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Abstract

The final properties of an alloy are highly interlaced with its microstructure.
It is therefore essential to control the evolution of the microstructure of the
material during the fabrication process. Nowadays, materials design involves
an increasing part of computational design to complement the traditional
experimental trial and error approach. Such simulations of the process can
decrease the number of material prototypes and shorten the development time
for new alloys.

In this thesis several microstructure models, aimed for process design, have
been suggested. The ambition has been to develop physically based models
that are capable to represent the evolution of hundreds of grain or particle
sizes, where the models should be possible to run on a standard computer
with simulation times less than one day. To achieve this goal, simplified
approaches have been suggested, which are accurate enough for the growth
rate of grains and particles. The microstructure models have all in common
that size distributions of grains or particles are simulated with mean-field
approaches. Several of the models also utilize composition and temperature
dependent thermodynamic and kinetic properties continually throughout the
simulations. These properties have been calculated with programming in-
terfaces to Thermo-Calc and DICTRA together with appropriate thermody-
namic and kinetic databases. The materials that have been considered in the
present thesis are low alloyed steels, aluminium alloys and cemented carbides.
The models are however generic in the sense that all materials can be handled
if appropriate thermodynamic, kinetic and property databases exist for the
alloy.

Keywords: Diffusion, Thermodynamics, Simulation, Multicomponent, Kinet-
ics, Phase transformations, Precipitation, Nucleation and growth, Coarsening,
Grain growth, Abnormal grain growth, Sintering, CALPHAD.
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Chapter 1

Introduction

The ultimate goal in computational metallurgical engineering is to design the final
physical, mechanical and chemical properties of an alloy without entering a labo-
ratory, except for validation. To reach this goal, one must be able to simulate the
relationship between the alloy composition, the processing conditions, the resulting
microstructure and the final properties.

Traditionally, alloys have been designed with tedious trial and error procedures by
iteratively producing material prototypes. Typically, a well-known material that
has properties similar to the design targets is used as a base and the final mate-
rial properties are altered by making changes to the composition and processing
conditions. The traditional development was therefore both time consuming and
expensive because a high number of alloys are fabricated and tested. Knowledge
of the process and the produced material are therefore limited to empirical rules,
which makes it hard to predict properties of materials that are much different com-
pared to the base material. A computational design approach can complement
the traditional approach and produce a small number of prototypes that reduce
the time and cost of initial development and produce design materials with more
predictive behavior.

1.1 Overview of this work

In this thesis, several microstructure models aimed for process design have been
developed and evaluated; models for precipitation, grain growth in one phase ma-
terials and abnormal grain growth in cemented carbides are covered. The models
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4 CHAPTER 1. INTRODUCTION

have been compared and verified against existing experimental information from
literature and also with our own experiments. The models have all in common that
size distributions of grains or particles are simulated with mean-field approaches.
The materials that have been studied and simulated are low alloyed steels, alu-
minium alloys and cemented carbides. The models are however generic in the sense
that all materials can be handled if appropriate thermodynamic, kinetic and prop-
erty databases are available.

The simulated size distributions from the above mean-field models yield informa-
tion about the three dimensional grain/particle sizes. The experimental techniques
LOM, SEM and EBSD all examine sectioned samples, i.e. the grain/particle size
distributions are in two dimensions only. A transformation between 2-D and 3-D
is therefore needed before a comparison between simulated and experimental infor-
mation can be made. In this work an iterative method of producing a smooth grain
size distribution from experimental 2-D data of grain sizes is suggested.

The results of this thesis are presented in the appended papers. The introductory
part gives a short overview of the topic.

1.2 Integrated computational materials engineering

Most materials have a hierarchical structure; the macroscopic material properties,
such as yield- and creep-strength, are determined by phenomena at the various
scales; atomic-, micro-, meso- and macro-scale. Integrated Computational Mate-
rials Engineering (ICME) is an approach to design materials by linking materials
models at all the lengthscales hierarchicaly. The field has made great strides the
last decade because of developments of experimental characterization techniques at
micro- and nano length scale and because of faster computers that allow for more
complex simulations. Several interdisciplinary research centers have been formed
at universities in the last decade, where the focus has been to develop hierarchical
materials models at various length scales; ranging from atomistic methods, mi-
crostructure models and the mechanical models at the continuum scale.

Figure 1.1 shows an example of the connection between the processing steps, mi-
crostructure and materials properties for predicting the performance of a high-
performance alloy steel, the figure is reproduced from Olson [1]. The complexity of
simulating the entire microstructure and the resulting material properties is high
and several different models are needed in combination with advanced experimen-
tal equipment for validation of the models. For example Thermo-Calc was used for
equilibrium properties in combination with models for martensite transformation
temperature and precipitation. The result from the microstructure models was
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used for strength models with traditional continuum mechanics where fraction and
length scale of the microstructure features can be included.
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Figure 1.1: The connection between the processing steps, microstructure and ma-
terials properties for predicting the performance of a high-performance alloy steel.
From Olson [1].





Chapter 2

Diffusion

Thomas Graham, Adolf Fick, and others were trying to uncover the basic diffusion
equations through experimental studies involving binary mixtures in the end of the
nineteenth century. The result of Fick’s work[2] was the "law" that now bears his
name. Nowadays we usually refer to Fick’s first "law", i.e. the flux of an element k
in the z-direction is proportional to the concentration gradient of the element

Jk = D̃
∂ck
∂z

(2.1)

where ck is the concentration, i.e. the amount per volume, of k. The factor of
proportionality D̃ is called the diffusivity, it is in general a function of composition
and temperature. A generalization of Fick’s first law to cover diffusion of multi-
component systems is based on the work of Onsager; the flux of element k depends
on all the thermodynamic driving forces such as gradients in chemical potential,
pressure or temperature.

Jk = −
∑

LkjXj (2.2)

The L′s are kinetic phenomenological parameters that relate the flux of k to the
driving forcesXj . If we consider a system at constant temperature and pressure, the
thermodynamic driving forces are gradients in chemical potentials and the resulting
flux of k is

7



8 CHAPTER 2. DIFFUSION

Jk = −
n∑
j=1

Lkj
∂µj
∂z

(2.3)

2.1 Frames-of-reference

The diffusional flux must be given relative to a reference point. An important
concept in diffusion theory is therefore the frame of reference, i.e. how one defines
the position of a certain point.

One way of defining the reference point is to use inert markers in diffusion couples.
This frame of reference is called the lattice-fixed frame of reference because the
markers are regarded as fixed to the crystal lattice. In crystalline phases diffusion
normally occurs by atoms jumping into neighboring vacant lattice sites through
a vacancy exchange mechanism, it seems therefore natural to describe diffusion
relative the lattice. However, the solute atoms may diffuse with a different rate
than the solvent atoms in a lattice-fixed frame. Thus there will be a net flow of
atoms in one direction and of vacancies in the opposite direction. The result is
an expanding or contracting lattice because vacancies will be annihilated at some
places and created at some other places in order to maintain their equilibrium
fraction.

