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Abstract

The structural damping is of importance to suppress the vibration
amplitude of compressor blades rotating at high angular velocity under
a high cycle impact. To avoid the appearance of the high cycle fatigue
(HCF), damping materials may be applied to the compressor blades. To
quantify the effect while using damping materials, a numerical tool needs
to be developed for the damping prediction of a dynamic rotating blade.
This thesis is divided into two parts: Paper A develops a dynamic model
of a rotating blade and Paper B a damping structure model including
measurements.

In Paper A, a dynamic rotating blade model is developed by using
a plate model at an arbitrary stagger angle. Hamilton’s principle is
applied to derive a system of equations of motion and the corresponding
boundary conditions. Numerical simulation is implemented to perform
eigenfrequency analysis by the Extended Galerkin method. In addition,
parametric analysis is performed with respect to rotation speed and stagger
angle, respectively. Results show a good agreement with those of the finite
element method. Finally, forced response analysis is determined for two
cases; a point force and a distribution force, using a proportional damping
model.

In Paper B, unconstrained and constrained damping techniques are
applied to increase the structural damping of the blades, including measure-
ment and modeling results. Two specimens, titanium and stainless steel,
are treated by aluminum oxide and epoxy coating material. Measurement
results show that both treatments give damping increase, where aluminum
oxide is more effective for damping improvement than the corresponding
epoxy treatment. The unconstrained damping layer model is used to
predict the total material damping of the combined structure as well as
the material damping of coating layer. Furthermore, the constrained-layer
model is used to optimize the damping configuration. Two compressor
blades in titanium and stainless steel are tested in air and vacuum. One
reason is being that the radiation loss factor increases the total damping
comparing with that under vacuum condition. The calculation of radiation
loss factor is performed to match the measurement data. Finally, increased
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material damping decreases peak stress and therefore increases the life time
of the compressor blades.
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Chapter 1

Introduction

Turbomachinery is a complex engineering system to provide power for
almost all machines, such as power plant, jet airplane. Most of components
in turbomachinery are working on a high cycle situation, where a periodic
impact can trig various types of fatigue on some key components, even
resulting in failure of the whole system. This high cycle impact is from the
two sources: aero dynamics and structural dynamics in turbomachinery.
The aero dynamics mainly includes aero forcing and aero damping, whereas
the structural dynamics comes from the blades rotating at a high angular
speed. Due to the manufacturing and design tolerance, the unbalance of the
rotor shaft may produce a repeating vibration with severe amplitude. This
vibration may affect the operation performance of the turbo machinery or
damage the components. To reduce this severe vibration, the damping has
to be involved into the components of the real engineering system.

The damping mechanism is to dissipate the vibration energy into the
heat or other types of energy. For turbomachinery, aero damping and
structural damping are two major damping sources which can be used
to improve the performance of machine. In aerodynamic, the interaction
between the fluid and structure exists while the flow passing by the blade
row. Aero damping generates once this interaction becomes out of phase.
It is known that commonly the structural damping is relatively small
compared to that of aero damping. However, structural damping has an
advantage: it always gives positive damping as compared to aero damping

3
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where the negative damping may happen at some specific cases, such as
at nodal diameter. When negative damping appears, structural damping
becomes significantly important to maintain the stability of the whole
system. Moreover, structural damping is very useful to reduce the vibration
amplitude of the rotating blades. If the rotation speed is low, the aero
dynamic effect becomes small and the structural damping ratio is being
an important index. For example, a small wind turbine is mainly working
at a low rotation speed, where the structural dynamic behavior is the key
aspect to be improved.

The author’s work belongs to COMP (TurboVib) project via Turbopower
program. COMP project aims to develop numerical tools to predict the life
of turbo machinery components under the high cycle fatigue (HCF), which
is comprised of four work packages: aero forcing (WP1), aero damping
(WP2), structural damping (WP3) and fatigue prediction (WP4).

In this thesis, the author mainly presents the work about WP3. The target
of this sub-project is to develop a numerical tool to evaluate the structural
damping of a rotating blade treated with different damping materials,
such as aluminum oxide and epoxy. The tasks which have been done are
divided into two parts: dynamic modeling and damping measurements
with calculation.



Chapter 2

Background

2.1 The development of dynamic modeling for
rotating blade

To investigate the vibration characteristic of a rotating blade system, the
dynamic modeling techniques have been developed and presented in many
papers. In the beginning of the application of turbomachinery, the blade
had a simple geometry which can be modeled by an analytical model or
semi-analytical model. With the appearance of advanced manufacturing
technology, complex blade with large curvature and pretwist angle is
designed and applied into modern turbomachinery. Meanwhile, with the
development of finite element method (FEM), the numerical modeling by
FEM becomes a popular way to perform the simulation to extract very
accurate results. However, semi-analytical method is still a fast tool to
perform a parametric estimation in the early stage of the blade design
with relatively good accuracy. An all-around summary is given by Leissa
et al. (1984) to introduce the present status of modeling twisted blade
systems showing at least 19 theories applied to vibration analysis in this
field. Ramamurti and Kielb (1984) supplied a complete set of numerical
results and experimental data for a pre-twisted rotating blade – a very
useful investigation for result comparisons. The subsequent paragraphs
give a literature overview about the development of the semi-analytical
modeling techniques.

