from the full-duplex relay case to the half-duplex relay case, it
is generally non-trivial to provide such an extension for the QF schemes. The main
contribution of this chapter is that such proofs are provided for the QF scheme
and its variants over discrete channels. Furthermore, the achievable rate results
are rigorously extended to AWGN channels, with special attention given such that
the relay’s operations depend only on the channel states of the source-to-relay link.
Such attention is needed for the discussions in later chapters where it is assumed
that the channels are slowly varying and the relay knows only the channel states of
the source-to-relay link (see Section 2.5). Over AWGN channels (defined in Section
2.4), it is shown that the CF/QF schemes and their variants under discussion all
achieve the same rate.
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In Chapter 7, the outage probabilities as well as expected rates (defined in
Section 7.1) of the CF and QF schemes discussed in Chapter 6 are derived and
compared over slow fading channels. Furthermore, simple finite-resolution feedback
schemes from the destination node to the relay node are proposed to improve the
performance of the respective schemes over fading channels. Chapter 8 provides
another view of the CF and QF schemes and the ones with feedbacks discussed
in Chapter 7 over slow fading channels at asymptotically high signal-to-noise ratio
(SNR). The diversity–multiplexing trade-off (DMT) (proposed in [ZT03]) is used
to analyze and compare the performance of the schemes under discussion (CF, QF
schemes and their variants, and the schemes with finite resolution feedbacks). It
is shown that with the help of the low-rate feedback links, the CF schemes can
approach the optimal DMT. Furthermore, it is shown that the QF scheme achieves
the optimal DMT, even without the help of the feedback link.

Chapter 9 provides a different approach (with respective to the approach of
utilizing feedback links) of improving the performance of CF scheme over slow
fading channels, which is inspired by the hybrid digital–analog schemes in source–
channel coding (see, e.g., [SPA02]). Novel hybrid digital–analog relaying schemes
are proposed and their outage probabilities derived. It is shown via numerical
investigation that the proposed hybrid digital–analog relaying schemes can achieve
significant performance improvements compared to those of the digital–only (e.g.,
the CF scheme alone) or the analog–only (e.g., the AF scheme) schemes, using
expected rate (defined in Section 7.1) as the figure of merit.

The material relating to Part II has previously been presented (or is being pre-
pared for possible publication) in [YS07, YS08, YS09d, YS09c, YKSP11a, YKSP11b].

[YS07] S. Yao and M. Skoglund. Dimension expansion relaying for slow fading
channels based on hybrid digital–analog source–channel coding. In Proc. IEEE
Asilomar Conference on Signals, Systems and Computers, Pacific Grove, CA,
November 2007

[YS08] S. Yao and M. Skoglund. Dimension compression relaying for slow fading
channels based on hybrid digital–analog source–channel coding. In Proc. IEEE
International Conference on Communications, Beijing, China, May 2008

[YS09d] S. Yao and M. Skoglund. Hybrid digital–analog relaying for cooperative
transmission over slow fading channels. IEEE Transactions on Information
Theory, 55(3):944–951, March 2009

[YS09c] S. Yao and M. Skoglund. Compress–forward relaying with quantized chan-
nel state feedback. In Proc. IEEE Asilomar Conference on Signals, Systems
and Computers, Pacific Grove, CA, November 2009

[YKSP11a] S. Yao, T. T. Kim, M. Skoglund, and H. V. Poor. Half-duplex relaying
based on quantize-and-forward. In Proc. IEEE International Symposium on
Information Theory, 2011. Submitted
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[YKSP11b] S. Yao, T. T. Kim, M. Skoglund, and H. V. Poor. Relaying without
decoding over half-duplex relay channels. IEEE Transactions on Wireless
Communications, 2011. In preparation

1.9 Notation and Acronyms

Notation

We use the following notation conventions in this thesis. Upper case letters are
used to denote scalar random variables, e.g., X, Y and etc; and power, e.g., P ,
where the distinction should be clear from the context. Calligraphic upper case
letters, e.g., A, are used to denote sets. The logarithm log(·) has a default base
of 2 unless otherwise specified explicitly as logb(·) (with base b). The notation x∗

denotes either the complex conjugate of x or the optimal parameter in a optimiza-
tion problem, where the distinction should be clear from the context. Furthermore,
some of the notations appeared in the thesis are listed below:

xn
1 Sequence of length n, xn

1 = {x1,i, x2,i, · · · , xn,i}.
x1,i The ith element in sequence xn

1 .
{xn(w)}M

w=1 The indexed set of sequences {xn(1), xn(2), · · · , xn(M)}.
EX(·) Expected value with respect to the distribution of random

variable X.
H(X) Entropy of discrete random variable X.
H(X,Y ) Joint entropy of discrete random variables X and Y .
H(Y |X) Conditional entropy of discrete random variables X and Y .
I(X,Y ) Mutual information between random variables X and Y .
h(X) Differential entropy of continuous random variable X.
h(X,Y ) Joint differential entropy of continuous random variables

X and Y .
h(Y |X) Conditional differential entropy of continuous random

variables X and Y .
N (µ, σ2) Gaussian distribution with mean µ and variance σ2.
CN (µ, σ2) Circularly symmetric complex Gaussian distribution with

mean µ and variance σ2.
pX(x) Probability mass function of discrete random variable X.
fX(x) Probability density function of continuous random variable X.
A × B Cartesian product of A and B.
An mth Cartesian product, i.e., An = A × A × · · · × A.
R The set of real numbers.
R+ The set of positive real numbers.
Rm+ mth Cartesian product of R+.
|x| Absolute value of x.
|A| Cardinality of set A.
Ac Complement of set A.
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⌈x⌉ The smallest integer that is larger than or equal to x.
⌊x⌋ The largest integer that is smaller than or equal to x.
[1 : M ] The set of integers {1, 2, · · · ,M}.
.
= Exponential equality. See Section 8.1.1.
:= Definition.
sup Supermum.
inf Infimum.
min Mimimum.
max Maximum.
(x)+ max{x, 0}.

Acronyms

AF Amplify-and-forward
AWGN Additive white Gaussian noise
cdf Cumulative distribution function
CF Compress-and-forward
CSI Channel state information
CSIR Channel state information at the receiver
CSIT Channel state information at the transmitter
dB Decibel
DF Decode-and-forward
DMC Discrete memoryless channel
DMS Discrete memoryless source
DMT Diversity–multiplexing trade-off
HDA Hybrid digital–analog
QF Quantize-and-forward
MAC Multiple-access channel
MARC Multiple-access relay channel
MMSE Minimum mean squared error
MSE Mean squared error
pdf Probability density function
pmf Probability mass function
SNR Signal to noise ratio
WLAN Wireless local area network
WZ Wyner-Ziv



Chapter 2

Basic Definitions and System Models

T
HE notions of entropy and mutual information for discrete random variables
have been introduced in Chapter 1, which are fundamental concepts in infor-

mation theory and are used throughout the thesis. In a nutshell, the notion of
entropy is a measure of the amount of information contained in an information
source and is closely related to source coding. The notion of mutual information,
on the other hand, is closely related to channel coding and channel capacity. In
this chapter, extensions of these notions are introduced, such as the notions of joint
entropy and conditional entropy. Furthermore, in many of the proofs in information
theory, the notions of typical and jointly typical sequences play a vital role. There
are several common definitions of typicality and joint typicality, among which we
present one that we use in the proofs in this thesis. Selected properties of typical
and jointly typical sequences which are used in the thesis are listed. The models
for the discrete memoryless channel, additive white Gaussian channel and fading
channel used in this thesis are defined in detail thereafter.

2.1 Entropy and Mutual Information

We have introduced the definitions of entropy and mutual information in Section
1.1. Here we further define the concepts of joint entropy and conditional entropy
as follows.

Definition 2.1.1. Let X and Y be a pair of random variables with finite alphabet
X ×Y, and they are distributed according to the joint pmf p(x, y). The joint entropy
H(X,Y ) of X and Y is defined as

H(X,Y ) = −
∑

x∈X

∑

y∈Y
p(x, y) log p(x, y).

Definition 2.1.2. Let X and Y be a pair of random variables with finite alphabet
X × Y, and they are distributed according to the joint pmf p(x, y). The conditional

15
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entropy H(Y |X) is defined as

H(Y |X) = −
∑

x∈X
p(x)H(Y |X = x)

= −
∑

x∈X
p(x)

∑

y∈Y
p(y|x) log p(y|x).

The notions of entropy and mutual information for multiple random variables
can be defined similarly. Next, we introduce the notions of differential entropy and
mutual information for continuous random variables.

Definition 2.1.3. Let X be a continuous random variable with probability density
function (pdf) f(x) (if it exists) and support set SX , the differential entropy h(X)
of X is defined as

h(X) = −
∫

SX

f(x) log f(x)dx.

Definition 2.1.4. Let X and Y be a pair of continuous random variables with
joint pdf f(x, y) (if it exists) and support SX × SY . The joint differential entropy
h(X,Y ) of X and Y is defined as

h(X,Y ) = −
∫

x∈SX

∫

y∈SY

f(x, y) log f(x, y).

Definition 2.1.5. Let X and Y be a pair of continuous random variables with
joint pdf f(x, y) (if it exists) and support SX × SY . The conditional differential
entropy h(Y |X) is defined as

h(Y |X) = −
∫

x∈SX

∫

y∈SY

f(x, y) log f(y|x)dxdy.

Definition 2.1.6. Let X and Y be a pair of continuous random variables with
joint pdf p(x, y) and support SX × SY . The mutual information I(X;Y ) between
X and Y is defined as

I(X;Y ) =

∫

x∈SX

∫

y∈SY

f(x, y) log
f(x, y)

f(x)f(y)
dxdy,

where f(x) and f(y) are the marginal pdf of X and Y , respectively.

Lastly, we extend the definitions of differential entropy and mutual information
for continuous (real) random variables to the complex domain. Throughout the the-
sis, we shall treat a complex random variable as a real random vector consisting of
the real and imaginary parts of the complex random variable. Thus, all discussions
in real domain are readily extendible to complex domain. More specifically, we de-
fine the differential entropy and mutual information for complex random variables
as follows. The definition for the case of multiple complex random variables can be
specified similarly.
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Definition 2.1.7. Let X = Xr + jXi be a complex random variable with real part
Xr and imaginary part Xi. Similarly let Y = Yr + jYi. The differential entropy of
X is defined as the joint differential entropy of its real and imaginary part, i.e.,

h(X) = h(Xr,Xi).

The mutual information between X and Y is defined as

I(X;Y ) =I(Xr,Xi;Yr, Yi)

=h(Yr, Yi) − h(Yr, Yi|Xr,Xi)

=h(Y ) − h(Y |X),

where the conditional differential entropy h(Y |X) is similarly defined as

h(Y |X) = h(Yr, Yi|Xr,Xi).

2.2 Typicality and Joint Typicality

We define the ǫ-strongly typical and jointly ǫ-strongly typical sequences (typical
sequences and jointly typical sequences in short) as in [OR01, EK10], which are
useful tools for some of the arguments and proofs in the thesis.

Definition 2.2.1. Let X be a random variable with finite alphabet X , distributed
according to a pmf p(x). Let xn be a sequence with elements drawn from X . Define
the empirical pmf of xn as

π(x|xn) :=
|{i : xi = x}|

n
for x ∈ X .

Let ǫ > 0. Define the set T n
ǫ (X) of ǫ-strongly typical sequences xn (typical set in

short) as

T n
ǫ (X) := {xn : |π(x|xn) − p(x)| ≤ ǫ · p(x) for all x ∈ X }.

Definition 2.2.2. Let X and Y be a pair of random variables with finite alphabet
X × Y, distributed according to the joint pmf p(x, y). Let (xn, yn) be a pair of
sequences with elements drawn from X × Y. Define the joint empirical pmf as

π(x, y|xn, yn) =
|i : (xi, yi) = (x, y)|

n
for (x, y) ∈ X × Y.

Let ǫ > 0. The set T n
ǫ (XY ) of jointly ǫ-strongly typical sequences (xn, yn) is defined

as:

T n
ǫ (XY ) :={(xn, yn) : |π(x, y|xn, yn) − p(x, y)| ≤ ǫ · p(x, y)

for all (x, y) ∈ X × Y}.
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The definition of jointly typical set for multiple random variables follows simi-
larly. For a complete list of the properties of typical and jointly typical sequences,
the reader is referred to [OR01, EK10]. In the following, we present some of the
lemmas used in the thesis. Those are special cases of the corresponding lemmas in
[EK10], in which the related proofs can be found.

Lemma 2.2.1 (Conditional Typically Lemma). Let X and Y be generic random
variables with joint pmf p(x, y) and ǫ > ǫ′ > 0. For xn ∈ Tǫ′(X) and Y n drawn
according to Πn

i=1pY |X(yi|xi), we have

Pr {(xn, Y n) ∈ Tǫ(XY )} → 1 as n → ∞.

Lemma 2.2.2 (Joint Typicality Lemma). Let X and Y be generic random variables
with joint pmf p(x, y) and ǫ > 0. If Ỹ n is distributed according to an arbitrary
pmf p(ỹn) over alphabet Yn, and Xn is distributed according to Πn

i=1pX(xi) and is
independent of Ỹ n, then there exists a function δ(ǫ) → 0 as ǫ → 0 such that

Pr
{(

Xn, Ỹ n
)

∈ Tǫ(XY )
}

≤ 2−n(I(X;Y )−δ(ǫ)).

Lemma 2.2.3 (Packing Lemma). Let X and Y be generic random variables with
joint pmf p(x, y) and ǫ > 0. Let Ỹ n be distributed according to an arbitrary pmf
p(ỹn) over alphabet Yn. Let Xn(w), w ∈ W, be random sequences, each distributed
according to Πn

i=1pX(xi), where the cardinality of W is |W| ≤ 2nR. Assume Xn(w),
w ∈ W is independent of Ỹ n. Then there exists a function δ(ǫ) → 0 as ǫ → 0 such
that

Pr
{(

Xn(w), Ỹ n
)

∈ Tǫ(XY ) for some w ∈ W
}

→ 0

as n → ∞, if R < I(X;Y ) − δ(ǫ).

Lemma 2.2.4 (Covering Lemma). Let X and X̂ be generic random variables with
joint pmf p(x, x̂) and ǫ > 0. Let Xn be distributed according to Πn

i=1pX(xi). Let

X̂n(w), w ∈ W, be random sequences, each distributed according to Πn
i=1pX̂(x̂i) and

independent of Xn, where the cardinality of W is |W| ≥ 2nR. Then there exists a
function δ(ǫ) → 0 as ǫ → 0 such that

Pr
{(

Xn, X̂(w)
)

/∈ Tǫ(XX̂) for all w ∈ W
}

→ 0

as n → ∞, if R > I(X; X̂) + δ(ǫ).
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2.3 Discrete Memoryless Half-Duplex Relay Channels

The discrete memoryless half-duplex relay channel is defined as in Section 1.3,
except that it is further specified that all variables under discussion have discrete
alphabets. The coding scheme is thus similarly defined as in Section 1.3. The
notions of typical and jointly typical sequences defined in Section 2.2 are valid for
such channels and are our main tools in the achievability proof.

2.4 Half-Duplex AWGN Relay Channels

Previously we defined the half-duplex relay channels where all the variables have
discrete alphabets. In this section, we shall define another type of such channels
where the alphabets are continuous. Assume that the transmission is corrupted
by additive white Gaussian noises (AWGN). The half-duplex AWGN relay channels
are defined as in Section 1.3, with the channel transitional probabilities specified
by the following relationships (see also Fig. 2.1).

yn
1 = h1x

n
1 + zn

1 ,

yn
2 = h2x

n
1 + zn

2 ,

ym
3 = h1x

m
3 + h3x

m
2 + zm

3 ,

where hi for i = 1, 2, 3 are real constants, and the elements of zn
1 , zn

2 and zm
3 are

generated independently and identically according to real Gaussian distributions
with zero means and unit variances. Furthermore, Zi for i = 0, 1, 2 are mutually
independent and are independent of other random variables in the system. As a
convention to continuous-valued channels, the transmitters in the source and relay
node have average power constraints over the transmitted sequences in each slot as
follows:

1

n

n
∑

i=1

x2
1,i ≤ P1,

1

m

m
∑

i=1

x2
k,i ≤ Pk for k = 2, 3.

The coding scheme is similarly defined as in Section 1.3. That is, we require xn
1

and xm
3 to be a function of the message w, the relay output xm

2 to be a function of
its input yn

2 and the decoder output ŵ at the destination node to be a function of
its received sequences yn

1 and ym
3 in the first and second slots.

2.5 Half-Duplex AWGN Relay Channels that are Slowly Fading

The AWGN assumption accurately accounts for the effect of thermal noises in the
receivers in a practical communication system. However, in certain communication
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Figure 2.1: A sketch of the relationships of the signals under discussion over a
half-duplex AWGN relay channel.

systems, especially wireless communication systems, the transmitted signals are
often impaired additionally by fading, see [BPS98] and references therein. Slow
fading channels characterize the type of channels that have relatively slowly varying
channel states. This is true, e.g., in a wireless system where the mobile terminals
are moving relatively slowly compared to the transmission rates. If no stringent
delay constraints are demanded, very long transmission blocks (large ℓ) can be used
such that the fading process can be considered to be ergodic. Under such conditions,
the achievable rate can be characterized with respect to the rate averaged over the
fading process. The averaged achievable rate or ergodic capacity is well-studied in
literature and we refer interesting readers to [BPS98] for more details.

In this thesis, we shall consider another common scenario, where the delay con-
straints of the system are stringent, e.g., in speech communication over wireless
channels. Specifically, we assume that the block length ℓ though still large (such
that the information theoretic notion of achievable rate makes sense), is much
shorter than the dynamics of the slow fading process. In such cases, however, the
achievable rates in essence become random entities. In order to study the perfor-
mance of various relaying schemes, we shall consider several alternative measures
that are commonly used in the literature, namely, the outage probability, the ex-
pected rate and the diversity–multiplexing trade-off [BPS98, ZT03].

The system is essentially the same as in Section 2.4 (see also Fig. 2.1), except
that hi for i = 1, 2, 3 are now random variables instead of constants. Furthermore,
previously we deal almost exclusively with real numbers. For the case of relaying
over fading channels, we shall extend our discussion to the complex domain (with
the definition of entropy and mutual information for complex random variables
given in Section 2.1), motivated by the use of the complex baseband model of wireless
systems (see e.g., [Pro00, TV05]). Assume that hi for i = 1, 2, 3 are circularly
symmetric complex Gaussian (see, e.g., [NM93, Tel95, TV05], for the definition)
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with zero means and unit variances, and are mutually independent. Since the
amplitude of hi for i = 1, 2, 3 are Rayleigh distributed, channels of such type are
commonly referred to as Rayleigh fading channels. Further, the channel gains are
assumed to be constant over a fading block of ℓ channel uses and vary independently
from one block to the next. This assumption can usually be fulfilled in practice
using block-wise interleaving. We assume that ℓ is large enough such that the
information theoretic limits of channel coding and rate-distortion source coding are
achievable by standard Gaussian coding arguments.

Throughout, we assume that the source node does not have any channel state
information (CSI), i.e., it has no knowledge of hi for i = 1, 2, 3. The relay and the
destination receivers have perfect CSI. That is, the relay knows h2 perfectly and
the destination knows all channel coefficients. This is motivated by the assumption
that since the channel is varying relatively slowly, the CSI can be estimated by
the receivers with high accuracy by, e.g., transmitting a training sequence with
length proportional to

√
ℓ [BPS98, Cov72]. However, the knowledge of CSI at the

relay transmitter (we shall denote such CSI as CSI at the transmitter, or CSIT
in short), i.e., the knowledge of h1 and h3, varies depending on the different cases
investigated. For the convenience of notation, denote

ci = |hi|2 for i = 1, 2, 3,

and the variances of hi as σ2
i for i = 1, 2, 3. The elements of the AWGN sequences

zn
1 , zn

2 and zm
3 are distributed according to circularly symmetric complex Gaussian

distributions with zero means and unit variances. The transmit power constraints
in the source and relay node are:

1

n

n
∑

i=1

|x1,i|2 ≤ P1,

1

m

m
∑

i=1

|xk,i|2 ≤ Pk for k = 2, 3,

where |x| represents the absolute value of x. The constraints above are sometimes
called short-term power constraints in literature, as in, e.g., [KS07].

Over slow fading channels, with the assumption that the CSI is known in a
forward fashion as described in Section 2.5, we shall apply certain constraints on
the encoding, decoding and relaying functions. Since the source node has no CSI,
the encoding function ϕ should be fixed for all fading realizations (however, it can
potentially depends on the general fading statistics). At the relay node, a perfect
estimation of h2 is available. Therefore, the relaying function can potentially adapt
to h2. However, h1 and h3 are not necessarily availabe depending on the specific
cases studied. The decoding function at the destination node is able to take into
account all the fading realizations.
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Instantaneous Relaying
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Chapter 3

Sawtooth Relaying

S
AWTOOTH functions are non-linear functions that have periodic sawtooth-
like shapes, e.g., the modulo function and the triangular function as depicted

in Fig. 3.2. In this chapter, instantaneous relaying with sawtooth functions is
investigated over a half-duplex AWGN relay channel as defined in Section 2.4.
Furthermore, as stated in Section 1.4, the channel is assumed to be symmetric
and orthogonal in the sense that the length of the first slot is equal to the length
of the second slot, i.e., n = m, and the source node is “silent” in the second
slot, i.e., xm

3 = 0. The relaying functions are “instantaneous” in the sense that
they are constrained to be deterministic single-variable functions γ : Y2 → X2

and the relay node applies such functions element-wise to its received sequence to
obtain a new sequence that is subsequently transmitted to the destination node,
i.e., x2,i = γ(y2,i) for i = 1, 2, · · · , n (see also Section 1.4). The achievable rates (as
defined in Section 1.3) are investigated and comparison made via numerical studies.
It is shown that significantly improved achievable rates of the proposed sawtooth
relaying schemes can be obtained over the conventional relaying scheme using a
linear function (i.e., the AF scheme).

3.1 Preliminaries

The system under discussion is illustrated in Fig. 3.1. Assume we have the following
joint probability density function (pdf) and its expansion:

fX1
(x1) fY1|X1

(y1|x1) fY2|X1
(y2|x1) fY3|Y2

(y3|y2)

=fX1
(x1) fZ1

(y1 − h1x1) fZ2
(y2 − h2x1) fZ3

(y3 − h3γ(y2)),

where Z1, Z2, Z3 are mutually independent real Gaussian with zero means and unit
variances as in Section 2.4, and they are independent of X1, which is an arbitrary
random variables.

Let W = [1 : 2ℓR] be the message set at the source node containing uniformly
distributed messages. Randomly and independently generate 2ℓR codewords xn

1 (w),
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Figure 3.1: A sketch of the system under discussion in this chapter, with n = m.

w ∈ W, each according to Πn
i=1fX1

(x1,i(w)). To transmit message w at the source
node, it sends xn

1 (w). At the destination node, it tries to find a unique w such that
(xn

1 (w), yn
1 , y

n
3 ) ∈ T n

ǫ (X1Y1Y3). It can be readily shown 1 that the following rates
are achievable:

R < sup
γ

sup
fX1 (x1)

1

2
Iγ(X1;Y1, Y3), (3.1)

subject to

1

n

n
∑

i=1

x2
k,i ≤ Pk for k = 1, 2,

where the notation Iγ represents the mutual information obtained with a fixed (but
arbitrary) function γ(·) that satisfies the relay power constraint. We are naturally
interested in finding such optimal input distribution fX1

(x1) and relaying function
γ in (3.1).

3.2 Background

The optimal input distribution fX1
(x1) and the optimal relaying function γ are not

known in general. The content of this chapter (based mainly on [YKS08]) serves
as a first step to this problem and the assumption of Gaussian input distribution
(which is not necessarily optimal) is used, i.e., X1 ∼ N (0, P1)2. Thus, the problem is

1Although we define the concept of jointly ǫ-strong typicality for random variables with discrete
alphabets in Section 2.2 and we shall stick to that definition for the most part of the thesis; here,
it is more convenient to use the definition of jointly ǫ-weak typicality as in [CT91], which directly
applies to random variables with continuous alphabets. The proof for (3.1) is essentially the same
as the proof of the achievability part in [CT91] for the point-to-point AWGN channel capacity.

2To be more precise, the variance of the distribution should be P1 − ǫ for ǫ > 0 such that the
power constraint at the source node is not violated (see [CT91]). The constant ǫ can be made
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simplified to finding good or optimal relaying functions with respect to the Gaussian
input.

One natural candidate for an instantanous relaying function is a linear func-
tion, which simply scales the received signal at the relay node to satisfy the power
constraint, and transmits the scaled version to the destination. It is commonly
used in the literature and is well-known as the amplify-and-forward scheme. The
AF scheme has been shown to be optimal for Gaussian input when the source-
to-destination link is very weak (in essence a two-hop channel) [GJ06]. It is also
shown to achieve the capacity of the relay channel when the number of relays in the
network is large [GV05]. In our scenario (a single relay, with source-to-destination
link present), however, the AF scheme is not necessarily the optimal instantaneous
relaying function (for Gaussian input). Intuitively, when implementing a simple
linear power amplification of the received signal at the relay, the side information
available at the destination from the direct link is not properly utilized.

Inspired by the work on distributed source–channel coding in sensor networks
[WS09], we in [YKS08] propose to use “sawtooth-shaped” relaying functions for
implementing the instantaneous relay. The work in [YKS08] is one of the first
works to investigate non-linear relaying functions for instantaneous relaying and
it has spurred many interesting related research to find both the optimal relaying
function and the optimal input distribution, e.g., [ZKYS09c, KS10]. In many cases,
the performance of the sawtooth relaying functions are shown to be close to that
of the optimal relaying function [ZKYS09c]. However, it seems that the optimal
relaying function and optimal input distribution in general has no closed forms
expressions.

3.3 Reference Schemes

As references, adapting the results in [HMZ06] to the system model we use in this
chapter, we can write the achievable rates of the DF and CF relaying schemes as
follows:

RDF =
1

2
min

{

log (1 + c2P1) , log (1 + c1P1) + log (1 + c3P2)
}

(3.2)

and

RCF =
1

2
log

(

1 + c1P1 +
c2P1

1 + 1+c1P1+c2P1

c3P2(1+c1P1)

)

.

Furthermore, we have an upper bound to the capacity (for relays with memory)
[HMZ06], as

C+ =
1

2
min

{

log (1 + c1P1 + c2P1) , log (1 + c1P1) + log (1 + c3P2)
}

(3.3)

arbitrarily small so that the variance is arbitrarily close to P1. For convenience, we shall denote
the variance simply as P1.
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3.4 Modulo Relaying and Triangular Relaying

In this section, we introduce two instantaneous relaying mappings that can be
used to implement the simple relay. Both functions apply a periodic sawtooth-like
shape with limited peak amplitude (see Fig. 3.2). The intuition behind suggesting
these mappings, is that we are trying to utilize the side information received in the
source-to-destination link to increase the power efficiency in the relay-to-destination
link. Comparing with Wyner–Ziv coding (see [WZ76, CE79] or Section 6.1 for
more details), the amplitude variation during one period of the relay mapping
corresponds to all of the different bins in a random binning scheme. That is, we
divide the range of the received signal y2,i into consecutive non-overlapping regions,
and only the relative amplitude inside each set is conveyed to the destination. The
region to which the original y2,i-value belongs can be recovered with the help of
the source-to-destination link, due to the correlation between y2,i and y1,i (y1,i

can be seen as side information about y2,i), and then an estimated version of y2,i

can be constructed, denoted as ŷ2,i. The destination can then use yn
1 and ŷn

2 to
decode the original message transmitted by the source node. A similar approach
is suggested for source coding in [WS09]. We note that here no separate decoding
steps are used as intuition suggests. The fixed relaying function effectively creates
a point-to-point channel with input xn

1 and output (yn
1 , y

n
3 ) with certain channel

transitional probability, and a joint decoding is carried out directly with yn
1 and yn

3

based on joint typicality.

3.4.1 Modulo Relaying

The first function we propose to use is the symmetric modulo function (see Fig. 3.2),
which is defined as:

Definition 3.4.1. The symmetric modulo function f1(x) with parameter Λ is given
by

f1(x) = x− kΛ for x ∈ [(2k − 1)Λ/2, (2k + 1)Λ/2) (3.4)

where k is an integer.

The memoryless relaying function γ(x) can then be defined as γ1(x) = α1f1(x),
where α1 is the power amplification coefficient to meet the average power constraint
of the relay, i.e, α2

1 = P2/E{f2
1 (Y2)}.

3.4.2 Triangular Relaying

With a slight modification of f1(x), we arrive at the triangular-shaped function
depicted in Fig. 3.2, which is defined as:

Definition 3.4.2. The triangular function f2(x) with parameter Λ is given by

f2(x) = (−1)k(x− kΛ) for x ∈ [(2k − 1)Λ/2, (2k + 1)Λ/2) (3.5)
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Figure 3.2: Modulo and triangular relaying functions.

where k is an integer.

The corresponding instantaneous relaying function is thus γ2(x) = α2f2(x),
where α2

2 = P2/E{f2
2 (Y2)}.

Remarks. Note that the AF scheme is a special case of both the modulo relaying and
triangular relaying schemes when Λ → ∞. Since when Λ is large, both functions
approach a linear function.

3.4.3 Achievable Rates

The achievable rate (as defined in Section 1.3) is used as the figure of merit in our
comparisons. The achievable rates of the relay channel with sawtooth relaying are
given in (3.1). With Gaussian input and a fixed deterministic relaying function,
the rates can be further written as

R <I(X1;Y1, Y3)

=I(X1;Y1) + I(X1;Y3|Y1)

=I(X1;Y1) + h(Y3|Y1) − h(Y3|Y1,X1)

=I(X1;Y1) + h(Y3|Y1) − h(Y3|X1),

where the last equality is due to the presence of the Markov chain Y1 → X1 → Y3.
The closed-form expression for the achievable rate R is complicated. However,
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Figure 3.3: Numerical results of the achievable rates of the DF, AF, CF, modulo
relaying (Mod) and triangular relaying (Tri) schemes and that of the capacity upper
bound (UB).

Monte–Carlo simulation can be used to calculate numerical values for the condi-
tional differential entropies h(Y3|Y1) and h(Y3|X1) in the above equation.

3.5 Numerical Results and Discussions

In this section, numerical results for the achievable rates of the modulo and trian-
gular relaying functions are presented. The rates are maximized over the parameter
Λ of the modulo and triangular functions (see (3.4) and (3.5)) numerically by grid
search. Fig. 3.3 shows the achievable rates for the modulo relaying and triangular
relaying schemes (denoted as Mod and Tri in the figure respectively), as well as the
achievable rates of the DF, AF and CF schemes and the capacity upper bound for
the relay channel with memory (denoted as UB) (see Section 3.3). Here we fix the
SNR of the direct link (source-to-destination link) and that of the source-to-relay
link to be both 10 dB. Then we vary the SNR of relay-to-destination link.
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Figure 3.4: Numerical results of the achievable rates of the DF, AF, CF, modulo
relaying (Mod) and triangular relaying (Tri) schemes and that of the capacity upper
bound (UB).

It can be seen that the modulo relaying scheme achieves better rates than the AF
scheme in all SNR regions considered, and the triangular relaying scheme performs
better than the modulo relaying and AF schemes when the SNR of the relay-to-
destination link is low. (The rate achieved by the DF scheme is the rate of the
direct link in this case due to the equal SNR of the direct link and the source-
to-relay link, see (3.2)). This can be better demonstrated in Fig. 3.4 where the
SNR of the direct link and that of the relay-to-destination link are set to be 10 dB
and −5 dB, respectively. We then vary the SNR of the source-to-relay link. It
can be clearly seen that the triangular relaying scheme achieves better performance
compared with the modulo relaying and AF schemes. Furthermore, a large gain is
observed of both the modulo and triangular relaying schemes compared with the
AF scheme. When the SNR of the relay-to-destination link is high (say 10 dB),
Fig. 3.5 shows that the modulo relaying scheme performs better than the triangular
relaying scheme, and both the modulo and triangular relaying schemes achieve
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Figure 3.5: Numerical results of the achievable rates of the DF, AF, CF, modulo
relaying (Mod) and triangular relaying (Tri) schemes and that of the capacity upper
bound (UB).

significantly improved rates compared with the AF scheme. Thus, the proposed
memoryless relaying mappings to a large extent close the gap between the achievable
rates obtained by the relaying schemes with memory (e.g., DF and CF) and the
memoryless instantaneous relaying schemes.



Chapter 4

Analog Network Coding Mappings

N
ETWORK coding is an efficient way of coding over networks. Contrary to the
conventional method where coding is usually done only at the source nodes,

network coding schemes also implement coding (i.e., combination of the input sig-
nals) at intermediate nodes. In Chapter 3, instantaneous relaying is considered in
a three-node network, where functions with sawtooth-like shapes are shown to per-
form well. In this chapter, we consider a direct extension of the problem considered
in Chapter 3 to a multiple source node scenario. Specifically, the multiple-access
relay channel (MARC) with two source nodes, one relay node and one destination
node is considered. The relaying functions in this case are assumed to be two-to-one
deterministic mappings that are “instantaneous.” Basically the mappings combine
the received signals from the two source nodes analoguely before forwarding them
to the destination node. This resembles the concept of network coding and thus we
terms those mappings analog network coding mappings. The mappings based on the
Archimedean spiral are proposed for analog non-linear combining. In addition, it is
proposed that sawtooth-like mappings (as discussed in Chapter 3) are coupled with
the spiral mapping to further exploit the potential side information provided by
the direct links of the channel. The resulting achievable rate regions and achievable
sum rates are investigated and significant gains over conventional relaying schemes
are demonstrated.

