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Abstract 

The work presented in this thesis comprises the assessment of existing arch bridges 
with overlying backfill. The main objective is to estimate the load carrying capacity in 
ultimate limit state analysis. A case study of the old Årsta railway bridge is presented, 
serving as both the initiation and a direct application of the present research. The 
demand from the bridge owner is to extend the service life of the bridge by 50 years 
and increase the allowable axle load from 22.5 to 25 metric tonnes. The performed 
analyses show a great scatter in estimated load carrying capacity, depending on a large 
number of parameters. One of the factors of main impact is the backfill material, which 
may result a significant increase in load carrying capacity due to the interaction with 
the arch barrel. Based on theoretical analyses, extensive conditional assessments and 
the demand from the bridge owner, it was decided that the bridge needed to be 
strengthened. 

The author, in close collaboration with both the bridge owner and the persons 
performing the conditional assessment, performed the development of a suitable 
strengthening. The analyses showed a pronounced three-dimensional behaviour, calling 
for a design using non-linear finite element methods. Due to demands on full 
operability during strengthening, a scheme was developed to attenuate any decrease in 
load carrying capacity. The strengthening was accepted by the bridge owner and is 
currently under construction. It is planned to be finalised in 2012. 

The application of field measurements to determine the structural manner of action 
under serviceability loads are presented and have shown to be successful. Measured 
strain of the arch barrel due to passing train has been performed, both before, during 
and after strengthening. The results serve as input for model calibration and 
verification of the developed strengthening methods. 

The interaction of the backfill was not readily verified on the studied bridge and the 
strengthening was based on the assumption that both the backfill and the spandrel 
walls contributed as dead weight only. The finite element models are benchmarked 
using available experimental results in the literature, comprising masonry arch bridges 
with backfill loaded until failure. Good agreement is generally found if accounting for 
full interaction with the backfill. Similarly, accounting for the backfill as dead weight 
only, often results in a decrease in load carrying capacity by a factor 2 to 3. Still, 
several factors show a high impact on the estimated load carrying capacity, of which 
many are difficult to accurately assess. This suggests a conservative approach, 
although partial interaction of the backfill may still increase the load carrying capacity 
significantly. 

Keywords: Concrete arch bridge, soil backfill, spandrel walls, field measurements, 
finite element method, load distribution, ultimate limit state. 
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Sammanfattning 

Arbetet i föreliggande avhandling omfattar analyser av befintliga bågbroar med 
ovanliggande fyllning. Huvudsyftet är att uppskatta bärförmågan i brottgränstillstånd. 
En fallstudie av gamla Årstabron redovisas, vilken utgör både initieringen och en 
direkt tillämpning av föreliggande forskning. Kravet från broförvaltaren är att öka 
brons livslängd med 50 år, samtidigt som axellasten ska ökas från nuvarande 22.5 ton 
till 25 ton. Utförda analyser visar på stor spridning i uppskattad bärförmåga, beroende 
på ett stort antal parametrar. En av de främsta faktorerna är fyllningens egenskaper, 
vilken kan resultera i en markant ökning av bärförmågan p.g.a. samverkan med bågen. 
Baserat på teoretiska analyser, tillståndsbedömningar och krav från broförvaltaren 
beslutades att bron skulle förstärkas. 

En förstärkningsmetod har utvecklats i nära samarbete med broförvaltaren och 
personer som tidigare utfört tillståndsbedömningarna. Analyserna visar ett utpräglat 
tredimensionellt beteende, vilket har föranlett användandet av icke-linjära finita 
elementmetoder. Krav på full trafik under samtliga förstärkningsarbeten har resulterat 
i att dessa utförs enligt en föreskriven ordning, som ska reducera minskning i bär-
förmåga under samtliga etapper. Förstärkningsförslaget godkändes av Banverket och 
är för närvarande under byggnation. Enligt plan ska dessa slutföras under 2012. 

Fältmätningar har använts för att bestämma det statiska verkningssättet under 
brukslaster, vilket visas ge goda resultat. Resulterande töjningar från passerande tåg 
har uppmäts i bågen, både före, under och efter förstärkning. Resultaten har använts 
både för att kalibrera beräkningsmodeller och att verifiera utförda förstärkningar. 

Samverkan mellan båge och fyllning har inte kunnat verifierats för den aktuella bron 
och de utvecklade förstärkningarna baseras på en modell där både fyllning och 
sidomurar endast utgör yttre verkande last. De framtagna finita element modellerna 
har jämförts med experimentella resultat från litteraturen, omfattande tegelvalvsbroar 
med ovanliggande fyllning belastade till brott. Generellt erhålls god överensstämmelse 
om full samverkan mellan båge och fyllning antas. Om fyllningen istället endast 
betraktas som yttre last, minskar lastkapaciteten ofta med en faktor 2 till 3. 
Fortfarande uppvisar ett antal faktorer stor inverkan på bärförmågan, vilka ofta är 
svåra att med säkerhet bestämma. Ett konservativt betraktningssätt rekommenderas, 
även om delvis samverkan med fyllningen fortfarande kan öka bärförmågan avsevärt. 

 

 

Nyckelord: Betongbågbro, jordfyllning, sidomur, fältmätningar, finita element 
metoder, lastspridning, brottgränstillstånd. 
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Introduction 

Although not commonly built today, the behaviour of arch bridges with overlying 
backfill is still a topic for both research and engineering. The main reason is the 
difficulties in accurately assessing the capacity of existing bridges of this type. In many 
countries, e.g. the U.K., arch bridges with backfill constitute a large share of the total 
bridge stock, many built in the late 19th century. Demands for higher axle loads and 
progressing degradation call for improved assessment methods to justify further use of 
the bridges. 

According to an inventory reported in (Sustainable Bridges, 2004), there exist nearly 
90 000 arch bridges for railway traffic in Europe. Of these more than 50 % consist of 
brick arch barrels and more than 30 % of stone barrels. In general, concrete arch 
bridges often have longer span and are not always designed with backfill. As a 
consequence, the lion’s share of the research on arch bridges with backfill focuses on 
brickwork barrels, most common in Italy and the U.K. Of the about 4 000 railway 
bridges in Sweden only about 100 are designed as arch-backfill bridges, with an 
approximately even share between concrete arch barrels and stone arch barrels. Most 
of the stone arch bridges were built in the mid-late 19th century, the corresponding 
concrete arch bridges in the late 19th and early 20th century. There are no records of 
masonry arch bridges in Sweden. 

Since long, a number of methods for assessing the capacity of arch bridges with backfill 
exist. Of the most common ones the following methods can be mentioned: the empirical 
MEXE-method, the thrust-line analysis and the mechanism methods. A more detailed 
description of these analyses is given by (Ng, 1999). Many of the methods are 
implemented in commercial software, e.g. Ring® based on the mechanism method 
(LimitState, 2008). 

1.1 Background 

In November 1929, the former king Gustaf V of Sweden inaugurated the old Årsta 
Railway Bridge. Connecting the south part of Stockholm over the Årsta bay, it has 
provided an important link for the railway system of Sweden, comprising both 
commuter- and freight-train traffic. During its 80 years in service, it has been subjected 
to several inspections and repairs. During this period, the railway traffic has increased, 

Chapter 



CHAPTER 1. INTRODUCTION 

 2 

mainly regarding commuter trains. As seen in Figure 1.1, the total traffic load has 
increased by a factor 10 since the early 1930's and at present time about 45 million 
tonnes are transported yearly. The freight train traffic has decreased since the 1990's 
and currently represents about 10 % of the total tonnage. 
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Figure 1.1: Load history for the railway traffic passing the Årsta Bridge, based on 

data from SJ (the Swedish State Railways) and Banverket (the 
Swedish National Rail Administration), further presented in 
(Andersson, 2009). 

The bridge consists of 20 concrete arches, one lift span and one steel truss arch. The 
two railway tracks are founded on backfill material supported by the arches and 
confined by large concrete spandrel walls. The total bridge length is 753 m and was at 
its completion the longest bridge in Sweden. The bridge is described in more detail in 
Chapter 2. 

In 1973 considerable degradation was found in the concrete structures, mainly caused 
by leaching and weathering. The drainage system was found insufficient, but it was not 
possible to repair due to its influence on the traffic. The concrete damages, primary 
located at the edge beams but also at the arches, were repaired using shotcrete. 

The bridge was classified as a historical monument in 1986, resulting in restrictions for 
further repairs since the present state of the bridge was not to be altered. 

In 1998, investigations performed by the Swedish Cement and Concrete Research 
Institute, CBI, concluded that the concrete structures were in acceptable conditions.  

When the new Årsta Railway bridge was put into service 2005, the traffic could be 
redirected, render it possible to install a new drainage system on the old bridge. In 
2004, Carl Bro AB investigated the old bridge with the main objective to propose a 
suitable surface protection system and to estimate the need for further repairs of the 
edge beams. During the inspections extensive degradation of the concrete arches was 
found, comprising frost damages, reinforcement corrosion, effloresces, leakage and 
systematically weakened zones near casting sections (Paulsson-Tralla & Bjurholm, 
2005). The new drainage system was installed in 2005 within a large restoration 
programme, excluding the concrete arches. A detailed bridge investigation was 
conducted by Carl Bro AB in 2005 – 2006 (Paulsson-Tralla, 2006b) to thoroughly 
determine the status of the load-bearing system constituted by the concrete arches. 
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To further estimate the load carrying capacity of the bridge, field measurements were 
performed in July 2005. Strain gauges were instrumented on the intrados of the arch, 
measuring the response from train passages. The results have been reported in 
(Andersson & Sundquist, 2005). The measurements, along with the detailed bridge 
investigations, have served as input to a capacity assessment of the bridge, reported in 
(Andersson, 2006, 2007a, 2007b). The results from the capacity assessment showed a 
large scatter in estimated load carrying capacity dependent on different assumptions, 
e.g. on the arch-backfill interaction at failure load level. The directive from the bridge 
owner, the Swedish National Rail Administration (former Banverket), is to keep the 
bridge in service for at least another 50 years, resulting in a total life length of 130 
years. Furthermore, the load carrying capacity shall be increased from an existing axle 
load of 22.5 metric tonnes to at least 25 tonnes. 

Considering all factors above resulted in a decision to strengthen the concrete arches of 
the bridge. The structural analysis of the strengthening measures is reported in 
(Andersson, 2006) and (Andersson, 2007a). The construction documents were created 
by former Carl Bro AB. The construction work started in 2007 and is planned to be 
finished in 2012. To ensure that the strengthening behaves as envisaged by theoretical 
models, additional field measurements were performed at different stages under the 
period of 2007 to 2011. 

1.2 Aims and scope 

The main objective of the research presented in this thesis is to estimate the load 
carrying capacity of arch bridges with backfill. The research mainly focuses on 
structures with concrete arch barrels, although the application to masonry arch barrels 
is investigated. In particular, a large part of the research has been devoted to the 
assessment of the old Årsta railway bridge. Within the research, both the existing load 
carrying capacity and the development of strengthening measures have been 
performed. This has resulted in the present construction work on the old Årsta bridge, 
planned to be finalised in 2012. Further, field measurements have been performed and 
analysed, both for the original bridge as well as during and after strengthening. 

1.2.1 Research contribution 

The approach for estimating the load carrying capacity origins from existing 
knowledge, both in structural engineering in general and in bridge engineering in 
particular. Throughout the research, the finite element method (FEM) has served as 
the main tool for analysis. The following research contributions are identified: 

- the development of a semi-linear method, adopting a failure envelope for 
combined bending moment and compressive thrust, in combination with a 
mechanism method and load combination routines, 

- investigating the application of non-linear FEM for estimation of the ultimate 
load capacity, especially on the interaction with the backfill material, 
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- perform, analyse and present the application of field measurement on an arch 
bridge, with the purpose to determine the structural manner of action under 
serviceability load levels and model calibration, 

- develop a strengthening method for an arch bridge with pronounced three-
dimensional behaviour that can be performed during full service of the bridge. 

1.2.2 Limitations 

Many commercial software exists, often tailor-made for estimating the load carrying 
capacity of masonry arch bridges with backfill. A common approach is the mechanism 
method, initially suggested by (Heyman, 1969). The main contribution by the 
developed semi-linear method is the determination of decisive load positioning and load 
combination. The method uses arbitrary failure envelopes, facilitating both reinforced 
and unreinforced cross-sections for both concrete and masonry. Further, a commercial 
FE-program is implemented, facilitating the use of arbitrary structures. 

The application of non-linear FEM presented throughout this thesis is solely based on 
commercial software without development of new formulations at either element level, 
material formulations or solution techniques. 

The proposed methods of analysis, both the semi-linear method and commercial non-
linear FEM, are benchmarked using experimental results. No experimental work 
regarding failure of arch bridges has been performed by the author, instead results on 
failure of masonry arch bridges found in the literature has been used. 

There exists an extensive amount of research on model calibration, updating and 
optimization in wide area of disciplines. Within the scope of the present thesis, a simple 
uni-variable parametric analysis was chosen. The reason for not using more refined 
methods is that the structural manner of action under current load levels were found to 
be described sufficiently well. Further, the behaviour near failure load is likely to show 
significantly different behaviour and the effort in over-optimisation based on lower 
load levels may not result in a significant increase of model accuracy. The combination 
of field measurements and FE-models to describe the structural manner of action of 
structures is not unique. It is however shown how it can be utilised for assessing the 
influence of e.g. spandrel walls, transverse behaviour, the stiffness and load distribution 
of the backfill. Additionally, the application of field measurements for verification of 
strengthening measures is performed. Still, only serviceability load levels are studied 
and only the composite behaviour at that load level can be verified. 

For the assessment of the old Årsta bridge, no geotechnical investigations have been 
performed to determine the properties of the backfill. The developed strengthening 
methods have not been experimentally tested until failure. The results rely mainly on 
non-linear FEM. 

As most of the related research found in the literature comprise masonry arch bridges, 
the present thesis mainly deals with unreinforced and reinforced concrete arches. 
Nonetheless, benchmarking of brick masonry arches is found to be successful using the 
same methodology. 
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1.2.3 Application 

For masonry arch bridges with pronounced longitudinal behaviour and moderate 
influence of the spandrel walls, commercial software is available, e.g. RING® 
(LimitState, 2008). The success in producing reliable capacity estimates then often 
depends more on the accuracy of the input data rather than the methods of analysis. 
For more complex manner of action on the other hand, more advanced methods of 
analysis may be called for, e.g. non-linear FEM. 

The developed semi-linear method and the load combination routines may be applied 
directly to other similar bridges, although the soil-structure interaction should be 
investigated using e.g. non-linear methods. On the other hand, the methodology may 
be extended to arch bridges without backfill or other structural members subjected to 
combined bending moment and axial thrust. Further, the failure envelope may be 
changed to fit other sections or material formulations. 

Although the developed method of strengthening is tailor-made for the old Årsta 
bridge, it may partially be applicable to similar structures suffering from complex 
three-dimensional behaviour. 

1.3 Layout of the thesis 

A short description of each chapter is presented below to give an overview of the 
structure of this thesis. 

In Chapter 2, the structural system of the old Årsta railway bridge is described, mainly 
focusing on the concrete arches. The construction methods are briefly presented, since 
they reflect the current state of the bridge. This knowledge is used when interpreting 
the bridge inspections and the cause of different degradation processes. An important 
source in this manner is the reports and inspections conducted by former Carl Bro AB 
(Paulsson-Tralla, 2006b), (Paulsson-Tralla & Bjurholm, 2005). 

In Chapter 3, the field measurements performed in July 2005 are presented. The 
properties and procedures of the measurements are described, involving instrument-
ation and load positioning. Some signal analysis and statistical evaluation of the 
measured responses are performed, to correctly interpret the data and estimate their 
accuracy and distribution. 

Chapter 4 involves numerical modelling using finite element analysis in a serviceability 
state (SLS). The aim is to create a model that corresponds to the measured responses 
and accurately describes the overall bridge behaviour. To accomplish this, the degree 
of acceptable simplifications must be studied. The single most important factor is the 
backfill, describing the permanent soil pressures and load distributions. Different 
approaches regarding material models and load distributions are studied for an isolated 
soil structure. To study the global influence of the boundary conditions, a global 2D 
beam model of the entire bridge has been created. It renders the possibility of studying 
the global behaviour to identify critical structural members. Some comparisons are 
made with original design calculations and the influence of the backfill is studied. The 
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concrete arches are mainly designed as fixed-end arches, but adjacent to the lift span 
three-hinged arches are present. The structural difference between the fixed-end arches 
and the 3-hinged arches are studied. Some comparisons with the field measurements 
are performed for the corresponding arch. To more accurately describe the measured 
response, a 3D model has been created, comprising three arches. In this way, the 
influence of transverse load distributions and interactions with the spandrel walls can 
be taken into account. A short parametrical study is performed to calibrate the model 
with the measured response. 

Chapter 5 deals with the ultimate limit state (ULS) analysis, using semi-linear and 
non-linear FEM. The concepts of failure envelopes, material models and methods of 
analysis are described. To illustrate the application of material non-linearity in FE-
analysis, two benchmarks are performed. The first benchmark consists of a simple 
concrete beam subjected to either flexural or shear failure, combined bending and axial 
thrust and sensitivity to tensile fracture energy for unreinforced concrete. The second 
benchmark is intended to scrutinize the material model for geotechnical application, 
focusing on shear failure and active/passive soil pressures. In addition, three case 
studies of masonry arch bridges found in the literature are analysed; a single span 
bridge and a three-span bridge loaded until failure under controlled experiments and 
finally an existing single span bridge loaded until failure in-situ. 

Chapter 6 present results from ULS-analysis of the old Årsta bridge, constituting the 
main part of the capacity assessment. The calibrated model from Chapter 4 along with 
the methods from Chapter 5 is used. Different load combinations are studied using the 
semi-linear method, further denoted as the M-N method. For the non-linear analysis, 
both 2D plane strain and 3D analyses are performed, the latter being able to account 
to the spandrels and transverse effects. 

Since 2007, strengthening of the old Årsta bridge is in progress. The original design of 
these strengthening measures were based on 3D non-linear FE-analyses reported in 
(Andersson, 2006). In Chapter 7, the details of the strengthening method is described, 
along with revised analyses of the load carrying capacity at different stages of 
strengthening. In addition, a summary of a large number of field measurements 
performed during strengthening is presented. The field measurements are performed to 
verify the manner of action under serviceability loads for different stages of strength-
ening. 

Chapter 8 finally concludes the present work and suggestions for further research are 
given. 

In Appendix A extended results from the field measurements are presented. In 
Appendix B, extended FE-results from the masonry arch bridges in Chapter 5 are 
presented. 
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2  
 
The old Årsta Bridge 

In the following chapter, the structural system of the bridge is presented, focusing on 
the concrete arches and the foundations. Some of the building methods adopted during 
construction are presented to give further understanding of the bridge behaviour. The 
essential results from recent bridge inspections are summarised and the overall 
concrete strength is estimated based on a large number of samples and its distribution. 

2.1 General description of the bridge 

The old Årsta bridge is a two track railway bridge consisting of 20 concrete arches with 
backfill, one vertical lift span and one truss steel arch. The total bridge length is 753 m 
and the width is 9.0 m, except at the north approach viaduct where the width is 9.3 m 
due to its path in a horizontal curve. An elevation of the bridge is shown in Figure 2.1. 
The architect Cyrillus Johansson and the engineers Ernst Nilsson and Salomon 
Kasarnowsky designed the bridge. 

 
Figure 2.1: Elevation of the Årsta bridge, from original drawing lit. 7050/b-23 

(Statens Järnvägar, 1925). 

 
Figure 2.2: Detail of the north approach, from original drawing lit. 7050/c-57 

(Statens Järnvägar, 1925). 

Chapter 

the Årsta islets North approach 

vertical lift span truss steel arch 

1.                  2.                   3.                  4.                  5.                   6. 



CHAPTER 2. THE OLD ÅRSTA BRIDGE 

 8 

The concrete arches have a theoretical span of 20 m and are mainly designed as fixed-
end arches. The exception are the arches denoted 4 – 6 north of the vertical lift span 
that are designed as 3-hinged arches, Figure 2.2. The reason was the risk of settlements 
due to ground conditions and the capacity of mobilising a horizontal thrust in the pier 
of the lift span. 3-hinged arches are normally less sensitive to settlements compared to 
fixed-end arches. The backfill is enclosed by large spandrel walls, stabilised primary by 
gravitation. The lift span, having a span of 28 m, has not been in service since the 
1970's and is nowadays fixed in position. The truss steel arch bridge has a span of 
150 m and a vertical clearance of 26 m over the navigable channel. 

The columns are founded on solid rock except column 4 north of the lift span that is 
founded on till, consisting of unsorted glacial sediments, Figure 2.9. As seen in 
Figure 2.1, the main part of the columns are founded on land, either at the North 
approach, the Årsta islets or the South approach. 

2.2 Structural elements and design 

The following section presents the structural elements of the concrete arches, 
consisting of the arch, the spandrel walls and the columns. The knowledge of 
interaction between the structural elements is vital in establishing valid models for 
calculation. 

A sketch of the bridge and notations of commonly used nomenclature is presented in 
Figure 2.3. The arch barrel constitute the main load bearing component, resting on the 
columns. The zone where arch extends from the columns is denoted the springing. The 
part on each side of the crown is often denoted the haunch, throughout this thesis, the 
haunch is referred to as the approximate quarter-span length. The backfill contains of 
geotechnical material, confined by large spandrel walls. For the case of the old Årsta 
bridge, the spandrel walls are separated by vertical joints at the springing and the 
crown. 

backfill

spandrel wall

span column

vertical joints in

spandrel wall

intradosextrados springing

crown

haunch
rise

arch barrel

 
Figure 2.3: Sketch of the old Årsta bridge, notations on commonly used nomen-

clature. 



2.2. STRUCTURAL ELEMENTS AND DESIGN 

 9 

2.2.1 The arch barrels 

The arch barrels are designed as basket arches, meaning that the intrados is shaped by 
three off centre circles, approximating one-half of an ellipse. The different radii, rising 
from the springing to the crown are 10.36 m, 13.20 m and 8.45 m respectively, as seen 
in Figure 2.5. The centres of the circles are oriented in a way that creates coinciding 
tangents at the intersections, resulting in a continuous path. Basket arches are usually 
employed for large width to crest ratios, but in this case the ratio is only 2.5 for the 
intrados, compared to a semicircle having the ratio 2.0. Due to these proportions, a 
good approximation of the intrados is given by one off-centre semicircle of radius 
10.4 m. Similarly, the extrados can be approximated by the radius 12.2 m and the 
centric line of thrust by the radius 11.3 m. The thickness of the arch is 0.65 m at the 
crown and 1.32 m at the springing. The thickness variation d can accurately be 
approximated using a 2nd order polynomial along the arc length l, according to 
Equation (2.1) below. The equation is only a fitted polynomial and lack the correct 
dimensions. 

3 2 3( ) 5 10 9 10 0.65d l l l� �� � � � �  (2.1) 

The arches are reinforced both at the extrados and at the intrados, consisting of 
anchored round iron bar as shown in Figure 2.5. At the intrados, the reinforcement 
ratio is 0.1 % at the springing, 0.2 % at the quarter point and 0.6 % at the crown. 
Corresponding values for the extrados are 0.3 %, 0.2 % and 0.3 % respectively. In 
addition, stirrups spaced 0.5 m are also present. At the springings, the reinforcement is 
anchored adjacent to the impost, where the arch thickness can be regarded as 1.8 m 
although passing on to the column. The three-hinged arches have the same geometry 
as the fixed-end arches since the same casting mould was used. The hinge at the 
springing is located at the arch height 1.32 m, yielding a theoretical span length of 
20.3 m. The hinges consist of lead plates with continuous crossing reinforcement bars, 
as seen in Figure 2.4. 

   
 a) b) 

Figure 2.4: The crown hinge in arch 4, 5 and 6, a) longitudinal section illustrating 
the continuous crossing reinforcement bars, b) cross section showing 
the spacing of the lead plates, from original drawing lit. 7050/c-62. 

The fixed-end arches were cast in four phases, denoted 1 to 4 in Figure 2.6a. In phase 1, 
two sections were cast on each side of the crown. In phase 2, corresponding sections 
were cast near the springings. In phase 3, the sections cast in phase 1 and 2 were 
connected. In phase 4 the arch was completed by casting keystones at the crown and 
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the springings. The casting from phase 1 to phase 4 took 8 days. The 3-hinged arches 
were cast in 5 phases as in Figure 2.6b. The main differences are that phase 2 was cast 
all the way to the hinges at the springing and that the sections connecting phase 1 and 
2 was divided in two separate phases. The purpose of the casting sections was to reduce 
problems with temperature, shrinkage and settlements. All arches were cast using 
concrete with a cement content of 300 kg/m3. (Paulsson-Tralla & Bjurholm, 2005). 

 
Figure 2.5: Section of the fixed-end arch, geometry and reinforcement, from 

original drawing lit. 7050/c-106. 

 
 a) b) 

Figure 2.6: Cast-sections of a) the fixed-end arches, b) the three-hinged arches, 
from original drawings, lit. 7050/c-56 and 7050/c-63. 

4. 
2. 

3. 
4. 1. 

2. 

4. 
3. 

1. 5. 

vertical joint in 
spandrel walls 
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2.2.2 The spandrel walls 

The spandrel walls are primarily designed as gravity retaining walls, as illustrated in 
Figure 2.7 and Figure 2.8. The only connection with the arch is through reinforcement 
bars spaced 0.5 m, anchored at the rear edge of the spandrel walls. A ledge projecting 
from the outer border of the arch prevents the spandrel walls from slipping outwards 
due to horizontal soil pressure. The spandrel walls are otherwise not intended to 
interact with the arch other than through contact pressure. The contract surface 
between the arch and the spandrel walls consists of asphalt cardboard and the surface 
between the arch extrados and the backfill is coated with several layers of asphalt as 
part of the drainage system. 