It is more convenient from an experimental point of view to fix the frame of reference
to the material itself, i.e. to use a volume-fixed frame of reference. At a specific
position in this frame of reference there will be no net flow of volume,

∑n
k=1 JkVk =

0. A similar reference frame is the number-fixed frame which is defined so that there
will be no net flow of atoms,

∑n
k=1 Jk = 0. The volume-fixed and number-fixed

frame of reference are obviously identical if the molar volume is constant. When
treating phase transformations it can be suitable to view the flux relative the phase
interface, i.e a interface-fixed frame of reference.

The different frames of reference will in general move with respect to each other.
It is however always possible to calculate the flux in a new frame of reference if
the relative velocity, v, with which the two frames move relative to each other is
known, see eq. 2.4.

J̃k = Jk −
xkv

Vm
(2.4)
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2.2 Vacancy-exchange mechanism

Andersson and Ågren [3] presented a general formalism for modeling multicompo-
nent diffusion in simple phases and suggested that the mobilities should be modeled
rather than diffusion coefficients.

Diffusion in crystalline materials usually occurs through a vacancy mechanism
where diffusion takes place by atoms jumping to neighboring vacant lattice sites.
The flux of k atoms in the lattice-fixed frame of reference can be expressed as below
under the assumption of a random distribution of vacant sites and that the number
of vacancies is everywhere adjusted to equilibrium.

J
′

k = ckyvaΩkV a
∂µk
∂z

(2.5)

Where yva is the fraction of vacancies on the sublattice, ΩkV a is a kinetic factor
which gives the rate of exchange if there is a vacancy adjacent to a k atom. ∂µk/∂z
denotes the gradient in chemical potential of k.

Andersson and Ågren [3] defined the mobility for substitutional elements as

Mk = yvaΩkV a (2.6)

Comparing equation 2.3 and 2.5 one can see that the relation between the phe-
nomenological L parameters and the mobilities Mk are

L
′

kk = ckΩkV a (2.7)

where L′

kj = 0 when k 6= j. The fluxes in z-direction of the lattice-fixed frame of
reference can then be expressed as

J
′

k =
n∑
i=1

L
′

ki

∂µi
∂z

(2.8)

For numerical diffusion simulations it is in general more convenient to express the
fluxes as functions of concentration gradients instead of gradients in chemical po-
tential. Applying the chain-rule for differentiation, the flux of element k can be
expressed in terms of the concentration gradients as:

Jk = −
n∑
j=1

L
′

kj

n∑
i=1

∂µi
∂c

∂ci
∂z

(2.9)
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The flux can equally be expressed as below if the reduced chemical diffusivity
matrix, D̃n

kj , is introduced.

Jk = −
n−1∑
j=1

D̃n
kj

∂cj
∂z

(2.10)

D̃n
kj =

n−1∑
i=1

L
′

ki

(
∂µi
∂cj
− µi
∂cn

)
(2.11)

In the previous equation one can see that the chemical diffusivity matrix is formed
by two different quantities; the L′ parameters that are kinetic factors and the
derivatives of the chemical potentials that are purely thermodynamic. From the
equation it can also be seen that diffusion may occur in the opposite direction of the
k concentration gradient if the off-diagonal terms in the chemical diffusivity matrix
are large enough. The off-diagonal terms are formed when changing from gradients
in chemical potential to concentration gradients, and when changing from lattice-
fixed frame of reference to the number-fixed frame of reference. The phenomenon
is often regarded to as uphill diffusion.



Chapter 3

The CALPHAD method

Most of the microstructure models discussed in this thesis require thermodynamic
properties such as equilibrium phase fractions, composition of phases, chemical
potentials, driving forces and also kinetic properties such as mobilites. The primary
tools used for producing the input to the developed models are the CALPHAD
method and the thermodynamic software Thermo-Calc and the kinetic software
DICTRA together with thermodynamic and kinetic databases. For this reason,
this chapter includes a presentation of the CALPHAD method.

3.1 Thermodynamics

Computational thermodynamics originates in the late sixties and early seventies
with the pioneering work of Larry Kaufman, Himo Ansara and Mats Hillert, evolv-
ing to what is known today as the CALPHAD method [4], which is an acronym for
CALculation of PHase Diagrams. A phase diagram shows the various stable phases
of a system at thermodynamic equilibrium and it may be calculated by minimiz-
ing the appropriate thermodynamic state function. Most experimental data have
been determined at known temperature and pressure and therefore it is convenient
to model the Gibbs energy since an equilibrium under constant temperature and
pressure is obtained by minimizing the Gibbs energy. All thermodynamic quanti-
ties such as chemical potentials, volume, heat capacity, thermal expansion can be
derived from the Gibbs energy state function.

In CALPHAD one represents the thermodynamic properties of unary, binary and
ternary systems in terms of the Gibbs energy of all phases as functions of pressure,

11



12 CHAPTER 3. THE CALPHAD METHOD

temperature and composition. Interaction parameters that describe the deviation
from ideal behavior are introduced and optimized to fit the experimental data. The
phases are described with physical models that are based on the crystal structure
of the phases. The thermodynamic descriptions of lower-order systems are com-
monly combined and stored in databases. In combination with a software that
minimizes the Gibbs energy, the databases can be used for calculation of phase
diagrams and thermochemical properties of higher-order systems at compositions
and temperatures where there are no experimental information.

The Gibbs energy of a phase is described in the entire composition range even
though the phase usually is metastable at some compositions. The total molar
Gibbs energy of a phase can be expressed by

Gm = 0Gm + idealGm + EGm (3.1)

where 0Gm is the Gibbs energy of a mechanical mixture of the constituents, i.e.
a linear combination of the values at each end point of the composition space.
idealGm is the entropy of mixing for an ideal solution, EGm is the so-called excess
Gibbs energy and describes the deviation from ideal behavior, i.e. it includes the
part that is not included in the other terms.

It is common to represent the excess molar Gibbs energy of a solution phase with
Redlich-Kister polynomials.

EGm =
∑
i

∑
j<i

xixj

(
m∑
r=0

rΦi,j(xi − xj)r
)

(3.2)

where rΦi,j are the interaction parameters that are modeled and stored in the
thermodynamic databases. The procedure of establishing the thermodynamic de-
scription of all phases in a given system is called assessment.