4.1 Preliminaries

4.1.1 Half-Duplex Orthogonal AWGN MARC

Compared with the half-duplex AWGN relay channel defined in Section 2.4 and
discussed in Chapter 3, the half-duplex AWGN MARC considered in this chapter
is similar to it except that an extra source node is present and wants to convey a
message to the destination node as well. We formally define the channel model we
use in this chapter as follows.
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Consider the (two-user) multiple-access relay channel which consists of two
source nodes who want to transmit to a single destination node, with an inter-
mediate relay node assisting the transmission (see Fig. 4.1). The relay node is
half-duplex as defined in Section 1.3. That is, the relay cannot transmit and re-
ceive simultaneously. For ease of practical implementation, it is also assumed that
the two source node transmit in orthogonal channels, i.e., they do not transmit at
the same time. Similar to the schemes described in Section 1.3, one natural way
of designing the transmission protocol for such channels is to transmit in blocks of
length ℓ, which now consists of three time slots (sub-blocks) of equal length n1, with
the two source nodes and the relay node taking turns to transmit. The destination
node always listens and the relay node listens when not transmitting. Furthermore,
the channel is assumed to be corrupted by additive white noises. Let xn

1 and xn
2 be

the transmitted signals of the first and second source nodes in the first and second
time slots, and xn

3 be the transmitted signal of the relay node in the third slot.
At the relay node, the received signals from the first and second source nodes are
denoted as yn

1 and yn
2 , respectively. At the destination node, the received signal

in the first, second and third slots are yn
4 , yn

5 and yn
3 , respectively. The channel

conditions are assumed to be symmetric in the sense that the channel coefficients
from the two source nodes to the relay node are the same. So are the ones from
the two source nodes to the destination node. The transitional probabilities of the
channel can be described in the following relationships (see also Fig. 4.1):

at relay node: yn
1 = h2x

n
1 + zn

1 , yn
2 = h2x

n
2 + zn

2 ,

at destination node: yn
3 = h3x

n
3 + zn

3 , yn
4 = h1x

n
1 + zn

4 ,

yn
5 = h1x

n
2 + zn

5 ,

where h1, h2 and h3 are constant channel coefficients and zn
i i = 1, 2, . . . , 5 are

zero-mean AWGN sequences of unit per-component variance. For convenience,
denote ci = h2

i for i = 1, 2, 3. All transmitters are assumed to have the same power
constraint as

1

n

n
∑

k=1

x2
j,k ≤ P for j = 1, 2, 3.

4.1.2 Instantaneous Relaying in MARC

Consider the instantaneous relaying function γ : R2 → R, which is a two-to-one
deterministic mapping. The output of the relay node is generated (similarly to the
instantaneous relaying schemes over half-duplex relay channels discussed in Chapter
3) element-wise as

x3,i = γ(y1,i, y2,i).

1Here, it is assumed that all time slots have equal length, which is similar to the notion of
symmetry defined in Section 1.4 and used throughout Chapter 3.
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Figure 4.1: The multiple-access relay channel with two source nodes, one destina-
tion node and one relay node. Orthogonal transmission is applied, i.e., the two
source nodes and the relay node transmit in three different time slots.

Furthermore, the relaying function satisfies the power constraint at the relay node
such that E(γ2) ≤ P . The coding scheme works as follows.

Assume the joint probability distribution expands as follows:

fX1
(x1) fX2

(x2) fY1Y2|X1X2
(y1, y2|x1, x2)

× fY3|Y1,Y2
(y3|y1, y2) fY4Y5|X1X2

(y4, y5|x1, x2)

=fX1
(x1) fX2

(x2) fZ1
(y1 − h2x1) fZ2

(y2 − h2x2) fZ3
(y3 − h3γ)

× fZ4
(y4 − h1x1) fZ5

(y5 − h1x2),

where Zi for i = 1, 2, · · · , 5 represent the distributions of the AWGN and X1 and
X2 represent arbitrary input distributions which satisfy the power constraints at
the respective source node.

The two source nodes have uniformly distributed messages

w1 ∈ {1, 2, . . . , 2ℓR1} and w2 ∈ {1, 2, . . . , 2ℓR2}

and they are transmitted via codewords from the codebooks {xn
1 (w1)}2ℓR1

w1=1 and

{xn
2 (w2)}2ℓR2

w2=1, which are generated according to the input distributions fX1
(x1)

and fX2
(x2). For a fixed instantaneous relaying function γ, the following rate

regions are achievable:

R1 <
1

3
I(X1;Y(D)|X2), (4.1)

R2 <
1

3
I(X2;Y(D)|X1), (4.2)

R1 +R2 <
1

3
I(X1,X2;Y(D)), (4.3)
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where YD = (Y3, Y4, Y5). This can be readily proved by considering the system
as a multiple–access channel (MAC) [CT91] with two senders and channel tran-
sition probability fYD|X1X2

(yD|x1, x2). Thus, by following the same lines as the
achievability proof of the capacity region of the MAC (see, e.g. [CT91, Yeu08]), the
above rates can be shown to be achievable. Furthermore, as in Chapter 3, here, it is
assumed that the input distributions are independent Gaussian distributions with
variances P . The focus in the following sections is then to study the achievable rate
regions of various instantaneous relaying functions γ in this setup.

4.1.3 Background

The capacity outer and inner bounds of the MARC have been studied in [KvW00,
KGG05, SKM04b, SKM04a] and conventional coding schemes for the classic three-
node relay channel, e.g., the DF and CF schemes [KGG05, CE79, HMZ06], can be
readily extended to the MARC. For the instantaneous relaying schemes considered
in this chapter, as mentioned previously, since two-to-one deterministic mappings
are used at the relay node, the relay “merges” the two received signals before for-
warding them to the destination. It resembles the concept of network coding, where
information is combined at intermediate nodes [ACLY00]. The mappings are called
analog network coding mappings, in the sense that the combining is done in the
analog domain, in contrast to conventional finite-field network coding requiring de-
coding before combining. Similar approaches have been investigated in [KMG+07]
for the two-way and multicast relay channels, where the combining (essentially a
linear mapping with addition) occurs naturally due to the non-orthogonality of the
source transmission. Related ideas based on “soft combining” in a similar setup with
practical codes (using iterative decoding) were proposed in, e.g., [YK07, ZKBW08].
The mappings investigated in this chapter include the Archimedean spiral mapping,
the use of which is inspired by previous work in the context of source–channel cod-
ing [Chu00, HOR05, HFR09, CM06]. The idea of sawtooth mappings (as discussed
in Chapter 3 and in [YKS08]) also influences the mapping design in this chapter.

4.2 Reference Schemes

4.2.1 Upper Bound

An upper bound on the rate region of the discussed system with combining in the
relay can be derived as (the proof can be found in Appendix 4.A)

R1 <
1

3
min {I(X1;Y1, Y4), I(X1,X3;Y3, Y4)}

= min

{

1

6
log (1 + c1P + c2P ) ,

1

6
log (1 + c1P ) +

1

6
log (1 + c3P )

}

,
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R1 +R2 <
1

3
min {I(X1,X2;Y1, Y2, Y4, Y5), I(X3;Y3) + I(X1,X2;Y1, Y2)}

=
1

3
min

{

log (1 + c1P + c2P ) , log (1 + c1P ) +
1

2
log (1 + c3P )

}

, (4.4)

where R2 has the same bound as R1 due to symmetry.

4.2.2 Traditional Routing

As a reference system, we assume that no combining is applied at the relay. That
is, we assume that a transmission unit consists of four time slots of length n (so
ℓ = 4n). In the first two time slots, the two source nodes transmit in alternating
slots and in the last two slots, the relay amplifies [GJ06] (subject to the power
constraint in the relay) and forwards the signals received in the first two slots
independently. The transmit power constraint in the sources and the relay is P
and thus, the transmit power of reference system is consistent with that of the
system discussed. The rate region of the described system can be characterized by
a square defined by (for i = 1, 2)

Ri <
1

8
log

(

1 + c1P +
c2c3P

2

1 + c2P + c3P

)

.

4.2.3 Direct-Link-Only System

If no relay is present in the system, the two source nodes transmit to the destination
node directly (in two different slots, i.e., an orthogonal multiple-access channel).
The rate region is then a square determined by Ri, i = 1, 2, where

Ri <
1

4
log (1 + c1P ) .

4.2.4 Relaying with Memory

With respect to the achievable sum rate of the two source nodes, the MARC con-
sidered in this chapter can be seen as a half-duplex AWGN relay channel defined
in Section 2.4, where xm

3 = 0 and n = 2m. Thus, the sum rate of the DF scheme
can be obtained by adapting the result of [HMZ06] to the specialized channel under
discussion, which is written as:

R1 +R2 <min

{

1

3
log(1 + c2P ),

1

3
log(1 + c1P ) +

1

6
log(1 + c3P )

}

.

Remarks. Note that when c1 = 0 (an orthogonal multiple-access two-hop channel),
the DF rates coincide with the upper bound and thus the capacity is achieved for
this specific network.
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The sum rate for the CF scheme can be similarly obtained with adaption of the
result in [HMZ06]. The readers can also refer to Chapter 6 for more details. The
achievable sum rates for CF schemes are written below:

R1 +R2 <
1

3
log

(

1 + c1P +
c2P

1 + σ2
Q

)

,

where for the CF scheme with Wyner–Ziv coding

σ2
Q =

1 + c1P + c2P

(
√

1 + c3P − 1)(1 + c1P )
,

and without Wyner–Ziv coding (see Section 7.2.2)

σ2
Q =

1 + c2P√
1 + c3P − 1

.

4.3 Network Coding Mappings in a Multiple-Access Two-Hop
Channel

In this section, we introduce analog network coding mappings for the relay in the
multiple-access two-hop channel, which is a special case of the general MARC,
where the source-to-destination links are absent (i.e., c1 = 0). We study this special
case first, in order to isolate the effect of side-information provided by the source-
to-destination links to the mapping design and system performance. In the next
section, we will consider the general MARC and incorporate the side-information
in our design considerations.

4.3.1 Linear Combining

One simple combining mapping is the linear mapping, which can be described as
the superposition of the received sequences at the relay node, corresponding to the
function

g(y1,i, y2,i) =
√
ηy1,i +

√

(1 − η)y2,i, (4.5)

where η ∈ [0, 1]. Thus

x3,i = γ(y1,i, y2,i) = α g(y1,i, y2,i)
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where α =
√

P/(c2P + 1) is a scaling factor to meet relay’s power constraint. The
achievable rate region can be derived based on (4.1), (4.2) and (4.3) to be

R1 <
1

6
log

(

1 +
c2c3ηP

2

1 + c2P + c3P

)

,

R2 <
1

6
log

(

1 +
c2c3(1 − η)P 2

1 + c2P + c3P

)

,

R1 +R2 <
1

6
log

(

1 +
c2c3P

2

1 + c2P + c3P

)

. (4.6)

It can seen that varying the coefficient η has no effect on the achievable sum rate.
However, it can help to enlarge the rate region, with respect to the region obtained
with a fixed η. With a closer look, the rate region is actually in the form of a
triangle determined solely by the sum rates. The two corner points are achieved
by setting η = 0 and η = 1, i.e., only one source is transmitting and the other
is silent. The same rate region can be obtained by time sharing between the two
corner points, namely, the relay allocates τn of the time slot solely for one source
and (1−τ)n for the other, where τ ∈ [0, 1]. For the individual source sequences, the
amplify-and-forward approach is used to satisfy the power constraint of the relay.
By varying τ we can achieve all the points in the sum rate curve.

4.3.2 Spiral Mapping

Note that with respect to sum rates, using the linear mapping corresponds to a
direct loss of dimensionality, which is not necessarily efficient. For example, at the
relay node, we can drop one branch of the received signals (e.g., yn

1 ) and apply
amplify-and-forward approach based on the remaining branch (e.g., yn

2 ), which
will result in the same rate as (4.6). In certain cases, non-linear mappings can
give better performance. The Archimedean spiral has been used in the context
of joint source–channel coding for dimension compression [Chu00, HOR05, HFR09,
CM06], due to its simple form and resemblance to the optimal mapping (in the sense
of minimizing the end-to-end mean-square distortion). Our relaying operation is
similar to that of a joint source–channel coding scheme where the input to the relay
is the “information source” and the output sent on the relay-to-destination link is
the “channel.” The relay directly maps samples in the incoming source space to the
channel space and forwards the result to the destination node. Thus, we propose
to use non-linear mappings based on the Archimedean spiral at the relay node.

The Archimedean spiral depicted in Fig. 4.2 can be defined parametrically as

x+(θ) =
∆

π
θ cos(θ), y+(θ) =

∆

π
θ sin(θ),

for the positive curve (solid line) and

x−(θ) =
∆

π
θ cos(θ + π), y−(θ) =

∆

π
θ sin(θ + π),
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Figure 4.2: The Archimedean spiral: the solid line represents the positive curve
and the dashed line the negative curve. The closest point on the spiral to the point
(y1, y2) is (ŷ1, ŷ2). Here ∆ = 3.

for the negative curve (dashed line), where ∆ is the constant distance between
neighboring spiral arms and θ ∈ [0,∞). The arc length between the origin and a
point on the curve corresponding to θ = θ0 is given (for both the positive and the
negative curve) as

l(θ0) =

∫ θ0

0

√

(

dx

dθ

)2

+

(

dy

dθ

)2

dθ

=
∆

2π

[

θ0

√

1 + θ2
0 + ln

(

θ0 +
√

1 + θ2
0

)]

.

We term the mapping we used as closest-point spiral mapping and it is defined as
follows. For a specific pair (y1,i, y2,i), we first find the closest point (in Euclidean
distance) on the spiral, denoted as (ŷ1,i, ŷ2,i). If it is on the positive curve, we map
the output to be g(y1,i, y2,i) = l(θo), and if it is on the negative curve, the output

is g(y1,i, y2,i) = −l(θ0), where θ0 = π
∆

√

ŷ2
1,i + ŷ2

2,i. For simplicity we can use a
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first-order approximation of the above mapping defined by

ui = g(y1,i, y2,i) = ±l′(θ0) = ± ∆

2π
θ2

0, (4.7)

where, for brevity, we use the ± sign to denote the mapping to the positive/negative
curve depending on the location of (y1,i, y2,i). Note that l′(θ0) is a good approx-
imation to l(θ0) when θ0 ≫ 1. As we can see, l′(θ) is proportional to the square
of the radius of the points on the curves and according to the definition the radius
of a point on the curve is unique among that of all the points. Thus, the mapping
from (ŷ1,i, ŷ2,i) to l′ (and l) is a deterministic invertible mapping. The relay output
is then

x3,i = γ(y1,i, y2,i) = α g(y1,i, y2,i) = αui

where α =
√

P/E{g2}.
The intuition for the closest-point mapping using the double spiral to be a

potentially better compression method than, for example, a linear mapping, is
that compared to the linear mapping, which maps a two dimensional space into a
straight line, the Archimedean spiral described above can potentially fill the two
dimensional space more efficiently with the right parameters.

The rate region for this network can be obtained using (4.1), (4.2) and (4.3)
with the steps outlined in Appendix 4.B (obtaining a closed-form representation
is challenging, however). Note that for the spiral, we have one design parameter
∆ we can optimize2. The resulting rate region might be different with respect to
the different optimization criteria used, e.g., we can either optimize the ∆ for the
largest R1 or R2, or for the sum rate R1 +R2 and time sharing can be used among
different optimized schemes.

As pointed out in [Chu00, HOR05], when the relay-to-destination SNR grows
large, the optimal ∆ (in the sense of minimizing the mean-square distortion from
the relay to the destination) tends to zero. It is not obvious whether the same
holds in our scenario. In Appendix 4.C, we however prove that this is indeed the
case also when the optimization goal is to maximize the sum rate. We will discuss
more details regarding the optimal ∆ at moderate and low SNR in our numerical
analysis in the sequel.

4.3.3 Numerical Results and Discussion

Some examples are given in this section to illustrate the achievable rate regions and
the achievable sum rates of the discussed schemes obtained via numerical simula-
tion. A short discussion is also included concerning the optimal ∆ for the spiral
mapping.

2In our numerical investigation, we use exhaustive search to find the optimal ∆. One example
can be seen from Fig. 4.5, where the sum rates are plotted as a function of the varying ∆.
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Figure 4.3: Rate regions of various schemes discussed in a three-node multiple-
access two-hop channel, where P = 10 dB, c2 = 0 dB and c3 = 20 dB.

Rate Regions

An example illustrating rate regions for the schemes discussed is shown in Fig. 4.3,
where P = 10 dB, c2 = 0 dB and c3 = 20 dB. As can be seen, the scheme with a
linear relaying mapping gives inferior performance compared to the routing scheme
in a large region, except the region around the “corner” points, where the linear
mapping gives larger individual rates. This is due to the extra parameter η in
the linear mapping, which gives more freedom to tune the system. By using the
non-linear mapping, the rate region is enlarged compared to the routing scheme.
Note that here ∆ is optimized for sum rates, and our efforts to optimizing it for
the individual rates did not give noticeable differences in this example. The upper
bound is also included in the figure as a reference.
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Figure 4.4: Sum rates for various schemes discussed in a three-node multiple-access
two-hop channel, where P = 10 dB and c2 = 0 dB.

Sum Rates

The sum rate can be a more interesting measure, which reflects the total system
throughput. For the symmetric network we discussed (the channel coefficients are
symmetric, see Section 4.1), it is also equivalent to the rate of a single source
two-hop channel with unequal resource (slot length) allocation for the two hops.
For example, the source node transmits in two time slots of length n and the relay
forwards in one time slot of length n. In this case, the linear and non-linear schemes
can be seen as an extension to the amplify-and-forward scheme, which cannot deal
with the asymmetric input/output dimensionality at the relay node.

The sum rates for the discussed system for P = 10 dB, c2 = 0 dB and varying
c3 are depicted in Fig. 4.4. It is observed that in the moderate SNR region (c3 < 10
dB), the traditional routing approach is desirable compared to those using analog
network coding mappings. However, for the SNR region where c3 > 10 dB, relaying
based on the non-linear mapping gives a significant performance improvement over
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Figure 4.5: Sum rate as a function of varying ∆ in a three-node multiple-access
two-hop channel, where P = 10 dB and c2 = 0 dB.

the routing scheme. It also outperforms the linear scheme, which saturates at very
low rates due to the direct loss of dimensionality, as discussed at the beginning of
Section 4.3.2. At low SNR (c3 < 0 dB), however, the performance of the non-linear
relaying scheme converges to that of the linear scheme, with a very large optimal
∆ (see Fig. 4.5). Essentially, when ∆ is large (compared with the variance of Y1

and Y2), the spiral mapping is very similar to the linear mapping.
At high SNR, the performance of relaying based on the non-linear mapping

converges to the performance upper bound 1/3 I(X1,X2;Y1, Y2) (see (4.4)), which
is achieved in this case by the DF scheme, as discussed in Section 4.2.4. This
agrees with our proof in Appendix 4.C, that at high SNR of relay-to-destination
link, the optimal ∆ for the spiral mapping tends to zero and the spiral mapping
introduces no loss in mutual information, i.e., I(X1,X2;Y1, Y2) = I(X1,X2;U),
where U is the random variable representing the output of the mapping g (see
(4.7)). Alternatively, when c3 → ∞, one can use similar mappings as those given
in (14) and (15) in [Sha49], which form a one-to-one correspondence (invertible
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mapping) between two and one dimension. Then, we can achieve the same upper
bound. However, this kind of mapping is very sensitive to noise in the relay-to-
destination link. The proposed spiral mapping gives a better trade-off between
asymptotic and medium SNR performance.

In addition, for the scheme with spiral mapping, the performance is insensitive
to the channel variation of the relay-to-destination link. For example, sum rate
versus different ∆ values are plotted under various SNR conditions in Fig. 4.5.
We see that we can pick ∆ = 5 and obtain satisfactory performance for a large
range of c3 (e.g., from 0 dB to 20 dB). This property is especially important if the
relay-to-destination link is slowly fading and the relay has no knowledge about the
channel state information (thus not able to adapt the ∆ to the instantaneous SNR
optimally).

4.4 Network Coding Mappings in a Multiple-Access Relay
Channel

In this section, the mappings proposed in the previous section are further extended
to the MARC. Moreover, due to the presence of the source-to-destination links,
the available side-information should be taken into consideration when designing
the relay mappings. Sawtooth mappings as discussed in Chapter 3 are shown to
provide efficient utilization of the side-information. Therefore, in this section, it is
proposed to combine the principle of the spiral mapping with the reuse of resources
made possible in the presence of side-information using sawtooth mappings.

4.4.1 Linear Combining

As before, the linear mapping can be described as the superposition of the received
sequences using (4.5). The rate region can be derived using (4.1), (4.2) and (4.3)
as

Ri <
1

6
log

(

1 + cP +
c2c3P

2

1 + c2P + c3P

)

for i = 1, 2,

R1 +R2 <
1

6
log (1 + c1P ) +

1

6
log

(

1 + c1P +
c2c3P

2

1 + c2P + c3P

)

.

4.4.2 Spiral Mapping

The spiral mapping is defined in the same way as in Section 4.3.2. And its cor-
responding rate region can be obtained by (4.1), (4.2) and (4.3) with the steps
outlined in Appendix 4.B.
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Figure 4.6: Illustration of combining spiral mapping and modulo operation, for
∆ = 2 and Λ = 10.

4.4.3 Sawtooth Mapping

In contrast to the case of two-hop channels as described in the previous section,
where there are no direct links from the source nodes to the destination node, in
the MARC discussed here, i.e., with direct links, side information is available and
the relay can take possible measures to utilize this extra information. In Chapter 3,
periodic sawtooth-like mappings with limited peak amplitude are investigated for
a three-node relay channel and shown to achieve performance improvement com-
pared to the linear mapping. The intuition is that the sawtooth-like mappings can
utilize the side information received in the source-to-destination link to reuse trans-
mit power and thus increase the efficiency in the relay-to-destination link. Direct
application of sawtooth-like mappings is not feasible in the current scenario due to
the asymmetry of the input/output dimensionality of the relay node. However, the
inputs of the relay node can be combined first with the linear or spiral mappings.
Afterwards, the sawtooth mappings can be applied to the combined signal.

In particular, we can revise the linear mapping of (4.5) to get

x3,i = α((
√
ηy1,i +

√

1 − ηy2,i) mod Λ).

Note that here, for simplicity, we denote “x mod Λ” to be a general operator which
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applies sawtooth-like mappings with period Λ. That is, the notation represents
either the conventional modulo function f1(x) or the triangular function f2(x), as
defined in (3.4) and (3.5) in Chapter 3.

Similarly, we can incorporate the sawtooth-like mappings in the spiral mapping
according to

x3,i = α(g(y1,i mod Λ, y2,i mod Λ)), (4.8)

x3,i = α(g(y1,i, y2,i) mod Λ), (4.9)

where the function g specifically means the spiral mapping defined in Section 4.3.2
and α =

√

P/E{g2}. Equation (4.8) with conventional modulo operation f1(x) can
be visualized as in Fig. 4.6, where the modulo operation divides the two-dimensional
real space into uniform non-overlapping sub-spaces and the relay tries to map the
pair (y1,i, y2,i) to the closest point on the spiral in the corresponding subspace
it is in. The intuition for the benefit of this operation is that the destination can
estimate which subspace (y1,i, y2,i) belongs to using information received in the two
direct links, and thus clear the ambiguity caused by the modulo operation at the
relay node. The modulo operation brings improved power efficiency to the relay-to-
destination link and can potentially improve the overall performance of the system.
It is difficult to arrive at closed-form expressions for the rate regions, and we will
therefore resort to numerical studies, with the steps outlined in Appendix 4.B, for
the performance evaluation.

4.4.4 Numerical Results and Discussion

In this section, numerical results are presented to illustrate the achievable rate
regions and the achievable sum rates of the discussed schemes. Note that in all ex-
amples, we use the conventional modulo operation defined as f1(x) for the sawtooth
mapping. For the spiral mapping coupled with sawtooth mapping, we observe very
similar results when using (4.8) and (4.9). Thus, only one plot is given to represent
both schemes.

Rate regions

An example of the rate regions for the schemes discussed is shown in Fig. 4.7,
where P = 5 dB, c2 = 5 dB, c3 = 20 dB and c1 = 0 dB. As in the multiple-access
two-hop channel, the linear mapping gives inferior performance compared with the
non-linear schemes3, except for the region around the “corner,” where the linear
mapping gives larger individual rates. This is due to the extra parameter η in the
linear mapping, which gives more freedom to tune the system. Contrary to the case

3The spiral mapping and the spiral mapping coupled with a modulo operation are optimized
to achieve the largest sum rate. We can also optimize them to achieve maximum individual rates.
However, as in the case of multiple–access two-hop channels discussed in Section 4.3.3, this does
not give a noticeable difference.
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Figure 4.7: Rate regions of various schemes discussed in a three-node multiple-
access relay channel, where P = 10 dB, c2 = 5 dB, c3 = 20 dB and c1 = 0 dB.

in the multiple-access two-hop channel, for non-linear mappings, the two sources
appear to transmit almost in an orthogonal fashion, as seen with the square-like rate
region. This is due to the extra (orthogonal) direct link contributing to the rates,
making the non-orthogonality (as shown in Fig. 4.3) less substantial (unnoticeable
in this example).

Sum rates

The sum rates for the discussed system for P = 10 dB, c2 = 5 dB, c1 = 0 dB and
varying c3 are depicted in Fig. 4.8. We also plot the rates for the DF, CF schemes
and the CF scheme without Wyner–Ziv coding, as discussed in Section 4.2.4, as
references.

A clear performance boost can be observed from using spiral mappings and the
rate of the CF scheme without Wyner–Ziv coding is approached. As predicted,
the sawtooth mappings coupled with the spiral mapping can further improve the
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Figure 4.8: Sum rates for various schemes discussed in a three-node multiple-access
relay channel, where P = 5 dB and c2 = 5 dB, c1 = 0 dB and varying c3.

performance in the moderate SNR region. (Note that the rates of spiral and spiral
with modulo mappings show the same trends as those of CF without and with
Wyner–Ziv coding, respectively). The two converge to the same level when c3

grows large, i.e., the optimal Λ → ∞ as c3 → ∞ and thus the two schemes are
essentially the same since the modulo operation becomes a linear function for large
Λ, as discussed in Section 3.4. The modulo operation can be combined with the
linear mapping and the routing system as well, however, it will not provide any gains
after the corresponding curves get saturated at high relay-to-destination SNR (see
Section 3.5), as is the case here in this plot. Similar to the case in the multiple-
access two-hop channel, when the relay-to-destination link SNR is high, the optimal
spiral is dense and the performance of the non-linear relaying scheme approaches the
upper bound (see Appendix 4.C). At low SNR region (c3 < 10 dB), the performance
of relaying based on spiral mapping converges to that of the linear relaying scheme.
The performance gain of relaying with both spiral and sawtooth mapping comes
solely from the sawtooth mapping.
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Appendix

4.A Proof of the Upper Bound

For the sum rate R1 +R2 we have

3(R1 +R2) <I(X1,X2;Y3, Y4, Y5)

=I(X1,X2;Y4, Y5) + I(X1,X2;Y3|Y4, Y5)

=I(X1,X2;Y4, Y5) + h(Y3|Y4, Y5) − h(Y3|X1,X2, Y4, Y5)

(a)

≤ I(X1,X2;Y4, Y5) + h(Y3) − h(Y3|X1,X2)

=I(X1,X2;Y4, Y5) + I(X1,X2;Y3)

(b)

≤I(X1,X2;Y4, Y5) + I(X3;Y3)

= log (1 + c1P ) +
1

2
log (1 + c3P ) ,

where (a) is due to the fact that conditioning reduces differential entropy [CT91]
and the assumption that conditioned on X1 and X2, Y3 is independent of Y4 and Y5,
and (b) follows from the data processing inequality applied to the Markov chain of
(X1,X2) → X3 → Y3. For the individual rate R1 we can obtain an upper bound by
assuming that the relay discard yn

2 and only forward yn
1 . Thus, it is a conventional

three-node relay channel and as in [KGG05, HMZ06]

3R1 <min {I(X1;Y1, Y4), I(X1,X3;Y3, Y4)}

= min

{

1

2
log (1 + c1P + c2P ) ,

1

2
log (1 + c1P ) +

1

2
log (1 + c3P )

}

.

Due to symmetry, we have the same result for R2. We can also see from the above
inequality that 3(R1 +R2) < I(X1;Y1, Y4) + I(X2;Y2, Y5) = log(1 + c1P + c2P ).

4.B Characterizing the Rate Region for a General γ

Given the deterministic function γ : R2 → R, we can obtain the achievable rate
region as

3R1 <I(X1;Y3, Y4, Y5|X2) = I(X1;Y3, Y4|X2)

=I(X1;Y4|X2) + I(X1;Y3|Y4,X2)

=I(X1;Y4) + h(Y3|X2, Y4) − h(Y3|X1,X2)

=1/2 log(1 + c1P ) − E{log(fY3|X2Y4
(y3|x2, y4))}

+ E
{

log(fY3|X1X2
(y3|x1, x2))

}

,

3R2 <1/2 log(1 + c1P ) − E{log(fY3|X1Y5
(y3|x1, y5))}

+ E
{

log(fY3|X1X2
(y3|x1, x2))

}

,
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and

3(R1 +R2) <I(X1,X2;Y3, Y4, Y5)

=I(X1,X2;Y4, Y5) + I(X1,X2;Y3|Y4, Y5)

=I(X1;Y4) + I(X2;Y5) + h(Y3|Y4, Y5)

− h(Y3|X1,X2)

= log(1 + c1P ) − E
{

log fY3|Y4Y5
(y3|y4, y5)

}

+ E
{

log fY3|X1X2
(y3|x1, x2)

}

,

where the pdfs can be expressed as

fY3|Y4Y5
(y3|y4, y5)

=

∫∫

fY3|Y1Y2
(y3|y1, y2) fY1|Y4

(y1|y4) fY2|Y5
(y2|y5)dy1dy2

=

∫∫

C1exp

(

− (y3 − h3γ)2

2
− (y1 − ρy4)2 + (y2 − ρy5)2

2σ2

)

dy1dy2,

fY3|X1X2
(y3|x1x2)

=

∫∫

fY3|Y1Y2
(y3|y1, y2) fY1|X1

(y1|x1) fY2|X2
(y2|x2)dy1dy2

=

∫∫

C2 exp

(

−1

2

(

(y3 − h3γ)2 + (y1 − h2x1)2 + (y2 − h2x2)2
))

dy1dy2,

and

fY3|X2Y4
(y3|x2, y4)

=

∫∫

fY3|Y1Y2
(y3|y1, y2) fY1|Y4

(y1|y4) fY2|X2
(y2|x2)dy1dy2

=

∫∫

C3 exp

(

− (y1 − ρy4)2

2σ2
− (y3 − h3γ)2 + (y2 − h2x2)2

2

)

dy1dy2. (4.10)

Note that here γ is a deterministic function of y1 and y2. All integrations are from
−∞ to +∞. The constants are C1 = 1/(

√
8π3σ2), C2 = 1/

√
8π3, C3 = 1/

√
8π3σ2,

ρ = h1h2P/(1 + c1P ) and σ2 = (1 + c1P + c2P )/(1 + c1P ). The expression for
fY3|X1Y4

(y3|x1, y4) needed for the calculation of R2 can be found similarly as (4.10).
Numerical double integration is used to obtain the value of the density functions
and Monte Carlo averaging is used for obtaining the mean values in the expressions
above.

4.C Sum Rate of Non-Linear Schemes at High
Relay-to-Destination SNR

Let us first consider the multiple-access two-hop channel as discussed in Section
4.3, where the direct source-to-destination link is not present. When the relay-to-
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destination SNR is high, the achievable sum rate can be approximated as

3(R1 +R2) <I(X1,X2;Y3) ≈ I(X1,X2;X3) = I(X1,X2;U),

where we use U to denote the random variable that represents the output of function
g (see (4.7)). The last equality is due to the fact that mutual information is invariant
to power scaling. To obtain an analytical expression for the above equation, we need
to know the pdfs fU (u) and fU |X1X2

(u|x1, x2). We know the joint distribution of
Y1 and Y2, and U = g(Y1, Y2), which is a random variable of a function of two other
random variables. Thus, we can obtain fU (u) with the steps described in [Pap].
Similarly we can obtain fU |X1X2

(u|x1, x2).
As the function we consider here is a topological mapping, for convenience we

can consider (X1,X2) and (Y1, Y2) as points in the planes X1 × X2 and Y1 × Y2.
Further we denote the two points as (Rx,Φx) and (Ry,Φy) in the corresponding
polar planes Rx × ⊕x and Ry × ⊕y, where Rx and Ry are the radius of the points
with support [0,+∞) and Φx and Φy are the angular components with support
[0, 2π).

Let us define a mapping we term angular direction quantization mapping, which
is slightly different from the previously defined closest-point spiral mapping in Sec-
tion 4.3.2. For an arbitrary point (ry, φy), we map it to the closest point on the
spiral that have the same angular component φy (see Fig. 4.9). That is, we draw a
line from the origin to (ry, φy) and pick up the intersection point of the line and the
spiral that has the shortest Euclidean distance to (ry, φy). Denote the point chosen
as (r̃y, φ̃y). The output of the spiral mapping is u = ± π

2∆ r̃
2
y (defined the same way

as in the closest-point spiral mapping), where ± sign depends on whether (r̃y, φ̃y)
is on the positive or negative curve. We can see that generally the point (r̃y, φ̃y)

differs from the point (r̂y, φ̂y) obtained using the closest-point spiral mapping. How-
ever, when ∆ → 0 (infinitely dense spiral), the two mappings are essentially the
same. The mapping defined above can be seen as a uniform quantization scheme
performed in the angular direction (except for the region close to the origin where
the quantization is non-uniform). Thus, we term it angular direction quantization
mapping.

We will now re-define the spiral curves in the polar plane as follows.

r+(φ) =
∆

π
(φ+ 2kπ), for k = 0, 1, 2, . . . ,

which represents the positive spiral. Here φ ∈ [0, 2π). And the negative spiral is
defined as

r−(φ) =
∆

π
(φ+ (2k − 1)π) , for k = 0, 1, 2, . . .