The width of the spandrel walls increases when approaching the springings where they 
are only separated by the drainage well. Over the crown and at the springings, the 
spandrel walls are separated by continuous vertical joints, as seen in Figure 2.5. The 
part of the spandrel walls resting only on the column is stabilised using transversal 
concrete beams, Figure 2.5. The spandrel walls are sparsely reinforced and mainly 
consist of concrete with a cement content of 190 kg/m3 and 15 % cobbles. It can 
therefore be concluded that the main purpose of the spandrel walls is to contain the 
backfill rather than constituting a load-bearing element. Nevertheless, the extent of the 
spandrel walls is significant in distributing live loads. Due to large permanent loads the 
friction between the arch and the spandrel walls is also noticeable. 
 

 
 a) b) 

Figure 2.7: Plane view of the bridge illustrating a) the tracks, b) section of the 
spandrel walls. Dash-dotted lines illustrate vertical joints in the 
spandrel walls. From original drawing lit. 7050/c-60. 

x = L x = L/2 x = 0 
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 a) b) 

Figure 2.8: Cross-section of the spandrel walls, a) through the crown, b) through 
section A-A at the quarter point and through the column. From 
original drawing lit. 7050/c-53. 

2.2.3 Columns and foundation works 

The columns are denoted 1 to 21 from the north approach. Columns 6 and 7 constitute 
the towers of the lift span and column 19 and 20 the abutments for the truss steel arch. 
Most columns are located on land or in shallow water and all except column 4 are 
founded on solid rock. Column 4 is instead founded on till, probably due to the depth 
to bedrock (Kreüger & De Geer, 1928), but also likely due to a crossing fault 
(Paulsson-Tralla, 2006b). As illustrated in Figure 2.9, both active and passive soil 
pressure was accounted for at the foundation of column 4. 

At steeper inclinations, mainly at the south approach and at the truss steel arch, bench 
blasting has been employed to create solid foundations. Columns 4 to 7 have been built 
using pneumatic caisson technique due to its depth to bedrock. The caissons are 
divided in cells consisting of reinforced concrete, for column 5 illustrated in Figure 2.10. 
The voids are then filled with low-grade concrete and cobbles. For some foundations, 
e.g. column 6 in Figure 2.11, underpinning has been used instead of bench blasting. 
The other columns standing in water were constructed using either sheet piling or 
cofferdams. At some locations, underwater concreting has been used. 
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 a) b) 

Figure 2.9: Foundation work at column 4, a) transverse cross-section,  
b) longitudinal cross-section. 

 

 
 a) b) c) 

Figure 2.10: Foundation work at column 5, a) cross section, b) longitudinal section, 
c) plane sections. From original drawing lit. 7050/c-24. 
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 a) b) 

Figure 2.11: Detail of foundation showing underpinning at column 6, a) cross 
section, b) detail of the underpinning. From original drawing lit. 
7050/c-16. 

2.3 Inspections and assessment of material 
properties 

Several inspections have been performed during the years and already in the 1970's the 
drainage system was found insufficient, resulting in degradation of the concrete 
structures, especially the arches. The strength of the concrete was found sufficient in 
1998 although a large number of core samples were found to be partially impaired. 
During the thoroughly inspections in 2004 and 2005 a large number damages were 
identified and graded. It was concluded that the drainage system was insufficient and 
had resulted in extensive degradation of the concrete structures. (Paulsson-Tralla, 
2006b), (Paulsson-Tralla & Bjurholm, 2005) 

2.3.1 Inspections of the arches 

The external surfaces of the arches and spandrel walls consist of a pebble concrete that 
resembles plaster rather than concrete. The pebble concrete was cast using a soffit 
formwork and was prescribed to have a thickness of 100 mm. The overlying concrete 
was cast afterwards. During the inspections in 2004 and 2005, the thickness of the 
pebble concrete was often found to be less than 100 mm and loss of interaction with the 
overlying concrete was found due to insufficient compacting. The results are that the 
reinforcement is not fully enclosed and the concrete consists mainly of aggregate 
behind a surface of plaster, as in Figure 2.12. 
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Figure 2.12: Damaged concrete and corroded reinforcement on the arch intrados, 

photo from (Paulsson-Tralla & Bjurholm, 2005). 

The use of pebble concrete as a surface coating was probably due to aesthetic reasons. 
A comparison of the bridge appearance between the 1930's and the 1980's is shown in 
Figure 2.13 and Figure 2.14. The concrete surfaces appeared to be significantly whiter 
in the 1930's than they are today. 

 
Figure 2.13: The Årsta bridge around the 1930's, view from the west. 

 
Figure 2.14: The Årsta bridge around the 1980's, view from the west. 

During the inspections in 2004 and 2005 systematically weakened zones were found at 
the transitions of the cast sections, foremost at the springings adjacent to section 4 in 
Figure 2.6a. The reason is probably due to difficulties during casting and pieces of the 
formwork and other types of scrap, not removed before casting, were found. These 
sections contain large voids, resulting in accelerated degradation processes, e.g. 
leaching and reinforcement corrosion. Extensive effloresces have been concentrated to 
these zones, visible already in the 1950's, as seen in Figure 2.15. 



CHAPTER 2. THE OLD ÅRSTA BRIDGE 

 16 

 
Figure 2.15: The Årsta Bridge around 1950's, view from the west. 

2.3.2 Measured strength of the concrete 

The strength of the concrete has been studied at several occasions. During the 
investigations in 1998, CBI tested at least 82 core samples for compressive strength. 
The core samples were taken from arch 2, 11 and 13 together with samples from 
column 19 and 20, corresponding to the springings of the truss steel arch. The results 
varied from 0 to 90 MPa with a coefficient of variation exceeding 40 %. A large amount 
of the samples was afflicted with different deterioration caused by freezing, 
efflorescence, leaching and large voids. Five samples were recorded as having zero 
strength and most of these samples were taken near transitions of two casting sections. 
A part of about 40 % was found to be partially impaired, but showed high strengths 
since these areas were removed before testing. In addition, three samples from the 
concrete abutment of the truss steel arch were tested for tensile strength. The results 
varied from less than 0.1 MPa to 1.0 MPa. (CBI, 1998) 

The distribution of the compressive strength is presented in Figure 2.16, having an 
average strength of 44 MPa and a standard deviation of 18 MPa. In Figure 2.16b, the 
data samples are presented on a normal distribution paper. The departure from 
Gaussianity lies within the range envisaged by a discrete normal distribution function 
of the same length as the data studied. Hence, the compressive strength is assumed 
normally distributed. 

Provided normally distributed data, the characteristic strength can be estimated using 
either Equation (2.2) according to (Boverket, 1994a) or Equation (2.3) according to 
BBK04 (Boverket, 2004). Using kpn = 1.77 in Equation (2.2) results a characteristic 
strength for the 5 % percentile within a 75 % confidence interval, based on 80 samples. 
In both Equation (2.2) and Equation (2.3) � is the standard deviation. 
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Regarding the zero-strength results we obtain a characteristic strength of 11.4 MPa 
using Equation (2.2) and merely 3.5 MPa using Equation (2.3). Neglecting the zero-
strength results yields corresponding values of 20.3 MPa and 14.6 MPa respectively. 
The lowest class of concrete strength according to BBK04 is denoted C12 and has a 
characteristic strength of 11.5 MPa. The upper bound for an overall strength 
corresponds to concrete class C20, having a characteristic strength of 19.0 MPa. 

In January 2007, nine samples from arch 6, the 3-hinged arch adjacent to the lift span, 
were tested by CBI. The compressive strength spanned from 40 MPa to 70 MPa, 
corresponding to a concrete quality class between C40 and C45, having strength of 
about 40 MPa. In addition, eight samples were tested for tensile strength, yielding 
results between 2 - 3 MPa. (CBI, 2007) 
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 a) b) 

Figure 2.16: Statistical distribution of the concrete compressive strength obtained 
by (CBI, 1998), a) combined histogram containing all 82 samples and 
a probability density function based on all non-zero results, b) a 
normal probability plot, illustrating the data on a normal distribution 
paper. 
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2.3.3 Assessment of material properties 

From the bridge inspections referred above, it can be concluded that the concrete 
suffers from numerous degradation processes and systematically impairments. A 
surface consisting of pebble concrete often conceals large voids, corroded reinforce-
ments lacking interaction with the surrounding concrete, creating an over all inhomo-
geneous material. An accelerating factor of the deterioration seems to have been due to 
the long insufficient drainage system. 

On the other hand, a large number of core samples have shown high compressive 
strengths, corresponding to conventional concrete. In assessing an over all structural 
safety, this calls for parametrical investigations to estimate the influence of the 
different mechanisms regarding the real material properties. It may be tempting to 
resort to probabilistic methods, but one of the largest degrees of uncertainty lies within 
the deterioration of the concrete. The most feasible way of treating this problem has 
been to regard the concrete as an equivalent homogenous material with reduced 
strength. Systematically weakened zones at the cast sections can be treated with an 
additional reduction in strength. It should be verified however, not to change the 
structural behaviour of the bridge in a way that instead increases the capacity, e.g. by 
acting as partially hinges. 

The above arguments are primarily intended for ultimate limit state analysis. The 
manner of action in a serviceability state may be obtained by in situ measurements to 
verify the interaction between the arch, the spandrel walls and the backfill. 
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Field measurements 

In the following chapter, the field measurements performed in 2005 are presented and 
analysed. Despite measuring live load response, background noise is always present, 
altering the signal. The properties of the background noise are studied to estimate the 
quality of the signal. Signal processing prior to the live load analysis is performed to 
attenuate background noise, keeping the live load response sufficiently unaltered. The 
response is further confirmed using statistical analysis based on numerous live load 
passages. Considering the measured response, some conclusions regarding the bridge 
manner of action are discussed. 

3.1 Arch bridge measurements 

Measurements on arch bridges have been the subject of a number of published studies. 
Most of the studies are performed on masonry structures, where the barrels consist of 
either stones or bricks. Moreover, most of the published results origin from the UK, 
since a large share of their bridge stock consists of such structures. 

In-situ measurements are often performed as a tool in assessing real bridge behaviour 
on old bridges still in service, e.g. (Hughes & Pritchard, 1998), (Fanning & Boothby, 
2001), (Fanning et al., 2001), and (Jiang & Esaki, 2002). Most measurements only 
comprise live loads, but in (Hughes & Pritchard, 1998) dead loads are measured using 
flat jacks. In arch bridges with backfill, the dead loads often constitute the main part 
of the total design load and its distribution is therefore important. In (Ponniah & 
Prentice, 1999), long term monitoring of fill pressures on the extrados has been 
performed and a correlation with seasonal temperature variations was found. Bridge – 
soil interaction has been studied by (Pettersson, 2007) and (Bayoglu Flener, 2009) 
concerning full scale measurements of soil pressure and stresses in corrugated steel 
culverts. Transverse effects due to load distribution in the backfill and interaction with 
the spandrel walls are often neglected in both the design and conventional bridge 
assessments. However, studies performed by (Fanning et al., 2001) indicate that such 
effects may be significant and it is concluded that arch bridges with backfill should be 
regarded as a three-dimensional structure. In (Harvey et al., 2005) the effect of 
transverse load distribution in the arch ring itself is studied and a fan like distribution 
extending from the load position to the springings is suggested. The results are based 
on experimental studies of a 4 m span arch bridge. 

Chapter 
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In (Fanning et al., 2001) large number of studies are summarised and it is concluded 
that most in situ measurements on arch bridges show a near linear response under 
service loading. The backfill and the spandrel walls often contribute to the global 
stiffness, resulting in very small displacements, rarely larger than 1 mm. It was further 
concluded that bridges in poor condition often experienced measurable horizontal 
displacements at the springings. In (Jiang & Esaki, 2002) a combination of numerical 
analysis and in-situ load testing data has been used to assess the condition of a 150 
year old arch bridge subjected to weathering. Both dynamic and static load testing has 
been performed by (Marefat et al., 2004); comprising a 60 year old two span concrete 
arch bridge. 

3.2 Aims of the field measurements 

Field measurements were performed on the old Årsta Bridge in July 2005 comprising 
arch 2 and 3 at the north approach. The measurements were performed by commission 
of Banverket and conducted in collaboration between KTH and former Carl Bro AB. 
The instrumentation and the measured responses are reported in (Andersson & 
Sundquist, 2005). The aim of the measurements was to gain further understanding of 
the manner of action of the structure. Since only live loads with relatively small 
amplitudes were recorded, the results are valid only in a serviceability state. However, 
the manner of action reaching the ultimate limit state is related to the behaviour in the 
serviceability state. The properties of main interest are the load distribution through 
the backfill onto the extrados of the arch, the interaction between the arch and the 
backfill and the influence of the spandrel walls. The results are compared with FE 
models and serve as reference in model calibration. 

3.3 Instrumentation 

The bridge was instrumented using two separate systems, gauges denoted A and B in 
Figure 3.1 were collected using a 24 bit analogue/digital (A/D) converter of the 
fabricate HBM MGCPlus. Gauges denoted C in Figure 3.1 were collected using a 16 bit 
A/D converter of the fabricate HBM Spider8. Primary strain gauges were used, except 
gauge 11 to 16 (A and B) that measured elongation using LVDT's (linear voltage 
differential transformer). The LVDT's measured longitudinal elongation at different 
positions through the arch as illustrated in Figure 3.2 and Figure 3.3. All other gauges 
measured longitudinal strain at the intrados. The strain gauges were of the type 
SHOWA N11-FA-30-120-11 and the LVDT's of the type HBM W20. Gauges 1 to 3 
and 5 to 7 (A and B) measured concrete strains and the rest, 4 and 8 to 10 (A and B) 
and 1 to 8 (C) measured rebar strains. The gauges denoted A and B were not used 
simultaneously, contrary to gauges denoted C that were active during all measure-
ments. The gauges were instrumented at the springing, the haunch and the crown. In 
addition, gauges were positioned at both the transverse centre line and 1 m from the 
edge, to obtain transverse effects and influence of the spandrel walls. 
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 a) b) 
Figure 3.2: Instrumentation of arch 2, gauge 11 to 16 through the arch thickness. 

 
Figure 3.3: Instrumentation of LVDT-gauges in bore hole (right), strain gauge at 

concrete (left). 

3.4 Load positioning and measuring procedures 

Load tests were carried out using two Swedish diesel locomotives of the type GCT44, 
having an axle load of 190 kN. The locomotives consist of two bogies having an axle 
distance of 2.4 and an inner bogie distance of 4.6 m, as illustrated in Figure 3.4. During 
all test, the two locomotives passed the bridge side by side on the two parallel tracks. 

2.4 4.6 2.4  
Figure 3.4: Illustration of a GCT44 diesel locomotive, used during the field 

measurements. 

The main intention of the load tests was to obtain near static response and the 
locomotives therefore passed the bridge at less than 5 km/h to attenuate dynamic 
effects. Several passages were performed to verify that the response was repeatable. In 
addition, fully static load positioning was conducted by stepping the locomotives in 
1 m increments over the bridge. During each increment, the locomotives stood still for 
5 minutes to account for any delay effects in the soil. It was found however, that more 
accurate results were obtained from the continuous passages, mainly due to less 
influence of temperature effects. A total of 13 continuous passages were recorded, 
which of three recorded at arch 2 and the remaining at arch 3. In addition, continuous 
measurements were performed during a period of 3.5 h, recording miscellaneous 
commuter train passages at regular speed. 
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3.5 Signal analysis and evaluation of measured 
responses 

The signals have been subjected to filtering to attenuate possible dynamic responses, 
background noise and temperature effects. The filtered signal can be compared with 
corresponding FE-models for further analysis and interpretation. Some statistical 
analysis has been performed to evaluate the quality of the measured signals. Since only 
very small responses are recorded, the signal to noise ratio is of special interest. 

3.5.1 Signal analysis and data quality 

The signals appertaining gauges denoted A and B were recorded using a sample 
frequency of 50 Hz and the gauges denoted C were recorded using a sample frequency 
of 10 Hz. Due to the structural behaviour of the bridge and the low speed of the 
locomotives, the signal is dominated by the static response. Higher frequencies are 
attenuated by the backfill, acting as a low-pass (LP)-filter due to its higher damping 
ratio and lower wave speed, compared to the concrete arches and spandrel walls. To 
attenuate noise in the signals, a 3rd order Butterworth LP-filter has been employed 
with a cutoff frequency fLP in the range 0.2 � fLP � 1.0 Hz, depending on the speed of 
the locomotives and the shape of the static response. A low order filter is preferred to 
obtain smooth signals that represent the static response without altering the amplitude 
or phase significantly. All signals have been studied separately and compared with its 
original response, to ensure that the filtering does not alter the result in an unexpected 
way. 

Temperature effects have been removed mainly by assuming a linear trend during each 
train passage. Most measurements were also performed during night to reduce the 
direct solar radiation. However, during the 3.5 h period measuring miscellaneous 
commuter trains, temperature effects were attenuated using a high-pass (HP)-filter 
with a cutoff frequency lower than the dominating response of passing trains. 

Noise reduction 

The response from gauge 5A, measuring concrete strain at the springing of arch 2, is 
presented in Figure 3.5a. The peak response from the two GCT44 locomotives is less 
than 4 �� (micro-strain), corresponding to a compressive stress of merely 0.1 MPa. The 
background noise in the signals is mainly due to the sensitivity of the gauges and 
electrical disturbances absorbed by the cables. The background noise is isolated by 
attenuating the main response using a 3rd order Butterworth HP-filter with cutoff 
frequency at 1 Hz. Figure 3.5c visualises the frequency content of the background noise 
as a time function. No significant frequencies can be distinguished and the increase in 
noise level at peak strain seems to be even distributed over the bandwidth. This 
indicates that the increase origins from random noise rather than dynamic 
amplification of the locomotives. If dynamic amplifications were significant, distinct 
frequencies coinciding with the natural frequencies of the bridge or the locomotives 
would be expected. Since the speed of the locomotives is merely 5 km/h, no significant 
dynamic amplification is expected. 
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Figure 3.5: Response from gauge 5A, measuring concrete strain at the springing of 

arch 2, a) removing ambient noise using a LP-filter, b) isolating the 
noise using a HP-filter, c) frequency content of the noise as function of 
time. 

If the background noise constitutes unbiased Gaussian properties evenly distributed 
over the frequency band, it may accurately be attenuated by LP-filtering. The noise 
isolated in Figure 3.5b is accumulated over the frequency band of 50 Hz. The 
distribution of the background noise is illustrated in Figure 3.6. In Figure 3.7 the 
distribution is represented in a normal probability plot, yielding good agreement 
within two standard deviations. The standard deviation over the 50 Hz bandwidth is 
less than 0.1 �� and narrowing the frequency band using a 5 Hz LP-filter result in a 
fivefold decrease in standard deviation. Furthermore, sweeping a 1 Hz band pass (BP)-
filter over the spectra estimates the standard deviation to 0.02 ��/Hz. This indicates 
that the noise ratio is proportional to the bandwidth. Since the response from the 
locomotives is obtained within 1 Hz, the accuracy of the LP-filtered signal depends on 
the noise ratio correspondingly. 
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Figure 3.6: Histogram illustrating the distribution of the background noise 

recoded by gauge 5A and the influence of LP-filtering. 
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Figure 3.7: Illustrating the noise signal of gauge 5A over a 50 Hz bandwidth as a 

normal probability plot, deviation from an ideal Gaussian model. 

Statistical moments 

The quality of all signals has been systematically studied using statistical moments, as 
formulated in Equation (3.1) of order n. 

�
�

�
N

i

n
in x

N
M

1

1
 (3.1) 

The first statistical moment M1 is just the arithmetic mean value, reaching zero for an 
unbiased normal distribution. The standard deviation is defined as the square root of 
M2 and is often denoted �. The crest value, defined as xmax/� is a measure of the shape 
of the distribution, approximately 5 for a normal distribution. The crest factor may be 
sensitive to single extreme values since it is based on the extreme of the entire signal. 
The skewness, defined as M3/�3 is a measure of the asymmetry of the distribution. A 
distribution with negative skewness is characterised by an elongated tail to the left. In 
means of noise reduction, a symmetric distribution having zero skewness is preferred. 
The kurtosis factor, often defined by the 4th order statistical moment as 4

4 �/M  is a 
measure of the occurrence of extreme samples. A normal distribution has a theoretical 
kurtosis factor equal to 3, regardless of its parameters. Higher kurtosis means that 
more of the variance is due to infrequent extreme deviations, e.g. caused by sudden 
electrical peaks or transient response. A distribution having a high kurtosis is often 
characterised by having a sharp peak and thicker tails. From measurements with 
similar response, all channels should have the same kurtosis. 

Three locomotive passages were recorded at arch 2, instrumented with gauges denoted 
A and C according to Figure 3.1. Additional ten passages were recorded at arch 3, 
instrumented with gauges denoted B and C. Statistical moments of the background 
noise are presented as average results with appurtenant standard deviation, separated 
for arch 2 and arch 3. To properly compare the results from different gauges, all signals 
have been subjected to a BP-filter on the interval 1 – 5 Hz, resulting in a 4 Hz 
bandwidth. Figure 3.8 presents the standard deviation, expressed as ��/Hz provided 
that the noise is evenly distributed over the bandwidth studied. The average standard 
deviation for gauge 1A,B – 10A,B is approximately 0.02 ��/Hz, in agreement with earlier 
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presented analysis based on one passage at gauge 5A. One exception is gauge 8B 
measuring rebar strain at the crown, having a standard deviation of 0.08 ��/Hz and a 
higher appertaining standard deviation as well. The LVDT gauges, denoted 11A,B – 
16A,B have slightly higher standard deviation, especially gauge 12B. Gauge 15B was 
damaged during the measurements on arch 3. The gauges denoted C, especially during 
measurements on arch 3, show higher standard deviations. Gauge 1C – 4C, measuring 
rebar strain at the springing of arch 2, have a standard deviation of 0.14 ��/Hz. All 
gauges denoted C are located near the springings and the static response is obtained 
using a LP-filter with a cutoff in the range 0.1 � fLP,C � 0.2 Hz. For gauges denoted A 
and B the corresponding interval is 0.1� fLP,A,B �0.8 Hz, mainly due to the response at 
the haunch and the crown. An overall estimation of the standard deviation of the 
filtered signals is less than 0.05 ��/Hz. The static response is 1 – 6 �� in compression 
and 1 – 4 �� in tension. 
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Figure 3.8: Averaged standard deviation of the background noise, error bars 

indicating the appertaining standard deviation. 

The average skewness of the background noise is near zero and the appertaining 
standard deviation is small, inferring symmetric distributions for all gauges. 

The kurtosis of the background noise is presented in Figure 3.9, averaged for each 
gauge with appertaining standard deviation. The overall average kurtosis is 4.5 ��-2, 
indicating a larger number of extremes than envisaged by the Gaussian distribution 
having kurtosis 3. As comparison, the signal from gauge 5A presented in Figure 3.5 has 
a kurtosis of 4.6, still yielding accurate prediction by the Gaussian model within two 
standard deviations, according to the normal probability plot in Figure 3.7. A 
significant increase in kurtosis is seen for the LVDT's, gauge 11 - 16. The large 
kurtosis variation in gauge 16B is due to two individual measurements, having kurtosis 
11 and 24. Excluding those measurements yields an average kurtosis 4.1. 
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Figure 3.9: Kurtosis of the background noise, error bars indicating the 

appertaining standard deviation. 

In general, the level of background noise is sufficiently low compared to the repose of 
interest. Since the response of interest is contained within a narrow frequency band, 
the attenuation of background noise is effective. For larger noise to signal ratios, 
equally good accuracy may be obtained by increasing the sample frequency, provided 
small deviations in skewness and kurtosis. The risk of kurtosis can be reduced to some 
extent, by removing distinct electrical peaks. 

3.5.2 Evaluation of the filtered response 

A compilation of the measured responses from the locomotive passages is presented in 
Figure 3.10. The results are presented as maximum and minimum strain averaged from 
three passages for arch 2 and ten passages for arch 3. Negative strain corresponds to 
compression. Since the results from arch 2 only comprise three measurements, the 
estimated standard deviation should be treated with care. Studying the individual 
passages indicates a deviation for the second passage over arch 2, likely due to 
inaccurate synchronisation of the two locomotives. The main part of the variation from 
different passages likely origins from the accuracy in synchronising the locomotives 
when passing the bridge. The coefficient of variation, averaged from all gauges in 
Figure 3.10, is 0.10. For gauge 1A,B – 3A,B and 5A,B – 7A,B, measuring concrete strain, 
the average coefficient of variation is 0.07. Corresponding value for gauge 4A,B and 8A,B 
– 10A,B, measuring rebar strain is 0.16, indicating that the concrete strain is more 
accurate. The LVDT gauges, 11A,B – 16A,B has an average coefficient of variation of 
0.09, even though studies of the background noise indicated both larger standard 
deviation and kurtosis. No significant correlation between the level of the background 
noise and the variation of the filtered signals can be found. This supports the 
assumption that the main source of variation in measured response is due to 
synchronisation of the locomotives and that the filtering attenuates the background 
noise sufficiently. 
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Figure 3.10: Max and min strain from arch 2 and arch 3, averaged from all 

measurements comprising the GCT44 locomotives. Negative strain 
corresponds to compression. The appertaining standard deviation is 
illustrated as error bars for each gauge. 

The locomotives, having an axle load of 190 kN, represent a total weight of 150 metric 
tonnes. The largest allowed traffic load on the bridge, denoted Stax 22.5 D4, represents 
a largest axle load of 225 kN or an equivalent distributed total load of 80 kN/m. The 
locomotives represent about 40 % of the allowable total load and about 80 % of the 
allowable axle load. The largest measured strain corresponds to a stress in the range 
0.1 MPa in the concrete and 1 MPa in the reinforcement bars. A linear elastic response 
of the arch is therefore expected. 

Strain distribution in the arch 

From the results presented in Figure 3.10, a set of conclusions regarding the structural 
behaviour of the arch can be stated. In Figure 3.11 the filtered signals from one passage 
over arch 2 are presented, containing the response at the springing, the haunch and the 
crown, both at the centre line, gauge 1A – 3A and at the edge, gauge 5A – 7A. In 
Figure 3.12, the load positions resulting in the largest compression at the springing, the 
haunch and the crown are presented. 
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Figure 3.11: Filtered response measuring concrete strain at arch 2. 



3.5. SIGNAL ANALYSIS AND EVALUATION OF MEASURED RESPONSES 

 29 

t = 170 s t = 185 s t = 200 s

+ –

1A - 3A
5A - 7A

+ +

–
–

 
 a) b) c) 

Figure 3.12: Illustration of the measured intrados strain at a) max compression at 
the springing, b) max compression at the crown, c) max compression 
at the haunch. Estimated positions of the locomotives are included. 

