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Abstract
Cemented carbides are composite materials consisting of a hard carbide and a
ductile binder. They are powdermetallurgically manufactured, where liquidphase sintering is one of the main steps. The most common cemented carbide
consists of WC and Co and it is widely used for cutting tools. Two of the most
important factors controlling the mechanical properties are the WC grain size
and the grain size distribution and thus it is of great interest to understand
the grain growth behavior.
In this thesis the grain growth during sintering at 1430 ◦ C is studied both
experimentally and through computer simulations. The grain growth behavior in cemented carbides cannot be explained from the classical LSW-theory.
The WC grains have a faceted shape necessitating growth by 2-D nucleation
of new atomic layers or surface defects. A new model based on 2-D nucleation,
long-range diffusion and interface friction is formulated.
Three powders having different average sizes are studied and both experiments
and simulations show that a fine-grained powder may grow past a coarsegrained powder, indicating that abnormal grain growth has taken place in
the fine-grained powder. Fine-grained powders with various fractions of large
grains are also studied and it is seen that a faster growth is obtained with
increasing fraction of large grains and that an initially slightly bimodal powder
can approach the logaritmic normal distribution after long sintering times.
The grain size measurements are performed on 2-D sections using image analysis on SEM images or EBSD analysis. Since the growth model is based on
3-D size distributions the 2-D size distributions have to be transformed to
3-D, and a new method, Inverse Saltykov, is proposed. The 2-D size distribution is first represented with kernel estimators and the 3-D size distribution
is optimized in an iterative manner. In this way both negative values in the
3-D size distribution and modifications of the raw data are avoided.
Keywords: Cemented carbides, Grain growth, Abnormal grain growth, Image
analysis, Modeling, 3-D grain size distribution, Inverse Saktykov
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Chapter 1

Introduction
Cemented carbides are of great importance in the manufacturing industry. They
are widely used in production tools, wear parts, cutting tools and also as structural
components in machinery. Cemented carbides consist of a hard and wear resistant
carbide and a tough and ductile metal binder, giving a unique combination of
hardness and toughness. The most common carbide is tungsten carbide (WC) and
the most used binder is cobalt (Co) due to its superior wetting properties of WC
[1]. WC is hexagonal but other carbides used, such as TaC, TiC and NbC are cubic.
These carbides are used when better high temperature properties are of interest [1].
Also grain growth inhibitors such as V and Cr may be added in small amounts [2].
The carbides are powdermetallurgically manufactured. First powders of carbide and
binder are mixed and milled together with an organic binder. The milled powder is
then spray-dried into agglomerates and thereafter pressed into green bodies. The
green bodies are sintered to eliminate porosity and increase the strength of the
material.
The two most important factors controlling the mechanical properties are average
carbide grain size and grain size distribution. Some of the factors determining the
average grain size are sintering time, temperature and pressure and also the raw
material. The binder phase content also plays a significant role in controlling the
mechanical properties.
During sintering the grain size increases due to coarsening, where small grains
dissolve and larger grains grow resulting in a stepwise increase of the average grain
size. The grains often tend to grow differently and a few individual grains may
grow to an abnormally large size compared to the average grain size, i.e. abnormal
grain growth. Abnormal grain growth is devastating since the performance of the
product is reduced due to poorer mechanical properties as abnormally large grains
act as initiation points for breakage, therefore abnormal grain growth should be
avoided.
1
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The mechanism for abnormal grain growth is not fully understood and much research on the origin of abnormal grains and how to prevent abnormal grain growth
has been performed [3]-[6]. Abnormal grain growth cannot be described with the
classical theory presented by Liftshits, Slyozov and Wagner (LSW) [7, 8] where the
rate-limiting mechanism may be long-range diffusion or interface friction. The WC
grains are faceted indicating that nucleation of atomic planes limits the growth and
thus should be taken into account.

1.1

Overview and aim of this thesis

In the present thesis grain growth and abnormal grain growth in cemented carbides
are analyzed through experiments and by means of computer simulations. The aim
is to obtain a model that is capable of predicting grain growth and abnormal grain
growth. The influence of the initial grain size and grain size distribution is studied
exclusively.
Powders with different initial average grain sizes are manufactured and sintered for
different times. Also bimodal powders are produced to explore the growth of large
grains. Since good statistics for the grain size is important, two different methods for measuring, scanning electron microscopy (SEM) and electron backscatter
diffraction (EBSD), were used to investigate which method gives the most reliable
results.
When studying cross-sections of samples a 2-D grain size distribution of the grains
is obtained whereas the important distribution is the 3-D distribution. The model
is thus based on 3-D grain size distributions and to be able to compare the model
and experiments the 2-D grain size distribution has to be transformed into 3-D
grain size distribution. A new method has been proposed for the transformation
from 2-D to 3-D, the Inverse Saltykov method.