The CALPHAD method has also been extended to model other material properties
that are not purely thermodynamic, such as the kinetic atomic mobilities, which
will be discussed in the next section.
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3.2 Kinetics

For practical diffusion calculations in multicomponent systems it is in general con-
venient to express the fluxes as functions of concentration gradients, i.e. equa-
tion 2.10, that uses the chemical diffusion coefficients, is applied. In chapter 2 it
was shown that the chemical diffusion coefficients can be divided into two parts,
one thermodynamic and one kinetic. One advantage by such a procedure is that
the number of concentration dependent parameters that need to be optimized and
stored in the databases are reduced. The diffusivity matrix D̃n

kj is an (n−1) ·(n−1)
matrix with the diffusion coefficients, whereas there are only n mobilities. The sec-
ond advantage is that the thermodynamic part can readily be calculated with the
CALPHAD method if the thermodynamic systems are assessed. Naturally, a large
part of the concentration dependency is therefore handled by the thermodynamic
description of the system.

The mobility coefficient can, from for absolute reaction rate theory arguments, be
divided into a frequency factor M0

k and an activation energy Qk

Mk = M0
k

RT
exp(−Qk

RT
) (3.3)

Jönsson[5] found that when modeling the composition dependency of the mobility
it is advantageous to expand the logarithm of the mobility, i.e.

RTln(RTMk) = RTlnM0
k −Qk (3.4)

because ln(RTMk) is often found to have a more linear composition dependency
than Mk. ln(RTMk) and Qk will in general depend on the composition, tempera-
ture the pressure.

The CALPHAD approach has been applied to represent the mobilites; the two
terms Qk andMk are determined from available kinetic data where the composition
dependency is represented with linear combination of the values at the end-point
in composition space and a Redlich-Kister expansion.

Φ =
∑
i

xiΦi +
∑
i

∑
j<i

xixj

(
m∑
r=0

rΦi,j(xi − xj)r
)

(3.5)

where Φ represents RTln(RTMk) or −Qk.





Chapter 4

Microstructure models

4.1 Local-field approaches vs. Mean-field approaches

Microstructure models can be grouped in numerous ways depending on what criteria
one uses for dividing them into groups. In this thesis the microstructure models
have been divided in local and mean-field models.

The local-field approach is here defined as a model that has a detailed representation
of the microstructure, where the grain or particle structure is resolved in the length
scale of interest. The microstructure is discretized in one, two or three dimensions.
The state of the microstructure is therefore known in the discrete grid points, for
example composition or phase structure. Transport of atoms or phase interfaces are
evaluated locally between adjacent grid points where the flux can be evaluated with
finite difference, finite element or finite volume methods. These type of models may
yield quite realistic microstructures which may be plotted as "virtual" micrographs.

Mean-field models are, in this work, defined as models with no detailed descrip-
tion of the microstructure. The morphology of the microstructure constituents is
idealized by means of simple geometric objects, e.g. spheres, cubes etc. and their
size evolves under a physically based kinetic law. Moreover, it is assumed that the
microstructure constituents are randomly placed in the material. One can therefore
not visualize the microstructure as virtual micro graphs. The output information
is of the type of number, size and composition of different particles/grains where
the average compositions is known for each size.

15



16 CHAPTER 4. MICROSTRUCTURE MODELS

4.1.1 Local-field approaches

4.1.1.1 DICTRA

DICTRA, which is an acronym for "DIffusion Controlled TRAnsformation", is a
software package for diffusion simulations in multicomponent alloys. The software
is general in the sense that most alloy systems can be handled as long as appropriate
thermodynamic and kinetic descriptions exist for the system of interest. However,
the software is limited to one dimensional geometries, i.e. the simulated microstruc-
ture needs to be reduced to either planar, cylindrical or spherical geometry. The
software contains several models, where each model has its own application, e.g.
coarsening or homogenization simulations.

For practical diffusion simulations Fick’s law, eq. 2.10, needs to be combined with
a continuity equation. For the 1-D planar case it reads

∂ck
∂t

= ∂

∂z
(−Jk) (4.1)

Combination with eq. 2.1 yields the differential equation for dynamics of multi-
component diffusion

∂ck
∂t

= ∂

∂z
(
n−1∑
j=1

D̃n
kj

∂cj
∂z

) (4.2)

The system of coupled differential equations is numerically solved with a finite
element method for space discretization. Time integration can be chosen between,
explicit Euler, implicit Euler or trapetzoidal.

Phase transformations are treated as moving boundary problems where two single-
phase regions are separated with a boundary. It is assumed that thermodynamic
equilibrium holds at the phase interface, i.e. interface reactions are assumed to be
fast compared to long-range diffusion. The boundary migration rate is determined
by a flux balance at the phase interface

vα

V αm
(xαk − x

γ
k) = Jαk − J

γ
k (4.3)

where vα is the interface migration rate between the two phases α and γ.
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In this thesis the DICTRA software has been used for the austenite to ferrite trans-
formations in low alloyed steels where comparisons have been made to experiments
with a dilatometer. Also comparisons with simplified models of the mean-field type
in cases of carbide precipitation in steels have been made. The DICTRA simulation
was in the later case regarded as a reference.

4.1.1.2 Phase field

Microstructure simulations using phase-field models describe the microstructure
using one or more field variables. For a system with two phases this variable takes
e.g. the value zero in one phase and unity in the other. Across the interface between
two different phases the field variable changes continuously as we go from one phase
to the other. The method is easy to extend to two or three dimensions and there
is no need to explicitly track the interface.

Phase field models are based on an energy functional. Using the Gibbs energy as
the state function, the total Gibbs energy of the system with one concentration c
and one phase-field variable φ, can be written

G =
∫
V

[f(c, φ) + εφ(∇φ)2]dV (4.4)

where f is the Gibbs energy density Gm/Vm that is a function of composition c
and the field variable φ, εφ is the always positive gradient energy coefficient and V
is the volume of the system. In a thermodynamic database the molar Gibbs energy
functions are described separately for each phase. They can therefore most often
not be applied directly in the expression above because the Gibbs energy density,
that is a energy function for all phases in the system, needs to be a function of the
phase-field variable φ when going from one phase to another. This is obtained by
connecting the two separate molar Gibbs energy functions with a smooth function.
The result is one Gibbs energy function with two minima and a maximum inside
the diffuse interface, a so called double well potential.

The evolution of the system is given by minimizing the Gibbs energy. From eq.
4.4 we can see that the total Gibbs energy will increase if the phase-field varies
with a steep profile because of the gradient term (∇φ)2. On the other hand, the
energy will also increase if the profiles are too shallow because large regions will
have a composition that correspond to a high Gibbs energy density given by the
maximum in the double well of f(c, φ). The thickness of the interface can therefore
be adjusted with the gradient coefficient εφ.