5
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In the beginning, a blade is modeled by a beam structure, because the beam
model is a simple model whose variables only depend on one coordinate.
Most of researchers focus on using this model to reduce a three dimensional
blade structure into a one dimensional problem. Carnegie (1959) derived
a model to predict the first eigen frequency of a Euler beam at an arbitrary
rotation speed. Vyas and Rao (1992) derived equations of motion of the
rotating beam while including the shear deformation. Thin-walled beam
models are frequently used by Librescu et al. (2008), Oh et al. (2003a),
Oh et al. (2003b) and Librescu ans Song (2006). With further research of
thin-walled beam theory in depth, not only solid compressor blade but also
turbine blade having cavity inside are modeled by numerical simulation.
Moreover, Lin (2001) and Lee et al. (2004) applied the beam theory
using a transition matrix to solve the equations of motion. The tip mass
is considered in the model and a stability analysis is performed. Houbolt
and Brooks (1958) applied a beam model to derive equations of motion
for a rotating blade, showing identical results while using the Hamilton’s
principle and the second Newton law, respectively.

To increase the accuracy of dynamic blade modeling, it is necessary to
use a two dimensional structure model. Shell theories (Rao and Gupta
1987) are applied to model a blade with a curvature surface. Furthermore,
plate models are utilized to describe a flat blade but without involving
the rotation angle as independent variables. Yoo and Chung (2001)
used Kane’s method to model a rotating blade while applying a plate
model. In that paper, the dynamic response of a blade at a rotation speed
from startup to a stable state is studied. Based on Yoo and Chung’s
derivation, Liu and Hong (2005) used FEM to obtain similar dynamic
analysis. Yoo and Kim (2002) and Yoo and Pierre (2003) investigated
the modal behaviour of a rotating blade at variable stagger angles by using
the Kane’s method. Lim and Yoo (2006) used the same approach to
consider the influence of variable acceleration on the rotating blade, where
numerical results displayed a good agreement with those of Ansys. In
addition, Yoo et al. (2007) applied multi body theory to investigate a
complex rotating structure comprising of several beams. An alternative
method, the Hamilton’ principle, is mainly used to derive the equation
of motion for a one dimensional structure (such as thin-walled beam) by
Librescu et al. (2008), Oh et al. (2003a), Oh et al. (2003b) and Librescu
ans Song (2006). Xiao and Chen (2006) presented a thin rotating plate
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model at vanishing stagger angle (0◦). But there is no parametric analysis
of a rotating plate with respect to the stagger angle and rotation speed.

In this thesis, the blade is simplified to be a rectangular plate, where
the plate theory is applied to investigate the dynamic behavior of the
plate at a high rotation speed. Taking into account the centrifugal and
Coriolis effects, the equations of motion can be derived by the Hamilton’s
principle. Since this model is a two dimensional model and the variables are
coupled, it is too cumbersome to obtain the analytical solution. Therefore,
a numerical method has to be used to extract an approximate solution.
The concept mentioned above is known as semi-analytical method.

2.2 Damping modeling
Many researches work with optimizing damping treatments by experiment
and modeling, mainly using analytical methods. A complete summary
(Cremer et al. 2005) is given to describe how to analyze various damping
structures, such as simple damping layer structures, constrained layer
structures, thin interlayer structures, resonant systems including several
experiment methods for damping tests. The constrained viscoelastic layer
structure as well as the spaced damping treatment is studied by Edward
(1958). In addition, the resonance method is used to measure the damping
material. Ross et al. (1959) works on the damping effect of the viscoelastic
treatment on flexural wave.

The advantage of analytical methods is that it is faster than FEM to
calculate damping for a simple geometry structure, such as a beam and
a plate. If the structure has a complicated geometry, the analytical
model may give a poor estimation. However, FEM has the ability to
simulate those complex geometries with a satisfied accuracy. Generally,
three methods can be used to extract the damping : the first one is to
use the half-power bandwidth method (Nilsson 2000) to calculate the loss
factor at resonance peaks, which needs to implement the harmonic analysis.
The second is known as Modal Strain Energy (MSE) method (Ungar and
Kerwin 1962), (Johnson et al. 1980). MSE method only needs to perform
the modal analysis for an undamped case provided that the damping of each
material is known. The third is to calculate the logarithmic decrement via a
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transient analysis. However, the computation cost is quite high, especially
for high frequencies where the time step has to be extremely small. In this
thesis, analytical models and measurements are presented.



Chapter 3

Dynamic Modeling Part

3.1 Finite element method

With the rapid development of the computation science and high perfor-
mance computers, FEM has been one of most efficient tools to simulate
most of fields of sciences, such as mechanics, electronics and chemistry.
Nowadays, it is a matured technique to apply to solid mechanics. FEM
has widely been used to simulate the dynamics behavior of a rotating blade
because of its convenience and easy understanding. Furthermore, FEM is
used to analyze static deformation and modal analysis. When the structure
is rotating, the centrifugal force is involved, which results in both spin
softening and stress stiffening i.e. increasing stiffness and finally modifies
the eigenfrequency of the structure. To include the effect of this body
force into FEM models, the prestress analysis needs to be implemented
before starting the modal analysis. Since the compressor blade has a large
width-to-thickness ratio, the large deformation effect has to be considered
to obtain more accurate results. Most of commercial software can provide
the corresponding function to involve the rotation effect. In this thesis,
Ansys is used to calculate the eigenfrequencies of a rotating blade. The
centrifugal force and additional Coriolis effect can be considered and, then,
the prestress analysis is able to perform via static analysis. Eventually, the
modal analysis can extract the results as reference for comparing with those
calculations by a semi-analytical method. The advantage of FEM is that it
is fast and easy to build the dynamic model whereas the drawback is that

9
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for the variation of the geometry it is time-consuming to reload and mesh
the new CAD model. However, if the blade geometry is complex, FEM
can give accurate results while the semi-analytical method is only used to
perform an estimation in parametric analysis due to the simplification of
the geometry.