Chapter 2

Cemented carbides
WC has a hexagonal close-packed crystal structure with the lattice parameters
a=0.2906 and c=0.2837 nm at room temperature. It is highly anisotropic and
generates three types of facets. Two types of prismatic {101̄0} facets and one
type of basal {0001} facets [9]. WC primarily grows on the prismatic and basal
surfaces leading to faceting of the grains. The grains also have a tendency of
forming truncated corners which originate from an energetic difference between the
two prismatic WC/Co interfaces [1]. Fig. 2.1 shows a schematic WC grain with
the truncated corners. Since the c/a ratio of WC is almost equal to 1 (0.976) the
formation of coincidence site lattice (CSL) grain boundaries is possible [10]. In WC
the Σ2 twist boundary represents the lowest interfacial energy and such a boundary
is formed by cutting the crystal along the {101̄0} plane and rotate 90 ◦ around its
normal [11].
The most common binder is Co, but other binder phases such as Fe or Ni are also

{0001}
{1010}

{0110}

Figure 2.1: Schematic WC grain shape in Co binder.
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possible to use in cemented carbides. Pure Co transforms from hcp to fcc at 418 ◦ C
and melts at 1495 ◦ C [12]. During sintering Co becomes liquid and easily dissolves
W and C which lowers the melting temperature. After solidification the binder still
gets the fcc structure but due to the high concentration of dissolved W the natural
phase transformation to hcp is suppressed to some extent. A combination of hcp
and fcc with stacking faults will be the resulting structure [13]. The Co grains are
often dendritic and may grow to very large sizes, up to 1 mm [14].
The microstructure determines many of the key properties of cemented carbides
and the most important characteristics are the average carbide grain size, size distribution, grain shape, composition and binder fraction. The mechanical properties
are most important for the performance and mainly depends on the binder phase
content and the grain size. Therefore it is of great interest to be able to control
the grain size during sintering and inhibitors that suppress the grain growth are
sometimes added to obtain fine-grained carbides [2].

Chapter 3

Sintering

3.1

Liquid-phase sintering

During sintering particles are bonded together, leading to higher strength at the
same time as the porosity is decreased. This takes place at high temperatures where
material transport becomes kinetically possible. The sintering process takes place
much faster with the influence of a liquid phase and it is therefore possible to obtain
full densification of the compacts in reasonable sintering times typically within 1 h
with liquid-phase sintering.
There are several important parameters for the complete densification during liquidphase sintering; optimal amount of liquid, high solubility of the solid in the liquid
and complete wetting between the solid and liquid particles. The densification
and sintering process is usually divided into three steps: rearrangement, solutionreprecipitation and solid-state sintering. [15] -[19]
In the first stage the first liquid is formed, wetting the solid particles resulting in
capillary forces that pull the particles together and rearrange them into a denser
packing. In the second stage rearrangement becomes slower and there is only a
thin liquid film separating the particles. Densification occurs through diffusion of
atoms by solution in the liquid and reprecipitation of solids. Material is dissolved
at solid-liquid interfaces having a high chemical potential, which is at the small
particles, and reprecipitated on the large particles which have interfaces with a
low chemical potential. This leads to coarsening of the particles. In the last stage
the densification is described by solid-state sintering processes and the compact is
sintered into a rigid body. [19]
5
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Figure 3.1: Illustration of the interfacial energies and the contact angle. After
reference [19].

Surface energy and wetting
Sintering and wetting are two very important processes that are driven by the
surface energy. Wetting between the solid and liquid phases is important for the
sinterability and is characterized by the contact angle representating the metastable
equilibrium between the solid, liquid and gas phases, the interfacial energies balance.
The interfacial energies and the contact angle then follow Young’s law [19]:
γSV = γSL + γLV cosθ

(3.1)

where γSV , γSL and γLV are the interfacial energies for solid-vapour, solid-liquid
and liquid-vapour, respectively. See fig. 3.1 for illustration of wetting.
In the case of total wetting the liquid spreads completely over the surface and the
contact angle vanishes. Good wetting is characterized by a small contact angle and
bad wetting by a large angle. For wetting and spreading of the liquid to take place,
a reduction of the surface energy is required. [19]

3.2

Sintering of cemented carbides

Cemented carbides are sintered by liquid-phase sintering at temperatures in the
range of 1350 − 1650 ◦ C. This leads to a pore-free compact. When heating the
green body, consisting of WC-Co powder, to the sintering temperature the cobalt
will dissolve tungsten and carbon from the tungsten carbide. The carbon content
is very important for the material constitution and small deviations may lead to
the formation of additional phases. At higher carbon contents graphite will form
and at lower carbon contents η phase, M6 C, becomes stable and may form. These
phases are most often not desirable in the final product. [20, 21]
Fig. 3.2 shows an isothermal section of the ternary Co-W-C [22, 23] phase diagram
at 1350 ◦ C and it is shown that the two-phase regions {WC+liq Co} and {WC +fcc
Co} become narrower with decreasing Co content. This shows that if only WC and

3.2. SINTERING OF CEMENTED CARBIDES
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Figure 3.2: Section of the ternary Co-W-C phase diagram at 1350 ◦ C.

fcc-Co are desired the composition needs to be better controlled with decreasing Co
content in order to avoid other phases to form. Fig. 3.3 shows a calculated vertical
section through the Co-W-C system at 10 mass%Co . A stoichiometric mixture of
WC-10 mass%Co corresponds to 5.52 mass%C [22, 23]. If only WC and Co are
desired the content is limited to the carbon range 5.38-5.54 mass% as shown by the
two-phase region {WC +fcc Co}. During sintering some carbon reacts with oxygen
present and the final carbon content is adjusted during the process to balance the
carbon loss and obtain the desired composition of the final product.