Note that for k = 0, r−(φ) is only defined for φ ∈ [π, 2π). Further, we could remove
the scaling in the output and consider u = ±r2, which will not affect the value of
mutual information I(X1,X2;U).
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Figure 4.9: Illustration of the closest-point spiral mapping and the angular direction
quantization mapping. The solid line represents the positive spiral curve and the
dashed line the negative curve.

The joint distribution function and the conditional joint distribution function of
Ry and Φy are (can be readily transformed from the corresponding joint Gaussian
distributions in Cartesian coordinate)

fRyΦy
(ry, φy) =

1

2π
× ry

(c2P + 1)
exp

{

− r2
y

2(c2P + 1)

}

,

and

fRyΦy|RxΦx
(ry, φy|rx, φx) =

ry

2π
exp

{

−r2
y + c2r

2
x − 2h2rxry cos(φy − φx)

2

}

.

The achievable sum rate is then

R1 +R2 <I(X1,X2;U) = I(Rx,Φx;U) = h(U) − h(U |Rx,Φx),
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where the first equality is due to the fact that mutual information is invariant to a
change of coordinates.

Next we will derive the density function of U as in [Pap]. Let us first consider
the positive spiral r+(φ), the output of the mapped point on the spiral is

u = r2 =
∆2

π2
(φ+ 2kπ)

2
for k = 0, 1, 2, . . . .

For an arbitrary positive integer k, we have (see Fig. 4.10)

fU (u)du =

∫∫

∆A

fRyΦy
(ry, φy)drydφy

=

∫

√
uπ/∆−2kπ+dφy

√
uπ/∆−2kπ

1

2π
dφy

∫ ∆(φy+2kπ)/π+∆/2

∆(φy+2kπ)/π−∆/2

fRy
(ry)dry

=

∫

√
u+∆/2

√
u−∆/2

1

2π
fRy

(ry)drydφy

=
1

4∆
√
u

(

e
− (

√
u−∆/2)2

2(c2P +1) − e
− (

√
u+∆/2)2

2(c2P +1)

)

du,

where ∆A is the change of area in (rx, φy) corresponding to the change du (see
Fig. 4.10) and we used dφy/du = 2∆

π

√
u. We see that fU (u) is irrelevant to k, so

it is general for all k > 0. For k = 0 the density function is slightly different4,
however, it will not affect our discussion when ∆ → 0 and is thus ignored here for
brevity. Due to symmetry, we can further conclude that for all |u| ≥ ∆2

fU (u) =
1

4∆
√

|u|

(

e
− (

√
|u|−∆/2)2

2(c2P +1) − e
− (

√
|u|+∆/2)2

2(c2P +1)

)

.

Similarly we can derive the conditional pdf fU |RxΦx
(u|rx, φx). For u > ∆2 we

have

fU |RxΦx
(u|rx, φx)du =

∫∫

∆A

fRyΦy|RxΦx
(ry, φy|rx, φx)drydφy

=

∫

√
u+∆/2

√
u−∆/2

fRyΦy|RxΦx

(

ry,
√
uπ/∆ − 2kπ|rx, φx

)

drydφy.

Thus we have

fU |RxΦx
(u|rx, φx) =

π

2∆
√
u

∫

√
u+∆/2

√
u−∆/2

fRyΦr|RxΦx

(

ry,
√
uπ/∆|rx, φx

)

dry,

4To be more precise, it can be shown that for the case when k = 0, if u ≥ ∆2, the density
function derived is still valid. However, for 0 ≤ u < ∆2, it is different.
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Figure 4.10: Illustration of dφy and ∆A, where the shaded region represents ∆A.
The solid line is the positive spiral curve and the dashed line the negative curve.
The dotted line depicts the quantization boundary.

where we remove the term 2kπ due to the fact that cos(θ + 2kπ) = cos(θ). Denote

J(ry, φy) =

∫

fRyΦy|RxΦx
(ry, φy|rx, φx)dry

= − 1

2π
exp

{

−r2
y − a1ry + a2

2

}

− a1

4
√

2π
exp

{

−4a2 − a2
1

8

}

erf

{

−
√

2(2ry − a1)

4

}

,

where a1 = 2
√
c2rx cos(φy − φx) and a2 = c2r

2
x. Thus we have for u > ∆2

fU |RxΦx
(u|rx, φx) =

π

2∆
√
u

(

J
(√
u+ ∆/2,

√
uπ/∆

)

− J
(√
u− ∆/2,

√
uπ/∆

))

.
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Similarly, for g < −∆2 we have

fU |RxΦx
(u|rx, φx)

=
π

2∆
√

|u|

∫

√
|u|+∆/2

√
|u|−∆/2

fRyΦy|RxΦx

(

ry,
√

|u|π/∆ − (2n+ 1)π|rx, φx

)

dry

and

fU |RxΦX
(u|rx, φx)

=
π

2∆
√

|u|
(

J
(

√

|u| + ∆/2,
√

|u|π/∆ + π
)

− J
(

√

|u| − ∆/2,
√

|u|π/∆ + π
))

.

We note that the discussion till now with regard to the distribution is accurate
for any ∆ > 0, |u| ≥ ∆2 and using the angular direction quantization mapping.
The condition that ∆ → 0 further justifies the following two assumptions. First,
if the spiral is dense, the output of the angular direction quantization mapping
approximates that of the closest-point spiral mapping. Second, if the spiral is
dense, the distribution derived above is valid for all u > 0. Under the assumption
of dense spiral, we can further simplify the density function as

lim
∆→0

fU (u) = lim
∆→0

1

2
√

|u|

(

√

|u| − ∆/2

2(c2P + 1)
e

− (
√

|u|−∆/2)2

2(c2P +1) +

√

|u| + ∆/2

2(c2P + 1)
e

− (
√

|g|+∆/2)2

2(c2P +1)

)

=
1

4(c2P + 1)
e

− |u|
2(c2P +1) ,

which is the Laplacian distribution obtained if we assume G = ±(Y 2
1 + Y 2

2 ). The
limit of the conditional density function fU |RxΦx

(u|rxφx) does not exist due to the
presence of the cosine function, however, we can obtain the following approximation
when ∆ is small

fU |RxΦx
(u|rx, φx) =

π

2∆
√
u

∫

√
u+∆/2

√
u−∆/2

fRyΦy|RxΦx

(

ry,
√
uπ/∆|rx, φx

)

dry

≈ π

2
√
u
fRy,Φy|Rx,Φx

(√
u,

√
uπ/∆|rx, φx

)

=
1

4
exp

{

−u+ c2r
2
x − 2h2rx

√
u cos(

√
uπ/∆ − φx)

2

}

for u > ∆2 and

fU |RxΦx
(u|rx, φx) ≈1

4
exp

{

−−u+ c2r
2
x + 2h2rx

√−u cos(
√−uπ/∆ − φx)

2

}

for u < −∆2.
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The mutual information can be derived by first calculating the conditional en-
tropy as

h(U |Rx,Φx) = −
∫ 2π

0

∫ +∞

0

∫ +∞

0

fURxΦX
(u, rx, φx) log fU |RxΦx

(u|rx, φx)dudrxdφx

=2 + log(e). (4.11)

The entropy of U is h(U) = log(c2P + 1) + 2 + log(e). Thus, we prove that when ∆
is small

I(X1,X2;U) ≈ log(1 + c2P ) = I(X1,X2;Y1, Y2).

Next, we consider the general case where the direct source-to-destination links
are present, i.e., the multiple-access relay channel. At high relay-to-destination
SNR, the achievable sum rate can be approximated as

3(R1 +R2) < I(X1,X2;Y3, Y4, Y5)

≈ I(X1,X2;X3, Y4, Y5)

= I(X1,X2;U, Y4, Y5)

= I(X1,X2;Y4, Y5) + I(X1,X2;U |Y4, Y5)

= I(X1,X2;Y4, Y5) + h(U |Y4, Y5) − h(U |X1,X2)

where h(U |X1,X2) is obtained through (4.11). The value of h(U |Y4, Y5) can be
obtained similarly as we have

Y1 = ρY4 + Z ′
1 and Y2 = ρY5 + Z ′

2,

where ρ = h2h3P/(1 + c1P ) and Z ′
1, Z ′

2 are independent Gaussian with zero mean
and variance σ2 = (1 + c1P + c2P )/(1 + c1P ). Thus when ∆ is small we have for
u > ∆2

fU |R′
yΦ′

y
(u|r′

y, φ
′
y) =

1

4σ2
exp

{

−u+ ρ2r′2
y − 2ρr′

y

√
u cos(

√
uπ/∆ − φ′

y)

2σ2

}

,

and for u < −∆2

fU |R′
yΦ′

y
(u|r′

y, φ
′
y)

=
1

4σ2
exp

{

− 1

2σ2

(

−u+ ρ2r′2
y + 2ρr′

y

√
−u cos(

√
−uπ/∆ − φ′

y)
)

}

,

where (r′
y, φ

′
y) is the polar form of (y4, y5). The entropy can be calculated to be

h(U |R′
y,Φ

′
y) = log(e) + 2 + log(σ2).

Thus

I(X1,X2;Y3, Y4, Y5) ≈ log(1 + c1P + c2P ) = I(X1,X2;Y1, Y2, Y4, Y5).





Chapter 5

Conclusions and Future Work

In Part I of the thesis, instantaneous relaying was first considered in a three-node
half-duplex AWGN relay channel in Chapter 3. The Gaussian distribution was
assumed to be used for codebook generation at the source node. In this scenario,
linear functions (used by the AF relaying scheme) are in general not optimal except
for the special case when the direct link (source-to-destination link) is not present.
In order to achieve higher achievable rates, relaying functions based on the sym-
metric modulo and triangular functions were proposed. It has been demonstrated
that significant gains can be achieved of the proposed schemes over the AF scheme.
It has also been shown that the proposed schemes largely closes the performance
gap between the relaying schemes with memory and the instantaneous relaying
schemes. Possible extension to the work in this part includes finding the optimal
relaying functions that give the largest achievable rate. It is also interesting to see
what the optimal combination of input distribution (the distribution for codebook
generation at the source node) and the relaying function is. Part of the answer has
been reported in [ZKYS09c, KS10]. However, a general closed form expression is
still unknown and seems to be an extremely hard problem.

In Chapter 4 the notion of instantaneous relaying was further extended to a
multiple–access AWGN relay channel with two source nodes, one destination node
and one relay node. The relay is "instantaneous" in the sense that it is implemented
by a deterministic two-to-one mapping, which combines the received signals from
the two source nodes "instantaneously" and transmits the combined version to the
destination node. Various mappings of such kind were investigated, which are
based on both linear and non-linear mappings. Specifically, the Archimedean spiral
mapping was considered as the mapping for combining the received signals from the
two source nodes. Furthermore, sawtooth-like functions were also considered, due
to their superiority over linear functions in the case of the three-node relay channel.
A mapping that combines the dimension compressing Archimedean spiral with the
sawtooth-like functions were proposed. With achievable rate regions and achievable
sum rates as figures of merit, it has been demonstrated that significant performance
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gains can be achieved by the combination of spiral and sawtooth mappings.
Similar to the case of the three-node relay channel, it is of great interests to

find the optimal relaying function, and the optimal combination of the input distri-
butions and the relaying function. However, not much work has been reported in
this regard except [ZKYS09a] and it is an exciting area for future research. Other
possible extension is to investigate the same problem in the case where the channel
coefficients are non-symmetric. Possible scalings need be applied to the received
signals from the two source nodes before combining for optimal performance. Fur-
thermore, one could consider networks where more nodes are present (e.g., yet
another source node is present). Mappings of higher dimension (e.g., three-to-
one mappings) can be developed. When the number of nodes are high, clustering
can also be considered, where one can divide the nodes into groups consisting of
sub-systems in the forms of the three-node relay channel or the four-node MARC
considered in this thesis.



Part II

Relaying with Memory
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Chapter 6

Basic Coding Schemes and Achievable Rate

T
HE CF and QF schemes belong to the relaying schemes without decoding with
memory, as categorized in Section 1.5. In the first part of the thesis, the focus

is on designing simple relaying schemes that perform relatively well. The emphasis
is on the simplicity rather than the ultimate performance. The second part of
the thesis shifts the focus from simplicity to performance and considers relaying
schemes that apply techniques of source/channel coding with long codewords at the
relay node (i.e., the relaying schemes with memory, as in Section 1.5). Moreover,
it focuses on the relaying schemes without decoding. Therefore the CF and QF
schemes and their variants are the primary subjects of investigation. In this chapter,
the basic coding schemes of the CF and QF schemes and their variants are presented.
In particular, the achievable rates of the CF and QF schemes (including their
variants) over discrete memoryless half-duplex relay channels are obtained. The
results are further extended rigorously to the half-duplex AWGN relay channel.
For half-duplex AWGN relay channels, if Gaussian codebooks (codebooks generated
according to certain Gaussian distributions) are used, it is shown that the CF and
QF schemes and their variants discussed in this chapter all achieve the same rate.

6.1 Compress-and-Forward Relaying

The CF scheme was originally proposed in [CE79, Theorem 6] for discrete mem-
oryless full-duplex relay channels. The basic principle is that instead of trying to
decode the message of the source node from its received signal, the relay considers
the received signal as an “information source,” and it tries to forward it to the desti-
nation as accurately as possible. Due to the causality constraint of the full-duplex
relay, the Markov block coding is needed in [CE79]. However, for the channels
discussed in the thesis, i.e., channels with a half-duplex relay node, we consider
only single block codes. The achievability result of the CF scheme over the dis-
crete memoryless half-duplex relay channel (see Section 1.3 and 2.3 and Fig. 6.11)

1Fig. 1.2 is repeated here as Fig. 6.1 for ease of reference.
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Figure 6.1: A sketch of the general transmission scheme for half-duplex relay chan-
nels, with the transmission of the first and second slots displayed on the left and
right sides of the figure, respectively.

is summarized in the following theorem.

Theorem 6.1.1. The following rates are achievable over discrete memoryless half-
duplex relay channels with the compress-and-forward scheme using message splitting
at the source node:

R < max
p(x1)p(x2)p(x3)p(ŷ2|y2)

RS ,R2

βI(X1;Y1, Ŷ2) +R2, (6.1)

subject to

RS > βI(Y2; Ŷ2) − βI(Ŷ2;Y1), (6.2)

and

RS <(1 − β)I(X2;Y3|X3), (6.3)

R2 <(1 − β)I(X3;Y3|X2), (6.4)

RS +R2 <(1 − β)I(X2,X3;Y3). (6.5)

where the joint pmf factors as

p(x1) p(x2) p(x3) p(ŷ2|y2) p(y1, y2|x1) p(y3|x2, x3) (6.6)

and p(y1, y2|x1) and p(y3|x2, x3) are the channel transitional probabilities in the
first and second slot, respectively.

The CF coding scheme used in this thesis is similar to the schemes used in
[CE79, KGG05, HMZ06, EK10]. Thus, only an outline of the proof is presented
below. For more details, the reader is referred to [CE79, EK10].
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Outline of the proof. The original message set at the source node is split into two
non-overlapping sub-sets W = W1 × W2. Re-number the elements of the two sub-
sets as W1 =

[

1 : 2ℓR1
]

and W2 =
[

1 : 2ℓR2
]

, where R1 + R2 = R. Assume that
messages W1 ∈ W1 and W2 ∈ W2 are uniformly distributed over the respective
message set. Thus, the entropy2 of the message set remains the same, i.e., H(W ) =
H(W1) + H(W2). We shall call the above procedures as message splitting in the
sequel.

Code construction: Assume that the joint pmf factors as in (6.6). Fix

p(x1) p(x2) p(x3) p(ŷ2|y2).

Randomly and independently generate 2ℓR1 codewords xn
1 (w1), w1 ∈ W1, each

according to Πn
i=1pX1

(x1,i(w1)). Similarly, generate 2ℓR2 codewords xm
3 (w2) ∼

Πm
i=1pX3

(x3,i(w2)), w2 ∈ W2, and 2ℓRS codewords xm
2 (s) ∼ Πm

i=1pX2
(x2,i(s)), s ∈

S =
[

1 : 2ℓRS
]

. Calculate the marginal distribution

p(ŷ2) =
∑

x1∈X1

∑

y1∈Y1

∑

y2∈Y2

p(ŷ2|y2) p(y2, y1|x1) p(x1). (6.7)

Let RU ≥ RS . Randomly and independently generate 2ℓRU codewords ŷn
2 (u) ∼

Πn
i=1pŶ2

(ŷ2,i(u)), u ∈ U =
[

1 : 2ℓRU
]

. Partition3 the set U into 2ℓRS equal size bins
B(s), s ∈ S.

Source node: To send messages w1 and w2, the source node transmits xn
1 (w1)

in the first slot and xm
3 (w2) in the second slot.

Relay node: Let ǫ′ ∈ (0, 1). Upon receiving yn
2 at the end of the first slot, the

relay tries to find a u ∈ U such that (see Definition 2.2.2)

(yn
2 , ŷ

n
2 (u)) ∈ T n

ǫ′ (Y2Ŷ2).

If there are more than one such u, randomly choose one among such u. If there is
no such u, randomly choose one in U . It then finds the binning index s that u is
in, i.e., u ∈ B(s), and transmits xm

2 (s) in the second slot.
Destination node: Let ǫ′ < ǫ < 1. At the end of the second slot, the destination

node tries to find a unique pair (ŵ2, ŝ) ∈ W2 × S such that

(xm
3 (ŵ2), xm

2 (ŝ), ym
3 ) ∈ T m

ǫ (X3X2Y3).

It then tries to find a unique û ∈ B(ŝ) such that

(ŷn
2 (û), yn

1 ) ∈ T n
ǫ (Ŷ2Y1).

2Thus, the amount of information contained in the original message set is the same as the
sum of the amount of the information contained in the two new message sets.

3Random partitioning is used in the original proof in [CE79], however, in [EK10], it has been
shown that a deterministic partitioning suffices.
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Finally, it tries to find a unique ŵ1 ∈ W1 such that

(xn
1 (ŵ1), yn

1 , ŷ
n
2 (û)) ∈ T n

ǫ (X1Y1Ŷ2).

The analysis of the probability of error is fairly standard, and similar as in
[CE79, EK10] and thus we omit the detailed discussion here. For fixed β, let
ℓ → ∞ (thus n → ∞ and m → ∞); and ǫ → 0 (thus ǫ′ → 0 since ǫ > ǫ′), the
achievable rates can be readily shown to be the rates given in the theorem.

Basically, the conditions given by (6.3), (6.4) and (6.5) guarantee that the decod-
ing error in the first decoding step at the destination node can be made arbitrarily
small. The inequality (6.2) does the same for the second decoding step, and (6.1)
(without the maximization) for the last decoding step (for more rigorous proof, see,
e.g., [CE79, EK10]). The achievable rate obtained can then be maximized over the
parameters RS and R2 and the distribution p(x1)p(x2)p(x3)p(ŷ2|y2), which are all
chosen by design.

Alternatively, we can obtain the achievable rates of the CF scheme using a single
message set at the source node. The result is summarized in the following theorem.

Theorem 6.1.2. The following rates are achievable over discrete memoryless half-
duplex relay channels with the compress-and-forward scheme using a single message
set at the source node:

R < max
p(x1)p(x2)p(x3)p(ŷ2|y2)

βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2), (6.8)

subject to

(1 − β)I(X2;Y3) > βI(Y2; Ŷ2) − βI(Ŷ2;Y1), (6.9)

where the joint pmf factors as (6.6).

Outline of the proof. Assume the source node has a message set W = [1 : 2ℓR] and
a message W , which is uniformly distributed in W.

Code construction: Assume that the joint pmf factors as in (6.6). Fix

p(x1) p(x2) p(x3) p(ŷ2|y2).

Randomly and independently generate 2ℓR codewords xn
1 (w), w ∈ W, each accord-

ing to Πn
i=1pX1

(x1,i(w)). Similarly, generate 2ℓR codewords xm
3 (w) ∼ Πm

i=1pX3
(x3,i(w)),

w ∈ W, and 2ℓRS codewords xm
2 (s) ∼ Πm

i=1pX2
(x2,i(s)), s ∈ S =

[

1 : 2ℓRS
]

.
Calculate the marginal distribution p(ŷ2) according to (6.7). Let RU ≥ RS .
Randomly and independently generate 2ℓRU codewords ŷn

2 (u) ∼ Πn
i=1pŶ2

(ŷ2,i(u)),

u ∈ U =
[

1 : 2ℓRU
]

. Partition4 the set U into 2ℓRS equal size bins B(s), s ∈ S.

4Similar to the case of the CF scheme with message splitting, either a deterministic or a
random partitioning can be used.
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Source node: To send message w, the source node transmits xn
1 (w) in the first

slot and xm
3 (w) in the second slot.

Relay node: Let ǫ′ ∈ (0, 1). Upon receiving yn
2 at the end of the first slot, the

relay node tries to find a u ∈ U such that

(yn
2 , ŷ

n
2 (u)) ∈ T n

ǫ′ (Y2Ŷ2).

If there are more than one such u, randomly choose one among such u. If there is
no such u, randomly choose one in U . It then finds the binning index s that u is
in, i.e., u ∈ B(s), and transmits xm

2 (s) in the second slot.
Destination node: Let ǫ′ < ǫ < 1. At the end of the second slot, the destination

node tries to find a unique ŝ ∈ S such that

(xm
2 (ŝ), ym

3 ) ∈ T m
ǫ (X2Y3).

It then tries to find a unique û ∈ B(ŝ) such that

(ŷn
2 (û), yn

1 ) ∈ T n
ǫ (Ŷ2Y1).

Finally, it tries to find a unique ŵ ∈ W such that

(xn
1 (ŵ), yn

1 , ŷ
n
2 (û)) ∈ T n

ǫ (X1Y1Ŷ2).

and

(xm
3 (ŵ), xm

2 (ŝ), ym
3 ) ∈ T m

ǫ (X3X2Y3).

Through standard analysis of probability of error (see also [CE79, EK10]), we
can readily obtain the following conditions:

RU > βI(Y2; Ŷ2), (6.10)

RS < (1 − β)I(X2;Y3), (6.11)

RU < RS + βI(Y1; Ŷ2), (6.12)

R < βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2), (6.13)

where (6.10) guarantees that at the relay a typical u can be found with high prob-
ability, while (6.11), (6.12) and (6.13) guarantee that messages s, u and w can be
decoded at the destination with arbitrarily small probability of error. Combining
the above conditions and optimizing over the related distributions, we prove the
theorem.

6.2 Quantize-and-Forward Relaying

For the CF schemes described in Section 6.1, similar techniques (binning) as used
in the Wyner-Ziv problem [WZ76] are used. Several studies of CF schemes that
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do not use binning have appeared before, e.g., [EK10, LKEC, WX]. In particular,
in [LKEC], the authors propose a coding scheme that does not use binning at
the relay node, and use joint decoding (in contrast to the step-by-step decoding
of the CF schemes discussed previously) at the destination node for full-duplex
channels. In this section, we present the corresponding achievability results over a
half-duplex relay channel using similar coding arguments. As mentioned, for the
purpose of differentiation, we use the name quantize-and-forward to denote such
type of schemes.

Similar to the coding schemes used for CF relaying, at the source node we can
either use a single message set or split the message set into two. As we shall see,
message splitting will not benefit the achievable rates of the QF scheme. We present
the achievability results for the QF schemes with and without message splitting in
Section 6.2.1 and Section 6.2.2, respectively. Both schemes apply joint decoding at
the destination node without decoding the relay’s message. In addition, we present
a variant of the QF scheme that specifically decodes the relay’s message in Section
6.2.3. This specific scheme achieves the same rate as CF relaying over discrete
channels, without using the binning technique.

6.2.1 Quantize-and-Forward Scheme Using Message Splitting at the
Source Node

The achievability result of the QF scheme with message splitting is presented in
the following theorem.

Theorem 6.2.1. The following rates are achievable over discrete memoryless half-
duplex relay channels with the quantize-and-forward scheme using message splitting
at the source node:

R < max
p(x1)p(x2)p(x3)p(ŷ2|y2)

min{βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2),

β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X3,X2;Y3),

β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X3,X2;Y3)

− βI(Y2; Ŷ2|X1, Y1) + (1 − β)I(X2;Y3|X3)}, (6.14)

where the joint pmf factors as in (6.6).

Proof. Assume that the message set is split into two as in the proof of Theorem
6.1.1. The codebooks are also generated similarly as in the proof of Theorem 6.1.1,
except that RS = RU is specified (thus no binning is performed). The source
operation is the same as that in the proof of Theorem 6.1.1. At the relay node,
after finding the index u at the end of the first slot, let s = u. Select the codeword
xm

2 (s), which is transmitted in the second slot. The decoding in the destination
node is performed jointly to find an estimation (ŵ1, ŵ2), without the need to find
a specific estimation û. The detailed decoding steps are as follows.
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Destination node: Let ǫ′ < ǫ < 1. At the end of the second slot, the destination
node tries to find a unique message pair (ŵ1, ŵ2) such that

(xn
1 (ŵ1), yn

1 , ŷ
n
2 (u)) ∈ T n

ǫ (X1Y1Ŷ2)

and

(xm
3 (ŵ2), xm

2 (u), ym
3 ) ∈ T m

ǫ (X3X2Y3)

for some u ∈ U .
Analysis of probability of error: Let W1, W2 denote the messages sent at the

source node and U denote the index chosen by the relay. The probability of error
averaged over W1, W2, U and over all codebooks is defined as

Pr(E) = Pr(Ŵ1 6= W1 ∪ Ŵ2 6= W2)

=
∑

w1∈W1

∑

w2∈W2

Pr(Ŵ1 6= w1 ∪ Ŵ2 6= w2|W1 = w1,W2 = w2)p(w1, w2)

= Pr(Ŵ1 6= 1 ∪ Ŵ2 6= 1|W1 = 1,W2 = 1)

where the last equality is due to the fact that by the symmetry of codebook con-
struction, the conditional probability of error does not depend on which pair of
indices is sent. Define the following events:

E0 := {(Ŷ2(u)n, Y n
2 ) /∈ T n

ǫ′ (Ŷ2Y2) for all u},
Ew1,w2

:= {(Xn
1 (w1), Y n

1 , Ŷ
n

2 (u)) ∈ T n
ǫ (X1Y1Ŷ2) and

(Xm
3 (w2),Xm

2 (u), Y m
3 ) ∈ T m

ǫ (X3X2Y3) for some u}.

The probability of error can be written as

Pr(E) = Pr(Ec
1,1 ∪(w1,w2)∈A Ew1,w2

|W1 = 1,W2 = 1)

≤ Pr(Ec
1,1|W1 = 1,W2 = 1) + Pr(∪(w1,w2)∈AEw1,w2

|W1 = 1,W2 = 1)

= Pr(Ec
1,1 ∩ E0|W1 = 1,W2 = 1) + Pr(Ec

1,1 ∩ Ec
0 |W1 = 1,W2 = 1)

+ Pr(∪(w1,w2)∈AEw1,w2
|W1 = 1,W2 = 1)

≤ Pr(E0|W1 = 1,W2 = 1) + Pr(Ec
1,1 ∩ Ec

0 |W1 = 1,W2 = 1)

+ Pr(∪(w1,w2)∈AEw1,w2
|W1 = 1,W2 = 1)

where A = {(w1, w2) ∈ W1 × W2 : (w1, w2) 6= (1, 1)}. Assume β is fixed, by the
covering lemma (see Lemma 2.2.4 in Section 2.2), Pr(E0|W1 = 1,W2 = 1) → 0 as
ℓ → ∞, if

RU > βI(Y2; Ŷ2) + δ(ǫ′), (6.15)
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where δ(ǫ′) → 0 as ǫ′ → 05. By the conditional typicality lemma (see Lemma 2.2.1
in Section 2.2), Pr(Ec

0 ∩ Ec
1,1|W1 = 1,W2 = 1) → 0 as ℓ → ∞.

Next we bound the term Pr(∪(w1,w2)∈AEw1,w2
|W1 = 1,W2 = 1). Define the

following events:

B1(w1, u) := {(Xn
1 (w1), Y n

1 , Ŷ
n

2 (u)) ∈ T n
ǫ (X1Y1Ŷ2)},

B2(w2, u) := {(Xm
3 (w2),Xm

2 (u), Y m
3 ) ∈ T m

ǫ (X3X2Y3)},
With slight abuse of notation, denote p(u′) := pU |W1W2

(u′|W1 = 1,W2 = 2) (for
convenience). We can rewrite the term Pr(∪(w1,w2)∈AEw1,w2

|W1 = 1,W2 = 1) as

Pr(∪(w1,w2)∈AEw1,w2
|W1 = 1,W2 = 1)

=
∑

u′∈U
Pr(∪(w1,w2)∈AEw1,w2

|W1 = 1,W2 = 1, U = u′)p(u′)

=
∑

u′∈U
p(u′)Pr(∪(w1,w2)∈A ∪u∈U (B1(w1, u) ∩ B2(w2, u))|W1 = 1,W2 = 1, U = u′)

≤
∑

u′∈U
p(u′)

∑

(w1,w2)∈A

∑

u∈U
Pr(B1(w1, u) ∩ B2(w2, u)|W1 = 1,W2 = 1, U = u′)

=
∑

u′∈U
p(u′)

∑

(w1,w2)∈A

∑

u∈U
Pr(B1(w1, u)|W1 = 1,W2 = 1, U = u′)

× Pr(B2(w2, u)|W1 = 1,W2 = 1, U = u′). (6.16)

The last step in (6.16) is valid if the random entity (Xn
1 (w1), Y n

1 , Ŷ
n

2 (u)) is indepen-
dent of the random entity (Xm

3 (w2),Xm
2 (u), Y m

3 ), given W1 = 1,W2 = 1, U = u′.
The proof is given in Appendix 6.A.

Next we bound the terms Pr(B2(w2, u)|W1 = 1,W2 = 1, U = u′) for (w2, u) ∈
W2 × U in (6.16), using mainly joint typicality lemma (see Lemma 2.2.2 in Section
2.2).

• If w2 = 1 and u = u′, we have

Pr(B2(w2, u)|W1 = 1,W2 = 1, U = u′) ≤ 1.

• If w2 = 1 and u 6= u′, Xm
2 (u) ∼ Πm

i=1pX2
(x2,i) is independent of (Xm

3 (1), Y m
3 ) ∼

Πm
i=1pX3Y3

(x3,i, y3,i), and we have

Pr(B2(w2, u)|W1 = 1,W2 = 1, U = u′) ≤ 2−m(I(X2;X3,Y3)−δ(ǫ)).

• If w2 6= 1 and u = u′, Xm
3 (w2) ∼ Πm

i=1pX3
(x3,i) is independent of (Xm

2 (u′), Y m
3 ) ∼

Πm
i=1pX2Y3

(x2,i, y3,i), and we have

Pr(B2(w2, u)|W1 = 1,W2 = 1, U = u′) ≤ 2−m(I(X3;X2,Y3)−δ(ǫ)).

5We shall consider δ(ǫ) = c · ǫ, where c is a constant that does not vary with ǫ, as a general
form of the functions that are linear with respect to ǫ. We shall not specify the exact value of c
whenever it does not affect the results of our discussion.
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• If w2 6= 1 and u 6= u′, (Xm
2 (u),Xm

3 (w2)) ∼ Πm
i=1pX2

(x2,i)pX3
(x3,i) is inde-

pendent of Y m
3 ∼ Πm

i=1pY3
(y3,i), and we have

Pr(B2(w2, u)|W1 = 1,W2 = 1, U = u′) ≤ 2−m(I(X3,X2;Y3)−δ(ǫ)).

Using the above bounds and continuing from (6.16), we have

Pr(∪(w1,w2)∈AEw1,w2
|W1 = 1,W2 = 1)

≤
∑

u′∈U
pU (u′)

∑

(w1,w2)∈A

∑

u∈U
Pr(B1(w1, u)|W1 = 1,W2 = 1, U = u′)

× Pr(B2(w2, u)|W1 = 1,W2 = 1, U = u′)

≤
∑

u′∈U
pU (u′)

∑

w1 6=1

Pr(B1(w1, u
′)|W1 = 1,W2 = 1, U = u′)

+
∑

u′∈U
pU (u′)

∑

w1 6=1

∑

u6=u′

Pr(B1(w1, u)|W1 = 1,W2 = 1, U = u′) · 2−m(I(X2;X3,Y3)−δ(ǫ))

+
∑

u′∈U
pU (u′)|W2|

∑

w1

Pr(B1(w1, u
′)|W1 = 1,W2 = 1, U = u′) · 2−m(I(X3;X2,Y3)−δ(ǫ))

+
∑

u′∈U
pU (u′)|W2|

∑

w1

∑

u6=u′

Pr(B1(w1, u)|W1 = 1,W2 = 1, U = u′) · 2−m(I(X2,X3;Y3)−δ(ǫ))

≤
∑

w1 6=1

Pr(B1(w1, U)|W1 = 1,W2 = 1)

+
∑

w1 6=1

∑

u∈U
Pr(B1(w1, u)|W1 = 1,W2 = 1) · 2−m(I(X2;X3,Y3)−δ(ǫ))

+ |W2|
∑

w1

Pr(B1(w1, U)|W1 = 1,W2 = 1) · 2−m(I(X3;X2,Y3)−δ(ǫ))

+ |W2|
∑

w1

∑

u∈U
Pr(B1(w1, u)|W1 = 1,W2 = 1) · 2−m(I(X2,X3;Y3)−δ(ǫ)), (6.17)

where |A| denotes the cardinality of set A.
Similarly as before, we can develop the following bounds using the joint typi-

cality lemma:

• If w1 = 1, Ŷ n
2 (u) ∼ Πn

i=1pŶ2
(ŷ2,i) is independent of (Xn

1 (1), Y1) which is
distributed according to Πn

i=1pX1Y1
(x1,i, y1,i), and we have

Pr(B1(w1, u)|W1 = 1,W2 = 1) ≤ 2−n(I(X1,Y1;Ŷ2)−δ(ǫ)).