If a load distribution with a 2:1 inclination is assumed, neglecting the spandrel walls 
will result in a fairly evenly distributed load in the transverse direction, both at the 
springing, the haunch and the crown. Similar longitudinal strain at the centre line and 
the edge would therefore be expected. Figure 3.11 and Figure 3.12 show that this is not 
the case. The spandrel walls are jointed at the springing and the crown, causing them 
to act as large cantilevers. Because of the large stiffness, the spandrel walls redistribute 
the load to the arch in a nontrivial manner. Recalling Figure 2.8 shows the increased 
width of the spandrel walls, separated only by the drainage well at the springing. 
Comparing gauge 1A,B and 5A,B at the springing show larger strains at the edge than at 
the centre line. At the haunch the relations are opposite, larger strain is obtained at 
the centre line than at the edge. At the crown, the centre line is primary in 
compression and the edge is primary in tension. The shift from compression to tension 
at the crown is likely an effect of the spandrel walls, acting as a cantilever, tiptoeing at 
the edge of the crown. 

Estimation of section forces 

The largest compressive strain at the springing is obtained for an antimetric load case 
according to Figure 3.12a. The load is distributed by the adjacent spandrel walls, 
providing active pressure on the arch. The largest compressive strain at the crown is 
obtained for a symmetric load case according to Figure 3.12b, providing active pressure 
from both spandrel walls. The largest compression at the haunch is obtained for an 
antimetric load case on the opposite side of the arch, as illustrated in Figure 3.12c. The 
left hand spandrel walls enclose the arch by passive pressure. In conclusion, the 
spandrel walls are interacting with the arch both actively and passively. 

A comparison between the LVDT-gauge 11A,B at the haunch intrados and nearby 
strain-gauge 2A,B shows reasonably good agreement, although gauge 2A yields slightly 
more tension and gauge 2B slightly more compression. Comparing the time response 
from individual passages however, generally result in better agreement. At the crown, 
the difference between the LVDT gauge 14A,B and nearby strain gauge 4A,B is larger, 
especially for arch 3. During measurements on arch 3, gauge 15B was damaged, and 
gauge 12B and 13B was found partially impaired, resulting in unreliable results. 

Using the LVDT gauges through the cross-section, Figure 3.2, axial force and bending 
moments can be separated from the total strain at the haunch and crown centre line. 
Linear regression is performed, assuming linear strain through the cross-section. This is 
only approximately valid since curved beam theory states that the centre of gravity 
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does not coincide with the neutral axis. In the present case however, this difference 
constitutes less than 0.5 % of the height, resulting in less than 2 % error in pure 
bending strain, compared to a straight beam. The ratio �M/�N is calculated for load 
case a) and b) according to Figure 3.12. Load case c) is used in estimating the ratio at 
the opposite haunch of load case a). Axial force causing compression results in negative 
strain and positive bending moment is defined as causing tension at the intrados. For 
load case a), the ratio is 0.6 at the adjacent haunch, 0.7 at the crown and -0.7 at the 
opposite haunch. Corresponding section forces can be estimated using Navier's 
equation and assuming Young's modulus Ec = 30 GPa for concrete. For load case a), 
the bending moment is estimated to -6.5 kNm/m at the adjacent haunch, -5.5 kNm/m 
at the crown and 4.2 kNm/m at the opposite haunch, using the symmetry with load 
case c). Hence, negative bending moment causing compression at the adjacent haunch 
and positive bending moment causing tension at the opposite haunch are obtained. 
Because of the axial force, -80 kN/m at the adjacent haunch, -70 kN/m at the crown 
and -50 kN/m at the opposite haunch, no tensile strain is obtained along the intrados 
centre line. From Figure 3.12 however, it is obvious that the bending moment is 
significantly larger at the edge of the crown. For load case b), the bending moment is 
estimated to -6.2 kNm/m at the haunch and -2.1 kNm/m at the crown. The corre-
sponding axial forces are -110 kN/m at the haunch and -60 kN/m at the crown. 

The response from gauge 4A,B, measuring rebar strain at the crown centre line, is larger 
than corresponding nearby concrete strain, measured by 3A,B. Although the standard 
deviation of gauge 4A,B is significantly larger than 3A,B, it indicates that the 
reinforcement bars interact well with the concrete under current load conditions. 
Similar behaviour is found when comparing gauge 9A,B and 10A,B measuring rebar 
strain at the crown, with corresponding concrete strain measured by gauge 7A,B. Gauge 
4A,B and 8A,B – 10A,B also indicates increased tensile strain near the edge of the crown. 

Boundary conditions 

Since both springings have been instrumented on both arch 2 and arch 3, a comparison 
between them is possible. The main difference in response between different springings 
is related to the variation in height of the columns. At the north approach, the north 
springing of arch 1 is founded on a massive concrete foundation and the column at the 
north springing of arch 2 is hence denoted column 1, as illustrated in Figure 3.13. The 
height of column 1 to column 3 is 10 m, 11 m and 14 m respectively. 

 

Figure 3.13: Elevation of arch 1 to arch 4, illustrating the height of the columns. 

North approach 1. 2. 
3. 

4. 
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The resistance of the columns acting on the arches is due to horizontal thrust and 
bending moments and can be separated into elementary cases as in Figure 3.14. The 
corresponding stiffness contributions are presented in Equation (3.2a) to 
Equation (3.2d), from (Sundquist, 2007b). The resistance depends on the boundary 
conditions, the length and the flexural rigidity of the column. 

� � � � �

�

L

 
 a) b) c) d) 

Figure 3.14: Elementary cases of column bending, a) a horizontal thrust at a free 
edge, b) bending moment at a free edge, c) bending moment at a 
simply supported edge, d) horizontal translation of a fully restraint 
edge. 
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If the stiffness of the arch is small compared to the column, the column it will act as a 
cantilever according to Figure 3.14a and Figure 3.14b, resulting in coupled stiffness 
contributions from horizontal thrust and bending moment according to 
Equation (3.2a) and Equation (3.2b). Hence, the boundary conditions acting on the 
springings of the arch will depend on the horizontal thrust as a function of L3 and L2 
and the bending moment as a function of L2 and L.  

If the horizontal thrust is perfectly balanced by adjacent arches, the column mainly 
constitute a rotational resistance, according to Figure 3.14c and Equation (3.2c). This 
may be obtained for the permanent load or evenly distributed vertical live loads. 
Hence, the boundary conditions for this case depend on the horizontal thrust as a 
function of L2 and the bending moment as a function of L. However, if the flexural 
rigidity of the arch is small compared to the column, the bending moment will not be 
able to mobilise any significant rotation of the column and the springing may be 
regarded as fully restraint. 

EI 
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On the other hand, if the flexural rigidity of the arch is significant, the boundary 
condition of the column may reach the fully restraint case, as in Figure 3.14d. The 
subsidiary conditions are that the arches provide sufficient rotational stiffness, making 
the rotation negligible compared to the horizontal translation. The spandrel walls may 
contribute in restraining the column and the arches, both in rotational and horizontal 
resistance. The result is a translational stiffness as a function of L3 and L2 for 
horizontal thrust and bending moment respectively. 

In all cases presented in Figure 3.14 the foundation of the column is assumed fully 
restraint. This is a valid assumption, provided that the stiffness of the bedrock is much 
larger than the column and that the vertical resultant of the load is contained within 
the core limit of the section, i.e. providing only compressive stress to the foundation. 
Column 4 is partly founded on till instead of bedrock, possibly making the fully 
restraint assumption questionable. A further study may also be necessary for column 5 
and 6, founded on an underpinning, as illustrated in Figure 2.10 and Figure 2.11. 

All gauges at the springings show similar response, both in shape and peak compressive 
strain. The increased response near the edge of the springing, observed in gauge 1A,B 
and 5A,B, is also obtained when comparing 5C – 7C but not when comparing 1C – 3C. 
Gauge 4C shows about 60 % larger compressive strain than gauge 2C, only separated by 
a horizontal span of 0.5 m. The corresponding difference in cross section area and 
flexural resistance are 10 % and 20 % respectively. The variation in section force 
between gauge 2C and 4C should be rather small and the large difference may partially 
be due to the spandrel walls. Comparing gauge 1A with 1C and 1B with 5C shows about 
25 % larger compressive strain at arch 3 than arch 2, but indicates no variation 
between the North and the South springing of an individual arch. 

Conclusively, although the studied load levels indicate linear behaviour, the 
measurements show nontrivial relations between the applied load and obtained 
response. To estimate the load carrying capacity of the structure, these relations must 
be scrutinised. Initially, global effects as the boundary conditions, column stiffness and 
load distribution may be studied using a 2D FE-model. The estimated section forces 
evaluated from the LVDT gauges may work as an aid for an initial calibration of the 
2D model. Since pronounced transverse effects have been obtained, a 2D model may 
not describe the response sufficiently well. Therefore, a full 3D FE-model is proposed, 
mainly to investigate the influence of the spandrel walls and better estimate the load 
distribution in the backfill, considering transverse effects. Further, if proper 
parameters of the Young's modulus of concrete can be estimated, it may give a hint of 
recommended concrete quality used in further load carrying capacity calculations. The 
measurements also proved good interaction with the reinforcement bars and its 
influence on the structure can be studied. 
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4  
 
FE-analysis in serviceability state 

This chapter aims at describing the structural behaviour of the bridge in a 
serviceability state. With use of established FE-models, further conclusions can be 
drawn from previous presented field measurements. The intention is to describe the 
real bridge behaviour sufficiently accurate to be used in subsequent ultimate limit state 
analysis. In this manner, the field measurements constitute a vital part in the process 
of model calibration. If not stated otherwise, the commercial FE-software SOLVIA03 
(SOLVIA, 2006) has been used for all analysis. 

4.1 Methodology 

In the process of developing a model that adequately describes the real bridge 
behaviour, the following method is proposed: 

– identification of critical parameters and likely interval of variation, 

– describe the global manner of action using simplified models, 

– comparison with established methods of analysis and their validity in the 
present case, 

– creating detailed models to further describe the real bridge behaviour, 

– calibrate the detailed model using field measurements and determine a set of 
optimal parameters and their validity. 

The parameters to be identified can be categorised into boundary conditions, loads and 
material properties. Some structural members may possess several dependent 
properties, e.g. the columns that primary constitutes boundary conditions for the 
arches. These boundary conditions however, depend on both the material properties of 
the column, the boundary conditions of the column itself and the proportions of 
horizontal thrust and bending moments distributed to the springings. In the extent, 
the load proportions depend on the boundary conditions and the material properties of 
the backfill. Hence, rather complex, dependent relations between several parameters 
can be perceived. The proposed methodology involves separating the parameters and 
studying them individually, using simplified models. Since most parameters may be 
provided with likely intervals, a finite amount of probable configurations can be stated. 
For some parameters, comparisons can be performed with corresponding established 

Chapter 
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theoretical models. As an example, the load distribution of the backfill using a 
numerical model can be compared with an ideal elastic load distribution stated by 
Boussinesq. To further resemble the real bridge behaviour, more detailed models are 
created. Increasing the level of detail in a model often results in even more parameters 
to be defined. In some cases however, relations between different sets of parameters 
may be described, reducing the system of unknown variables. As an example, a system 
of springs may equivalently describe the boundary conditions of the columns, but 
including the column in the model states a relation between the horizontal and 
rotational stiffness and the present load conditions. Once the level of detail has been 
defined, calibration using field measurements can be performed. Linking the model and 
the field measurements serves two main purposes; interpreting the measured response 
in terms of the real manner of action and to transfer those properties to the model. 
When a set of optimal properties has been established the validity must be estimated, 
mainly in terms of likely variation of the parameters, but also the range within the 
proposed model is sufficiently valid. Since the model is calibrated using load levels 
under presumed linear response, an extrapolation reaching the ultimate limit state is 
afflicted with great uncertainties, mainly due to material properties. As the degree of 
uncertainty increases, it is recommended that the degree of conservatism do as well. It 
is important however, to present a range within the actual result is contained. 

4.1.1 Identification of critical parameters 

As proposed above, the parameters to be defined can be grouped into boundary 
conditions, loads and material properties. The boundary conditions are mainly 
constituted by the columns, but previous analysis of the field measurements indicated 
that the spandrel walls might contribute significantly, as both enclosing the arches and 
redistributing the load. This likely influences the behaviour of the structure both 
longitudinally and transversally. To properly determine the influence of the spandrel 
walls, a full 3D model is deemed necessary. In the initial 2D analysis, the spandrel walls 
are neglected. 

The nearby arches contribute to the boundary conditions. However, in proportion to 
the columns, this is likely negligible. Initially, the boundary conditions at the springing 
will be studied for different horizontal stiffness and either fully restraint or fully hinged 
rotations. The stiffness of nearby arches is estimated, both for the separated arch, the 
arch including the backfill and the 3D model including the spandrel walls. In addition, 
due to permanent load, the horizontal thrust from nearby arches must be accounted for 
to achieve the correct stress state at rest. Based on the results, the final level of detail 
can be determined in this manner. 

The arches constitute the main load-bearing element although the spandrel walls may 
contribute significantly. The distribution of the load is depending on the properties of 
the backfill. In a serviceability state, it mainly encloses the arch by the pressure at rest. 
After almost 80 years in service, the soil is assumed well compacted and the stiffness 
may contribute in enclosing the arch. An initial assumption is that the backfill in a 
serviceability state can be described using linear elastic properties and constant 
Young's modulus. The Young's modulus of soil is commonly known to increase with 
depth and several methods in estimating the variation are summarised in (Bayoglu 
Flener, 2004). Since the Young's modulus of soil may vary within a large span and no 
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detailed data are available, assuming a constant value is deemed necessary. Assuming 
elastic properties may be applied provided that the tensile stress contribution from the 
live load does not exceed the compressive pressure at rest, hence not resulting in any 
significant tensile stress of the backfill. Reaching the ultimate load level however, may 
severely overestimate the capacity, mainly depending on the stress state of the backfill 
and if active and/or passive soil pressures are obtained. Using a bi-linear material 
model to restrain the tensile stress may more accurately describe the behaviour of the 
backfill at increased load levels. Reaching the ultimate limit state a more refined 
material model may be necessary, e.g. a plasticity model using a Drucker-Prager failure 
criterion. At the present serviceability load level comprised by the field measurements, 
mainly linear properties of the backfill are studied. The load distribution of the 
spandrel walls can be studied using the 3D model, depending primary on its interaction 
with the arch. 

None of the structural members has well-defined material properties. Recalling 
Figure 2.16 showed that the compressive concrete strength of the arches is severely 
scattered, having a coefficient of variation of over 40 %. The inspections that have been 
performed verify the large variation in concrete quality. It is likely to assume a large 
variation of the Young's modulus as well, and in the process of calibration using the 
field measurements, a perfect match may be difficult to obtain. The inspections 
conducted 2005 (Paulsson-Tralla, 2006b) showed systematic weakened zones near 
casting section, likely afflicted with both reduced strength and stiffness. In further 
ultimate limit state analysis, this may be necessary to account for. Regarding the 
serviceability state analysis, constant material properties will be assumed for both the 
arch and the backfill. The stiffness of the backfill can be studied as two extremes, 
reasonably high stiffness and no stiffness. In the case of no stiffness, the load 
distribution is applied directly on the arch, removing the backfill completely. The load 
distribution through the backfill is mainly due to the angle of internal friction. A 
separate study of the properties and load distribution of the backfill is performed, using 
simplified models that can be compared e.g. with a load distribution according to 
Boussinesq. 

4.2 Modelling the backfill 

The properties of the backfill are one of the most important factors determining the 
behaviour of the arch. No geotechnical surveys have been performed and the content of 
the backfill is therefore unknown. If pure elastic properties are initially assumed, the 
backfill is described only by the Young's modulus and the earth pressure at rest. The 
earth pressure at rest is defined in Equation (4.1a) as a function of the angle of internal 
friction. The lateral pressure at rest is made consistent with K0 by setting Poisson's 
ratio according to Equation (4.1b), resulting in K0 as a function of Poisson's ratio in 
Equation (4.1c). According to (Banverket, 2005), the coefficient of lateral pressure at 
rest is 0.38 for gravel and 0.43 for sand. In further analysis, � = 0.3 is employed. 
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In a semi-infinite medium with elastic properties, the stresses caused by a line load Q 
according to Figure 4.1 are described by Equation (4.2a) and Equation (4.2b), (BYGG, 
1972). 
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Figure 4.1: A line load Q in a semi-infinite medium, a) stress components �x and 
�z, b) trajectories of the vertical stress component. 

� �4
z 2 cos 	Q z� �� �  (4.2a) 

� �2 2
x 2 sin cos 	Q z� � �� � �  (4.2b) 

In the case of a non-infinite medium however, the boundary conditions will alter the 
stress distribution and thereby the load distribution. Some numerical investigations are 
performed using a 2D FE-model, illustrated in Figure 4.2. The model includes load 
distribution via the rail, rigidly connected to the sleepers, spaced 0.5 m. Therefore, 
deviation compared to the Boussinesq equation is expected. In the FE-model, the soil is 
modelled using 4-noded plane strain elements of unit thickness and the rail as a 
Bernoulli beam with section-properties corresponding to one rail. The element size is 
0.1 m and the length of the model is 80 m, attenuating the vertical boundary 
conditions. 
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Esoil, 


EIrail
Q

h

 
Figure 4.2: 2D model of the soil, finite height and width. The line load Q is 

distributed via the rail and sleepers, spaced 0.5 m. 

Since the soil is primary regarded as an elastic medium, the main parameters are the 
Young's modulus and the Poission's ratio, where the Poission's ratio is related to the 
angle of internal friction according to Equation (4.1b) above. As a comparison, the 
deviance from a semi-infinite Boussinesq distribution is performed. 

In Figure 4.3, the normalised vertical stress for different fill heights is presented. The 
load distribution from the FE-model has larger peak stress than the semi-infinite 
model. Both models are in equilibrium, i.e. the sum of stresses over the area results in 
the force Q. 
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Figure 4.3: Normalised vertical stress for different fill heights, dashed lines 

according to Equation (4.2a), solid lines are results from a linear 
elastic FE-model according to Figure 4.2, using Esoil = 100 MPa and 
� = 0.3. 

In Figure 4.4, the horizontal stress component is illustrated, for the same conditions as 
in Figure 4.3. According to Equation (4.2b) no tensile stresses can occur. In the elastic 
FE-model however, both tensile and compressive stresses are obtained. 

In Figure 4.5, the influence of the soil stiffness on the vertical stress component is 
presented. For a reasonable range of soil stiffness, the variation in vertical stress 
distribution is fairly small. Increasing the Young's modulus from 10 MPa to 100 MPa 
yields a 10 % increase in vertical stress. 
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Figure 4.4: Normalised horizontal stress for different fill heights, dashed lines 

according to Equation (4.2b), solid lines are results from a linear 
elastic FE-model according to Figure 4.2, using Esoil = 100 MPa and 
� = 0.3. 
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Figure 4.5: Normalised vertical stress for different Young's modulus, h = 4 m and 

� = 0, based on the FE-model in Figure 4.2. 

The influence of Poisson's ratio and thereby the angle of internal friction is studied in 
Figure 4.6. The influence is contained in a 10 % interval and using � = 0.3 is considered 
reasonable. 

Assuming elastic properties of the soil may overestimate its load carrying capacity, in 
the case of yielding. The soil may absorb bending stresses, relieving the underneath 
structure, constituted by the arch. Due to gravity load however, no tensile stresses will 
occur as long as the live load does not induce larger tensile stresses than the pressure at 
rest. In Figure 4.7, a comparison between elastic and bi-linear material models is made, 
as well as the influence of the pressure at rest. The bi-linear material model uses a 
tensile cutoff, not allowing any tensile stresses to occur. In compression, the tangent 
modulus after the linear branch is set to zero. Not regarding the pressure at rest results 
in a triangular stress distribution. Including the pressure at rest however, results in a 
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smooth stress distribution similar to the case of elastic material properties. The peak 
stress is about 30 % larger in the bi-linear case including the gravity load, compared to 
the linear case. 
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Figure 4.6: Normalised vertical stress for different Poisson's ratio, h = 4 m and E 

= 100 MPa, based on the FE-model in Figure 4.2. 
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Figure 4.7: Normalised vertical stress for different material models, h = 4 m, � = 0 

and E = 100 MPa, based on the FE-model in Figure 4.2. 

The above parametric investigation shows that the parameters studied only have a 
moderate influence on the stresses in the structure within reasonable intervals. It is 
considered reasonable to assume E = 100 MPa and � = 0.3 regarding the load 
distribution. Using a bi-linear material model indicates larger peak stresses and its 
influence on the structure is yet to be studied. The preceding parametric survey only 
accounted for the load distribution on horizontal soil with fixed supports and the arch-
backfill interaction is yet to be scrutinised. 
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4.3 2D single span bridge model 

To further study the influence of the identified parameters, a 2D FE-model including 
both the arch and the backfill is created, illustrated in Figure 4.8. The arch has a 
theoretical span L = 20.3 m, a crest f = 6.5 m and a total fill height h = 8.6 m at the 
springing. The backfill is extended a distance L1 = 3.0 m at each side of the arch. The 
arch thickness Dx varies according to Equation (2.1). Although these properties are 
valid only for the old Årsta bridge, the concept of the influence of different parameters 
may be applicable to bridges with other geometries. 

A unit thickness of the bridge is studied, the arch is modelled using 100 Euler-Bernoulli 
beam elements and the backfill using 4-noded plane-strain elements of corresponding 
element size. Live loads are applied on the rail, having an equivalent stiffness EIrail 
weighted for the unit thickness. Load dispersion is considered from the rail onto rigid 
sleepers, spaced 0.5 m, through the backfill onto the arch.  

The contact between the arch and the backfill is modelled using elastic springs with a 
sufficient stiffness to be considered rigid compared to the arch and the backfill. The 
springs are connected from the arch centre line to the backfill, at the level of the 
extrados, perpendicular to the arch tangent. Full arch-backfill contact refers to a global 
vertical-horizontal constraint while axial contact refers to a local axial stiffness in the 
initial perpendicular direction. The axial contact may introduce tangential forces due 
to the global deformation of the system, e.g. deflection of the arch. Under current load 
conditions, these effects are negligible. 

The gravity load constitutes the main part of the total allowable load and parametrical 
investigations are performed for both gravity and live load. Primary linear models are 
considered, allowing influence line analysis valid. Due to the backfill, live load dispersal 
will occur to nearby arches, resulting in influence lines larger than the theoretical span 
length. To account for this, a model consisting of 3 arches has been used. This model 
holds identical properties compared to the single span model presented in Figure 4.8, 
with the difference that the length L1 = 3.4 m. The parametrical investigation is 
performed as a univariable study based on a reference model using the following 
properties: 

- Econcrete = 20 GPa, �concrete = 0.2, �concrete = 2400 kg/m3 

- Ebackfill = 100 MPa, �backfill = 0.3, �backfill = 1800 kg/m3 

- full arch-backfill contact 

- fully rigid springings 

- fixed-end arch. 

When referring to section-forces derived from FE-analysis, a negative axial force causes 
compression and a negative bending moment causes tension at the intrados. 
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Figure 4.8: 2D model of one span of the bridge. 

4.3.1 Permanent load 

Vertical soil stresses 

The vertical soil pressure at rest is illustrated in Figure 4.9 for different arch-backfill 
contact conditions and different coefficients of lateral soil pressure. The undisturbed 
vertical soil pressure due to gravity, �z = �gh, is presented in the margins. 
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Figure 4.9: Vertical soil pressure at rest (kPa) for different arch-backfill 
interactions, a) a comparison between full contact and axial contact 
conditions, b) the influence of Poisson's ratio on the vertical stress 
component. 

The non-horizontal stress trajectories at the upper surface, in the range of 20 kPa, are 
mainly due to the stiffness of the rail, providing a longitudinal restraint of the soil 
surface. In the case of pure axial arch-backfill contact, Figure 4.9a, the vertical stress 
component below the haunch increases adjacently to the arch, to a higher level than 
the undisturbed soil pressure at rest. The stress increase is due to a combination of the 
arch displacement and the arch-backfill contact forces. In the case of full contact, lower 
vertical stresses are obtained adjacent to the arch than envisaged by the gravity 
component �z = �gh. Having a constant Young's modulus, the soil settlement will be 
greater at the springings than at the crown. The downward movement of the backfill 
causes upward shear strains in the soil adjacent to the arch extrados, counteracting the 
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vertical soil pressure. In Figure 4.9b the stress trajectories show that the lateral thrust 
has a small influence on the vertical stress, in the case of full contact. The 
superimposed arch deflections show the same magnitude for both contact conditions 
studied, vertically about 1 mm at the haunch. At the crown, slightly larger deflections 
are obtained for the full-contact case. Reducing the lateral stress component as in 
Figure 4.9b, larger crown deflections are obtained. 

Arch-backfill contact conditions 

In Figure 4.10, the bending moments and axial thrust in the arch due to different arch-
backfill contact conditions are studied. In addition to the elastic models, a non-tensile 
material model is used. Axial contact results in an overall increase in bending moments 
compared to the full contact conditions. The increase is approximately 20 %, 30 % and 
50 % at the springing, the haunch and the crown respectively. At the haunch and the 
crown, similar results are obtained using full contact and non-tensile soil compared to 
elastic soil and axial contact. This strengthens the assumption that the increase is due 
to friction forces along the arch, caused by soil shear stresses. At the springing 
however, the bending moment from the non-tensile model lies within the full- and axial 
contact conditions. 

According to Figure 4.10b, axial contact results in a 15 % decrease in axial thrust at 
the springing but a 25 % increase at the crown, compared to full contact. Contrary to 
the bending moments, the non-tensile soil model does not influence the axial thrust 
significantly. This indicates that the behaviour of the structure is not solely due to the 
arch-backfill contact condition or the stresses in the soil, but rather a combination of 
both. The axial thrust at the crown is in a direct proportion to the horizontal trust at 
the springing. Since the horizontal component at the springing increases while the axial 
thrust decrease, the vertical component must decrease as well. This indicates that a 
larger share of the backfill is transferred beyond the springing along the side L1 in 
Figure 4.8. 
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Figure 4.10: Influence of the arch-backfill contact conditions regarding a) the 
bending moment, b) the axial thrust. The results refer to gravity load 
on the reference model of unit thickness. 
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Resistance of the backfill  

In conventional bridge design of soil-structure interaction, the soil is often regarded as 
an external force, acting on the structure. This may be referred to as non-resistant 
backfill, since the load carrying capacity of the soil itself has not been taken into 
account. In Figure 4.11, the influence of different backfill models is studied. The 
resistant backfill refers to the reference model, considering the soil stiffness. Non-
resistant backfill is obtained using the resistant backfill model to calculate the load 
distribution. This is achieved in the FE-model by constraining the arch in a model with 
resistant backfill present, listing the nodal reaction forces and reversing them in 
subsequent analysis, excluding the backfill. In addition, the load distribution is 
calculated using the geometry of the backfill, i.e. �z = �gh and �y = K0•�z. This is 
referred to as geometric non-resistant backfill. Non-resistant and geometrical backfill 
loading may yield different results due to the non-trivial stress state of the backfill, 
dependent on the boundary conditions, as in Figure 4.9.  