Microstructural coarsening
During liquid-phase sintering the microstructure coarsens simultaneously with the
densification process. Full densification is already achieved before the final sintering
stage is entered. The coarsening becomes dominant and further holding at the
sintering temperature leads to microstructural changes that are important for the
final product. The driving force for coarsening is the reduction of surface energy
and the growth behavior is believed to be a solution and reprecipitation process that
is controlled by interfacial reactions. The small grains dissolve and reprecipitate at

8
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Figure 3.3: Vertical section through the Co-W-C system at 10 mass%Co.

a)

b)

Figure 3.4: Microstructure evolution showing the WC-Co structure a) after milling
and b) after sintering at 1430 ◦ C for 8 h . WC appears in light grey and Co in dark
grey.
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Figure 3.5: TEM image of a large WC grain in Co at 1450 ◦ C for 2 h a) WC-13%Co,
C rich b) WC-13%Co, W rich. [25]

the larger grains. The mean grain size will thus increase with increasing sintering
time. [2]
The tungsten carbides are always milled before sintering and during milling the
agglomerates are broken and the particles obtain an uneven shape that is slightly
rounded. Some defects also arise which makes the sintering easier. Milling also gives
a more even distribution of the cobalt and tungsten carbide particles and makes
the surfaces more reactive promoting the wetting of cobalt on the carbide surfaces.
The tungsten carbide has an anisotropic surface energy due to its hexagonal crystal
structure and therefore easily forms prismatic grains during sintering [1]. The
prismatic shape evolves faster in fine-grained materials [24]. Fig. 3.4 shows a WC10 mass%Co material after a) milling and b) sintering for 8 h at 1430 ◦ C. It is
clearly seen that the grains have more rounded shape directly after milling and
that the facets are formed during sintering.
The carbon content also influences the shape of the WC grains. In a C-rich alloy
the grains are more faceted and triangular prisms with sharp corners may occur.
On the other hand, in a W-rich alloy the grains have slightly rounded corners
[9, 20, 25]. Fig. 3.5 shows TEM images of the grain shape for a C-rich and W-rich
alloy, respectively.

Chapter 4

Grain growth
4.1

Normal grain growth

During sintering of cemented carbides the average size increases due to coarsening.
This phenomenon is called Ostwald ripening, i.e. large grains grow at the expense
of small grains that dissolve, leading to a stepwise increase of the average size every
time a small grain vanishes. Based on the traditional mean-field approximation the
driving force for grain growth is given by :
∆Gm
= 2σp
Vm



1
1
−
rc
r


(4.1)

where Vm is the molar volume, rc the critical radius and σp the average interfacial
energy of the particle. Larger grains than rc will grow and smaller grains will
shrink. The grains having the critical size thus are in an unstable equilibrium with
the matrix.
Ostwald ripening was studied in the classical analysis presented by Lifshitz, Slyozov
and Wagner, the LSW-theory [7, 8]. The theory proposes a stationary particle size
distribution with an average size increasing in time. The basic assumption of the
LSW-theory is that the growth rate is proportional to the driving force, i.e the
growth rate decreases as the grain growth continues since the accessible surface
energy decreases during the process. The classical growth equation is stated as:
rn − r0n = 2Kt

(4.2)

where r0 is the initial average grain radius, K is a temperature dependent coefficient
and t is the sintering time. In principle, two rate-limiting processes are possible;
interfacial reactions or long-range diffusion of atoms. n = 2 applies when the rate is
limited by interfacial reactions and n = 3 applies for a system limited by diffusion
of atoms in the solid or liquid phases [8].
11
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Abnormal grain growth

Abnormal grain growth is when a few grains grow more drastically compared to
the surrounding grains during the sintering process. This growth is often observed
in systems having faceted grains. A faceted grain has a singular interface and an
anisotropic surface energy while a spherical grain has a rough interface and an
isotropic surface energy. Normally, grain growth of spherical grains is diffusion
controlled and can be described with the LSW-theory.
A rough interface has no barrier for atomic attachment while a singular interface on
the other hand, has a significant energy barrier for atomic attachment. Therefore,
ledge-generating sources such as two-dimensional nucleation of atomic planes or
surface defects, e.g screw dislocations, are necessary for growth of a faceted grain.
A study by Yoon et al. [3] on the growth behavior of rounded (Ti,W)C and faceted
WC grains in the same matrix shows that the growth behavior depends on the
grain shape. The rounded grains showed no tendency for abnormal grain growth
and followed a cubic law indicating that diffusion was the rate-limiting step while
the faceted grains grew abnormally.
Sommer et al. [4] studied the formation of very large grains during sintering of ultrafine WC powders. Powders with an average size of 100-200 nm formed WC plates
with sizes over 20 µm after sintering. Already before eutectic liquid had formed,
plates with lengths up to 7 µm were observed. This early growth is suggested to
be a result of surface ledges from twin formations and therefore a defect assisted
growth is assumed. The twins may origin both from growth twins, recrystallization
twins and other defects formed during milling.
The grain growth at the free surface of WC-Co was studied by Olson and Makhlouf
[26]. It was observed that grains at the free surface grew faster than grains in the
bulk. It was suggested that the growth at the free surface is limited by surface
diffusion instead of interfacial reactions as in the bulk, due to a lower activation
energy barrier for grains at the free surface. It was also seen that the fast growth
of surface grains happens simultaneously as the binder phase vaporizes from the
surface. This could be of importance when coating WC-Co carbides or when using
inhibitors to suppress the growth.
One way of suppressing the abnormal grain growth is via pre-sintering treatment.
This was studied by Yang and Kang [5] who found that when pre-sintering in solid
state before liquid-phase sintering the samples reached almost full density without
abnormal grain growth.