3.2 Dynamic modeling
The aim of this chapter is to establish a dynamic model to predict the
vibration behaviour of a rotating blade. For the simplification, a straight
blade is investigated at an arbitrary stagger angle and various rotation
speed. A rectangular plate is applied in a rotating system in Fig. 3.1 (a).
One edge of this plate is fixed at the rigid cylinder and other edges are
free, where θ is the stagger angle, Ω is rotation speed, R is the radius
of the cylinder; L, b and h are length, width and thickness of the plate,
respectively. There are two coordinate systems used in this paper: the first
is X Y Z - coordinate system, where X-axis is along the spanwise direction
of the blade, Y-axis is the rotation axis and Z-axis is perpendicular to the
XY-plane following the left hand rule. The second is x y z - coordinate
system, where the origin lies in the root of the blade, x-axis is still along
the spanwise direction of blade, y-axis is along the chordwise direction
and z-axis is along the thickness direction. Additionally, one auxiliary
coordinate system is x

′
y

′
z

′
- coordinate system, see in Fig. 3.1. By the

classic plate theory with Hooke’s law, three displacement components are
denoted as w̄, ū, v̄ along z, x, y-axes, where w̄ = w(x, y), ū = −zwx + u
and v̄ = −zwy +v involving the curvatures wx = ∂w/∂x and wy = ∂w/∂y.
The strain components as well as strain-stress relations read, respectively, γxy = −2zwxy

εx = −zwxx + ux
εy = −zwyy + vy

(3.1)

and 
τxy = Gγxy
σx = E

1−µ2 (εx + µεy)
σy = E

1−µ2 (εy + µεx),
(3.2)

where µ is Poisson’s ratio, E is Young’s modulus and G is shear modulus.
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(a)

(b)

Figure 3.1: Blade configuration. (a) Blade model and (b) velocity
separation.

The velocity components in Fig. 3.1 (b) can be written Vz = ẇ + (R0 + x+ u− zwx)Ω cos θ
Vx = u̇− zẇx − (z + w)Ω cos θ + (y + v − zwy)Ω sin θ
Vy = v̇ − zẇy − (R0 + x+ u− zwx)Ω sin θ.

(3.3)
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A convenient way to consider this problem is from an energy perspective
via the Hamilton’s principle. Three types of energy (strain, kinetic and
potential energy) are needed to involve in the Hamilton equation (Fung
1965) as

δ

∫ t2

t1

(Us − T + Up)dt = 0. (3.4)

The strain energy reads,

Us =
1
2

∫
V

(σxεx + σyεy + τxyγxy)dxdydz, (3.5)

the kinetic energy is written,

T =
1
2
ρ

∫
V

(V 2
x + V 2

y + V 2
z )dxdydz (3.6)

and the potential energy results from the virtual work by the centrifugal
force and external loads, reading

Up =
∫
V

[−Fcs
1
2 (w2

x + v2
x) + ρΩ2(R0 + x)u− Fcc

1
2 (w2

y + u2
y) + ρΩ2y sin2 θv

−Fctw + Fuu+ Fvv + Fww]dxdydz,
(3.7)

where Fcs is centrifugal force (surface force) along the spanwise direction
expressed as

∫ L
x
ρΩ2(R0 + x)dx; Fcc is the centrifugal force (surface force)

terms along the chordwise direction written as
∫ ±b/2
y

ρΩ2y sin2 θdy; Fct

is the centrifugal force (volume force) terms along the thickness direction
written as ρΩ2y sin θ cos θ; Fu/v/w denotes external load along x/y/z-axis,
respectively.

Thus, with using variational calculus and integration by parts, a system of
equations of motion can be derived below. The details about the definitions
of constants and dynamic boundary conditions can be found in Paper A.
The first equation of motion with respect to w reads

∫ t2
t1

dt
{ ∫

A
{[Mẅ − Iẅxx − Iẅyy] + [2MΩu̇ cos θ] + [D∇4w + IΩ2wxx

+IΩ2wyy sin2 θ −MΩ2w cos2 θ +MΩ2v sin θ cos θ −MΩ2((R0 + x)wx

+
∫ L
x

(R0+x)dx wxx)−MΩ2 sin2 θ(ywy+
∫ ±b/2
y

ydy wyy)]+2yMΩ2 sin θ cos θ
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-hFw}δwdxdy+BC1+BC2+BC3+BC4
}

= 0, (3.8)

the second equation of motion with respect to u reads

∫ t2
t1

dt
{ ∫

A
{[Mü] + [−2MΩẇ cos θ + 2MΩv̇ sin θ] + [−I1uxx − I1I4uyy

-I 1I3vxy −MΩ2u−MΩ2 sin2 θ(yuy +
∫ ±b/2
y

ydy uyy)]− 2MΩ2(R0 + x)