• If w1 6= 1, Xn
1 (w1) ∼ Πn

i=1pX1
(x1,i), Y

n
1 ∼ Πn

i=1pY1
(y1,i) and Ŷ n

2 (u) ∼
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Πn
i=1pŶ2

(ŷ2,i) are mutually independent, and we have

Pr(B1(w1, u)|W1 = 1,W2 = 1)

=
∑

(xn
1 ,yn

1 ,ŷn
2 )∈T n

ǫ (X1Y1Ŷ2)

p(xn
1 )p(yn

1 )p(ŷn
2 )

≤ 2−n(H(X1)+H(Y1)+H(Ŷ2)−H(X1,Y1,Ŷ2)−δ(ǫ))

= 2−n(I(X1,Ŷ2;Y1)+I(X1;Ŷ2)−δ(ǫ)).

Moreover, for w1 6= 1, we have the following bound

Pr(B1(w1, U)|W1 = 1,W2 = 1) ≤ 2−n(I(X1;Y1,Ŷ2)−δ(ǫ)),

since Xn
1 (w1) ∼ Πn

i=1pX1
(x1,i) is independent of (Y n

1 , Ŷ
n

2 (U)). Note that the bound

is valid for (Y n
1 , Ŷ

n
2 (U)) that follow an arbitrary pmf. For w1 = 1,

Pr(B1(w1, U)|W1 = 1,W2 = 1) ≤ 1.

Using the bounds derived above and continuing from (6.17), the following in-
equality can be readily shown to hold:

Pr(∪(w1,w2)∈AEw1,w2
|W1 = 1,W2 = 1)

≤|W1| · 2−n(I(X1;Y1,Ŷ2)−δ(ǫ))

+ |W1| · |U| · 2−n(I(X1,Ŷ2;Y1)+I(X1;Ŷ2)−δ(ǫ))−m(I(X2;X3,Y3)−δ(ǫ))

+ |W2| · 2−m(I(X3;X2,Y3)−δ(ǫ))

+ |W2| · |W1| · 2−n(I(X1;Y1,Ŷ2)−δ(ǫ))−m(I(X3;X2,Y3)−δ(ǫ))

+ |W2| · |U| · 2−n(I(X1,Y1;Ŷ2)−δ(ǫ))−m(I(X2,X3;Y3)−δ(ǫ))

+ |W1| · |W2| · |U|2−n(I(X1,Ŷ2;Y1)+I(X1;Ŷ2)−δ(ǫ))−m(I(X2,X3;Y3)−δ(ǫ)) (6.18)

For fixed β, if ℓ → ∞, ǫ → 0, and the following conditions hold,

R1 < βI(X1;Y1, Ŷ2),

R2 < (1 − β)I(X3;X2, Y3),

R1 +RU < βI(X1, Ŷ2;Y1) + βI(X1; Ŷ2) + (1 − β)I(X2;X3, Y3),

R2 +RU < βI(X1, Y1; Ŷ2) + (1 − β)I(X2,X3;Y3),

R1 +R2 < βI(X1;Y1, Ŷ2) + (1 − β)I(X3;X2, Y3),

R1 +R2 +RU < βI(X1, Ŷ2;Y1) + βI(X1; Ŷ2) + (1 − β)I(X2,X3;Y3).
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the probability of error Pr(∪(w1,w2)∈AEw1,w2
|W1 = 1,W2 = 1) → 0. Finally we can

eliminate RU using (6.15) and the following rates are achievable

R1 <min{βI(X1;Y1, Ŷ2),

β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X2;Y3|X3)},
(6.19)

R2 <min{(1 − β)I(X3;Y3|X2),

β(I(X1, Y1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X2,X3;Y3)}, (6.20)

R1 +R2 <β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X2,X3;Y3). (6.21)

Combining the above inequalities (see Appendix 6.B for more details) we can obtain
the following result for R = R1 +R2

R <min{βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2),

β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X2,X3;Y3),

β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X2,X3;Y3)

− βI(Y2; Ŷ2|X1, Y1) + (1 − β)I(X2;Y3|X3)}. (6.22)

Optimizing over the relevant distributions, we obtain the results in the theorem.

6.2.2 Quantize-and-Forward Scheme Using a Single Message Set at
the Source Node

Similar to the case of CF relaying, for the achievability result of the QF scheme,
one can also use a single message set at the source node. The achievable rate result
for the QF scheme with a single message set is presented in the following theorem.

Theorem 6.2.2. The following rates are achievable over discrete memoryless half-
duplex relay channels with the quantize-and-forward scheme using a single message
set at the source node:

R < max
p(x1)p(x2)p(x3)p(ŷ2|y2)

min{βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2),

β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X2,X3;Y3)}, (6.23)

where the joint pmf factors as in (6.6).

Proof. Assume the source node has a message set W = [1 : 2ℓR] and a message
W , which is uniformly distributed in W. The codebooks are generated similarly
as in the proof of Theorem 6.1.2, except that RS = RU is specified. The source
operation is the same as that in the proof of Theorem 6.1.2. At the relay node,
after finding the index u at the end of the first slot, let s = u. Select the codeword
xm

2 (s), which is transmitted in the second slot. The decoding in the destination
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node is performed jointly to find an estimation ŵ, without the need to find a specific
estimation û. The detailed decoding steps are as follows.

Destination node: Let ǫ′ < ǫ < 1. At the end of the second slot, the destination
node tries to find a unique message ŵ ∈ W such that

(xn
1 (ŵ), yn

1 , ŷ
n
2 (u)) ∈ T n

ǫ (X1Y1Ŷ2)

and

(xm
3 (ŵ), xm

2 (u), ym
3 ) ∈ T m

ǫ (X3X2Y3)

for some u ∈ U .
Analysis of probability of error: The analysis of probability of error is similar to

the one presented in the proof of Theorem 6.2.1. Let W denote the messages sent
at the source node and U denote the index chosen by the relay. The probability of
error averaged over W , U and over all codebooks is defined as

Pr(E) = Pr(Ŵ 6= W )

=
∑

w∈W
Pr(Ŵ 6= w|W = w)p(w)

= Pr(Ŵ 6= 1|W = 1)

where the last equality is due to the fact that by the symmetry of codebook con-
struction, the conditional probability of error does not depend on which pair of
indices is sent. Define the following events:

E0 := {(Ŷ2(u)n, Y n
2 ) /∈ T n

ǫ′ (Ŷ2Y2) for all u},
Ew := {(Xn

1 (w), Y n
1 , Ŷ

n
2 (u)) ∈ T n

ǫ (X1Y1Ŷ2),

(Xm
3 (w),Xm

2 (u), Y m
3 ) ∈ T m

ǫ (X3X2Y3) for some u}.

The probability of error can be written as

Pr(E) = Pr(Ŵ 6= 1|W = 1)

= Pr(Ec
1 ∪ (∪w 6=1Ew)|W = 1)

≤ Pr(Ec
1 |W = 1) + Pr(∪w 6=1Ew|W = 1)

= Pr(Ec
1 ∩ E0|W = 1) + Pr(Ec

1 ∩ Ec
0 |W = 1) + Pr(∪w 6=1Ew|W = 1)

≤ Pr(E0|W = 1) + Pr(Ec
1 ∩ Ec

0 |W = 1) + Pr(∪w 6=1Ew|W = 1)

Assume β is fixed, by the covering lemma, Pr(E0|W = 1) → 0 as ℓ → ∞, if

RU > βI(Y2; Ŷ2) + δ(ǫ′), (6.24)

where δ(ǫ′) → 0 as ǫ′ → 0. By the conditional typicality lemma, Pr(Ec
0 ∩ Ec

1 |W =
1) → 0 as ℓ → ∞.
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Next we bound the term Pr(∪w 6=1Ew|W = 1). Define the events

A1(w, u) :={(Xn
1 (w), Y n

1 , Ŷ
n

2 (u)) ∈ T n
ǫ (X1Y1Ŷ2)},

A2(w, u) :={(Xm
3 (w),Xm

2 (u), Y m
3 ) ∈ T m

ǫ (X3X2Y3)}.
Using similar arguments as in the proof of Theorem 6.2.1, we have

Pr(∪w 6=1Ew|W = 1)

=
∑

u′∈U
p(u′|W = 1) Pr(∪w 6=1Ew|W = 1, U = u′)

≤
∑

u′∈U
p(u′|W = 1)

∑

w 6=1

∑

u∈U
Pr(A1(w, u) ∩ A2(w, u)|W = 1, U = u′)

=
∑

u′∈U
p(u′|W = 1)

∑

w 6=1

∑

u∈U
Pr(A1(w, u)|W = 1, U = u′) Pr(A2(w, u)|W = 1, U = u′)

≤
∑

u′∈U
p(u′|W = 1)

∑

w 6=1

∑

u6=u′

Pr(A1(w, u)|W = 1, U = u′) · 2−m(I(X2,X3;Y3)−δ(ǫ))

+
∑

u′∈U
p(u′|W = 1)

∑

w 6=1

Pr(A1(w, u′)|W = 1, U = u′) · 2−m(I(X3;X2,Y3)−δ(ǫ))

=
∑

w 6=1

∑

u∈U
Pr(A1(w, u)|W = 1) · 2−m(I(X2,X3;Y3)−δ(ǫ))

+
∑

w 6=1

Pr(A1(w,U)|W = 1) · 2−m(I(X3;X2,Y3)−δ(ǫ))

≤|W| · |U| · 2−n(I(X1,Ŷ2;Y1)+I(X1;Ŷ2)−δ(ǫ)) · 2−m(I(X2,X3;Y3)−δ(ǫ))

+ |W| · 2−n(I(X1;Y1,Ŷ2)−δ(ǫ)) · 2−m(I(X3;X2,Y3)−δ(ǫ)).

Therefore, we know that Pr(∪w 6=1Ew|W = 1) → 0 as ℓ → ∞ and ǫ → 0 if the
following condition holds.

R+RU < β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2)) + (1 − β)I(X2,X3;Y3), (6.25)

R < βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2). (6.26)

We can further eliminate RU using (6.24) and optimize over all relevant distribu-
tions, and we shall obtain the results in the theorem.

Remarks. Compared with (6.14), we see that the achievable rate of the QF scheme
with a single message set is no smaller than that of the QF scheme with message
splitting. Thus, message-splitting leads to no potential performance improvement.
We shall see in Theorem 6.3.1 in the subsequent section that in fact, over AWGN
channels, if Gaussian codebooks are used, all the schemes in discussion in this
chapter (including all the schemes discussed so far and the QFU scheme to be
discussed in Section 6.2.3) have the same achievable rates. However, as we shall
see in Chapter 7 and 8, the performance of the respective schemes over slow fading
channels varies in terms of outage-related measures.
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6.2.3 Quantize-and-Forward Scheme which Decodes the Relay’s
Message

In this subsection, we present another variant of the QF scheme, where at the
destination node, the receiver first decodes the relay’s message U (which is similar
to the method of separate decoding as in CF schemes). Once the relay’s message
is decoded, the receiver decodes the source message W using its received sequences
and the decoded relay’s message. We shall refer to this scheme as the QFU scheme
in short. The achievable rate result of the aforementioned QFU scheme is presented
in the following theorem, followed by the outline of the proof.

Theorem 6.2.3. The quantize-and-forward scheme that decodes the relay’s mes-
sage at the destination node can achieve the same rates as that of the compress-
and-forward scheme.

Remarks. The above theorem covers both cases where a single message set or two
message sets are used at the source node.

We shall provide in the following the outline of the proof for the case where a
single message set is used at the source node. The proof for the case where message
splitting is used follows similarly and thus it is omitted for brevity. In the proof, we
focus on obtaining the condition that at the destination node, the relay’s message
U can be decoded with arbitrarily small probability of error.

Outline of the proof. The codebook construction and the operations of the source
and relay nodes are the same as in the proof of Theorem 6.2.2. The decoding at
the destination node is as follows:

Destination node: Let ǫ′ < ǫ < 1. At the end of the second slot, the destination
node first tries to find a unique message û such that

(yn
1 , ŷ

n
2 (û)) ∈ T n

ǫ (Y1Ŷ2)

and

(xm
2 (û), ym

3 ) ∈ T m
ǫ (X2Y3).

It then tries to find a unique message ŵ such that

(xn
1 (ŵ), yn

1 , ŷ
n
2 (û)) ∈ T n

ǫ (X1Y1Ŷ2)

and

(xm
2 (û), xm

3 (ŵ), ym
3 ) ∈ T m

ǫ (X2X3Y3).

Analysis of probability of error: The probability of error can be written as

Pr{E} = Pr{Ŵ 6= 1|W = 1}
= Pr{Ŵ 6= 1 ∩ Û = U |W = 1} + Pr{Ŵ 6= 1 ∩ Û 6= U |W = 1}
≤ Pr{Ŵ 6= 1 ∩ Û = U |W = 1} + Pr{Û 6= U |W = 1},
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where it is readily shown (and the proof is omitted for brevity) that Pr{Ŵ 6= 1∩Û =
U |W = 1} → 0 as ℓ → ∞ and ǫ → 0 if

RU > βI(Y2; Ŷ2) (6.27)

and

R < βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2).

Furthermore, we show in Appendix 6.C that Pr{Û 6= U |W = 1} → 0 as ℓ → ∞
ǫ → 0, if

βI(Y2; Ŷ2) < RU < βI(Y1; Ŷ2) + (1 − β)I(X2;Y3). (6.28)

Thus, the achievable rate for the QF scheme that decodes message U is then

R < max
p(x1)p(x2)p(x3)p(ŷ2|y2)

βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2)

subject to

βI(Y2; Ŷ2) < βI(Y1; Ŷ2) + (1 − β)I(X2;Y3).

Note that this is exactly the same rate achieved by the CF scheme with a single
message set.

6.3 Achievable Rates of CF and QF Schemes over AWGN

There are several ways to translate the achievable rate results of discrete-valued
channels to that of the continuous-valued counterparts. Since weak typicality (de-
fined with respect to the weak law of large numbers) [CT91, Yeu08] is applicable to
random variables with both discrete and continuous alphabets (with minor mod-
ification of the definition), the extension is usually straight-forward if only weak
typicality is required in the proof of achievability. However, for both the CF and
QF schemes, the strong law of large numbers is needed for the conditional typicality
lemma6 in [EK10] to hold, which is only true for random variables with discrete
alphabets. Thus, we must proceed with caution on how to extend the results.

In [Wyn78], the Wyner-Ziv problem for random variables with general alpha-
bets is discussed based on measure theoretic arguments. In [Ooh97], the author
considers a similar problem assuming AWGN based on modifying the definition
of weak typicality (by adding extra constraints). By using the method described
in [Wyn78, Ooh97], one can similarly extend the previous achievability results of
CF and QF schemes to half-duplex AWGN relay channels. However, the meth-
ods described in [Wyn78, Ooh97] might potentially require the relay to know the

6To be exact, it is the special case of the conditional typicality lemma, i.e., the Markov lemma
in [Ber77, EK10], that is needed in the proof.
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underlying distribution of all random variables under discussion. This is a valid
assumption under the assumption of AWGN channels, when the channel coeffi-
cients hi for i = 1, 2, 3 are constants (see7 Fig. 6.2). However, when the channel
is slowly fading, i.e., hi become random variables, the required information might
not be available at the relay node. Thus, in this subsection, we resort to a different
approach, which is described in [EK10, Gal68, Gra90]. The basic idea is that by
using discretization, the continuous-valued channel is converted to a discrete chan-
nel where strong typicality holds. The corresponding achievable rate results can
be obtained using the same arguments as in the case of discrete channels. As we
refine the discretization process, the achievable rate expressions will converge to the
same forms as in the discrete cases. Moreover, as we shall see, the discretization is
universal in the sense that it works for any channel parameters, i.e., the value of
hi for i = 1, 2, 3. And for the process to work, the relay only needs to know h2,
which we shall always assume is the case even when the channel is slowly fading
(see Section 2.5).

The achievable rate result of the schemes under discussion over AWGN channels
is summarized in the following theorem.

Theorem 6.3.1. The following rates are achievable over half-duplex AWGN relay
channels with the compress-and-forward and quantize-and-forward schemes:

R <
β

2
log









1 + c1P1 +
c2P1

1 + 1+c1P1+c2P1

(1+c1P1)

(

(

1+
c3P2

1+c1P3

)(1−β)/β
−1

)









+
1 − β

2
log (1 + c1P3) . (6.29)

Remarks. We shall see that the above rates are achievable using the equivalent
schemes (over AWGN channels) of any variants of the CF and QF schemes discussed
in the discrete cases in Section 6.1 and Section 6.2.

Next we provide the proof in two steps. First we prove that the achievable rates
over half-duplex AWGN relay channels can be expressed in similar forms (in terms
of mutual information terms and its optimization over relevant distributions) as in
Theorem 6.1.1, Theorem 6.1.2, Theorem 6.2.1 and Theorem 6.2.2. Then we solve
the optimization over the relevant distributions to obtain the explicit expression
of the achievable rates as in (6.29). The two steps are explained in detail in the
following two subsections.

7Fig. 2.1 is repeated here as Fig. 6.2 for ease of reference.
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Figure 6.2: A sketch of the relationships of the signals under discussion over a
half-duplex AWGN relay channel.

6.3.1 Extension of the Achievable Rate Results to the Half-Duplex
AWGN Relay Channel

In this subsection, we provide a proof which extends the achievable rate result of
the QF scheme obtained in Section 6.2.1 to the results in its corresponding AWGN
case. Similar approaches can be taken to extend CF rates to its AWGN case as well.
In both cases, we shall assume that all codebooks used are generated according to
certain zero mean Gaussian distributions, the exact forms of which will be clear in
the sequel. However, we note that they are not necessarily the optimal distributions
that maximize the achievable rates for the respective schemes. Nevertheless, we
shall be content with the rates obtained with those distributions since we are more
concerned about the achievability results and the assumption of Gaussian codebooks
makes analytical analysis tractable.

First, define the quantization mappings as in [Wyn78, EK10]. Let R be the real
line. For every j = 1, 2, . . . , define the set

[R]j = {−j∆,−(j − 1)∆, . . . ,−∆, 0,∆, . . . , (j − 1)∆, j∆},

where ∆ = 1/
√
j. Denote a series of quantization mappings (for j = 1, 2, . . .) as

qj : R → [R]j .

Every quantization mapping [x]j = qj(x) is defined such that [x]j ∈ [R]j is the
closest point (in distance) to x ∈ R which satisfies |[x]j | ≤ |x|.

Let Xi, Zi for i = 1, 2, 3 and ZQ be generic random variables which are real
Gaussian with zero mean and are mutually independent. The variances of Xi are
Pi. The variances of Zi are 1 and that of ZQ is σ2

Q. The random variables Yi for

i = 1, 2, 3 and Ŷ2 are induced by the previous random variables as follows (one can
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X1 Y1

Y2

[X1]k

[Y1]k

[Y2]j Ŷ2j [Ŷ2j ]k

Ŷ2

Figure 6.3: A sketch of the relationships of some random variables under discussion.

also refer to Fig. 6.2),

Yi = hiX1 + Zi for i = 1, 2, (6.30)

Y3 = h1X3 + h3X2 + Z3, (6.31)

Ŷ2 = Y2 + ZQ, (6.32)

where hi for i = 1, 2, 3 are constants. Furthermore, we construct the following
random variables with the quantization mappings as defined previously as follows
(see Fig. 6.3),

[Xi]k =qk(Xi) for i = 1, 2, 3,

[Yi]k =qk(Yi) for i = 1, 3,

[Y2]j =qk(Y2),

Ŷ2j =[Y2]j + ZQ,

[Ŷ2j ]k =qk(Ŷ2j).

Note that the random variables denoted within brackets have discrete alphabets.
As in Section 6.1, the source node has message set W1 ×W2, with two messages

W1 ∈ W1, W2 ∈ W2 that are uniformly distributed over the respective message set.
Code construction: Randomly and independently generate 2ℓR1 codewords xn

1 (w1),
w1 ∈ W1, each according to Πn

i=1fX1
(x1,i(w1)). Similarly, generate 2ℓR2 code-

words xm
3 (w2) ∼ Πm

i=1fX3
(x3,i(w2)), w2 ∈ W2, and 2ℓR1 codewords xm

2 (s) ∼
Πm

i=1fX2
(x2,i(s)), s ∈ S =

[

1 : 2ℓRS
]

. Let RS = RU . Randomly and indepen-
dently generate 2ℓRU codewords [ŷ2j ]nk (u), each according to Πn

i=1p[Ŷ2j ]k
([ŷ2j,i]k(u)),

u ∈ U =
[

1 : 2ℓRU
]

. Note that the codebook for the relay node is generated ac-
cording to p[Ŷ2j ]k

, which only depends on the knowledge of h2 (among all channel

coefficients h1, h2 and h3).
Source node: To send messages w1 and w2, the source transmits xn

1 (w1) in the
first slot and xm

3 (w2) in the second slots.
Relay node: Let ǫ′ ∈ (0, 1). Upon receiving yn

2 at the end of the first slot, the
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relay node tries to find a u ∈ U such that

(

[y2]nj , [ŷ2j ]nk (u)
)

∈ Tn
ǫ′ ([Y2]j [Ŷ2j ]k),

where [y2]nj is obtained by applying the quantization mapping qj element-wise to
yn

2 . We shall adopt this notation to denote similar operations that are applied to
other sequences henceforth. If there are more than one such u, randomly choose
one of them. If there is no such u, randomly assign one in U . Then it transmits
xm

2 (u) in the second slot.
Destination node: Let ǫ′ < ǫ < 1. At the end of the second slot, the destination

tries to find a unique message pair (ŵ1, ŵ2) such that

([x1]nk (ŵ1), [y1]nk , [ŷ2j ]nk (u)) ∈ T n
ǫ ([X1]k[Y1]k[Ŷ2j ]k)

and

([x3]mk (ŵ2), [x2]mk (u), [y3]mk ) ∈ T m
ǫ ([X2]k[X2]k[Y3]k)

for some u ∈ U , where we denote [x1]nk (w1) as the quantized version of the original
codebook xn

1 (w1) for w1 ∈ W1. The same applies to [x2]mk (w2) and [x3]mk (u).
Thus, we can define the probability of error averaged over W1, W2, U and over all
codebooks in the following way,

Pr{E} = Pr{Ŵ1 6= W1 ∪ Ŵ2 6= W2 ∪ E1 ∪ E2 ∪ E3}

≤ Pr{Ŵ1 6= W1 ∪ Ŵ2 6= W2} +

3
∑

i=1

Pr{Ei},

where

E1 : =

{

1

n

n
∑

i=1

X2
1,i(W1) > P1

}

,

E2 : =

{

1

m

m
∑

i=1

X2
2,i(S) > P2

}

,

E3 : =

{

1

m

m
∑

i=1

X2
3,i(W2) > P3

}

.

Using similar arguments as in [CT91, Yeu08], the probability of the codewords
that violate the power constraints8 goes to zero as n → ∞, i.e., Pr{Ei} → 0 for
i = 1, 2, 3, as n → ∞. The remaining part of the analysis of the probability of error

8As also mentioned in Chapter 3, to be exact, the respective Gaussian distributions should
have variances of Pi − ǫ for i = 1, 2, 3, where ǫ is a positive number that can be made arbitrarily
small.
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follows the same lines as in Section 6.2.1 and we can readily obtain the following
achievability results

R1 <min{βI([X1]k; [Y1]j , [Ŷ2j ]k),

β(I([X1]k, [Ŷ2j ]k; [Y1]k) + I([X1]k; [Ŷ2j ]k) − I([Y2]j ; [Ŷ2j ]k))

+ (1 − β)I([X2]k; [Y3]k|[X3]k)}, (6.33)

R2 <min{(1 − β)I([X3]k; [Y3]k|[X2]k),

β(I([X1]k, [Y1]k; [Ŷ2j ]k) − I([Y2]j ; [Ŷ2j ]k))

+ (1 − β)I([X2]k, [X3]k; [Y3]k)}, (6.34)

R <β(I([X1]k, [Ŷ2j ]; [Y1]k) + I([X1]k; [Ŷ2j ]) − I([Y2]j ; [Ŷ2j ]k))

+ (1 − β)I([X3]k, [X2]k; [Y3]k). (6.35)

We now prove that I([X1]k; [Y1]k, [Ŷ2j ]k) can be made as close as desired to

I(X1;Y1, Ŷ2) by taking j, k sufficiently large. First, by the definition of mutual
information as given in [Gra90, EK10], we know that

lim
k→∞

I([X1]k; [Y1]k, [Ŷ2j ]k) → I(X1;Y1, Ŷ2j).

We can rewrite I(X1;Y1, Ŷ2j) as

I(X1;Y1, Ŷ2j) =I(X1;Y1) + h(Ŷ2j |Y1) − h(Ŷ2j |X1).

By the definition of conditional differential entropy we have

h(Ŷ2j |X1) =

∫

SX1

h(Ŷ2j |X1 = x1)fX1
(x1)dx1

=EX1
{h(Ŷ2j |X1 = x1)}.

From the definition of the quantization mapping qj , we have

E{|Ŷ2j |2|X1 = x1} ≤ E{|Ŷ2|2|X1 = x1}.

Since among all random variables with a fixed second moment, the differential
entropy is maximized by a Gaussian distribution [CT91, Yeu08], we have

h(Ŷ2j |X1 = x1) ≤ h(Ŷ2|X1 = x1),

and hence the inequality

h(Ŷ2j |X1) ≤ h(Ŷ2|X1). (6.36)

Next, we can show that the following holds

lim inf
j→∞

h(Ŷ2j |X1) → h(Ŷ2|X1), (6.37)
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which, combined with (6.36), effectively shows that

h(Ŷ2j |X1) = h(Ŷ2|X1).

The proof of (6.37) is presented in more details in Appendix 6.D.
Note that equivalently we have Y2 = cY1 + Za, where c is a constant and Za is

Gaussian with zero mean and variance σ2, which is also a constant. Thus, we can
similarly prove that limj→∞ h(Ŷ2j |Y1) = h(Ŷ2|Y1). Therefore, we have shown that

lim
j→∞

lim
k→∞

I([X1]k; [Y1]k, [Ŷ2j ]k) → I(X1;Y1, Ŷ2).

Repeating the same steps as shown above, we can readily show that as k, j → ∞,
(6.33), (6.34), and (6.35) approaches (6.19), (6.20) and (6.21). The validity of (6.14)
can be proved similarly. Therefore, by using (6.14), in which all random variables
are specified by (6.30), (6.31) and (6.32), we can obtain a set of achievable rates
for the QF scheme over half-duplex AWGN relay channels.

With the same arguments as above, we can show that the achievable rates of
the CF scheme over half-duplex AWGN relay channels can be computed similarly
using (6.1) with the joint distribution as specified in (6.30), (6.31) and (6.32).

6.3.2 Discussions of the Achievable AWGN CF/QF Rates

In the last subsection, it is proved that the achievable rates of the schemes under
discussion over half-duplex AWGN relay channels can be expressed in the same
forms as in the case of discrete memoryless relay channels. The only modification
needed is that the random variables are now continuous in value and the joint
distribution is specified by (6.30), (6.31) and (6.32). In the following, the exact
expressions of the achievable rates of the schemes under discussion are computed.

Achievable Rates of CF Schemes

Through some calculation of the mutual information terms, we can re-write (6.1)
and (6.2) as

R <
β

2
log

(

1 + c1P1 +
c2P1

1 + σ2
Q

)

+R2, (6.38)

and

σ2
Q >

1 + c1P1 + c2P1

(1 + c1P1)(22RS/β − 1)
.

Note that the right hand side of (6.38) is a monotonically increasing function of
both R2 and RS , where R2 and RS are determined by the rate region specified by
(6.3), (6.4) and (6.5). Therefore, without loss of generality, we can consider only
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the border of the (R2, RS) rate region defined by (6.5). We can re-formulate the
achievable rate result as follows:

R < max
RS

{

β

2
log

(

1 + c1P1 +
c2P1

1 + 1+c1P1+c2P1

(1+c1P1)(22RS /β−1)

)

+ CMAC −RS

}

, (6.39)

subject to

1 − β

2
log

(

1 +
c3P2

1 + c1P3

)

< RS <
1 − β

2
log (1 + c3P2) ,

where CMAC = 1−β
2 log (1 + c1P3 + c3P2) is constant with respect to RS . Denote

the right hand side of (6.39) (the part within max(·)) by ICF . Taking derivative of
ICF with respect to RS , we have

∂ICF

∂RS
= − 22RS/β(1 + c1P1)

22RS/β(1 + c1P1) + c2P1
< 0.

Therefore, we know that the optimal RS is

RS =
1 − β

2
log

(

1 +
c3P2

1 + c1P3

)

.

Notice that the optimal (R2, RS) corresponds to the corner point of the sum rate
curve where the joint decoding of (w2, s) is equivalent to the scheme that first
decodes s, treating xm

3 (w2) as noise, and then it decodes w2 (which is equivalent
to the decoding procedures used in the proof of Theorem 6.1.2). Thus it is readily
seen that both the CF scheme with message splitting and the CF scheme with a
single message set obtain the rates given in Theorem 6.3.1.

Achievable Rates of QF Schemes

Note that over half-duplex AWGN relay channels, there exists a Markov chain
Y1 → X1 → Y2 → Ŷ2. Thus, we have I(X1, Ŷ2;Y1) = I(X1;Y1) and I(X1, Y1; Ŷ2) =
I(X1; Ŷ2). Therefore, we can rewrite (6.14) as follows,

R <min{βI(X1;Y1, Ŷ2) + (1 − β)I(X3;Y3|X2),

β(I(X1;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X3,X2;Y3)},
β(I(X1;Y1) + I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X3,X2;Y3)

+ β(I(X1; Ŷ2) − I(Y2; Ŷ2)) + (1 − β)I(X2;Y3|X3)}
= max

σ2
Q

min{I1(σ2
Q), I2(σ2

Q), I2(σ2
Q) + I3(σ2

Q)},
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where the following functions are defined:

I1(σ2
Q) :=

β

2
log

(

1 + c1P1 +
c2P1

1 + σ2
Q

)

+
1 − β

2
log (1 + c1P3) ,

I2(σ2
Q) :=

β

2
log

(

(1 + c1P1)σ2
Q

1 + σ2
Q

)

+
1 − β

2
log (1 + c1P3 + c3P2) ,

I3(σ2
Q) :=

β

2
log

(

σ2
Q

1 + σ2
Q

)

+
1 − β

2
log (1 + c3P2) .

We shall see from Appendix 6.E that the optimal σ2
Q is

σ2
Q =

1 + c1P1 + c2P1

(1 + c1P1)

(

(

1 + c3P2

1+c1P2

)(1−β)/β

− 1

) ,

and the achievable rates are R < I1(σ2
Q), i.e., (6.29). Thus, the QF scheme with

message splitting achieves the same rates as that of CF schemes over half-duplex
AWGN relay channels. It is straightforward to show that this is true for the QF
scheme with a single message set as well.

6.4 To Decode or not to Decode

So far in this chapter, we have presented the coding schemes and achievable rate
results of the two predominate relaying schemes without decoding with memory,
namely, the CF and QF schemes (including their variants). Both the cases over
discrete memoryless half-duplex relay channels and half-duplex AWGN relay chan-
nels have been considered. For the AWGN channels, if Gaussian codebooks are
used, it has been shown that all schemes under discussion achieve the same rate.

We briefly mention it in Section 1.5 that when the source-to-relay link is worse
than the source-to-destination link, it is not advisable to decode the message of the
source node at the relay node. It is generally difficult to explicitly characterize the
condition in which it is advantageous to decode and in which it is not. Case-by-case
studies are needed. However, as mentioned in, e.g., [KGG05, HMZ06], as a rule of
thumb, the DF scheme performs better when the relay node is “close” to the source
node and the CF/QF schemes perform better when the relay node is “close” to the
destination node. We present some examples to illustrate this in Fig. 6.4 and 6.5.
Similar examples have also been presented in [KGG05, HMZ06].

Fig. 6.4 shows the achievable rates of the DF (as in [HMZ06]), CF/QF and AF
(as in [LTW04]) schemes, as well as the capacity upper bound (as in [HMZ06]), as
a function of the SNR of the source-to-relay link. It is obvious to see that when the
source-to-relay link is good (when the relay is “close” to the destination), the DF
scheme outperforms the CF/QF and AF schemes and it approaches the capacity
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Figure 6.4: The achievable rates of various schemes under discussion as a function
of the source-to-relay SNR.

upper bound. However, when the source-to-relay link is bad, the schemes without
decoding (the CF/QF and AF schemes) are better. Fig. 6.5 shows the achievable
rates of the schemes under discussion as a function of the relay-to-destination SNR.
As can be seen, as the relay node becomes “closer” to the destination node, the
schemes without decoding outperform the DF scheme and approaches the capacity
upper bound.

