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ABSTRACT 

The present document is the final master thesis report written by Marc PILORGET, 
student at SUPAERO (home institution) and KTH (Royal Institute of Technology, 
Exchange University). This six months internship was done at DASSAULT AVIATION 
(Airframe engineering department) based in Saint-Cloud, France. It spanned from the 5th 
of July to the 23rd of December. The thesis work aims at developing an SPH (Smooth 
Particle Hydrodynamics) calculation method for ditching and implementing it in the finite 
element software ELFINI® developed by DASSAULT. Ditching corresponds to a phase 
when the aeroplane is touching the water. The problematic of ditching has always been 
an area of interest for DASSAULT and the whole aeronautical industry. So far, only tests 
and simple analytical calculations have been performed. Most of the work was carried by 
the NACA (National Advisory Committee for Aeronautics) in the late 70's. However in the 
past decade, a new method for fluid-structure coupling problems has been developed. It 
is called SPH. The basic principle is the following: the domain is represented by means of 
particles and each particle of fluid is treated separately and submitted to the Navier-
Stokes equations. The particle is influenced by the neighbouring particles with a weight 
function depending on the distance between the two particles. Particles are also placed at 
the interface solid-fluid: they are called limit particles. The final purpose of this SPH 
method is to access to the structural response of an aircraft when ditching.  The crucial 
interest of such a method compared to methods used so far is the absence of mesh. The 
analysis of large deformation problems by the finite element method may require the 
continuous remeshing of the domain to avoid the breakdown of the calculation due to 
excessive mesh distortion. When considering ditching or other large deformations 
problems, the mesh generation is a far more time-consuming task than the construction 
and solution of a discrete set of equations. For DASSAULT-AVIATION, the long term 
objective is to get a numerical tool able to model ditching. The SPH method is used to 
solve the equations for the fluid and is coupled with a finite element method for the 
structure. So far, the compressible solver for 2D geometries has been implemented. 
Tests are going to be performed to ensure the program’s robustness.  Then the 
incompressible solver for 2D geometries will be studied both theoretically and 
numerically. 
 
Keywords: SPH, kernel, incompressible, Poisson's equation, boundary conditions 
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INTRODUCTION 

Ditching phenomenon is likely to happen in case of emergency landing. The 
aeroplane impact on water needs to be investigated in order to ensure the strength of the 
structure. The purpose of ditching simulations is to access the structural response of the 
aeroplane and verify that it will not dramatically crash or dive. 
 

My project work at Dassault Aviation is to contribute to the development of a numerical 
dynamic calculation tool for simulation of ditching. 
 

The code developed is based on SPH (Smoothed Particles Hydrodynamics) method. It is 
a meshless method where the fluid is described by particles on which the Navier-Stokes 
equations are applied. 

 
A previous intern has worked on this subject. He made a literature review and started 
developing the code for ditching simulations. A compressible solver is implemented and 
2D simulations were tested. 
 
Compressible simulations show inaccurate, oscillating pressures and it was decided to 
implement an incompressible solver which is supposed to settle this issue. My project is 
to read, test and simplify the compressible solver implemented. The next step is to make 
a proper initialization, implement an incompressible solver and reduce calculation time.  

 
This report contains an overview of the SPH method with a focus on incompressibility. 
Simulations and main results regarding initialization and boundary conditions issues are 
detailed in the last chapter.  
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NOTATION 

푋  - coordinate of the particle in a ground based system 

푅⃗  - coordinate vector 

푉⃗ , 푣⃗ - velocity of the particle in a ground based system and corresponding vector in [m/s] 

퐴⃗ , 푎⃗ - acceleration of the particle in a ground based system and corresponding vector 

푣  - volume (fictive) occupied by the particle 

ℎ - smoothing length. Key parameter in the SPH theory 

푑 - dimension of the space: 2 or 3 for physics simulations 

푊(풙,ℎ) - Weight function or kernel 

푡 – time in [s] 

휌 – density in [kg/m^3] 

푃 – pressure in [Pa] 

푇- temperature in [K]  
푐 – sound velocity in [m/s] 

푔⃗ – vector of gravity in [m/s²] 

휏⃗⃗ - deviatoric stress tensor in [Pa] 

푓⃗ - body forces in [N/kg] 

푒 – total energy per unit mass [J/kg] 

푄 – heat loss (condution and radiation) [J/m²/s] 

휈 – cinematic viscosity in [m²/s] 

휇 – dynamic viscosity in [Pa.s] 

푅 – gas constant (8.314 in [J/K/mol]) 

푀 – molar mass in [g/mol] 

휌  – reference density in [kg/m^3] (= 1000) 

푐  – reference sound velocity in [m/s] 

 

푁퐷 – number of dummy particles 

푁퐵퐹 – number of fixed particles (dummy and limit) 
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푁퐵 – number of limit particles (fixed and mobile) 

푁푃 – total number of particles (fluid, limit and dummy) 

 

∇퐴- gradient of A, A being a scalar or a vector 

∇.퐴- divergence of A, A being a vector or a matrix 

∆퐴 = ∇ 퐴- laplacian of A, A being a vector or a matrix 
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1 THE FIRM : DASSAULT-AVIATION 

Dassault Aviation is one of the major players in the global aviation industry. A 
reasonably sized and financially secure private international group, with a presence in 
more than 70 countries across 5 continents, Dassault Aviation has been profitable ever 
since its creation in 1936. 

 

 

 

 
 

Figure 1: Dassault-Aviation headquarters 

 

1.1 History 

1928: creation of the "Société des Avions Marcel Bloch" (SAMB) company by 
Marcel Bloch. 
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1936: creation of "Société Anonyme des Avions Marcel Bloch" (SAAMB) which 
designed and developed prototypes that were mass produced by state-owned 
companies. 

1945 to 1960: Due to the development of its business and its structure, various 
names were given to Dassault Company. It came to the forefront on a world-wide 
level and became able to supply combat aircrafts corresponding to French defence 
needs. 

1966: France decided to reorganise the aviation industry: Dassault was to 
concentrate on combat and business aircraft.  

 

1.2 Group DASSAULT-AVIATION 

 
Figure 2 – Key figures 

1.3 Aircraft 

1.3.1 Business aircraft 

Falcon represents forty years of success (more than 1 700 aircrafts sold in over 65 
countries representing more than 11 million hours of flight time) for aircraft that are 
essential to businessmen, companies, institutions and governments and are considered 
reliable and efficient tools for the growth and success of their activities. 
 

 
 

Falcon 2000LX: 
It has all the qualities of the former Falcon 2000, the 
only difference is its increased fuel capacity and more 
powerful jet engines. It has a flight range which is 25% 
greater than its predecessor. It is equipped with the 
new EASY cockpit.  
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Falcon 900DX: 
This wide cabin Falcon is equipped with three jet 
engines, each with a 5 000 pound trust. It has a 
maximum range of 4 100nm, an excellent climb rate, a 
high cruising speed and outstanding performances on 
high ground and short air trips. 

 

 

Falcon 900EX: 
It has a transpacific flight range (4 500nm) and the 
inherent flexibility of the Falcon range. It is now 
equipped with the EASY cockpit. This concept, which 
redefines the man-machine interface, facilitates the 
pilot's coordination and improves his perception of the 
aircraft environment and bearing. 
 

 

Falcon 7X: 
The new trijet Falcon with a very long flight range has 
the following main features: a 5 700nm flight range 
(Paris-Tokyo, San Francisco-Moscow), maximum 
operational speed of Mach 0.9, a new wing concept, 
electrical concept, electric flight controls with drive-by-
wire system, an EASY piloting unit, outstanding 
comfort, and low operating maintenance costs. 

 

1.3.2 Military aircraft 

 
Mirage 2000:  
The first development took place in 1988 with the 
commissioning of the Mirage 2000 N, and then the 
Mirage 2000 D. The multirole concept was therefore 
used in the development of the Mirage 2000 family, 
given it may advantages in terms of performance and 
ownership costs. The experience gained from 
operational deployments, in particular, within 
multinational forces, highlighted the need to increase 
fuel capacity and firepower. Around 600 Mirage 2000 
and 2000-5 aircraft are operational worldwide. Eight air 
forces are already equipped. 

 



Development of a dynamic calculation tool for ditching 

 
  Page 12 / 94 

Rafale:  
It is a twin-jet omnirole fighter with reduced radar 
signature. The world's first fighter designed from the 
outset for the Air Force and the Navy, the Rafale could 
replace seven types of aircraft currently used by the 
French armed forces. The Rafale is the first 
aerodynamic aircraft with a delta-canard configuration, 
designed for aircraft carrier landing, and also the 
world's fighter that can perform air superiority, 
defence, reconnaissance and surface attack 
manoeuvres during a simple mission. 
 

 

1.3.3 Unmanned aircraft 

Dassault Aviation is also involved in several European military projects that plan to 
develop unmanned aircraft. Dassault Aviation is the leader of the European program 
nEUROn, an UCAV (Unmanned Combat Aerial Vehicle) technological demonstrator. The 
aim of this project is not to carry out military missions, but to show the maturity and 
effectiveness of technical solutions. The main technological challenges to be met in the 
design of the nEUROn will relate to its shape (aerodynamics, innovative structure made 
with composite materials, internal weapon bay), the electrical and automation systems, 
the high-level algorithms required, furtivity, as well as the place of the human factor in the 
mission loop. The first flight of the nEUROn is scheduled for 2011. 

 
Figure 3 - nEUROn 
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1.4 Locations 

 
Figure 4 - Locations of Dassault Aviation in France 

Among locations in France, some of them are detailed here: 

Argenteuil: This establishment is responsible for producing the metal parts: 
cambered parts, coatings and machined parts, for the fuselages, which are 
assembled there. 

Istres: This establishment is mainly responsible for integration, system 
validation and flight tests. 

Martignas: This establishment is responsible for assembling wing structures 
produced with elements-composite or metal-supplied by other company 
establishments. It also assembles Falcon sections for onward shipping to 
Merignac. 

Mérignac: Responsible for the design and production of civil aircraft 
prototypes- this establishment carries out the final assembly of civil and 
military aircraft.  

Saint-Cloud: This site is the location for the Technical Management 
Department, the International Technical Management Department and its 
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various specialist departments, research offices including the military aircraft 
research department.  

 

1.5 DGT/DTAS/ASP/CVAC 

This project was carried out in the DGT/DTAS/ASP. 

Mission of the direction DGT (“Technical General Direction”): 

- Design and substantiation of the platform and system definition, from the 
feasibility phase to the operational phase during which DGT contributes to the 
product technical follow-up 

- Program technical management 

- Upstream research, scientific or technological studies and developments 

Mission of the department DTAS (“Aero - Structure Design”) : 

- The preliminary and detailed design, including electrical circuits or hydraulic 
pipes  

- The calculations of loading actions, flutter analysis, vibrations as well as 
acoustics. 

- The definition and the methodology of the tools process for CFAO domains 
insuring the best synergy the other Dassault Aviation entities and partners. 

- The identification, the development and the qualification of the new 
technologies 

Mission of ASP (“Structure Platform Analysis”) : 

- The choice of the criterions, the design and the justification of the structure 

- Analysis of loads and vibrations 

- Analysis of aeroelasticity and internal acoustic 
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2 SPH METHOD 

2.1 Former ditching method 

Business jets must meet some requirements in terms of ditching. The reference 
document on which the certification is based is called Certification Specifications for large 
Aeroplanes CS-25 (Amendment 5) and is edited by the European Aviation Safety 
Agency. Among the rules, it exists requirements regarding the structural aeroplane 
response in case of ditching. 

2.1.1 Emergency provisions 

When ditching provisions are requested, the aeroplane must meet the 
requirements of the paragraphs 25.801, 25.807(e), 25.1411 and 25.1415 of the 
previously stated document CS-25. Paragraph 25.801 is dealing with the requirement in 
terms of structural design. In paragraphs 25.807(e), 25.1411 and 25.1415, rules can be 
found about emergency exits, electrical systems and equipment and safety equipment 
respectively. All of them are gathered in the appendix (appendix 1). The paragraph 
concerning the structural design is the one that will be further investigated. The final 
purpose of the certification is stated below: 

 
CS 25.801 (b) "Each practicable design measure, compatible with the general 
characteristics of the aeroplane, must be taken to minimise the probability that in an 
emergency landing on water, the behaviour of the aeroplane would cause immediate 
injury to the occupants or would make it impossible for them to escape." 
 