4.3

Growth by 2-D nucleation

The LSW-theory can neither predict nor can it explain the tendency for abnormal
grain growth and faceting and thus many other theories have been proposed over
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the years. One of them is growth by 2-D nucleation. For grain growth to occur by 2D nucleation the 2-D nucleation energy barrier has to be overcome. The nucleation
of new atomic layers is expressed by the so-called pill-box model. [27]-[29] The
nucleation rate of the new atomic layers per area of interface is given by thermal
activation:

Ṅi = Aexp

−σd2 πh
F n (r)kT


(4.3)

where A is a kinetic coefficient, h is the height of the layer, σd the interfacial energy
of the cylindrical sides and F n (r) is the driving force for nucleation. r is the radius
of the sphere having the same volume as the real grain.
If we assume that the growth rate is proportional to the nucleation rate the growth
rate may be written as:
2

ṙ = Ah4πr exp



−σd2 πh
F n (r)kT


(4.4)

where 4πr2 is the area of the equivalent sphere.
Park et al. [6] studied the effect of 2-D nucleation experimentally using WC powders
of size 0.85 and 5.48 µm. They also defined an upper limit for 2-D nucleation, a
threshold value rth . If the average size is larger than rth no 2-D nucleation occurs
for any grain. The fine-grained powder had grains mostly smaller than 1 µm but
also some larger grains and some quite large agglomerates of many grains. After
only short sintering times some abnormally large grains were observed and upon
further sintering these abnormal grains grew larger. All grains, both fine and coarse,
showed distinctly faceted shapes. For the coarse-grained powder no abnormal grain
growth was observed even after long sintering times and the grain structure had only
coarsened slightly. The two WC powders were also mixed to analyze if coarse grains
grew abnormally when surrounded by fine grains and a dependence of abnormal
grain growth behavior with the volume fraction of coarse grains was seen [6]. These
results show that coarse grains can act as seeds for abnormal grain growth.
Kang et al. [30] analyzed grain growth by 2-D nucleation by computer simulations.
They proposed a numerical model based on 2-D nucleation for growth and diffusion
for dissolution since the dissolution barrier is known to be negligible. Therefore the
kinetics for growth and dissolution is asymmetrical and the critical size is much
smaller than the average size. Their results showed that 2-D nucleation induce
abnormal grain growth and that a very large grain can act as seed for abnormal
grain growth in 2-D nucleation controlled grain growth with angular grains, but
not in diffusion controlled grain growth with spherical grains.
A new model for grain growth is proposed in paper III where the growth is assumed to be controlled by 2-D nucleation, mass-transfer across the interface and

14
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long-range diffusion as coupled in series, and dissolution by mass-transfer across
the interface and diffusion coupled in series. The total driving force, F (r), for
growth is thus balanced by F (r) = F n (r) + F m (r) + F d (r) and for dissolution by
F (r) = F m (r) + F d (r), where F m (r) is the part of the driving force dissipated by
the finite mobility and F d (r) by diffusion. This is a consequence of some important
asymmetries between the growth and shrinkage behavior. Growth of a particle requires nucleation of new atomic layers which requires a by pass of a thermodynamic
barrier. Shrinkage on the other hand could happen by removal of atoms from the
corners without activation.
Growth by 2-D nucleation is given by eq. 4.4. For shrinking grains and growth of
large grains the other mechanisms may become rate-controlling. The rate controlled
by mass-transfer across the interface is given by:
RT M0
ṙ =
Vm




1 − exp

−F m (r)Vm
RT


(4.5)

where M0 is the interface mobility.
The rate of diffusion controlled reaction is expressed as:
ṙ =

F d (r)
1
r PC (cβj −cαj )2
j=1

(4.6)

cα
Dj /RT
j

β
where C is the number of components, cα
j and cj are the j contents of α and β and
Dj is the diffusion coefficient of j in α. Here α and β corresponds to Co and W C
respectively.

