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Abstract

The flow resistivity tensor, which is the inverse of the viscous permeability
tensor, is one of the most important material properties for the acoustic performance
of open cell foams used in acoustic treatments. Due to the manufacturing
processes, these foams are most often geometrically anisotropic on a microscopic
scale. For such a materials there is a need for improved characterisation methods,
and this paper discusses the estimation of the flow resistivity tensor of Melamine
samples using a methodology which is an improvement of a method previously
published by Göransson et al. The validity of the new method is verified for a
wider range of anisotropy. Measurements are performed on seven cubic Melamine
samples, and the resulting 3D flow resistivity tensors are presented. The anisotropic
flow resistivity tensors are validated by comparison to measurements performed
on uni-directional cylindrical samples extracted from the previously measured
cubic samples. The results suggest that there is a relation between the direction
of highest flow resistivity, and the rise direction of the material.

1 Introduction

Porous materials used in vibro-acoustic applications, such as foamed polymers and
fibrous wools, are commonly assumed to behave isotropically in terms of elastic and
acoustic properties. However, due to the manufacturing processes involved, porous
materials often have an inherently anisotropic geometry at the micro-structural scale.
For fibrous wools, the degree of anisotropy is linked to the layering of the fibres,
and the subsequent compression to desired thickness and density. Commonly they are
considered to be transversely isotropic. For foamed materials, the anisotropy is related
to the influence of gravity during expansion in combination with the placement of the
injection nozzles, depending on the manufacturing method used. For these materials,
the degree of anisotropy is presumably higher.
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2 Present and related work

A new methodology was recently proposed by Göransson et al.[12] allowing for the
estimation of the full, anisotropic flow resistivity tensor for a porous material. The
method was verified for an ideal theoretical transversely isotropic material, but the
generality of the approach could be extended to orthotropic materials. The current
paper verifies this extension, and expands the numerical part of the method with the
optimisation algorithm Globally Converging Method of Moving Asymptotes (GCMMA)[11]
to assure a converging solution. The GCMMA optimiser is in several ways a considerable
improvement compared to the previously used Method of Moving Asymptotes (MMA)[10].

Once the computational part of the methodology has been verified, the method is
applied to identify the full flow resistivity tensor of seven Melamine samples. Melamine
has been studied before by Kino[7, 8], who has published results from measurements
with ISO standard 9053[5]. However, Kino assumes that Melamine foam is an isotropic
foam, an assumption which is relaxed in the current paper. The results obtained in
this work are compared to measurements on cylindrical samples extracted from the
cubic samples tested, as a means of validation of the method.

The paper begins with a review of the experimental set-up, and then discusses the
model, used to estimate the anisotropic flow resistivity. The method is verified for
different cases of anisotropic flow resistivity tensors, and also the main the differences
between the MMA and GCMMA optimisers are discussed. The identified flow resistivity
tensors for seven different Melamine samples are presented, and compared with measurements
on cylindrical samples.

3 Measurement method

The experiments are performed with a symmetric cubic set-up which is a generalisation
of the standardised ‘static flow - pressure drop’ measurement. The most important
features are repeated here, for the sake of completeness of the discussion. For the full
description of the set-up, see reference [12].

3.1 Experimental set-up

The key aspects of the experimental set-up are shown in a graphical presentation in
Figure 1.

• A cubic sample of porous material is placed in an airtight cubic box built out of
aluminium plates, with an inner length of 99 mm, and circular openings of 44
mm diameter on each face.

• The flow velocity at the inflow orifice is measured simultaneously with the
pressure difference between inlet and outlet openings.

The flow passes through a calibrated laminar element, allowing the flow rate to
be estimated with the help of a first pressure sensor, before it enters the sample.
The pressure drop between the in- and out-flow directions is then estimated with a
differential pressure transmitter.

The openings on each face can either be sealed with a plug, or connected to a pipe
with flow. The flow may be directed from the opening on one face to an opening on
any of the other faces, by inserting or removing the plugs. This allows a fast recording
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Figure 1: General arrangement of flow and pressure sensors in the measurement set-up.

of the pressures and velocities corresponding to each flow path, without dismounting
the sample tested.