So far, to ensure that the previous requirement is fulfilled, aeroplane manufacturers were 
investigating the aeroplane behaviour by means of model tests or comparison to similar 
aeroplanes whose behaviour was already known. This experimental certification was 
regarded as sufficient by the European Aviation Safety Agency. 
 
CS 25.801 (c) "The probable behaviour of the aeroplane in a water landing must be 
investigated by model tests or by comparison with aeroplanes of similar configuration for 
which the ditching characteristics are known. Scoops, wing-flaps, projections, and any 
other factor likely to affect the hydrodynamic characteristics of the aeroplane, must be 
considered." 
 
DASSAULT AVIATION wish is to develop a computational method that calculates the 
structural response of the aeroplane when ditching occurs. The project is at its first stage 
but the final purpose is to be able to certify the strength of the next generation of 
aeroplanes thanks to numerical modelling. However, performance requirements and the 
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relatively low frequency of emergency landings make it unlikely that the whole aeroplane 
will ever be designed for safe ditching. 

2.1.2 Current method review 

2.1.2.1 Experimental method 

The experimental method relies mainly on tests and studies carried on by the 
NACA (National Advisory Committee for Aeronautics) during the past decades and the 
Fluid Mechanics Institute of Lille (IMFL). For instance, the certification of Falcon 50 was 
conducted with the help of NACA report 1347 [1] and technical note 2929 [2] and tests 
done on Mystere 20, Falcon 10 and Mercure by the IMFL [3]. 

2.1.2.1.1 Apparatus and procedure 
Tests conducted by both the NACA and the IMFL used scale models. They were 

launched, usually from a monorail so that they were free to glide onto the water with the 
desired speed and angle of attack. The scale is ranging from 1/10 to 1/12. Damage on 
the different parts of the aeroplane were simulated either by the removal of some parts or 
by replacing other parts by means of weakened sections. Thus, the aeroplane is more 
likely to represent the full-length ditching. 
The instrumentation setup included various accelerometers as well as records of the 
tests. The tank is generally much longer than larger, typically 40*6m for the IMFL one. A 
wave generator is added in order to create both transversal and longitudinal waves. 

2.1.2.1.2 Main results 
Various parameters affecting the ditching behaviour were identified. They can be 

sorted out in three main categories: the design parameters, the environment and the flight 
configuration. The most obvious one is the flight configuration. It seems reasonable to 
deem that the speed, the mass and the angle of attack are highly affecting ditching. The 
design parameters include wing shape and position, flap, engine installation or fuselage. 
Regarding the environment, water condition plays an important part in ditching behaviour. 

 
The different parameters are presented with more details below and based on the 
previously stated institutes work. 

 

 Environmental parameter 

Water condition:  

NACA tests were conducted in calm-water conditions. In rough-water landings, the same 
general type of performance was obtained if the landing was made parallel to waves. In 
perpendicular landings, more damage and more violent motions occur.  

According to IMFL conclusions (for the tests on Mercure aeroplanes), fuselage 
breakdown is observed in all cases when the wave is transversal. In case of longitudinal 
waves, the fuselage crumpled often in the wave through. The ideal case is the ditching on 
the wave peak although accelerations are increased. 
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 Flight configuration 

Mass: 
An increase of mass has a negative impact on the ditching. The aeroplane sinking is 
more important possibly causing more damage to the external elements (flaps, 
engines…). 
 

 
Figure 5 – Definition of flight angles 

Angle of attack: 
According to the IMFL tests, for the Mercury aeroplane, the angle of attack, directly 
related to the longitudinal velocity, needs to be superior to 12°. For lower values, a 
bouncing phenomenon is observed. The structure is more likely to give way. Maximum 
lateral and longitudinal accelerations are increased when the angle of attack is lowered. 
Longitudinal accelerations are ranging from 1 to 2.5g for higher values than 12° and from 
5 to 7.5g for lower values. The same scheme can be noticed on the lateral accelerations. 
 
Flight path: 

For the same tests, the flight path must be around 1° otherwise motions are more violent 
et accelerations are increased. 
  

푣⃗ 

푦⃗ 

푥⃗ 

Pitch angle 

Flight path 
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Table 1 -  Evolution of accelerations as a function of the flight path 

 Vertical accelerations [m/s²] Longitudinal accelerations [m/s²] 

 Mass: 11400 kg Mass: 12500 kg Mass: 11400 kg Mass: 12500 kg 

Angle of 
attack/Flight 
path 

-1° -2° -1° -2° -1° -2° -1° -2° 

18° 2.9 
3.1 
2.9 

3.7 
3.4 
4.1 

3.1 3.6 1 
1.7 
1.3 

1.9 
1.7 
1.9 

1.2 1.1 

15° 2.5 
3.5 

3.3 

4.1 
4 

4.5 

4.1 
 

4.7 1.5 
1.7 

1.6 

1.7 
1.8 

2 

2.6 1.9 

12° 4.5 
5.3 

4.8 
5.3 

5 
4.7 

4.8 
7.5 

2 
5 

2.5 
2.2 

2.1 
5.5 

2.7 
3.7 

9° 5.7 7.5   7.5 7.5   

 

 Design parameters 

The following comments on the effects of design parameters on ditching characteristics 
are based the technical note 1347 edited by the NACA. 

 
Wing: 
The vertical location with respect to the fuselage needs to be a compromise between a 
low position that provides buoyancy and a higher position where landing flaps and engine 
installation (discussed further in the dedicated sections) can impair ditching. It is generally 
reckoned that the ideal position is slightly above the bottom of the fuselage. 

 
Flaps: 
Preferably, flaps are down in order to obtain a low forward velocity causing less fuselage 
damage. At the same time, the flaps should be weak enough so that they fail before 
producing an undesirable diving moment. 
 

Engine installation: 
It is generally preferable to place the engine well above the bottom of the fuselage. 
Indeed, the engine nacelle acts as a 'water brake' and increases decelerations when 
placed low on the airplane. 
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Landing gear: 

Ditching should be made with landing gear retracted because an extended gear usually 
creates diving moment. It may also fail thus creating structural damage and water entry 
ways. No appreciable effect has been shown for the arrangement of the landing gear 
when retracted. 
 
Fuselage: 

Both the strength and the shape of the fuselage were investigated. Experiments show 
that the strength of the fuselage is probably the most important parameter when 
considering ditching. Most airplanes could be ditched with relative safety if extensive 
damage to the fuselage could be avoided. The critical region appears to be the middle 
third of the fuselage bottom due to its susceptibility to damage and the consequent 
hazard entailed. 

The shape of the fuselage was studied both by the IMFL and the NACA. They are leading 
to the same conclusions. The flat bottom has to be avoided. It tends to cause skipping, 
longer run and high water loads. However, the results are inversed for lower landing 
speeds where the flattened bottom of the fuselage leads to a better behaviour (the 
maximum attitude attained is lower). A high degree of longitudinal curvature results in a 
suction which causes the models to trim up in the water. A high degree of lateral 
curvature at the rear of the fuselage leads to the same results as a longitudinal curvature. 
When the cross-section is rounded a minimum amount of longitudinal curvature, the best 
behaviour is obtained. 

 
Size: 
Although small differences in size don't affect noticeably the ditching behaviour, as the 
size of airplanes increases, the motion becomes less violent. 
 
Protuberances: 

When placed under the wing or the fuselage, protuberances of an airplane may cause 
undesirable ditching and quite large longitudinal decelerations. When located rearward of 
the center of gravity, diving is very likely to occur and this is consequently the most 
undesirable configuration. 
 
Dassault aeroplanes certification for ditching was based on these experimental studies. 
They also carried on their own bench of tests with the help of IMFL. Tables of results 
obtained for various values of key parameters were at the basis of the conclusion. 

2.1.2.2 Numerical method 

Although it exists analytical method, they are not described below. The focus is on 
the numerical methods which are widely spread in the aeronautical domain. The 
resolution of coupled fluid-structure problems for impacts is currently evolving toward 
meshless methods. 
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Structural response is not the actual obstacle when dealing with structure-fluid interaction. 
The most difficult part is to derive the numerical solution for the fluid. This solution needs 
to be coupled to the finite element formulation for the structure. 
 

2.1.2.2.1 Lagrangian/Eulerian description of the fluid 
 

 Method ALE: 

The fundamental difference between the lagrangian and the eulerian approach can be 
explained thanks to the figure below. 

 
 
 

 
 
 

 
Figure 6 – Solid-fluid interaction 

The volume V is delimited with the surface S and is placed in the flow of velocity u. From 
an eulerian point of view, the volume is fixed and the laws of conservation must be 
respected by the incoming and the outgoing flows. In a lagrangian approach, the volume 
is moving with the flow and the mass contained in the volume stays identical during the 
motion. Laws of conservation are applied on the fluid, in the volume. 
The key element of this method is the interface. It deals with the interaction between the 
fluid and the structure and hinders the motion of fluid particle into the structure and the 
other way around. To differentiate the two types of particle, one are called masters and 
the other one slaves. It simply refers to the direction of the force the user is interested in 
퐹⃗ →  . Generally, the structure is moved. Then the fluid behaviour is investigated 
(pressure is obtained). By integration of the pressure, the forces on the structure are 
derived and the structure is moved according to finite element theory. The problem 
remains to track the interface. 
 

 Method VOF: 

This method was first introduced by Hirt and Nichols to track material interface in an 
eulerian grid. The basic principle is to determine the fluid quantity in a defined control 
volume. That is called the "volumic fraction". If the cell is filled in with fluid, the fraction is 
1 and 0 if the cell is either empty or filled with another liquid. The determination of the 
volumic fraction gives the position of the interface between fluid and structure. 
 

0 ≤ 퐹 ≤ 1 

 
V 

S 
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Method description: 
For the fluid, both the Navier-Stokes equations and the boundary conditions are applied. 
The Navier-Stokes equations are ensuring the conservation of the mass and the 
momentum. The boundary conditions are less obvious and familiar: 
 

푢⃗. 푛⃗ 푑휕푉 = 푢⃗. 푛⃗ 푑푆 + 푢⃗ . 푛⃗ 푑휕푉  

 

 
Figure 7 – Limit solid-fluid 

 
Where 
 

푢⃗ - fluid velocity 

푢⃗  - solid velocity 

푛⃗  - normal vector to fluid 

 

휕푢⃗
휕푡

푑푉 + 푢⃗ 푢⃗. 푛⃗ 푑푆 =  −
1
휌

(푝 푛⃗ − 휇(∇푢⃗). 푛⃗ ) 푑푆 + 퐹⃗ 푑푉  

It corresponds to the integrated form of the momentum equation. Finally, the position of 
the interface is ruled by the following formula: 
 

퐷푠
퐷푡

=
휕푠
휕푡

+ (푢⃗.∇)푠 = 0 

푉  

푆  

 

푢⃗  

푆  

푉  
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Where 
S - s(x,t), the actual position of the interface 
 

Equation discretisation 
The grid used is cartesian. Three different fractions are defined. A subdivision of the grid 
is used. 퐹  is the volumic fraction without solid of each grid. 퐹  is determined by means of 
the ratio between the number of points in the solid and the total number of points. 퐴  and 
퐴  are the fraction of fluid along the edges, respectively the x-axis and the y-axis. For 
example, in the following example, 퐹 = 0.25  and 퐴 = 0.5, 퐴 = 0.5 

 

 
Figure 8 – Fraction definition 

Equations are expressed with the previously defined fractions. Once discretized (see [4] 
for details), the final system can be written: 

 

푀 푢 =  푀 푢  
 

Ω
∂푢
휕푡

= −퐶(푢 , 푢 ). 푢 +
1
휌
퐷푢 − 퐺푝 + 퐹  

 
Where 

푢  - the discretized vector of velocities 

푝  - the discretized vector of pressure 

푀  - fluid contribution to the velocities 

퐴 푑푥 

퐴 푑푦 
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푀  - solid contribution to the velocities 

Ω - diagonal matrix containing the effect of the velocities variations 

퐶 - matrix containing the convection terms 

퐷 - matrix containing the diffusion terms 

퐹  - gravity forces 

 
The pressure and velocity in the fluid domain are determined. The free surface tracking is 
handled with the volumic fraction F. 