The field variables are either conserved or non-conserved. In the first case they
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obey a continuity equation. Concentration and energy fields are examples of con-
served field variables. The phase-field variables and long-range order parameters
for chemical ordering are examples of non-conserved field variables. The evolution
of conserved field variables are expressed with the Cahn-Hilliard equation, in the
case of a concentration field it takes the form

∂ck
∂t

= ∇L∇ dG
dck

(4.5)

dG/dck is the variational derivative and plays the role of a diffusion potential. The
phase-field variables are not conserved, they are described with the Cahn-Allen
equation that says that a local change in a field variable is proportional to the
accompanying change in the Gibbs energy. For the phase-field variable we have

∂φ

∂t
= −M i dG

dφ
(4.6)

where dG/dφ is a variation derivative that plays the role of a driving force. M i is
related to the interface mobility.

The phase-field method can be extended to describe the microstructure evolution
for various type of systems and physical phenomena provided that the energy func-
tional is described consistently with the system’s thermodynamics. The phase-field
method has, for example, been successfully used for modeling liquid phase sintering
where both diffusion and convection occur [6].

The phase-field method has, because of the detailed description of the microstruc-
ture, several drawbacks that can make it unsuitable to apply to a more general
class of engineering problems. Several material properties are needed, such as
composition dependent interface mobilities and surface energies, that most often
are unknown for commercial multicomponent systems. The resulting morphology
of the microstructure can be very sensitive for even small changes in the surface
energies. The method is in general quite computer intensive, especially for 3-D
simulations. DICTRA simulation are simpler to perform and at least one order
of magnitude faster [7], but is only limited to 1-D. A phase-field method should
therefore only be applied if the detailed simulated microstructure information is
needed in a certain application.
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4.1.2 Mean-field approaches

Coarsening and grain growth both refer to the interface energy driven evolution of a
system of particles to larger mean sizes during heating, where smaller grains/particles
shrink and disappear and larger ones grow. In grain growth the grains are in direct
contact with other grains and not separated by a matrix phase.

4.1.2.1 Mean-field Grain Growth

Grain growth occurs in polycrystalline materials where the process is driven by the
reduction of the total grain boundary energy. Many experimental and theoretical
studies of grain growth have been performed over the years. Following the pioneer-
ing work of Hillert [8], the kinetic law for mobile grain boundaries was postulated
as

v = MD (4.7)

where M is the grain boundary mobility and D is the driving force. For a spherical
grain of radius R, situated inside a larger grain, it is well-known that the driving
force for growth is −2σ/R where σ is the isotropic grain boundary surface energy.
The growth rate, dR/dt, would thus be given by

RṘ = −2Mσ (4.8)

The rate would thus be negative and the grain would shrink. On the other hand,
in a one-phase material each grain is in contact with other grains and some grains
must have a positive driving force for growth. For a 2-D assembly and isotropic
behavior Mullins and Von Neumann [9], [10] derived an exact solution but for a
3-D assembly no such solution has been derived. Based on a mean-field approach,
Hillert proposed the following kinetic law for an assembly of space-filling grains,

RṘ = αMσ(R/Rcr − 1) (4.9)

where α is a numerical factor added arbitrarily in an attempt to adjust the model
to reality and it was estimated to 1. Rcr is the critical grain size in the surroundings
that makes the two forces balance. The mean-field model implies that the positive
quantity, 2σ/Rcr, is the same for all grains in the system. A grain smaller than the
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critical sized grain will shrink, a larger one will grow. All grains of a certain size
must behave in the same way.

Experimental work of grain growth has not given support to the Hillert theory; the
experimentally found grain size distributions are in most cases close to log normal,
whereas the Hillert distribution is skewed more towards smaller sizes and predict a
maximum grain size at all times. The failure of Hillerts distribution to fit experi-
mental data indicates that there is a need for alternative treatments. An extension
of the kinetic law 4.9 has been proposed in the appended paper II. It predicts a fam-
ily of distributions that range from the Hillert to the Rayleigh distribution. Kinetic
laws give an indication of what physical factors govern the growth or shrinkage of
individual grains. It is concluded that the Rayleigh distribution indicates that large
grains are surrounded by grains smaller than the critical size and small grains are
surrounded by grains larger than the critical size.

4.1.2.2 Mean-field Precipitation and Coarsening

For process simulations of precipitation in multicomponent systems, typically sev-
eral hundreds or thousands of particles need to be simulated. The phases should op-
timally be described with thermodynamic models where thermodynamic databases
can be utilized. The models for the growth kinetics of the particles need to be
physically based in order to make predictive simulations but should also allow fast
computations because many particles need to be simulated.

Analytical solution of Fick’s second law, eq. 4.2, is generally impossible except
for very simple cases, therefore numerical methods have to be applied. Software
where the multicomponent extension of Ficks’s second law is solved numerically
for one dimensional geometry, such as the DICTRA software, are routinely used
for simulations of particle growth in multicomponent alloy systems. The calcula-
tions are however computational expensive if several particles are treated because
the concentration fields around each particle need to be resolved by discrete grid
points. The method also has problems with convergence with increasing number of
components and phases. It is thus not suitable for treating hundreds or thousands
of particles of different sizes.

A simplified approximate kinetic equation, that is accurate enough, for the growth
of a precipitate is therefore needed. The equation should also be valid for dissolution
and can not be an explicit function of time in order to handle simulations of non
isothermal processes.

Zener [12] presented an elegant analysis of the isothermal growth rate of plates,
cylinders and spheres from supersaturated solid solutions. He found in each case
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that the size of the particle varied as (Dt)1/2 multiplied with an appropriate function
of the solute concentrations in the particle and matrix, where D is the concentra-
tion independent diffusion coefficient. Zener’s formulations are the basis for much
subsequent work in precipitate growth and coarsening.

The so called steady-state field approximation is often used to treat growth or
shrinkage of spherical particles. Rather than solving the full eq. 4.2, one takes
the concentration fields from its steady-state solution. This approximation is quite
accurate under the assumption of low supersaturation, i.e when the depletion of
the solute atom extends to a distance large compared to the precipitate particle.
For a spherical β particle of size R in an α matrix, the concentration profile given
by the steady-state field is

c = R

r
(cα/β − cα∞) (4.10)

where cα/β is the matrix composition at the α/β interface and cα∞ the composition
in the far field matrix. The flux at the interface is given by Fick’s first law, eq. 2.1.
With the steady-state profile we have

Jr=R = −D∂c

∂r
= −Dc

α/β − cα∞

R
(4.11)

The flux balance equation, eq. 4.3, yields for the interface

Ṙ(cα/β − cβ) = Jr=R (4.12)

With the steady state flux inserted in the flux balance equation the result is

Ṙ = D

R

cα/β − cα∞

cα/β − cβ
= D

R
Ω (4.13)

where Ω = (cα/β − cα∞)/(cα/β − cβ).