According to Figure 4.11a, the non-resistant backfill results in a 30 % decrease in 
bending moment at the springing, compared to the resistant backfill. When using the 
geometric non-resistant backfill on the other hand, it results in a 30 % increase. The 
geometric non-resistant backfill also yields the largest bending moments at the haunch 
and the crown, followed by the non-resistant backfill. Comparing the axial thrust for 
the different models, Figure 4.11b, shows a variation at the springing in the range -
10 % to +15 % for the non-resistant and the geometric non-resistant backfill 
respectively, compared to the resistant backfill model. Similar proportions are found at 
the crown. 
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Figure 4.11: Influence of the arch-backfill resistance and load distribution regarding 
a) the bending moment, b) the axial thrust. The results refer to 
gravity load on the reference model of unit thickness. 

From the results presented in Figure 4.10 and Figure 4.11 it can be concluded that the 
arch-backfill interaction and the properties of the backfill itself has a great influence on 
arch structural state at rest. The load carrying capacity of the arch is limited by the 
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interaction of bending moment and axial thrust in a non-linear manner, which renders 
a reasonably conservative approach difficult to grasp. 

Fixed-end and 3-hinged arches 

The concrete arches are mainly designed as fixed-end arches. The exceptions are the 
arches denoted 4, 5 and 6, located north of the lift span, designed as 3-hinged arches. 
The reason was the risk of settlements due to ground conditions and the capacity of 
mobilising a horizontal thrust in the pier of the lift span. In Figure 4.12, the state of 
the arch at rest is presented for the fixed-end and the 3-hinged arch. For illustration, a 
2-hinged arch is presented as well. Introducing hinges at the springings causes larger 
bending moments at both the haunch and the crown. The point of the maximum 
negative bending moment is displaced from the haunch near the distance L/8 from the 
springing. Introducing the crown hinge releases the positive bending moment without 
introducing any significant increase in negative bending moment. The 3-hinged arch is 
hence subjected solely to negative bending moment at rest, causing tension at the 
intrados. Despite this, a significant amount of extrados reinforcements is present, 
according to the original drawings approximately the same amount as for the intrados. 
The large amount of extrados reinforcement is not evident since positive bending 
moments are mainly expected for antimetric live loads. 

No excessive difference in axial thrust due to hinges is expected since vertical and 
horizontal equilibrium must be obtained for the same external load. This agrees with 
the results obtained in Figure 4.12b, showing a rather small difference in axial thrust, 
mainly at the crown. 
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Figure 4.12: Influence of arch hinges regarding a) the bending moment, b) the axial 
thrust. The results refer to gravity load on the reference model of unit 
thickness. 
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Parametrical survey 

A short parametric survey has been performed to further understand the influence of 
the critical parameters under permanent loading. The results are presented in 
Figure 4.13 to Figure 4.15 as bending moments and axial thrust at the springing, the 
haunch and the crown. The results are normalised with respect to the reference model. 
Since different parameters may move the point of maximum section-force, as in 
Figure 4.12, the maximum response is searched for within a sufficient range containing 
the peak, still addressed the springing, the haunch and the crown. 

In Figure 4.13, the Young's modulus of the concrete arch and the backfill are studied 
respectively. In Section 2.3.2 the concrete compressive strength based on a large 
number of samples was found to be in the range of quality class C12 to C20, having a 
characteristic Young's modulus, denoted Eck , in the range 27 – 30 GPa. Despite this, 
Eck = 20 GPa is used in the reference model. For the highest quality class C60 referred 
to in BBK04, Eck = 39 GPa. A likely interval for serviceability state analysis may be 
contained within the range 30 � Eck � 40 GPa. Reaching the ultimate limit state 
however, the lowest quality class C12 yields the design-value Ecd = 19 GPa. Further, 
since the variation of concrete compressive strength was found far greater than 
envisaged by conventional concrete, common relations between compressive strength 
and Young's modulus may be treated carefully. There is a risk that a calibrated model, 
based on measured serviceability load levels, will suggest larger Young's modulus than 
supported for by the results presented in Section 2.3.2. 

Figure 4.13a shows a non-linear increase in bending moments for increased Eck. An 
increase from 20 to 40 GPa yields a 25 % increase in bending moments at both the 
haunch and the crown. The axial thrust does not change significantly. The reference 
moment M0 and axial thrust N0 are found as the dash-dotted lines in Figure 4.10. 

The properties of the backfill are likely associated with even greater uncertainties than 
the concrete since no field data is available. The Young’s modulus of soil is often 
regarded as dependent both on the current stress state and the duration of the load. 
Assuming one constant value may therefore be a very rough simplification. The backfill 
is likely to be regarded as well compacted since the bridge has been in service for 
almost 80 years, having transported approximately 1500 million gross tonnes. Still, the 
Young's modulus may very well vary within the range 50 � Ebackfill � 500 MPa. 
According to Figure 4.13b, increasing the Young's modulus of the backfill by a factor 
5, from 100 MPa to 500 MPa, decreases the bending moment at the haunch and the 
crown by a factor 3 and at the springing by 30 %. Even the axial thrust at the crown is 
influenced, by a corresponding decrease of 20 %. In agreement with Figure 4.11, 
decreasing the stiffness of the backfill results in increased bending moments and axial 
thrust. Greater stiffness of the soil results in larger arching-effects of the backfill, 
unloading the arch. 
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Figure 4.13: Variation of the Young's modulus of a) the concrete arch, b) the 
backfill. The results refer to gravity load on the reference model of unit 
thickness. 

The backfill density and proportion of the lateral thrust are studied in Figure 4.14. 
Both the bending moment and the axial thrust are found to be in direct proportion to 
the backfill density. This appears logical since the stiffness proportion between the arch 
and the backfill is constant, hence redistributing the load proportionally to the applied 
load. The backfill density may be contained in the interval 1800 < �backfill < 2200 
kg/m3 where 1800 kg/m3 was assumed in the original design calculation, partially 
presented in (Andersson, 2006). Using 2200 kg/m3 may serve as an upper boundary, 
regarding the increased weight of the spandrel walls in a 2D analysis. In many design 
codes, e.g. (Banverket, 2005) the backfill density is set to 2000 kg/m3. Increasing the 
backfill density by 20 %, from 1800 kg/m3 to 2200 kg/m3, results in a 20 % increase in 
both bending moments and axial thrust. 

The influence of the lateral thrust, in Figure 4.14b presented in terms of Poission's 
ratio of the elastic backfill, shows non-linear proportions. Setting � = 0 results in pure 
vertical resultant of the backfill and when � � 0.5 it results in a near incompressible 
media with the same lateral as vertical thrust. For clarification, the upper horizontal 
axis provides a scale with the angle of internal friction. According to the design code 
(Banverket, 2005) the lateral thrust for different geotechnical material varies within 
the range 35 � � � 45°. Reaching the ultimate limit state however, this may not be 
valid and a more refined material model considering the real state of the soil is deemed 
necessary. Due to the permanent load, the largest variation is found for the bending 
moment at the springing, decreasing 10 % from the reference model. Hence, the 
proportions of lateral thrust are found to have moderate influence on the behaviour of 
the arch. 
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Figure 4.14: Variation of a) backfill density, b) lateral soil stress. The results refer 
to gravity load on the reference model of unit thickness. 

The variation in section-forces due to the end-conditions of the arch is studied in 
Figure 4.15. The resistance is separated into horizontal and rotational stiffness and 
normalised with respect of fully restraint end-conditions. In a separate analysis, the 
horizontal stiffness of the arch itself subjected to a horizontal thrust is found in the 
range 0.02 � KF� � 0.2 GN/m, the larger value accounting for the soil stiffness. The 
results are derived using the reference model of unit thickness. The main part of the 
total resistance is due to the columns. The length of the columns varies from 10 to 
25 m along the bridge. Provided constant flexural rigidity and assuming a cantilever 
column, an interval of the horizontal and rotational stiffness can be stated, using 
Equation (3.2a) and Equation (3.2b). In the comparison, Ecolumn = 20 GPa and I = 
9 m4 of a unit column width is used.  

The horizontal resistance is estimated to 0.03 � KF� � 0.5 GN/m and 0.6 � KM� � 
3.6 GN/m due to a horizontal force and bending moment respectively. In Figure 4.15a, 
a horizontal resistance of 3 GN/m may be regarded as near fully restraint, but 
decreasing to 0.5 GN/m results in a 50 % increase in bending moments at the 
springing. Contemporary, the bending moment at the crown decreases in the same 
proportion. The bending moment at the haunch is not influenced significantly within 
the current intervals. 

Similarly, the rotational stiffness is estimated to 0.6 � KF� � 3.6 GNm/rad and 7.2 � 
KM� � 18 GNm/rad for the horizontal thrust and bending moment respectively. 
Decreasing the rotational stiffness naturally decreases the bending moment at the 
springing and fully restraint rotations are deemed conservative. Releasing the 
rotational restraint completely, results in a maximum 50 % increase in bending 
moment at the haunch and the crown but for likely intervals, the difference is of less 
significance. 
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Figure 4.15: Variation of the arch end-supports, a) variable horizontal stiffness 
with rigid rotational stiffness, b) variable rotational stiffness with rigid 
horizontal stiffness. The results refer to gravity load on the reference 
model of unit thickness. 

In conclusion, the end-conditions of the arch may not be regarded as fully restraint 
concerning horizontal resistance, but fixed rotations are a reasonable conservative 
approach for permanent loading. Still, a more conservative result is obtained at the 
crown for the fully restraint case. The adjacent spans of the bridge will provide 
horizontal resistance, balancing the system. Under permanent loading, the horizontal 
displacement at the springing will decrease significantly, hence decreasing the bending 
moment. Using a coupled relation between the horizontal thrust and the bending 
moment, e.g. by modelling the column, may provide a more likely scenario. In addition, 
introducing adjacent spans may even better estimate the behaviour of the structure. 

Temperature effects 

In the design codes, temperature effects are normally accounted for in both 
serviceability and ultimate limit state analysis. The design temperature load in the 
current case lies within ±10°C. In Figure 4.16, a 10°C even temperature difference of 
the arch is studied, using the reference model. Positive and negative temperatures yield 
symmetric results with opposite signs. Since temperature induced forces depend on the 
resistance of the structure, the case of resistant and non-resistant backfill are studied. 
According to Figure 4.16, the resistance of the backfill has negligible influence on the 
bending moment but yields a threefold increase in axial thrust. Almost zero bending 
moment is obtained at the haunch. 
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Figure 4.16: Temperature induced section-forces, the effect of resistant and non-

resistant backfill on a) the bending moment, b) the axial thrust. A 
coefficient of thermal expansion � = 10-5 °C-1 is used. 

There is a significant difference between the fixed-end and 3-hinged arches regarding 
temperature effects. In the case of non-resistant backfill, no temperature induced 
stresses occur in the 3-hinged arch and in the case of resistant backfill the stresses are 
negligible compared to the fixed-end arches. 

The influence of the backfill during temperature loading is further studied in 
Figure 4.17, for both full- and axial contact conditions. Increasing Ebackfill from 100 to 
500 MPa results in a mere 10 - 15 % increase in bending moment at the crown and 
almost no difference at the springing. The axial thrust on the other hand, results in a 
near threefold increase correspondingly, both at the crown and the springing. Axial 
contact conditions are found to result in larger bending moments, probably due to less 
interaction with the backfill. 
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Figure 4.17: Temperature induced section-forces, the effect of backfill resistance 

and contact conditions on a) the bending moment, b) the axial thrust. 
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The effect of horizontal and rotational resistance during temperature loading is studied 
in Figure 4.18. The results are normalised with respect to the reference model 
represented by the resistant backfill in Figure 4.16. Decreasing the resistance at the 
springings results in reduced section-forces, both regarding bending moments and axial 
thrust. Similar to permanent loading, the largest effects are found at the springings. 
Given the large span of variation in estimated resistance, it may be reasonably 
conservative to assume fully restraint springings. 
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Figure 4.18: Temperature induced section-forces, the effect of horizontal and 
rotational resistance on a) the bending moment, b) the axial thrust. 

4.3.2 Influence lines 

To study the live load, influence line analysis has been undertaken. In Figure 4.19, 
influence lines of a single fixed-end arch are presented. The results are based on the 
reference FE-model, excluding the backfill and the rail; hence, a single point load on 
the arch centre line is studied. The results are comparable with corresponding influence 
lines of a fixed-end arch with constant bending stiffness, e.g. (Sundquist, 2007a). Since 
the axial thrust at the crown is balanced by the horizontal thrust at the springing, they 
share the same influence lines. A comparison of the influence line at the crown in 
Figure 4.19b shows good agreement with (Sundquist, 2007a) although the latter only 
considers a constant bending stiffness. 
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Figure 4.19: Influence lines for a single fixed-end arch comprising a) bending 
moments, b) axial thrust. The results are based on the reference 
model, excluding the backfill and the rail. 

In the original design, partially presented in (Andersson, 2006), influence lines were 
calculated using a three-span model, regarding the resistance of the columns. The 
obtained influence lines for the bending moment at the springing and the crown are 
presented in Figure 4.20. Compared to the infinite and zero horizontal resistance, the 
original design resembles the fully restraint case. Nevertheless, setting KF� = 0.2 GN/m 
results in a near perfect match both at the springing and the crown. 
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Figure 4.20: Influence lines for bending moment at a) the springing, b) the crown. 
Comparing the original design calculations with the cases of infinite 
and zero horizontal resistance. 
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Arch-backfill contact conditions 

In the above comparison, the properties of the backfill were not accounted for. In the 
original design calculations, the stresses due to live load were calculated applying axle 
loads directly on the previous presented influence lines. The backfill will however 
distribute the live load from the rail onto the arch extrados. In addition, the resistance 
of the backfill may influence the results, similar to the above studied effects during 
permanent loading. 

The results presented in Figure 4.21 - Figure 4.24 are based on the reference model 
extended to three arches. The two effects of load distribution and resistance of the 
backfill can be separated. Applying the load on the arch centre line neglects the load 
distribution but including the backfill in the analysis regard its stiffness contribution. 
Contrary, applying the load on the rail the corresponding load distribution onto the 
arch can be calculated. The procedure is similar to the non-resistant backfill used in 
permanent loading, with the difference that the load distribution must be recalculated 
for each load increment. 

The effects of backfill stiffness and load distribution are studied in Figure 4.21. 
Provided Ebackfill = 100 MPa results in a 30 - 40 % decrease in bending moment at the 
springing, due to the resistance of the backfill. The corresponding decrease at the 
crown is 20 %. Applying the load on the rail extends the influence line significantly, 
yielding an influence length twice the span length at both the springing and the crown. 
At the springing, applying the load on the rail does not alter the magnitude of the 
influence line. At the crown on the contrary, a 40 % decrease in peak influence is found 
only due to the load distribution, resulting in a total decrease by a factor 2 compared 
to the arch loading without backfill stiffness. 
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Figure 4.21: Influence lines for bending moment at a) the springing, b) the crown. 
Studying the effect of the backfill, both in load distribution and 
stiffness contribution. 

Since the arch-backfill contact conditions were found to be of significant importance 
during permanent loading, its effect during live load is studied in Figure 4.22. The 
cases of either axial or full contact are studied for both the resistant and non-resistant 
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backfill. The influence length is twice the length of the span, except for axial arch-
backfill contact, yielding even greater influence length, regardless of resistant or non-
resistant backfill. Using the resistant backfill, axial arch-backfill contact results in 25 % 
increased bending moment, at both the springing and the crown, compared to full 
contact. Similar behaviour is found using the non-resistant backfill, resulting in a 10 % 
increase correspondingly.  

The influence of the backfill resistance is found significant, using the non-resistant 
backfill results in a 50 % increase in bending moment at the springing, provided full 
contact conditions. The corresponding increase at the crown is 30 %. Using axial 
contact conditions, the stiffness effect of the backfill is slightly attenuated, resulting in 
a corresponding increase of 30 % at the springing and 20 % at the crown. 

In conclusion, the backfill may absorb a considerably large share of the live load, 
transferring it directly to the columns, reliving the arches. The quantities of the 
absorbed load depend on both the arch-backfill contact conditions and the stiffness of 
the backfill. The effects are likely even greater due to the spandrel walls. 
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Figure 4.22: Influence lines for bending moment at a) the springing, b) the crown. 
Studying the effect of the backfill resistance and arch-backfill contact 
conditions from a point load on the rail. 

Parametrical survey 

A short parametric survey concerning the bending moment due to live load has been 
performed. The parameters of main interest are the properties of the backfill and the 
end-conditions, presented in Figure 4.23 and Figure 4.24 respectively. The variation in 
peak influence for bending moment at the springing and the crown are studied. The 
results are normalised with respect to the reference model, referred to as full contact 
with resistant backfill in Figure 4.22. In Section 4.2, the material properties of the 
backfill were found mainly to influence the magnitude of load distribution and the 
width was primarily determined by the depth. Hence, mainly amplitude scaling is 
expected in the following parametric investigation. 
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The influence of the backfill stiffness presented in Figure 4.23a shows the same 
behaviour as for permanent loading. Assuming a likely interval 50 � Ebackfill � 500 MPa 
results in a variation of bending moment in the span +20 % to -40 % correspondingly, 
using Ebackfill = 100 MPa as reference. Recalling Figure 4.22b it should be noted that 
the largest positive bending moment at the crown is small compared to the largest 
negative bending moment, making the dashed line marked Mmax less significant. 

The effect of the lateral thrust due to live load is presented in Figure 4.23b as a 
function of the angle of internal friction. Moderate influence on the bending moment is 
found within the interval 35 � � � 45°, similar to the case of permanent loading. An 
increase of the angle of internal friction from 35 to 45° results in a 10 % decrease in 
bending moments at the springing and merely 3 % at the crown. 

0 200 400 600 800 1000
0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

0 0.1 0.2 0.3 0.4 0.5
0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.4
x = 0
x = L/2

Ebackfill (MPa) �backfill

Mmin

Mmax

Mmax

Mmax

Mmin
Mmin

x = 0
x = L/2

90 60 50 40 30 20 0
Angle of internal friction (°)

 
 a) b) 

Figure 4.23: Variation in bending moments due to live load as a function of a) the 
Young's modulus of the soil, b) the angle of internal friction of the 
soil. 

Similar to Figure 4.15, the influence of the end-conditions of the arch is studied in 
Figure 4.24. In Figure 4.24a, the positive bending moment at the springing and the 
negative bending moment at the crown increases in a similar proportion during a 
decrease in horizontal resistance. Concurrently, the negative bending moment at the 
springing decreases. At the springing, the rate in variation is also found to be non-
proportional between the positive and negative bending moments, the latter being less 
sensitive to variation in horizontal resistance. As a comparison, a 50 % increase in 
positive bending moment is found at 0.3 GN/m compared to 0.9 GN/m for negative 
bending moment, a factor 3 in horizontal resistance. It can also be noted that using K� 
= 0.2 GN/m results in a far larger deviation from the fully rigid support compared to a 
single arch without backfill, presented in Figure 4.20. 

Decreasing the rotational stiffness, Figure 4.24b, relieves the bending moment at the 
springing without increasing the bending moment at the crown significantly. A 50 % 
decrease in bending moment at the springing is obtained for the rotational stiffness 
K� = 5 GNm/rad, estimated within the lower boundary of a likely interval. 
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Figure 4.24: Variation of the arch end-supports, a) variable horizontal stiffness 
with rigid rotational stiffness, b) variable rotational stiffness with rigid 
horizontal stiffness. 

The result from the influence line analysis can be summarised into the following 
conclusions: 

- The load distribution through the backfill results in an influence line 
length1 approximately twice the span of the arch, due to load 
distribution from nearby spans. The peak influence is not altered 
significantly at the springing, contrary to the crown. 

- Similar to permanent loading, the arch-backfill contact conditions are an 
important factor during live loading. Attenuating the friction forces 
using axial contact conditions increases both the peak and the length of 
the influence line. 

- The increased stiffness of the backfill contributes in a similar manner in 
relieving the arch. The influence is inflicted with large uncertainties, due 
to the difficulties in assessing proper stiffness of the backfill. 

- On the other hand, the angle of internal friction does not seem to 
influence the results significantly within likely intervals. 

- The boundary conditions at the springing, mainly the horizontal 
resistance, are important. Lower horizontal resistance yields larger 
bending moment at the crown. At the springing, a decreased horizontal 
resistance results in larger positive bending moments, causing tension at 
the extrados. On the other hand. the negative bending moment is found 
to decrease. 

                                            

1 The distance between two zero-points of the influence line. 
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4.4 2D global bridge model 

To study the behaviour of the bridge as a whole, a global 2D FE-model has been 
created, presented in Figure 4.25. The same geometry and element size as for the single 
span model of Figure 4.8 is used, rendering a total of 70 000 dof (degree of freedom). 
The backfill is modelled with 4-noded plane stress elements of 9 m thickness, also the 
columns and the arches have a width of 9 m. The columns are modelled as beam 
elements fully constraint to the foundation. At some locations, the cross-section of the 
column is increased below the water level. The columns at the lift span and the truss 
steel arch have larger cross-sections. The lift span is modelled as a simply supported 
beam with a fixed bearing at the south column. The entire horizontal thrust from the 
nearby arch 6 and arch 7 is balanced by the columns of the lift span. Despite the 
increased cross-section, larger displacements occur at these locations. The truss steel 
arch at the south approach is modelled using truss elements. The properties of the 2D 
truss structure are modified based on a detailed 3D model to yield the same horizontal 
resistance. 

1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12. 13. 14. 15. 16. 17. 18. 19. 20.

north south
 

Figure 4.25: Elevation of the global 2D FE-model of the bridge. 

4.4.1 Material properties 

In model calibration using field measurements, the aim is to describe the real bridge 
behaviour. The global response of the structure is governed by the average of the 
material properties. In most design codes, only characteristic material properties are 
available, often with an unknown coefficient of variation. In BBK04, the characteristic 
concrete compressive strength, denoted fcck, is presented as 85 % of the lower 5 %-
percentile, where the 85 % factor accounts for long-term effects. The characteristic 
Young's modulus, denoted Eck, is presented as the 50 %-percentile, hence the mean 
value. In the earlier edition, BBK94 (Boverket, 1994b), Eck instead referred to the 
lower 30 %-precentile. According to BBK94, BBK04 and (Svensk Byggtjänst, 1994), 
the Young's modulus of concrete can be regarded constant up to 60 % of the 
compressive strength, hence, the secant- and tangential modulus are regarded to 
coincide. 

During serviceability load levels, linear responses are expected and the material 
properties of the main interest are the Young's modulus. The Young's modulus is 
often stated as a function of the compressive strength, depending on the concrete 
quality class. Using the available concrete quality classes presented in BBK04 and 
BBK94, linear functions of Eck in fcck can be estimated according to Equation (4.3a) 
and Equation (4.3c) respectively. It should be noted that using BBK94 results in a 
30 %-percentile of Eck, compared to the 50 %-precentile in BBK04. Alternatively, Eck 
may be expressed in terms of the average compressive strength according to 
Equation (4.3b) provided a log-normal distribution and that the coefficient of variation 
is known. Equation (4.3d) presented in (Svensk Byggtjänst, 1994) is based on the 
average of a large number of samples. According to Model Code 90 (MC 90, 1993), the 
relation between Ec and fcu is governed by Equation (4.3e) where the compressive 
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cylinder strength fc is 85 % of the ultimate compressive strength fcu. In addition, Model 
Code 90 also provides the relation in Equation (4.3f). The most modern relation may 
however be Equation (4.3g) found in the Eurocode EC2 (CEN, 2004). A comparison of 
the different methods is presented in Figure 4.26. Except the relation according to Roš 
and MC 90 in Equation (4.3e), little difference between the models are found. Although 
both MC 90 and EC2 suggest a power function, near linear relations are found for 
relevant ranges of compressive strength. 

BBK04: 
ck cck25 0.25E f� �  

� �ck cm25 0.21 0.26E V f� � �  

(4.3a) 

(4.3b) 

BBK94: ck cck23 0.29E f� �  
(4.3c) 

Roš (1937)2: � �c c c55 15E f f� �  
(4.3d) 

MC 90: � �c cu cu6000 15.5 1000E f f� � , cu c 0.85f f�  (4.3e) 

MC 90: � � 1/3

ci co ck cmoE E f f f� �� � �� �  

Eco = 21.5 GPa, f = 8 MPa, fcmo = 10 MPa (4.3f) 

EC2: � �0.3

cm cm22 10E f� , fcm = fck + 8 MPa (4.3g) 

10 15 20 25 30 35 40 45 50 55 60
15

20

25

30

35

40

45

BBK04
BBK94
Roš (1937)
MC 90 (e)
MC 90 (f)
EC2

Ec (GPa)

fc (MPa)

 
Figure 4.26: The Young's modulus of concrete as a function of the compressive 

strength. 

                                            

2 Found in Betonghandbok – Material, (Svensk Byggtjänst, 1994). 
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Considering the measured compressive strengths presented in Figure 2.16, the average 
strength fcm = 44 MPa was obtained. The coefficient of variation was found to be 40 %, 
resulting in a characteristic compressive strength fcck = 15 – 20 MPa. Good agreement 
was found for a normal distribution although material strength is normally described 
using a log-normal distribution. The 5 %-percentile can be expressed in terms of the 
average strength and the coefficient of variation according to Equation (4.4a) or 
Equation (4.4b) assuming a normal or a log-normal distribution respectively. In 
comparison, using fcm = 44 MPa and V = 0.4 yields fcck = 15 MPa assuming a normal 
distribution and fcck = 23 MPa assuming a log-normal distribution, a 50 % increase 
compared to the normal distribution. 

� �ck cm 1 1.65f f V� �  
(4.4a) 

1.65
ck cme Vf f ��  (4.4b) 

The difference in estimating the Young's modulus is significantly less sensitive. Using 
either of Equation (4.3a) or Equation (4.3c) results in the interval 27 � Eck � 30 GPa 
for a compressive strength in the interval 15 � fcck � 20 MPa. Using Equation (4.3d) or 
Equation (4.3e) on the other hand, results in Ec = 41 GPa and Ec = 37 GPa 
respectively, based on fcm = 44 MPa. In further analysis, the same material properties 
as the reference model in Figure 4.8 are used, with the exception that the Young's 
modulus of the concrete is increased to 40 GPa. 