Five data sets are recorded per inflow face, i.e., the inward flow and the corresponding
pressure drops along the five possible outflow faces. Thus 30 pairs of data are recorded,
from which 15 are independent because of the theoretically required symmetry of the
measurement, and the associated reciprocity of the flow resistivity tensor[14, 15]. These
15 pressure differences are used to determine the 3D flow field in the material, and to
obtain the six unknowns in the flow resistivity tensor. The remaining measured data
are used for quality control checks. A measurement is not accepted if the deviation
between reciprocal directions is larger than 5%.

3.2 Inverse estimation

The inverse modelling of the as yet unknown flow resistivity tensor is done by inserting
a possible solution for the flow resistivity tensor in a FE model, and by calculating
the pressure differences over the sample for this given flow resistivity tensor. The
FE model is a three-dimensional Darcy’s law model in COMSOL Multiphysics Earth
Science Module[6], representing the experimental set-up. The cost function for the
optimiser is defined as the sum of the squares of the relative differences between the
measured and the computed differential pressures, Eq.(8). The inverse estimation
focuses on finding the six unknown flow resistivity values in the flow resistivity tensor
for which the cost function is minimised.

3.2.1 Governing Equations

The intended modelling context, in which the estimated flow resistivity will be used,
is the linear acoustic approximation in the frame of the Biot models[1], in which the
physics on micro scale are homogenised on macro scale, where the fluid is assumed to be
inviscid. This is also valid for Darcy’s law[9], where the static flow resistivity accounts
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for the viscous effects at micro scale. The intended application context justifies the
assumption that the static fluid flow in the porous medium is governed by Darcy’s
law, i.e., neglecting viscosity on macro scale, and the inertial effects in the flow.

The flow inside the porous domain is then determined by the second order permeability
tensor κ, the dynamic viscosity η, the pressure p and the volume average velocity
v = {ux, uy, uz} together with a proper set of boundary conditions.

Darcy’s law states that

−κ
η
∇p = v (1)

which, together with an assumed incompressibility condition

∇p · v = 0, (2)

gives

∇(
κ

η
∇p) = 0. (3)

Rewriting Eq.(3) in terms of the second-order flow resistivity tensor σ gives

∇(σ−1∇p) = 0 (4)

with boundary conditions

∇p · ni = σ̄v̄ · ni, x ∈X in−flow
i , i = 1, · · · , 6 (5)

∇p · n = 0, x ∈Xrigidwalls (6)

p = 0, x ∈Xout−flow
j , j = 1, · · · , 6, i 6= j (7)

The indices i and j refer to the faces of the cubic sample. x = {x, y, z} is the
location vector, X in−flow and Xout−flow are the inflow and the outflow boundaries
respectively, n is the normal vector pointing outwards from the domain, v̄ is the
prescribed inflow velocity at an open boundary, and σ̄ is a flow resistivity defined
later.

3.2.2 Properties of the flow resistivity tensor

Several properties of the flow resistivity tensor are useful in the estimation process. By
definition σ is positive definite and symmetric[14, 15], i.e., it is invertible. In addition,
the spatial variation of the flow resistivity is assumed to be small over the scale of the
sample size. The material can then be considered as homogeneous.

3.2.3 Modelling

A numerical model of the experimental set-up predicts the pressure differences over
the porous material, as a function of the current flow resistivity tensor that is proposed
by the optimiser. To link the actual physical set-up with the corresponding model,
the boundary conditions related to the flow into the porous medium are an important
aspect. Two options are possible: either the measured pressure differences, or the
known flow velocity at the inlet can be chosen as boundary condition to the problem.
Given one choice, the other quantity is calculated and serves as input for the optimisation.
Both possibilities were evaluated in the course of this work, and the measured static
flow velocities are selected as the boundary condition since the calculated pressure
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Figure 2: Finite element mesh for cube with tube fittings

differences appeared to be better input for the optimiser, mainly due to scaling of the
parameters. By choosing the inlet flow velocity as a boundary condition, the pressure
differences between inflow and outflow openings may be calculated from the solution
of Eq.(1), as functions of the sought flow resistivity tensor, together with the boundary
conditions in Eqs.(5) - (7).