Appendix

6.A Proof of Equation (6.16)

Proof. Observe that we can establish the following Markov chain

(W1, {Xn
1 }) → Xn

1 → (Y n
1 , Y

n
2 , {Ŷ n

2 }) → (U, {Xm
2 })

→ (Xm
2 ,W2, {Xm

3 },Xm
3 ) → Y m

3 ,

where we use the notation {Xn
1 (w1)}|W1|

w1=1 to denote the ensemble of all codewords
Xn

1 (1),Xn
1 (2), · · · ,Xn

1 (|W1|), and use the shorthand notation {Xn
1 } whenever it
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Figure 6.5: The achievable rates of various schemes under discussion as a function
of the relay-to-destination SNR.

is clear from the context what the number of codewords is. The notation Xn
1

denotes the chosen codeword Xn
1 (W1) (the output of the channel encoder). Similar

notation applies to the outputs of other encoders. We have the following expansion
of probability

p ({xn
1 }, yn

1 , {ŷn
2 }, {xm

2 }, {xm
3 }, ym

3 |u,w1, w2)

=p ({xm
2 }, {xm

3 }, ym
3 |u,w1, w2, {xn

1 }, yn
1 , {ŷn

2 }) · p ({xn
1 }, yn

1 , {ŷn
2 }|u,w1, w2)

=p ({xm
3 }, ym

3 |u, {xm
2 }, w1, w2, {xn

1 }, yn
1 , {ŷn

2 }) · p ({xm
2 }|u,w1, w2, {xn

1 }, yn
1 , {ŷn

2 })

× p ({xn
1 }, yn

1 , {ŷn
2 }|u,w1, w2)

=p({xm
3 }, ym

3 , w2|u, {xm
2 }, w1, {xn

1 }, yn
1 , {ŷn

2 })/p(w2|u, {xn
2 }, w1, {xn

1 }, yn
1 , {ŷn

2 })

× p ({xm
2 }|u,w1, w2, {xn

1 }, yn
1 , {ŷn

2 }) · p({xn
1 }, yn

1 , {ŷn
2 }|u,w1, w2)

=p({xm
3 }, ym

3 , w2|u, {xm
2 }, w1)/p(w2|u, {xn

2 }, w1)

× p ({xm
2 }|u,w1, w2) · p({xn

1 }, yn
1 , {ŷn

2 }|u,w1, w2)

=p({xm
3 }, {xm

2 }, ym
3 |u,w1, w2) · p({xn

1 }, yn
1 , {ŷn

2 }|u,w1, w2).
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Thus we have proved that given W1 = w1,W2 = w2, U = u, ({Xn
1 }, Y n

1 , {Ŷ n
2 }) is

independent of ({Xm
3 }, {Xm

2 }, Y m
3 ).

6.B Proof of Equation (6.22)

Proof. To obtain the total achievable rates R = R1 +R2, note that

I(X1;Y1, Ŷ2) + I(X1, Y1; Ŷ2)

=I(X1;Y1, Ŷ2) + I(X1; Ŷ2) + I(Y1; Ŷ2|X1) + I(X1;Y1) − I(X1;Y1)

=I(X1;Y1, Ŷ2) + I(X1; Ŷ2) + I(X1, Ŷ2;Y1) − I(X1;Y1)

=I(X1, Ŷ2;Y1) + I(X1; Ŷ2) + I(X1; Ŷ2|Y1)

≥I(X1, Ŷ2;Y1) + I(X1; Ŷ2),

where the last inequality is due to the fact that mutual information is non-negative
[CT91], i.e., I(X1; Ŷ2|Y1) ≥ 0. We also have

I(X2;Y3|X3) + I(X3;Y3|X2)

=I(X2,X3;Y3) + I(X3;Y3|X2) − I(X3;Y3)

=I(X2,X3;Y3) +H(X3|Y3) −H(X3|Y3,X2)

≥I(X2,X3;Y3),

where the second equality is valid since X2 and X3 are independent and thus
H(X3|X2) = H(X3). The last inequality is due to the fact that conditioning
reduces entropy [CT91], i.e., H(X3|Y3) ≥ H(X3|Y3,X2). Furthermore, we have

I(Y2; Ŷ2) =I(X1, Y1, Y2; Ŷ2) = I(X1, Y1; Ŷ2) + I(Y2; Ŷ2|X1, Y1),

where the first equality is due to the presence of the Markov chain (X1, Y1) →
Y2 → Ŷ2 and thus I(X1, Y1; Ŷ2|Y2) = 0. Thus, we can eliminate the redundancy
and obtain (6.22).

6.C Proof of Condition (6.28)

Proof. All discussions in this proof are under the assumption that W = 1 is given.
Define the following error events:

E0 :={(Y n
2 , Ŷ

n
2 (u)) /∈ Tǫ′(Y2Ŷ2) for all u ∈ U},

E1 :={(Y n
1 , Ŷ

n
2 (U)) /∈ Tǫ(Y1Ŷ2)},

E2 :={(Xm
2 (U), Y m

3 ) /∈ Tǫ(X2Y3)},
E3 :={(Y n

1 , Ŷ
n

2 (ũ)) ∈ Tǫ(Y1Ŷ2), (Xm
2 (ũ), Y m

3 ) ∈ Tǫ(X2Y3) for some ũ 6= U}
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The probability of error can be written as

Pr(Û 6= U) = Pr(E1 ∪ E2 ∪ E3)

≤ Pr(E1) + Pr(E2) + Pr(E3)

≤ Pr(E0) + Pr(Ec
0 ∩ E1) + Pr(E2) + Pr(E3)

By the covering lemma, if RU > βI(Y2; Ŷ2) + δ(ǫ′), Pr(E0) → 0 as ℓ → ∞. By the
conditional typicality lemma, Pr(Ec

0 ∩ E1) → 0 as ℓ → ∞. Moreover by the law of
large number, Pr(E2) → 0 as ℓ → ∞. Next, we bound Pr(E3) as follows:

Pr(E3)

= Pr((Y n
2 , Ŷ

n
2 (ũ)) ∈ Tǫ(Y2Ŷ2), (Xm

2 (ũ), Y m
3 ) ∈ Tǫ(X2Y3) for some ũ 6= U)

=
∑

u∈U
p(u) Pr((Y n

2 , Ŷ
n

2 (ũ)) ∈ Tǫ(Y2Ŷ2), (Xm
2 (ũ), Y m

3 ) ∈ Tǫ(X2Y3) for some ũ 6= u|U = u)

=
∑

u∈U
p(u)

∑

ũ6=u

Pr((Y n
2 , Ŷ

n
2 (ũ)) ∈ Tǫ(Y2Ŷ2), (Xm

2 (ũ), Y m
3 ) ∈ Tǫ(X2Y3)|U = u)

Note that we have the Markov chain

Y n
1 → (Y n

2 , {Ŷ n
2 }) → (U, {Xm

2 }) → Xm
2 → Y m

3

where we denote {Ŷ n
2 } and {Xm

2 } as the ensemble of all codewords, and Xm
2 as the

chosen codeword Xm
2 (U) (the output of the encoder). The joint probability can be

written as

p(yn
1 , y

n
2 , {ŷn

2 }, {xm
2 }, xm

2 , y
m
3 |u)

=p(xm
2 , y

m
3 , {xm

2 }|u, yn
1 , y

n
2 , {ŷn

2 }) · p(yn
1 , y

n
2 , {ŷn

2 }|u)

=p(xm
2 , y

m
3 |u, {xm

2 }, yn
1 , y

n
1 {ŷn

2 }) · p({xm
2 }|u, yn

1 , y
n
2 , {ŷn

2 }) · p(yn
1 , y

n
2 , {ŷn

2 }|u)

=p(xm
2 , y

m
3 |u, {xm

2 }) · p({xm
2 }|u) · p(yn

1 , y
n
2 , {ŷn

2 }|u)

=p(xm
2 , y

m
3 , {xm

2 }|u) · p(yn
1 , y

n
2 , {ŷn

2 }|u).

Thus, we know that conditioned on U = u, Y n
1 and {Ŷ n

2 } are independent of {Xm
2 }
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and Y m
3 , and we can break the joint events to get

Pr(E3) =
∑

u∈U
p(u)

∑

ũ6=u

Pr((Y n
1 , Ŷ

n
2 (ũ)) ∈ Tǫ(Y1Ŷ2)|U = u)

× Pr((Xm
2 (ũ), Y m

3 ) ∈ Tǫ(X2Y3)|U = u)

≤
∑

u∈U
p(u)

∑

ũ6=u

Pr((Y n
1 , Ŷ

n
2 (ũ)) ∈ Tǫ(Y1Ŷ2)|U = u) · 2−m(I(X2;Y3)−δ(ǫ))

≤
∑

u∈U
p(u)

∑

ũ∈U
Pr((Y n

1 , Ŷ
n

2 (ũ)) ∈ Tǫ(Y1Ŷ2)|U = u) · 2−m(I(X2;Y3)−δ(ǫ))

≤
∑

ũ∈U
Pr((Y n

1 , Ŷ
n

2 (ũ)) ∈ Tǫ(Y1Ŷ2)) · 2−m(I(X2;Y3)−δ(ǫ))

≤
∑

ũ∈U
2−n(I(Y1;Ŷ2)−δ′(ǫ)) · 2−m(I(X2;Y3)−δ(ǫ))

≤2ℓRU · 2−n(I(Y1;Ŷ2)−δ′(ǫ)) · 2−m(I(X2;Y3)−δ(ǫ))

Thus, we have that Pr(E3) → 0 as ℓ → ∞ if

βI(Y2; Ŷ2) + δ(ǫ′) < RU < βI(Y1; Ŷ2) + (1 − β)I(X2;Y3) − δ′′(ǫ).

6.D Proof of Equation 6.37

Proof. First we prove that the conditional pdf f(ŷ2j |x1) converges point-wise to
f(ŷ2|x1). To prove this, note that

f(ŷ2j |x1) =

∫

SY2

fZQ
(ŷ2 − qj(y2))fZ2

(y2 − x1)dy2,

where we have 0 < fZQ
(z) ≤ 1/

√

2πσ2
Q and 0 < fZ2

(z) ≤ 1/
√

2π. Hence, by the

dominated convergence lemma (see, e.g., [Tre]), we have

lim
j→∞

f(ŷ2j |x1) = lim
j→∞

∫

SY2

fZQ
(ŷ2 − qj(y2))fZ2

(y2 − x1)dy2

=

∫

SY2

lim
j→∞

fZQ
(ŷ2 − qj(y2))fZ2

(y2 − x1)dy2

=

∫

SY2

fZQ
(ŷ2 − y2)fZ2

(y2 − x1)dy2

=f(ŷ|x1).
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Furthermore, we have

f(ŷ2j |x1) =EY2|X1
{fZQ

(ŷ2 − qj(y2))}

≤ max
z

fZQ
(z) =

1
√

2πσ2
Q

.

Thus for each T > 0, we have

h(Ŷ2j |X1) = −
∫

SŶ2j

∫

SX1

f(x1)f(ŷ2j |x1) log f(ŷ2j |x1)dx1dŷ2j

≥ −
∫ T

−T

∫ T

−T

f(x1)f(ŷ2j |x1) log f(ŷ2j |x1)dx1dŷ2j

+ Pr{|X1| ≥ T, |Ŷ2j | ≥ T} · min
x1,ŷ2j

(− log fŶ2j |X1
(ŷ2j |x1))

→ −
∫ T

−T

∫ T

−T

f(x1)f(ŷ2|x1) log f(ŷ2|x1)dx1dŷ2

+ Pr{|X1| ≥ T, |Ŷ2| ≥ T} · log
√

2πσ2
Q

as j → ∞, where the last step is again obtained by using the dominated convergence
lemma. Let T → ∞, we prove (6.37).

6.E The Optimization of the AWGN QF Rates

Note that I1(σ2
Q) is a monotonically decreasing function of σ2

Q while I2(σ2
Q) and

I3(σ2
Q) are monotonically increasing functions of σ2

Q. Thus, the optimality condition
is that I1 = min{I2, I2 + I3}.

If σ2
Q ≥ λ1, where

λ1 :=
1

(1 + c3P2)
(1−β)/β − 1

,

we have I3(σ2
Q) ≥ 0. Thus, the maximum R is achieved if I1(σ2

Q) = I2(σ2
Q), which

gives σ2
Q = λ2, where

λ2 :=
1 + c1P1 + c2P1

(1 + c1P1)

(

(

1 + c3P2

1+c1P2

)(1−β)/β

− 1

) .

Note that λ2 ≥ λ1, thus, it indeed satisfies the assumption that σ2
Q ≥ λ1.

If σ2
Q < λ1, we have I3(σ2

Q) < 0. Further we have I2(σ2
Q) < I2(λ2) due to the

fact that I2(σ2
Q) is a monotonically increasing functions of σ2

Q. Thus, R(σ2
Q) =

min{I1(σ2
Q), I2(σ2

Q) + I3(σ2
Q)} ≤ I2(σ2

Q) < I2(λ2) = R(λ2).

In summary, the maximum R is achieved by σ2
Q = λ2.





Chapter 7

Outage Probability and Expected Rate

T
HE slow fading channel model is useful for a wireless transmission medium
if the transmission scheme is delay sensitive (see Section 2.5). In Chapter 6,

the basic coding schemes of the CF and QF schemes are presented and the achiev-
able rate results derived. It is shown that if Gaussian codebooks are used, all
schemes discussed achieve the same rate over AWGN channels. However, the per-
formance of various schemes under discussion can be different if we consider instead
outage-related performance measures over slow fading channels. In this chapter,
the outage-related performance of the various CF and QF schemes discussed in
Chapter 6 is discussed over slow fading channels. The notions of outage probability
and expected rate are defined and those of the CF and QF schemes derived, under
the assumption that the source and relay nodes have no CSIT. In particular, due
to the absence of CSIT at the relay node, it is shown that the performance of the
respective schemes suffer from degradation compared with the cases where perfect
relay CSIT is available, since in such cases, the relay can adjust its operation “op-
timally” to the channel variation. In practice, however, the assumption of perfect
CSIT is usually too optimistic. Therefore, simple finite-resolution feedback schemes
from the destination node to the relay node are designed for the schemes under dis-
cussion to provide the relay node with partial CSIT. Naturally this should give
performance gains to the corresponding relaying schemes. The outage probabili-
ties as well as the expected rates of the CF and QF schemes with finite-resolution
feedbacks are derived and numerical examples are presented to demonstrate such
gains.

7.1 Definitions

Consider the half-duplex AWGN relay channel that is slowly fading as defined in
Section 2.5. Compared with the half-duplex AWGN relay channel defined in Section
2.4, the channel coefficients hi (and thus ci) for i = 1, 2, 3 over slow fading channels
are no longer constants. Instead they are random variables which remain constant

93



94 CHAPTER 7. OUTAGE PROBABILITY AND EXPECTED RATE

within each block of length ℓ and vary independently over different blocks. As
stated before it is assumed that the block length ℓ though short compared to the
fading dynamics, is long enough so that the notion of achievable rate makes sense
within the block. Let

c := [c1, c2, c3]

be the channel coefficient vector. For convenience of notation, the achievable rate
expression of a relaying scheme obtained in Chapter 6 is denoted generally as a
function of the channel coefficient vector, i.e., IW (c). Observe that the entity
IW (c) can be seen as the “achievable rate” of the scheme within a certain block
of length ℓ and we shall denote this entity as the instantaneous achievable rate in
the sequel. However, with respect to the entire transmission, it is a random entity,
where the randomness is determined by the channel coefficient vector c. The notion
of outage is defined as follows.

Definition 7.1.1. A scheme is said to be in outage over slow fading channels if
the probability of decoding error of the specific scheme cannot be made arbitrarily
small with increasing block length ℓ.

Since it is assumed that the source node has no CSIT, it can only use a coding
scheme of fixed rate R for the entire transmission1. The outage probability of
a specific relaying scheme is thus defined for each rate R according to Definition
7.1.1, and is denoted as P̄out(R). In this thesis, we define a slightly different outage
probability as follows.

Definition 7.1.2. For a specific relaying scheme of rate R, the outage probability
of the scheme is given by

Pout(R) = Pr{R > IW (c)}, (7.1)

where IW (c) is the instantaneous achievable rate of the scheme.

Note that the achievability proof over AWGN channels only states that if R <
IW (c), the probability of error can be made arbitrarily small, but not the opposite.
Therefore, to make the definition specified in (7.1) agree rigorously with the previ-
ously defined P̄out(R), one needs to show that by using a rate larger than IW (c), the
error probability cannot be made arbitrarily small, e.g., by using Fano’s inequality
[CT91]. Nevertheless, we shall not provide such proof in this thesis and use (7.1)
as is. In any cases, Pout(R) ≥ P̄out(R) and thus Pout(R) serves as a “worse case”
benchmark.

With the above definition of probability of outage, we can further define the
expected rate as in [KS06, SSS07, KS07].

1We shall not discuss the so-called broadcast approach, as in [Cov72, SS03].
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Definition 7.1.3. The expected rate R̄ of a scheme is defined as the probability
of successful decoding when transmitting at rate R, multiplied by R. That is, the
number

R̄(R) = R
(

1 − P̄out(R)
)

,

where P̄out(R) is the outage probability at rate R.

Expected rate is a measure of reliably decodable rate, or the long-term system
throughput [KS06, SSS07, KS07]. Note that in this thesis, we shall use the outage
probability defined in Definition 7.1.2 to calculate the expected rate. As mentioned,
to make it exact, one need to prove that Pout(R) = P̄out(R). However, by using
Pout(R), we in any case shall obtain a lower bound to the expected rate.

The expected rate of a scheme can be readily obtained from its corresponding
outage probability. Therefore, in the subsequent sections, we shall focus on deriving
the outage probabilities of the schemes under discussion. Numerical results of both
the outage probabilities and the expected rates of those schemes are then presented
in Section 7.6 for comparison.

7.2 Outage Probability of CF Schemes

In Section 6.1 and 6.2, both the CF/QF schemes with a single message set and
those with message splitting are discussed. In this section, we first motivate the
choice in the thesis to consider solely the schemes with a single message set over
slow fading channels. Subsequently the outage probability of the CF scheme with
a single message set is derived. In addition, we consider the special case where
Wyner-Ziv coding is not used for the CF scheme, which we shall call the non-
WZ CF scheme. The corresponding outage probability is as well derived. For
ease of reference, Fig. 7.1 illustrates the relationships of the related entities under
discussion.

7.2.1 A Single Message Set or Message Splitting at the Source Node

The coding scheme described in the proof of Theorem 6.1.1 splits the message set at
the source node into two subsets, i.e., W = W1×W2. This separation provides more
decoding freedom at the destination node, as can be seen from (6.5). In Section
6.3.2, however, it has been shown that over AWGN channels, if Gaussian codebooks
are used at the source and relay nodes, in fact we can use the successive interference
cancellation (SIC) technique without loss to the achievable rates. That is, we
can (without loss) decode the message s first, treating xm

3 (w2) as noise, and then
decode w2, which gives the same rates as the CF scheme using a single message set.
We shall consider solely the CF/QF schemes using a single message set over slow
fading channels in the sequel, since with respect to the outage-related performance
measures, using a single message set is easier to handle and can potentially lead to
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Figure 7.1: A sketch of the system under discussion.

better performance. We succinctly demonstrate the latter point by the following
example with regard to the CF schemes.

Assume (for simplicity) that at the relay node, perfect CSIT is available. Thus,
the operations of the relay (codebook generation and encoding/decoding) can adapt
to the instantaneous channel states. Define the following functions:

IW1
(c) :=β log









1 + c1P1 +
c2P1

1 + 1+c1P1+c2P1

(1+c1P1)

(

(

1+
c3P2

1+c1P3

)(1−β)/β
−1

)









, (7.2)

IW2
(c) :=(1 − β) log (1 + c1P3) . (7.3)

The outage probability of the CF scheme with message splitting as described in the
proof of Theorem 6.1.1 in Section 6.1 can be readily shown to be (here the SIC as
mentioned before is used at the destination node for the decoding)

PMS
out (R1, R2) = Pr{R1 > IW1

(c) ∪R2 > IW2
(c)}

=1 − Pr{R1 ≤ IW1
(c) ∩R2 ≤ IW2

(c)}

where R1 and R2 are the fixed rates of the messages W1 and W2, which cannot
adapt to the varying channel due to the lack of CSIT at the source node. Similarly,
we can obtain the outage probability of the CF scheme with a single message set,
as described in the proof of Theorem 6.1.2, as follows:

PSM
out (R) = Pr{R > IW1

(c) + IW2
(c)}

=1 − Pr{R ≤ IW1
(c) + IW2

(c)} (7.4)

where R is the fixed rate of message W . Furthermore, assume R = R1 +R2 so that
the overall code rates of both schemes are the same. Thus, (7.4) can be rewritten
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as

PSM
out (R) =1 − Pr{R1 +R2 ≤ IW1

(c) + IW2
(c)}.

Define the following sets

C1 ={c : R1 ≤ IW1
(c) ∩R2 ≤ IW2

(c)},
C2 ={c : R1 +R2 ≤ IW1

(c) + IW2
(c)}.

Observe that C1 ⊆ C2 and thus

Pr{R1 ≤ IW1
(c) ∩R2 ≤ IW2

(c)} ≤ Pr{R1 +R2 ≤ IW1
(c) + IW2

(c)}.

Therefore, we have shown that PMS
out (R1, R2) ≥ PSM

out (R) for R = R1 +R2.
We also note that Theorem 6.3.1 shows that the CF, QF and QFU schemes all

achieve the same rate over AWGN channels, if Gaussian codebooks are used. Thus,
for the case where the relay has perfect CSIT and a single message set is used at
the source node, the three schemes essentially have the same outage probability
for a given rate R (since the instantaneous achievable rates of those schemes are
the same), as specified by 7.4. Therefore, we shall not specifically differentiate the
three schemes for the case of perfect relay CSIT in the sequel.

7.2.2 Outage Event and Outage Probability

In this subsection, the outage events and outage probability of the CF scheme using
a single message set, as described in the proof of Theorem 6.1.2 in Section 6.1 are
derived. Both the original CF (with WZ coding) and the non-WZ CF schemes are
considered. The non-WZ CF scheme is considered in [KSC09a], which assumes that
everything (encoding and decoding) works the same way as the original CF scheme
except that no binning is used, i.e., RS = RU and u = s. This also suggests that
once message s is recovered at the destination node, message u is known and ŷn

2 (u)
can be used to decode the source message w.

Remarks. We shall differentiate the non-WZ CF scheme with the QFU scheme
described in Section 6.2.3. The non-WZ CF scheme utilize ym

3 to decode message
s (as in the original CF scheme) and thus message u is known naturally due to
s = u, unlike the QFU scheme, which uses ym

3 and the side information yn
1 jointly

to directly decode message u. Thus, the non-WZ CF scheme is less “efficient” in
decoding since it does not utilize the side information. But it gains a reduced
decoding complexity.

Since the source node has no CSI, fixed code of rate R is used. At the relay node,
codebooks {ŷn

2 (u)} and {xm
2 (s)} need to be designed, with the mere knowledge of

channel coefficient h2. Without loss of generality, we assume that the rates RS and
RU are fixed for each transmission and σ2

Q (the variance of ZQ, see (6.32)) is chosen
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such that 2

RU = βI(Y2; Ŷ2). (7.5)

Note that the term I(Y2; Ŷ2) only depends on h2, which we assume that the relay
knows perfectly. Thus, the relay can always correctly choose σ2

Q according to (7.5).
Define the following sets:

ORS
:={c : RS > (1 − β)I(X2;Y3)},

ORU
:={c : RU > RS + βI(Y1; Ŷ2)},

OR,1 :={c : R > βI(X1;Y1) + (1 − β)I(X3;Y3)},
OR,2 :={c : R > βI(X1;Y1) + (1 − β)I(X3; Ỹ3)},
OR,3 :={c : R > βI(X1;Y1, Ŷ2) + (1 − β)I(X3; Ỹ3)},

where (see also (6.31))

Ỹ3 = Y3 − h3X2 = h1X3 + Z3. (7.6)

Next, we analyze the outage events and outage probabilities in detail for the
CF schemes without relay CSIT with and without WZ coding.

CF Scheme with WZ

The outage events of the CF scheme (with WZ coding) without relay CSIT can be
characterized as follows:

• If ORS
occurs, message s cannot be decoded3 at the destination (see (6.11)).

The destination node can only4 try to recover w with yn
1 and ym

3 . It is able
to do so5 if Oc

R,1 occurs.

• If Oc
RS

occurs, message s can be recovered and a new received sequence ỹm
3 =

ym
3 − h3x

m
2 (s) is formed. The destination can further try to recover u. It is

able to do so if Oc
RU

occurs (see (6.12)). If u is recovered, the destination can
try to recovered w with yn

1 , ŷn
2 (u) and ỹm

3 . It is able to do so if Oc
R,3 occurs

(see (6.13)). If u cannot be recovered, the destination can try to recover w
with yn

1 and ỹm
3 . It is able to do so if Oc

R,2 occurs.

2Recall that for the relay to be able to find a u, we need RU = βI(Y2; Ŷ2) + δ(ǫ′) + ǫ′′, for an
arbitrary ǫ′′ > 0 (see Section 6.2.1 ). We can let ǫ′′ → 0 and δ(ǫ′) → 0 so that RU is arbitrarily

close to βI(Y2; Ŷ2). For brevity, we write equality here instead.
3Here it should read the message cannot be decoded with arbitrarily small probability of error.

For brevity, we shall use the shorthand statement like this in the sequel.
4Note that we have RU > βI(Y2; Ŷ2) > βI(Y1; Ŷ2), where the last inequality is due to the

data processing inequality since we have the Markov chain Y1 → Y2 → Ŷ2. Thus, using the side
information yn

1
alone (by checking joint typicality of (yn

1
, ŷn

2
(u)) cannot guarantee that u can be

decoded since in that case we require RU < βI(Y1; Ŷ2).
5Again, here, it should read it is able to do so with arbitrarily small probability of error.
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Hence, we can write the outage probability as

PCF
out (R,RS , RU )

= Pr{(ORS
∩ OR,1) ∪ (Oc

RS
∩ Oc

RU
∩ OR,3) ∪ (Oc

RS
∩ ORU

∩ OR,2)}
= Pr{ORS

∩ OR,1} + Pr{Oc
RS

∩ Oc
RU

∩ OR,3} + Pr{Oc
RS

∩ ORU
∩ OR,2},

where the last equality is due to the fact that the underlying event spaces (over
R3+) of the corresponding joint events are non-overlapping.

Non-WZ CF Scheme

Similarly, the outage events of the non-WZ CF scheme without relay CSIT can be
divided into two independent events, depending on the decoding status of message
s:

• If ORS
occurs, message s cannot be decoded at the destination. The desti-

nation node can only try to recover w with yn
1 and ym

3 . It is able to do so if
Oc

R,1 occurs.

• If Oc
RS

occurs, message s can be recovered and a new received sequence ỹm
3 =

ym
3 − h3x

m
2 (s) is formed. Message u is naturally known since u = s and the

destination can try to recover message w of the source node with yn
1 , ŷn

2 (u)
and ỹm

3 . It is able to do so if Oc
R,3 occurs.

The outage probability can be written as

PnonW Z
out (R,RS) = Pr{(ORS

∩ OR,1) ∪ (ORc
S

∩ OR,3)}
= Pr{(ORS

∩ OR,1)} + Pr{(ORc
S

∩ OR,3)}.

7.3 Outage Probability of QF Schemes

Similar to the case of the CF schemes, only the QF schemes with a single message
set at the source node are considered. Assume R and RU are fixed, and choose σ2

Q

such that (7.5) holds. Define the following sets:

OR′
U

:={c : RU > βI(Y1; Ŷ2) + (1 − β)I(X2;Y3)},
OR′,1 :={c : R > βI(X1;Y1) + (1 − β)I(X3;Y3)},
OR′,2 :={c : R > βI(X1;Y1, Ŷ2) + (1 − β)I(X3; Ỹ3)},
OR′,3 :={c : R > β(I(X1, Ŷ2;Y1) + I(X1; Ŷ2)) + (1 − β)I(X2,X3;Y3) −RU },

where Ỹ3 is defined as (7.6).
For the CF scheme, an outage occurs if either (6.25) or (6.26) is not satisfied by

the channel. Thus, the outage probability for the QF scheme is readily obtained as

PQF
out (R,RU ) = Pr{OR′,2 ∪ OR′,3},
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where we use the fact that I(X3;Y3|X2) = I(X3; Ỹ3).
The outage probability of the QFU scheme can be written as

PQF U
out (R,RU ) = Pr{(OR′

U
∩ OR′,1) ∪ (Oc

R′
U

∩ OR′,2)}
= Pr{OR′

U
∩ OR′,1} + Pr{Oc

R′
U

∩ OR′,2},

where similar to the case of the CF scheme considered in Section 7.2.2, we consider
both the events where the destination node can or cannot decode relay’s message
U based on (6.28).

The detailed expressions for the outage sets defined in Section 7.2.2 and in this
section are given in Appendix 7.A.

7.4 Discussions on the Outage Probability

Intuitively, among all schemes discussed so far, the lowest outage probability should
be obtained by the CF/QF schemes that assume that perfect CSIT is available at
the relay node. Since if the CSIT is available, the operations at the relay node can
adapt “optimally” to the channel states. In this section, a formal proof is provided
for the above statement.

7.4.1 CF and Non-WZ CF Schemes

The relationship between the outage probability of the CF scheme and that of the
non-WZ CF scheme can be summarized in the following proposition.

Proposition 7.4.1. The following inequalities hold regarding the outage probabil-
ities of the CF and non-WZ CF schemes:

min
RU

PCF
out (R,RU , RS) ≤ PnonW Z

out (R,RS),

and

min
RU ,RS

PCF
out (R,RU , RS) ≤ min

RS

PnonW Z
out (R,RS).

Proof. The first inequality is obvious since the non-WZ CF scheme is a special case
of the CF scheme when RU = RS . The second inequality can be proved using the
first one. Let R∗

S be the optimal RS that minimizes PnonW Z
out (R,RS). Using the

first inequality, we have

min
RU

PCF
out (R,RU , R

∗
s) ≤ PnonW Z

out (R,R∗
S).

Thus it is obvious that the second inequality also holds.
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7.4.2 CF/QF Schemes with Perfect Relay CSIT

As mentioned previously, with perfect relay CSIT, the CF/QF schemes have the
same probability of outage PSM

out (R), which can be written as (7.4). The following
proposition states that among all schemes discussed, the CF/QF schemes with
perfect relay CSIT have the lowest probability of outage for a fixed source node
rate R.

Proposition 7.4.2. For certain R and any RU and RS, the outage probability
PSM

out (R) is smaller in value than PCF
out (R,RS , RU ), PnonW Z

out (R,RS), PQF U
out (R,RU )

and PQF
out (R,RU ).

Before we present a rigorous proof of Proposition 7.4.2, we first present the
following lemmas and their proofs:

Lemma 7.4.1. For any RU , if OR′
U

occurs, we have

IS2

W (RU , c) > IW1
(c) + IW2

(c) > IS3

W (RU , c),

and if Oc
R′

U
occurs, we have

IS2

W (RU , c) ≤ IW1
(c) + IW2

(c) ≤ IS3

W (RU , c),

where functions IS2

W and IS3

W are defined as (7.13) and (7.14) in Appendix 7.A.

Proof. Note that IS2

W (RU , c) is a monotonically increasing function of RU while

IS3

W (RU , c) is a monotonically decreasing function of RU . Further, we have that for

any c, if RU = βI(Y1; Ŷ2) + (1 − β)I(X2;Y3),

IS2

W (RU , c) = IW1
(c) + IW2

(c) = IS3

W (RU , c).

Using the above properties, we can readily prove the lemma.

Lemma 7.4.2. The outage probability of the QF scheme can be expanded as follows:

PQF
out (R,RU ) = Pr{OR′,2 ∪ OR′,3}

= Pr{OR′,2 ∩ Oc
R′

U
} + Pr{OR′,3 ∩ OR′

U
}. (7.7)

Proof. Due to the law of total probability, we have

Pr{OR′,2 ∪ OR′,3}
= Pr{(OR′,2 ∪ OR′,3) ∩ Oc

R′
U

} + Pr{(OR′,2 ∪ OR′,3) ∩ OR′
U

}. (7.8)

Using Lemma 7.4.1, we see that

{OR′,3 ∩ Oc
R′

U
} ⊆ {OR′,2 ∩ Oc

R′
U

} and {OR′,2 ∩ OR′
U

} ⊆ {OR′,3 ∩ OR′
U

}.

Thus, (7.7) is readily obtained.
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Proof of Proposition 7.4.2. Denote the outage event of the CF/QF schemes with
perfect relay CSI as

OR,0 = {c : R > IW (c)},

where IW (c) = IW1
(c) + IW2

(c). First, note that we have the following expansion
of probability:

PSM
out (R) = Pr{OR,0}

= Pr{OR,0 ∩ OR′
U

} + Pr{OR,0 ∩ Oc
R′

U
},

Using Lemma 7.4.1, we have

{OR,0 ∩ OR′
U

} ⊆ {OR′,3 ∩ OR′
U

} and {OR,0 ∩ Oc
R′

U
} ⊆ {OR′,2 ∩ Oc

R′
U

}.

Thus, by using Lemma 7.4.2, we have

PQF
out (R,RU ) ≥ PSM

out (R).

Similarly we have

{OR,0 ∩ OR′
U

} ⊆ {OR′,1 ∩ OR′
U

}

and thus we have

PQF U
out (R,RU ) ≥ PSM

out (R).

We can similarly expand the outage probability of QF with full relay CSI as

PSM
out (R) = Pr{OR,0}

= Pr{OR,0 ∩ ORS
} + Pr{OR,0 ∩ Oc

RS
∩ Oc

RU
}

+ Pr{OR,0 ∩ Oc
RS

∩ ORU
}.

It is obvious to establish the following relationships

{OR,0 ∩ ORS
} ⊆ {OR,1 ∩ ORS

},
{OR,0 ∩ Oc

RS
∩ Oc

RU
} ⊆ {OR,3 ∩ Oc

RS
∩ Oc

RU
}

{OR,0 ∩ Oc
RS

∩ ORU
} ⊆ {OR,2 ∩ Oc

RS
∩ ORU

}

which leads to

PCF
out (R,RU , RS) ≥ PSM

out (R).

Moreover, using the first inequality of Proposition 7.4.1, we can readily obtain

PnonW Z
out (R,RS) ≥ PSM

out (R).
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7.5 Feedback with Finite Resolution

Proposition 7.4.2 suggests that CSIT at the relay node can improve the outage
performance of the CF/QF schemes. With perfect relay CSIT, the relay’s op-
eration can “optimally” adapt to the variation of the channel states. However,
the assumption of perfect CSIT is usually too optimistic in practice. In this sec-
tion, a finite-resolution feedback link from the destination node to the relay node
is designed to provide the relay node with partial (imperfect) CSIT. The outage
probabilities of the corresponding schemes are derived.