2.2 The SPH method 

2.2.1 Advantages and drawbacks of meshless methods 

The finite element method is still widely spread to solve partial differential equations. This 
method has strong consistent basis and numerous improvements have been reinforcing 
it. However, its implementation remains difficult and time-consuming in case of huge 
deformations for example. Indeed, the mesh must meet some requirements. The 
elements must not be crushed so that the associated jacobian is not becoming 
degenerated. Typically, the jacobian is less sensitive to the number of neighbouring 
nodes. When dealing with huge deformations, the mesh is widely distorted leading to a 
loss in accuracy, convergence issues and even breakdown of the simulation. 
Very powerful remeshing methods were developed to circumvent this issue. They are 
time-consuming techniques and problems are still to be tackled when considering 3D 
complex geometries. Remeshing implies necessarily an interpolation of the fields 
(velocity, stresses,…), introducing additional errors. 

 
The meshless methods started being developed in the 1970's. The purpose was to avoid 
remeshing and surface tracking. The basic idea is to build a function defined on a 
continuum space by means of a set of discrete values of this function. From a theoretical 
idealized point of view, the assets are the following ([5]): 

 No need to connect nodes. Therefore, the undesired effects of finite element 
method are avoided. The quality of the solution is less sensitive to the relative 
position of the nodes. 

 Discretisation is easily modified. Extra nodes can be added or removed. 
 
The drawbacks of the meshless methods, not only the SPH one, are linked to: 

 Mainly, the boundary conditions. The function of approximation used in the 
meshless method does not verify the conditions required by Dirichlet boundaries. 
As detailed further in the report, this was the main issue faced. Numerous works 
was done on the boundary conditions. Solutions were obviously not all successful. 
Although some were efficient, they introduce an additional calculation cost. 
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 The function support. It is defined by means of a characteristic length which 
corresponds to the radius of the circle in 2D and the radius of the sphere in 3D. A 
minimum amount of particles must be located in the support so that the stability of 
the method is guaranteed. On the opposite, too many neighbouring particles lead 
to a dramatic increase of operations. The convergence criterion is still met but 
generally the criterion has to be looser and the quality of the results is flattening 
out. 

 Non-convex geometries. The main problem is due to nodes that are in the same 
support but not seeing each other in concave configuration. However, this is 
mainly encountered in failure when a crack appears which is not occurring in our 
case. 

 
Although important results have been obtained, the meshless methods arise less interest 
nowadays than they used to in the late 90's. The numerous problems faced along the 
development, especially for boundary conditions, are the key element to understand this 
evolution. 

2.2.2 What is needed for a meshless method 

The code implemented is based on the SPH formulation. But, meshless methods 
share a bench of common needs that helps understanding the fundamental basics of the 
meshless theory: 

 A set of points (푋 ) ,…,  in a domain Ω of space 푅  with d=2 or 3 and with a 
boundary Γ. 

 An interpolation method that allows for each function 푢:Ω → 푅 , knowing the 
node values 푢 = 푢(푋 ) to build an approximation: 

 

푢(푥) =  휙 (푥) ∗ 푢  

 

Where 휙  is called kernel function and corresponds to a weighting function. On the figure 
below, the domain of influence is represented. 
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Figure 9 – Kernel support 

2.2.3 Theory of SPH method 

2.2.3.1 Historical aspect 

SPH stands for "Smooth Particle Hydrodynamics". The method was founded in 
1977 by Lucy, an English astrophysicist. This was the very beginning of the development 
and simulations only included 100 particles. J. Monaghan, Australian applied 
mathematician, was the first to give reliable theoretical foundation to this method. It also 
corresponds to an extension of the domain of application. The first application to complex 
calculations including material damage dates back from the early 1990's. W. Benz, also 
astrophysicist, led the project. This kind of model was used by research institutes for fast 
dynamic problems. Recently, the first industrial codes were released but they remain in 
confidential numbers. The main issue concerns the formulation of boundary conditions, 
far more difficult to understand and translate into equations than usual Eulerian-
Lagrangian methods. 
From a mathematical point of view, few analysis works have been done so far. However, 
they are at the basis of the theory and will be studied in the following section as part of 
the SPH method. 

2.2.3.2 Theory 

The SPH formulation is based on the approximation of a field 푢⃗ on a compact 
support by a set of particles on which Navier-Stokes equations are applied. See [6] for 
details. 
 
The kinematic relations between the position, the velocity and the acceleration are: 

 

Ω 

Radius of influence 
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푉⃗ =
푑푅⃗
푑푡

 

 

퐴⃗ =
푑푉⃗
푑푡

 

 

The surface domain in 2D is a circle of radius 2*ℎ. It corresponds to the support denoted 
Ω previously.The height depends on the kernel choice. 

 

 

 
Figure 10 – Kernel support and value as a function of the distance 

2.2.3.3 Kernel function 

 

푊(푟⃗, ℎ) =  
1
ℎ

휃(
‖푥‖
ℎ

) 

 

The kernel function is defined when both the smoothing length ℎ and the compact 
function 휃 are given (see [7]). 휃 must be regular, at least 퐶  and must have a compact 
support included in [0;2]. ℎ  defines the domain of influence for all the particles. When 
considering a reference particle, only the particles located in the circle of radius  2 ∗ ℎ (Ω 
) will be taken into account for the calculation of the different parameters of the reference 
particle. 

The second parameter influencing the kernel value is the dimensionless quantity 푞 = ‖ ‖
 

The kernel function must verify different mathematical constraints. They are listed below. 
 

1. 푊(푟⃗, ℎ) > 0 on Ω 

2. 푊(푟⃗, ℎ) = 0 outside Ω 
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3. ∫ 푊(푟⃗,ℎ)Ω 푑푟⃗ = 1 

4. 푊(푟⃗, ℎ) monotonically decreasing 

5. 푊(푟⃗, ℎ)  
→
⎯ 훿  

 
Under these conditions, different kernel functions can be defined. In the code, the user is 
allowed to use the type of kernel he wishes among the four following ones: 

 Gaussian 

푊(푟⃗,ℎ) = 훼 ∗ 푒  
Where 
 

훼 =

⎩
⎨

⎧
1

휋ℎ2  in 2D

1

휋
3
2ℎ3

 in 3D
 

 

 
 

 Quadratic 

푊(푟⃗,ℎ) = 훼
3

16
푞 −

3
4
푞 +

3
4

 

Where 

훼 =

2

휋ℎ2  in 2D

5

4휋ℎ3  in 3D
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 Cubic spline 

푊(푟⃗, ℎ) = 훼

⎩
⎪
⎨

⎪
⎧1 −

3
2
푞 +

3
4
푞       0 ≤ 푞 ≤ 1

1
4

(2 − 푞)                1 ≤ 푞 ≤ 2

0                        2 ≤ 푞

 

 
Where 
 

훼 =

10

7휋ℎ2  in 2D

1

휋ℎ3  in 3D
 

 

 
 

 Quintic 

푊(푟⃗, ℎ) = 훼 1 −
푞
2

(2푞 + 1) 

 
Where 
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훼 =

7

4휋ℎ2  in 2D

7

8휋ℎ3  in 3D
 

 

 
 

2.2.3.4 Basic relation 

The basic relation on which the SPH formulation (see [7]) lies derives from the two 
formulas below: 

 

푓(푥)푑푥 ≈ 푣 (푡)푓(푥 (푡))
 ∈

     [1] 

 

Where 

푓 – given function 

푗 − index of particle summation 

푃 − domain of summation 

 
And the approximation of a function by a convolution with the kernel function 

 

〈푓(푥)〉 = 푓 ∗ 푊(푥) = 푓(푦)푊(푥 − 푦,ℎ)푑푦        [2] 

 
[1] and [2] give: 

 

〈푓(푥)〉 = 푣 (푡)푓 푥 푊(푥 −
 ∈

푥 ,ℎ)     [3] 
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2.2.4 SPH formulation of Navier-Stokes equations 

In this section, the previous equations will be applied to the Navier-Stokes 
equations. However, a few mathematical background is required to fully understand the 
relations. 

2.2.4.1 Mathematical considerations [8] 

For a given function, the gradient, the divergence and the laplacian are needed to 
write down the Navier-Stokes equations. 

2.2.4.1.1 The gradient 
The obvious way of dealing with the gradient is to replace the function itself by its 

gradient in equation 3. Nevertheless, it appears that some other writings are smarter. 
From mathematical relations, with 훼 a given scalar function, 

 

∇훼 =
1
휌

(∇(휌훼) − 훼∇휌)       [4] 

Or 
 

∇훼 = 휌 ∇
훼
휌

+
훼
휌
∇휌       [5] 

 

Which leads to different discrete SPH forms. Combining equation [4] and [5] gives: 
 

∇훼(푟⃗ ) =
1
휌

푚 훼 − 훼 ∗ ∇ (W ( 푟⃗ ))     [6] 

 
Or 

 

∇훼(푟⃗ ) = 휌 푚
훼
휌

+
훼
휌

∗ ∇ (W ( 푟⃗ ))     [7] 

 

Where 푟⃗ = 푟⃗ − 푟⃗  

The first form was implemented. The advantage of such a form is underlined when 
considering a homogeneous pressure field. In this case, the gradient is easily derived and 
equal to zero. 

2.2.4.1.2 The divergence: 
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Although different forms of the divergence exist, the formula used in the code 
corresponds to equation 7. 

2.2.4.1.3 The laplacian 
The laplacian was very important regarding the incompressibility problem. 

Therefore, a particular care was taken to the formulation. The exact formulation leads to 
checker-board effects and an approximate projection was preferred to circumvent this 
problem. The corresponding formulas are shown below. 
 

Exact projection 
 

∇. (퐵∇A) =
푚
휌

퐵
푚
휌

퐴 ∇ 푊 푟⃗ .∇ 푊 푟⃗  

 
Approximate projection 
 

∇. (퐵∇A) ≈ 푚
휌 퐵 + 휌 퐵

휌 휌
∗
퐴
푟

∗ 푟⃗ .∇ 푊 푟⃗  

Where 

퐴 = 퐴 − 퐴  

Where 퐵 and 퐴 are scalar functions of space. In our case, they will correspond to density 
and pressure respectively. 

2.2.4.2 Compressible flow 

The Navier-Stokes equations are formulated for a compressible flow in the general case. 
The equations for incompressible flow, corresponding to a constant density, are a 
simplified formulation of these Navier-Stokes equations. 

2.2.4.2.1 Theory 

2.2.4.2.1.1 Equations: 

 
 Conservation of momentum 

 

휌
퐷푣⃗
퐷푡

= −∇푃 + ∇. 휏⃗⃗ + 휌푓⃗     [8] 

With 
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퐷푣⃗
퐷푡

=
휕푣⃗
휕푡

+ (푣⃗.∇)푣⃗ 

 
On the left-hand side, the derivative of the velocity is split into two parts, the partial 
derivative with respect to time and the convection term. On the right-hand side of the 
equation, the three terms are: 

 Pressure forces: −∇푃 

 Viscosity forces: ∇. 휏⃗⃗ 

 Distance forces such as gravity, electromagnetism… The usual 
approximation, only gravity considered, will be applied in our case. 

 
 Conservation of mass 

The conservation of mass can be written: 
 

휕휌
휕푡

+ ∇. (휌푣⃗) =  0     [9] 

 

 Energy equation 

 

휕(휌푒)
휕푡

+ ∇. [(휌푒 + 푃)푣⃗)] =  ∇. 휏 .⃗⃗ 푣⃗ + 휌푓⃗. 푣⃗ + 푄     [10] 

 
Where 
 

푒 = 푢 +
1
2
푣  

 

 Equation of state 

To close the system, an equation of state is needed: 
 

푓(푃, 휌,푇) = 0 

 

2.2.4.2.1.2 BC - mathematical aspect 
Two different types of boundary conditions are investigated. 
For the surface particle, a free surface condition needs to be verified.  
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푃 = 0 
 

For the compressible solver, this is verified in the case of ideal gas since the temperature 
is set to zero. However, in the case of weakly compressible flow, this is no longer 
observed but it does not seem to affect the result, the pressure staying in an acceptable 
range around zero value. 
For the tank boundaries (bottom and vertical walls on each side), the conditions can be 
written: 

 

푣⃗ . 푛⃗ = 0 ⇒
휕푃
휕푛

= 0 

 
For the interaction between fluid and structure, 

 

푣⃗ . 푛⃗ = 푣⃗ . 푛⃗ 

 

2.2.4.2.2 SPH formulation 
The previous equations will be formulated in SPH. 
 

 Momentum equation 
 

푑푣⃗
푑푡

= − 푚
푃
휌

+
푃
휌

+ Π ∇ 푊 푟⃗ + 푔⃗     [11] 

With 
 

Π  - viscosity model 

(
1
휌
∇푃) = 푚

푃
휌

+
푃
휌

∇ 푊 푟⃗  

 
Different viscosity models have been implemented. They are described below, both from 
a theoretical and SPH point of view. 