-hFu}δudxdy + BC5
}

= 0 (3.9)

and the third equation of motion with respect to v reads

∫ t2
t1

dt
{ ∫

A
{[Mv̈] + [2MΩu̇ sin θ] + [−I1vyy − I1I4vxx − I1I3uxy

-M Ω2v sin2 θ +MΩ2w sin θ cos θ−MΩ2((R0 + x)vx +
∫ L
x

(R0 + x)dx vxx)]

-2yM Ω2 sin2 θ−hFv}δvdxdy+BC6
}

= 0. (3.10)

3.2.1 Numerical simulation

Obviously, the system of equations of motion derived in previous section is
too complicated to solve analytically. High order derivatives with spatial
variables and coupled terms due to the centrifugal and Coriolis effects are
not possible to be neglected since the two effects have a great influence on
the eigenfrequencies. In terms of these considerations, Extended Galerkin
method (EGM) is applied to solve the equations of motion. The concept
of EGM is to use polynomial series to approximate the spatial parts of
three displacement variables. An unknown factor which is expressed as the
temporal parts can be determined while satisfying the equations of motion
as well as the corresponding dynamic boundary conditions.

w =
∑Nx,Ny

j=1,k=1 Υw,j(x)Φw,k(y)Zw,j,k(t)

u =
∑Nx,Ny

j=1,k=1 Υu,j(x)Φu,k(y)Zu,j,k(t)

v =
∑Nx,Ny

j=1,k=1 Υv,j(x)Φv,k(y)Zv,j,k(t),

(3.11)
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where Zw/u/v,j,k(t) = Ẑw/u/v,j,ke
iωt, Ẑw/u/v,j,k is an unknown factor which

is determined at extraction of the eigenfrequency. Since this is a cantilever
blade, base functions only need to satisfy the clamped boundary condition
at one edge as w(x = 0) = wx(x = 0) = 0, u(x = 0) = 0 and
v(x = 0) = vx(x = 0) = 0.

By substituting the basis functions into each equation of motion including
the boundary conditions, Υw/u/v,j,k and Φw/u/v,j,k can be brought out
from the variation except Zw/u/v,j,k(t) which is a function of the temporal
variable Librescu et al. (2008), Librescu ans Song (2006). Finally, through
all three equations of motion, three matrixes

A =

 Aw 0 0
0 Au 0
0 0 Av

 ,

B =

 0 BuwC 0
BwuC 0 BvuC

0 BuvC 0


and

C =

 Cw 0 Cvwc

0 Cu Cvuc

Cwvc Cuvc Cv

 ,
construct a classic second order ordinary differential equation (ODE) as

AZ̈ + BŻ + CZ = D, (3.12)

where

D = Ds + Dd =

 Dws

Dus

Dvs

+

 Dwd

Dud

Dvd

 ,
Z is a displacement vector including Zw/u/v,j,k(t); A is mass matrix; B
is damping matrix; C is stiffness matrix; D is external load. In matrix
B; BuwC/BwuC and BvuC/BuvC are two pairs of coupled terms due to
the Coriolis force. In matrix C; coupled terms due to centrifugal force
are Cvwc/Cwvc and Cvuc/Cuvc. External load D contains two parts,
static force term Ds and dynamic force term Dd. In this paper, for
eigenfrequency analysis, D is set to zero since external load does not
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affect eigenfrequencies. Then, since the displacement vector Z is assumed
harmonic, a new vector Q is introduced to reduce the second derivative to
the first derivative as Librescu et al. (2008), Yoo and Pierre (2003)

Q̇(t) =
[

0 I
−A−1C −A−1B

]
Q(t),

where Q = [Z, Ż]T.

For operating compressors, not only forces due to the rotation effect but
also aero force from gas flow act on the blade. Unsteady aero force produces
an excitation over the blade surface. In the worst case (i.e. close to
critical crossing), this excitation force will give a huge magnification on
its response. Here, two types of harmonic forces are applied to study the
forced response. Recalling Eqn. (3.12), assuming Ds = D̂s, Dd = D̂de

iωt

and Z = Ẑs + Ẑde
iωt, the second order ODE can be written

(−ω2A + iωB + C)Ẑde
iωt + CẐs = D̂de

iωt + D̂s. (3.13)

The response matrix reads

ẐdD̂d
−1

= (−ω2A + iωB + C)
−1
, (3.14)

while only considering the dynamic force on the forced response analysis.
To include damping into the blade model, the stiffness matrix C is replaced
by a complex stiffness matrix (C = C+iηC), where i is the imaginary unit
and η the loss factor.

3.2.2 Validation and results
Validation part

The numerical simulation is implemented by a Matlab code. A validation
case study is performed to compare with Yoo’s results (Yoo and Kim
2002). The same parameter values as set in Yoo’s investigation are used
to calculate the eigenfrequencies. The results in Tab. 3.1 show a good
agreement with those by Yoo and Kim (2002) and Dokainish and Rawtani
(1971) at the rotation speed of 10 and 20 rad/s. A 6×6 base function is
used in the calculation.
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Table 3.1: Comparisons of the first five eigenfrequencies (Hz) (Yoo and
Kim 2002, Dokainish and Rawtani 1971).