4.4.2 Gravity load 

The behaviour under permanent load is studied in detail for arch 1 to arch 6, located 
north of the lift span. A comparison between the fixed-end and 3-hinged arches are 
made. Using a 2D model, the influence of the spandrel walls is difficult to accurately 
assess. One approach is to increase the stiffness of the backfill, resulting in an evenly 
distributed backfill-spandrel wall composite. Since the field measurements indicated 
that the spandrel walls might interact with the arch in a nontrivial way, this approach 
may not be sufficiently accurate. In Figure 4.27, the deformation of the system is 
illustrated for two different backfills, E = 100 MPa neglecting the spandrel walls and E 
= 10 GPa including the stiffness of the spandrel walls. The largest deformations are 
obtained at column 6 adjacent to the lift span. The increased stiffness of the backfill 
results in significantly less deformation of the system, due to its resistance. 

200

50
displacement (mm)

length (m)

arch 1 arch 2 arch 3 arch 4 arch 5 arch 6

Ebackfill = 100 MPa

Ebackfill = 10 GPa

 
Figure 4.27: Calculated displacement of the bridge north of the lift span due to 

permanent load, comparing two different backfill resistances. 
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In Figure 4.28, the bending moment and axial thrust are studied for the fixed-end arch 
1 to arch 3. The results are based on the reference model with Ebackfill = 100 MPa. The 
north springing of arch 1 is fully rigid, resulting in a 50 % decrease in bending moment 
compared to arch 2 and arch 3. Recalling Figure 4.15, the bending moment at the 
springing decreases for larger horizontal resistance and increases for larger rotational 
resistance. Hence, the obtained decrease is mainly due to the horizontal restraint. At 
the south springing of arch 3, a 30 % decrease in bending moment is found. This is 
likely due to the decreased rotational resistance of arch 4, being a 3-hinged arch. The 
axial thrust at the north springing of arch 1 is 10 % less than at arch 2 and 3. This can 
not solely be explained by the rotational restraint but is rather an effect of the 
boundary conditions of the backfill since the embankment north of arch 1 is not 
considered, seen in Figure 4.25. 
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Figure 4.28: Section-forces due to permanent load, a) bending moment, b) axial 
thrust. 

In a similar manner, the bending moment and axial thrust is compared for the 3-hinged 
arches in Figure 4.29. Releasing the moment at the springing and the crown results in 
80 % increased bending moment at the haunch. Due to the movement of column 6, 
positive bending moment is obtained at the south part of arch 6, reaching its maximum 
at 0.05L from the springing. The axial thrust of arch 4 and arch 5 is comparable with 
the fixed-end arches. For arch 6, a 10 % decrease is obtained due to the decreased 
resistance from column 6. 
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Figure 4.29: Section-forces due to permanent load, a) bending moment, b) axial 
thrust. 

In the above comparison, the columns were assumed to be rigidly founded to the 
ground. Recalling Figure 2.9, column 4 is mainly founded on till. Using Equation (4.5) 
(Vägverket, 2009) and assuming Ek = 50 MPa results in a rotational restraint K�,till = 
20 GNm/rad. From Figure 2.9 the length B = 10.5 m and width L = 17 m was used. 
Similarly, assuming Ebedrock = 5 GPa results in a rotational restraint K�,bedrock = 
2000 GNm/rad of the columns founded on bedrock. According to Figure 4.15 the 
rotational restraint of the bedrock may be considered as fully rigid but the foundation 
of column 4 may result in a 10 % increase in bending moment at the crown and the 
haunch of adjacent arches. 

2
� k 5K E B L�  (4.5) 

In Figure 4.30, the bending moment and axial thrust are compared for all concrete 
arches, regarding the elastic restraint of the foundation. The factor of the greatest 
impact is the horizontal resistance, mainly influencing the bending moment at the 
springing. At the lift span, the lack of horizontal resistance from nearby arches results 
in larger displacements and hence larger bending moments. At arch 7, a 250 % increase 
in bending moment compared to arch 2 is obtained, occurring at the south springing. 
The corresponding increase at the north springing is 70 %, subjected to larger 
displacements. The reason is that the column of the lift span provides less rotational 
resistance, relieving the bending moment. At the south springing, the combination of 
horizontal and rotational resistance results in larger bending moments. The horizontal 
resistance is also the main cause of the increased bending moment in arch 8 and arch 9, 
being 40 % and 10 % respectively, compared to arch 2. Restraining column 7 for 
horizontal translation results in the same level of bending moments in all of arch 7 to 
arch 15. At arch 18 and arch 19, the truss steel arch provides sufficient horizontal 
thrust, not influencing the bending moment of the arches. The obtained increase is 
instead a result of the longer columns.  

In Figure 4.30b, small variation in axial thrust is found for most of the arches. As an 
effect of the reduced horizontal resistance at the lift span, the largest decrease in axial 
thrust is found at arch 6 and arch 7, at the most 25 % at the haunch of arch 7. 
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Figure 4.30: Section-forces due to permanent load, a) largest positive and negative 
bending moment, b) axial thrust at the crown and the springing. 
Based on the reference model with Ebackfill = 100 MPa. 

Based on the bending moment and the axial thrust, the corresponding axial stress at 
the intrados and the extrados can be calculated. In Figure 4.31, a comparison of the 
axial stresses due to permanent load in arch 2 and arch 4 is presented. Compression 
corresponds to a negative stress. The fixed-end arch is mainly in compression according 
to Figure 4.31a. At the springing, a 2 MPa compressive stress is found at the intrados 
resulting in near zero stress at the extrados. Due to the negative bending moment, a 
compressive stress of 2 MPa is found at the haunch, resulting in near zero stress at the 
intrados. At the crown, similar stress relations are found compared to the springing, 
resulting in a 2 MPa compression at the intrados. In Figure 4.31b, the stress 
distribution in a 3-hinged arch is studied. The stress variation at the extrados varies 
from 1 MPa to 2.5 MPa in compression, similar to the fixed-end arch. At the intrados 
on the other hand, opposite relations are found. The same stress level is found at the 
springing since no bending moment can occur at the hinges. At the haunch, a 0.5 MPa 
tensile stress is obtained for arch 4. 
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Figure 4.31: Axial stress due to permanent load in a) arch 2, b) arch 4. 
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In Figure 4.30, the largest bending moment was found at arch 7, south of the lift span. 
The largest stress is obtained at the south springing of arch 7, resulting in a near 
4 MPa in compression at the intrados and 2 MPa in tension at the extrados. 

4.4.3 Model calibration using live load 

An initial model calibration is performed using the global 2D model and the average of 
the field measurements, presented in Figure 3.10. The stiffness of the backfill is 
considered as the parameter of greatest impact since it should include the contribution 
of the spandrel walls. In Figure 4.32, the Young's modulus of the backfill is varied in 
the range 0 to 20 GPa. The upper values of this range is far beyond reasonable values 
for solely backfill and should hence be regarded as an equivalent stiffness including the 
spandrel walls. The corresponding response from the field measurements are marked 
with circles with the corresponding gauge number. Since transverse effects are not 
accounted for, only gauges along the transverse centre line are studied. Gauge 1 – 3 are 
located at the springing, the haunch and the crown respectively. 

In Figure 4.32a, the best fit to the field measurements are found in the range  
3 � Ebackfill � 6 GPa for arch 2. The maximum tension at the crown and the maximum 
compression at the springing are found outside the studied range, both indicating an 
even higher backfill resistance. For arch 3, Figure 4.32b shows that only the maximum 
compression at the haunch and the crown are contained within the studied interval, all 
other gauges indicating a higher backfill resistance. A slightly better match may be 
obtained considering the variation of the spandrel walls along the arch, e.g. by a 
successive increase in backfill resistance from the crown down to the springing. Still, a 
3D solid model is deemed necessary to fully understand the interaction of the spandrel 
walls. 
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Figure 4.32: Parametric investigation of the backfill resistance, a comparison with 
the measured response in gauge 1-3 for a) arch 2 and b) arch 3. 

In Figure 4.33, the measured response is compared to the results obtained using the 2D 
model with Ebackfill = 100 MPa and 10 GPa respectively. Using Ebackfill = 100 MPa 
overestimates the measured response by a factor 5. Increasing the backfill resistance to 
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10 GPa, a reasonable match is found and it can be concluded that the influence of the 
spandrel walls are significant. Still, it is doubtful if a sufficiently accurate manner of 
action using the 2D model is possible to accomplish. 
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Figure 4.33: Comparing the measured response with the FE-model using either soft 
or hard backfill resistance, presented for a) arch 2 and b) arch 3. 

4.5 3D models of the bridge 

To further understand the behaviour of the bridge, especially the influence of the 
spandrel walls, a 3D-model of the bridge has been created. The 3D-model facilitates a 
full model calibration of all gauges from the field measurements. As the complexity of 
the model is increased, understanding the real manner of action may be more difficult 
to make clear. Using the knowledge obtained from the 2D-models, the results from the 
3D-model may better be eluded. 

4.5.1 Structural system and boundary conditions 

Due to the size of the FE-model, only a 3-span model of the bridge is considered, 
comprising arch 1 to arch 3. The geometry of the model is presented in Figure 4.34. 
The arch, the spandrel walls and the backfill are modelled using 8-node solid elements. 
The stress distribution in the arch is calculated using a 5×5×3 Gauss quadrature 
formula, resulting in 75 integration points per element. One arch consists of 50 
elements along the arch length, 14 elements in the transverse direction and 2 elements 
along the thickness direction, resulting in a total of 1 400 elements and 105 000 
integration points for stress and strain evaluation. The average element length is 
approximately 0.5 m. The total model consists of approximately 95 000 degrees of 
freedom. The geometry of the arch is the same as in previous 2D-models and the 
spandrel walls are modelled according to the design drawings presented in Figure 2.7 
and Figure 2.8. The vertical joints of the spandrel walls are modelled as gaps at the 
crown and the springings. The reinforcement is included by means of orthotropic 4-
noded shell elements at the intrados and the extrados of the arch. 
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The arch-backfill and the arch-spandrel wall interaction are modelled using either hard 
contact or soft contact. Hard contact is modelled using stiff springs to be considered as 
rigid connections in longitudinal and vertical directions. Soft contact is modelled using 
an interface element consisting of an elastic solid between the contact surfaces. The 
Young's modulus of the soft contact element is set to 10 MPa. Although being able to 
transfer tensile forces, using sufficiently low elasticity of the contact element, the 
interactions of the structural members are attenuated. Besides, during serviceability 
load levels the tensile stresses induced by the live loads do not exceed the compressive 
stress due to the permanent load. 

The live load is applied on the rail, distributing the load to nearby sleepers onto the 
elastic bed constituted by the backfill. The backfill further distributes the load onto 
the spandrel walls, the arch and the columns. The spandrel walls further redistribute 
the load to the arch and the columns. The north springing of arch 1 and the south 
springing of arch 3 are considered as fully rigid to ground. Colum 2 and column 3 are 
modelled using beam elements, rigidly connected to the ground. Since the south 
springing of arch 3 is fully rigid, calibration is primarily performed using the field 
measurements obtained from arch 2. 
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z

x y

z

 
Figure 4.34: Illustration of the 3D solid model, a) semi-transparent cross-section 

illustrating the extension of the spandrel walls, b) iso-view of the 
whole model, c) elevation of the whole model. Notice the vertical joints 
modelled in the spandrel walls. 
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A reference model is stated, similar to the 2D global model. Both the spandrel walls 
and the columns are assumed to have the same material properties as the arch, using 
Econcrete = 40 GPa. The backfill is modelled using a linear elastic material with Ebackfill 
= 100 MPa and �backfill = 0.3. All of the intrados- and extrados reinforcement is 
included, using Erebar = 200 GPa and assuming full interaction with the arch. The arch-
spandrel walls and the arch-backfill contact conditions are assumed constraint 
according to hard contact conditions. Each rail is modelled with its real cross-sectional 
properties, assuming Erail = 200 GPa. The rail is rigidly connected to sleepers, spaced 
approximately 0.5 m. 

4.5.2 Permanent load 

The axial stresses in arch 2 due to the permanent load are presented as stress 
trajectories in Figure 4.35. The influence of the spandrel walls is studied by assigning it 
properties of either concrete or backfill material. Assuming concrete spandrel walls 
fully interacting with the arch, a stress distribution on the intrados and extrados are 
presented in Figure 4.35a and Figure 4.35b. At the arch centre line, a 1 MPa 
compressive stress is found at the crown extrados and nearly zero stress at the 
intrados. This is the direct opposite compared to the 2D-models, recalling Figure 4.31a. 
Below the haunch, the extrados stress is decreased from 0.9 to 0.6 MPa in compression. 
Concurrently, the intrados compressive stress is increased from 0.6 to 0.9 MPa. The 
vertical joints at the crown and the springings cause the spandrel walls to act as large 
cantilevers, tiptoeing on the edge of the crown. The resulting stress concentration is 
1.2 MPa in compression. 

Assigning backfill material properties to the spandrel walls, stress distributions 
according to Figure 4.35c and Figure 4.35d are obtained. The variation in axial stress 
along the transverse direction is almost completely vanished, resulting in a much more 
two-dimensional behaviour. The stress levels at the crown are 2 MPa at the intrados 
and almost zero at the extrados, in agreement with the global 2D-model. Between the 
crown and the haunch, zero bending moment occurs at the compressive stress level of 
0.9 MPa, compared to 1.1 MPa from the 2D-model, approximately at the same 
location. At the springing, the stress proportions are 1.5 MPa at the intrados and 
almost zero at the extrados, again in good agreement with the 2D-model. 

Conclusively, neglecting the spandrel walls prove good agreement compared to the 2D-
models. Introducing the stiffness of the spandrel walls on the other hand, dramatically 
changes the behaviour of the structure, in many ways direct the opposite of the 2D-
models, with a distinct three-dimensional behaviour. The spandrel walls may however 
relieve the arch significantly and is a vital factor in assessing the correct manner of 
action of the structure. 
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Figure 4.35: Longitudinal tangential concrete stress trajectories (MPa) in the arch 
due to permanent load. The stiffness of the spandrel walls is included 
a) and b). In c) and d), the spandrel walls are assigned the same 
material properties as the backfill. 

4.5.3 Parametric model calibration using field measurements 

Fixed load positions 

The model calibration is based on the reference 3D-model including the spandrel walls 
as concrete structures. In Figure 4.36, two static load positions are studied, one 
antimetric causing maximum compression at the north springing of arch 2 and a 
centric causing maximum compression at the crown. The corresponding stresses 
induced in the arch are presented as stress trajectories in Figure 4.37. 

arch 2arch 2

 
 a) b) 

Figure 4.36: Load positioning of the GCT44 locomotives, a) symmetric load 
position, b) antimetric load position with the first axle at the crown. 
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Figure 4.37: Longitudinal tangential concrete stress trajectories in MPa due to live 
load of two parallel GCT44 locomotives. In a) and b), the locomotives 
are positioned symmetric above the crown. In c) and d), an antimetric 
load with the first axle at the crown is studied. 

In accordance with the field measurements, the stresses due to the locomotives are 
small. Assuming Econcrete = 40 GPa does not induce any stresses larger than 0.3 MPa. 
The symmetric load position yields similar stress trajectories as the permanent load, 
causing stress concentrations at the edge of the crown. At the haunch, a symmetric 
load position does not induce any notable bending moment and the resulting axial 
stress is merely 0.1 MPa. The antimetric load position proves many similarities 
compared to the symmetric case. Reflecting the adjacent half-arch of the antimetric 
load case around the crown will produce a very similar stress distribution as the 
symmetric case. In addition, a large share of the antimetric load will be transferred 
directly to the column and the adjacent arch. 

Parametric survey of the Young's modulus of concrete 

Parametrical studies similar to the 2D-model in Chapter 4.3 have been performed 
using the 3D-model. Similar to the calibration of the 2D-model, the spandrel walls were 
found to be the foremost important factor, influencing the response of the arch. By 
setting the same material properties of the spandrel walls, the columns and the arch, 
the number of parameters are reduced significantly. Regarding the degree of unknown 
properties, this is considered to be a reasonable approach. In essence, the variation of 
the Young's modulus of concrete is assumed greater in general than comparing e.g. the 
variation of the spandrel walls with the arch. When a global Young's modulus has 
been established, other parameters can be studied. 
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In Figure 4.38 to Figure 4.40, the parametric study of the Young's modulus of the 
concrete structures is performed, studying both hard and soft contact conditions. The 
average responses from the field measurements of arch 2 are denoted with circles. 
Although the studied range is 15 � Econcrete � 50 GPa, some measured responses are 
found outside this interval. The reason may either be differences in location between 
the strain gauge and the result point in the FE-model or other properties not 
sufficiently described in the reference model. In addition, the FE-model may not 
describe the correct manner of action in detail. Since neither of the possible factors can 
be determined exactly, it considered sufficient if the main parts of the calculated 
responses prove similar results compared to the field measurements. 

In Figure 4.38a, the concrete strain along the arch centre line shows a good match for 
Econcrete = 37 GPa, based on the measured strain at the springing and the crown. 
Comparing the response at the haunch on the other hand, suggest an improbably high 
stiffness. In terms of estimated stresses, the difference in the range of 0.1 MPa. Along 
the edge, Figure 4.38b, only the concrete strain at the springing is found within the 
studied interval, suggesting 33 � Econcrete � 38 GPa, the lower value using hard contact. 
Similar to the centre line, gauge 6 at the edge of the haunch suggests a larger stiffness 
than at the springing or the crown. An explanation may be a systematic deviation from 
the haunch of both gauge 2 and gauge 6. The calculated concrete strain at the edge of 
the crown is not contained within the interval, even when extrapolating. The closest 
match is found for hard contact. Due to the predicted stress concentration at the edge 
of the crown, a small deviation in position may yield a relatively large deviation in 
response. Further, the location is found rather insensitive to the studied parameter, 
only differing 2 �� within the entire interval. At the centre line, no significant difference 
was found using either hard or soft contact conditions. At the edge on the other hand, 
hard contact results in significantly less response, due to interaction with the spandrel 
walls. 
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Figure 4.38: Peak compressive concrete strain as a function of the Young's 

modulus of the concrete structures, a) gauge 1A – 3A along the 
transverse centre line, b) gauge 5A – 7A along the transverse edge line. 
Circles denote results from field measurements. 
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In Figure 4.39, the concrete compressive strain is studied through the arch thickness at 
the haunch and the crown centre line. The measured responses are obtained using the 
LVDT-gauges at locations illustrated in Figure 3.2. The calibrated responses are found 
to be severely scattered, suggesting the interval 33 � Econcrete � 38 GPa. The average of 
the estimated stiffness from gauge 11A to 16A is 36 – 38 GPa. 
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Figure 4.39: Peak compressive strain as a function of the Young's modulus of the 

concrete structures, a) gauge 11A – 13A through the cross-section at 
the haunch, b) gauge 14A – 16A through the cross-section at the crown. 
Circles denote results from field measurements. 

The compressive strain in the reinforcement bars at the springing is compared in 
Figure 4.40 with gauge 1C – 3C at the south springing of arch 2 and gauge 5C – 7C at the 
north springing of arch 3. The results indicate a higher stiffness at the south springing 
of arch 2 than the north springing of arch 3, although sharing the same column. 
Assuming hard contact, the average at arch 2 is Econcrete = 47 GPa compared to the 
average at arch 3, yielding Econcrete = 28 GPa. Since the individual variation in 
estimated stiffness is small for each of arch 2 and arch 3, the large difference comparing 
them may be due to a systematic change in gauge positioning. The estimated stiffness 
is even more difficult to assess since the influence is relatively small in the interval 30 – 
50 GPa, especially for arch 3. 

In summation, based on the average of the responses found within the studied interval, 
the above parametric survey proposes a stiffness corresponding to Econcrete = 36 GPa 
using hard contact or Econcrete = 38 GPa using soft contact. All the results found 
outside the studied interval indicated a higher stiffness. The best fit was found using 
hard contact conditions. In further analysis, the proposed reference model is based on 
Econcrete = 40 GPa and hard contact conditions. 
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Figure 4.40: Peak compressive strain as a function of the Young's modulus of the 
concrete structures, a) gauge 1C – 3C at the south springing of arch 2, 
b) gauge 5C – 7C at the north springing of arch 3. Circles denote results 
from field measurements. 

The reference model 

In Figure 4.41 to Figure 4.47, the peak compressive and peak tensile strain is presented 
for each of point 1A – 16A and 1C to 8C. In Figure 4.41, the reference model is compared 
with the measured response of both arch 2 and arch 3. The largest deviations are found 
for gauge 2, 4 and 14. At the haunch centre line, the FE-model overestimates the 
compressive strain and underestimates the tensile strain. The tensile strain in the 
reinforcement bar, measured by gauge 4A at the crown centre line of arch 2 is found to 
be a factor 3 larger than nearby gauge 3A, measuring concrete strain. The 
corresponding difference predicted by the FE-model is small, showing better agreement 
with gauge 3A than gauge 4A. At arch 3, similar responses are measured at both 3B and 
4B, yielding similar responses as gauge 4A. Similar to gauge 3B and 4A,B, the FE-model 
underestimates the response at gauge 14. Moving from the centre line towards the edge 
of the crown, better agreements are found for gauge 7A,B – 10A,B. This strengthens the 
presence of the stress concentration at the crown edge. At all of gauge 1C – 8C, a 
reasonably match is found for both compressive and tensile strains. 
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Figure 4.41: Comparing the measured responses with the reference model, having a 

Young's modulus of all concrete structures Econcrete = 40 GPa and 
hard contact conditions between the arch and the backfill/spandrel 
walls. 

Influence of the spandrel walls 

The differences between hard and soft contact conditions are studied in Figure 4.42, 
mainly influencing the interaction with the spandrel walls. The foremost largest 
difference is the increased tensile strain at the crown centre line, showing good 
agreement with gauge 3B, 4A,B and 14A using soft contact conditions. Releasing the 
interaction with the spandrel walls, a larger share of the load is carried by the arch, 
slightly decreasing the three-dimensional behaviour in the transverse direction. A 
general increase in compressive strain is also obtained at the crown, corresponding to 
gauge 7 – 10. Most of the other positions appear relatively insensitive to the contact 
conditions.  

Although the interaction between the arch and the spandrel walls is released, the 
stiffness contribution of the spandrel walls is significant, redistributing the load and 
relieving the arch. In Figure 4.43, the influence of the spandrel walls is removed by 
assigning them the same material properties as the backfill. A dramatic increase is 
found at almost all positions, in both compression and tension. Even though the effects 
of the spandrel walls have been removed, the arch shows a clear three-dimensional 
behaviour. Comparing gauge 1A – 3A at the centre line with 5A – 7A along the edge, 
larger transverse effects are found by removing the spandrel walls. Comparing gauge 1C 
– 8C on the other hand, no such effects are found, either with or without spandrel walls. 
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Figure 4.42: Comparing hard and soft contact conditions, based on the reference 

model. 
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Figure 4.43: Comparing the influence of the spandrel walls during hard contact. 

The spandrel walls are either assigned the same properties as the 
concrete (40 GPa) or the backfill (100 MPa). 
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Influence of the backfill  

Recalling Figure 4.23a, increasing the Young's modulus of the backfill from 100 to 
500 MPa in the 2D-model, resulted in reduced bending moments by a factor 2 due to 
the live load. The same span is studied for the 3D-model in Figure 4.44. Only a 
marginal decrease in calculated strain is obtained and it is not considered possible to 
estimate the backfill stiffness based on the field measurements, since the effect of the 
concrete stiffness and the spandrel walls are far greater. 
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Figure 4.44: Studying the influence of the backfill stiffness. 

The influence of the transverse soil pressure is studied in Figure 4.45 in terms of 
Poission's ratio. In agreement with Figure 4.23b, increased transversal soil pressure 
produces slightly larger responses. Within a reasonable range, the effect is negligible. 
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Figure 4.45: Studying the influence of Poission's ratio of the backfill. 
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Influence of the reinforcement 

Although the arch is primary in compression, it is densely reinforced, at both the 
intrados and the extrados, primary in the longitudinal direction but also transversally. 
Although not vital in a serviceability state, the reinforcement will most likely increase 
the ultimate load carrying capacity as well as preventing a brittle failure. After nearly 
80 years in service, the state of the reinforcement is not clear. Due to the long 
insufficient drainage system, heavily corrosion is suspected at the extrados. Because of 
the difficulties in assessing the status of the extrados reinforcement, conservative 
approaches may be necessary. It would therefore be of great interest if the influence of 
the reinforcement would be noticeable during serviceability loads. Studying 
Figure 4.46, it is realised that the stiffness contribution of the reinforcement does not 
contribute to the global behaviour more than highly marginal. 
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Figure 4.46: Studying the influence of the reinforcement. 

Single track response 

During all field measurements, only passages of parallel locomotives on both tracks 
were studied. Using the reference model, the response from one locomotive on each of 
the West and the East track is studied. All gauges besides 5C - 8C are instrumented 
either along the transverse centre line or at the edge adjacent to the West track. In 
Figure 4.47, the summation of the response from the adjacent and the opposite tracks 
proves good agreement with loads on both tracks. Hence, superposition is found valid. 
At most locations, the adjacent track produces significantly larger responses than the 
opposite track, proving a pronounced three-dimensional behaviour. This is especially 
distinct at the crown edge where the adjacent track induces 80 % of the total response. 
The reason why not a 50 % ratio is found at the centre line is due to the gauges being 
positioned slightly closer to the West track. 
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Figure 4.47: Comparing the response from traffic on either one of the East and the 

West side with the response from traffic on both tracks. 

Limitations of the calibrated model 

From the above parametrical surveys, the calibrated reference model proves good 
agreement with the corresponding field measurements of arch 2. The spandrel walls are 
found to be the single most important factor determining the behaviour of the arch. 
Omitting the spandrel walls, the response is increased by a factor 2 to 4. The contact 
conditions, mainly between the arch and the spandrel walls, are not entirely clarified. 
Increasing the interaction yields better agreement near the crown but less good 
agreement at the haunch. Decreasing the interaction, opposite relations are found. 
There is a possibility that more complex contact conditions occur, not envisaged by the 
reference model. Using the model for further ultimate limit state analysis (ULS), 
conservative approaches may be applied, reliving the interaction or decreasing the 
stiffness of the spandrel walls. 