 
Artificial viscosity: 
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It was first proposed by Monaghan ([9]) and was widely used due to the simplicity of its 
implementation.  
 

Π =
−훼(푐 + 푐 )휇

2휌
      if 0 > 푣⃗ . 푟⃗

            0                    if 0 < 푣⃗ . 푟⃗
 

Where 

휇 =
ℎ푣⃗ . 푟⃗

푟⃗ + 휂
 

훼- parameter that can be changed to suit the applications. Its default value is 0.5. 

휂 = 0.01ℎ²- parameter introduced to avoid numerical instability due to a denominator 
close to zero. 

휌푖푗
푟⃗푖푗
푣⃗푖푗

=

휌푖− 휌푗
푟⃗푖− 푟⃗푗
푣⃗푖− 푣⃗푗

 

 

Laminar viscosity: 
The tensor of viscosity is reduced to 
 

∇. 휏⃗⃗ = 휈∇ 푣⃗ 
With 

휈 =
휇
휌

 

 
In SPH, the previous expression becomes: 

 

(∇. 휏⃗⃗) = (휈∇ 푣⃗) = 푚
4휈 ∗ 푟⃗ .∇ 푊 푟⃗

(휌 + 휌 ) 푟⃗
푣⃗  

 
Laminar equation and sub-particle scale turbulence: 
In addition to the laminar term, an extra-term is added ([10]). It corresponds to SPS stress 
tensor. The turbulence viscosity is based on the Boussinesq hypothesis and uses a Favre 
average.  
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휏
휌

= 2휈 푆 −
2
3
푘훿 −

2
3
퐶 Δ 훿 푆  

 
Where 

푆 - SPS stress tensor 

휈 - turbulence viscosity 

푘- SPS kinetic energy turbulence 

퐶 - Smagorinsky constant (0,12) 

푆 - Norm associated with the classical dot product in 2D 

Finally, 

 

(∇. 휏⃗⃗) = 푚
4휈 ∗ 푟⃗ .∇ 푊 푟⃗

(휌 + 휌 ) 푟⃗
푣⃗ + 푚 (

τ
휌

+
τ
휌

)∇ 푊 푟⃗  

 

 Conservation of mass 

The conservation of mass can be written: 

 
푑휌
푑푡

= 푚 푣⃗ .∇ 푊 푟⃗      [12] 

 
This formula gives better results in terms of stability than the one below. It has a tendency 
to diverge for some simulations. 

 

휌 = 푚 푊 푟⃗ − 푟⃗ ,ℎ     [13] 

 

 Energy equation 

The energy equation formulation in SPH is 
 

푑푒
푑푡

=
1
2

푚
푃
휌

+
푃
휌

+ 휓 푣⃗ .∇ 푊 푟⃗      [14] 

Where 
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휓 - viscosity term that can be calculated with the different approaches described 
previously. 
 

 Equation of state 

The state equation is needed to close the system and solve it. Different types of state 
equation are used according to the model wanted. Three models were implemented in 
the code. The user can switch from one another using the interface. 

 
Ideal gas 
It is the well-known relation: 
 

푃 = 휌
푅
푀
푇     [15] 

 

Once the temperature and the density are set, the pressure can be easily calculated. 
 
Weakly compressible 
This formula was derived by Tait in order to propose a model in between the ideal gas 
and the incompressible algorithm. The purpose is to get closer to the actual pressure 
solution that is poorly described by the ideal gas theory and avoid the timeless 
calculations needed to solve Poisson's equation. 
For a weakly compressible flow, the relation is: 
 

푃 = 퐵 (
휌
휌

) − 1     [16] 

 
Where 

훾 = 7 

퐵 =
푐 휌
훾

 

푐 = 푐(휌 ) = (
휕푃
휕휌

)  

2.2.4.3 Incompressible flow 

This section is dedicated to the incompressible theory. Only main results will be 
underlined. The code itself and the different steps of the algorithm will be further 
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explained. Navier-Stokes equations can be written under the assumption of 
incompressibility (a constant density). 
 

 Conservation of mass 

The density is constant both in time and space. Thus, 
 

∇. 푣⃗ = 0     [17] 

 

 Conservation of momentum 

The momentum equation is still written the same way. 
 

휌
퐷푣⃗
퐷푡

= −∇푃 + ∇. 휏⃗⃗ + 휌푓⃗ 

 
From these two equations, all the parameters can be calculated: density which is a given 
data now, pressure and the velocity.  
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3 SOLVER 

In this part, the algorithm used and the corresponding code are presented. The first 
section is dedicated to the compressible algorithm, developed by the previous intern. My 
contribution to the compressible algorithm consists in reading, testing, solving bugs and 
deleting useless variables. No deep modification of the code was made. However, it 
seems relevant to explain what the compressible algorithm was based on in order to put 
in light the incompressible algorithm. 

3.1 Compressible solver 

3.1.1 Time integration scheme 

The following abbreviations will be used: 
 

푑푟⃗
푑푡

= 푉⃗ ;    
푑푣⃗
푑푡

= 퐹⃗ ;    
푑휌
푑푡

= 퐷 ;    
푑푒
푑푡

= 퐸  

 
Three different time integration schemes have been implemented in the code. The basis 
is identical: deriving the parameters values at time step 푛 + 1 when previous parameters 
values are known (푡 = 푛 +  and 푡 = 푛) for each particle. For an easier reading, the 
index i denoting the particle considered is omitted in the schemes detailed below. 

3.1.1.1 Predictor-corrector 

It was first described by Monaghan and the evolution in time follows the scheme below. 
 

 푡 = 푛 +  

 

푣⃗ = 푣⃗ +
∆푡
2
퐹⃗  휌 = 휌 +

∆푡
2
퐷  

푟⃗ = 푟⃗ +
∆푡
2
푉⃗  푒 = 푒 +

∆푡
2
퐸  

 
According to the equation of state, 
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푃 = 푓(휌 ) 

 

 푡 = 푛 + 1 

 

푣⃗ = 2 ∗ 푣⃗ − 푣⃗  휌⃗ = 2 ∗ 휌⃗ − 휌  

푟⃗ = 2 ∗ 푟⃗ − 푟⃗  푒 = 2 ∗ 푒 − 푒  

 

Finally, 
 

푃 = 푓(휌 ) 

3.1.1.2 Verlet 

This scheme only relies on one step. 
 

푣⃗ = 푣⃗ + 2∆푡퐹⃗  휌 = 휌 + 2∆푡퐷  

푟⃗ = 푟⃗ + ∆푡푉⃗ + 0.5∆푡 퐹⃗  푒 = 푒 + 2∆푡퐸  
 
Compared to the previous scheme, the code can diverge easily. A correction step is 
needed each N steps. N is usually 50 in the literature but is set to 30 in the code. 

 

푣⃗ = 푣⃗ + ∆푡퐹⃗  휌 = 휌 + ∆푡퐷  

푟⃗ = 푟⃗ + ∆푡푉⃗ + 0.5∆푡 퐹⃗  푒 = 푒 + ∆푡퐸  

3.1.1.3 Beeman 

The predictor step is based on Beeman's scheme 

 

 푡 = 푛 +  

 

푣⃗ = 푣⃗ + 1.5∆푡퐹⃗ − 0.5∆푡퐹⃗  휌 = 휌 + 1.5∆푡퐷 − 0.5∆푡퐷  

푟⃗ = 푟⃗ + ∆푡푉⃗ +
2
3
∆푡 퐹⃗ −

1
6
∆푡 퐹⃗  푒 = 푒 + 1.5∆푡퐸 − 0.5∆푡퐸  
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According to the equation of state, 

 
푃 = 푓(휌 ) 

 

 푡 = 푛 + 1 

The correction step uses an Adams-Bashforth-moulton correction  
 

푣⃗ = 푣⃗ +
5

12
∆푡퐹⃗ +

8
12

∆푡퐹⃗

−
1

12
∆푡퐹⃗  

휌 = 휌 +
5

12
∆푡퐷 +

8
12

∆푡퐷

−
1

12
∆푡퐷  

푟⃗ = 푟⃗ + ∆푡푉⃗ +
1
6
∆푡 퐹⃗

+
1
3
∆푡 퐹⃗  

푒 = 푒 +
5
2
∆푡퐸 +

8
12

∆푡퐸

−
1

12
∆푡퐸  

 

Finally, 
 

푃 = 푓(휌 ) 

3.1.2 Boundary conditions 

This section is dealing with the boundary conditions. They play a fundamental part 
in the SPH theory and are particularly difficult to delineate. The boundary conditions for a 
compressible flow are going to be described. 

3.1.2.1 Dalrymple boundary conditions 

It is based on the assumption that limit particles (typically the bottom of a tank) 
should be treated like fluid particles. Contrary to fluid particles, the limit particles are not 
moved during the simulation. In other terms, the limit particles will have a varying density. 
According to the two equations of state implemented in the code ([15] and [16]), the 
pressure will consequently be affected. 
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Figure 11 – Limit particles configurations 

On the figures above, two different configurations for the limit particles are shown. The 
first one shows limit particles set in column. This geometry is not adapted to the problem. 
Indeed, if a fluid particle is getting closer to the boundary, the density increases according 
to the mass conservation equation. Then the pressure increases according to the state 
equation. The fluid particle is accelerated rearward and is getting away from the 
boundary. However, this is the ideal behaviour. A problem arises in some simulations: the 
fluid particle is getting too close to the boundary but in between two limit particles and 
crosses the boundary, leaving the domain. To improve the boundary conditions, a new 
configuration, the right one, was implemented to act like a real boundary. 
Breakdown for the algorithm is also caused by a relative position of the particle 
approaching zero. A filter was implemented so that the effect of two particles getting too 
close to each other is not taken into account. 

3.1.2.2 Monaghan boundary conditions 

This type of boundary conditions was developed by Monaghan ([11]). The idea is not to 
consider the limit particles as fluid but to make the boundary acts like a barrier. When 
entering in interaction with a limit particle, the fluid particle undergoes an additional 
repulsive force. It can be written the following way: 
 

푓⃗ = 푅(휓) ∗ 푃(휉) ∗ 휀(푧, 푣⊥)푛⃗    [18] 
 
Where (see below the figures for geometric definition of the parameters) 

푛⃗ - normal to the solid wall 

푅(휓) - repulsive function 

Limit particles Limit particles 

Fluid particles 
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푅(휓) = 퐴
1
푞

(1 − 푞)   with 푞 =
휓
2ℎ

,퐴 =
1
ℎ

0.01푐  

푃(휉) - mathematical function that allows the particle to undergo the same force when 
moving along the wall. 

푃(휉) =
1
2

(1 + cos
휋휉
Δ푏

) 

휀(푧,푣 )- wall function that adjusts the amplitude of the force according to the local 
depth. 

휀(푧) =

⎩
⎪
⎨

⎪
⎧

0.02                          0 ≤ 푧
        

푧
ℎ

+ 0.02     − ℎ ≤ 푧 ≤ 0

          1                                
푧
ℎ

> 1

 

 

휀(푣 ) =

        0                                0 < 푣

      
20푣
푐

+ 0.02   푣 < 푐

        1                             푣 > 푐  

 

 

휓 - distance between the fluid particle and the perpendicular to the wall. 

 휉 - projection of the interpolated fluid particle position onto the chord that joins the two 
neighbouring particles 

푣  - velocity of the fluid particle on the normal (projection on the vector n). 

Δ푏 - distance between two adjacent particles. 

ℎ  - fluid level reference at rest 

푍- fluid level in the tank (origin: ℎ ) 

푐  - sound velocity calculated for the reference density 
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Figure 12 – Normal and distance definition 

3.2 Incompressible solver 

The incompressible solver implementation was the core of the master thesis work. 
The interest of implementing an incompressible solver is to get a smoother pressure field 
and less numerical instability. Incompressibility is also the valid theory for water. 
However, the pressure is less easily accessible. 