In a multicomponent system the flux of component k is related to all concentra-
tion gradients according to the multi-component extension to the Fick’s first law,
eq. 2.1, where the cross diffusion terms arise primarily because the gradient of
components other than k can modify its chemical potential gradient. The steady
state equation, where cross terms have been neglected, has been extensively used
in precipitation simulations in multicomponent systems where classical nucleations
theory and an array of particles have been treated, even though the steady-state
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approximation only is valid for very small supersaturations (Ω << 1) in binary
systems. In the appended paper I, an extension to the steady-state growth rate
equation that takes into account both cross-diffusion and high supersaturations for
modeling precipitation in multicomponent systems, is proposed.

4.2 Interface or diffusion controlled growth

Phase transformations are most often slow enough to be controlled by long range
diffusion, i.e. the kinetics at the interface is much faster compared to the long
range diffusion. In these cases the local equilibrium approximation is adequate,
i.e. it is assumed that the composition at each side of the interface is given by
thermodynamic equilibrium. This assumption is e.g. used in the DICTRA software
for simulating diffusion controlled phase transformations. On the other hand, if the
growth rate of the interface is high enough, a substantial amount of the available
driving force for the phase transformation will be used at the interface resulting
in a deviation from local equilibrium and therefore a different rate of the phase
transformation.

The driving force over the interface is dissipated by diffusion inside the interface
and interface friction[14]. For a curved interface there is also a dissipation due
to the effect of the interfacial energy. During a phase transformation, where a
particle grows from a parent phase with different composition and crystal structure,
all the dissipations are important to some extent. Diffusion inside the interface
must occur because the particle phase grows with a different composition than the
parent phase, atoms must rearrange themselves at the interface to fit in the new
crystal structure and the particle phase has a curved interface and is therefore
under pressure. When grains are faceted, e.g. WC grains in cemented carbide,
one expects that the difficulty to form new atomic layers is the rate controlling
mechanism.

The interface can be described with different levels of ambition depending on the
purpose of the simulation. In an ambitious approach the interface is given a certain
width where local properties in the interface region are described as function of dis-
tance inside the interface, such a model was suggested by Cahn [15]. This approach
was first used in a simulation by Hillert and Sundman [16] for binary systems and
extended to multicomponent systems by Odqvist et al. [17]. In these simulations
the steady-state diffusion equation inside the interface is solved during each time
step, the composition at each side of the interface is then used as boundary con-
ditions for solving the non-steady state diffusion equation in each phase. Several
unknown parameters that describe the physical properties of the interface need to
be known as functions of distance before predictive simulations can be performed.
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In the Odqvist et al. [17] work, the α/γ phase transformation in the Fe-Ni system
and was studied. A transition from partitional to partitionless was predicted during
cooling.

The phase-field method naturally includes a description of the phase interface with
the phase-field variable, although the interface is in most simulations given an un-
physical width that is in the same order of magnitude as the simulated microstruc-
ture. Special measures then need to be taken to remedy the effect of the non
physically thick interface. The situation is different if a numerical technique that
allows a physical thickness is used. Solute drag effects and transition to massive
growth can then be predicted in a resonable way when using an interfacial thickness
in the order of atomic dimensions, see e.g. the work by Loginova et al. [18], where
the variation of properties across the interface was expressed as a function of the
phase-field variable.

The description of the phase interface needs to be simplified in the case of process
simulations where mean-field type of models are used. Larsson et al. [19] pre-
sented a promising method that does not fully resolve the interface composition
variations. Instead the interface was given a certain thickness and its composition
was assumed to have an average value of the composition at each side of the in-
terface. An equation for the trans-interface diffusion flux was postulated and the
interface growth rate was given by summing the atoms that have diffused over the
interface. The model is capable of predicting the transition to partitionless and
massive growth and yields interface compositions close to local equilibrium when
the interface kinetics are fast.

In the appended paper VI a model for the phase interface is presented. It also
applies trans-interface fluxes for the interface description, but keeps the standard
solution for the long-range diffusion outside the phase interface. The special case
with the approximate growth rate equation, where there is no diffusion in the
particle phase and the steady-state approximation is applied for the matrix phase,
is also included in the paper.

4.3 Solving the continuity equation for particle size
distributions

Numerical simulation of precipitation and coarsening, starting with a given assem-
bly of particles and applying a given kinetic law, would be a trivial matter if it were
not for the fact that one has to treat a very large number of particles during coars-
ening. Particles are also continuously added during nucleation in a precipitation
simulation. It is therefore not practical to follow the evolution of each individual
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particle in a simulation; a number of particles of the same size are instead grouped
into size classes to form a size distribution, and the evolution of the size distribu-
tion is instead followed. As particles only can grow or shrink, the size distribution
function obeys a conservation law:

∂f

∂t
+ ∂(f(r)ṙ)

∂r
= 0 (4.14)

The time evolution of the size distribution f(r) may be obtained from a numerical
solution of the above conservation law. The various numerical methods can be
divided into two distinct groups, each group with its pro et contra and the method
to choose therefore depends on the application. All methods have in common that
the continuous distribution function f(r) is approximated with a division into a
finite number of size classes ri.

Eq. 4.14 is a hyperbolic partial differential equation that is directly solved in the
first group of methods. The derivatives in the equation are approximated with finite
differences and the time evolution is in the simplest case solved on a fixed grid of size
classes. Many of the methods used for solving these equations, both low and high
order methods, suffer from so called numerical diffusion [20]. The shape of the size
distribution function should not change in a simulation of a hypothetical case where
all particles have the same constant growth rate. Numerical diffusion will however
broaden the distribution function. The amount of numerical diffusion increases at
sharp changes in the distribution function, nucleation at high supersaturation can
for instance yield a very narrow distribution function with sharp changes.