The Young's modulus of the concrete has been stated as the main variable in the 
parametric study. By assuming the same properties of the arch, the spandrel walls and 
the columns, the system of unknown has been reduced. It has been considered difficult 
to separate the Young's modulus of the different structural members since it results in 
a multi-variable parametrical analysis without any given references. In the process of 
assessing an optimal concrete stiffness, the results are found scattered in the range 20 � 
Econcrete � 50 GPa. In addition, several results from the field measurements are found 
outside a probable interval. Either this may be due to a difference in gauge position 
compared to the reference model or that the true manner of action is not accurately 
described. Using the average of the calibrated concrete stiffness indicate Econcrete = 
40 GPa, which is judged probable in relation to the measured concrete compressive 
strength. 

Compared to the Young's modulus of the concrete and the influence of the spandrel 
walls, all other parameters are found of less significance. This makes it difficult to 
assess the true properties of the backfill and the arch-backfill interaction, factors that 
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were identified as critical using the 2D-model. The reason why the backfill properties 
are of less significance in the 3D-model is probably due to the spandrel walls, with its 
stiffness contribution by far overshadowing the variation of the backfill. In further 
ULS-analysis on the other hand, the properties of the backfill may be of greater 
importance, enclosing the arch near failure. 

Another factor of little significance during serviceability load levels is the reinforce-
ment. Although the arches are rather heavily reinforced, the stiffness contribution 
cannot be validated using the field measurements. Also, the compressive force due to 
permanent load is generally larger than the additional tensile force due to the live load, 
not causing tension. However, it may be of great importance in ULS-analysis, 
contributing to the flexural capacity and preventing brittle failure. 

In conclusion, the calibrated model proves sufficiently good agreement compared to the 
field measurements, describing the manner of action at current load levels. The 
obtained behaviour indicates a pronounced three-dimensional behaviour, difficult to 
accomplish using a two-dimensional approach. When using the reference model in 
ULS-analysis, material properties of the concrete may be assessed based on the 
measured concrete compressive strength, regarding the large coefficient of variation. 
Optionally, the systematic weakened zones near the cast-sections may be regarded 
separately. The properties of the backfill are still afflicted with great uncertainties, 
suggesting a conservative approach. 
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5  
 
FE-analysis in ultimate limit state 

This chapter presents the methods adopted for estimating the ultimate load carrying 
capacity of arch bridges with backfill. The emphasis lies in the application of non-linear 
FEM, although semi-linear methods are used in determining both the decisive load 
position, load combinations and load carrying capacity estimates. The non-linear 
material models used are benchmarked and the parameters, especially for the 
geotechnical application, are studied. The methods are further tested in three different 
case studies where experimental failure loads are available in the literature. The ULS-
analysis of the old Årsta bridge is presented in Chapter 6. 

5.1 Capacity assessment of arch bridges 

Capacity assessment of arch bridges with backfill is an extensive field of research, 
clearly dominated by studies where the arch barrel consists of brick masonry. In this 
thesis, no claim is made to further develop methods tailor-made for masonry arch 
bridges. Instead, part of the existing research in that field is adopted and modified to 
suit the present case. 

Methods of analysis 

For masonry arches, several types of capacity assessment methods exist, based on 
different theoretical approaches. Most methods can be categorised to one or more of 
the following, 

- semi-empirical methods, 

- maximum stress analysis, 

- thrust line analysis, 

- mechanism methods, 

- finite element methods (FEM), 

- discrete element method (DEM). 

 

Chapter 
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Of the semi-empirical methods, the MEXE-method is likely the most common one. It 
was developed by the Military Engineering Experimental Establishment in the 1930’s 
to determine what military loads the masonry arch bridges could resist. A provisional 
axle load (PAL) is calculated according to Equation (5.1), as function of the span 
length L, the crown fill cover h and the arch barrel thickness d at the crown. The result 
is then further multiplied with five factors (not shown) accounting for geometry, 
material properties and bridge condition. (Department for Transport, 2001) 

� �21.3740PAL L d h�� �  (5.1) 

Maximum stress analysis is an analytical method where the calculated stresses of the 
arch barrel is compared to the material strength. Common approaches are the elastic 
or inelastic rib method, both based on conventional static calculation to determine the 
stresses. 

In a thrust line analysis, the location of the resultant axial force is determined. The 
load carrying capacity is defined by the limiting zone allowed for the line of thrust. 
Assuming infinite compressive strength, it is sufficient if the line of thrust lies within 
the cross-section. If the zone instead is related to a finite compressive strength, the 
procedure is more known as the zone of thrust method. 

The mechanism method is a kinematical approach where the capacity is limited by 
forming of successive hinges until the structure behaves as a mechanism. For a single 
span bridge, this will occur when forming a fourth hinge. For masonry arches, infinite 
compressive strength is often assumed since the mechanism behaviour may occurs prior 
to compressive failure. It is possible however to limit the compressive strength or using 
any given failure envelope describing the cross-sectional capacity. 

The finite element method can be applied in many different ways, either as part of any 
of the methods above, or as a complete tool for capacity assessment. In the former, 
FEM may serve as aim for automated static calculation of either forces or stresses, in 
the latter, the failure criteria may be described using material non-linearity. In recent 
years, non-linear FEM has gained increased popularity and often shown to successfully 
describe the true bridge behaviour, e.g. (Drosopoulos, et al., 2006) and (Kaminski, 
2010). 

Several commercial programs for estimating the load carrying capacity of masonry 
arch bridges exist. Of the most common ones Archie-M can be mentioned, it is based 
on the zone of thrust and RING based on the mechanism method. 

(Sustainable Bridges, 2007). 
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5.2 Methodology 

The methodology for capacity assessment used within this thesis can be separated in 
two parts, 

- semi-linear FE-analysis for calculation of section-forces, decisive load 
positions and load carrying capacity using a mechanism method with limited 
cross-sectional capacity, 

- non-linear FE-analysis for estimation of load carrying capacity, accounting for 
material non-linearity of both the arch barrel and the backfill. 

The procedure of the two methods are schematically illustrated in Figure 5.1. In the 
semi-linear analysis, models similar to section 4.3 and section 4.4 are used. The arch 
barrel is modelled with 2D beam elements, facilitating efficient evaluation of section-
forces. The backfill is modelled using 2D solid elements, using either plane stress or 
plane strain formulations. The arch-backfill interaction is assumed linear, either as 
rigidly connected (full interaction) or without allowing any tangential forces (case of no 
friction). This is modelled with linear springs, either in tangential and orthogonal 
direction or only orthogonal to the arch barrel. Influence lines for bending moment and 
axial thrust are calculated for each element along the arch barrel. Routines for 
maximising the influence value due to traffic load is developed using MATLAB® and a 
set of possible combinations together with the corresponding permanent load and 
optionally other loads are evaluated at each element. The failure criteria consist of the 
cross-sectional capacity for combined bending moment and axial thrust, further 
described in section 5.3. An envelope of the resulting load factors is calculated and a 
hinge is assumed to form at the point of lowest load factor. The load position causing 
failure at that point is extracted from the load routine and imported to the FE-model 
as a fixed load position. Another automated routine releases the rotational degree of 
freedom in the FE-model, corresponding to the point of the occurred hinge. Subsequent 
linear analyses are then performed for the fixed load position and the resulting section-
forces are evaluated for additional hinges. The method may be adopted to arbitrary 
model and can be used for both single span and multi-span bridges, accounting for 
hinges at adjacent spans and columns. Since the backfill is assumed linear in the 
analysis, suitable properties must be investigated not to overestimate the capacity. 
The method will further on be denoted as the M-N method, since the failure criteria is 
based on Moment-Normal force interaction. 

With the non-linear method, both the arch barrel and the backfill are limited in 
capacity by non-linear material formulations. The material models adopted are further 
described in section 5.4. For the 2D models, both the arch barrel and the backfill are 
modelled using plane strain formulations. The plane strain assumptions are often 
motivated by the spandrels confining the backfill, e.g. (Cavicchi & Gambarotta, 2005). 
The decisive load positions envisaged by the semi-linear method is used as initial 
assumption for the non-linear model. 

The non-linear material models are benchmarked individually, to determine a suitable 
set of parameters and identify possible pitfalls in the analysis. The methodology is then 
applied to three case studies found in the literature, concerning both experimental and 
in-situ testing of masonry arch bridges until failure. 
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Figure 5.1: Flowchart illustrating the proposed process of ULS-analysis of arch 
bridges. 

The principle of the M-N method is further illustrated in Figure 5.2. The section-forces 
n and m are normalised with respect of the axial and flexural capacity of the cross-
section, further described in section 5.3. A linear load function based on the permanent 
state (n1,m1) and an increase by a reference load (n2,m2) is calculated according to 
Equation (5.2a). The ultimate load is obtained as the intersection of the failure 
envelope and the linear load function, occurring at (n3,m3). Related to the reference 
load, the ultimate load is found as multiplication by the load factor �� in 
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Equation (5.2b). In further analysis, the characteristic live load is used as reference 
load and the failure envelopes are evaluated using design strength parameters. By this, 
�� may be regarded as the safety load factor of the structure. 

For the case of an unreinforced cross-section, the failure envelope can be expressed as a 
2nd order polynomial and the load factor may be found as a closed expression. Although 
polynomial fitting may also be used for reinforced cross-sections, numerical iteration in 
finding both the failure envelope and the intersection point is used. 
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Figure 5.2: M-N failure envelope for unreinforced rectangular concrete section, 

illustration of loading points. 
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5.3 Failure envelopes 

In arch structures, the capacity of the cross-section is dominated by the proportions of 
bending moment and axial thrust and can be stated as failure envelopes corre-
spondingly. In Figure 5.3a, a rectangular reinforced concrete section is studied. The 
following assumptions are made, 

- the strain distribution is linear long the cross-section, 

- the concrete compressive strain is limited to 	cu, 

- tensile stresses in the concrete is neglected. 

Provided concrete crushing at the top of the cross-section, the resultant concrete 
compressive force Fc is acting at the centroid of the characteristic curve illustrated in 
Figure 5.3b and limited by the average stress �·fcc. 
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Figure 5.3: A rectangular reinforced concrete cross-section subjected to axial 
thrust and bending moment, a) cross-section notations along with the 
strain and stress distributions, b) centre of gravity of the characteristic 
curve of concrete, reproduced from (Holmgren et al., 2007). 

In the case of no reinforcement, the resulting axial thrust and bending moment can be 
stated according to Equation (5.3a) and Equation (5.3b). As long as the compressive 
zone x � h constant � and 
 can be used. When the entire section is in compression, 
variable � and 
 can be obtained e.g. by using a bilinear characteristic curve. The 
difference is however found to be small, and for the sake of simplicity, constant � and 
 
are used. Further, using 
/� = 0.5, the largest axial thrust Ncr = b·h·fcc is obtained, 
acting at the centre of gravity, resulting in zero bending moment. 

c cc: N F b x � f� � � � � �  
(5.3a) 

� �cc: 2M N e b x � f h 
 x� � � � � � � � �  
(5.3b) 

Rewriting x in terms of N from Equation (5.3a) into Equation (5.3b) yields 
Equation (5.3c). With aid of Navier's equation, the axial thrust and bending moment 
can be normalized with respect of the geometry and the concrete compressive strength, 
resulting in Equation (5.3d). This is the general form of the failure envelope for an 
unreinforced cross-section. It is also evident that using the ratio 
/� = 0.5 produces 
m = 0 for N = Ncr. 
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In the case of reinforced cross-sections, the failure envelope also depends on the 
material properties of the reinforcement. Using a bilinear stress-strain relation of the 
reinforcement steel, the failure envelope is described by two sets of 2nd order 
polynomials, depending on if yielding occurs. The reinforcement is expressed in terms 
of mechanical reinforcement ratio, here defined according to Equation (5.4a). 

� ��
�

�

'
s s y

c cc

A A f
�

A f
 (5.4a) 

In the case of single sided reinforcement in tension, the failure envelopes may be 
approximated using Equation (5.4b) for moderate reinforcement ratios. Again, using 
the ratio 
/� = 0.5 produces m = 0 for N = Ncr. This is a valid approximation as long 
as the compressive force in the reinforcement is negligible, hence valid for moderate 
reinforcement ratios. 

For a double reinforced cross-section with '
s sA A� , the failure envelope is described by 

Equation (5.4c), valid for 1n n , where n1 is the point where yielding in the tensile 
reinforcement no longer occur, due to the increased compressive force. Extending the 
equation beyond n1 results in to large deviation on the unsafe side of the true failure 
envelope. Better agreement in a safe design approach is instead found by a linear 
function for 1n n!  according to Equation (5.4d). In Figure 5.4a, some failure envelopes 
are presented, for both single sided and double sided reinforcement. In Figure 5.4b, the 
point n1 of relieved yielding is illustrated for different yield strengths of the 
reinforcement steel, for the case of � = 0.15. 
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Figure 5.4: Failure envelopes for combined axial thrust and bending moment, a) 
variation of the reinforcement ratio for both the single- and double-
sided case, b) illustration of the point of reinforcement yielding due to 
different reinforcement strengths. 
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5.4 Material models 

When referring to nonlinear models, the ultimate load carrying capacity is estimated 
using nonlinear material models as the failure criteria. The calculations are performed 
using the commercial finite element software SOLVIA03, (SOLVIA, 2007). Different 
material models are adopted for the reinforcement, the concrete and the backfill, 
further to be described. 

5.4.1 Bilinear elastic-plastic model 

The reinforcement is modelled using a bilinear elastic-plastic material model with von 
Mises yield conditions. In the 2D-analysis, the reinforcement is modelled using truss-
elements. In the 3D-analysis, the reinforcement is instead modelled using orthotropic 
shell elements. Each layer of reinforcement is then approximated with a layer of 
uniform thickness, assigned plastic material properties. Each shell element can be 
assigned arbitrary numbers of reinforcement layers, facilitating reinforcement to be 
modelled in different directions. In all cases, the reinforcement is assumed rigidly 
connected to the surrounding concrete. The material model is addressed in the FE-
software using the capital notations below: 

   MATERIAL N PLASTIC E=160E9 NU=0.3 DENSITY=7850 YIELD=200E6 

where N is the identifying number of the material, E is the tangential Young's modulus 
(Pa), NU is the Poission's ratio, DENSITY the density (kg/m3) and YIELD is the yield 
strength (Pa). In the above example, the Young's modulus and the yield strength 
refers to the ULS using partial coefficients according to BBK04. 

5.4.2 Multiaxial concrete model 

The concrete is modelled using a nonlinear tri-axial material model. A more detailed 
description of the model is found in (Bathe & Ramaswamy, 1979) and (Bathe et al., 
1989). The model is based on plasticity using a smeared crack approach and strain 
softening. Once a crack occurs, it is oriented orthogonal to the current principal tensile 
strain. The crack direction is then locked in that direction regardless of the subsequent 
principal tensile strain field. This is known as an orthogonal fixed crack model. By 
default, relations in biaxial and triaxial stress states are predefined and only the 
uniaxial stress-strain relations are required, if no further information of the multi-axial 
stress state is known. The material model is addressed using the capital notations 
below: 

   MATERIAL N CONCRETE E0=20E9 NU=0.2 SIGMAT=0.5E6 SIGMAC=-6.5E6, 
                       EPSC=-2.0E-3 SIGMAU=-5E6 EPSU=-3.5E-3 DENSITY=2400 

where E0 is the tangential Young's modulus (Pa) at zero strain, SIGMAT is the tensile 
strength (Pa), SIGMAC is the maximum compressive strength (Pa) occurring at the 
strain EPSC and SIGMAU is the ultimate compressive strength (Pa) occurring at the 
strain EPSU. In the above example, the material properties refer to concrete quality 
class C12 in ULS according to BBK04. An example of the failure envelopes of the 
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concrete material model is illustrated in Figure 5.5. Principal stresses are denoted �1, 
�2 and �3. In Figure 5.5a both uniaxial and triaxial loading is illustrated, using the 
above defined material properties and 2 3 10.2� � �� � for triaxial loading. The biaxial 
failure envelope is illustrated in Figure 5.5b, described by straight lines enclosed by the 
failure envelope according to Kupfer. 
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Figure 5.5: Failure envelopes for concrete, a) stress-strain relations for both uni-
axial loading (	, �) and tri-axial loading (	', �') using 2 3 10.2� � �� � , 
b) bi-axial failure envelope, reproduced from (SOLVIA, 2007). 

When the material is in compression, the uniaxial stress-strain relations are described 
using Equation (5.5a) to Equation (5.5e), assuming monotonic loading conditions 
(Bathe & Ramaswamy, 1979). For both tensile and compressive failure, the tangent 
stiffness matrix is based on the uniaxial tangent modulus E0 and the stiffness reduction 
factor, addressed by the command STIFAC. The minimum value is obtained by 
STIFAC·E0. By default, STIFAC = 10-4. The secant modulus is denoted Ec. 
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When following tensile failure, the stress normal to a tensile failure plane is decreased 
linearly to �·	t at zero tensile strength according to Figure 5.5a. The triaxial failure 
envelope in tension is illustrated in Figure 5.6a, never exceeding the uniaxial tensile 
strength �t. At tensile failure, the shear stress is controlled by a shear stiffness 
reduction factor, addressed by the command SHEFAC. The shear stress in an active 
crack plane is limited by SHEFAC·�t. By default, SHEFAC = 0.5. Increasing the shear 
stiffness reduction factor may produce more stable analysis during multiaxial stress 
states. 

Following compressive failure, the triaxial failure envelope is illustrated in Figure 5.6b. 
The multiaxial stress states are defined by bilinear relations between the planes 

2 1� �� , 2 3� 
��  and 2 3� �� . The principal stress ratio 2 3/� �  is defined by the factor 
 
and by default BETA=0.75. The failure envelope is defined by discrete stress ratios for 
the six curves shown in Figure 5.6b. The stress ratios are defined at 1 / c� � = 0 to 1.2 
and 3 / c� �  at 2 1� �� , 2 3� 
��  and 2 3� ��  respectively, resulting in a total of 24 
points. For intermediate values of 1� , linear interpolation is used to define the 
corresponding biaxial failure envelope. 
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Figure 5.6: Tri-axial failure envelopes for a) tension, b) compression. , reproduced 
from (Bathe et al., 1989) and (SOLVIA, 2007). 

When expressing the failure envelopes in terms of stress-strain relations, the associated 
fracture energy becomes mesh-dependent. For concrete, the relation between tensile 
stress and crack width may be assumed according to Figure 5.7a. Applying a simplified 
model according to Figure 5.7b as suggested by (Hillerborg, et al., 1976) and using the 
stress-strain relations according to Figure 5.7c, the factor � may be expressed in terms 
of fracture energy Gf (Nm/m2) using Equation (5.6a) and Equation (5.6b). 
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In Equation (5.6b), srm is the mean crack distance for reinforced concrete. It may be 
calculated using handbook methods, e.g. according to (Boverket, 2004) or Eurocode 2. 
For plain concrete or if bond-slip is included, the crack band width should instead be 
set to the distance between the integrations points of the current mesh. 
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Figure 5.7: Assumed variation of tensile stress with crack width, a) general case, 
b) simplified case, c) stress-strain relations. Figure a) and b) are 
reproduced from (Hillerborg, et al., 1976). 

For the compressive post-failure of concrete, several theoretical models exist. In 
(Markeset & Hillerborg, 1995), the Compressive Damage Zone (CDZ) model is 
presented. This model describes the progressing compressive failure in three steps; the 
stress-strain up to the compressive strength fc, the stress-strain under forming of 
longitudinal cracks in the damage zone and finally a stress-deformation curve 
describing the inclined shear band. It is concluded that the compressive post-failure of 
concrete is specimen dependent and also dependent on the tensile fracture energy Gf. 
Hence, also the compressive post-failure both specimen and mesh dependent. 

5.4.3 Soil material models 

The load carrying capacity of geotechnical materials is often characterised by its shear 
strength. The shear strength depends on both the mechanical properties of the soil, e.g. 
angle of internal friction and cohesion, as of the current state of stress. Further, 
different strengths are obtained for undrained (deforms under constant volume) and 
drained (deforms without excess pore pressures) conditions. 

The Mohr-Coulomb yield criterion 

The strength of geotechnical material is often described by the Mohr-Coulomb yield 
criterion. The relation between principal stresses � and the shear stress � may be 
visualised by using the method of Mohr’s circle, Figure 5.8. The failure criterion is 
governed by the linear envelope of successive Mohr-circles. For the principal stresses �1 
and �3, the intersection at point A is found by simple geometry according to 
Equation (5.7a). The final yield criterion is then expressed in terms of principal stresses 
�, the angle of internal friction � and the cohesion c according to Equation (5.7b). The 
strength envelope is often described in p-q diagrams using Equation (5.7c). The 
corresponding stress path intersects the Mohr-circles at maximum shear stress, the Kf 
line in Figure 5.8. 



5.4. MATERIAL MODELS 

 89 

1 3 1 3
A sin

2 2
� � � �

� �
� �

� � ,   1 3
A cos

2
� �

� �
�

�  (5.7a) 

� �, , tan� � � c � � c� �  
(5.7b) 

1 3

2
� �

p
�

� ,   1 3

2
� �

q
�

�  (5.7c) 

�
T = c cot�

c

�

�

�1
�3

�

�1

�1

�3�3

A

�(�,�,c)
K f

 
Figure 5.8: The Mohr-Coulomb yield surface, partially reproduced from (Cernica, 

1995). 

The Drucker-Prager yield criterion 

The Drucker-Prager yield criterion is a pressure-dependent plasticity based model, 
commonly used in wide spectra of applications, especially in describing the behaviour 
of geotechnical materials. In the current study, the backfill of the bridge is modelled 
using a Drucker-Prager cap-model available in SOLVIA03 (SOLVIA, 2006). 

The Drucker-Prager criterion is defined in Equation (5.8a) (Chen & Han, 1995), where 
I1 is the first stress invariant and J2 the second deviatoric stress invariant. The factors 
� and k (Pa) are material constants obtained from triaxial stress tests. 

t t t
DP 1 2F � I J k� � �  (5.8a) 

The Drucker-Prager criterion is a modification of the von Mises criterion, where the 
influence of the hydrostatic stress component on failure is introduced by the factor �. 
Hence, setting � = 0 will produce similar results as the elastic-plastic material model 
used for the reinforcement bars. 

The failure surface of the Drucker-Prager model is illustrated in Figure 5.9a in terms of 
principal stresses versus maximum shear stresses, often denoted the pq -plane, defined 
by Equation (5.8b) and Equation (5.8c). In Figure 5.9b, the principal stresses in the 
plane 3 0� �  is illustrated, excluding the cap. It proves similarities to the previous 
concrete material model presented in Figure 5.5b. 
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Figure 5.9: Failure surfaces of the Drucker-Prager material model, a) the yield 
surface in the pq -plane, b) principal stresses in the plane 3 0� � . 
(Chen & Han, 1995). 
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Geotechnical materials are often characterised by their shear strength and in many 
applications a Mohr-Coulomb theory based on maximal shear stresses is found 
mathematically convenient. The yield surface of the Mohr-Coulomb criterion is 
illustrated in Figure 5.10. According to (Chen & Han, 1995), the corners of the Mohr-
Coulomb yield surface can cause considerable difficulties, giving rise to complications 
in obtaining a numerical solution. However, using relations between the material 
constant � and k, the angle of internal friction � and cohesion c, the Drucker-Prager 
criterion can be fitted to the Mohr-Coulomb criterion in different regions. 
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Figure 5.10: Comparison of the Mohr-Coulomb and the Drucker-Prager criterions, 
a) principal stress space, Drucker-Prager fitted to the compressive 
meridian, b) the deviatoric plane, different fittings of the Drucker-
Prager criterion. Partially reproduced from (Chen & Han, 1995) and 
Schweiger, 1994). 
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Different methods of fitting the Drucker-Prager to the Mohr-Coulomb criteria occur. 
One of the most common approaches is perhaps a fit along the compression meridian 
according to Equation (5.9a) and illustrated in Figure 5.10 (Chen & Han, 1995). 
Another approach is to fit the criterions along the tension meridian, Equation (5.9c) or 
inside the entire Mohr-Coulomb cone, Equation (5.9c). The difference between 
different fittings may be significant and depend on the type of failure to be described. 
In the simulation of lateral Earth pressure, (Schweiger, 1994) proposes a compromise 
fit according to Equation (5.9d). 
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The influence of the parameters � and k for different fitting methods are presented in 
Figure 5.11. For an angle of internal friction in the range 30 to 60°, near linear 
relations between �, k and � are found. Fitting along the tension meridian or inscribing 
the Mohr-Coulomb criteria appears to yield similar results. Fitting along the 
compressive meridian however, results in a significant increase of both � and k. As 
example, fitting � = 35° along the compressive meridian is similar to � � 70° along 
the tension meridian. 
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Figure 5.11: Drucker-Prager parameters � and k as functions of the angle of 

internal friction � and cohesion c, different fitting to the Mohr-
Coulomb criteria. 
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In addition to Equations (5.8a) a cap yield function is introduced in Equations (5.10), 
where 0 a

1I  (Pa) is the initial position of the cap, p
v

t 	  is the volumetric plastic strain and 
D (Pa-1), W (-) are additional material constants. A tension cutoff is defined by the 
parameter T (Pa). The purpose of the cap is to limit the yield surface in hydrostatic 
compression (along the p -axis) as a hardening mechanism to represent plastic 
compaction, (Dassault Systémes, 2010). 
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(5.10) 

As an example, the material model may be addressed using the capital notations 
below: 

   MATERIAL N DRUCKER-PRAGER E=100E6 NU=0.26 ALFA=0.20 K=21.8E3, 
                             W=-0.01 D=-1E-6 T=1E6 I1=0 DENSITY=2000 

where ALFA and K are obtained using � = 40° and c = 30 kPa, fitted along the tensile 
meridian according to Equation (5.9b).  