3.2.1 Scheme 

3.2.1.1 Fundamental equation 

What is looking for in SPH theory is a way to compute the pressure from the 
density. Indeed, the constraint is expressed in terms of density in the incompressible 
theory ([12]). Numerically, the pressure will be enforced so that the density is kept at a 
constant value. Incompressibility is solved by means of a projection method. The 
conservation of momentum equation is split in two parts leading to two steps. The star 
used as an index denotes the intermediate value of the parameter considered. 
First, the predictor step 

푣⃗∗ − 푣⃗
∆푡

= 푓⃗ +
훻. 휏⃗⃗
휌

 

Then, the corrector step 

푣⃗ − 푣⃗∗
∆푡

= −
훻푃
휌∗

 

 
The velocity at the next time step is 
 

Limit particles 

휓 

Δ푏 

휉 

Limit particles 

i-1 

i+1 

i 
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푣⃗ = 푣⃗∗ − (
훻푃
휌∗

)∆푡 

 

And under the hypothesis of free-divergence velocity, the previous equation becomes: 
 

∇. 푣⃗ = ∇. [푣⃗∗ − (
훻푃
휌∗

)∆푡] = 0 

ie 
 

∇. 푣⃗∗ = ∇. (
훻푃
휌∗

∆푡) 

 
∇. 푣⃗∗
∆푡

= ∇. (
훻푃
휌∗

) 

 
From the conservation of mass, 

 
1
휌∗
휕휌∗
휕푡

+ ∇. 푣⃗∗ =  0 

ie 

∇. 푣⃗∗ =
휌 − 휌∗
휌∗Δ푡

 

 
Finally, 

∇.
훻푃
휌∗

=
휌 − 휌∗
휌∗Δ푡

     [19] 

3.2.1.2 Scheme 

The steps are: 

 
1. Initialization: 푟⃗ , 푣⃗  and 푚 . 

The mass initialization is an issue on its own and the steps that lead to correct initial 
values of mass for the particles is the subject of a full paragraph in the next section. 

 
At each time step, 
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2. Predictor step 

The conservation of momentum is applied but the pressure forces are not considered for 
the moment. Positions and velocities are calculated. 
 

∆푣⃗∗ = 푔⃗∆푡 
and 

 
푣⃗∗ = ∆푣⃗∗ + 푣⃗  푟⃗∗ = ∆푡푣⃗∗ + 푟⃗  

 
3. Intermediate density calculation 

The particles are moved in the first step and the density is modified. The incompressibility 
is not verified and the updated value of the density is: 
 

휌∗ = 푚 푊 (푟⃗∗, ℎ) 

 
4. Correction step 

 
o Pressure 

The pressure is derived from the poison’s equation [19]. The laplacian SPH formulation is 
applied with B the inverse of the density and A the pressure: 
 

∇. (퐵∇A) ≈ 푚
휌 퐵 + 휌 퐵

휌 휌
∗
퐴
푟

∗ 푟⃗ .∇ 푊 푟⃗  

ie 

∇.
훻푃
휌∗

=
2
휌∗

푚
(푃 − 푃 )

푟
∗ 푟⃗ .∇ 푊 푟⃗  

The equation solved is: 
 

2
휌∗

푚
(푃 − 푃 )

푟
∗ 푟⃗ .∇ 푊 푟⃗ =

휌 − 휌∗

휌∗∆푡
     [20] 
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2
휌∗

푚
푟

∗ 푟⃗ .∇ 푊 푟⃗ 푃 −
2
휌∗

푚
푃
푟

∗ 푟⃗ .∇ 푊 푟⃗ =
휌 − 휌∗

휌∗∆푡
 

 

푎 푃 + 푎 푃 = 푏    ⇒   [퐴]
푃
⋮

푃
=

푏
⋮
푏

     [21] 

With 

푎 = −
2
휌∗

푚
푟

∗ 푟⃗ .∇ 푊 푟⃗  

푎 = − 푎  

푏 =  
휌 − 휌∗

휌∗∆푡
 

 

Where (푃 ) are the unknown parameters. This equation is solved by the Bi-CGSTAB 
method which is detailed in the next paragraph. It has to be noticed that the matrix is 
unsymmetrical a priori and has non-zero diagonal terms. 
 

o Position and velocity update 

The velocity entailed by the gradient of pressure is calculated and added to the 
intermediate velocity. 
 

∆푣⃗∗∗ = −
1
휌∗
∇푃 ∗ ∆푡 

And 
 

푣⃗ = ∆푣⃗∗∗ + 푣⃗∗ 푟⃗ = 푟⃗ +
푣⃗ + 푣⃗

2
∆푡 

 

3.2.2 BiGrSTAB method 

For a number of linear systems of equations arising from realistic problems, the bi-
conjugate gradient method developed by Van Der Vorst is very attractive ([13]). It has 
been improved since then and the bi-conjugate gradient stabilized method is used to 
solve the linear system of equations deriving from Poisson equations.  
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The bi-conjugate gradient solves iteratively the system 

퐴 ∗ 푥 = 푏 
Where A is a n*n non-singular unsymmetric matrix and b some given n-vector. In our 
case, n corresponds to the number of particles in the domain. b is the vector derived from 
the correction of density. 

In each iteration step, the approximation 푥  is corrected by some search correction that 
depends on the true residual 푟  and some “shadow residual” 푟̃ . The residual 푟 is made 
orthogonal to the shadow residual 푟̃  for 푗 < 푘. 

The convergence criterion is set on the true residual and can be adjusted to suit the 
applications. The one used in the code is a constraint on each term of the true residual. If 
the value of convergence is called tol, 
 

∀푖                    ‖푟 ‖ < 푡표푙 
 
The following steps are applied: 

1. Step 0 

K=-1 

Given data: 푥 , 푟  
Initialization: 푢 = 푢 = 0 and 휌 = 1 

 
2. While  (∃푖   ‖푟푖‖ < 푡표푙)   

K = K+1 
 

휌 = (푟 |푟̃ ) 

훽 =
−휌
휌

 

푢 = 푟 − 훽 푢  푢 = 푟̃ − 훽 푢  
푐 = 퐴푢  

훾 = (푐 |푟̃ ) 

훼 =
휌
훾

 

Finally, 

 

푥 = 푥 + 훼 푢  푟 = 푟 − 훼 푐  푟̃ = 푟̃ − 훼 퐴 푢  
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The scalar 훼  and 훽  are computed such that both 퐴푢  and 푟  are orthogonal to the 
Krylov subspace 휅 (퐴 ;  푟̃ ) of order k, spanned by the vectors 푟̃ , 퐴 푟̃ ,..., (퐴 ) 푟̃ . 
This particularity has been used to develop an improved version of the algorithm called 
BiCGstab(l) where memory requirement and matrix multiplications are lowered. L stands 
for the number of inner loops inserted in the previous algorithm and can be increased if 
the 퐴 matrix is highly unsymmetrical. Obviously, this is time-consuming and the sparse 
character of the matrix should be used in further improvements to reduce calculation time. 

3.2.3 BC 

3.2.3.1 Dalrymple boundary conditions 

To solve the incompressible system, the choice was made to use fixed limit particles. 
They interact with fluid particles. To be more accurate, they will have their masses 
constant as well as their positions. Consequently, their velocities are not useful anymore. 
 

 
 
 

Figure 13 – Fixed limit particle symbol 

However, the question was to know whether their density and pressure should be 
modified during the simulation or not. It will be explained further how this consideration 
evolved during the master thesis.  

3.2.3.2 Dummy particles 

The role played by the “dummy” particles is of great importance and will be explained in 
this section. 
A “dummy” particle corresponds to an additional particle added beyond the edges of the 
domain. They are created in order to ensure the same order of discretisation for all the 
fluid particles (in terms of kernel support). They avoid the fluid particle to get a truncated 
kernel when getting close to the edges. The notion behind the truncature of the kernel 
can easily be apprehended with the help of the following figure. The dummy particles are 
represented in black color. 
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Figure 14 – Notion of truncature 

Whenever they will be used, these dummy particles will not be involved in any calculation 
of pressure. They will not be solved. They will only bring their contribution when 
summation over the neighbors will be made. In other terms, they will have fixed 
parameters values (mass, density, position, velocity) except for the pressure that will be 
set to the pressure of the closest limit particle. 
Obviously the number of dummy particles rows depends on the initial discretisation and 
the smoothing length. 

 

Not truncated kernel Truncated kernel 
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Figure 15 – Sketch of dummy particles and pressure distribution  

To summarize the dummy particles properties, 
 

푟⃗ = 푟⃗  

푣⃗ = 0⃗ 

푚 = 푚  
휌 = 휌  

푃 = 푃   

 

P

P P
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4 SIMULATION AND RESULTS 

4.1 Presentation of the “software” 

For DASSAULT-AVIATION, the long term objective is to get a numerical tool able to 
model ditching. The SPH method is used to solve the equations for the fluid and is 
coupled with a finite element method for the structure. To model ditching, an element 
SPH needs to be created in the software ELFINI. This ELFINI program has been 
developed by DASSAULT since 1970 and handles structural calculation and optimisation. 

It is composed of several different modules. Among them, FELAND is the one dedicated 
to take-off, landing and ditching. In other terms, this module deals with the contact 
between aeroplane and ground or water. It is still in development but yet a graphic 
interface displays the particles. The SPH element is integrated to FELAND. 
The first developments of the SPH code were based on SPHysics, an open-source 
software developed by 7 university researchers. It has to be noticed that the code is still 
evolving. 
The objective of the internship is to test and improve the compressible solver. Then, the 
priority is to implement an incompressible solver. All the simulations are made in a 2D 
space. 3D simulations are the next step along with the development of parallel 
calculations. Some work has also to be done on the calculation time and particularly on 
the manipulation of sparse matrices. 
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Figure 16 – Software modules 

4.1.1 General introduction 

4.1.1.1 Elfini® 

This software developed by DASSAULT AVIATION gathers the main aspects of the 
structural analysis. It allows a mesh generation, static and dynamic analysis, optimisation, 
visualization, interactive calculation... 
ELFINI® is composed of several specific programs in permanent evolution. They are 
given in the figure above. The program of particular interest for ditching is FELAND. 

4.1.1.2 Feland 

FELAND is a module of ELFINI. It handles the modelling of non-linearity by the finite 
element method. The dynamic behaviour of aeroplane on the ground can be studied. 
Generally, the studies concern: the braking, the landing, the take-off and the catapulting. 
This part aims at describing the organization of the software. 
To achieve a simulation, the user has access to a library where he can find: 

 Super elements: flexible aeroplane, rigid aeroplane... 
 Elements: rod,beam,wheel... 

ELFINI 

 solver 

FENONLIN 

Non-linear 

FELOAD 

Aeroelasticity 

FAERO 

Aerodynamic 

FERESO 

Linear 

FELAND 

Landing/take-off 

FEMESH 

Mesh 

ELFINI 

Data base 

CATIA 

Database 

FETRCAT 

Data transfert 

CATIA 
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There were 36 of them when the previous intern arrived. It means that the element 
developed is the 37 and is entitled: E37SPH.  The data introduction is made by means of 
an ASCII file and is built with key-words and both character and numerical types.  
FELAND is run by the function ELFMAI which is directly connected to the main software. 
For each element, 4 routines are present: 

 BOR subroutine: characteristics of the element, key-words are defined 
 DIM subroutine: dimensions of the data tables (real number -> RCAREL, integer -> 

ICAREL and character -> CCAREL) 
 GEST subroutine: the characteristic elements are read from the ASCII file and 

stocked into resources tables. 
 CAL subroutine: the element contribution is calculated at each time step. 

They are ranked in the order of appearance during the simulation.  

4.1.1.3 The SPH element in FELAND 

It has to be noticed that some major modifications are made regarding the table data 
format. Indeed, the simple precision was used for the real numbers. After suspicions that 
some simulations were leading to breakdown because of the precision asked, the 
decision was taken to use the double precision. In the actual code, all the tables with real 
entry are in double precision. Two files are used to initiate the system. They are called in 
the routine CAL: 

 INDAT: for the moment, it contains the values of the parameter the user can set 
before each simulation. It corresponds to the input file for the parameter the user is 
free to set. See appendix 2 for a list of these parameters 

 IPART: the particles parameters are stocked in the file. Each line contains all the 
information needed for the particle: position, velocity, pressure, density, 
temperature and sound velocity. IPART is read at the beginning of the CAL routine 
so that before any calculation is performed, the particles are set and possess 
values for all the key parameters. 

Common files are also created. For example, SPHSCA contains all the scalar variables 
used in the SPH element. However, all the variables are declared since no implicit 
variables is allowed (IMPLICIT NONE). 