7.5.1 CF Schemes with Feedback

The non-WZ Case

For the case of the CF scheme without WZ coding, the feedback link needs only to
help the relay node decide RU (since in this case RU = RS). The feedback scheme
works as follows. Assume that the available feedback resolution is logK bits. We
pre-determine a set of rates {RU,k}K

k=1. The destination determines a feedback
index I ∈ {1, 2, . . . ,K} according to the current channel states and sends it back
to the relay error-free and without delay. The relay then transmits at rate RI ∈
{RU,k}K

k=1. Without loss of generality, we assume 0 ≤ RU,1 < RU,2 < · · · < RU,K .
The destination node determines the feedback index as

I =

{

max {k ∈ {1, 2, · · · ,K}} : RU,k ≤ IRD(c),
otherwise k = 1,

(7.9)

where IRD(c) is defined as (7.11) in Appendix 7.A. That is, the destination node
helps the relay node to choose the highest rate in the set {RU,k}K

k=1 that can be
supported to decode xm

2 (s) under current channel conditions. Note that the case
RU,1 = 0 means that if the channel is too bad, we simply turn off the relay link and
rely only on the direct transmission from the source node to the destination node.
Define the following sets6:

ORU ,0 :={c : RU,1 > IRD(c)},
ORU ,k :={c : RU,k ≤ IRD(c), RU,k+1 > IRD(c)} for k = 1, 2, · · · ,K,

OR,0 :={c : R > IS1

W (c)},
OR,k :={c : R > IS2

W (RU,k, c)} for k = 1, 2, · · · ,K,

where we use the convention that RU,K+1 = ∞. The outage events are listed as
follows:

6For brevity of notation, we do not further differentiate the notations (the names of the sets)
defined here with the ones defined in previous sections, e.g., the ones in Section 7.2.2. It will be
clear from the context which definition we mean to use.
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• If ORU ,0 occurs, RU = RS = RU,1 is chosen at the relay node. However, at the
destination node xm

2 (s) cannot be decoded with rate RU,1. The destination
can rely only on yn

1 and ym
3 to decode w, treating xm

2 (s) as independent noise.
It is able to do so if Oc

R,0 occurs.

• If ORU ,k occurs for k = 1, 2, . . . ,K, RU = RS = RU,k is chosen at the relay
node. At the destination node, xm

2 (s) can be decoded. A new sequence
ỹ3 = ym

3 − h3x
m
2 (s) is formed. The destination node can try to recover the

source node message w with yn
1 , ŷn

2 (s) and ỹn
3 . It is able to do so if Oc

R,k

occurs.

The outage probability can then be written as

PKCF
out = Pr{∪K

k=0(ORU ,k ∩ OR,k)} =
K
∑

k=0

Pr{ORU ,k ∩ OR,k}.

The WZ Case

For the case of the CF scheme when WZ is used, the feedback link needs to help the
relay determine the transmission rate RU and RS . A similar method is used here as
in the case of non-WZ CF scheme for the design of the feedback scheme. Assume
that the feedback resolution is logK bits. We pre-determine a set of rate pairs
{(RU,k, RS,k)}K

k=1. The destination determines the feedback index I ∈ {1, 2, . . . ,K}
according to

I =

{

max {k ∈ {1, 2, · · · ,K}} : RS,k ≤ IRD(c), RU,k ≤ IU (RS,k, c),
otherwise k = 1,

where function IU (RS , c) is defined as (7.16) in Appendix 7.A. Without loss of
generality, assume that 0 ≤ RS,1 < RS,2 < · · · < RS,K , 0 ≤ RU,1 < RU,2 <
· · · < RU,K and RS,k ≤ RU,k for k = 1, 2, . . . ,K. Here, note that if we choose to
select RU,k = RS,k for k = 1, 2, · · · ,K, it is equivalent to the case without using
WZ coding, as described in the previous part of this subsection. In our designed
scheme, the destination receiver essentially chooses the largest indices that can lead
to successful decoding of both message u and s (see Section 6.1) of the relay node.
If there is no such index, the destination feeds back index one.

Whether there is an outage depends on the decodability of s and u, which is
a two stage process with the first stage to decode s. A general expression of the
outage probability is usually complicated and here as an example, we write the
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outage probability for K = 2 as follows:

PKCF W Z
out

= Pr
{

RS,1 > IRD(c), R > IS1

W (c)
}

+ Pr
{

RS,1 ≤ IRD(c), RS,2 > IRD(c), RU,1 > IW Z(RS,1, c), R > ISD(c)
}

+ Pr
{

RS,1 ≤ IRD(c), RS,2 > IRD(c), RU,1 ≤ IW Z(RS,1, c), R > IS2

W (RU,1, c)
}

+ Pr
{

RS,2 ≤ IRD(c), RU,1 > IW Z(RS,1, c), RU,2 > IW Z(RS,2, c), R > ISD(c)
}

+ Pr
{

RS,2 ≤ IRD(c), RU,1 ≤ IW Z(RS,1, c), RU,2 > IW Z(RS,2, c), R > IS2

W (RU,1)
}

+ Pr
{

RS,2 ≤ IRD(c), RU,2 ≤ IW Z(RS,2, c), R > IS2

W (RU,2)
}

,

where the function ISD(c) is defined as

ISD(c) := log(1 + c1P1),

which represents the instantaneous achievable rate when the destination node can
decode message s but cannot decode message u. The outage probability for a
general K can be derived similarly.

7.5.2 QF schemes with Feedback

Design of Finite-Resolution Feedback

Similar to the feedback schemes designed for the CF schemes, let {RU,k}K
k=1 be a

set of fixed rates. Without loss of generality, we assume

0 ≤ RU,1 < RU,2 < · · · < RU,K .

The feedback indices are chosen as

I =

{

max {k ∈ {1, 2, · · · ,K}} : RU,k < IU (c),
otherwise k = 1,

where IU (c) = IU (IRD(c), c) (see (7.16) and Appendix 7.A). As in the case of
CF schemes, the feedback scheme for QF schemes works as follows. The relay and
destination nodes agree upon a set of fixed rates {RU,k}K

K=1 before hand. Before
the transmission of the relay node, the destination node informs the relay node (via
a error-free zero-delay feedback link) to transmit at the maximum rate among all
RU,k that can be supported by the current channel. If it cannot find such rate, it
chooses RU,1.
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Outage Event and Outage Probability

Define the following sets:

ORU,0
:={RU,1 > IU (c)},

ORU,k
:={RU,k ≤ IU (c), RU,k+1 > IU (c)} for k = 1, 2, · · · ,K,

OR,0 :={R > IS1

W (c)},
OR,k :={R > IS2

W (RU,k, c)} for k = 1, 2, · · · ,K,
OR′,k :={R > IS3

W (RU,k, c)} for k = 1, 2, · · · ,K,

where we use the convention that RU,K+1 = ∞. For the QFU scheme, the outage
events can be characterized as follows:

• If ORU ,0 occurs, RU = RU,1 is chosen at the relay node. However, at the
destination node, it cannot decode message u. The receiver tries to decode w
by using yn

1 and ym
3 , treating xm

2 (u) as independent noise. It is able to do so
if Oc

R,0 occurs.

• If ORU ,k for k = 1, · · · ,K occurs, RU = RU,k is chosen at the relay. At the
destination, message u can be decoded and xm

2 (u) can be subtracted from ym
3

to form ỹm
3 . It can then decode w using ỹm

3 , yn
1 and ŷn

2 (u). It is able to do so
if Oc

R,k occurs.

Thus, the outage probability of the QFU scheme with feedback can be written as

PKQF U
out = Pr{∪K

k=0(ORU,k
∩ OR,k)} =

K
∑

k=0

Pr{ORU,k
∩ OR,k}.

The outage probability of the QF scheme (without decoding of U) with feedback
can be similarly obtained and is written as follows:

PKQF
out = Pr{∪K

k=1((OR,k ∪ OR′,k) ∩ ORU,k
) ∪ ((OR,1 ∪ OR′,1) ∩ ORU,0)}.

For the QF scheme, the design of the feedback protocol as described is not as intu-
itive as for the QFU scheme, since the message u is not decoded at the destination
node for the QF scheme. However, as can be seen from the numerical studies in
Section 7.6, this feedback protocol performs reasonably well for the QF scheme.

7.6 Numerical Examples and Discussions

Previously, the outage probabilities of the CF and QF schemes with and without
feedback have been derived. In this section, numerical results of the respective
schemes are presented for both the outage probability and the expected rate.
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Figure 7.2: Outage probabilities of variants of QF/CF schemes and that of the
direct-link-only scheme, where R = 2, β = 1/2.

7.6.1 Outage Probability

In this subsection, numerical examples are given to illustrate the relationship of the
outage probabilities of the respective schemes in discussion in this chapter. Define
the following optimized probability

P ∗
out(R) = min

RU ,RS

Pout(R,RU , RS).

Next an example of the optimized outage probabilities as a function of SNR is
presented in Fig. 7.3 and Fig. 7.2. For the example it is assumed that the variances
of the channel coefficients σ2

i = 1 for i = 1, 2, 3 (see Section 2.5), R = 2 bits/channel
use and β = 1/2. In addition, P1 = P3 = SNR and P2 = SNR/(1 − β) so that the
source node and the relay node have the same amount of transmit power over a block
of length ℓ channel uses. The direct-link-only system is also used as a reference, in
which it is assumed that the relay keeps silent during the entire transmission. The
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Figure 7.3: Outage probabilities of variants of QF/CF scheme, where R = 2, β =
1/2. The outage probability of the conventional point-to-point channel (denoted as
“No Relay” in the figure) is also included as a reference.

outage probability for this scheme is then

PSD
out (R) = Pr{R > log(1 + c1SNR)}.

Further, the outage probability of the direct-link-only system where the source node
has doubled power is considered, which compensates for the fact that the relay is
silent and does not use any power. Therefore, the overall power used by this scheme
is the same as that used by the schemes where the relay transmits.

Fig. 7.2 presents various CF/QF schemes in discussion, as well as the reference
schemes where the relay node is not used. It is obvious to see that the curves of the
relaying schemes have a steeper slope compared with the schemes without using the
relay. This is the commonly referred diversity gain introduced by using a relay node.
The increase in transmit power for the direct-link-only system slightly changes the
position of the corresponding curve, but the slope remains unchanged. For the
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Figure 7.4: Outage probabilities of variants of QF/CF scheme, where R = 2, β =
1/2. The outage probability of the DF and AF scheme is also included as a reference.

various relaying schemes under discussion, the CF/QF schemes with perfect relay
CSIT achieves the lowest probability of outage, which agrees with the statement
of Proposition 7.4.2. Among the schemes without relay CSIT, the QF schemes
achieves the closest performance to the CF/QF schemes with perfect relay CSIT.
The CF and non-WZ CF schemes perform less well in this regard. Moreover, the
CF scheme with WZ coding only slightly outperforms the non-WZ CF scheme at
moderate SNR region (e.g., for SNR < 23 dB).

Fig. 7.3 includes the results of the CF/QF schemes with finite-resolution feed-
back. Here low rate feedback links (K=2) are applied to the corresponding schemes.
The presence of the feedback link provides the relay node with partial CSIT so that
the relay node can adapt its operations partially to the channel variation. Natu-
rally, this increases the performance of the corresponding schemes, as can be seen
from the figure. The largest performance improvement is observed for the non-WZ
CF scheme. The QFU scheme also benefits from the feedback link moderately. The
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QF scheme has only slight performance improvement with the presence of feedback
link, since it is already close to the performance of the case with perfect CSIT.

For comparison, the outage probabilities of the DF and AF schemes (see Ap-
pendix 7.B and 7.C for details) are included in Fig. 7.4. It can be seen from the
figure that the performance of the DF scheme is close to that of the CF/QF schemes
with perfect relay CSIT, and is better than the QF scheme at low to moderate SNR
region. However, in high SNR region, the performance of the QF scheme is better.
For the AF scheme, to make the comparison fair, it is assumed that P1 = SNR/β
so that the power of the source node is the same as that of other schemes under
discussion (since for the AF scheme, the source node keeps silent in the second
slot). The performance of the AF scheme is constantly worse than the QF and DF
schemes in this example, however, it is better than the CF-based schemes (which
are not shown in the figure for brevity). One limitation of the AF scheme, though,
is that it cannot handle the case where n 6= m. The functions proposed in Chap-
ter 4 partially solve this problem by extending the AF scheme to the case where
n = 2m.

7.6.2 Expected Rate

Using outage probability as a figure of merit for slow fading channels has some
limitations. For example, it is depended on the fixed rate R chosen. To provide
a more comprehensive study of the performance of the schemes under discussion,
we present in this subsection some comparisons in terms of expected rate. An
example of the expected rate results is shown in Fig. 7.5, where σ2

i = 1 for i = 1, 2,
P1 = P3 = P = 10 dB (for the AF scheme, as discussed before, P1 = P/β) and
P2 = P/(1 − β). The variance of the relay-to-destination link σ2

3 varies. The
corresponding expected rates are optimized over the set SR as

R̄∗ = max
SR

{R̄(SR)},

where for the non-WZ CF, QF and QFU schemes, the set SR is the set of all
possible combinations of (R,RU ) and for the QF scheme with perfect relay CSIT,
as well as the DF and AF scheme, the set SR is the set of all possible R. The
optimization is solved numerically by exhaustive grid search since the problem is
generally non-convex.

From Fig. 7.5, similar performance (as in the case of outage probability com-
parison) of the QF and DF schemes can be observed. That is, at high relay-to-
destination SNR, the QF scheme performs better and at low to moderate SNR,
the DF scheme is better. However, the advantage the QF scheme at high SNR is
more obvious, compared to the cases with regard to outage probability. The QFU,
non-WZ CF and even AF schemes are also better than the DF scheme at high
relay-to-destination SNR. This agrees with the understanding in AWGN channels
mentioned in Section 6.4 that when the relay node is “close” to the destination,
the relaying schemes without decoding is better than the schemes that perform the
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Figure 7.5: The expected rates of various schemes under discussion.

decoding. Note that at low SNR, all the schemes without decoding converge to
the same lower asymptote. The line represents the performance of the direct-only
scheme, which is a specially case of CF/QF based schemes by letting RU = 0.

It can be further noticed that the performance gap between the QF scheme
with and without relay CSIT is more predominate than the comparison made with
respect to the outage probability. With the introduction of a low-rate (K = 2)
feedback link, the performance of the QF scheme can be improved considerable.

7.6.3 Summary

The CF, QF and QFU schemes have been shown in Chapter 6 to achieve the same
rate over AWGN channels, if Gaussian codebooks are used. The same has been
shown to be true in Section 7.2.1 for a given rate R in terms of outage probability
and expected rate over slow fading channels, if perfect CSIT is available at the relay
node. However, for the case of no relay CSIT, we have observed from the numeri-
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cal examples presented that the performance of the respective schemes differs and
suffers degradation to various extent. The QF based schemes have been observed
to perform better than the CF based schemes. With the introduction a finite-
resolution feedback link from the destination node to the relay node, performance
improvement has been demonstrated for all schemes under discussion.

Appendix

7.A Outage Set Expressions of the CF/QF Schemes

Firstly, from (7.5), the variance σ2
Q can be obtained with the following equation

σ2
Q =

1 + c2P1

2RU /β − 1
. (7.10)

Define the following functions:

IRD(c) := (1 − β) log

(

1 +
c3P2

1 + c1P3

)

, (7.11)

IS1

W (c) := β log (1 + c1P1) + (1 − β) log

(

1 +
c1P3

1 + c3P2

)

, (7.12)

IS2

W (RU , c) :=β log

(

1 + c1P1 +
c2P1

1 + 1+c2P1

2RU /β−1

)

+ (1 − β) log(1 + c1P3), (7.13)

IS3

W (RU , c) := = β log

(

(1 + c1P1)(1 + c2P1)

2RU /β + c2P1

)

+ (1 − β) log(1 + c1P3 + c3P2),

(7.14)

and

IS4

W (c) :=β log (1 + c1P1) + (1 − β) log (1 + c1P3) . (7.15)

Through some simple calculation of mutual information, the expressions of the
following sets can be written as:

ORS
= {c : RS > IRD(c)} ,

OR,1 =
{

c : R > IS1

W (c)
}

,
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OR,2 =
{

c : R > IS4

W (c)
}

,

and

OR,3 =
{

c : R > IS2

W (RU , c)
}

.

For the event ORU
, we can calculate the mutual information terms I(Y1; Ŷ2) as

I(Y1; Ŷ2) = log

(

(1 + c1P1)(1 + c2P1 + σ2
Q)

1 + c1P1 + c2P1 + σ2
Q(1 + c1P1)

)

.

Using 7.5, the conditions that define the event ORU
can be rewritten as

RU >βI(Y1; Ŷ2) +RS

⇔ βI(Y2; Ŷ2) >βI(Y1; Ŷ2) +RS

⇔ σ2
Q <

1 + c1P1 + c2P1

(1 + c1P1)
(

2RS/β − 1
) .

Using (7.10), we have

ORU
= {RU > IU (RS , c)}

where the function IU (RS , c) is defined as

IU (RS , c) := β log

(

1 +
(1 + c1P1)(1 + c2P1)

(

2RS/β − 1
)

1 + c1P1 + c2P1

)

. (7.16)

Similarly, we have

OR′,1 =
{

c : R > IS1

W (c)
}

,

OR′,2 =
{

c : R > IS2

W (RU , c)
}

,

and

OR′,3 =
{

c : R > IS3

W (RU , c)
}

.

Moreover, we have

OR′
U

= {c : RU > IU (c)}

where for brevity we denote IU (c) = IU (IRD(c), c).
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7.B Decode-and-Forward Relaying

The achievable rate of the DF scheme over half-duplex AWGN channels has been
obtained in [HMZ06], where message-splitting is used in the coding scheme. Here,
we present a coding scheme using a single message set, which is more “slow fading
friendly”, and is used in [LTW04, KSC08].

7.B.1 Coding Scheme and Achievable Rate

Theorem 7.B.1. The following rates can be achieved by the decode-and-forward
scheme over half-duplex AWGN relay channels:

R < min

{

β

2
log (1 + c2P1) ,

β

2
log (1 + c1P1) +

1 − β

2
log (1 + c1P3 + c3P2)

}

.

(7.17)

Outline of the proof. Let W = [1 : 2ℓR] be the message set with uniformly dis-
tributed messages. Assume the joint pdf factors as

fX1
(x1)fX2

(x2)fX3
(x3)fZ1

(y1 − h1x1)fZ2
(y2 − h2x1)fZ3

(y3 − h1x3 − h3x2)

where X1, X2 and X3 are independent Gaussian random variables with zero means
and variances P1, P2 and P3. And Z1, Z2 and Z3 are AWGN with zero means and
unit variances. hi for i = 1, 2, 3 are constant channel coefficients (see Section 2.4).

Code construction: Randomly and independently generate 2ℓR sequences xn
1 (w),

w ∈ W, each according to Πn
i=1fX1

(x1,i(w)). Similarly, generate 2ℓR sequences
xm

2 (w), w ∈ W, each according to Πn
i=1fX2

(x2,i(w)) and 2ℓR sequences xm
3 (w),

w ∈ W, each according to Πn
i=1fX3

(x3,i(w)).
Source node: To transmit message w, the source node sends xn

1 (w) in the first
slot and xm

3 (w) in the second slot.
Relay node: Let ǫ ∈ (0, 1). At the end of the first slot, the relay tries to find a

unique w such that

(xn
1 (w), yn

2 ) ∈ T n
ǫ (X1Y2).

Here we can directly use the concept of weak typicality as defined in [CT91], since
the proof will not depend on the use of the conditional typicality lemma (or Markov
lemma to be exact). Denote the estimated message at the relay node as w̃. The
relay then sends xm

2 (w̃) in the second slot.
Destination node: At the end of the second slot, the destination tries to find a

unique w such that

(xn
1 (w), yn

1 ) ∈ T n
ǫ (X1Y1)

and

(xm
2 (w), xm

3 (w), yn
3 ) ∈ T m

ǫ (X2X3Y3).
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We shall omit the detailed analysis of probability of error and instead present
an outline of the proof. Assume W is the message transmitted. For the relay to
decode the message W with arbitrarily small probability of error, we need

R < βI(X1;Y2).

For the destination to decode the message, note that conditoned on W = w,
({Xn

1 }, Y n
2 ) are independent of ({Xm

2 }, {Xm
3 }, Y n

3 ). Using the same technique as
in Section 6.2.1, we know that the destination is able to decode W with arbitrarily
small probability of error if

R < βI(X1;Y1) + (1 − β)I(X2,X3;Y3).

Calculate the mutual information terms and we arrive at the results given in the
theorem.

7.B.2 Outage Probability

Assume the scheme uses a fixed rate R for the entire transmission. Define the
following sets:

OSR := {c : R > βI(X1;Y2)},
OR′ := {c : R > βI(X1;Y1) + (1 − β)I(X3;Y3|X2)},
OR := {c : R > βI(X1;Y1) + (1 − β)I(X2,X3;Y3)}.

The outage events of the DF scheme can be characterized as follows:

• If OSR occurs, the relay node cannot decode w of the source node. In this case,
the relay node keeps silent and does not transmit anything to the destination
node in the second slot. At the destination node, it decodes w using yn

1 and
ym

3 . It is able to do so if Oc
R′ occurs.

• If Oc
SR occurs, the relay node can decode w. The destination node is able to

decode w in this case if Oc
R occurs.

Thus, the outage probability of the DF scheme as described above is

PDF
out (R) = Pr{OSR ∩ OR′} + Pr{Oc

SR ∩ OR}.

7.C Amplify-and-Forward Relaying

Assume n = m and xm
3 = 0. The achievable rate of the AF scheme over AWGN is

readily obtained to be (see [LTW04])

R < IAF (c) :=
β

2
log

(

1 + c1P1 +
c2P1c3P2

1 + c2P1 + c3P2

)

.
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The outage probability is thus

PAF
out (R) = Pr{R > 2IAF (c)},

where the factor 2 is due to the use of complex random variables under the assump-
tion of fading channels.



Chapter 8

Diversity–Multiplexing Trade-Off

T
HE notion of diversity–multiplexing trade-off (DMT) is used in the literature
to characterize the fundamental trade-off in multiple-antenna systems. Es-

sentially, it is an outage-related performance measure at asymptotically high SNR.
The outage probabilities and the expected rates of various relaying schemes at finite
SNR are studied in Chapter 7. In this chapter, the asymptotic performance of the
relaying schemes discussed in Chapter 7 is analyzed using the notion of DMT. The
DMTs of the CF and QF schemes without relay CSIT are derived and compared.
Furthermore, the DMTs of the respective schemes with a finite-resolution feedback
link are also obtained. In particular, it is shown that the optimal DMT of the
half-duplex AWGN relay channel that is slowly fading can be achieved by the QF
scheme without relay CSIT. Moreover, with the assistance of the finite-resolution
feedback link, it can be approached by the CF and QFU schemes with increasing
feedback resolution.

8.1 Preliminaries

8.1.1 Outage Exponent

As in Chapter 7, consider the half-duplex AWGN relay channel that is slowly fading
as defined in Section 2.5. The notions of outage and outage probability are defined
in Section 7.1. Let P1 = P2 = P3 = SNR and R = r log SNR which grows with
SNR with a fixed ratio r, where 0 ≤ r ≤ 1. The outage probability as defined in
(7.1) can be rewritten as

Pout(R) = Pr{R > IW (c)} = Pr{r log SNR > IW (c)},

where IW (c) is the instantaneous achievable rate. The outage probability can be
seen as a function of r and SNR and can thus be denoted as Pout(r,SNR). The
outage exponent at asymptotically high SNR is defined as follows.

117
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Definition 8.1.1. The outage exponent (or diversity gain) D(r) is defined for each
fixed r in terms of the outage probability Pout(r,SNR) as

D(r) = − lim
SNR→∞

logPout(r,SNR)

log SNR
.

Remarks. The fixed ratio r is commonly referred to as the multiplexing gain. The
(non-increasing) functionD(r) characterizes the trade-off between the diversity gain
and the multiplexing gain.

For convenience, define the notation of exponential equality as follows:

f(SNR)
.
= SNRd if lim

SNR→∞

log f(SNR)

log SNR
= d.

Thus we have

Pout(r,SNR)
.
= SNR−D(r).

To understand the physical meaning of the DMT, note that since we let R =
r log SNR, we are transmitting from the source node with a rate that grows with
the SNR, even though it is still fixed with respect to the fading states. That is,
at a specific SNR value, the transmission strategy is to transmit with a code of
rate r log SNR. Thus, the DMT does not measure the characteristic of a specific
code (as the outage probability does), but of a series of codes which have similar
structure (or construction) but different rates specified by the channel SNR and
the fixed ratio r.

8.1.2 Background

The notion of DMT is proposed in [ZT03] to characterize the fundamental trade-
off in a multiple-antenna system. Subsequently, this concept has also been used
by several authors in the relay network to analyze the performance of various re-
laying schemes over slow fading channels, e.g., [LTW04, AES05, YE07, KSC09a].
In [YE07], it has been shown that the CF scheme (with WZ coding) with perfect
relay CSIT can achieve the DMT upper bound of a three-node half-duplex relay
channel, and thus it is optimal from the point of view of the DMT. It has also been
shown in [KSC09a] that the non-WZ CF scheme with perfect relay CSIT is strictly
sub-optimal. Thus, the use of WZ coding and the presence of perfect relay CSIT
is crucial for the CF scheme to achieve the optimal DMT. The quantize-remap-
forward (QRF) scheme proposed in [ADT08, ADT10] was shown to achieve a rate
within a constant K bitis per channel use to the channel capacity, and was also
shown in [PAT08] to achieve the optimal DMT without the need of relay CSIT.
The constant K is large compared to the rate achieved in the range of practical
SNRs and thus the QRF scheme is only known to be DMT-optimal for very high
SNRs. The DMT of the DF scheme with finite resolution feedback is investigated
in [KSC08].
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8.2 The DMT of CF/QF Schemes with Perfect Relay CSIT

Assume the relay node has perfect CSI of all links (i.e., hi for i = 1, 2, 3). Thus it
can adapt its operation to the instantaneous channel state. The outage probability
of the CF/QF schemes with perfect relay CSIT has been discussed in Section 7.2.1.
The DMT of the CF scheme with perfect relay CSIT is characterized in [YE07],
where the authors show that it achieves the DMT upper bound of half-duplex relay
channels and thus it is the optimal DMT. We repeat the result in the following
proposition:

Proposition 8.2.1 ([YE07]). The diversity-multiplexing trade-off of the CF scheme
with perfect relay CSIT over a half-duplex AWGN relay channel that is slowly fading
is given by

DCF
CSI(r) = 2 − 2r,

which is optimal for all 0 ≤ r ≤ 1.

Remarks. As we commented previously, when the relay node has perfect CSIT, the
CF, QF and QFU schemes have the same outage probability. Thus, the QF and
QFU schemes achieve the optimal DMT as well under the assumption of perfect
relay CSIT.

In [KSC09a], the authors investigate the DMT of the non-WZ CF scheme with
perfect relay CSIT. It is shown that without using WZ coding, the DMT of the CF
scheme with perfect relay CSIT is strictly sub-optimal. The corresponding DMT
result is repeated in the following proposition:

Proposition 8.2.2 ([KSC09a]). The diversity–multiplexing trade-off of the non-
WZ CF scheme with perfect relay CSIT over a half-duplex AWGN relay channel
that is slowly fading is given by

DCSI(r)nonW Z =

{

2 − 3+
√

5
2 r, if r < 3−

√
5

2
(1 − r)(2 − r), otherwise.

8.3 The DMT of CF Scheme with no Relay CSIT

If the relay node has no information about h1 and h3, it cannot perfectly choose
RU and RS according to the instantaneous channel states. Thus, RU and RS need
to be determined beforehand and are kept fixed for the entire transmission. In
this section, we derive the DMT results for the CF without relay CSIT, the outage
probability of which has been discussed in Section 7.2.2. We assume no WZ is used
(RU = RS) in the schemes discussed in this section, due to the absence of CSIT in
the relay. Both (non-orthogonal) CF and orthogonal CF are discussed. The DMT
result is summarized below.
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Proposition 8.3.1. The diversity–multiplexing trade-off of the non-WZ CF scheme
without relay CSIT over a half-duplex AWGN relay channel that is slowly fading is
given by

DCF =











2 − 6r if 0 ≤ r < 1
6 ,

9
√

2−12
6

√
2−8

−
√

2
6

√
2−8

r if 1
6 ≤ r < 3

√
2−4

8−5
√

2
,

1 − r if 3
√

2−4
8−5

√
2

≤ r ≤ 1.

Proof. The proof can be obtained with a slight modification of the proof for Propo-
sition 8.4.1 in Appendix 8.B and is presented in Appendix 8.C.

We can also consider the so-called orthogonal non-WZ CF scheme [KSC09a],
where the source node keeps silent in the second slot (xm

3 = 0). The outage event
can be divided into two events similar to the case of the (non-orthogonal) non-WZ
CF scheme, which are described below:

• If xm
2 (u) can be successfully decoded, which requires the selected RU to satisfy

RU ≤ (1 − β) log (1 + c3SNR) = IOCF
RD , (8.1)

the instantaneous achievable rate from the source to the destination is

IOCF
W = β log

(

1 + c1SNR +
c2SNR

1 + 1+c2SNR
2RU /β−1

)

.

• If xm
2 (u) cannot be decoded, i.e., (8.1) is not satisfied, the destination can

use only yn
1 and ym

3 to decode w. The instantaneous achievable rate from the
source to the destination in this case is

IOCF2

W = log (1 + c1SNR) .

The outage probability can be written as

POCF
out (R,RU ) = Pr

{

RU ≤ IOCF
RD , R > IOCF

W

}

+ Pr
{

RU > IOCF
RD , R > IOCF2

W

}

.

(8.2)

For the orthogonal CF scheme with perfect relay CSIT (without using WZ), the
outage probability can be written as1

POCF ′

out (R) = Pr

{

R > β log

(

1 + c1SNR +
c2SNR

1 + 1+c2SNR
(1+c3SNR)(1−β)/β−1

)}

.

The DMT results of the orthogonal CF with and without relay CSIT are summa-
rized below.

1We note that for the orthogonal CF scheme, to satisfy the same power constraint, we need
to use SNR′ = SNR/β at the source. However, for the DMT discussion at high SNR, this will not
change the final result.
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Proposition 8.3.2. The diversity–multiplexing trade-offs of the orthogonal non-
WZ CF schemes with and without relay CSIT over a half-duplex AWGN relay chan-
nel that is slowly fading are the same and are given as follows:

DOCF (r) =

{

2 − 4r for 0 ≤ r < 1
3 ,

1 − r for 1
3 ≤ r ≤ 1.

Proof. See Appendix 8.A.

Proposition 8.3.2 shows that relay CSIT does not help here for the orthogonal
CF scheme. The intuition is that for the orthogonal case, at high SNR, if the
source node is not transmitting in the second slot (thus there is no interference to
the relay-to-destination link), there will be no outages in the relay-to-destination
link.

The DMT of various schemes discussed so far are plotted in Fig. 8.1. Compared
with the case of non-orthogonal CF, the orthogonal CF scheme achieves better
performance for r < 1/3. For r > 1/3 the relay is not helpful at all and only
direct transmission is used in both schemes. We can also compare the orthogonal
CF scheme with the AF scheme as in [LTW04] and the non-orthogonal AF (NAF)
scheme as in [AES05]. The DMTs for these two schemes are DAF (r) = 2 − 4r and
DNAF (r) = 1−r+(1−2r)+. Essentially for the AF scheme, for r < 1/3, the DMT
is exactly the same as DOCF

2. This can be explained as follows. It can be easily
seen that over AWGN for β = 1/2, the orthogonal non-WZ CF scheme achieves the
same rate as the AF scheme. For the DMT, it follows from the analysis in Appendix
8.A that for r < 1/3, the optimal β∗ = 1/2. Thus, under these parameters, the
orthogonal CF is essentially the same as the AF scheme. Compared with the NAF
scheme, the NAF scheme achieves better DMT compared than the orthogonal CF
scheme. In summary, we see that the naive CF without any relay CSIT does not
work well.

8.4 The DMT of CF Scheme with Finite-Resolution Feedback

In the previous section, we have shown that the CF scheme without relay CSIT
does not perform well in terms of the DMT. Similar performance degradation due
to the lack of relay CSIT is also observed in Section 7.6 in terms of finite-SNR
outage-related performance measures. In Section 7.5.1 a finite-resolution feedback
link from the destination node to the relay node is introduced to partially alleviate
this problem. The outage probability of the corresponding schemes are discussed
thereafter. In this section, we obtain the DMT results of the CF schemes with
a finite-resolution feedback link, as discussed in Section 7.5.1. Both the CF and
non-WZ CF schemes are considered. Furthermore, a DMT upper bound of the

2We can as well specify that for the AF scheme, the relay keeps silent for r > 1/3 and thus
only direct link is used. In this way, the modified AF schemes achieves the same DMT as the
orthogonal CF scheme for all r.
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Figure 8.1: The DMTs of the schemes under discussion. In the order as listed in
the legend, they are the CF schemes with perfect relay CSIT with/without WZ
coding, the non-WZ CF scheme with no relay CSIT, the orthogonal non-WZ CF
scheme and the NAF scheme.

CF scheme is derived assuming a finite resolution feedback link with genie-aided
(perfect) WZ coding.

8.4.1 The DMT of CF with Feedback: the Non-WZ Case

The DMT of the non-WZ CF scheme with finite-resolution feedback as discussed
in Section 7.5.1 is presented in the following proposition.