Mode number Yoo Southwell Current Difference (%)
Case 1:

ω = 10 rad/s (Nx = 6, Ny = 6) Current vs. Yoo
1 2.1297 2.1243 2.1234 0.2958
2 8.6439 8.6299 8.632 0.1377
3 13.081 13.084 13.0301 0.3891
4 28.416 28.406 28.3168 0.3491
5 35.778 35.761 35.6244 0.4293

Case 2:
ω = 20 rad/s

1 2.4031 2.4167 2.3984 0.1956
2 8.6326 8.6871 8.6728 0.1646
3 14.583 14.593 14.5364 0.3196
4 29.213 29.180 29.1126 0.3437
5 37.488 37.430 37.3417 0.3903

However, in above validation case, the rotation speed is quite low, which
doesn’t satisfy the requirements of compressor blades. Therefore, a
rectangular plate (180 × 85 × 2mm) which is a simplified version of a
real compressor blade is studied. Numerical simulation is implemented to
perform modal analysis for the simplified compressor blade model at 9000
rpm (ω=300π rad/s) rotation speed. Furthermore, a finite element (FE)
calculation is performed via Ansys to verify these simulation results. Both
centrifugal and Coriolis effects are loaded on the whole blade body to obtain
a static prestressed field. Thus, an eigenfrequency analysis is implemented
with prestressed data. Comparison of the first eight eigenfrequencies
between Ansys (ANSYS 2009) and simulation results is shown in Tab. 3.2,
where the differences at most of eigenfrequencies are around 0.2% and the
maximum is about 0.63% at the 8th eigenfrequency. The bending mode is
denoted as B; the torsion mode as T; the chordwise mode as C. In the
first column of Tab. 3.2, the first letter of mode type is mode along x-axis,
the second letter is mode along y-axis and the number at the front of each
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Table 3.2: Comparisons of the first eight eigenfrequencies (Hz) at rotation
speed of 300π rad/s.

Mode number (Mode type) Ansys Current Difference (%)
(Nx = 6, Ny = 6)

1 (1B) 230.63 230.2137 0.1805
2 (1T) 330.77 331.6737 0.2732
3 (2B) 707.02 705.5319 0.2105

4 (2B1T) 1023.1 1025 0.1857
5 (3B) 1418.1 1414.7 0.2398

6 (1B1B) 1680.4 1691 0.6308
7 (3B1T) 1860.5 1859.7 0.043
8 (1C) 1977.2 1981.5 0.2175

letter is the order of the corresponding mode. The 8th mode is an in-plane
mode known as the first chordwise mode. This mode can be extracted
because the current model involves two independent in-plane displacement
components depending on two in-plane coordinates. Whereas, the beam
theory can not obtain this type of the mode shape, which is one reason
why the plate model is applied.

3.2.3 Parametric analysis

Parametric analysis is a useful tool to give a deep understanding of the
model. In this case, the first parametric analysis focuses on the rotation
speed. The speed is set to change from 3000 to 15000 rpm, which is a
normal operation range for gas turbines. The corresponding Campbell
diagram is shown in Fig. 3.2, where semi-analytical (EGM) and FE results
by Ansys are shown for comparison. There are several critical crossings
between the eigenfrequencies and engine order (the black circle in Fig. 3.2),
such as 2nd mode at 3000 rpm, 3rd mode around 7500 rpm etc. The relative
differences of the first eight eigenfrequencies between EGM and Ansys
results are shown in Fig. 3.3. In general, the difference is less than 0.6%
where the maximum difference is about 0.95%.
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Figure 3.2: Campbell diagram.

Another important parameter is the stagger angle which gives a great
effect on the flow passing by the blade surface. A parametric analysis
is performed with results in Tab. 3.3 at 30◦, 45◦ and 60◦ stagger angle
and rotation speed of 9000 rpm (ω = 300π rad/s). It is noticed that with
increased stagger angle, the eigenfrequencies increase slightly. To verify
the simulation results by EGM, a comparison against Ansys results is
performed. Good agreement is shown in Fig. 3.4 where the maximum
difference is at 8th mode, around 1.1% shown in Fig. 3.5.
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Figure 3.3: Relative difference between EGM and Ansys results.

Figure 3.4: Comparison against Ansys results with respect to the stagger
angle.
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Table 3.3: The first eight eigenfrequencies (Hz) with respect to the stagger
angle at rotation speed of 300π rad/s.

Mode number 30◦ 45◦ 60◦

(Nx = 6, Ny = 6)
1 242.0519 253.4674 264.5126
2 349.543 365.5181 379.4101
3 709.59 713.5535 717.4659
4 1029.6 1034.8 1041.3
5 1417 1419.4 1424.9
6 1697.4 1703.8 1699.7
7 1863.1 1866.3 1869.1
8 1976.9 1982.6 1994.8

Figure 3.5: Relative difference between EGM and Ansys results.



Chapter 4

Damping Modeling and
Measurement

4.1 Modeling for various damping structures

Any real material is able to dissipate the vibration energy and this damping
mechanism is a material property convienently modeled by a complex
modulus. In practice, one common way to quantify the material damping
is the loss factor defined as (Cremer et al. 2005), (Reddogroad 2008)

η =
Im(E)
Re(E)

, (4.1)

where E is the elastic modulus, Im(E) is the imaginary part and Re(E) is
the real part of the modulus. Further derivation gives a practical expression
of the loss factor determined by the energy relation (Cremer et al. 2005)

η =
Wl

2πWR
, (4.2)

where Wl denotes the energy loss and WR the reversible energy under a
sinusoidal excitation.

In accordance with the definition above the expressions of the loss factor
for various damping structure can be derived. In this thesis, loss factors

21
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for both the simple damping treatment and constrained-layer structure are
studied.