4.1.2 Routines 

In this part, the links between the different routines will be illustrated with the help of 
several charts. They are ranked according to the level of details, from the most general 
one to the most detailed one. 
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Figure 17 – General coupling structure/fluid scheme 
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INITSPH: 

Parameters are initialised (T=0,P 
hydrostatic,rho=rho0) 

CAL040 

SELF_POISSON: 

Mass calculation 

  LEVEL 1   LEVEL 2   

CHECK-LIMITS: 

Update of the limit domain 

DIVIDE: 

Domain divided into cells  

AC_POISSON: 

Cells are swept from left to right and 
downward to upward. Coefficient for mass 

matrix calculated 

  LEVEL 3   

CELIJ: 

Neighboring cells are investigated. 

I – reference particle & j – neighbor particle 

If R>2h: 

No interaction 

If R<2h: 

Interaction 

SELF: 

Cell itself is investigated. 

I – reference particle & j – neighbor particle 

If R>2h: 

No interaction 

If R<2h: 

Interaction 
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MOVENODE: 

Position of the nodes updated 

Position of the structure particles updated 

CAL040 

SELF_POISSON: 

Integration scheme/Poisson’s equation 

  LEVEL 1   LEVEL 2   

CHECK-LIMITS: 

Update of the limit domain 

DIVIDE: 

Domain divided into cells  

AC_POISSON: 

Cells are swept from left to right and 
downward to upward. Coefficient for pressure 

resolution (Poisson’s equation) calculated 

  LEVEL 3   

CELIJ/SELF: 

Neighboring cells are investigated. 

I – reference particle & j – neighbor particle 

If R>2h: 

No interaction 

If R<2h: 

Interaction 

BUILD_MAT: 

BC are taken into account 

Matrix modified 

SOLVE_POISSON: 

Matrix-vector Poisson’s equation is solved 

PREDICTOR STEP: 

Gravity applied 

DENSITY UPDATE: 

Density calculation with new positions 

CORRECTOR STEP: 

Gradient applied 

FEX_2D/FEX_2D2/FEX_2D3/FEX_2D4: 

Calculation of the forces on the structural 
nodes (2D method) 
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4.2 Definition of the reference cases 

The solvers are developed with the help of different 2D test cases. For the 
compressible solver, the development is a step ahead compared to the incompressible 
solver. Therefore, different test cases have been tested (falling structure on the water, 
wave generation, dam break,...). See appendix 3 for some example of compressible 
tests. To apprehend the incompressible theory and implement the corresponding code, 
two cases have been settled and used as reference test cases. They will be described 
below. 
The purpose is to ensure that the output pressure is consistent with the theory. Thus, the 
tests are designed so that the pressure is easily accessible from a theoretical point of 
view.   

4.2.1 Column 

The first test is a column of particles set vertically. The original configuration is made of a 
limit particle at the bottom of the column and fluid particles above. This configuration will 
evolve and the evolutions will be described further in the report. 

 

 
Figure 18 – FELAND interface and view of the column 
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Figure 19– Schematic view of the column 

The choice of such an example relies on two main reasons: 

 It is a 1D problem. It means that only the Y-direction is investigated. The issue 
dealing with the X-direction and above all the boundary conditions issue in the X-
direction is dropped.  

 The theoretical solution is well-known. The pressure expected is a function of the 
depth: 

푃 = 휌 푔(ℎ − 푦(푖)) 

 
In order to be able to analyze the output file, the kernel support is carefully chosen. Each 
particle has two neighboring particles, one above and one below. All the parameters’ 
calculations include summations that are reduced to two components. The Y- 
discretisation is a constant parameter. The smoothing length ℎ is adapted to suit this 
discretisation.  

4.2.2 Tank 

Once the results seem relevant for the column, another test is performed. The geometry 
is more complex with an additional dimension (2D) and more particles are involved. 
Although the number of particles is varying, 16 to 60 particles are used for the column 
and around 1500 for the tank. The original configuration corresponds to figure 20.  

Top fluid particle 

First fluid particle 

Limit particle 

푦⃗ 

푥⃗ 

Kernel 
support 
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Figure 20– Tank view 

 
 

Figure 21 – Schematic view of the tank 

Fluid particles 

Limit particles 

푦⃗ 

푥⃗ 
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The main motivation is still linked to the knowledge of the theoretical solution. The X-
direction boundary conditions are taken into account. 

 
푃 = 휌 푔(ℎ − 푦(푖)) 

4.3 Results and other tests 

In this section, the different simulations tested and the corresponding results will be 
investigated. It is organized chronologically so that the progression of the work done 
during the mater thesis is underlined. The implementation of the compressible solver was 
achieved and minor modifications were done. It was used mainly to apprehend the SPH 
method and perform some tests. The choice is to focus on the incompressible solver 
implementation which was the main core of the domain. First, a correct initialization of the 
parameters is needed. The mass calculation plays a key role in this initialization. Then the 
static equilibrium is investigated and finally the dynamic equilibrium. 

4.3.1 Initialization – Mass 

4.3.1.1 Key parameters 

What is called key parameters correspond to the following variables: 

푟⃗ - particle position in the ground based system 

푣⃗ - particle velocity in the ground based system 

휌 - particle density 

푃 - particle pressure 

푚 - particle mass 

푇 - particle temperature 

푐 - sound velocity associated with the particle 

 

As explained previously, these parameters are set in a file named IPART. IPART is read 
when the input file is selected and the parameters are given a value. This corresponds to 
the initialization process as done in the compressible solver. In other terms, the particles 
position were fixed, the velocities set to zero, the pressure made equal to the hydrostatic 
pressure, the density set to the reference density and the mass given an arbitrary value 
identical for all the particles. 

 
Quickly, two issues arise: 

 푇  and 푐  are no longer needed since the viscous effects are ignored at the 
beginning and the energy equation is not solved anymore. 



Development of a dynamic calculation tool for ditching 

 
  Page 61 / 94 

 The mass, the density and the positions can not be set separately according to 
equation 13. 

The first one is solved simply by ignoring the value of these parameters (set to zero and 
never changed). The second one is more complex than expected and will be the subject 
of further studies. 

4.3.1.2 Mass 

4.3.1.2.1 First approach 
The first approach is driven by equation 13 which is reproduced below. 
 

휌 = 푚 푊 (푟⃗ , ℎ) 

The incompressible solver is based on the assumption that the density is kept constant at 
each step. Consequently, in the formula above, the density is a given data. The kernel 
function depends on the smoothing length and the positions of the particles. The 
discretisation that is to say the positions are supposed to be set. The smoothing length is 
a parameter adjusted before the beginning of the simulation and is considered to be set 
in this case. As a consequence, 푊 (푟⃗ , ℎ) is fully determined. The unknown are the 
masses. 
The problem can be written in terms of vectors and matrix: 
 

휌
⋮

휌
=

휌
⋮
휌

= [푊 ] ∗
푚
⋮

푚
     [22] 

 
And 

 
푚
⋮

푚
= [푊 ] ∗

휌
⋮
휌

     [23] 

 
To make it more explicit, in the case of the column, the matrix can be written 

 

[푊 ] =

푊 푊 0 0 ⋯ 0 0 0
푊 푊 푊 0 ⋱ 0 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 0 ⋯ 0 푊 , 푊 ,
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The whole incompressible algorithm is solved using this mass initialization. An improved 
version of this initialization is implemented. The masses are calculated iteratively with the 
following scheme: 

 
Figure 22 – Mass calculation scheme 

Some important observations are gathered below: 

 The masses tend to be higher on the edges. Considering the matrix Wij ,this could 
be expected. Indeed, the diagonal terms are equal since the value of the kernel is 
evaluated for the self-contribution of the particle. 

 For different values of h, negative values of masses could be obtained. At first, the 
kernel function was investigated further since it was supposed to be the source of 
the issue. It appears that the kernel function is verifying various mathematical 
conditions that totally determine it. 

Finally, it has to be admitted that the problem was coming from the truncature of the 
kernel. It was observed mathematically that the matrix was not correctly conditioned. 
Indeed, the particles close to the edges have fewer neighbors. In the column case, this 
can be observed for the first and last rows where only two non-zero terms are present 
instead of three (one neighbor instead of two). This truncature of the kernel plays a key 
role in the SPH theory and was involved in numerous problems that were faced. 

4.3.1.2.2 Second approach 
The idea is still to calculate the mass from equation 22. In order to avoid the truncature of 
the kernel, dummy particles ([12]+[14]) are added below the limits and above the top fluid 
particles. For the column, the configuration becomes: 
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Figure 23– Modified column configuration 

Limit particle 

푦⃗ 

Dummy particle 
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Figure 24 – The different configurations 

The problem remains identical. The only difference is that the first and last rows of the 
matrix correspond to dummy particles and no longer fluid particles. Still the problem was 
not well-defined and the incompressible solver was not giving consistent results with the 
theory. The solution to this masses initialization issue was found by studying the matrix 
used to solve the Poisson’s equation. 
Indeed, analytically, it can be shown that to get a hydrostatic pressure, the terms of the A 
matrix used to solve the Poisson’s equation need to be the same when considering an 
equally discretized domain. For reminder, the formula is: 
 

푎 = −
2
휌∗

푚
푟

∗ 푟⃗ .∇ 푊 푟⃗  

푦⃗ 

One dummy particle 

푦⃗ 

Two dummy particles 

N dummy particles 
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The elements underlined in red are directly related to the space discretisation. To ensure 
the same value, the density and the mass are the only variables left. Since 
incompressibility is considered, the density should be the same for all the particles. It 
appears that the masses have to be the same. 
When dummy particles are added, the masses differences on fluid particles tend to 
decrease since the important variations of mass are reported on dummy particles. The A 
matrix terms tend to be equal. However, a slight difference between these terms leads to 
not consistent results. It can be noticed that an increasing number of dummy particles 
tend to give better results. But whatever the number of dummy particles is, the results 
obtained are not satisfying.  
Below, different results for the column test case have been gathered with the explanation 
of the configuration and comments on the outputs. The tests consist in solving the 
incompressibility with the masses set according to what has just been explained. All the 
charts are given as a function of time. It has to be noted that pressure is the output 
studied in most of the cases. First of all, it is a parameter of particular interest by the 
nature of the incompressibility theory. Secondly, it turns out to be the parameter the most 
sensitive to non-convergence and when the state of equilibrium was not reached it clearly 
appeared on the pressure values. 
 

 
Figure 25 – Pressure of the bottom limit particle as a function of time 
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Figure 26 – Pressure of the bottom limit particle as a function of time 

The output corresponds to the pressure of the limit bottom particle. The purpose is not to 
compare the theoretical value of the pressure obtained. Indeed, the same number of total 
particles is used. The depth of the limit particle is different in the two configurations 
leading to different theoretical values for the limit particle pressure. First of all, it has to be 
observed that the convergence is never achieved even when longer simulations are run. 
This is obviously the reason why the results were not satisfying and researches were still 
carried on. Another interesting observation concerns the oscillation amplitudes. The 
convergence seems to be better with 4 dummy particles. It has been confirmed with 
simulations including more than 4 dummy particles. 

4.3.1.3 Solution 

As explained briefly above, the solution seemed to be the presence of an infinite number 
of dummy particles. The convergence is partially obtained (the pressure oscillation is 
contained) with at least two dummy particles but the results show that the pressure is 
never converging. The problem linked to this infinite number of dummy particles is 
obviously the impossibility to create and handle them. 

Consequently, the contribution of the dummy particles needs to be simulated. No more 
dummy particles are used and the basic configuration includes only limit and fluid 
particles. This is achieved through the following steps: 

 A particle in the middle of the fluid domain is selected. Since the masses are 
supposed to be the same, the system can be written under the form: 
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푚
⋮
푚

= [푊 ] ∗
휌
⋮
휌

     [24] 

Ie 

푚 =
휌

∑ 푊푖푗
     [25] 

푖 – selected particle with no truncated kernel. 

Obviously for the particles with a truncated kernel (the top fluid particle or the limit particle 
for example), the density will be lower than the reference density: 

 

푊푖푗

 

< 푊푖푗

  

 

 

푚 푊푖푗

 

= 휌       <       푚 푊푖푗

  

= 휌  

 

 Considering the previous remarks, the vector of contribution will take the following 
form: 

 

푐표푛푡푟푖푏 =
푐표푛푡푟푖푏

⋮
푐표푛푡푟푖푏

= (휌 − 휌 ) 

 
This contribution is added each time the density is calculated. The term is zero for 
particles in the fluid domain with no truncated kernel and is non zero for particles with a 
truncated kernel. This artificial contribution allows the masses to be equal and the density 
to be set to the reference value. 
Simulations are run with equal masses and density for all the particles. The solution found 
regarding the masses initialization seems relevant: an important analysis work has been 
done (numerous options tested) and the pressure at the end of the first time step is 
almost the hydrostatic one (error less than 0.1 Pa). 