During the experiment, the actual inlet flow velocity through the cubic device is
calculated from the pressure drop across the laminar flow element. In the measurement
set-up, cylindrical tubes connect the laminar flow element to the cubic sample holder.
The flow profile at the inlet is assumed to be uniform over the cross section of the
cylindrical tubes, at a certain distance away from the inlet to the cubic measurement
device.

In order to approximate the measurement set-up in the best way possible, the
model is fitted with cylindrical tube-like extensions, similar to the ones used in the
experiments, to properly define the boundary conditions for both pressure and flow
field, as shown in Figure 2. To ensure a flow in these tubes, which would not influence
the results from the simulations, an isotropic flow resistivity σ̄ was introduced, see
Eq.(5); this isotropic flow resistivity in the tubes is five orders of magnitude lower
than the flow resistivity in the porous medium under inspection.
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COMSOL Multiphysics package Earth Science Module is used to model the porous
material inside the cubic sample holder, and a direct solver calculates the pressure
differences between inlet and outlet. The flow resistivity tensor, which is the outcome
of the optimisation, represents the porous material inside the cubic space. For each of
the 15 inflow-outflow combinations, one model of the order of 25000 degrees of freedom
is created using quadratic order Lagrange polynomial tetrahedral elements. The 15
differential pressures which are calculated, are compared to the measured data; the
difference between the measured and predicted differential pressures forms the basis
for the cost function in the optimisation process.

3.2.4 Inverse estimation procedure

The flow resistivity tensor is estimated such that the sum of the squares of the relative
differences between the measured and the computed differential pressures is minimised,
with the positive definiteness of σ as a side condition to avoid non-admissible solutions,
i.e., the following optimisation problem was solved.

Find σ such that
min

∑
ij

ε2
ij (8)

is minimised, where

εij(σ) =
( 1

2 (pmeasured
ij + pmeasured

ji )− pcomputed
ij (σ))

1
2 (pmeasured

ij + pmeasured
ji )

. (9)

The results in the current paper are obtained using the optimisation algorithm
Globally Converging Method of the Moving Asymptotes by Svanberg[11], which was
used to fit the model to the measured data in the least square sense. This is an
important extension, and a considerable improvement compared to the previously
published method, which used the Method of Moving Asymptotes[10]. The Globally
Converging Method of the Moving Asymptotes assures a converging solution. Experiences
from the current work suggests that the method is more stable, and solutions are found
with fewer iterations. Indication of the improvement due to the GCMMA optimiser
will be given along with the verification of the estimation procedure in the next section.

4 Verification of the estimation procedure

In previous work[12] published on the development of the inverse estimation method
discussed here, the actual verification of the method itself was limited to a transversely
isotropic material that was theoretically ideal. In the present paper, the computational
part of the simulation is verified by estimating four a priori known orthotropic flow
resistivity tensors.

The a priori known tensors are positive definite, symmetric, and have off-diagonal
values σij , i 6= j which are in two cases one order of magnitude lower than the diagonal
values σii to test the parameter range of the optimiser. In the other two cases the off-
diagonal values are two orders of magnitude lower to test if the optimiser is sensitive
to these small values.

For the validation of each flow resistivity tensor, the 15 artificial inflow-outflow
differential pressures were computed for given static flow velocities, and then re-used
as targets in the estimation. The a priori known tensors for all cases are given here,
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since in the inverse estimation, the six flow resistivity values in the flow resistivity
tensor are the actual quantities estimated:

Case 1:

10000 3800 2800
3800 9800 5200
2800 5200 12400

 (Pa·s/m2)

Case 2:

10000 −3800 2800
−3800 9800 −5200
2800 −5200 12400

 (Pa·s/m2)

Case 3:

10000 300 280
380 9800 520
280 520 12400

 (Pa·s/m2)

Case 4:

10000 −380 280
−380 9800 −520
280 −520 12400

 (Pa·s/m2) (10)