The material constants needed in the Drucker-Prager model are rarely known and may 
scatter significantly for different types of soils. From experimental results on saturated 
sands, (Baladi & Rohani, 1979), W = 7.5•10-3 and D = 1.4•10-6 Pa-1 were obtained. If 
the initial cap is set to zero, yielding will occur at first loading. However, during 
permanent loading the cap will most likely increase along the principal stress axis. In 
Figure 5.12 the cap function is plotted for different values of the material parameters. 
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Figure 5.12: Cap-function parameter a

1
tI  for different sets of material parameters. 
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5.5 Incrementation methods 

In nonlinear analysis, the success in obtaining a solution is dependent on the type of 
nonlinearity to be solved and the methods of analysis being used. In the current study, 
material nonlinearities are the dominating factor when describing the response of the 
structure until failure. In cases of large deformations or stability, geometric 
nonlinearities may be of importance. In the following, a brief overview of different 
methods of analysis is presented. The types of analysis can be categorised in load-
controlled analysis, displacement-controlled analysis and quasi-static analysis. In either 
case, the problem at hand is to solve the system  Kt·D = FF, where KKt is the tangent 
stiffness matrix, DD the nodal displacement vector and FF the force vector. In case of 
nonlinearity, the system must be solved by iteration since the tangent stiffness matrix 
is dependent on the load level. 

5.5.1 Newton-Raphson's method 

The most common method in solving nonlinear systems of equation is the Newton-
Raphson's method. The main concept is to solve an equation by successive iteration 
based on the tangent of the function, e.g. estimating the root of ( )f x  using 

i+1 i i i( ) ( )x x f x f x#� �  resulting in increased accuracy for increased number of 
iterations. In the general case, each solution is a point on the load – displacement curve 
rather than the root of a function. In the present case, the system KKt·D = FF is to be 
solved with respect of DD by incremental increase of the load FF, following the path 
illustrated in Figure 5.13. Studying Figure 5.13a, the problem at hand is to solve the 
nonlinear system at point 1 and point 2, occurring at load level F1 and F2. A tangent 
stiffness matrix is formed based on the initial state at u = 0. Applying a load F1, the 
first iteration suggests the displacement ua at the point a'. The results suffer from an 
error ea, since the true solution of ua corresponds to the load level a. By reforming the 
tangent stiffness matrix at point a, a better estimation is found at b'. Convergence is 
found at point 1 when the error is smaller than a prescribed value. For large systems of 
equations, updating and factorising the tangent stiffness matrix prior to each 
calculation is very time consuming. The method may be modified, reusing the tangent 
stiffness matrix from previous calculations, as illustrated in Figure 5.13b. Although the 
number of iterations needed to reach convergence increases, the total solution time 
may be reduced, especially for mildly nonlinear problems. If convergence is difficult to 
obtain, the computational stability may be increased using line search algorithms. 
Using line search, subsequent incrementation is based on a fraction of the previous 
solution, e.g. as DDi+1 = DDi + �DD, where 0<�<1 is obtained from the line search 
algorithm, applied to the increment DD. (Cook et al., 2002) 

In the FE-software SOLVIA03, The Newton-Raphson's method is addressed using the 
capital letters below: 

   ITERATION METHOD=FULL-NEWTON LINE-SEARCH=YES 

optionally using METHOD=MODIFIED-NEWTON or METHOD=BFGS may be addressed, for either 
the modified Newton's method or the BFGS-method further to be introduced. For 
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either of the two latter methods, restrictions in reforming the tangent stiffness matrix 
can be controlled using the commands STIFFNESS-STEPS and EQUILIBRIUM-STEPS. 
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Figure 5.13: Newton-Raphson's methods for solving nonlinear systems, a) full 
Newton iteration with continuous updating of the tangent stiffness 
matrix, b) modified Newton iteration with sequentially updating of the 
tangent stiffness matrix. Reproduced from (Cook et al., 2002). 

5.5.2 Quasi-Newton methods 

Several different quasi-Newton methods exist, whereof the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) method often is considered most successful. Quasi-Newton methods 
are a generalisation of the secant method, in terms of root finding using the secant of 

( )f x  as � � � �i+1 i i i i-1 i i-1( ) ( ) ( )x x f x x x f x f x� � � �  instead of the tangent. The BFGS-
method uses approximations of the so-called Hessian matrix, a square matrix of second 
order partial derivatives, to solve the equation. A solution of uui is obtained by solving 

i i i( )f x� �$B u , where BBi is the Hessian matrix. Setting i i+1 i( ) ( )f x f x� $ �$y , the 

Hessian matrix at increment i+1 can be approximated by T T
i+1 i i i i i� � �B B y y y u  

� �T T
i i i i i i iB u B u u B u . In terms of finite elements, instead of reforming the tangent 

stiffness matrix, its inverse is updated by means of a secant approximation, solving 
D = KK-1F directly. (Eriksson, 2006) 

5.5.3 Arc-length and displacement controlled incrementation 

The above presented methods of analysis are based on successive load incrementation. 
In the case of softening behaviour, common for structural engineering problems, the 
analysis will fail to predict the post-failure, since it requires a decreased load. The load-
displacement path presented in Figure 5.14 may instead be predicted using either 
displacement controlled incrementation or an arc-length method. Displacement 
controlled incrementation can be solved using either of the Newton-Raphson's 
algorithms. Instead of applying a fixed load increment, prescribed successively 
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increasing displacements are used in obtaining the corresponding load level. In the FE-
analysis, the command LOADS DISPLACEMENTS are addressed when using displacement 
controlled incrementation. 

l
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Figure 5.14: Illustration of the arc-length method, reproduced from (Cook et al., 

2002). 

The post-failure may also be predicted using the arc-length method. The arc-length 
method is a form of the Newton-Raphson's iteration, combining both load and 
displacement incrementation. The path of iteration is illustrated in Figure 5.14, where 
the increments a - c are confined by the circle of radius l centred at point 1. The 
method allows solutions of paths with negative slopes that normally would cause a 
singular stiffness matrix using the pure load incrementation method. Contrary to the 
displacement-controlled incrementation, the arc-length method does not necessarily 
predict an all-increasing displacement path, depending on the formulation of the 
current arc-length scheme. (Cook et al., 2002) 

The arc-length method is addressed in the FE-analysis using the capital letters below: 

   AUTOMATIC-ITERATION NODE=1 DIR=3 DISPL=0.1E-3 DISPMAX=0.1, 
                       ALFA=3 DELTA=0.15 CONT=YES 

where NODE is the node at which the displacement DISPL for the first solution step is 
prescribed, along the direction DIR. The analysis is terminated when the displacement 
DISPMAX is exceeded for node NODE in direction DIR. The parameter ALFA is a measure of 
the maximum incremental displacement in a solution step, defined as 

t
2 2

10 N� U U , where UU is the incremental displacement vector and N the number 

of steps until the time t. By default ALFA=3, usually not needed to be modified. The 
parameter DELTA controls the switch from a constant arch length method to constant 
increments of external work, governed by t t+t1 1� W W ��   � . By default 

DELTA=0.15, using the switch if the rate of change in external work is within ±15 % at 
the increment t. Using CONT=YES, the analysis is continued after the first critical point 
is reached, hence facilitating the post-failure to be studied. 
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5.5.4 Quasi-static analysis 

For severely non-linear problems, difficulties in finding convergence may arise, even 
when using displacement controlled incrementation or an arc-length approach. In cases 
where the ultimate load is characterised by brittle failure, the sudden change in 
structural behaviour may result in singularities of the tangent stiffness matrix, hence 
failing to obtain equilibrium. Examples of brittle failure in structural engineering are 
shear failure of concrete structures without stirrups and flexural failure of unreinforced 
concrete structures. The latter may be applied to many arch bridge structures. 

The failure of many brittle structures is partly dynamic by its nature, governed by 
increased load over a short period of time. Approaching the bifurcation point, a large 
amount of energy may suddenly be released, due to concrete cracking or change in 
structural response. In quasi-static analysis, the use of kinematic energy dissipation 
may produce a smoother transition of the sudden release of energy. The rate of load 
increase is adjusted to make the inertial effects negligible. The inertial effects may 
further be attenuated by introducing material damping or adjusting the mass 
properties.  

In most cases of moderately and high nonlinear behaviour, a dynamic implicit analysis 
may be efficient. In cases of severe nonlinearities however, explicit routines may be 
called for. Using a central difference time integration rule, the dynamic equilibrium 
equations is satisfied explicitly without reforming the tangent stiffness matrix. The 
stable time increment is governed by the dilatational wave speed and the smallest 
element size of the model. Explicit analysis is often characterised by a large set of 
increments, each much more efficient than the corresponding implicit scheme. In quasi-
static loading, the total period of loading depends on the attenuation of inertial effects, 
often making an explicit analysis very time consuming. 

5.5.5 Criteria of convergence 

To success in solving a nonlinear system of equation, both a suitable method of 
analysis and reasonable criteria of convergence must be chosen. If the tolerances of 
convergence are too loose, the analysis may yield an inaccurate result. If the tolerances 
are too strict, convergence may be difficult to obtain or may result in unnecessary 
CPU-time. As a rule of thumb, requiring the Euclidian norm of the unbalanced force 
vector to be less than the range 0.1 – 1 % of the given reference force often yields a 
sufficiently accurate result. It must be emphasised however, that the tolerances are 
highly dependent on the nature of the problem at hand. Problems were the initial 
propagation of failure is important may require more strict tolerances than global 
failures. Several different criteria of convergence can be stated, where forces, energy 
and displacement imbalances are the most common. Depending on the nature of the 
problem, a combination of these can be used simultaneously. Following the notations 
in (SOLVIA, 2006) and (Bathe & Dvorkin, 1983), the force tolerance criteria are stated 
in Equation (5.11a) and Equation (5.11b) and energy tolerance criteria in 
Equation (5.11c), all valid for the Newton-Raphson's iteration method. The equations 
describe the progress from the solution at time t to the next solution at t+t by 
prescribing the convergence tolerances. The tolerance criterion is addressed in the FE-
analysis using the capital letters below: 
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   TOLERANCES TYPE=F ETOL=0.001 RTOL=0.001 RNORM=1E3 RMNORM=1E3 ITEMAX=15 

where the type may either be force (F), energy (E) or combined energy and force (EF). 
In addition, displacements (D) or combined displacements and energy (ED) may be 
chosen. The number of iterations in the step from t to t+t is limited by ITEMAX. If 
convergence is difficult to obtain, increasing ITEMAX during a short period may 
overcome critical points of severe nonlinearity. The force tolerance criteria for static 
analysis can be generalised to % &2

,�  � �R F RTOL RNORM RTOL RMNORM , where RR is the 
applied external force vector and FF is the resulting internal nodal forces. The 
imbalance of forces and moments is controlled by RNORM and RMNORM respectively. Since 
the tolerance is referred to the Euclidian norm of the imbalanced forces, the influence 
of an isolated point may dominate the criterion. On the other hand, if a large region of 
imbalanced forces is present, the overall criteria of an isolated point will be stricter. 

t+t t+t (i-1) t+t (i-1) t+t (i-1)

2
� � �

 
R M U C U F

RTOL
RNORM

�� �
 (for translation d.o.f.) (5.11a) 

t+t t+t (i-1) t+t (i-1) t+t (i-1)

2
� � �

 
R M U C U F

RTOL
RMNORM

�� �
 (for rotational d.o.f.) (5.11b) 

The energy tolerance criteria according to Equation (5.11c) can be described as the 
proportions of external work as (i) (1)  W W ETOL . By default, ETOL = 0.001 for 
Newton-Raphson's methods and 10-6 for the arc-length method. The process is 
schematically illustrated in Figure 5.15.  

T

T

(i) t+t t+t (i-1) t+t (i-1) t+t (i-1)

(1) t+t t+t (0) t+t (0) t





� �� � �� �  
� �� � �� �

U R M U C U F

U R M U C U F
ETOL

�� �

�� �  
(5.11c) 

The criterions of convergence using the arc-length method is analogous with those used 
for the static case of the Newton-Raphson's method. In the arc-length case, the 
internal force vector t+tF(i-1) is compared to the external load vector t+t�(i-1)R, where � 
is the load multiplier defined in the arc-length algorithm. 

tR

1

t t + t

t+ tR

i - 1

i

U (1)

W (1)

W (i)

t+ tF (i-1)

U (i)

 
Figure 5.15: Illustrating the principles of energy tolerances. When progressing from 

t to t+t, convergence is deemed to be found if the external work W(i) 
at iteration i is a fraction ETOL of the external work W(1) obtained at 
the first iteration. 
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5.6 Benchmark I, a simply supported beam 

To investigate the application and reliability of nonlinear FE-analysis of concrete 
structures, a benchmark is performed on a simply supported beam as illustrated in 
Figure 5.16. The properties of the beam are presented in Table 5.1. Four different 
models are studied: 

1) unreinforced beam, load carrying capacity limited by the tensile capacity 
of the beam, 

2) unreinforced beam, combined M-N loading, 

3) reinforced beam subjected to flexural failure, As = 2�8 mm, 

4) reinforced beam subjected to shear failure, As = 2�16 mm. 

The nonlinear analyses are performed using a displacement controlled plane stress 
analysis and the concrete material model described in section 5.4.2. 

A lower bound of the ultimate load for the unreinforced cross-section without any 
compressive force may be calculated using Equation (5.12). For an under-reinforced 
cross-section, i.e. when yielding occurs in the reinforcement prior to concrete crushing, 
the flexural capacity may be calculated using Equation (5.13a), provided that 
Equation (5.13b) is valid, (Holmgren, et. al., 2007). The exact same results are found 
using the procedure described in section 5.3. The shear capacity may roughly be 
estimated using the handbook formula found in BBK04 (Boverket, 2004), summarised 
in Equation (5.14a-d). The resulting load capacities are summarised in Table 5.2. 

L/2 b

d

a

As

P

t

 
Figure 5.16: 2D plane stress model of a simply supported beam, symmetric half. 

Corse element mesh, L = 0.1 m. 

Table 5.1: Properties of the studied beam. 

L  = 4.9 m f cc = 6.5 MPa f y = 360 MPa
a  = 1.7 m f ct = 0.5 MPa E s = 160 GPa
b  = 0.2 m E c = 20 GPa A s,M = 100 mm2

d  = 0.4 m 	 cu = 3.5 o/oo A s,V = 400 mm2

t  = 0.1 m G f = 50 Nm/m2

Geometry: Concrete: Reinforcement:
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1.6� d� �     for 0.2 m < d � 0.5 m (5.14c) 

s 0.02
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�
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Table 5.2: Ultimate load for different reinforcement. 

cracking load: Pcr = 2.5 kN 
flexural failure: PM,flex = 8.2 kN,     PV,flex = 15.3 kN 
shear failure: PM,shear = 29.2 kN, PV,shear = 18.0 kN 

Unreinforced beam 

To study the influence of the tensile fracture energy, an unreinforced beam according 
to Figure 5.16 subjected to flexural failure is studied. Since the beam is unreinforced, 
only a single crack will form, somewhere in the region of constant bending moment. If 
the actual value of the tensile fracture energy is to be studied, a three point bending 
test of a notched beam specified in (Rilem, 1985) may be more suitable. However, the 
aim with the present study is only to illustrate how different fracture energies influence 
the load carrying capacity and its sensitivity to mesh size and element type. 

The fracture energy depends on both the concrete quality and the aggregate size. 
According to Model Code 90 (MC 90, 1993), Gf = 50 Nm/m2 may be used for a 
concrete quality C12 and an aggregate size dmax = 16 mm. Using the concrete material 
model described in section 5.4.2, the dimensionless fracture energy parameter � can be 
calculated using Equation (5.6b). For plain concrete, the cracking distance srm should 
be set to the distance between two integration points of the current mesh. The distance 
between two adjacent integration points vary depending on the integration order. For 
the 4-noded element with element length L, 2×2 integration points are used and the 
cracking distance varies between 0.577L to 0.846L. Using a 9-noded element with 
3×3 integration points, the corresponding distances are 0.387L and 0.226L. 

In Figure 5.17, the load-displacement response of different model configurations is 
presented. The fracture energy is estimated based on 0.7L for the 4-noded element 
(N = 4) and 0.3L for the 9-noded element (N = 9). Similar post-failure behaviour is 
found for the 4-noded element with similar fracture energy, the capacity however 
scatters. 
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Figure 5.17: Load-displacement curves for the unreinforced beam with different 

element size and element type. 

The ultimate load carrying capacity as function of the tensile fracture energy for the 
different mesh size and element length is presented in Figure 5.18. Good agreement is 
generally found for the 4-noded element where as the 9-noded element results in 
slightly lower load carrying capacity. 
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Figure 5.18: Load carrying capacity as function of the fracture energy for different 

element size and element type. 

To compare the M-N failure envelope presented in section 5.3 with the ability of the 
nonlinear FE-analysis, different lateral thrusts are applied to the model in Figure 5.16, 
prior to vertical loading. The lateral thrust is applied as a pressure load at the left 
support and is expressed as � �ccn N bhf� , 0 � n � 1. For arch bridges with backfill, 

n > 0.5 is rather unusual, since it would imply either a large portion of permanent load 
or a high portion of n/m for live loads. For the case of an unreinforced beam, brittle 
behaviour is expected for either n � 0 or n � 1. For the nonlinear analysis, at least two 
factors are likely to increase the capacity compared to the analytical solution. These 



5.6. BENCHMARK I, A SIMPLY SUPPORTED BEAM 

 101 

are the tensile strength and the increased capacity due to biaxial stress states. The first 
is likely to have the largest impact for small n, the latter for large n. To study these 
effects, two models are analysed. For the first model, fct = 0.5 MPa and Gf = 
35 Nm/m2 are used, for the second model, fct = 0.05 MPa and Gf � 0 are used. The 
second model becomes more brittle and to prevent splitting failure, stirrups 2�16 s200 
are modelled from the support to the position of the load. The stirrups are modelled 
with truss elements in full interaction with the concrete. Load-displacement curves for 
different axial thrust n are presented in Figure 5.19 for both models. For n � 0.5, 
generally a ductile behaviour is obtained, with the exception of n = 0. Similar 
behaviour is found even for reduced tensile strength. 
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Figure 5.19: Load-displacement curves for an unreinforced beam subjected to a 
relative compressive force n, a) a model with fct = 0.5 MPa and Gf = 
35 Nm/m2, b) a model with fct = 0.05 MPa and Gf � 0. 

The normalised peak values of the results in Figure 5.19 produces the failure envelopes 
in Figure 5.20. For n < 0.2 the tensile strength show a rather large increase in capacity. 
The model with reduced tensile strength show good agreement with the theoretical 
curve for n < 0.5. For n > 0.5 however, a significant increase is found for both models 
compared to the theoretical curve. This is mainly due to biaxial stress states resulting 
in increased compressive strength, e.g. for n = 0.8 the compressive strength is increased 
by some 25 %. Since lateral thrust is applied prior to the vertical load, it is not possible 
to produce curves beyond n = 1. For actual live loadings however, axial thrust and 
bending moment is normally increased proportionally, making it theoretically possible 
to produce an envelope for n > 1. 
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fct = 0.5 MPa, Gf = 35 Nm/m2

m = 0.5(n -n2)
fct = 0.05 MPa, Gf � 0
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0.15
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n  
Figure 5.20: Normalised failure envelope, results from nonlinear analysis with 

different tensile strength. 

In the case of capacity assessment of old arch bridges, accounting for tensile strength 
or multi-axial stress states may not be justified. If reducing the tensile strength too 
much in an FE-analysis based on material nonlinearity, a shear-influenced failure may 
occur prior to conventional hinge mechanism. The capacity of arch bridges with 
backfill is often obtained for n < 0.5, e.g. in (Fanning et al., 2001) and (Boothby, 2001) 
and the influence of multi-axial stress states is therefore likely to be small. 

Flexural failure 

Flexural failure of reinforced concrete beams is normally rather ductile. The load-
displacement path can often be divided in three stages of concrete behaviour; elastic, 
cracking and crushing. In the case of under-reinforced cross-section, yielding of the 
reinforcement will also occur. The concrete cracking may produce a highly nonlinear 
load-displacement path with local minima, e.g. dependent on the fracture energy and 
interaction with the reinforcement. In nonlinear FE-analysis, the path during cracking 
may also be dependent on the element mesh and material model used. An accurate FE-
estimate of the ultimate flexural capacity may however be obtained for a relative 
coarse mesh, as long as the resultant compressive zone is reasonably well described.  

Using the FE-model in Figure 5.16 with As = 100 mm2 will produce a flexural failure 
according to Figure 5.21. The models are analysed using Gf = 10 Nm/m2, producing 
results similar to the handbook calculation. For increased fracture energy, the stage of 
cracking becomes less irregular but with a slight increase in load carrying capacity. As 
example, for Gf = 50 Nm/m2, the load carrying capacity is increased by approximately 
8 % for the model with L = 0.1 m and 4-noded elements. The ultimate load may be 
accurately estimated using only two 4-noded elements along the beam height, 
corresponding to L = 0.2 m. For Gf = 10 Nm/m2 less than 1 % difference from the 
handbook calculation is then obtained. 
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Figure 5.21: Load-displacement curves for different models resulting in flexural 

failure, Gf = 10 Nm/m2 for all models. 

Shear failure 

Shear failure is often more brittle compared to flexural failure, provided that no 
stirrups are present. The load-displacement path of a shear failure may follow similar 
stages as the flexural failure, except that the ultimate load may be followed by a 
sudden drop in capacity due to an inclined shear crack. For the studied beam, the 
shear crack would initiate at the support, striving towards the load plate. The success 
in describing the actual shear crack depends on the mesh element size and the type or 
material model formulation employed. In the present analysis, an orthogonal fixed 
crack model is used. 

The ultimate load estimated from models with different mesh size, element types and 
amount of fracture energy are summarised in Table 5.3. The corresponding load-
displacement paths are presented in Figure 5.22 and Figure 5.23. Using the 9-noded 
elements, a significant increase in load carrying capacity is obtained when increasing 
the fracture energy. This is not obtained for the 4-noded elements that rather show a 
slight decrease in load carrying capacity correspondingly. Using the coarse mesh with 
L = 0.20 m and 4-noded elements, still predicts a relevant load carrying capacity and 
load-displacement path although slightly overestimating the stiffness. 

Table 5.3: Summary of calculated ultimate loads during shear failure. 

L  (m) nodes: G f = 10 G f = 50 G f = 10 G f = 50
0.10 4 17.3 16.0 0.96 0.89
0.05 4 18.2 16.3 1.01 0.91
0.10 9 14.2 19.5 0.79 1.09
0.05 9 14.2 18.2 0.79 1.01

V FEM (kN) V FEM / V theory
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Figure 5.22: Load-displacement curves for different models resulting in shear 

failure, Gf = 10 Nm/m2 for all models. 
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Figure 5.23: Load-displacement curves for different models resulting in shear 

failure, Gf = 50 Nm/m2 for all models. 

In conclusion, the described method of nonlinear FE-analysis appears to be successful 
in describing both flexural failure and shear failure of reinforced concrete beams. For 
unreinforced beams, a significant increase in both cracking and post-failure behaviour 
is found for increasing fracture energy. For combined M-N loading, increased capacity 
due to biaxial stress states may occur for n > 0.5. 
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5.7 Benchmark II, soil material models 

In the present study, the Drucker-Prager yield criterion is mainly used when describing 
the nonlinear behaviour of the backfill. The material properties of main interest are the 
angle of internal friction � and the cohesion c. As described in section 5.4.3, different 
methods of fitting the Drucker-Prager criterion along the Mohr-Coulomb criterion 
exists. To investigate the impact on � and c for different fitting methods, a parametric 
study has been performed. Two numerical models are studied, 

– a direct shear test simulation, 

– simulation of lateral earth pressure along a vertical wall. 

Direct shear test 

From a simulation of a direct shear test, the parameters � and c can be estimated 
based on simple Mohr-Coulomb theory, i.e. a linear curve fit of maximum vertical 
stress vs. maximum shear stress. For this, a 2D plane strain analysis is performed using 
the model in Figure 5.24a. The geometrical measures are h = 1 m, b = 1 m and d = 
0.1 m. From a separate convergence study, reliable results were obtained using the 
illustrated mesh and 9-noded elements. An initial vertical stress �1 is applied by the 
force N. The shear stress is then increased until failure using a displacement-controlled 
analysis of the horizontal force T. The two vertical sides of the upper box is constraint 
to follow the horizontal displacement load point T, preventing the model to tilt. The 
shear stress and principal tensile strains are illustrated in Figure 5.24b. 
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Figure 5.24: 2D plane strain model for direct shear test simulations, a) geometry, 
mesh and boundary conditions, b) shear stresses and principal strains, 
model with � = 50 kPa, c = 10 kPa, � = 35° (fitted along the tensile 
meridian using 0I1 = 0). 
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The parametic study comprise three variations of internal friction angle and cohesion 
using � = 35°, 45°, 60°and c = 0 kPa, 10 kPa, 20 kPa. Further, the four fitting 
methods according to Equation (5.9) are used. In addition, the influence of the cap 
function I0 is studied using either 0I1 = 0 or 0I1 = 10 MPa, the upper value chosen so 
that the cap will not be reached for current load levels. For each set of parameters, 
vertical stresses from 10 to 100 kPa in increments of 10 kPa are analysed. This renders 
a total of 720 separate analyses. The vertical stress is calculated as � = N/A and the 
shear stress as � = T/A. For all models, E = 100 MPa is used. 

Typical load-displacement paths are presented in Figure 5.25, illustrating the increase 
in shear capacity for increased angle of internal friction. The results are obtained by 
using 0I1 = 0, i.e. yielding occurs on the cap at first loading. In Figure 5.26 the 
corresponding results are presented using 0I1 = 10 MPa so that the cap will not be 
reached during the analysis. This is found to increase the shear capacity significantly, 
especially for high angles of internal friction. 
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Figure 5.25: Example of load-displacement from direct shear test simulations, 
Drucker-Prager parameters fitted along the tensile meridian. 

For each simulation, the peak shear stress vs. the vertical stress produces one data 
point in Figure 5.27. Using a linear regression analysis, the parameters � and c are 
estimated using Equation (5.7b). To attenuate the influence of potential outliers, i.e. if 
failure is not reached for a single simulation, a robust linear regression is adopted 
instead of a conventional least square fit. The results in Figure 5.27 show as significant 
difference in result depending on which Drucker-Prager fitting method is used.  
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Figure 5.26: Example of load-displacement from direct shear test simulations, 
Drucker-Prager parameters fitted along the tensile meridian. 