4.3.2 Static equilibrium 

Once the mass is set, the static equilibrium is sought. A correct initialization leading to a 
stable simulation (no variation of the parameters) is trickier to get than one can expect. 
For instance, the simulations for the compressible solver show that the state of 
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equilibrium does not correspond to the initial setup. The different problems encountered 
are treated in order of appearance. 

4.3.2.1 Boundary conditions 

The issue of the boundary conditions is treated at the same time as the mass 
initialisation. Otherwise, simulation would give erroneous solutions after the mass 
initialisation and no conclusions could be drawn on the origin of these errors. 

4.3.2.1.1 Surface particle 
The surface particles were the first particle to be treated. From the theory, it is known that 
the pressure of these particles should be set to zero. In the case of the column, only one 
surface particle was present. 
In the code, to ensure the zero pressure, the Poisson’s equation is not solved on these 
particular particles. Mathematically, the following operation is made: 

 

 ∀푗                    푎 , = 0                        

                                푏 =
휌 − 휌∗

휌∗ ∆푡
= 0 

푃 = 0 
 
The incompressibility for the surface particles is not ensured but the pressure is forced to 
stay at a zero value during the calculation. However, when calculating the gradient, the 
top surface particle only sees one neighbour particle, the one below. The gradient is 
positive for the top surface particle and the column tends to crush in the downward 
direction leading to a breakdown of the algorithm. The same scheme as for the mass is 
used. To ensure a zero gradient for the top particle, a dummy particle needs to be placed 
symmetrically to the surface. Its properties will be: same density as the mirrored particle, 
opposite pressure and symmetrical position compared to the top fluid particle. See below 
the figure for more explicit details. 
As for the mass, the dummy particle is not physically represented. A mathematical 
contribution to the gradient of the top surface particle is added. The idea behind this is still 
the same: simulating an infinite domain. 
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Figure 27 – Top surface particle behavior 

 
Figure 28 – Dummy simulation symmetrically 

4.3.2.1.2 Limit particle (Y-direction) 
The particles that also needed a particular treatment were the fixed limit particles. As for 
the surface particle, only one was present in the column test case (the bottom particle). 
Two different kinds of approach were tested. 
At first, it seemed that the zero gradient condition was the correct boundary conditions. 
Indeed, it implies that the limit particle had no motion which appeared relevant. In the 
code, the row corresponding to the fixed limit particle was filled with the gradient equation 
coefficients. Instead of the coefficients corresponding to the incompressibility, the terms 
were: 

 

Top fluid particle 

Surface 

Zero 
gradient 

Top fluid particle 

Surface 

Positive 
gradient 
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푎 = −
2
휌∗

푚
푟

∗ 푟⃗ .∇ 푊 푟⃗ ⇒ 푎 =
1
휌

푚 ∇ (W ( 푟⃗ )) 

And 

푎 = − 푎  

since 

∇푃 =
1
휌

푚 푃 − 푃 ∗ ∇ (W ( 푟⃗ )) 

 
The right-hand side vector term is set to zero to force the gradient to be equal to zero. 
The results obtained are given in the following figures. They correspond to the evolution 
of the fixed limit particle parameters in time. 
 

 
Figure 29 – Density of the fixed limit particle at the bottom of the column 

The density is dramatically decreasing leading to a divergence of the algorithm. This is 
even more obvious on the pressure output figure. 
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Figure 30– Pressure of the fixed limit particle at the bottom of the column 

 
Figure 31– Zoom on the pressure of the fixed limit particle at the bottom of the column 

From the previous simulations, it was concluded that the incompressibility needed to be 
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fluid particle but is not moved during the simulation. The parameters are converging 
towards the expected values. The following figures correspond to the parameters 
evolution for the deepest fluid particle (the one just above the fixed limit particle) in the 
column case. 
 

 
Figure 32 – Position of the deepest fluid particle 
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Figure 33– Pressure of the deepest fluid particle 

 
Figure 34– Density of the deepest fluid particle 

The convergence seems to be achieved. However, important oscillations are observed at 
the beginning which is quite unexpected since the parameters are set to their equilibrium 
values. Algorithm improvements are going to be tested (see § 4.3.2.3.). 

To summarize, for the limit particles, 

푟⃗ = 0 
푣⃗ = 0 

푚 = 푚  
휌 ≈ 휌  

푃 → 푃표푖푠푠표푛 푠 푒푞푢푎푡푖표푛 

 

4.3.2.1.3 Limit particle (X-direction) 

Once the equilibrium is set for the column case, the tank case is tested. The boundary 
conditions applied at the beginning are the same as for the column case. See the figure 
below for the tank configuration description. 
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Figure 35- Tank configuration 

The dummy particles in black are physically present. It is easier to create them than 
handle their fictive contribution if a fluid particle is getting too close to the edges. They 
have the properties described in § 3.2.3.2. Fixed limit particles properties are identical to 
the one detailed in the previous paragraph. Dummy particles are simulated for the 
calculation of the top surface particles gradient. They are not physically represented. See 
below for the results in terms of pressure and velocity. 

 
Pressure Velocity 

  

Dummy particle simulated 

푦⃗ 

푥⃗ 
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T=0s T=0s 

  
T=17s T=17s 

 

 
 T end of simulation 

Figures 36 to 40- Pressure and velocity fields 

It clearly appears an effect in the X-direction due to the boundary conditions. Indeed, 
during the predictor step, the fluid particles are moved downwards whereas the limit 
particles stay at the same position. Consequently, the density is modified both for limit 
and fluid particles and it should not be so. See the figure below. 
 

Pressure 
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T=0s 

 
T end of simulation 

Figures 41 to 42 – Pressure field 
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Figure 43 – Configuration on the edges leading to board effects 

To prevent this phenomenon, the limit particles as well as the dummy particles are 
granted a degree of freedom according to figure 44. This requires the height of the limit 
and dummy particles column to be the same as the fluid level initially. 

 
Figure 44 – Boundary conditions 

 

4.3.2.2 Gradient correction 

Before going on with the improvement methods implemented, another issue arises 
regarding the smoothing length value. This problem was observed on the column case. 
The results for the pressure at each time step were the following: 
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푃 =

⎝

⎜
⎛

0
푃

2푃
⋮

(푁푃 − 1)푃 ⎠

⎟
⎞

 

 

 
Figure 45 – Column case and definition of dY, the discretisation in the Y-direction 

The expected result was: 
 

푃 = 휌 푔푑푌 

 

When varying the value of the smoothing length ℎ, 푃  is varying. It was found that the 
correct value for 푃  is obtained when the smoothing length is equal to dY. However, this 
was not satisfying and an analytical work was performed. It was all the more important 
that the gradient correction applied is relying on the pressures calculated. The gradient 
was expected to compensate the effect of gravity. In theory, it should be: 
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푔⃗ =
1
휌∗
∇푃     [26] 

So that 

푣⃗ = ∆푣⃗∗∗ + 푣⃗∗ = ∆푣⃗∗∗ + (푣⃗ + 푔⃗∆푡) = −
1
휌∗
∇푃∆푡 + (푣⃗ + 푔⃗∆푡) = 푣⃗  

And the equilibrium is achieved. In practise, the gradient was depending on the 
smoothing length value which was not acceptable. 
 

 
Figure 46– Pressure of the fixed limit particle as a function of time and the smoothing length 

First, 푃  values were studied as a function of the smoothing length. Different simulations 
with a varying smoothing length were run. The purpose was to investigate the existence 
of a potential factor that could explain the variations of the pressure. Factors proportional 
to powers of ℎ were investigated. No rules could be found. 

Then, the theoretical gradient and the gradient implemented in the code were compared. 
The theoretical one is derived from the writing of the hydrodynamic pressure in terms of 
SPH. The corrective factor puts in relation the kernel function and its derivative. See 
appendix 4 for results. 
 

∇푃
∇푃

=
∑ 푊

∑ (푦(푖) − 푦(푗))∇ 푊
     [27] 

 

2500

2600

2700

2800

2900

3000

3100

0,00E+00 2,00E-01 4,00E-01 6,00E-01 8,00E-01 1,00E+00 1,20E+00 1,40E+00 1,60E+00

Pr
es

su
re

 [P
a]

Time [s]

Pressure

Ref case

h=0.004

h=0.006

h=0.007

T simu=3s



Development of a dynamic calculation tool for ditching 

 
  Page 80 / 94 

Consequently, in the correction step of the incompressible algorithm, this coefficient was 
multiplied to the numerical gradient in order to counteract the effect of gravity correctly. 
The dependency to the smoothing length has been erased. 

4.3.2.3 Convergence improvements 

The initialisation is now supposed to be correctly apprehended. The simulations are still 
slow in terms of calculation time (typically a couple of minute for each time step of 10 s) 
and not perfectly convergent. Two types of approach were tried to improve the 
convergence rate. 

4.3.2.3.1 Improvement on the predictor step 
This was an obvious way to improve convergence rate. The idea relies on the 

observation that not only gravity but also pressure forces should be applied. Thus, the 
velocity should be close to zero and the particles almost not moved (displacements below 
10 m). The corrector step is kept but the output is no longer the pressure but the 
correction in pressure. It is equivalent to a small variation of pressure that will be naturally 
denoted 푑푃. Great hope was founded on this improvement of the code. It turns out that it 
never succeeded to converge. Not only the convergence was not improved but it leads to 
the breakdown of the algorithm. Although many simulations with different parameters 
setup were run, it always diverged. 

 

 
Figure 47– Pressure on the fixed limit particle with an improved predictor step 
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again (ie the next time step is started), the particles are forced to converge to a state of 
equilibrium. It means that the gravity is not applied again before a state of equilibrium is 
achieved. The following chart summarizes the concept of this inner loop. 

 
Figure 48– Scheme of the inner-corrector step loop 

The results show a clear improvement on the convergence rate. The improved corrector 
step has been definitely implemented in the code. It has to be noticed that the time of 
calculation has considerably increased. 
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Figure 49 – Comparison of results 

4.3.3 Dynamic simulations 

4.3.3.1 Surface tracking 

Once the static equilibrium is set, simulations with coupling structure-fluid have been 
tested. A main issue arise then. When the structure is interacting with the fluid, the 
surface particles can no longer be considered so. The first step was to design a criterion 
in order to handle the transitions surface -> fluid and fluid -> surface for the particles. The 
surface particles have fewer neighbour particles because of the truncated kernel. This 
property is used to set the criterion. The following quantity is calculated: 
 

∇(푟⃗ ) =
1
휌

푚 푟⃗ .∇ (W ( 푟⃗ )) 

The value in the core of the domain is calculated ∇(푟⃗ )  and the criterion to determine 
which particle belongs to the surface is: 

 

∇(푟⃗ ) < 퐶 ∗ ∇(푟⃗ )  
C being a constant. 
Despite many attempts, the code is still not able to handle properly the transition. As soon 
as the structure is entering the surface particles kernel support, the algorithm breaks 
down. In order to go forward with this issue in mind, simulations with an initial state out of 
equilibrium have been tested. 

4.3.3.2 Out of equilibrium simulations 

Figures 50 to 55 correspond to the pressure and velocity fields for an initial configuration 
out of equilibrium. 
 

 
Figure 50 – Pressure field at t=0s 
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T=0s T=60s 

  
T=80s T=140s 

 

 

T=240s  

 
Figure 51 to 55 – Velocity field 

 
The results seem relevant both in terms of pressure and velocity. The initial configuration, 
even not at equilibrium, was close to it and it may be difficult to distinguish the variations 
of pressure. However, the velocities appear more clearly and the propagation of the wave 
is visible. 
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5 CONCLUSIONS AND PERSPECTIVES 

The project work is a real research work. Both the initialisation and the incompressibility 
are complex issues, quite difficult to apprehend. 

 
The initialisation is strongly linked to the mass determination. The masses need to be 
equal for all the particles although this could lead to differences in terms of density. A 
smart way to deal with the edge effects is to simulate dummy particles, that is to say an 
extended infinite domain. 
 

The boundary conditions issue appears to be even more difficult to solve. Dummy 
particles need to be added so that the kernel is not truncated for fluid particles. However, 
although handling dummy particles that are not moved is quite easy, handling dummy 
particles on the fluid surface is more complicated. The choice is made to simulate them 
by addition of their contribution when calculating the different parameters where they 
need to be considered. 