4.4

Simulations

Most of the proposed growth models cannot be studied analytically and numerical
simulations are therefore the only way of testing the models and compare them
with experimental results. Some simulation methods only show the average grain
size evolution with time, but it is also interesting to follow how the size distribution
varies and how individual grains grow. Monte Carlo simulations is one frequently
used technique where individual grains can be followed.
Kishino et al. [31] studied the normal and abnormal grain growth by studying the
effect of the liquid phase content and presence of WC/WC boundaries. They found
that at low liquid content mass-transfer occurs both at solid/liquid and solid/solid
interfaces and at higher liquid content mass-transfer occur mostly at solid/liquid
interfaces. Therefore a discontinous growth is observed since at the wetted grain
boundaries growth takes place by Ostwald ripening and at unwetted boundaries by
grain boundary migration. Simulations of an implanted coarse grain show that it
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grows faster than the other WC grains and therefore act as a seed for abnormal
grain growth.
Hayashi and Matsuoka [32] simulated growth using the LSW-theory with interface
reactions, n = 2, as the rate-controlling step. A small amount of large grains were
added to a matrix of small grains and abnormal grain growth was predicted for
powders with an initial grain size below 0.1 µm.
In the present thesis the grain growth was simulated numerically in the Matlab environment [33] and calculations of thermodynamic properties were done in ThermoCalc [22] and the databases CCC1 [23] and MOB2 [34]. The Thermo-Calc Matlab
Toolbox programming interface was used to couple Thermo-Calc and Matlab [35].
The evolution of the size distribution was obtained from the numerical solution of
the conservation law:
∂p ∂(p(r)ṙ)
+
=0
(4.7)
∂t
∂r
where eqs. 4.4- 4.6 are used to calculate the growth rate.

Chapter 5

Structure characterization
It is hard to measure the carbide grain size accurately and many different measuring
techniques are used. The most frequently used method is image analysis based
on SEM images taken on a sectioning plane showing the microstructure in 2-D.
Unfortunately, it is very difficult to obtain such good images that automatic image
analysis can be used without prior editing of the image. Some particular difficulties
when analyzing WC-Co are that adjacent WC grains may exhibit very similar grey
levels and the more significant grey level of the WC grain boundaries is very narrow
and therefore hard to detect. The Co phase on the other hand is easy to detect
since it is nearly black in backscatter mode.
One way to exhibit the grain boundaries is to mark them by hand before image
analysis; the "China Ink" method. A drawback with this method is that some
information of the grains near the grain boundaries can be lost.
Another way to measure the grain size distribution is using the EBSD technique.
Then a better spatial resolution may be obtained since the images are constructed
from the crystallographic information. One difficulty when using EBSD is the
sample preparation. A very good surface finish is necessary, otherwise problems
with the detection level may arise. The samples must first be carefully mechanically
polished down to 1 µm diamond suspension and thereafter with 0.05 µm Al2 O3 . As
a final step the samples are etched with Ar+ ions to obtain a high quality surface and
to reveal the Co phase which may have been removed during mechanical polishing.
Other problems such as zero-solutions, non-indexed pixels, may arise from Co not
being detected, overlapping patterns of WC-WC interfaces of two grains or due to
edge rounding of the WC particles during polishing leading to a poorer quality of
the pattern. Thin layers of Co between the WC grains may also lead to non-indexed
pixels and defects, scratches and dirt will affect the indexing negative. The nonindexed pixels will lead to noise in the EBSD maps and small clusters or individual
pixels will create false small grains. To avoid this noise a cut-off value is determined
where all grains below that value are removed from the calculation. To choose this
17
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Figure 5.1: Histogram showing the high peak for small grains and the broad main
peak, separated by a minimum chosen to be the cut-off value.

value all detected grains are plotted in a histogram, showing a high peak at small
grain sizes and a broader lower main peak at larger grain sizes. The two peaks are
separated by a minimum in the distribution curve, see fig. 5.1, which will be chosen
as the cut-off value. [36]
When using EBSD, Σ2 boundaries may be observed. These exhibit low interfacial
energy and are not wetted by Co during sintering. The Σ2 boundaries originate from
the powder but are largely annihilated during sintering [37]. The Σ2 boundaries also
show a typical curved appearance after milling, but after longer sintering times they
are straightened out due to the driving force to become parallel with the {101̄0}
planes, fig. 5.2. The Σ2 twist boundaries are believed to have the lowest energy
[11]. EBSD is one of the techniques to distinguish the Σ2 boundaries, and it is
shown, in paper I, that they have no direct effect on the growth behavior and can
be excluded when modeling carbide grain growth.
Both the "China Ink" and the EBSD method have one common problem; to obtain
good statistics on both fine and coarse grains. Therefore two magnifications may
be used and the two distribution curves will be merged into one distribution, in this
way both the fine and coarse grains are included. Before merging the distribution
curves have to be normalized. The distribution obtained from the high magnifica-
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Figure 5.2: Figure showing the annihilation and straightening up process of the Σ2
boundaries a) after 15 min sintering, b) after 8 h sintering.

tion, where all grains are measured, is normalized to the area fraction of WC at
the isothermal sintering temperature, calculated using the CCC1 database in the
Thermo-Calc system [23]. In this way the problem with grains cutting the border is
avoided. If the total area is used the grains cutting the border is excluded leading
to a non-realistic area fraction of WC. The low magnification distribution, where
only the large grains are measured, is on the other hand, normalized to the total
measured area since the grains cutting the border do not affect on the measured
WC fraction in this case due to that only the large grains are measured.
When measuring 2-D sections some problems arise when evaluating the "true" 3-D
grain size distribution. The section that cuts through the particles will be placed
differently in relation to the center of the individual particle and this leads to a
spread in the grain size even if the material is built up of grains with exactly the
same size and shape. Over the years several attempts have been done to transform
2-D distributions into 3-D distributions.
Usually the raw data consisting of a number of measured particle radii are gathered
into size classes and plotted as a histogram. The histogram is then used to extract
the 3-D distribution, and the classical method was proposed by Saltykov.