Myhr et al. [21] implemented a first order upwind method for space discretiza-
tion and used fully implicit backward Euler for time integration when solving the
continuity equation 4.14 for precipitation simulations. This numerical method has
the advantages that it is always numerically stable for all time-step sizes and it is
easy to implement. The disadvantage is that, because of the low order of space
discretization, the method results in poor accuracy with severe numerical diffusion
even if a high number of grid points is used. Several benchmark simulations were
performed in the appended paper VI with the low order method and also higher
order methods. The low order method always gave unsatisfactory result with high
amount of numerical diffusion even if hundreds of size classes were used in the size
distribution. Several higher order methods with improved accuracy were therefore
implemented and evaluated. An implicit second order method based on superbee
limiters for the space discretization [20] and trapetzoidal rule for time integration
gave satisfying results. The method substantially reduces the numerical diffusion
and increased the accuracy, although some numerical diffusion remains at very steep
changes in the size distribution function.
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All the adopted numerical methods for directly solving 4.14 in this work were
implemented on a fixed grid with a minimum and maximum allowed particle size
where the computational effort naturally increases with increasing number of grid-
points. Boundary conditions were set with an open lower boundary and a closed
upper; dissolving particles with a size smaller than the minimum grid size flows
out of the system and particles larger than the largest size cease to grow. I.e. a
maximum allowed particle size has to be set before the simulation starts. This is
a serious limitation, because if the size distribution reaches the upper boundary,
another simulation with a higher maximum particle size has to be performed. The
problem is reduced with a non uniform grid spacing with sparser spacing between
the grid points with increasing size. The drawback is however not severe when
simulating diffusion controlled precipitation because the particles are growing with
a parabolic growth rate where the growth rate generally decreases with increasing
particle size. Simulation are also most often compared to experimental information
where the range of particle sizes are known. The implemented higher order method
on a fixed non uniform grid with reasonable number of grid-points are in most cases
a good balance between computational effort, speed and accuracy.

On the other hand, the drawbacks mentioned above are severe when applying the
same method on cases where coarsening is followed over several orders of magnitude
in size. Such a case was found in the appended paper II, where normal grain growth
and the long term development of the grain size distributions were simulated. The
limitation with a maximum size in the grid also gave problems in the appended
paper V where grain growth in cemented carbide was studied. The reason was here
that the largest grains grew abnormally fast and the maximum allowed grain size
was hard to assume prior to a simulation. Another approach was therefore taken
in these cases. Here individual size classes of grains are tracked during the time
evolution and the growth rate equation are directly applied for each size class. The
distribution function is indirectly obtained from the amount of grains in each size
class and the spacing between them. The benefit of this approach is that numerical
diffusion is avoided and that no largest allowed radius needs to be defined before
the simulation. The drawback is that the number of size classes representing the
size distribution decreases during the simulation. To overcome this problem, a
method for splitting grain size classes was introduced. The splitting of grain size
classes was performed by taking some grains from two neighboring sizes, where the
difference in density and size has grown and putting them into a new size class in
between. The number of grains in the new size classes were calculated with the
conditions that both the number density in the two neighboring sizes and the total
volume of grains should be preserved. The splitting of size classes are performed
after each time step where the same amount of size classes that dissolved during
the time-step are added. A similar approach should be applied for merging particle
sizes if the later method also should be applied for precipitation simulations where
new particles continuously are added.
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4.4 Converting experimental 2-D data to 3-D

A classical problem in stereology is to extract information about the 3-dimensional
(3-D) micro and nano structure of materials from 2-dimensional (2-D) sections.
Over the years several methods to transform 2-D data into 3-D size distributions
have been suggested. The raw data typically consists of a number of values of
measured particle radii, usually they are assembled into size classes and an experi-
mental 2-D size distribution is plotted as a histogram. From such a histogram the
3-D distribution is extracted. The histogram plots are however rather sensitive for
how the division into size classes is made; the same experimental information can
give quite different impression if the division of size classes is changed even slightly.
The method with histograms may also lead to negative numbers in the distribution
function when the 3-D distribution is derived.

In the appended paper IV a method for transforming 2-D to 3-D size distributions
is proposed, where a representation of the 2-D size distributions is constructed from
the data of measured radii with a statistic method called kernel density estimator
[22]. The new method yields a smooth density estimation that is more accurate
compared to the classic histogram, and negative numbers can be avoided in the
transformed distribution.

The transformation can be performed in both directions, either 2-D→3-D or 3-
D→2-D, what data one should transform when making a comparison between sim-
ulated and experimental data depends on the application. Simulation of the mean-
field type models presented in this thesis yields a size distribution in 3-D, most
experimental information are 2-D sections of the microstructure. The assumptions
needed for the transformation to be valid are already made in the mean-field mod-
els. i.e. spherical shaped particles/grains that are randomly located in space. A
transformation of the simulated 3-D size distribution is therefore favorable when
the data should be compared because no information is lost when transforming the
simulated 3-D size distribution and the experimental data can be left unmodified.

4.5 Improve simulation speed

All the microstructure models and numerical methods that have been developed in
the appended papers have been implemented in the Matlab script language. The
benefits of the Matlab package are many; the models are easy to implement because
of the script language and the high amount of available functions for minimization
and equation solving. Experimental data and the results of the simulations are
moreover easy to visualize with the advanced plotting facilities. The most noticable
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drawbacks with the Matlab script language is slower performance compared to
implementing the same model in a lower level language such as fortran or C++.

Several of the microstructure models that have been developed in this thesis uti-
lize composition and temperature dependent thermodynamic and kinetic properties
continually throughout the simulations. These properties have been calculated with
programming interfaces to Thermo-Calc and DICTRA together with appropriate
thermodynamic and kinetic databases. The models for precipitation and grain
growth are typically treating hundreds of particle/grain sizes in the simulations. A
different composition for each size of a particle/grain and a time integration method
that requires several iterations during one time-step, leads typically to thousands of
thermodynamic equilibrium calculations for each time step in the simulation. These
equilibrium calculations have in most cases been the most time consuming part of
the simulations. The microstructure simulations that utilize the thermodynamic
equilibrium calculations continuously during the simulation can be performed on a
standard PC. It is however not practical to handle simulation times that often can
be longer than one day for one simulated heat-treatment. Often several simulations
need to be performed with slightly changed starting conditions because the models
are aimed for process and alloy development where iterative simulations with small
change in process parameters usually will be performed.

The methods for decreasing the simulation times have been different, but they have
all interpolation matrices in common where different properties have been utilized
during the simulation. This reduces drastically the amount of needed thermody-
namic equilibrium calculations. The interpolation matrices have in all cases been
constructed in-sutu because the compositions for the equilibrium calculations are
initially unknown and are evolving during the simulation.

Below is an example selected from a precipitate simulation in the appended paper VI
where precipitation and coarsening in the Al-Sc-Mg was studied. In the simulation
the growth rate as a function of particle size needs to be evaluated. Initially, there
is a large driving force for nucleation and growth when only a few particles of small
sizes have nucleated. At later times, during the coarsening stage of the simulation,
the driving force is smaller. In fig. 4.1 the growth rate is plotted as function of the
surface induced Gibbs energy addition. The growth rate has been multiplied with
the particle radii to yield a more linear function. Three curves have been plotted.
The top curve shows the growth rate for all particle sizes before the nucleation has
started. The curve underneath corresponds to one hour of simulation where all
particles grow. The bottom curve corresponds to 10 hours simulation where the
coarsening stage has been reached.