In order to have a better overview of the symmetry of the artificial material of
which the flow resistivity would be described by the tensors in Eqs.(10), it is useful
to look at the eigenvalue decomposition of the different tensors. Table 1 presents the
eigenvalues (in Pa·s/m2) and principal directions for all 4 cases, which shows that
these four artificial materials are indeed orthotropic.1

The artificial differential pressures were fed into the numerical estimation procedure
which uses the Globally Converging Method of Moving Asymptotes. The results of
the estimation were extracted after 50 and 100 iterations, and compared to the a priori

known tensors, Eqs.(10). The relative error
(σknown

ij −σcomputed
ij )

σknown
ij

was calculated for every

i, j in the flow resistivity tensor, and the largest of these relative errors are given in
Table 2.

1All numerical values presented for flow resistivity throughout the paper are rounded off to three
significant digits.
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Table 1: Eigenvalues and principal directions for the cases with artificial flow resistivity
tensors.

Sample number Eigenvalues Eigenvectors

1
σ1 = 5200
σ2 = 8200
σ3 = 18800

2
σ1 = 5200
σ2 = 8200
σ3 = 18800

3
σ1 = 9500
σ2 = 10200
σ3 = 12500

4
σ1 = 9500
σ2 = 10200
σ3 = 12500
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Table 2: Largest relative error for all 4 verified cases after 50 and 100 iterations with
the GCMMA optimiser.

Case 50 iterations 100 iterations
Case 1 0.51% 0.003%
Case 2 0.01% 0.002%
Case 3 0.03% 0.03%
Case 4 0.004% 0.004%

Table 3: Largest relative error for all 4 verified cases after 50 and 100 iterations with
the MMA optimiser.

Case 50 iterations 100 iterations
Case 1 0.84% 0.10%
Case 2 3.8% 0.11%
Case 3 1.0% 0.03%
Case 4 0.03% 0.02%

These results indicate that the a priori known tensors are found with good accuracy
with 50 iterations. The maximum errors represented in the Table are in all cases
related to the off-diagonal flow resistivity values. The diagonal values, which are more
important to be found, are recovered very quickly with very good accuracy. The
conclusion is that the computational part, and hence the principle of the method of
inverse estimation, works accurately.

4.1 Globally Convergent Method of Moving Asymptotes

This section gives an illustration showing that the GCMMA optimiser is an improvement
compared to the MMA optimiser. The same calculation as explained in section 4 has
been done with the MMA optimiser. Table 3 shows the largest relative error after 50
and 100 iterations, when the MMA optimiser is used to calculate the a priori known
tensors.

Comparing Table 3 with Table 2 shows that approximately the same (or even
better) accuracy is reached with 50 iterations using the GCMMA optimiser compared
to 100 iterations with the MMA optimiser. This is due to an internal iteration loop
in GCMMA which checks if the new approximation gives a conservative estimation of
the solution.

The improvement due to this internal iteration loop in GCMMA is very clear in
Figure 3 which presents the convergence history of the cost function (Figure 3a), of a
diagonal flow resistivity (Figure 3b), and an off-diagonal flow resistivity (Figure 3c).
All graphs converge monotonically towards the target value when using GCMMA, in
contrast to the MMA optimiser which results in an oscillation around the target value.

Using GCMMA decreases the total calculation time to obtain a satisfactory solution.
With the MMA optimiser, 105 FE calculations have to be performed within one
iteration. Each calculation in COMSOL Multiphysics lasts approximately 8 seconds.
If the solution is within acceptable accuracy after 100 iterations it requires 10500 FE
calculations, and the total calculation time is more than 23h. The GCMMA optimiser
has 105 FE calculations in the first iterations, and on average 81 FE calculations within
each other iteration. GCMMA only needs 50 iterations to reach the same accuracy as
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(a) Cost function

Figure 3: Iteration history for cost function, diagonal and off-diagonal flow resistivity
for verification of case 3 in Eq.(10).