5.1

The Saltykov method

The classical Saltykov method is a modification of Scheil’s method [38]-[40]. The
feature of the method is the use of histograms to transform the 2-D grain size into 3-
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Figure 5.3: Graph showing the sectioning probability for a grain of radius R [41].

D. The histograms are divided into discrete size classes of equal width, ∆ = Dmax /q
where Dmax is the diameter of the largest grain and q is the number of size classes.
The method is based on the assumptions that the grains are spherical with the
center of the sphere distributed randomly. The grains are also distributed in an
non-overlapping manner and the maximum observed radius is said to be equal to
the true radius of the largest grain.
Fig. 5.3 illustrates the sectioning probability that a grain of radius R will appear as
a circle with a radius between r and r + dr on a horizontal sectioning plane within
a cube of unit length. It can be expressed as:
rdr
p(r)dr = 2R p
R (R2 − r2 )

(5.1)

The general sectioning probability is obtained by integrating equation 5.1 for size
class i in the section:
Z

ri

pij =


p(r)dr =

ri−1

p
p
2∆( j 2 − (i − 1)2 − j 2 − i2 ) i ≤ j
0
i>j
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where pij is the probability of finding sections of size class i from grains of size rj
and ∆ is the width of the size class.
The basic equation relating the number of sections to that of the grains is expressed
as:

NA (i) = ∆

q
X

pij Nv (j)

(5.2)

j=1

where NA (i) is the number of grains within size class i per unit area and NV (j) is
the number of grains within size class j per unit volume.
NV can be unfolded from equation 5.2 by back subtraction or matrix inversion,
since it represents a set of linear equations.
q

NV (i) =

1 X
Aij NA (j)
∆ j=1

(5.3)

where Aij contains the transition coefficients that are dependent on q, expressed in
a general form by Takahashi and Duito [42].

5.2

The use of histograms

When using histograms some problems arise since the shape of the histogram is
dependent on the number of bins and how they are positioned. Usually a number
of 10-20 size classes are used in the Saltykov method, an increase in number of
size classes requires more statistics in form of more measured grains and it is not
possible to measure as many grains needed to obtain a smooth histogram. Also the
spacing of the bins can be linear or logarithmic. All these factors make a variation
in the histogram even if the same in-data is used. A new method, using a kernel
density estimator, called the Inverse Saltykov method is proposed, see paper III for
a full description of the method.

5.3

Inverse Saltykov

The Inverse Saltykov method is a way of representing the raw data with the use
of kernel estimators [43, 44] resulting in a smooth distribution function curve and
transforming the 2-D distribution into a 3-D distribution. The 3-D distribution is
unfolded and optimized in an iterative manner, until the sectioned 2-D distribution
reaches a close fit to the initial 2-D distribution obtained from the kernel estimator.
Negative values, often obtained with the classical Saltykov, are with this method
avoided. The kernel function can be any function K that satisfies:
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Z

∞

K(x)dx = 1

(5.4)

−∞

where K is a symmetric probability density function.
Each data point will be represented by a kernel function with a certain width h
and the kernel estimator is then the sum of all the kernel functions:
n

1 X  x − Xi 
K
fˆ(x) =
nh i=1
h

(5.5)

resulting in a smooth function. This smooth function can then be used for representing the grain size distribution.
To maintain the mass balance a new grid is used, where all radii in size class i have
the size of the average size of class ri and the boundaries of the size classes, rb , will
be placed between the grain sizes, r. The Saltykov sectioning probability, 5.1, is
applied on the new grid and the number of particles in 2-D with size ri produced
from sectioning particles of size rj is then given by:

Z

rbi+1

p(r)dr

pij =
rbi

q
= 2rj

rj2 − rb2i −

q

rj2 − rb2i+1

rj

(5.6)
i<j

where rbi and rbi+1 are the lower and upper boundary of size class ri , respectively.
The size of the measured grains are classified into an f2D − r distribution obtained
from the kernel method. From the sectioning probabilities in 5.6 and the basic
assumptions in the Saltykov procedure the sectioned size distribution f2D can be
calculated from the 3-D size distribution f3D :
f2D = f3D α

(5.7)

and thus the 3-D size distribution can be obtained with matrix inversion of 5.7:
f3D = f2D α0

(5.8)

where f2D and f3D are row vectors containing the number of grains in each size
class, respectively. α is the transfer matrix containing the section probabilities for
the new grid.