The interpolation matrix was constructed by evaluating enough particle sizes such
that a relative error of 1% was allowed. The evaluation method is described in
the appended paper VI. The evaluation method resulted in about 20 evaluated
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growth rates for the same amount of particle sizes, which should be compared to
the one thousand particle sizes that was used in the grid when describing the size
distribution. Each of these sizes has to be evaluated if no interpolation is used.
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Figure 4.1: Growth rates of particles as a function of particle size for three times
during the precipitate simulation in the Al-Sc-Mg system. The top curve shows the
growth rate before the nucleation has started. The curve underneath corresponds
to one hour of simulation where all particles grow and the bottom curve corresponds
to 10 hours simulation where the coarsening stage has been reached.





Chapter 5

Conclusion and suggestions for
future work

5.1 Discussion and Future work

Several microstructure models that are aimed for process design have been devel-
oped in this thesis. All of them have in common that they are based on mean-field
theory where the morphology of the microstructure constituents is idealized and
their radii evolve under a physically based kinetic law. The idealized spherical
shape of the grains and particles should be seen as a first approximation. However,
spherical particles can often be an adequate approximation in the case of precipi-
tate growth, because even if the particle shape deviates slightly from the idealized
one, the small local deviations in the diffusional field surrounding the particle will
diminish with increasing distance from the particle. Shape factors can also easily be
incorporated in the models for diffusion controlled growth, an oblate sphere where
the aspect ratio is fixed can e.g. represent a needle shaped particle.

It was shown in paper V that the grain growth behavior for a tungsten carbide
alloy (WC-10%Co) can be fairly well described with the proposed mean-field model
based on 2-D-nucleation, mass-transfer across the interface and long-range diffu-
sion. It was seen both through computer simulations and experimental studies that
the initial grain size distribution strongly influences the coarsening behavior. It
would be interesting to further investigate how well the model can describe the
coarsening behavior for other tungsten carbide compositions and different initial
grain size distributions. The model contains several unknown material parameters;
the interfacial energy of the cylindrical sides in the so-called pill-box model, aver-
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age interfacial energy and interface mobility. Some of the questions to be answered
would be; how large is the dependency of composition and temperature for these
material parameters? Would an assumption of constant interfacial energies be good
enough for similar alloy compositions? The model would be a valuable tool for al-
loy and process development if the model is further verified for a range of tungsten
carbide compositions.

The assumption of spherical grains was also used in the inverse Saltykov method,
which was used to transfer the experimental two dimensional size distributions ob-
tained from SEM images of WC grains, to three dimensional size distributions.
The deviation from kinetic model and the experimental results, can probably par-
tially be explained by the shape approximation. Further development of the kinetic
model and Saltykov analysis should therefore include a shape factor for the faceted
grains.

During computational aided development of alloy or process design several simula-
tions have to be performed with slightly different alloy composition or processing
parameters. The simulations should ideally be fast to perform, i.e. they should
be possible to run on a standard computer with simulation times less than one
day. Mean-field models that utilize analytical functions for the growth rate of par-
ticles or grains are fast and simulations can often be performed in less than one
hour. However, many of the models in this thesis utilize composition and tempera-
ture dependent thermodynamic and kinetic properties when evaluating the growth
rate of a grain or particle. These properties have been calculated with the help
of programming interfaces to Thermo-Calc and DICTRA continually throughout
the simulations. The equilibrium calculations have in several cases been quite time
consuming where one single microstructure simulation has taken longer time than
one day. The amount of equilibrium calculations, and therefore simulation times,
have drastically been reduced with the help of interpolation matrices where differ-
ent properties have been utilized during the simulations. Suggestion for future work
is to develop a fast and more general interpolation scheme, that store all needed
thermodynamic and kinetic properties as a function of composition, temperature
and pressure. The interpolation matrices should be constructed in-situ because
the composition for which the thermodynamic properties are needed evolve during
most microstructure simulations. Control of the errors that are introduced with
the interpolation scheme is essential; the method should always perform additional
calculations in between the stored values for comparisons with the interpolated
values. Such a general interpolation scheme would be beneficial for also other sim-
ulations tools that extensively utilize thermodynamic equilibrium calculations, e.g.
phase-field simulations.

In the appended paper I, an extension of the steady-state growth rate equation,
that takes into account both cross-diffusion terms and high supersaturations for
modeling precipitation in multicomponent systems, is presented. This work has
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contributed to the development of a commercial software tool for modeling precip-
itation in multi-component systems, the software tool will be released by Thermo-
Calc Software. Further development of the precipitation software could benefit from
the findings in the appended paper VI; the growth rate equation for particles should
be adjusted for limited diffusion distances when particles are close to each other.
Furthermore, the suggested interpolation scheme decreased the number of needed
thermodynamic equilibrium calculations and could therefore decrease simulation
times with very small losses in accuracy.

Many thermodynamic databases can reliably predict phase fractions, compositions
and thermodynamic properties for complex multicomponent alloys at high temper-
atures where the kinetics are fast and equilibrium therefore is reached after short
heat-treatment times. The thermodynamic descriptions at low temperature are
unfortunately not equally reliable because the needed experimental information is
hard or impossible to obtain; it can take years before the alloys reach sufficiently
close to equilibrium at low temperatures. The importance of the low temperature
descriptions is however of increasing importance for various microstructure sim-
ulations, for example precipitation simulations where driving forces, equilibrium
compositions, thermodynamic factors and mobilities are used. Even small errors in
the Gibbs energy for the phases can lead to major discrepancies in the driving force
and therefore the nucleation rate of a precipitate phase. Thermodynamic evalua-
tions, where Ab-initio calculations are used for thermodynamic properties that are
hard to obtain experimentally, are therefore an essential future field.





Chapter 6

Summary of appended papers

Paper I. Analytical treatment of diffusion during precipitate growth in
multicomponent systems
The steady-state equation for precipitate growth has been extensively used in pre-
cipitation simulations in multicomponent systems, although the approximate model
only is valid for very small supersaturations in binary systems. In the current article
an extension of the steady-state growth rate equation, that takes into account both
cross-diffusion terms and high supersaturations for modeling precipitation in multi-
component systems, is presented. The new model is applied to simulate precipitate
growth of an M23C6 carbide in Fe-rich alloys where a spontaneous transition from
slow growth under ortho-equilibrium to fast growth under the non-partitioning lo-
cal equilibrium condition are predicted. The transition could be understood from
the analysis of phase equilibrium and thermodynamics where the pressures induced
by the curvature of particles of finite sizes are included; the transition is caused
by the decrease in the Gibbs-Thomson effect when the growing particle becomes
larger.