100 iterations with the MMA optimiser, or a total of 4074 FE calculations. The total
calculation time is then approximately 9h, which is a considerable decrease.
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(b) Diagonal Flow Resistivity

(c) Off-diagonal Flow Resistivity

Figure 3: Iteration history for cost function, diagonal and off-diagonal flow resistivity
for verification of case 3 in Eq.(10).
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(a) Axis
orientation

(b) Melamine samples 1 to 4 -
rise direction in-plane, ⊥ z axis

(c) Melamine samples 5 to 8 -
rise direction out-of-plane, ‖ z axis

Figure 4: Orientation and extraction of Melamine samples 1 to 8.

5 Melamine results

The 3D identification method was applied to seven Melamine samples that were
extracted from a large slab of Melamine foam. The spacing of the samples is depicted
in Figure 4. The rise direction of the slab of Melamine foam from which samples 1 to
4 are extracted is perpendicular to the z axis. Samples 5 to 8 are extracted from a
slab of Melamine foam with the rise direction parallel to the z axis. The samples were
obtained by cutting with a thin saw touching a very small part of the material. This
way the surface of the extracted samples is very smooth.

Each sample was inserted in the cubic measurement cell, and the differential
pressures were measured, except for sample 8 which was damaged during the sample
preparation. The average density of the Melamine samples is estimated to be 9.2
kg/m3, and the samples have an estimated porosity of 0.99.

5.1 Results

The anisotropic flow resistivity tensors were determined by applying the inverse estimation
process to the measured differential pressures. The computed flow resistivity tensors
are not given here since they depend on the orientation of the samples, and the inherent
directivity induced by the manufacturing process in relation to that. Instead, the
principal values (in Pa·s/m2) and the corresponding principal directions from the
eigenvalue decomposition of the tensors are given in Table 4, which gives a better
understanding of the intrinsic flow resistivity of the materials. The density (in kg/m3)
of all samples was also estimated, with a precision of ±1%.
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Table 4: Eigenvalues and principal directions for all 7 Melamine samples measured.

Sample
number

Density Eigenvalues Eigenvectors
Error ε =
min

∑
ij

ε2
ij

1 9.6
σ1 = 9200

0.022σ2 = 9300
σ3 = 9800

2 9.8
σ1 = 9900

0.040σ2 = 10100
σ3 = 10300

3 8.4
σ1 = 10300

0.020σ2 = 10800
σ3 = 11000

4 7.9
σ1 = 10100

0.016σ2 = 11000
σ3 = 11300

5 9.5
σ1 = 10100

0.016σ2 = 10800
σ3 = 11500
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6 10.1
σ1 = 9700

0.030σ2 = 9800
σ3 = 10900

7 9.1
σ1 = 9800

0.035σ2 = 10600
σ3 = 11100

The estimated flow resistivity for these samples is in the range of the results
published by Kino[7, 8] (6200 - 10500 Pa·s/m2) on Melamines of similar density.
Notice that the errors resulting from the minimisation cost function are small for
all calculations.

5.2 Discussion of the results

The results show that the highest flow resistivity is in-plane for samples 1 to 4, which
is parallel to the plane that contains the rise direction. For samples 5 to 7, the rise
direction and principal direction with highest flow resistivity are both parallel to the
z axis. The results seem to imply that the rise direction for Melamine foam is parallel
to the principal direction of highest flow resistivity. This could be expected, as the
cells and struts in porous foams are elongated in the rise and injection flow directions,
induced by the manufacturing process.

A conclusion concerning the general degree of symmetry of the flow resistivity
tensor for Melamine is hard to draw. Some of the samples seem to be close to
transversely isotropic, while others are rather orthotropic. However, they all have in
common that the direction of highest flow resistivity is aligned with the rise direction.

6 Melamine validation

The identified 3D anisotropic flow resistivity tensor can be validated by comparing the
estimated flow resistivity results with standard measurements on cylindrical samples,
extracted from the tested cubic Melamine samples. One cylindrical sample was extracted
in the y direction from sample 1, and two cylindrical samples were extracted in the x
and z direction from sample 2 and 3 respectively. Each cylindrical sample was cut in
half in order to have more testing samples. For each sample the density (in kg/m3)
is calculated, and given in the second column of Table 5. The density was estimated
with a precision of ±7%.