Chapter 6

Results
One of the most interesting results from the present thesis is that a fine-grained
powder may grow faster and to larger grain sizes than a coarse-grained powder,
see fig. 6.1. This is shown both through experiments and simulations, where the
simulations start with the initial grain size distribution obtained from the experiments. The only way for this to take place is by abnormal grain growth of large
grains present in the initial powder. A good fit of the simulated and experimental
growth behavior is obtained and the proposed mean-field model based on several
rate-limiting processes is thus capable of predicting the grain growth.
The simulated growth rate calculated from the coupled processes is shown in fig.
6.2 a). The growth rate curve shows a plateau just above the critical size and a
very rapid dissolution. Fig. 6.2 b) shows the amount of the total driving force
consumed for each process. The experimental growth rate, see fig. 6.3 a), may be
evaluated from the distribution functions at two different times:
Ṙ(r) = −

1
p

Z

∞

R

∆p
dR
∆t

(6.1)

The experimental growth rate curve looks similar to the simulated growth curve
with a plateau, see fig. 6.3 b). This plateau is a consequence of 2-D nucleation
becoming rate-controlling. It is seen that large grains grow faster than fine grains
and abnormally large grains grow much faster than the average sized grains. For
larger grains long-range diffusion and interface friction become rate-controlling, see
Fig. 6.2 b). If 2-D nucleation was not included in the total driving force there would
not be a plateau, but since the plateau also is seen in the experimental curves, even
if it is not as sharp as in the simulated curve, 2-D nucleation is most probably one
of the mechanisms controlling growth of faceted WC grains.
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Figure 6.1: Time evolution of the average radii in 3-D size. Squared symbols and
dashed line shows the experimental average radii and solid lines the simulated radii.
Legends indicate the initial powders.
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Figure 6.4: Time evolution of the experimental average radii in 3-D for bimodal
powders.

The abnormal grain growth behavior is clearly shown in bimodal powders, with
different mass-fraction coarse grains added. The average grain size increases dramatically and to much larger sizes during sintering compared to a unimodal powder
with no large grains added, see fig. 6.4. The experiments also show that an initially
bimodal powder may become unimodal after long sintering times, as shown in paper IV. This since the fine grains will be consumed and the driving force will be
reduced below the critical value for 2-D nucleation and then the abnormal grains
will not grow with the same rate as before. On the other hand, in powders initially
having only a few coarse grains these will act as seeds for abnormal grain growth
and grow to much larger sizes.
The proposed model is used for simulating a number of different cases, using the
lognormal distribution function as the initial size distribution, since the observed
WC size distribution often may be approximated as lognormal. The results, figs.
6.5-6.8, clearly show that already small variations in the initial grain size distribution influences the growth behavior significantly. In fig. 6.5 the average size as
function of time is shown for powders having the same average size but different
width of the distributions. It is seen that a broader distribution grows faster in the
beginning and to much larger sizes compared to a more narrow distribution. Fig.
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Figure 6.5: Time evolution of the simulated average grain radii for three powders
having the same average size but different relative standard deviation.

6.6 shows the time evolution of the average size for powders having different average
size but the same relative standard deviation. A very fine-grained powder will grow
faster than a coarse-grained even if there is no dramatic increase in growth rate. As
already seen through experiments and simulations, fig. 6.1, a fine-grained powder
may grow to larger sizes than a coarse-grained powder. The growth for three different powders where the fine-grained powder has a broader distribution than the
coarser powders is shown in fig. 6.7. It is seen that the fine-grained powder grows
much faster in the beginning and to larger sizes than a coarser powder, in this case
the medium coarse powder, indicating that abnormal grain growth has taken place.
A bimodal case was simulated where the initial distribution was obtained by combining two lognormal distribution functions. The fraction of large grains was varied
and it is clearly seen that a faster growth is obtained with increasing amount of
large grains, fig. 6.8. Small amounts of large grains, 0.1%-1% does not affect the
growth considerably compared to 10% coarse grains, but the abnormal grain-growth
behavior is seen already for small fractions of coarse grains added.
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Figure 6.6: Time evolution of the simulated average grain radii for three powders
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Figure 6.9: a) Initial 2-D distribution b) optimized 3-D distribution c) initial and
optimized 2-D distribution.

Fig. 6.9 shows the optimized 3-D distribution obtained from the iterative inverse
Saltykov procedure based on the 2-D data obtained from the grain size measurements on the finest powder. The 3-D distribution is optimized until the optimized
2-D distribution is as close as possible to the initial 2-D distribution, obtained from
the kernel estimator method. No negative values are obtained in the 3-D distribution and thus modification of the raw data is avoided. It is therefore a more
"true" 3-D distribution than the distribution obtained from the usual transformation methods. There is a small difference, barely visible, between the experimental
and optimized 2-D distribution curve for small grains, which is due to bad statistics,
see fig. 6.9 c).