4.1.1 Simple damping treatment

The configuration of the simple damping treatment is shown in Fig. 4.1.
Since the loss factor of base material is substantially smaller than
corresponding damping material, a simplification is performed that the
energy loss is mainly due to the damping material. It means that the loss
factor of the base material is assumed to be zero in this model. Considering
that same damping material is treated over both sides of base plate with
the same thickness, when the specimen is bending the damping layer at
one side stretches meanwhile the damping layer at other side compresses.
Because of the symmetric of the specimen, the energy loss at both sides is
equivalent. The total energy loss is written as (Cremer et al. 2005), (Ross
et al. 1959)

Wl = WlT +WlB = 2πη2Re(E2)d2|
dξM
dx
|2, (4.3)

where WlT and WlB are the energy loss for the top and bottom damping
treatments respectively; E2 is the corresponding elastic modulus for the
damping treatment; η2 is the loss factor of the damping treatment; d2 is
the thickness of the damping treatment; ξM is the displacement component
along the middle line of the damping layer. For details referring the
derivation, the reader is referred to Cremer et al. (2005), Ross et al. (1959).
It is known that the neutral line of the whole structure is at the middle
line of the base plate due to the symmetric of this specimen. Similar to
Cremer et al. (2005), Ross et al. (1959), the bending stiffness of the whole
structure can be written as D ≈ E1d

3
1/12 + 2E2d2((d1 + d2)/2)2. The

reversible energy can be calculated

WR =
1
2
D|∂β
∂x
|2, (4.4)

where β is the flexure angle. Combining Eqn. (4.2), (4.3), (4.4) the
loss factor of the simple damping treatment structure can be derived as
(Cremer et al. 2005)



Rotating Structure Modeling and Damping Measurements 23

Figure 4.1: The configuration of the simple damping treatment.

η =
Wl

2πWR
=

2η2Re(E2)d2(d1+d22 )2

E1d31
12 + 2Re(E2)d2(d1+d22 )2

. (4.5)

4.1.2 Constrained-layer structure
The constrained-layer structure is another treatment technique which is
used to improve the damping effect by means of the shear effect of damping
material. Figure 4.2 shows the configuration of the constrained-layer
structure, where the cover layer is made of the same material as the base
plate. Similar to the simple damping treatment, considering the energy
loss is only from damping material and the symmetric of the structure, the
energy loss can be expressed as (Cremer et al. 2005)

Wl = WlT +WlB = 2πη2Re(G2)d2|
ξ2
d2
|2, (4.6)

where G2 is the shear modulus of the constrained layer and ξ2 is the
displacement over the constrained layer due to the shear effect.

According to Cremer et al. (2005), the bending stiffness can be simplified
as D ≈ E1d

3
1/12 by neglecting the stiffening effect of both damping layer
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Figure 4.2: The configuration of the contrained-layer structure.

and cover layer. Following the same way as Eqn. (4.4) to calculate the
reversible energy, the loss factor for the combined system can be derived
as

η =
2η2Re(G2)a2

d2[ 2Re(G2)D
E3d3d2

+ ω
√
Dm′ + (1 + η2

2) (Re(G2))2D
E2

3d
2
3d

2
2ω

√
D
m′ ]

, (4.7)

where ω is angular frequency; m
′
is the weight per unit length; E3 is the

elastic modulus of the cover layer; a ≈ d1/2 + d2. This equation contains
the angular frequency ω and is therefore frequency dependent. The part
marked by the single underline shows an extreme value problem having
a minimum value in terms of the angular frequency. The corresponding
frequency for this minimum value can be calcualted (Cremer et al. 2005)

f =
√

1 + η2
2

Re(G2)
2πE3d3d2

√
D

m′ , (4.8)

where the shear modulus G2 is an important parameter deciding this
frequency.

4.2 Experiment part

4.2.1 Measurement method

Since the specimens and compressor blades have quite low material
damping and sufficiently long decay time, the reverberation time method
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is used to measure loss factors for all cases in this study.

The common procedure is firstly to excite the test object, and, then,
secondly to suddenly remove the excitation source. Due to the damping
effect this switch-off procedure results in a decrease curve called decay curve
which is measured by microphone, accelerometer or other sensor. The time
duration by which the decay curve reduces 60 dB is called reverberation
time or decay time denoted T60. The relation of decay time to the loss
factor is (Cremer et al. 2005), (Feng 2009b), (Bertilsson 2004)

T60 =
loge 106

ηω
≈ 2.2
ηf

, (4.9)

where η is the loss factor and f is the frequency. Commonly, both the
loss factor and decay time are frequency dependent. With the definition of
the decay time, the 60 dB reduction has to be measured. In practice, this
reduction is not easy to reach due to the background noise and excitation
energy. Common experience shows that at least 20 dB reduction is needed
to calculate the loss factor with an acceptable accuracy.

4.2.2 Damping test

Small Sized Specimens

For the tested specimens with relatively small dimensions, the measure-
ment accuracy of the loss factor is easy to be affected by exterior factors.
Therefore, the measurement needs to be taken in a non-contact way. One
microphone is placed close to the specimen to measure the decay curve
in sound pressure level. In Fig. 4.3 the specimen is suspended by two
wires to form a free-free situation and excited by knocking. The sound
signal collected by microphone goes through an amplifier and 1/3 octave
filter input into the computer to calculate the reverberation time. The
equipments in measurement are listed in Tab. 4.1. The tested frequency
range is from 800 to 6300 Hz. A slender beam specimens (100 × 9 ×
4.5mm) is applied to measurement. The dimensions of the specimens are
important parameters to be limited less than, say, one quarter of the wave
length. The reason is that this dimension can ensure only modes along the
length direction of specimens to be excited, removing complicated mode
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Table 4.1: The equipments for the specimens measurement.