The samples were extracted using a specially designed hollow punch attached to
a drilling machine. Vaseline was used as a lubricant to obtain a satisfactory finish of
the cut surface to assure a perfect fit in the measurement cell. The sample were dried
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Table 5: Validation of identified anisotropic flow resistivity tensors.

Coordinate direction Density
Computation
using Table 4
and Eq.(11)

Uni-directional
measurement

X:

10.9

10100

9500
10.9 9200
10.5 10800
10.5 10300

sample 2

Y:
10.9

9300
9400

10.5 8800

sample 1

Z:

9.6

10300

9800
9.6 9800
9.2 10000
9.2 9900

sample 3

and conditioned before measuring. The measuring conditions at the MWL laboratory
are kept constant at a temperature of 23◦C(±2◦C) and 60% (±5%) relative humidity.

The measurements were performed using a measurement cell with a diameter of 44
mm, and with a flow rate of 4 mm/s. Although the diameter of the measurement cell
deviates from the prescriptions by ISO 9053, the results, which are given in the fourth
column of Table 5, are comparable to earlier measurements of Melamine samples of
similar density[8].

To compare these measurement results to the identified flow resistivity tensors,
each tensor for the respective cubic sample was inserted in a FE simulation model
set-up of the cylindrical test sample in COMSOL Multiphysics. The model has the
same dimensions as the measured cylindrical samples. Simulations were performed
on the cylindrical tube geometry, and the flow resistivity was calculated according to
Eq.(11), where t is the sample thickness and V the flow velocity. The flow resistivity
(in Pa·s/m2) obtained by the simulation for the cylindrical samples is given in the
third column of Table 5.

σcyl =
∆p

V · t
(11)

The cylindrical samples tested in the x direction were extracted from the same
cubic sample, and hence the estimation of the flow resistivity with the FE model
gives one single value for the flow resistivity in the four cylindrical samples from this
one cubic sample. This is also the case for the cylindrical samples tested in other
directions. The maximum relative error between computed and measured samples is
9%. The measurements on cylindrical and cubic samples are thus in fair agreement,
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having in the mind the possible causes for errors during the measurements, which are
particularly pronounced in the standard measurement set-up.

As the cylindrical samples are usually slightly compressed when inserted in the
measurement cell, it is possible that the flow resistivity value increases a bit due to
this compression, as the voids in the material get compressed, and it might be more
difficult for air to pass through the material. On the other hand, local effects such
as smaller amount of struts, or decreased strut thickness might cause a local decrease
in flow resistivity, and the air might pass easier true this area. If the cylindrical
samples are taken from an area where these local effects occur, the flow resistivity
in the cylindrical sample might be lower than in other places in the material. The
opposite can also be valid.

It was also found in previous work[4] that differences in flow resistivity occur
between cylindrical specimens from the same slab of material. For the measurements
performed in the current work, this is most clear in the X sample. These results
suggest that the material may not be as homogeneous as originally assumed.

7 Conclusion

The previously developed method for identification of the 3D flow resistivity tensor
has been improved and verified. The computational part is improved by using the
GCMMA optimiser. The GCMMA optimiser gives a good solution with less iterations
and less time, compared to the MMA optimiser. The inverse estimation has been
verified by retrieving four orthotropic flow resistivity tensors.

Seven Melamine samples extracted from a larger slab of Melamine material were
measured, and the flow resistivity tensors were estimated. The results showed that
the direction of highest flow resistivity is parallel to the rise direction in which the
foam is grown. However, a summarising statement on the symmetry of the material
concerning flow resistivity could not be made. Some of the samples tested seemed to
be close to transverse isotropic, while others showed no clear symmetry, or were even
perceived as isotropic.

Finally, the new method was validated by comparing the estimated flow resistivity
of the cubic Melamine samples to measurements on cylindrical samples. These results
were very satisfying as the error between measurement and estimated flow resistivity
was maximum 9%. Therefore the method can be assumed to be valid for identifying
the full anisotropic flow resistivity tensor.
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