Proposition 8.4.1. The non-WZ CF scheme with K-level feedback over a half-
duplex AWGN relay channel that is slowly fading can achieve the following diversity–
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multiplexing trade-off:

DKCF (r) = sup
0≤β≤1

0≤rU,1<rU,2<···<rU,K≤1−β

min {D0, D1, . . . ,DK} ,

where

D0 =

(

1 − r

β

)+

+

(

1 − r

β
− rU,1

1 − β

)+

,

and Dk for k = 1, 2, . . . ,K is

Dk = min {da, db}

where

da =











3 − rU,k+1

1−β − r
β if r ≤ rU,k and r ≤ β,

µ+
(

µ− rU,k+1

1−β

)+

if rU,k < r and rU,k < β,

2 − rU,k+1

1−β otherwise,

µ =







max
{

1 − r,
rU,k

1−β

}

if rU,k < rβ and rU,k < β(1 − β),

max
{

rU,k

1−β , 1 − rU,k

β , 1 − r−rU,k

1−β

}

otherwise.

and

db =































max
{

rU,k

1−β ,
1−r
1−β

}

if β < min
{

r, rU,k,
1
2

}

and 1 − r < rU,k+1,
2−2r−rU,k+1

1−β if β < min
{

r, rU,k,
1
3

}

and rU,k+1 ≤ 1 − r,
rU,k+1

1−β +
1−r−rU,k+1

β if 1
3 < β < 1

2 and

max
{

1 − r, 1 − U,rk

β

}

<
rU,k+1

1−β < min
{

1−r
1−β , 1 − r−rU,k

1−β

}

,

2 − 2r otherwise.

Remarks. Note that when k = K, we can obtain DK from Dk by defining rU,K+1 =

1 − β. For rU,1 = 0, D0 does not exist and D1 = 1 − r +
(

1 − r − rU,2

1−β

)+

.

Proof. See Appendix 8.B.

A closed-form expression for DKCF (r) for a general K can be difficult to obtain.
However, for the special case when K = 2, and assuming3 rU,1 = 0, we can find
the exact expression of it as stated in Corollary 8.4.1. We will present numerical
investigations for the cases of an arbitrary rU,1 and K = 2 and K = 4 in Section
8.7.

3Note that when rU,1 = 0, we use a fixed rate in the relay that does not increase as SNR
increases. Thus, this rate vanishes as SNR goes to infinity and we can interpret it as turning off
the relay completely.
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Corollary 8.4.1. The non-WZ CF scheme with 1-bit (K = 2) of feedback and
rU,1 = 0 over a half-duplex AWGN relay channel that is slowly fading can achieve
the following diversity–multiplexing trade-off:

D2CF (r) =

{

2 − 4
4−2

√
2
r if 0 ≤ r < 4−2

√
2

4 ,
(3−2r)(1−r)

2−r if 4−2
√

2
4 ≤ r ≤ 1.

Proof. See Appendix 8.D.

8.4.2 The DMT of CF with Feedback: the WZ Case

The CF scheme with WZ with finite-resolution feedback is proposed and its outage
probability analyzed in Section 7.5.1. The DMT can be derived similarly as in
the proof of Proposition 8.4.1. The expression becomes cumbersome to write for
a general (especially large) K and is thus omitted for brevity. Instead, numerical
results are present in Section 8.7 for the case of K = 2 and K = 4. In the following,
we present a simpler and “easily computable” upper bound for the CF scheme with
finite-resolution feedback with WZ coding. The bound serves two primary purposes.
First, it gives us a way to measure the best performance achieved by using the
feedback method designed in Section 7.5.1, especially for large K. Second, it also
shows us the largest performance gap we can obtain between using and not using
WZ in our designed CF scheme with feedback. We shall further elaborate these
two points in Section 8.7.

The upper bound for the case of a K resolution feedback scheme with WZ can
be obtained by assuming that the WZ part is always perfect (aided by a genie) and
the feedback only helps the relay to choose RS . That is, we pre-determine a set
{RS,k}K

k=1, and the destination node feeds back the index I chosen according to
(7.9). The rate RU at the relay is chosen by a genie according to (see (7.16))

RU (RS,I) = IU (RS,I, c), (8.3)

which is dependent on the chosen RS,I and the channel states h1 and h2. Note that
the RU chosen according to (8.3) guarantees that once the message s is decoded at
the destination node, the message u is always decodable.

Remarks. We note again that the upper bound derived is the best achievable DMT
for CF with the feedback scheme as designed in Section 7.5.1. However, the feedback
scheme proposed here is not necessarily the optimal feedback scheme. Thus, the
bound is not a universal bound for all K-level feedback schemes. It serves only as a
benchmark for the scheme we designed in the WZ case, and it is easier to compute,
as noted previously.

The outage events depend on the decoding result of s as follows.

• If s at rate RS,1 cannot be decoded without error, then it will interfere with
the direct link and the instantaneous achievable rate from the source node to
the destination node is IS1

W (c).
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• If s at rate RS,k for k = 1, 2, . . . ,K is decoded without error, then with the
help of the genie, we can also decode u; thus, the instantaneous achievable
rate from the source node to the destination node is IS2

W (RU (RS,k), c), where
RU (RS,k) is chosen by the genie according to (8.3).

The outage probability can be written as

PKCF W ZB
out (R, {RS,k})

= Pr
{

RS,1 > IRD(c), R > IS1

W (c)
}

+

K−1
∑

k=1

Pr
{

RS,k ≤ IRD(c), RS,k+1 > IRD(c), R > IS2

W (RU (RS,k), c)
}

+ Pr
{

RS,K ≤ IRD(c), R > IS2

W (RU (RS,K), c)
}

.

The DMT result is summarized in the following proposition.

Proposition 8.4.2. The CF scheme with K-level feedback as designed in Section
7.5.1 over a half-duplex AWGN relay channel that is slowly fading can at most
achieve the following diversity–multiplexing trade-off:

DW ZB
KCF (r) = max

0≤β≤1
0≤rS,1<rS,2<···<rS,K<1−β

min
{

DW ZB
0 , DW ZB

1 , . . . ,DW ZB
K

}

,

where DW ZB
0 = D0 and DW ZB

k for k = 1, 2, . . . ,K are given by

DW ZB
k = min {da, db}

where

da =











3 − rS,k+1

1−β − r
β if r ≤ rS,k and r ≤ β,

µ+
(

µ− rS,k+1

1−β

)+

if rS,k < r and rS,k < β,

2 − rS,k+1

1−β otherwise,

µ = max

{

rS,k

1 − β
,
rS,k

β
, 1 − r + rS,k

}

and

db =



































max
{

rS,k

1−β ,
1−r
1−β

}

if β < 1
2 and 1−r

1−β < min
{

rS,k

β ,
rS,k+1

1−β

}

,

2−2r−rS,k+1

1−β if β < 1
3 ,

rS,k+1

1−β ≤ 1−r
1−β < min

{

1,
rS,k

β

}

,
rS,k+1

1−β +
1−r−rS,k+1

β if 1
3 ≤ β < 1

2 and

1 − r <
rS,k+1

1−β ≤ min
{

1−r
1−β , 1 − r + rS,k

}

,

2 − 2r otherwise.
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Remarks. Note that when k = K, we can obtain DW ZB
K from DW ZB

k by defining
rS,K+1 = 1 − β. For rS,1 = 0, DW ZB

0 does not exist and DW ZB
1 = 1 − r +

(

1 − r − rS,2

1−β

)+

.

Proof. The proof follows along the same lines as the proof of Proposition 8.4.1 given
in Appendix 8.B, and is thus omitted.

A closed-form expression for DW ZB
KCF (r) for a general K can be difficult to obtain.

However, for the special case when K = 2, and assuming rS,1 = 0, we can find an
exact expression for it as stated in Corollary 8.4.2. We will present numerical
investigations for the cases of an arbitrary rS,1 and K = 2, 4 and 8 in Section 8.7.

Corollary 8.4.2. The CF scheme with genie-aided WZ coding with 1-bit (K=2) of
feedback and rS,1 = 0 over a half-duplex AWGN relay channel that is slowly fading
can achieve the following diversity–multiplexing trade-off:

DW ZB
2CF (r) =

{

2 − 4
4−2

√
2
r if 0 ≤ r < 4−2

√
2

4 ,√
2(1 − r) if 4−2

√
2

4 ≤ r ≤ 1.

Proof. See Appendix 8.E.

8.5 The DMT of QF with no CSIT at the Relay Node

In Section 7.3, the outage probability of the QF scheme without relay CSIT is de-
rived. Via numerical studies, it has been shown in Section 7.6 that the performance
of the QF scheme without relay CSIT suffers a slight degradation. By providing
the relay node with partial CSIT, the performance can be further improved. In
this section, the DMT of the QF scheme without relay CSIT is derived. It is shown
that at high SNR, the QF scheme is optimal in terms of the DMT, even without
any relay CSIT. The result is summarized in the following proposition.

Proposition 8.5.1. The QF scheme achieves the optimal DMT of a half-duplex
AWGN relay channel that is slowly fading, without the needs of the relay CSIT.
That is, for 0 ≤ r ≤ 1,

DQF (r) = 2 − 2r.

Before we prove the above proposition, we first state and prove the following
lemma:

Lemma 8.5.1. For R = r log SNR, RU = rU log SNR and β = rU = 1/2, we have

Pr(OR′,2)
.
=SNR−(2−2r),

Pr(OR′,3)
.
=SNR−(2−2r),

where OR′,2 and OR′,3 are defined in Section 7.3.
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Proof. See Appendix 8.F.

Proof of Proposition 8.5.1. The outage probability (derived in Section 7.3) can be
upper bounded as follows:

Pr(O) = Pr(OR′,2 ∪ OR′,3) ≤ Pr(OR′,2) + Pr(OR′,3).

Thus, for any fixed r, β, ru, where R = r log SNR, RU = rU log SNR, we can obtain
a lower bound on the outage exponent of the QF scheme by

dQF (r, β, ru) = − lim
SNR→∞

log Pr(O)

log SNR

≥ − lim
SNR→∞

log(Pr(OR,2) + Pr(OR,3))

log SNR

=d∗
QF (r, β, ru)

Furthermore, denote

d1(r, β, ru) = − lim
SNR→∞

log(Pr(OR′,2))

log SNR

d2(r, β, ru) = − lim
SNR→∞

log(Pr(OR′,3))

log SNR
.

We have

d∗
QF (r, β, ru) = min{d1(r, β, ru), d2(r, β, ru)} (8.4)

We can optimize the outage exponent for each r over the chosen β and ru

DQF (r) = max
β,ru

{dQF (r, β, ru)}

≥ max
β,ru

{d∗
QF (r, β, ru)}

≥d∗
QF (r, 1/2, 1/2)

=2 − 2r,

where we use Lemma 8.5.1 for the last equality.
Since the upper bound meets the lower bound, we have proved that the optimal

DMT is indeed achieved by the QF scheme.

8.6 The DMT of QFU with Quantized Feedback

Furthermore, we obtain the DMT result of the QFU scheme with finite-resolution
feedback, as described in Section 7.5.2. The result is summarized in the following
proposition.
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Proposition 8.6.1. The QFU scheme with K-level feedback over a half-duplex
AWGN relay channel that is slowly fading can achieve the following diversity–
multiplexing trade-off:

DKQF U (r) = max
0≤β≤1

0≤rU,1<rU,2<···<rU,K <1−β

min{DU
0 , D

U
1 , · · · , DU

K},

where DU
k are given by

DU
k = min

O+
k

{α1 + α2 + α3}

for k = 0, 2, · · · ,K. The set O+
k is given as follows:

O+
0 = {(α1, α2, α3) ∈ R3+ :

rU,1 > β(c+ (1 − α1)+ + (1 − α2)+ − (1 − α1, 1 − α2)+)+,

r > β(1 − α1)+ + (1 − β)(1 − α1 − (1 − α3)+)+}

and

O+
k = {(α1, α2, α3) ∈ R3+ :

rU,k ≤ β(c+ (1 − α1)+ + (1 − α2)+ − (1 − α1, 1 − α2)+)+,

rU,k+1 > β(c+ (1 − α1)+ + (1 − α2)+ − (1 − α1, 1 − α2)+)+,

r > β(1 − α1, 1 − α2 − ((1 − α2)+ − rU,k/β)+)+ + (1 − β)(1 − α1)+}

where rU,K+1 = 1 − β and

c =

{ 1−β
β (1 − α3 − (1 − α1)+) if 1 − α3 − (1 − α1)+ > 0

1 − α3 − (1 − α1)+ if 1 − α3 − (1 − α1)+ ≤ 0.

Proof. The proof follows along the same lines as the proof of Proposition 8.4.1 given
in Appendix 8.B (the beginning part), and is thus omitted.

Remarks. Note that the DMT of QFU with no relay CSIT can be seen as a special
case of the DMT of QFU with quantized feedback, where the feedback level is
K = 1.

8.7 Numerical Results and Discussion

In this section, the DMTs of various schemes under discussion are presented. Except
for the schemes whose DMTs have closed form expressions, numerical methods are
used to obtain the results given by the corresponding propositions in this chapter,
which involves solving linear programming problems and exhaustive grid search.
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Figure 8.2: The DMT results of the non-WZ CF schemes.

Fig. 8.2 presents the curves for the optimal DMT of a half-duplex relay channel
(given by Proposition 8.2.1), the DMT of the non-WZ CF scheme with perfect relay
CSIT (given by Proposition 8.2.2), the DMT of the non-WZ CF scheme without
relay CSIT (given by Proposition 8.3.1), as well as the DMTs of the non-WZ CF
scheme with finite-resolution feedback with K = 2, 4 (given by Proposition 8.4.1).
It can be seen that in the absence of relay CSIT, the performance of the non-WZ CF
scheme suffers from significant degradation, as is discussed in Section 8.3. With the
help of a finite-resolution (low-rate) feedback link, the performance can be improved
considerably. In particular, with only 2 bits of feedback (K = 4), most of the gains
from knowing the CSIT at the relay can be obtained, since in this case, the curve
approaches the DMT curves of the non-WZ CF scheme with perfect relay CSIT.
However, without using WZ coding, the CF scheme, even with perfect relay CSIT,
cannot approach the optimal DMT, as is first proved in [KSC09a] and is also obvious
to be seen from this figure. It is also observed that in the numerical optimization
to obtain the DMT of the non-WZ CF scheme with feedback, the optimal rU,1 (see
Proposition 8.4.1) is always found to be zero for the cases of K = 2 and K = 4.
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Figure 8.3: The DMT results of CF scheme with feedback and the corresponding
upper bounds.

That is, the relay node chooses to completely avoid outage events for the relay-to-
destination link. It either transmits using a maximal supported rate under current
channel conditions, or it shuts down the link completely and keeps silent in the
second slot. For the case K = 2, the numerical results then naturally agree with
the result of Corollary 8.4.1.

The DMT results for the CF scheme with feedback for K = 2 and K = 4 are
shown in Fig. 8.3, along with the upper bounds derived in Proposition 8.4.2 for
K = 2, 4 and 8. For K = 2, the result of CF with feedback agrees closely with its
upper bound and is thus omitted in the plot for ease of presentation. It is similarly
observed that the performance of the CF scheme with feedback approaches the
optimal DMT as the feedback resolution increases. However, the cost is higher
compared to the non-WZ case. For the WZ case, only the results up to K = 4
are shown. For larger K, the complexity is high even for numerical investigation.
However, the result of the upper bound for K = 8 is obtained and plotted. The
upper bound suggests that to closely approach the optimal DMT, more than 3 bits
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Figure 8.4: The DMT results of various schemes with K = 2 levels of feedback.

of feedback (K > 8) resolution is needed. This also suggests that the requirement
for the feedback design of the CF scheme is high4, unlike in the case of non-WZ
CF, where only 2 bits of feedback resolution is sufficient.

Fig. 8.4 and 8.5 present the CF, non-WZ CF and QFU schemes with feedback
level of K = 2 and K = 4, respectively. It is observed that the QFU scheme with
feedback obtains the best performance among all schemes with feedback under
discussion. And with only 2 bits of feedback resolution, it closely approaches the
optimal DMT.

To some extent, the results obtained in this chapter agree with the observations
made in the last chapter. That is, in general the QF based schemes outperform
the CF based schemes. Except for the QF scheme, which is optimal even without
relay CSIT, the DMT performance of the other schemes under discussion suffer

4Note that although the required resolution difference might not be significant (e.g., from 2
bits to 3 bits or 4 bits), the design complexity of a proper feedback scheme is considerably higher
in terms of, e.g., searching for suitable rate sets {(RU,k, RS,k)}.
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Figure 8.5: The DMT results of various schemes with K = 4 levels of feedback.

degradation due to the lack of relay CSIT. With a finite-resolution feedback link
providing partial relay CSIT, the performance of those schemes can be improved
accordingly.

Appendix

8.A Proof of Proposition 8.3.2

The techniques to obtain the DMT follow the same lines as in [AES05, KSC09a].
Here we divide our proof into two parts. We first derive the DMT of the orthogonal
non-WZ CF scheme with no relay CSIT. Then we derive the DMT for the case of
perfect relay CSIT. We will show that the DMT results are the same for these two
cases.
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8.A.1 The DMT of Orthogonal non-WZ CF with no Relay CSIT

With the standard change of variables [ZT03, AES05, KSC09a], R = r log SNR,
RU = rU log SNR where 0 ≤ r ≤ 1, 0 ≤ rU ≤ 1, and αi = − log |hi|2/ log SNR for
i = 1, 2, 3, two sets O+

0 and O+
1 can be derived from the two outage events in (8.2),

and can be written as

O+
0 =

{

(α1, α2, α3) ∈ R3+ : rU > (1 − β)(1 − α3)+, r > β(1 − α1)+
}

,

and

O+
1 =

{

(α1, α2, α3) ∈ R3+ : rU ≤ (1 − β)(1 − α3)+,

r > β

(

1 − α1, 1 − α2 −
(

(1 − α2)+ − rU

β

)+
)+}

,

where we use the notation (x)+ = max{x, 0}. Then the DMT can be found by
solving the maximin problem [AES05, KSC09a]

DOCF (r) = sup
rU ,β

min {D0,D1} ,

where Di = infO+
i

(α1 + α2 + α3) for i = 0, 1.

We note first that, we assume rU > 0, as otherwise it does not make sense to use
relaying. Second, we assume that rU ≤ 1 − β, as otherwise rU > (1 − β)(1 − α2)+

always holds and again it does not make sense to use the relay at all since the relay
link is always in outage (at high SNR). For rU = 0 or rU > 1 − β, the outage
exponent (optimized over β, i.e., β = 1) is given by that of the point-to-point
transmission which gives DP P (r) = 1 − r [ZT03].

Next, consider O+
0 and its exponent D0. It can be shown that the dominating

exponent will be obtained by considering the case when α1 < 1 and α3 < 1, and

D0 =

(

1 − r

β

)+

+

(

1 − rU

1 − β

)+

.

For O+
1 , we can see that we need α3 < 1 to satisfy the first inequality and thus

the optimal value should be α∗
3 = 0. We can decompose the rest of the problem

into the following cases.
Case 1: If α2 ≥ 1, then we have r > β(1 − α1)+ and the dominating exponent

in this case is d = 1 +
(

1 − r
β

)+

≥ D0. Thus, it does not dominate the overall

outage.
Case 2: If 1 − rU

β ≤ α2 < 1, then we have r > β (1 − α1, 1 − α2)
+

.

• And, if α1 > α2, then we have r > β(1 − α2) and d1 = 2
(

1 − r
β , 1 − rU

β

)+

.
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• And, if α1 ≤ α2, then we have r > β(1 − α1) and d2 =
(

1 − r
β

)+

+
(

1 − r
β , 1 − rU

β

)+

. We can see that d2 ≤ d1, and thus, d1 does not domi-

nate D1.

Case 3: If α2 < 1 − rU

β , which requires that 1 − rU

β > 0 (rU < β), then we have

r > β
(

1 − α1,
rU

β

)+

.

• And, if α1 > 1 − rU

β , then we have r > rU and d3 =
(

1 − rU

β

)+

.

• And, if α1 ≤ 1 − rU

β , then we have r > β(1 − α1) and d4 =
(

1 − r
β

)+

. To

make the solution feasible, we need 1 − r
β < 1 − rU

β , which can be rewritten
as r > rU . Compared with d3, we can see that if 1 − r

β < 1 − rU

β , d4 ≤ d3 and
thus d3 does not dominate the outage.

Thus we have

D1 = min {d2, d4}

=







(

1 − r
β

)+

, if r > rU and β > rU ,
(

1 − r
β

)+

+
(

1 − r
β , 1 − rU

β

)+

, otherwise,

and

D∗ = min {D0,D1}

=























(

1 − r
β

)+

, if r > rU and β > rU ,
(

1 − r
β

)+

+ min

{

(

1 − r
β , 1 − rU

β

)+

,
(

1 − rU

1−β

)+
}

, otherwise.

The exponent D∗ can be optimized over β and rU , and thus, we have

DONF (r) = sup
0<β≤1

0<rU ≤(1−β)

D∗(β, rU , r).

The optimization can be solved and the result is

DONF (r) =

{

2 − 4r for 0 ≤ r < 1
3 ,

1 − r for 1
3 ≤ r ≤ 1.

Note that for r < 1
3 , the optimal β∗ = 1

2 and r∗
U = r. For r > 1

3 , β∗ = 1 so that
only the source-to-destination link is used.
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8.A.2 The DMT of Orthogonal non-WZ CF with Perfect Relay CSIT

The outage event can be written as

POCF ′

out (r log SNR)

= Pr

{

r log SNR > β log

(

1 + c1SNR +
c2SNR

1 + 1+c3SNR
(1+c3SNR)(1−β)/β−1

)}

.

With the standard change of variable αi = − log |hi|2/ log SNR i = 1, 2, 3, if 1−α3 <
0, then we have (1 + c3SNR)(1−β)/β .

= SNR1−α3 , and the resulting overall outage

event is O+
0 ; if 1 − α3 ≥ 0, then we have (1 + c3SNR)

1−β
β − 1

.
= SNR

1−β
β (1−α3) and

the overall outage event is O+
1 , where

O+
0 =

{

(α1, α2, α3) ∈ R3+ : 1 − α3 < 0, r > β(1 − α1)+
}

,

and

O+
1 =

{

(α1, α2, α3) ∈ R3+ : 1 − α3 ≥ 0,

r > β

(

1 − α1, 1 − α2 −
(

(1 − α2)+ − 1 − β

β
(1 − α3)

)+
)+}

.

For O+
0 the outage exponent is D0 = 1 +

(

1 − r
β

)+

. For O+
1 we have α3 ≤ 1 and

Case 1: If α2 ≥ 1, then r > β(1 − α1)+ and d1 = 1 +
(

1 − r
β

)+

= D0.

Case 2: If 1 − 1−β
β (1 − α3) ≤ α2 < 1, then we have r > β (1 − α1, 1 − α2)

+
.

• And, if α1 ≥ α2, then we have r > β (1 − α2) and d2 = 2
(

1 − r
β , 1 − 1−β

β

)+

.

• And, if α1 < α2, then we have r > β(1 − α1) and d3 =
(

1 − r
β

)+

+
(

1 − r
β , 1 − 1−β

β

)+

. We can see that d3 ≤ d2 and d3 ≤ d1, and thus D0,

d1 and d2 do not dominate the outage.

Case 3: If α2 < 1 − 1−β
β (1 −α3), then we have r > β

(

1 − α1,
1−β

β (1 − α3)
)+

.

We also require 1 − 1−β
β (1 − α3) > 0 which is equivalent to α3 > 1 − β

1−β .

• And, if 1 − α1 ≥ 1−β
β (1 − α3), then we have r > β(1 − α1)+ and d4 =

(

1 − r
β

)+

+
(

1 − β
1−β , 1 − r

1−β

)+

.

• And, if 1 − α1 <
1−β

β (1 − α3), then we have r > (1 − β)(1 − α3) and d = d4.
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Overall, the outage exponent is

D∗ =

(

1 − r

β

)+

+ min

{

(

1 − β

1 − β
, 1 − r

1 − β

)+

,

(

1 − r

β
, 1 − 1 − β

β

)+
}

=







1 − r
β + min

{

1 − r
β , 1 − r

1−β

}

if r < β < 1 − r,
(

1 − r
β

)+

otherwise.

Finally we optimize D∗(β, r) over β which gives

DOT H(r) = sup
0<β≤1

D∗(β, r) =

{

2 − 4r if 0 ≤ r < 1
3 ,

1 − r if 1
3 ≤ r ≤ 1.

Note that for r < 1
3 , the optimal β∗ = 1

2 , and for r ≥ 1
3 , β∗ = 1.

8.B Proof of Proposition 8.4.1

With the standard change of variables, we have αi = − log |hi|2/ log SNR for i =
1, 2, 3, and RU,k = rU,k log SNR for k = 1, . . . ,K. Following the same lines of
[AES05, KSC09a], we know that the diversity order can be obtained as

DKCF (r) = sup
0≤β≤1

0≤rU,1<rU,2<···<rU,K≤1

min{D0,D1,D2, . . . ,DK},

where Dk = inf
O+

k

(α1 + α2 + α3) and

O+
0 =

{

(α1, α2, α3) ∈ R3+ :

rU,1 > (1 − β)
(

1 − α3 − (1 − α1)+
)+
,

r > β(1 − α1)+ + (1 − β)
(

1 − α1 − (1 − α3)+
)+

}

,

O+
k =

{

(α1, α2, α3) ∈ R3+ :

rU,k ≤ (1 − β)
(

1 − α3 − (1 − α1)+
)+
,

rU,k+1 > (1 − β)
(

1 − α3 − (1 − α1)+
)+
,

r > (1 − β)(1 − α1)+ + β

(

1 − α1, 1 − α2 −
(

(1 − α2)+ − rU,k

β

)+
)+}

,
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for k = 1, 2, . . . ,K and rU,K+1 := 1 − β.
We can readily obtain D0 by focusing on the case when α3 < α1 < 1. We

also note that we need rU,K ≤ 1 − β; otherwise, we know that RU,K will never
be supported by the relay-to-destination channel at high SNR since we know that

rU,K ≤ (1 − β)
(

1 − α3 − (1 − α1)+
)+

will never be satisfied. This is equivalent to
using K − 1 level feedback. For Dk, let us first consider the case rU,1 6= 0. We can
divide the optimization into the following five cases. For each case we can obtain
its corresponding infimum, denoted by di, i = 1, 2, 3, 4, 5. The outage exponent can
then be obtained by Dk = min {d1, d2, d3, d4, d5}.

Case 1: α1 ≥ 1, α2 < 1 and α3 < 1. Note that by assuming α1 ≥ 1, we can
ignore the case in which either of α2 and α3 is larger than one, since in that case,
Dk ≥ 2 − 2r which will not dominate the exponent. We can further divide the
problem into two sub-problems.

• If 1 − α2 ≤ rU,k

β , then we can readily obtain the exponent (denoted as d1) as

d1 = 2 − rU,k+1

1−β +
(

1 − r
β , 1 − rU,k

β

)+

.

• If 1 − α2 >
rU,k

β , then we have d2 = 2 − rU,k+1

1−β for rU,k < β and rU,k < r.
Otherwise d2 does not exist in this case.

Case 2: α1 < 1, α2 < α1 and α3 ≤ α1. Note that for α1 < 1, if α3 > α1,
then the first inequality in O+

k will not be satisfied. We will thus ignore the case
α3 > α1. We can also see that if α2 ≥ α1, then from the third inequality we have
α1 > 1 − r, and thus Dk > α2 + α1 > 2 − 2r. Therefore we can ignore this case as
well. We can further divide the case into the following two cases.

Case 2.1: 1 − α2 >
rU,k

β .

• If 1 − α1 ≥ rU,k

β , then we have

d3 = µ+

(

µ− rU,k+1

1 − β

)+

, for rU,k < rβ and rU,k < β(1 − β),

where µ = max
{

1 − r,
rU,k

1−β

}

.

• If 1 − α0 <
rU,k

β , then we have

d4 = µ+

(

µ− rU,k+1

1 − β

)+

, for rU,k < β and rU,k < r,

where µ = max
{

1 − rU,k

β ,
rU,k

1−β , 1 − r−rU,k

1−β

}

.

Case 2.2: 1 − α2 ≤ rU,k

β . We can divide the problem into three cases, i.e.,

β ≥ 1
2 , 1

3 ≤ β < 1
2 and 0 ≤ β < 1

3 . For the case when β ≥ 1
2 , the resulting
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outage exponent will not dominate since it will be no smaller than 2 − 2r. For the
remaining cases, we can solve the problem and obtain the outage exponent as

d5 =



































3 − r
β − rU,k+1

1−β if r ≤ β < 1
3 and r ≤ rU,1,

2−2r−rU,k+1

1−β if β < min
{

r, rU,k,
1
3

}

and rU,k+1 < 1 − r,

max
{

1−r
1−β ,

rU,k

1−β

}

if β < min
{

r, rU,k,
1
2

}

and 1 − r ≤ rU,2,
rU,k+1

1−β +
1−r−rU,k+1

β if 1
3 ≤ β < 1

2 ,1 − rU,k

β <
rU,k+1

1−β and

1 − r <
rU,k+1

1−β < min
{

1−r
1−β , 1 − r−rU,k

1−β

}

where we have simplified the result by ignoring the non-dominating part compared
with di, i = 1, 2, 3, 4.

Combining all di, we obtain Dk. For rU,1 = 0, D0 does not exist and D1 =

1 − r +
(

1 − r − rU,2

1−β

)+

.

8.C Proof of Proposition 8.3.1

The case of the non-WZ CF without relay CSIT can be seen as a special case of the
non-WZ CF with K level feedback where K = 1 (with the relay node using fixed
rate RU,1 = rU,1 log SNR). Thus according to Proposition 8.4.1 the DMT of the
non-WZ CF scheme without relay CSIT can be obtained by solvoing the maximin
problem

DCF = sup
β,rU,1

min {D0, D1} ,

where D0 =
(

1 − r
β

)+

+
(

1 − r
β − rU,1

1−β

)+

. As mentioned before, we can limit our

analysis to the region where r < β and 1 − r
β >

rU,1

1−β and thus D0 = 2 − 2r
β − rU,1

1−β .
The other variable D1 can be obtained by substituting rU,2 = 1 − β. Since the
condition 1 − r

β >
rU,1

1−β implies 1 − r >
rU,1

1−β , and from Appendix 8.D, we know

D1 =















2 − r
β if r ≤ rU,1 and r ≤ β,

1 − r−rU,1

1−β if rU,1 < r, rU,1 < β, and rU,1 ≥ rβ ,

1 − r if rU,1 ≤ rβ,
1 otherwise.

Thus we can solve the maximin problem and we have for r < 1
6 , the optimal

parameters are r∗
U,1 = r and β∗ = 1

2 . For 1
6 ≤ r < 3

√
2−4

8−5
√

2
, we have r∗

U,1 = rβ∗ and

β∗ = 2 −
√

2. For r ≥ 3
√

2−4
8−5

√
2
, β∗ = 1 and only direct transmission is used.



8.D. PROOF OF COROLLARY 8.4.1 139

8.D Proof of Corollary 8.4.1

For K = 2, and rU,1 = 0, from Proposition 8.4.1, we know that D0 does not exist
and we have

D1 = 1 − r +

(

1 − r − rU,2

1 − β

)+

.

We see that if 1−r ≤ rU,2

1−β , then D1 = 1−r, which is the lower bound of the scheme
and is easily achieved by β = 1. Thus, for the optimization we can focus on the
case when 1 − r >

rU,2

1−β , and D1 = 2 − 2r − rU,2

1−β .

For D2 = min {da, db}, we have

da =







2 − r
β if r ≤ rU,2 and r ≤ β,

µ if rU,2 < r and rU,2 < β,
1 otherwise,

µ =

{

1 − r if rU,2 < rβ and rU,2 < β(1 − β),

max
{

rU,2

1−β , 1 − rU,2

β , 1 − r−rU,2

1−β

}

otherwise,

and

db =

{ 1−r
1−β if β < r, β < rU,2 and β < 1

2 ,

2 − 2r otherwise.

For µ, consider the set {rU,2 < rβ, rU,2 ≥ β(1 − β)}, which suggests 1−r < rU,2

1−β ,
and thus, we can simplify µ to

µ =

{

1 − r−rU,2

1−β if rU,2 ≥ rβ,

1 − r otherwise.

Hence we have

D2 =























2 − r
β if r ≤ rU,2 and r ≤ β,

1 − r−rU,2

1−β if rU,2 < r, rU,2 < β, and rU,2 ≥ rβ ,
1−r
1−β if β < min

{

r, rU,2,
1
2

}

,

1 − r if rU,2 ≤ rβ,
1 otherwise.

We can then solve the maximin problem. If r ≤ 2−
√

2
2 , the optimal parameters

are r∗
U,2 = r and β∗ = 2−

√
2

2 . If r > 2−
√

2
2 , the optimal parameters are r∗

U,2 = β∗ =
1−r

3−2r .
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8.E Proof of Collorary 8.4.2

For K = 2 and rU,1 = 0, from Proposition 8.4.2, we have

D1 = 1 − r +

(

1 − r − rU,2

1 − β

)+

,

where we can focus on the case 1 − r >
rU,2

1−β as mentioned before and D1 =

2 − 2r − rU,2

1−β . For D2 = min {da, db} we have

da =











2 − r
β if r ≤ rU,2 and r ≤ β,

max
{

rU,2

1−β ,
rU,2

β , 1 − r + rU,2

}

if rU,2 < r and rU,2 < β,

1 otherwise.

and

db =

{

max
{

1−r
1−β ,

rU,2

1−β

}

if β < r, β < 1
2 and 1−r

1−β <
rU,2

β ,

2 − 2r otherwise.

We can solve the maximin problem and for r < 2−
√

2
2 the optimal parameters

are r∗
U,2 = r and β∗ = 2−

√
2

2 , and for r > 2−
√

2
2 , they are r∗

U,2 = (1−r)(1−β∗)
2−β∗ and

β∗ = 2−
√

2
2 .

8.F Proof of Lemma 8.5.1

With the standard change of variables, we have αi = − log |hi|/ log SNR for i =
1, 2, 3, R = r log SNR and RU = rU log SNR. Furthermore, β = rU = 1/2. Denote

Pr(OR′,2)
.
=SNRd1 ,

Pr(OR′,3)
.
=SNRd2 .