The new approximate model was compared to DICTRA simulations where the full
diffusion fields are calculated and satisfying agreement were found between the two
models. Two different versions of the multicomponent steady-state equation were
suggested and evaluated in the article. One equation uses mobilities and gradients
in chemical potentials, the other diffusivities and gradients in concentrations. It
was found that the method using mobilities is probably always superior, the rea-
son is that the cross-term effect can be accounted for directly by the composition
dependence of chemical potentials.

The present author contributed to the model development, performed the DICTRA
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simulations and prepared parts of the manuscript.

Paper II. Modified mean-field models of normal grain growth
One of the early attempts to describe normal grain growth in one phase materials
with a physically based model was made by Hillert [8], where the growth kinetics of
grains were described with a mean-field model. Experimental work of grain growth
has however not given support to the Hillert model; the experimentally found grain
size distributions are in most cases close to log normal, the Hillert distribution is
skewed more towards smaller grain sizes.

Models of normal grain growth can either start from a postulated kinetic law for
individual grains and yield a distribution of grain sizes or they can start from a
postulated distribution and the kinetic law may be derived. Both methods are
studied in the current work and a whole family of distributions based on new
kinetic laws for individual grains are derived using the first method. The kinetic
laws contain n as a parameter where the classic Hillert model is obtained for n =
1. Recently it was shown that the classic result could be obtained by using the
equivalent sphere model and Onsager’s extremum principle. It is now demonstrated
that this law can be derived from the equivalent sphere model without the use of
such a principle.

Kinetic laws give an indication of what physical factors govern the growth or shrink-
age of individual grains. The proposed model predicts a family of distributions that
ranges from the Hillert to the Rayleigh distribution where a Rayleigh distribution
seems to indicate that large grains are surrounded by grains smaller than the critical
size and small grains are surrounded by grains larger than the critical size. The ef-
fects of the new family of kinetic laws on the development of grain size distributions
are studied by numerical simulations.

The present author contributed to the numerical model development, implemented
and performed all simulations and prepared parts of the manuscript.

Paper III. Simulation of the Soaking and Gas Jet Cooling in a Continu-
ous Annealing Line using Dilatometry
In this paper a continuous annealing line (CAL) was experimentally simulated us-
ing dilatometry where three annealing cycles corresponding to those used in a CAL
have been applied. The annealed specimens were compared with samples from
strips annealed in the CAL where the hardness and microstructure of the samples
showed good agreement. Four commercial steel grades with different chemical com-
positions were simulated in the dilatometer in order to investigate how the alloying
elements C, Mn, Si and B affect the microstructure and hardness of dual phase
(DP) and martensitic steels. Thermo-Calc was used for evaluating the deviation
from equilibrium at the soaking and quenching temperatures.
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The investigation shows that a combination of high Mn and Si contents is required
to withstand formation of new ferrite during cooling in the gas jet cooling section
in CAL. Further, B appears to restrain ferrite nucleation rather than impeding
ferrite growth. For the investigated steels, B does not strongly contribute to higher
hardenability when annealing is performed intercritically when the ferrite phase
is present. However, B does increase hardenability effectively when annealing is
performed in the austenitic region, i.e. in the absence of ferrite nuclei.

The annealing cycle with the lowest soaking temperature showed that all the steels
are far from equilibrium both during soaking and at the quenching temperature.
One of the steel grades was therefore chosen for simulations of the austenite forma-
tion using the DICTRA software. The results are in reasonable agreement with the
experimental observations although the simulations consistently resulted in lower
austenite fractions compared to the experimentally evaluated martensite content.
This might be explained by a too high diffusion coefficient for carbon in austenite
at low temperatures.

The present author performed the DICTRA simulations and prepared parts of the
manuscript.

Paper IV. Inverse Saltykov analysis for particle-size distributions and
their time evolution
The present study proposes a new method that transforms 2-D raw data into a
detailed 3-D size distribution in a two step procedure. In the first step a 2-D
representation of the size distributions is constructed from the data of measured
radii with a statistic method called kernel density estimator. The 3-D distribution
is in the second step unfolded and thereafter optimized in an iterative manner until
the sectioned 3-D distribution is close to the 2-D representation obtained in the
first step. The new method has the advantage that the final 3-D size distribution is
detailed and smooth and the typical negative numbers in the 3-D size distribution,
that arise in the classic Saltykov method, can be avoided. Grain growth rates for
individual grain sizes can be extracted from the 3-D distributions when experiments
from sequential holding times exist.

The usage of the new method was demonstrated with experimental results from a
study of grain growth in a WC-Co material, where the raw data was grain sizes
of WC carbides obtained from SEM images. All samples had to be measured in
two resolutions because of abnormal grain growth where a few grains have a much
larger size compared to the average sized grain.

The present author developed the numerical procedure, performed all simulations
and prepared parts of the manuscript.

Paper V. Carbide grain growth in cemented carbides
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In this work the growth of WC grains in a cemented carbide material during liquid
phase sintering is studied, both experimentally and by means of computer sim-
ulations. Abnormal grain growth is often observed in cemented carbides during
sintering, but cannot be understood from the classical LSW-theory. A mean-field
model based on several processes coupled in series is formulated where the system
of equations are solved numerically. The coupled processes that are assumed to
control the kinetics are 2-D nucleation of growth ledges, mass-transfer across the
interface and long-range diffusion.

The results from both the computer simulations and the experimental studies reveal
that the initial grain size distribution strongly influences the grain growth behavior.
A fine grained powder may grow past a coarse grained powder and also the finest
powder may obtain the coarsest grains after long sintering time, which indicates
that abnormal grain growth has taken place in the finer powders. The evaluated
growth rates for individual grains, both the simulated and experimentally evaluated,
shows the same behavior with a rapid dissolution and slower growth just over the
critical radius, indications that 2-D nucleation becomes rate controlling just over
the critical size.

The present author implemented the numerical model, performed all simulations
and prepared parts of the manuscript.

Paper VI. Modeling of dispersoid precipitation in multicomponent alloys
In this paper a model for nucleation, growth and coarsening of precipitates in
multicomponent and multiphase systems is presented. The extended steady-state
equation for precipitate growth, that was presented in paper I, is combined with
a model for the phase interface where deviation from local equilibrium is treated
by means of trans-interface diffusion. A simulation of the α/γ transformation in
a Fe-5%Ni alloy demonstrate that the new model can predict a sudden transition
from diffusion-controlled to massive growth during continuous cooling.

Several heat-treatments of a Al-Sc-Mg alloy were simulated with the precipitation
model where comparisons were made with a published experimental study. The
nucleation and coarsening could be described with one constant surface energy if
limited diffusion distances are accounted for in the growth equation when particles
are close to each other. The results from the simulations signifies the importance
of treating nucleation, growth and coarsening in an integrated manner.

The present author implemented the model, performed all simulations and prepared
parts of the manuscript.
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