 
My work was an actual one that could have been done by one of the Dassault Aviation 
employees. A real strong scientific background was needed as well as some 
programming skills. I was challenged every day at work and I am grateful to Dassault for 
that. 
 

The long-term purpose is to get a tool to predict ditching behaviour for an aircraft. Thus, 
the next developments should be: 

 Tests with a falling structure. Verify that the pressure calculated is the one 
expected and that the fluid-structure interaction is appropriately handled. 

 Numerical improvement in terms of time calculation and matrix multiplications and 
simplification of the code 

 3D simulations which implies that the code is able to handle 3D cases. 
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7 APPENDIXES 

7.1 Appendix 1 

EMERGENCY LANDING CONDITIONS 
.../... 
CS 25.563 Structural ditching provisions 
Structural strength considerations of ditching provisions must be in accordance with CS  
25.801 (e). 

 
 
EMERGENCY PROVISIONS 

CS 25.801 Ditching 
(a) If certification with ditching provisions is requested, the aeroplane must meet the 
requirements of this paragraph and CS 25.807(e), 25.1411 and 25.1415(a). 
(b) Each practicable design measure, compatible with the general characteristics of the 
aeroplane, must be taken to minimise the probability that in an emergency landing on 
water, the behaviour of the aeroplane would cause immediate injury to the occupants or 
would make it impossible for them to escape. 
(c) The probable behaviour of the aeroplane in a water landing must be investigated by 
model tests or by comparison with aeroplanes of similar configuration for which the 
ditching characteristics are known. Scoops, wing-flaps, projections, and any other factor 
likely to affect the hydrodynamic characteristics of the aeroplane, must be considered. 
(d) It must be shown that, under reasonably probable water conditions, the flotation time 
and trim of the aeroplane will allow the occupants to leave the aeroplane and enter the 
life rafts required by CS 25.1415. If compliance with this provision is shown by buoyancy 
and trim computations, appropriate allowances must be made for probable structural 
damage and leakage. If the aeroplane has fuel tanks (with fuel jettisoning provisions) that 
can reasonably be expected to withstand a ditching without leakage, the jettisonable 
volume of fuel may be considered as buoyancy volume. 
(e) Unless the effects of the collapse of external doors and windows are accounted for in 
the investigation of the probable behaviour of the aeroplane in a water landing (as 
prescribed in subparagraphs (c) and (d) of this paragraph), the external doors and 
windows must be designed to withstand the probable maximum local pressures. 
 
CS 25.807 Emergency exits 
(See AMC to 25.807 and 25.813 and AMC 25.807) 
.../... 
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(e) Ditching emergency exits for passengers. 

Ditching emergency exits must be provided in accordance with the following requirements 
whether or not certification with ditching provisions is requested: 
 (1) For aeroplanes that have a passenger seating configuration of nine seats or 
less, excluding pilots seats, one exit above the waterline in each side of the aeroplane, 
meeting at least the dimensions of a Type IV exit. 
 (2) For aeroplanes that have a passenger seating configuration of 10 seats or 
more, excluding pilots seats, one exit above the waterline in a side of the aeroplane, 
meeting at least the dimensions of a Type III exit for each unit (or part of a unit) of 35 
passenger seats, but no less than two such exits in the passenger cabin, with one on 
each side of the aeroplane. 
The passenger seat/exit ratio may be increased through the use of larger exits, or other 
means, provided it is shown that the evacuation capability during ditching has been 
improved accordingly. 
 (3) If it is impractical to locate side exits above the waterline, the side exits must be 
replaced by an equal number of readily accessible overhead hatches of not less than the 
dimensions of a Type III exit, except that for aeroplanes with a passenger configuration of 
35 seats or less, excluding pilots seats, the two required Type III side exits need be 
replaced by only one overhead hatch. 

 

 

ELECTRICAL SYSTEMS AND EQUIPMENT 
…/… 
CS 25.1362 Electrical supplies for emergency conditions 
(See AMC 25.1362) 

A suitable supply must be provided to those services, which are required, in order that 
emergency procedures may be carried out, after an emergency landing or ditching. The 
circuits for these services must be so designed, protected and installed such that the risk 
of their causing a fire, under these conditions, is minimised. 
 
 
SAFETY EQUIPMENT 
CS 25.1411 General 
.../... 
(d) Liferafts 

 (1) The stowage provisions for the liferafts described in CS 25.1415 must 
accommodate enough rafts for the maximum number of occupants for which certification 
for ditching is requested. 
 (2) Life rafts must be stowed near exits through which the rafts can be launched 
during an unplanned ditching. 

 (3) Rafts automatically or remotely released outside the aeroplane must be 
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attached to the aeroplane by means of the static line prescribed in CS 25.1415. 

 (4) The stowage provisions for each portable life raft must allow rapid detachment 
and removal of the raft for use at other than the intended exits. 
(e) Long-range signalling device. The stowage provisions for the long-range signalling 
device required by CS 25.1415 must be near an exit available during an unplanned 
ditching. 
(f) Life-preserver stowage provisions. The stowage provisions for life preservers 
described in CS 25.1415 must accommodate one life preserver for each occupant for 
which certification for ditching is requested. Each life preserver must be within easy reach 
of each seated occupant. 
(g) Life line stowage provisions. If certification for ditching under CS 25.801 is requested, 
there must be provisions to store the lifelines. These provisions must – 
 (1) Allow one life line to be attached to each side of the fuselage; and 

 (2) Be arranged to allow the lifelines to be used to enable the occupants to stay on 
the wing after ditching. This requirement is not applicable to aeroplanes 
CS 25.1415 Ditching equipment 
(a) Ditching equipment used in aeroplanes to be certified for ditching under CS 25.801, 
and required by the Operating Rules, must meet the requirements of this paragraph. 
(b) Each liferaft and each life preserver must be approved. In addition – 

 (1) Unless excess rafts of enough capacity are provided, the buoyancy and seating 
capacity beyond the rated capacity of the rafts must accommodate all occupants of the 
aeroplane in the event of a loss of one raft of the largest rated capacity; and 

 (2) Each raft must have a trailing line, and must have a static line designed to hold 
the raft near the aeroplane but to release it if the aeroplane becomes totally submerged. 
(c) Approved survival equipment must be attached to, or stored adjacent to, each liferaft. 

(d) There must be an approved survival type emergency locator transmitter for use in one 
life raft. 
(e) For aeroplanes, not certificated for ditching under CS 25.801 and not having approved 
life preservers, there must be an approved flotation means for each occupant. This 
means must be within easy reach of each seated occupant and must be readily 
removable from the aeroplane. 

 
AMC 25.1581 
Aeroplane Flight Manual 
…/… 

6 AEROPLANE FLIGHT MANUAL CONTENTS 

The AFM should be divided into the following sections, as appropriate for the specific 
aeroplane type or model. For purposes of standardisation, it is recommended that the 
sequence of sections and of items within sections follow this outline. 
…/… 
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c. Operating Procedures Section.  

…/… 
 (5) Emergency Procedures. The emergency procedures can be included either in a 
dedicated section of the AFM or in the non-normal procedures section. In either case, this 
section should include the procedures for handling any situation that is in a category 
similar to the following: 
(i) Engine failure with severe damage or separation. 

(ii) Multiple engine failure. 
(iii) Fire in flight. 
(iv) Smoke control. The following should be clearly stated in the AFM: After conducting 

the fire or smoke procedures, land at the nearest suitable airport, unless it is visually 
verified that the fire has been extinguished. 

(v) Rapid decompression. 

(vi) Emergency descent. 
(vii) Uncommanded reverser deployment in flight. 
(viii) Crash landing or ditching. 

(ix) Emergency evacuation. 

7.2 Appendix 2 

N° NAME TYPE CARACTERISTICS OF THE VARIABLE 

1 i_kernel INTEGER*4 Type of kernel function : 

1 – gaussian 

2 – quadratic 

3 – cubic spline 

5 – quintic Wendland 

2 i_algorithm INTEGER*4 Type of algorithm for time integration : 

1 – predictor-corrector 

2 – Verlet 

3 – Beeman 

4 – Poisson (incompressible solver) 

3 i_densityFilter INTEGER*4 Density filter: 

0 – non 

1 – Shepard 

2 – MLS 

4 i_viscos INTEGER*4 Viscosity type: 
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1 – artificial 

2 – laminar 

3 – laminar + SPS turbulence 

5 iBC INTEGER*4 Boundary conditions : 

1 – Monaghan (repulsive) 

2 – Dalrymple (dynamic) 

6 lattice INTEGER*4 Fluid structure type : 

1 – non (SC) 

2 – oui (BCC) 

7 i_EoS INTEGER*4 Equation of state : 

1 – Tait equation (Weakly compressible fluid) 

2 – Ideal gas 

8 h_SWL REAL*8 Water rest height  (m) 

9 B REAL*8 Parameter in the equation of state 

10 gamma REAL*8 Parameter in the equation of state 

11 coef REAL*8 Coefficient on the sound velocity (used to caculate B) 

12 eps REAL*8 Parameter in XSPH (0.5 by default) 

13 rho0 REAL*8 Reference density (1000kg.m-3 by default) 

14 viscos_val REAL*8 Viscosity parameter 

α if i_viscos=1 

ν if i_viscos=2 or i_viscos=3 

15 visc_wall REAL*8 Parameter for Monaghan BC (wall viscosity) 

16 vlx REAL*8 Domain size in the X-direction 

17 vly REAL*8 Domain size in the Y-direction 

18 vlz REAL*8 Domain size in the Z-direction 

19 dx REAL*8 Distance between particles in the X-direction 

20 dy REAL*8 Distance between particles in the Y-direction 

21 dz REAL*8 Distance between particles in the Z-direction 

22 h REAL*8 Resolution (smoothing length) 

23 NP INTEGER*4 Total number of particles (limit and fluid) 

24 NB INTEGER*4 Total number of limit particles (mobile and fixed) 

25 NBF INTEGER*4 Total number of fixed particles 

26 ivar_dt INTEGER*4 Variable step time: 
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0 : no 

1 : yes 

27 dt REAL*8 Initial time step 

28 i_correct_pb INTEGER*4 Parameters for the calculation of limit particles pressure 

0 : ρ=ρ0 and P=0 

1 : hydrostatic correction and P calculation 

29 XMIN REAL*8  « XMIN initial » imposed for the domain  

30 XMAX REAL*8 « XMAX initial » imposed for the domain 

31 YMIN REAL*8  « YMIN initial » imposed for the domain  

32 YMAX REAL*8 

 

 « YMAX initial » imposed for the domain  

33 ZMIN REAL*8  « ZMIN initial » imposed for the domain  

34 ZMAX REAL*8  « ZMAX initial » imposed for the domain  

35 ZZMAX REAL*8 Maximum fluid height (equal to h_SWL) 

36 CFL_number REAL*8 Coefficient for the calculation of the step time. 
Recommanded between 0.1 et 0.5 

37 TE0 REAL*8 Initial value for thermic energy (Ideal gas) 

38 fex INTEGER*4 Routine used for effort calculations : 

1 : FEX_2D 

2 : FEX_2D2 

3 : FEX_2D3 
 

7.3 Appendix 3 

7.3.1 Wave generator 

 

 

 t=0 s  t=0.15 s 
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7.3.2 Diedre impact 

 
Pressure field as a function of time 
 

 
t=0.0025 

 
t=0.0050 

 
t=0.0075 

 
t=0.0100 

 
t=0.0125 

 
t=0.0150 

 

 

 t=0.23 s 
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t=0.0175 

 
t=0.0200 

 
t=0.0225 

7.4 Appendix 4 

∇푃 . 푒⃗ = −휌 푔 = −휌 푔 

∇푃 , = −푔 푚 푊 = −푔푚 푊  

 

∇푃 . 푒⃗ =
1
휌∗

푚 (푃 − 푃 )∇ 푊 =
1
휌∗

푚 (푃 − 푃 )∇ 푊  

∇푃 . 푒⃗ =
1
휌∗

푚 (−휌 푔푦(푖) + 휌 푔푦(푗))∇ 푊  

∇푃 . 푒⃗ =
1
휌

푚 (−휌 푔푦(푖) + 휌 푔푦(푗))∇ 푊  

∇푃 . 푒⃗ = 푚 (−푔푦(푖) + 푔푦(푗))∇ 푊  

∇푃 . 푒⃗ = 푔푚 (−푦(푖) + 푦(푗))∇ 푊  

Ie 
 

∇푃
∇푃

=
∑ 푊

∑ (푦(푖) − 푦(푗))∇ 푊
     [27] 