Equipment Type Series No.
Microphone MK 225 970276
Preamplifier PCP-233/16 ———
Amplifier MWL UNO ———

1/3 Octave Band Filter B&K 1612 ———
Calibrator LARSON DAVIS 3856

Cal 200

patterns in order to simplify the measurement.

Compressor blades

For compressor blades, one accelerometer is attached on the blade surface
to measure the decay curve in acceleration since compressor blades are
sufficiently heavy and large to neglect the extra damping/ mass/ stiffness
induced by the accelerometer as well as corresponding cables. The blades
are suspended by two iron wires as free-free situation in the vacuum
chamber. All tests are implemented in this chamber to make sure the same
experimental setup in both air and vacuum conditions. For this reason, the
same excitation equipment is used in the two conditions. This excitation
equipment is designed to provide impulse impacts at one point by using
one shaker triggered by the direct circuit power. Other equipments and
configuration are the same as the specimens test.

4.3 Results and discussion

4.3.1 Pure metal material with simple treatment

Two base materials, titanium and stainless steel, are tested in the specimen
study. Figure 4.4 shows the comparison of the loss factors for the two base
materials. It is obvious that the stainless steel has more damping than
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Figure 4.3: The configuration of the damping measurement.

titanium in the whole test frequency range. As seen in Fig. 4.4, the loss
factor can not be measured below 1600 Hz. The reason for this frequency
limitation is that the specimen is difficult to be excited by knocking because
only few modes exist in low frequency range and the excitation energy is
not sufficient.

In Fig. 4.4 the loss factors of base materials are very low around 10−4.
To increase the loss factor aluminum and epoxy are tried to treat over
both sides of the specimens respectively. Because of the restriction of
manufacture process epoxy can only be treated on titanium specimens.
For all specimens treated, the thickness of the treatment at both sides is
same. Making the two damping materials comparable the two treatments
should have the same weight. The thickness of aluminum is 250 µm and
the thickness of epoxy is 740 µm.

The measurements are performed to investigate the damping and results
show that both coating materials give increase in damping, where alu-
minum is more effective than corresponding epoxy on titanium specimens
in Fig. 4.5. Around 6300 Hz the damping of titanium with aluminum
treatment suddenly increases, which is mainly due to the radiation effect
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Figure 4.4: Aluminum treated over both titanium and stainless steel.

because this frequency is close to the critical frequency.

Moreover, Figure 4.4 shows that without treatments the stainless steel
gives more damping than titanium, which is satisfactory with the common
knowledge that the material damping of stainless steel is higher than for
titanium. Whereas with aluminum treatments the loss factor of titanium
becomes higher than that of corresponding stainless steel. Equation (4.5)
can explain that the loss factor of the simple treatment structure is only
proportional to the inverse of the elastic modulus of the base material when
two specimens are treated by the same damping material with the same
thickness. It is known that since the elastic modulus of stainless steel is
larger than that of titanium, the loss factor of the treated stainless steel
becomes smaller than that of corresponding titanium.

Equation (4.5) also provides an approach to estimate the loss factor
of aluminum treatment once the combined loss factor is determined.
Figure 4.6 shows two loss factor curves for aluminum calculated by using
the measurement data from the titanium and stainless steel specimens
respectively. The two curves match well until 5000 Hz and the difference
between two curves is around 20%. The same way is carried out to calculate
the loss factor of epoxy by using measured data from corresponding
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Figure 4.5: Comparison of titanium treated with aluminum and epoxy.

titanium specimen. The calculation result is shown in 1/3 octave band
in Fig. 4.7.

4.3.2 Improvement: constrained-layer structure
Previous results show that aluminum and epoxy can give damping increase
to some extent, but this increase does not meet practical requirements. One
improvement is to use the constrained-layer structure by applying epoxy
as constrained layer.

Referring to Eqn. (4.8) the shear modulus is very sensitive to shift the
frequency of the available damping. A high shear modulus may move the
frequency for maximum damping out of the interested frequency range
(Cremer et al. 2005). Based on this reason, aluminum with a high shear
modulus is not possible to apply on the constrained-layer structure, while
epoxy has small shear modulus to be available in this structure. Therefore,
only epoxy is analyzed and optimized for this constrained-layer structure.

In theory, it is considered that in the constrained-layer structure the loss
factor of the constrained layer is constant. However, in fact, the loss factor
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Figure 4.6: Loss factor of aluminum treatment.

measured appears some kinds of frequency dependence and the discrepancy
is large at some frequency point. Hence, only using one averaged loss factor
value can not satisfy the calculation accuracy in the whole frequency range.

Figure 4.7 shows that the loss factor of epoxy treatment is frequency
dependent in 1/3 octave band. To calculate the combined loss factor for
the constrained-layer structure it is needed to use each loss factor value at
corresponding frequency point. The first step is to make linear regression
(Feng 2009b) to fit a polynomial curve for the loss factor of epoxy. Both
the continuous data and discrete data for the loss factor of the epoxy
treatment are plot in Fig. 4.7. The two types of data match very well in
main frequency range from 2000 to 5000 Hz. The next step is to use this
continuous curve as η2 input into the constrained-layer structure model
expressed by Eqn. (4.7) to calculate the continuous combined loss factor.
Finally, by converting this continuous loss factor into 1/3 octave band the
prediction can be compared with results of the simple treatment structure.