Chapter 7

Discussion and future work
The aim of this work was to study the WC grain growth behavior and to formulate
a model capable of predicting the grain growth and abnormal grain growth during
sintering. Focus has been on understanding how the initial distribution influences
the growth behavior. It is clearly seen that the grain growth behavior is sensitive
already for small variations in the initial grain size and that a fine-grained powder
may grow past a coarse-grained powder indicating abnormal grain growth. When
adding very coarse grains to a fine-grained powder a dramatic increase in the average grain size is seen. The developed mean-field model is capable of predicting
the growth behavior for lognormal powders for long sintering times. It is harder to
predict the effect of coarse grains in bimodal powders and the model gives a satisfactory prediction for short sintering times, similar to those in industrial practice.
Thus the model may be used to simulate trends in the growth behavior.
The developed model is to some extent based on the assumption that the particles
are spherical and since the WC grains have a prismatic shape it is of interest to
improve the model and account for the WC shape. A new growth model should
be capable to differentiate the basal plane from the prismatic planes. The WC
shape and how it is affected by carbon content have been studied by Delanöe et al.
[25] and Christensen et al. [11], who evaluated the surface energy of the prismatic
planes. The model should also be capable to account for the effects of nitrogen,
carbon activity and grain growth inhibitors like V and Cr.
Since the growth rate of faceted grains, assisted by 2-D nucleation of defects,
increases with higher temperature a study of the temperature dependence both
through experiments and with simulations is of interest to enable the prediction of
the growth behavior especially the tendency for abnormal grains at higher sintering temperatures. Park et al. [6] studied the effect of temperature and concluded
that the grains grow faster at higher temperature and that the number density of
abnormal grains increases.
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Concluding remarks
8.1

Summary of appended papers

Paper I. Analysis of WC grain growth during sintering using electron
backscatter diffraction and image analysis
Two different methods to determine the grain size and grain size distribution during sintering of cemented carbides are investigated. The methods used are image
analysis on scanning electron microscopy, SEM, images and electron backscatter
diffraction, EBSD. The grain size distribution is determined both for the powder
after milling and after several different sintering times. The EBSD analysis clearly
shows that Σ2 boundaries are present in the powder and that the fraction of these
boundaries decreases during sintering. We believe that the Σ2 boundaries have no
effect on the general growth behavior of WC and therefore they can be excluded
from the analysis. When omitting the Σ2 boundaries from the EBSD analysis the
results of the grain size measurements with the two different methods agree quite
well.
The present author did most of the experimental work, all analysis and wrote the
major part of the paper.
Paper II. Inverse Saltykov analysis for particle-size distributions and
their time evolution
The grain size measurements of WC are most often done on 2-D sections and therefore a 2-D size distribution is obtained. In this paper a new method for transforming
2-D distributions to 3-D distributions is proposed. Instead of representing the 2-D
size distribution with classical histograms the distributions are constructed from
the data of the measured radii with a statistical method called kernel density estimator. The method yields a smooth density estimation and is more reliable than
when using histograms. The 3-D distribution is unfolded and optimized in an iterative manner until the 3-D distribution is close to the 2-D distribution obtained after
33
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using the kernel density estimator method. Two advantages of this transformation
method are that the negative numbers that often arise in the 3-D size distribution
when using histograms are avoided and that a smooth and detailed 3-D distribution
is obtained.
Also the time evolution of size distributions showing the growth rate for every grain
size can be extracted from the 3-D distributions if several holding times exist from
the experiments.
The present author did all experimental work, contributed to discussions of the
model and the paper was written jointly.
Paper III. Carbide grain growth in cemented carbides
A mean-field model for predicting the grain growth is developed. It is based on
three processes; 2-D nucleation of growth ledges, mass-transfer across the interface
and long-range diffusion as coupled in series. The equations are solved numerically
and the grain size distribution is simulated over time. Experiments are done on
powders with three different initial grain sizes to analyze the influence of the initial
average grain size and grain size distribution during sintering. These experiments
are then used to optimize the material parameters used in the model. Both the
model and the experiments reveal that the growth behavior is strongly influenced
by the initial grain size distribution. A fine-grained powder grows past a coarsegrained powder and the fine-grained powder also obtains the coarsest grains after
long sintering time, which indicates that abnormal grain growth has taken place.
The present author did all experimental work and analysis, some microscopy, contributed to discussion of the model, and wrote part of the paper.
Paper IV. Abnormal grain growth in cemented carbides - experiments
and simulations
The effect on the growth behavior when adding large grains to a fine-grained powder
is studied. It is clearly seen that when adding large grains the growth becomes faster
and higher average grain sizes are obtained. An initial slightly bimodal powder may
after long sintering time become lognormal indicating that abnormal grain growth
will stop when the large grains have consumed all the small grains.
The present author did most of the experimental work, all analysis and simulations
and wrote the major part of the paper.
Paper V. Carbide grain growth - the effect of grain size distributions
The WC grain growth behavior for different initial grain size distributions is studied
using a model based on the three processes; 2-D nucleation of growth ledges, masstransfer across the interface and long-range diffusion. Simulations show that the
growth behavior is sensitive already for small variations in the initial grain size
distribution. The width of the distribution has a large influence and powders with
broader distributions grow significantly faster and to larger sizes than powders with
narrower distribution, having the same average size. A fine-grained powder having
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a wider distribution may grow past a coarse-grained powder. Adding only small
amounts of coarse grains to a fine-grained powder leads to a faster grain growth.
The present author planned the work, did all simulations and wrote the paper with
input from J.Å. and A.B.
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