Following the same lines as in [AES05, KSC09a], we know that the diversity order
d1 and d2 can be found by

d1 = inf
O+

R′,2

(α1 + α2 + α3),

and

d2 = inf
O+

R′,3

(α1 + α2 + α3),

where

O+
R′,2 = {(α1, α2, α3) ∈ R3+ :

2r > (1 − α1)+ + (1 − α2)+ − 1 + (1 − α1, 1 − α3)+},
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and

O+
R′,3 = {(α1, α2, α3) ∈ R3+ : 2r > (1 − α1, 1 − α2)+ + (1 − α1)+}.

We can readily solve the optimization problems as in Appendix 8.B and obtain the
results that d1 = d2 = 2 − 2r.





Chapter 9

Hybrid Digital–Analog Relaying

H
YBRID digital–analog (HDA) coding schemes have been proposed in source–
channel coding to increase the robustness toward channel mismatch, in the

absence of CSIT. In Chapter 7 it has been shown that without relay CSIT, the
relay’s operation cannot adapt to the channel variation which results in performance
degradation. One way to alleviate this problem is to actually provide such relay
CSIT, either by a perfect feedback link, or by a more practical finite-resolution
feedback link from the destination node to the relay node. Such options were
discussed in detail in Chapter 7 and 8. In this chapter, we re-consider this problem
from another perspective. Since as stated before (see Section 1.5), for the CF/QF
type of relaying schemes, the relay node can be interpreted as node that performs
source–channel coding, where the received signal is the “information source” which
is compressed and forwarded to the destination, we consider using HDA coding
schemes at the relay node. To illustrate the idea, several relay schemes using HDA
transmission are proposed based on the non-WZ CF scheme described in Section
7.2.2. However, similar concepts can be readily applied to QF schemes as well. We
compare the performance of the new schemes with traditional digital-only (the DF
and CF) or analog-only (the AF) relaying schemes, as well as to the CF scheme
with perfect CSIT. It is shown that the new schemes achieve significant gains in
terms of expected rate, and they are able to close in on the performance of the
CF scheme with perfect relay CSIT. In particular, it is shown that the best overall
performance is obtained by an adaptive combination of the DF and HDA relaying
schemes.

9.1 Preliminaries

As in previous chapters, we consider the half-duplex AWGN relay channel that is
slowly fading as defined in Section 2.5. Furthermore, for simplicity, it is assumed
that the channel is orthogonal, i.e., xm

3 = 0 (thus the source node keeps silent in
the second slot). Next, we present some reference schemes.

143



144 CHAPTER 9. HYBRID DIGITAL–ANALOG RELAYING

9.1.1 Reference Schemes

First, setting β = 1, that is, allocating all channel uses to the first slot, the rates
R < log(1 + c1P1) are obviously achievable, which corresponds to the direct-only
scheme where only the source-to-destination link is used. Furthermore, we can
bound the overall performance by letting |h3|2 → ∞, that is, assuming a perfect
link between the relay node and the destination node. In this case the achievable
rates are R < β log(1 + c1P1 + c2P1). We refer to the right-hand-side of this latter
expression as the multiple receive antenna bound (Rx bound for short). Finally,
the DF scheme can achieve the following rate (similar to the result in Section 4.2.4,
which is derived from [HMZ06])

R < min
{

β log(1 + c2P1), β log(1 + c1P1) + (1 − β) log(1 + c3P2)
}

.

The outage probabilities and the expected rates of the above schemes are readily
obtainable from the corresponding achievable rate results.

9.1.2 Background

The problem of source–channel coding over a slow fading channel without CSIT has
been investigated in [SVZ98, MP02, SCV05, SPA02, SPA06, CN07] and different
approaches have been proposed to deal with the channel mismatch due to the lack of
CSIT. One well-known approach to this problem is the so-called broadcast strategy,
as proposed in [Cov72, SS03, YE04, SSS07, GE07, SCV05]. These schemes increase
the robustness of the transmission in this scenario by coding a successively refined
source using multiple (or infinite) layer coding. Another approach is to use HDA
coding [SVZ98, MP02, SCV05, SPA02, SPA06, CN07].

An application of HDA coding in a relay network can be found in [GE07].
However in [GE07] the goal is to convey an analog source from the source node
to the destination node with minimum distortion, that is, the overall problem is
a source–channel coding problem, subject to a fidelity criterion, while here in this
chapter the problem is one of data transmission with expected rate as performance
measure.

9.2 Dimension Compression

In this section, we propose two new HDA relaying schemes in the case when the relay
essentially compresses the dimension of the incoming sequence, i.e., 0.5 ≤ β ≤ 1 and
thus the dimension is compressed from n to m, where n ≤ m. The proposed schemes
are inspired by related HDA source–channel coding schemes in [SPA06, SCV05].
We shall denote the two schemes as hybrid compression scheme 1 and 2 (HC1 and
HC2), respectively.
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Figure 9.1: A sketch of the relay’s operations for hybrid compression scheme
1(HC1).

9.2.1 Hybrid Compression Scheme 1

Our first hybrid digital–analog dimension compression relaying scheme (HC1) is
based on [SPA06]. The basic idea here is to incorporate the “analog quantization
error” into the relay transmission to increase the robustness toward channel mis-
match in the relay-to-destination link. The codebooks are generated similarly as
in Section 6.1, except that only the orthogonal non-WZ CF scheme is considered.
That is, xm

3 = 0, RU = RS and s = u (see also Section 7.2.2). To send message w,
the source node transmits xn

1 (w) in the first slot. Upon receiving the signal from
the source node, the relay generates message u by checking joint typicality as in
the CF scheme. Furthermore, the codeword xm

2 (u) is chosen as the “digital part”
of the relay’s transmission in the second slot. The analog part is formed as follows
(see Fig. 9.1). Let

en = yn
2 − θŷn

2 (u)

be the analog “quantization error.” Since n ≥ m the analog error sequence en

needs to be compressed in dimension for the transmission in the second slot. This
is described by a mapping g : Cn → C

m, and the result is denoted by fm = g(en).
Then proper scaling, α, is applied to account for the power constraint, and the result
is superimposed with xm

2 (u) (the digital part). We allocate the power between the
digital and analog part according to the coefficient η. That is,

m
∑

k=1

|x2,k(u)|2 ≤ ηmP2 and
m
∑

k=1

|αfk|2 ≤ (1 − η)mP2.

We choose θ = E{|Y2|2}/E{|Ŷ2|2} so that E becomes the minimum mean-squared
error (MMSE) and is uncorrelated with Ŷ2. We resort to using a linear dimension
compression mapping, equivalent to dropping dimensions. Hence, let gm(xn) be
the function that preserves the first m dimensions of xn, then g(·) = gm(·) in our
proposed scheme.

In the absence of CSIT, fixed rates R and RU have to be chosen beforehand. Let
IW (c) denote the instantaneous achievable rate from the source node to the desti-
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nation node using HC1. If xm
2 (u) can be successfully decoded at the destination,

i.e., if

RU ≤ 1

ℓ
I(Xm

2 ;Y m
3 ) = (1 − β) log

(

1 +
c3ηP2

c3(1 − η)P2 + 1

)

, (9.1)

then ŷn
2 (u) can be recovered. Further, we can subtract xm

2 (u) from ym
3 to form

tm = ym
3 − h3x

m
2 (u) = h3αf

m + zm
3 . Then we can estimate fm from tm with

linear estimation, f̂m = ψtm, where the coefficient ψ is chosen to minimize the
MSE E{‖fm − f̂m‖2}. We define the inverse function g−1(xm) as the function that
recovers the dimension from m to n, and in our case this corresponds to doing
zero-padding to the vector xm. That is, ên = g−1(f̂m) = [f̂m 0n−m], where 0n−m

is a sequence of n − m zeros. Based on ên, we can then refine the recovered ŷn
2

as ỹn
2 = θŷn

2 (u) + ên. Decoding is then based on (yn
1 , ỹ

n
2 ), and the corresponding

instantaneous achievable rate is thus (see the appendix of this chapter for detailed
computation of the mutual information term)

I
(1)
W (c) =

1

ℓ
I(Xn

1 ;Y n
1 , Ỹ

n
2 )

= (1 − β) log(1 + c1P + SNR1) + (2β − 1) log(1 + c1P + SNR2)

with

SNR1 = c2P1

[

1 +
1 + c2P1

2RU /β(1 − 2−RU /β + c3(1 − η)P1)

]−1

(9.2)

and

SNR2 = c2P1

[

1 +
1 + c2P1

2RU /β − 1

]−1

. (9.3)

If xm
2 (u) can not be successfully decoded, the destination can try to decode

the source message w from the direct part and the undecoded relay part. This is
since, unlike in the case of traditional CF relaying, the undecoded relay part ym

3

contains soft information stemming from the source due to the analog part in the
relay transmission. Thus, the instantaneous achievable rate is in this case

I
(2)
W (c) =

1

ℓ
I(Xn

1 ;Y n
1 , Y

m
3 )

= (1 − β) log(1 + c1P1 + SNR3) + (2β − 1) log(1 + c1P1)

where

SNR3 = c3P1

[

1 + 2RU /β(1 + c3P1)

(

1 − 2−RU /β +
1 + c3ηP1

c2(1 − η)P1

)]−1

. (9.4)
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Figure 9.2: A sketch of the relay’s operations of the hybrid compression scheme 2
(HC2), Γ represents the splitting of Y n

2 as described in the text.

The following expected rate is therefore achievable

R̄(R,RU ) =R

(

Pr

{

R ≤ I
(1)
W (c), RU ≤ 1

ℓ
I(Xm

1 ;Y m
3 )

}

+ Pr

{

R ≤ I
(2)
W (c), RU >

1

ℓ
I(Xm

2 ;Y m
3 )

})

. (9.5)

9.2.2 Hybrid Compression Scheme 2

To circumvent the need for the dimension compression mapping g(·), we propose
hybrid compression scheme 2 (HC2), which is based on a corresponding source–
channel coding scheme in [SCV05]. The main idea here is to use analog transmission
for the first m dimensions of the received signal in the relay, while the remaining
n − m dimensions are handled by digital CF transmission. Specifically, let ym

21 =
gm(yn

2 ) represent the first m dimensions of yn
2 and let ym̄

22 = ḡm̄(yn
2 ) be the remaining

m̄ = n − m dimensions, where ḡk denotes the mapping that preserves the last k
dimensions of a vector (see Fig. 9.2). We scale ym

21 with α to obtain the ready-to-
transmit analog part, which satisfies the power constraint that

m
∑

k=1

|αy21,k|2 ≤ (1 − η) mP2.

For ym̄
22, we use the CF technique described in Section 6.1. Codebook {ym̄

22(u)}
is generated as usual according to the distribution of Ŷ22, which is related to Y22

according to

Ŷ22 = Y22 + ZQ,

where ZQ is zero-mean Gaussian with variance σ2
Q and is independent of y22. The

index u is generated by checking joint typicality. Codeword xm
2 (u) is chosen as the

digital part and it is superimposed on the analog part αym
21 and transmitted in the
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relay to destination link. The power constraint is such that

m
∑

k=1

|xr,k|2 ≤ ηmP2.

If xm
2 (u) can be decoded, that is, if (9.1) is satisfied, we can successfully recover

ŷm̄
22(u). We can also subtract xm

2 (u) from ym
3 , that is, we can form tm = ym

3 −
h3x

m
2 = h3αy

m
21 + zm

3 . Furthermore, we combine the analog and digital part by
forming ỹn

2 = [tm ŷm̄
22(u)]. Finally, we decode w by using yn

1 and ỹn
2 jointly. Similar

arguments as the ones in the appendix hence give the instantaneous achievable rate

I
(1)
W (c) =

1

ℓ
I(Xn

1 ;Y n
1 , Ỹ

n
2 )

=(1 − β) log (1 + c1P1 + SNR1) + (2β − 1) log (1 + c1P1 + SNR2)

where
SNR1 = c2c3(1 − η)P 2

1 [1 + c2P1 + c3(1 − η)P1]−1

and

SNR2 = c2P1

[

1 +
1 + c2P1

2RU /(2β−1) − 1

]−1

.

If xm
2 (s) cannot be decoded, the destination tries to decode w based on the

direct link yn
1 and the undecoded relay link ym

3 . The instantaneous achievable rate
is then

I
(2)
W (c) =

1

ℓ
I(Xn

1 ;Y n
1 , Y

m
3 )

=(1 − β) log(1 + c1P1 + SNR3) + (2β − 1) log(1 + c1P1)

where
SNR3 = c2c3(1 − η)P 2

1 [1 + c2P1 + c3P1(1 + c2ηP1)]−1.

The expected rates can then be obtained similarly as (9.5).

9.2.3 Numerical Results: Dimension Compression

In this section, we present some examples of expected rate for different dimension
compression relaying schemes. As in Section 7.6.2, the expected rates are optimized
over the corresponding fixed chosen rates R and RU . The optimization is solved
numerically by exhaustive grid search since it is generally non-convex.

Fig. 9.3 presents the expected rates of various schemes in discussion under the
condition that n/m = 3/2. The curves for HC1 and HC2 are obtained by further
optimizing the power allocation factor η . We can see that HC1 achieves higher
rates than CF in a large σ2

3 region (below 35 dB), and it performs better than
DF when σ2

2 is larger than 20 dB. Above 35 dB, HC1 starts to converge to CF.
For HC2, it achieves higher rates than CF for the whole region considered, and it
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Figure 9.3: The expected rates of various schemes under discussion. The compres-
sion ratio is n/m = 3/2. The power of the source and relay nodes are P1 = P2 = 10
dB, and the variances of the channel coefficients are σ2

2 = 5 dB and σ2
1 = 0 dB,

with a varying σ2
3 .

outperforms DF when σ2
2 grows larger than 15 dB. As mentioned before, for n = m,

the traditional AF scheme is not directly applicable. Here, we consider a modified
AF scheme that copes with the mismatch of dimension by simply dropping the
extra dimensions. That is, it scales the first m elements of the received sequence
yn

2 and discards the rest. As can be seen from the figure, the AF scheme falls
out of competition quickly due to this direct loss of dimensions. We can also
consider bounds on the expected rate subject to the assumption that CSI feedback
is available for h3 and/or h1 at the relay, as shown in Fig. 9.4 (“CF(hi)” denotes
the CF scheme with perfect knowledge of hi at the relay: CF(h1) and CF(h1, h3)
use Wyner–Ziv compression, see the appendix for a discussion). One interesting
observation is that HC1 achieves almost the same rate as that of CF(h1) and HC2
outperforms this bound significantly. Also, HC2 approaches the performance of
CF(h3). That is, by using the hybrid schemes, we can achieve the same or even
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Figure 9.4: The expected rates of various schemes under discussion. The compres-
sion ratio is n/m = 3/2. The power of the source and relay nodes are P1 = P2 = 10
dB, and the variances of the channel coefficients are σ2

2 = 5 dB and σ2
1 = 0 dB,

with a varying σ2
3 .

better performance compared with the case of CF with perfect channel feedback
for h1 and approach the performance of CF with perfect channel knowledge of h3.

We also consider the case when we adaptively combine the hybrid schemes with
the DF scheme. More precisely, if the relay can decode the source message, it
applies the DF scheme, and if the relay cannot decode the source message, it applies
a hybrid scheme (denoted as DF+HC1 and DF+HC2). In Fig. 9.4, We can see that
the adaptive DF/HC2 scheme performs quite close and even exceeds the upper
bound CF(h1, h3) in σ3

2 regions from 0 dB to about 20 dB. This is striking, since
the relay does not know h1 and h3 in the case of the adaptive scheme.
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9.3 Dimension Expansion

In this section, we continue to consider the case when the relay expands the dimen-
sion of the incoming signal, i.e., 0 ≤ β ≤ 0.5. We propose two new HDA relaying
schemes, namely, the dimension splitting and power splitting schemes, based on
[MP02, SPA02, SPA06, CN07, KSC09b]. A sketch of the relay’s operations in the
following discussion is shown in Fig. 9.5. In the figure, “MUX” is the block that
combines the digital and analog parts.

9.3.1 Hybrid Expansion Scheme 1: Dimension Splitting

In this first hybrid scheme for dimension expansion (HE1), inspired by [MP02,
SPA02], we divide the second slot into two sub-slots, one with dimension n and the
other with dimension m − n. We use the first sub-slot for the transmission of the
analog part and the second for the digital transmission. Hence we notice that the
digital and analog parts are orthogonal in this scheme. Assume that the transmit
power of the digital part and the analog parts are Pd and Pa, respectively. Then we
have nPa + (m − n)Pd = mP2, where P2 is the total transmit power of the relay
in the second slot.

The digital part is formed using the basic CF scheme as described in section 6.1.
Note that here we choose the codeword xk

2(s) to be of dimension k = m−n in order
to fit into the second sub-slot allocated to the digital part. The power constraint
is thus

∑m−n
i=1 |x2,i(s)|2 ≤ (m − n)Pd. The analog part is formed as follows (see

Fig. 9.5). The vector en = yn
2 − θŷn

2 is computed, where θ = E{|Y2|2}/E{|Ŷ2|2}, so
that En becomes the minimum mean-squared error and is uncorrelated with Ŷ n

r . It
is then scaled by α to satisfy the power constraint

∑n
i=1 |αei|2 ≤ nPa and inserted

into the first sub-slot.
As before, two fixed transmission rates are chosen beforehand at the source

and relay nodes, namely, R and RU . If xk
2(s) can be successfully decoded at the

destination, which is equivalent to RU < 1
ℓ I(Xk

2 ;Y m
3 ) = (1 − 2β) log(1 + c3Pd),

then we can recover ŷn
2 . Further, we can estimate en by a linear estimator, i.e.,

ên = ψ gn(ym
3 ) (where gn, as before, extracts the first n dimensions). Here the

coefficient ψ is chosen to minimize E{‖en − ên‖2}. Then we can form a refined
version of ŷn

2 by adding back the estimated en, as ỹn
2 = θŷn

2 + ên. The instantaneous
achievable rate from the source node to the destination node is thus

I
(1)
W =

1

ℓ
I(Xn

1 ;Y n
1 , Ỹ

n
2 ) = β log(1 + c1P1 + SNR1)

where

SNR1 = c2P1

[

1 +
1 + c2P1

2RU /β(1 − 2−RU /β + c3Pa)

]−1

.

If xk
2(s) can not be successfully decoded at the destination node, the destination

can still try to decode the source message w from the direct part and the received
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Figure 9.5: A sketch of the relay’s operations for the hybrid expansion schemes.
“MUX” is the block that combines the digital and analog parts. Depending on
how they are combined, we have two different hybrid schemes: dimension splitting
(HE1) and power splitting (HE2).

sequence corresponding to the analog part from the relay. Thus, the instantaneous
achievable rate is

I
(2)
W =

1

ℓ
I(Xn

1 ;Y n
1 , gn(Y m

3 )) = β log(1 + c1P1 + SNR2)

where

SNR2 = c2P1

[

1 +
2RU /β(1 + c2P1)[1 + c3Pa(1 − 2−RU /β)]

c3Pa

]−1

.

The expected rate can then be calculated similarly as (9.5).

9.3.2 Hybrid Expansion Scheme 2: Power Splitting

In the second expansion scheme (HE2), inspired by [SPA06], instead of splitting
by dimension, we split the digital and analog part by transmit power. That is, we
use the whole second slot of dimension m for the transmission of the digital part
and superimpose the analog part of dimension n on top of the first n dimensions
of the digital part. Denote the power of the first n dimensions of the digital part
as Pd1 and that of the remaining m − n dimensions as Pd2. The power of the
analog part is Pa. The total power constraint in the relay is P2 and we therefore
have n Pd1 + (m − n) Pd2 + n Pa = m P2. As usual, the digital part is formed
using the basic CF scheme where k = m here and xk

2 satisfies the power constraint
that

∑n
i=1 |x2,i|2 ≤ nPd1 and

∑m
i=n+1 |x2,i|2 ≤ (m − n)Pd2. The analog part is

obtained the same way as in dimension splitting (see Fig. 9.5), i.e., en = yn
2 − θŷn

2

and
∑n

i=1 |αei|2 ≤ nPa. Then the digital and analog parts are superimposed.
If xk

2(s) can be decoded, that is if

RU <
1

ℓ
I(Xk

1 ;Y m
3 ) = β log

(

1 +
c3Pd1

1 + c3Pa

)

+ (1 − 2β) log(1 + c3Pd2),
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then we can successfully recover ŷn
2 (u). We can also subtract xk

2 from ym
3 , to form

tm = ym
3 − h3x

k
2 = h3α[en 0m−n] + zm

3 . Then we can estimate en from the first n
dimensions of tm with a linear estimator ψ, i.e., ên = ψ gn(tm), where ψ is chosen to
minimize the MSE, E{‖en − ên‖2} (and where gn preserves the first n dimensions).
Finally we form the refined ŷn

2 as ỹn
2 = θŷn

2 + ên. The instantaneous achievable rate
is thus

I
(1)
W =

1

ℓ
I(Xn

1 ;Y n
1 , Ỹ

n
2 ) = β log(1 + c1P1 + SNR1)

where

SNR1 = c2P1

[

1 +
1 + c2P1

2RU /β(1 − 2−RU /β + c3Pa)

]−1

.

If xk
2(s) can not be decoded, the destination tries to decode w based on the

direct link yn
1 and the undecoded relay link ym

3 . The instantaneous achievable rate
is then

I
(2)
W =

1

ℓ
I
(

Xn
1 ;Y n

1 , gn(Y m
3 )
)

= β log(1 + c1P1 + SNR2)

where

SNR2 = c2P1

[

1 +
2RU /β(1 + c2P1)[1 + c3Pd1 + c3Pa(1 − 2−RU /β)]

c3Pa

]−1

.

The expected rate can then be obtained similarly using (9.5).

9.3.3 Numerical Results: Dimension Expansion

In this section we present numerical results of the expected rates of the various
schemes under discussion. Fig. 9.6 shows the results for n/m = 1/2. The curve for
the hybrid schemes is obtained by further optimizing the power allocation between
the digital and analog part. We notice that under the assumptions considered,
with n/m = 1/2, P1 = P2, the best power allocation for dimension splitting is
Pa = Pd = P2, and the best power allocation for power splitting is Pd1 = 0 and
Pa = Pd2 = P2. Hence, power splitting specializes to dimension splitting (thus only
one curve is plotted for both schemes). This observation appears to be valid also
for other dimension ratios 0 < n/m < 0.5 (so far we have however not been able to
support this conclusion analytically). We can see that the hybrid schemes perform
better than CF in all regions considered, and we also observe that the hybrid
schemes outperform DF significantly when σ2

3 grows larger than 3 dB. We also plot
the performance of the modified AF scheme where repetition is used to fill the
extra dimension in the second slot. We observe that the hybrid schemes maintain a
significant gain in relative performance. We have also investigated other dimension
ratios n/m ∈ [0, 0.5], and we get similar results, i.e., AF performs better than CF,
and the hybrid schemes have the best performance.
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Figure 9.6: The expected rates of various schemes under discussion. The expansion
ratio is n/m = 1/2. The power of the source and relay nodes are P1 = P2 = 10 dB,
and the variances of the channel coefficients are σ2

2 = 5 dB and σ2
1 = 0 dB, with a

varying σ2
3 .

Similar to the case of dimension compression, we can also obtain bounds for
CF by assuming that the relay knows h1 and/or h3 perfectly. In Fig. 9.7 we see
that our proposed hybrid schemes can still outperform CF(h1), i.e., the CF scheme
that perfectly utilizes side information from the source-to-destination link from the
receiver. Further, by letting the relay adaptively choose between DF and our hybrid
scheme, the performance can approach that of CF(h1, h3).

Appendix

In this appendix, we present the choices of the parameters and the calculation
of the related mutual information terms for HC1. We choose θ such that θŷn

2

is the MMSE estimator of yn
2 from ŷn

2 , i.e., θ = (c2P1 + 1)(c2P1 + 1 + σ2
Q)−1,
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Figure 9.7: The expected rates of various schemes in discussion. The expansion
ratio is n/m = 1/2. The power of the source and relay nodes are P1 = P2 = 10 dB,
and the variances of the channel coefficients are σ2

2 = 5 dB and σ2
1 = 0 dB, with a

varying σ2
3 .

and we choose α to satisfy the power constraint in the analog part, α2 = (1 −
η)P2

[

(1 − θ)2(c2P1 + 1) + θ2σ2
Q

]−1
. Also, the estimation coefficient ψ is chosen as

ψ = h∗
3(1 − η)P2[α(c3(1 − η)P2 + 1)]−1 where (·)∗ denotes complex conjugation.

The instantaneous achievable rates can then be computed as

I
(1)
W =

1

ℓ
I(Xn

1 ;Y n
1 , Ỹ

n
2 ) = (1 − β) log(1 + c1P1 + SNR1)

+ (2β − 1) log(1 + c1P1 + SNR2)

and

I
(2)
W =

1

ℓ
I(Xn

1 ;Y n
1 , Y

m
3 ) = (1 − β) log(1 + c1P1

+ SNR3) + (2β − 1) log(1 + c1P1)
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where

SNR1 =
c2(θ + h3αψ(1 − θ))2P1

(θ + h3αψ(1 − θ))2 + |ψ|2 + θ2(1 − h3αψ)2σ2
Q

,

SNR2 = c2P1(1 + σ2
Q)−1,

and

SNR3 =
c2c2α

2(1 − θ)2P1

c3α2(1 − θ)2 + c3ηP2 + 1 + c3α2θ2σ2
Q

.

The above expressions for I
(1)
W and I

(2)
W depend on the “quantization noise vari-

ance” σ2
Q, which can be chosen to as

σ2
Q = (1 + c2P1)(2RU /β − 1)−1.

Using this value for σ2
Q in SNRi (i = 1, 2, 3) we arrive at the expressions in (9.2),

(9.3) and (9.4). Note that we used a fixed rate RU in the relay transmission, instead
of the instantaneous achievable rate (1/ℓ)I(Xm

2 ;Y m
3 ), due to the lack of CSIT in

the relay. By replacing RU with (1/ℓ)I(Xm
2 ;Y m

3 ) we obtain the case where it is
assumed that the relay knows the channel coefficient h3.

In the case when Wyner–Ziv compression can be used in the CF scheme, the
variance σ2

Q can be chosen as

σ2
Q = (1 + c1P1 + c2P )

[

(2RU /β − 1)(c1P1 + 1)
]−1

,

where we need to know h1 (or c1). Here we assume that the relay knows h1, but
RU has a general value (not set based on knowing h3). However, by replacing
RU with (1/ℓ)I(Xm

2 ;Y m
3 ) we obtain the case when the relay knows all the channel

coefficients, (h1, h2, h3).



Chapter 10

Conclusions and Future Work

The second part of the thesis focused on the two predominant relaying schemes
without decoding with memory, namely, the CF and QF schemes. The achievable
rate results were obtained in Chapter 6, where the achievability proofs were pro-
vided for the CF and QF schemes under the assumption that all random variables
under discussion have discrete alphabets. The results were further extended to the
corresponding AWGN channels, where a discretization approach was used. It is
shown that the CF and QF schemes (including their variants) achieve the same
rate under AWGN channels if Gaussian codebooks are used. A similar result is
observed for the corresponding full-duplex AWGN channel in [LKEC]. Moreover,
it has been shown in [LKEC] that the same is true even for the case of discrete
channels. However, such proof is not provided for the half-duplex discrete channel
considered in this thesis, which can be an interesting extension for future work.

The subsequent chapters in this part considered the CF and QF schemes over
slow fading channels, where the source and relay nodes have no CSIT. The outage
probabilities and the expected rates of the relevant relaying schemes were discussed
in Chapter 7. Due to the absence of CSIT at the relay, the relay’s operation cannot
adapt to the channel variation, which results in higher probabilities of outage and
lower expected rates for the respective schemes. Therefore, to alleviate such prob-
lems, finite-resolution feedback schemes from the destination node to the relay node
were proposed to provide the relay node with partial CSIT. The asymptotic results
at high SNR were also studied in Chapter 8 in terms of the diversity–multiplexing
trade-off. The DMT of the relevant schemes were derived and compared. It has
been shown that without relay CSIT, the DMT performance of the CF schemes
suffer from degradation. However, by providing the relay node with partial CSIT
via a low-rate feedback link, the optimal DMT can be approached. For the QF
scheme, it has been shown that it can achieve the optimal DMT even without any
relay CSIT. Possible extension to the work in those part includes finding closed
form expressions for the DMT results given in the thesis, which, however, seems to
be an extremely difficult task.
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The last chapter of this part, Chapter 9, considered the problem of having no
CSIT at the relay from another perspective. Hybrid digital–analog relaying schemes
were proposed based on similar investigations that have appeared in source–channel
coding. The proposed schemes were shown to provide significant performance im-
provement using expected rate as a figure of merit. The hybrid digital–analog
relaying schemes discussed were based on the CF schemes as the "digital part." An
extension to this work can be done by proposing and investigating similar schemes
based on the more “efficient” QF schemes as the "digital part."



Part III

Epilogue
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Chapter 11

Thesis Conclusions

The thesis mainly considered relaying schemes without decoding in three-node half-
duplex relay channels. According to the characteristics of the relay’s operations,
the respective schemes were categorized into two kinds, namely, the instantaneous
relaying schemes and the relaying schemes without decoding with memory. The
thesis was then naturally divided into two parts, with each part dealing with one
kind of scheme. For most relaying schemes discussed in the thesis, the operations
at the source node were relatively fixed, and the central problem of the thesis
was to find the relaying function γ : Yn

2 → X m
2 (defined in Section 1.3) and the

corresponding operations at the destination node that are good in terms of various
performance measures such as achievable rate, outage probability, expected rate
and DMT.

The first part of the thesis considered the instantaneous relaying schemes with
achievable rate as a figure of merit. The assumption of instantaneous relaying
greatly reduced the degree of freedom to choose the relaying function (from a general
function γ to a deterministic single variable function) and thus it simplified the
overall problem. Although the topic of finding the optimal instantaneous relaying
function was not discussed in the thesis, relaying functions based on the functions
of sawtooth-like shape were proposed and were shown to achieve significant gains
over the conventional linear relaying functions. The proposed schemes were later
shown in [ZKYS09c] to be actually close to the optimal performance in many cases.

As an interesting extension, the thesis continued to investigate the instanta-
neous relaying in multiple–access relay channels, where compared to the previously
considered three-node relay channels, there is an extra source node present. The in-
stantaneous relaying function in this scenario conceptually has two main tasks. The
first is to combine the received signals from the two source nodes. This is realized
in the thesis by utilizing the Archimedean spiral mapping, which was previously
used for dimension compression in literature of source–channel coding. Once the
signals are combined, the rest of the scheme is similar to the instantaneous relaying
schemes investigated in three-node relay channels. Thus, sawtooth-like functions

161



162 CHAPTER 11. THESIS CONCLUSIONS

can be used for potential performance improvement. The performance improve-
ments of the coupled spiral–sawtooth functions were demonstrated to be significant
via numerical investigation.

Without the constraint that the relaying functions should be "instantaneous,"
the second part of the thesis focused on the relaying schemes without decoding
with memory. All discussions in this part were based on two basic coding methods,
namely, the CF and the QF. Both methods were originally proposed for full-duplex
relay channels. The CF scheme can be readily extended to the half-duplex relay
channel under discussion due to its step-by-step decoding. However, it is generally
non-trivial to extend the QF scheme to half-duplex relay channels. Such extensions
were therefore provided in the thesis. Furthermore, a rigorous treatment was given
to extend the obtained achievability results of the discrete memoryless channel to
its AWGN counterpart, with special attention given so that the relay’s operation
only depends on the channel coefficient of the source-to-relay link h2. This is
important for later discussions in slow fading channels, where the relay for the
most time was assumed to only know h2. The CF and QF schemes and their
variants investigated in the thesis were shown to achieve the same rate over AWGN
channels with Gaussian codebooks.

The thesis continued to investigate the performance of the respective schemes
over slow fading channels under the assumption that the source and relay trans-
mitters have no CSI, using outage-related measures as figures of merit. The outage
probabilities and expected rates at finite SNR, as well as the DMT at asymptoti-
cally high SNR were derived and compared. With respect to the performance at
finite SNR, due to the absence of relay CSIT, the relay cannot adapt to the channel
variation and thus it was shown to result in performance degradation. To mitigate
this problem, finite-resolution feedback schemes were proposed, which essentially
provided the relay node with partial CSIT. It was subsequently shown via numeri-
cal examples that the presence of the feedback decreases the probabilities of outage
and increases the expected rates of the respective schemes. A similar scenario was
investigated concerning the DMT. It was found that while the CF schemes and the
QFU scheme possess similar traits, namely, performance degradation were observed
with the absence of relay CSIT and a feedback link with increasing resolution can
help the respective schemes to approach the optimal DMT. For the QF scheme
though, it has been shown that it can achieve the optimal DMT even without the
knowledge of CSIT at the relay node.

The last part of Part II considered the problem of the absence of the relay
CSIT from another viewpoint, based on the inspiration from the problem of chan-
nel mismatch in source–channel coding. Hybrid digital–analog relaying schemes
were proposed based on the CF scheme as the "digital part." The hybrid schemes
were demonstrated to be a better solution than both the digital-only (e.g., the CF
scheme) and the analog-only (e.g., the AF scheme) solutions.

Although by the first look the two parts of the thesis are seemingly indepen-
dent of each other. The mappings in Part I of the thesis, especially the idea of
using sawtooth-like functions at the relay node, was initially inspired by the idea of
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Wyner-Ziv coding to utilize "side information" provided by the source-to-destination
link, as is used also in the CF schemes investigated in the second part of the thesis.
Meanwhile, the joint decoding used at the destination node for the instantaneous
relaying scheme resembles that of the QF schemes. These two parts as a whole
represent a extensive study of relaying schemes without decoding.
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