In this study case, the constrained-layer structure needs to be ensured
the same weight of coating layer as aluminum treatment tested before
according to the demand from industry partners. Under the same weight



Rotating Structure Modeling and Damping Measurements 31

condition the comparison of loss factors for different damping structures is
implemented.

Figure 4.8 shows the optimized results for the constrained-layer structure
by using titanium as base plate and cover layer; Figure 4.9 is about
the constrained-layer structure by using stainless steel as base plate and
cover layer. In Fig. 4.8 the constrained-layer structure indeed gives more
damping than the simple epoxy treatment and the loss factor can be
switched into the interested frequency range by changing the thickness
of the constrained layer (epoxy damping layer). In the frequency range
4000 to 5000 Hz aluminum treatment supplies almost the same damping
as the constrained-layer structure and below 4000 Hz the constrained-layer
structure becomes more efficient in damping than aluminum. In Fig. 4.9,
the loss factor of the constrained-layer structure is completely higher
than correponding aluminum treatment structure over the whole measured
frequency range. The advantages of this constrained-layer structure are
to provide more protection on the base plate due to the cover layer and
increase the bending stiffness (Cremer et al. 2005). Table 4.2 lists the
optimized thickness for each layer and the total weight of the treatment.
For titanium the total weight of treatment has a slight decrease, while the
total weight of treatment for stainless steel only increases 2%. It means
that with the same weight of treatments the constrained-layer structure
can give good improvement in damping, especially in low frequency range.
This improvement is considered in an ideal condition, where the adhesion of
each layer is able to bear under high order imposing load with no damping
layer erosion.

4.3.3 Compressor blades

Figure 4.10 shows loss factors of the titanium blade tested in air and
vacuum conditions; Figure 4.11 is about the stainless steel blade. There
exists the radiation loss factor for each blade which needs to be determined
(more details about the calculation can be found in Paper B). Then, the
radiation loss factor is added on the loss factor measured in vacuum to
compare with the corresponding loss factor measured in air. For titanium
blade the radiation loss factor gives obvious increase above 2500 Hz, while
below 2500 Hz the result becomes physical unsatisfactory. The reason is
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Figure 4.7: Loss factor of epoxy in both 1/3 octave band and continuous
frequency.

Figure 4.8: The constrained-layer structure in titanium.

that the first four modes exist up to around 2400 Hz and therefore below
this frequency it is not possible to calculate the radiation efficiency. For
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Figure 4.9: The constrianed-layer structure in stainless steel.

Table 4.2: The configuration of the constrained-layer structure.

Case Configuration Total weight per area
(µm) (kg/m2)

Titanium d2 = 50 0.8998
d3 = 170 Weight decrease 0.002%

Stainless steel d2 = 50 0.918
d3 = 110 Weight increase 2%

Notes: Standard weight is 0.9 kg/m2; d2 is the thickness of
constrained layer; d3 is the thickness of cover layer; the
density of titanium is 4940 kg/m3; the density of stainless
steel is 7800 kg/m3; the density of epoxy is 1210 kg/m3.

stainless steel blade the radiation loss factor is small because the stainless
steel is too heavy to radiate energy into fluid medium. Moreover, it
can be seen in Fig. 4.10 that for titanium blade the radiation loss factor
can not give enough increase to match with data in air completely. The
reason is that there is another strong factor, air friction, to influence the
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Figure 4.10: Loss factors of titanium compressor blade in air and vacuum
conditions.

measurement.

Figure 4.11: Loss factors of stainless steel compressor blade in air and
vacuum conditions.



Chapter 5

Conclusion and Outlook

A dynamic model based on plate theory is established to investigate
the vibration behavior of a rotating blade at an arbitrary stagger angle
and rotation speed. Three coupled equations of motion are derived and
Extended Galerkin method is used to assemble those equations to a classic
second order differential equation built up by mass, damping and stiffness
matrix. The state space algorithm is applied to obtain a solution by
reducing the problem to a typical eigen value problem. Modal analysis
shows that the major mode shapes are bending, torsion, chordwise and
combined modes. Forced response analysis gives the response excited by
two types of harmonic forces while applying a proportional damping. Von
Mises stress contours are shown for a point force excitation to locate the
maximum stress.

The unconstrained and constrained damping structures are modeled
analytically. Damping measurements are performed to investigate the
damping increase by coating aluminum oxide and epoxy on base materials
(titanium and stainless steel), respectively. The optimization of designing
the constrained-layer structure is implemented. Furthermore, the real
compressor blades are tested in air and vacuum.

The future task will be to focus on integrating material damping into
the dynamic model to predict the total damping of a rotating blade
system. To provide more accurate data for HCF prediction, a damped

35
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forced response analysis needs to be implemented to investigate the critical
stress amplitude. Impulse impact will be an alternative direction, where
a transient analysis can be performed based on the current model in
order to evaluate the influence of an impulse force. Additionally, the
angular acceleration will be considered to predict the forced and transient
responses at variable rotation speed. FEM will be applied for modeling
various damping structures, including simple treatment and constrained-
layer structure. Both half-power bandwidth and MSE method will be used
to predict the total damping of a real compress blade in turbomachinery.
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