0 50 100
0

50

100

150

200

� (kPa)
0 50 100

0

50

100

150

200

(kPa)

compressive meridian
c = 0 kPa

tensile meridian
c = 0 kPa

� = 35°

0 50 100
0

50

100

150

200

� (kPa)
0 50 100

0

50

100

150

200

� (kPa)

� (kPa) � (kPa)

� (kPa) � (kPa)
�

� = 45°
� =

60
°

compressive meridian
� = 45°

tensile meridian
� = 45°

c = 20 kPa

c = 0 kPa

a) b)

c) d)

 
Figure 5.27: Linear regression of results from direct shear test simulations, � and c 

denote the values of the input data, based on a Drucker-Prager fit to 
either the compressive or the tensile meridian. I0 = 0 for all models. 
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Results from the parametric study is summarised in Figure 5.28 and Figure 5.29 for the 
case of 0I1 = 0 and in Figure 5.30 and Figure 5.31 for the case of 0I1 = 10 MPa. For the 
low cap-value, the angle of internal friction and the cohesion is best estimated using 
the compromise fitting method. The tensile and internal fitting underestimates both � 
and c by some 20 – 40 %. The compressive fitting produce a reasonable accurate 
estimates of � but overestimates c by some 20 – 40 %. 
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Figure 5.28: Input/output ratio for the angle of internal friction for different fitting 

of the Drucker-Prager criterion, 0I1 = 0. 

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2
coutput/cinput

compressive

tensile
internal
compromise

� = 45° � = 60°� = 35°
c (kPa): 10 20 10 20 10 20

 
Figure 5.29: Input/output ratio for the cohesion for different fitting of the Drucker-

Prager criterion, 0I1 = 0. 

By setting the position of the initial cap to 10 MPa, results according to Figure 5.30 
and Figure 5.31 are obtained. Using the compressive fitting will now severely 
overestimate � except for the case of � = 60°. The best estimate is instead obtained by 
either of the tensile or internal fit. Similar behaviour is found for the cohesion in 
Figure 5.31, very good agreement is found for the tensile or internal fit, but is severely 
overestimated using the compressive fit. As shown in Figure 5.26, increasing the cap 
may also increase the shear stress significantly. 
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Figure 5.30: Input/output ratio for the angle of internal friction for different fitting 

of the Drucker-Prager criterion, 0I1 = 10 MPa. 
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Figure 5.31: Input/output ratio for the cohesion for different fitting of the Drucker-

Prager criterion, 0I1 = 10 MPa. 

Lateral earth pressure 

The ability of the Drucker-Prager model to describe lateral earth pressure is investi-
gated by modellering a vertical retaining wall according to Figure 5.32. The analysis is 
performed under 2D plane strain conditions, h = 1 m, � = 20 kN/m3 and E = 100 MPa 
is used. Further, the wall is completely rigid and no friction occurs between the wall 
and the soil. Passive soil pressure is obtained when the wall moves towards the backfill, 
active pressure is obtained when the wall moves away from the backfill. According to 
(BYGG, 1972), accounting for friction along the retaining wall may result in a 3 -4 
times larger passive soil pressure compared to a frictionless soil/wall interaction. The 
displacement needed to obtain full passive soil pressure depends on the E-modulus and 
may vary from h/150 to h/500 (BYGG, 1972). 
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Figure 5.32: 2D plane strain model for simulation of active and passive soil 

pressure. 

The soil pressure at rest can be estimated using Equation (5.15a). If a linear elastic 
model is used, the soil pressure at rest may be obtained using Equation (4.1). The fully 
developed passive and active soil pressures may be estimated using Equation (5.15b) 
and Equation (5.15c) correspondingly. These are valid for partially cohesive soils and 
under the assumption of a straight failure plane. A more detailed derivation of 
Equation (5.15) is given in (Cernica, 1995). 

0 1 sinK �� � , 2
0 00.5P h K��  (5.15a) 

� �2
p tan 45 2K �� � , 2

p p p0.5 2P h K hc K�� �  (5.15b) 

� �2
a tan 45 2K �� � , 2

a a a0.5 2P h K hc K�� �  (5.15c) 

Similar parametric study as for the direct shear test is performed. As example, the 
stress-displacement path for the case of � = 35° and c = 10 kPa is illustrated in 
Figure 5.33. Good agreement compared to Eqution (5.15) is found if fitting the 
Drucker-Prager criterion along either of the tensile or internal meridian of the Mohr-
Coloumb criterion. Using the compressive or compromise fit does however severely 
overestimate the capacity of the soil. Setting the initial cap position 0I1 = 0 results in 
larger displacemets and lower capacity. Even the pressure at rest decreases. The results 
depend on the E-modulus of the soil, e.g. for lower E-modulus better agreement in soil 
pressure at rest is obtained, compared to Equation (5.15a). 

The result of the parametric study is summarised in Figure 5.34 and Figure 5.35. For 
the case of 0I1 = 0, acceptable agreement is found using either the tensile or internal 
fitting. For high angles of internal friction the soil pressure is however significantly 
underestimated. Using either of the compromise or the compressive fitting does 
however results in severe overestimation of the soil pressure. 

If setting the initial cap 0I1 = 10 MPa, yielding on the cap will never occur during 
current loading. The corresponding results are presented in Figure 5.35. Still the tensile 
and internal fitting shows the best agreement, now even for high angles of internal 
friction. Large overestimations using the compromise or the compressive fit are still 
obtained. 



5.7. BENCHMARK II, SOIL MATERIAL MODELS 

 111 

-5 0 5 10 15 20
-20

0

20

40

60

80

100

120

140

displacement (mm)
-5 0 5 10 15 20

-20

0

20

40

60

80

100

120

140

displacement (mm)

0I1 = 0

compressive
compromise
tension
internal

compressive
compromise
tension
internal

0I1 = 10 MPa

Pp

Pa
P0

Pp

Pa
P0

�
(k

P
a)

 
Figure 5.33: Active and passive soil pressure, comparison of theoretical results and 

FE-model, � = 35° and c = 10 kPa. 
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Figure 5.34: Full active and passive soil pressure using 0I1 = 0. 
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Figure 5.35: Full active and passive soil pressure using 0I1 = 10 MPa. 
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In conclusion, either of the tensile or the internal fit together with a high value of the 
initial cap shows the best agreement for both the direct shear test and for the 
simulation of active and passive soil pressures. If instead fitting along the compressive 
or compromise meridian, there is a risk that the results may be severely overestimated. 
If setting the initial cap 0I1 = 0, too conservative results may be obtained. This may 
also result in poor estimates of the soil pressure at rest. 

It should be noted that the above parametric study is only based on theoretical results 
with the aim of finding suitable fit compared to simplified hand-calculations. 

5.8 Case studies of masonry arch bridges 

To investigate the ability of the proposed methods to estimate the load carrying 
capacity of arch bridges, three cases found in the literature are studied, 

I) a 3 m single span masonry arch bridge, experimentally loaded until failure 
and reported in (Melbourne & Gilbert, 1995), 

II) a three-span counterpart to case I, reported in (Melbourne et al., 1997), 

III) the Prestwood Bridge, a 6.5 m span masonry arch bridge, loaded until 
failure and reported in (Page, 1987). 

The bridges in case I and case II are more known as the Bolton bridges. They were 
built under controlled laboratory conditions at the Bolton Institute in the 1990’s. Due 
to its well defined properties, they have been the subject of several studies and 
benchmarking of methods for load estimations of masonry arch bridges. 

Case III was an existing bridge put out of service for demolition. It was tested until 
failure in-situ. Also this bridge has been the subject of several studies for load 
estimations of masonry arch bridges. 

5.8.1 Case study I, single span masonry arch 

Bridge properties 

In (Melbourne & Gilbert, 1995), a total of four arch barrels (without backfill), four 3 m 
single span bridges and three 5 m single span bridges were tested until failure. Of these, 
a bridge denoted no. 3-1 is studied further.  

The geometry of Bridge no. 3-1 is presented in Figure 5.36. The barrel consists of a 
two-ring masonry brickwork with a theoretical meridian radius of 1.98 m and springing 
angle of 37°. The springings rest on massive concrete foundations. The spandrel walls 
are detached and assumed not to interact with the arch barrel. The load was applied at 
quarter-span using a loading beam and hydraulic jacks. The loaded length along the 
arch was 200 mm. 

The backfill consists of crushed limestone and based on shear-box tests material 
properties � = 60° and c = 0 kPa was determined. In addition, in situ density 
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measurements indicated a mean unit bulk weight of 22.2 kN/m3. No value of the 
Young’s modulus of the backfill was reported. 

The properties of the brickwork (taken from tests on Bridge no. 3-3) showed an 
average compressive strength fc = 26.5 MPa and Ec = 15.9 GPa. The coefficient of 
variation was some 20 % for fc and 10 % for Ec. The compressive strength of individual 
bricks was significantly higher than the brickwork. The shear-bond strength of the 
brickwork was estimated to some 0.3 MPa based on small-scale brickwork panels. The 
result was however regarded unreliable. The weight of individual bricks was measured 
to 23.7 kN/m3. 
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Figure 5.36: Geometry of bridge no. 3-1, reproduced from (Melbourne & Gilbert, 

1995). 

In Figure 5.37, the deformed geometry of Bridge no. 3-1 at failure is presented. A 
typical four-hinge mechanism was obtained, with a failure load of 540 kN at a radial 
arch barrel displacement of 5 mm. It can be mentioned that corresponding tests with 
attached spandrel walls resulted in a failure load of 600 kN with multiply failure of the 
walls. For a case with almost no bond between the two arch rings, the failure decreased 
to 360 kN with detached spandrel walls and 320 kN with attached spandrel walls. 
Although a four-hinge mechanism was obtained in all cases, the position of the hinges 
varied. 
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Figure 5.37: Deformed geometry of Bridge no. 3-1 at failure load 540 kN, 

reproduced from (Melbourne & Gilbert, 1995). 

Linear analysis using M-N method 

Ultimate load estimations using the M-N method according to section 5.2 have been 
performed. Section-forces are calculated using a 2D linear FE-model where the arch 
barrel is modelled using 100 Euler-Bernoulli beam elements and the backfill using 4-
noded plane stress elements with corresponding element size. The arch is rigidly 
connected to the backfill. The model is illustrated in Figure 5.38. A reference model is 
referred to with the following parameters:  

fc = 27 MPa, Ec = 15.9 GPa, �c = 22 kN/m3,  

Efill = 150 MPa, � = 40°, �fill = 22 kN/m3.  

Some parameters in the reference model differ from the experimentally obtained ones, 
further to be described. 

arch centre line

backfill

load plate

rigid links
L

x

L/4

 
Figure 5.38: 2D elastic FE-model. 

The load carrying capacity is calculated at each of the 100 elements along the arch 
using Equation (5.2b). In subsequent analyses, a hinge is introduced at the position of 
lowest load carrying capacity by releasing the rotational degree of freedom at that 
position. This results in redistribution of section-forces from both permanent load and 
the point load at the quarter point. After forming of a fourth hinge, the failure of the 
reference model using the M-N method is illustrated in Figure 5.39, showing good 
agreement with the experimental results in Figure 5.37. From the experimental results 
it is mentioned that cracking usually occurred under the load first, followed by crack 
initiation at the three-quarter span extrados and finally at the springings. Using the M-
N method, hinging at the farther springing occurs before the three-quarter span. The 
ultimate load envisaged by the reference model is only 390 kN, some 70 % of the 
experimental results. 
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Figure 5.39: Failure mode of the reference model, failure load 390 kN. 

The envelope of load carrying capacity is presented in Figure 5.40. The first hinge 
occurs at approx. 100 kN, additional hinges result in an all increase in load carrying 
capacity. In fact, forming of additional hinges is possible due to the confinement of the 
backfill. This behaviour was also recorded from the experiment, referred to as 
‘secondary’ hinges. Since the section-forces are evaluated based on a linear FE-model 
with the M-N method, forming of such hinges may severely overestimate the ultimate 
load. 
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Figure 5.40: Envelope of the reference model along the arch. 

One of the main issues with the M-N method is the contribution of the backfill as a 
linear elastic component. In Figure 5.41, the Young’s modulus of the backfill is varied. 
If regarded only as external loading, e.g. no stiffness contribution, the ultimate load is 
decreased to some 80 kN, only 15 % of the experimental failure load. The ultimate load 
is then obtained after forming of the first two hinges. For increased soil stiffness, near 
linear increase in load level for the two first hinges is obtained. The remaining hinges 
show great nonlinearity, due to altered manner of action under influence of the backfill 
as a load bearing component. A well compacted backfill may have a Young’s modulus 
in the range 50 – 150 MPa, also depth-dependent. Further, the backfill is unlikely to 
undergo linear behaviour at failure load, especially at larger deformation occurring 
after hinging of the arch barrel. In the present case, a soil stiffness beyond 150 MPa 
excessively overestimates the failure load. Still, the failure mechanism is similar for all 
studied cases. A closest match to the experimental results is obtained for Efill = 
158 MPa but should be treated as a fictitious value rather than a physical property. 
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Figure 5.41: Influence of the Young’s modulus of backfill, using � = 40°. 

In Figure 5.78, the influence of the angle of internal friction � of the backfill is studied. 
In the present case, shear-box tests indicated � = 60°. Common values for granular 
materials are often found in the range 35 – 40°. Near linear behaviour with modest 
influence of � is found for the first three hinges. The fourth hinge on the other hand 
shows an overall non-linear behaviour. However, in the range 35 � � � 40° the increase 
in ultimate load is only 10 %. Increasing � results in wider load distribution. Due to 
influence of the soil stiffness, � may not only impact on the load distribution but also 
on the backfill confinement. Conservative results are found for low �. 
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Figure 5.42: Influence of the angle of internal friction, using Efill = 150 MPa. 

From the experimental results, almost no crushing of the arch barrel was obtained. 
This is due to the high strength of the bricks in relation to the geometry, the failure 
load and the failure mechanism. In Figure 5.79, variation of the compressive strength is 
presented. For compressive strength higher than 20 MPa, no further increase in load 
could be obtained due to the hinging mechanism. It is noted that the load level of the 
first two hinges does not increase beyond fc = 5 MPa. 
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Figure 5.43: Influence of the arch barrel compressive strength, using Efill = 

150 MPa and � = 40°. 

Of the studied parameters, the soil stiffness is found to be of greatest importance. Too 
conservative results are often obtained if not accounting for the soil-structure 
interaction. Assuming linear elastic properties of the backfill on the other hand, 
appears to give very unreliable failure load levels. In the commercial software Ring 
(LimitState, 2008), passive soil pressure can be accounted for, often resulting in a 
significant increase in ultimate load. To limit the influence of the backfill using the 
present M-N method, an alternative with a simplified no-tensile backfill model is 
studied. A uni-axial, bi-linear elastic material model is employed, with a tensile cut-off 
ft = 0.1 kPa. For plane elements, the material model can only be used with � = 0, 
corresponding to � = 90°. When calculating the section-forces in the arch, a full-
Newton iteration with a force-based tolerance RNORM*RTOL = 10 N is used. A reference 
live load of 100 kN superimposed on the dead weight is used, to properly simulate the 
stress state of the soil. Other values of the reference load are found to give similar 
results. Convergence is obtained after approx. 30 iterations for dead weight and some 
additional 30 iterations for the live load. It is still possible to obtain a solution after 
forming of the fourth hinge, demanding some 150 iterations for the live load. More 
loose convergence criteria would still give sufficiently accurate results, but the total 
solution time is still only a few seconds. 

In Figure 5.44, the total stress in the backfill is illustrated for Efill = 150 MPa. An 
ultimate load of 150 kN is obtained after forming of a third hinge. When the fourth 
hinge is obtained, the load has decreased to 100 kN. 
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Figure 5.44: Failure mode and maximal soil stress for a non-tensile backfill, failure 

load 100 kN. 
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The corresponding soil stresses along the arch extrados is presented in Figure 5.45. 
Permanent loading results in a vertical stress of 20 kPa near the springings and almost 
no lateral stresses. Superimposing a live load of 100 kN increases the vertical soil stress 
under the loading, at the opposite springing a slight stress-decrease is obtained. The 
corresponding lateral stresses increases extensively near the loading. From hinge 3 to 
hinge 2 the lateral soil stress increases near linear from 5 to 15 kPa. 

Results for different soil stiffness are presented in Figure 5.46. The results from 
Figure 5.41 are imposed as dashed lines, even though not fully comparable due to 
different �. The no-tensile soil model appears to give too conservative results compared 
even for high soil stiffness. 
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Figure 5.45: Soil stress along the arch extrados due to dead weight (dashed lines), 

superimposed live load of 100 kN (solid lines), 
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Figure 5.46: Comparison of linear backfill (dashed lines) and no-tensile backfill 

(solid lines). 

In conclusion, the M-N method suffers from severe difficulties in estimating reliable 
failure load in the present case. The reason is mainly due to significant soil-structure 
interaction and difficulties to properly describe the soil properties at the failure load. In 
addition, these properties are rarely well defined, calling for a conservative approach. 
One of the main advantages with the M-N method on the other hand is its accuracy in 
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describing the failure mode. Even if the absolute value of the failure load is uncertain, 
using the method to find critical load positions will be efficient. 

Nonlinear FE-analyses 

With the aim of obtaining more accurate estimations of the failure load, the nonlinear 
method is presented. The backfill is modelled with the Drucker-Prager material model 
in section 5.4.3 and the arch barrel with the multi-axial concrete model in section 5.4.2. 
Both the backfill and the arch barrel is modelled using 4-noded plane strain elements 
with similar element size as the M-N model. Six elements are used along the height of 
the arch barrel. Rigid contact between the arch extrados and the backfill is assumed. 
In lack of detailed parameters for the Drucker-Prager model, the following is used: 

W = 10-2, D = 10-6, I0 = 0, T = 0, c = 0. 

In addition, Efill = 100 MPa and � = 40° is used, fitted along the compressive 
meridian. Increasing the initial cap position may result in higher load carrying capacity 
of the structure. To investigate the load carrying capacity of the backfill itself, an 
analysis with an elastic arch barrel is studied. A failure load of approx. 2 000 kN is 
obtained, far beyond the experimental results. For the arch barrel, a tensile strength ft 
= 0.2 MPa is assumed. This low value is intended to account for the tensile strength of 
the mortar. In (Lourenço, 1996), results for the tensile strength and associated fracture 
energy are presented for a brick-mortar interface. For a tensile strength in the range 
0.3 – 0.9 MPa the corresponding fracture energy in pure tension is in the range 5 – 20 
Nm/m2. In shear, significantly higher fracture energy is found, depending on the 
confining stresses. For the reference model, the fracture energy is set to Gf = 
0.3 Nm/m2. 

Similar iteration methods as for the bi-linear soil analysis are used. The tolerances are 
initially set to RNORM*RTOL = 1 kN but are increased up to 5 kN near failure. 
Displacement controlled loading is used with a maximum increment of 1 mm. An 
autostep function is used to decrease the increment if convergence problems occur, the 
minimum increment is set to 1 �m. 

In Figure 5.47, principal tensile strains are illustrated at failure load for the reference 
model. Much larger strains are obtained than from the bi-linear model using the M-N 
method. A soil failure surface extends from the loading towards the adjacent springing. 
Large tensile soil strains are also seen at the three-quarter span. Local deformations 
under the load plate are mainly due to the choice of cap-function parameters, an 
increased cap with produce less punching through the soil. 
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Figure 5.47: Principal tensile strain at failure, reference model with � = 40°,  
Esoil = 100 MPa, c = 0. 
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Soil stresses near the arch extrados at failure load area presented in Figure 5.48, as 
projected onto the arch. Largest vertical stresses are naturally located under the 
loading. The exact shape of the soil stress distribution may depend on the mesh density 
and occurrence of local plasticity. Additionally, the magnitude of the stress varies 
significantly during global softening behaviour of the load-displacement curve. As 
example, the peak vertical stress near failure is about 450 kPa, increasing to over 
700 kPa after 6 mm radial displacement of the arch barrel. The lateral peak stress 
increases from 130 to 210 kPa correspondingly. At the south quarter of the arch, lateral 
earth pressure occur due to the movement of the arch barrel. This is believed to be a 
result of the soil-structure interaction, counter-acting the movement of the south part 
of the barrel. The resultant of this lateral pressure is almost 250 kN. The resultant of 
the vertical stress corresponds well with the external loading of 500 kN. 
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Figure 5.48: Soil stress near the arch extrados at failure load level for the reference 

model, a) vertical stress, b) lateral stress. 

Cracking of the arch barrel is illustrated in Figure 5.49 at the corresponding load level 
as the presented soil stress and strain. The influence of the tensile fracture energy is 
studied and found to have little impact on both the failure load level, failure mode and 
extent of cracking. The load level of first cracking in different sections is presented in 
Table 5.4. It should be noted that this order of the 3rd and 4th hinge differs depending 
on the fracture energy, but that the load level is similar. For the case of low fracture 
energy, Figure 5.49a, the first pronounced hinge occur at a load level of 120 kN. This is 
in the same range as estimated using the M-N method. For Gf = 20 Nm/m2, the 
corresponding hinge at the same location does not occur until a load of 300 kN. In the 
latter, Figure 5.49b, the hinge at point 2 develops simultaneously followed by a hinge 
at point 4 at a load of 460 kN. The fourth hinge, obtained at point 4, does not occur 
until a vertical arch barrel displacement of 4 mm. For the low fracture energy, hinges 
at each springing, point 2 and 4, both develops at a load of 175 kN. The fourth hinge is 
not clearly obtained within the studied interval, instead a secondary hinge is found at 
point 4. 

Table 5.4: Position and load level at first cracking obtained from the FE-models 
in Figure 5.49. 

point: 1. 2. 3. 4.
load (kN), G f = 0.3 Nm/m2 65 100 130 135

load (kN), G f = 20 Nm/m2 65 110 135 150  

a) 

b) 
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Figure 5.49: Concrete cracking at failure, reference model with � = 40°,  

Esoil = 100 MPa, c = 0 and different fracture energy Gf. 

The load displacement path for the reference model with different fracture energy is 
presented in Figure 5.50. During cracking, best agreement is found for low fracture 
energy, indicating that the global stiffness is estimated well. Although higher fracture 
energy results in slightly better agreement compared to the experimental ultimate 
load, this may be an effect of other parameters. In further analysis, Gf = 0.3 Nm/m2 is 
used. 
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Figure 5.50: Results for different amount of fracture energy of the arch barrel. 
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Variation of the soil stiffness is studied. Non-resistant backfill refers to distributed 
loads applied to the arch extrados, not accounting for any backfill stiffness. The load 
distribution is in that case calculated using the extrados as supports in a separate 
analysis (using the reference model) and reading the reaction forces with opposite sign 
in a subsequent analysis. The corresponding load distributions are shown in 
Figure 5.51. 

 

 

a) 

 

 

b) 

Figure 5.51: Load distribution for non-resistant backfill, a) dead load, b) live load. 

Load-displacement curves for different soil stiffness are presented in Figure 5.52. 
Vertical displacement of the arch intrados at quarter-span is referred to. The non-
resistant backfill results in an ultimate load of 210 kN, still with the same failure mode. 
This load level is not envisaged by any of the models using the M-N method. This 
might be due to a remaining rotational stiffness of the hinges in the non-linear analysis 
in combination with a smeared crack distribution. Increasing the soil stiffness from 50 
to 200 MPa increases the ultimate load from 470 to 540 kN, an increase of only 15 %. 
For any of the studied soil stiffness’s, the overall load-displacement behaviour agrees 
well with the experimental results. 
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Figure 5.52: Results for different Young’s modulus of the backfill, based on the 

reference model. 
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Different angles of internal friction are studied in Figure 5.53. In the range 35 � � � 
45° the ultimate load varies from 400 to 600 kN. According to the shear-box tests, � = 
60° was obtained. Using � = 60° will most likely overestimate the load carrying 
capacity significantly and as a conservative approach a low value should be used. 
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Figure 5.53: Results for different angle of internal friction of the backfill, based on 

the reference model. 

The shear-box tests indicated no cohesion of the backfill material. The influence of 
cohesion is studied in Figure 5.54. A cohesion of only 10 kPa results in a load increase 
from 500 to 760 kN, an increase by 50 %. Conservative results are obtained assuming 
no cohesion of the backfill material. 
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Figure 5.54: Results for different Young’s modulus of the backfill, based on the 

reference model. 
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For all models above, full contact between the arch extrados and the backfill was 
assumed. According to (UIC, 2007) the soil/arch interface friction may have a 
significant relevance on the load carrying capacity and are typically correlated to soil 
strength properties. It is further said that the fully mobilised soil/arch interface friction 
properties should be derived from shear box tests where possible. In other cases, 
guidance of BS8002:1994 (British Standard, 1994) can be used. It is summarised in 
(UIC, 2007) that for an arch material with a texture coarser than the median soil 
particle size, the arch/soil interface friction angle can be set equal to the soil critical 
state angle of shearing resistance. If the arch material is smoother, the friction angle 
should be limited to 20°. The coefficient of friction is expressed as � = tan�. For brick 
masonry on gravel, � = 0.6 is a common value, corresponding to � = 31°. 

Different arch/soil friction is studied using contact elements between the arch extrados 
and the adjacent backfill. A simple Coulomb friction model is used and results for 
different friction coefficients are presented in Figure 5.55. For low coefficients of 
friction � < 0.6, the load carrying capacity decreases dramatically. However, little 
difference is found for � = 0.6 and the model with full arch/soil contact. 
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Figure 5.55: Results for different arch/soil friction coefficients, based on the 

reference model. 

In conclusion, the nonlinear method presented shows good agreement with the 
experimental results, both in failure mode, ultimate load and displacements. In 
addition, the sensitivity of several parameters, especially the soil stiffness, is 
attenuated. The only deviation from the experimental results and the proposed 
reference model is the angle of internal friction. The proposed model underestimates 
the ultimate load by approximately 6 %. 

For all nonlinear FE-analysis above, the Drucker-Prager model was fitted along the 
compressive meridian. According to Benchmark II, the angle of internal friction was for 
this case overestimated by some 5 – 10 % based on the direct shear tests, Figure 5.28. 
In addition, the passive soil pressure was severely overestimated except for the case of 
� = 35° and c = 0 kPa. Still, good agreement was found for the single-span bridge 
above and the same fitting method is therefore used in further analyses. The influence 
of other fitting methods for the arch bridge is further studied in Appendix B. 
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5.8.2 Case study II, three-span masonry arch 

To investigate the behaviour of multi-span arch bridges, three-span models have been 
tested experimentally, reported in (Melbourne et al., 1997). A total of three models 
were loaded until failure, all with the same properties as the single-span 3 m bridges 
reported in (Melbourne & Gilbert, 1995), previously analysed in section 5.8.1. Using 
the same properties for both cases facilitates direct comparison of multi-span effects. 

Bridge properties 

The geometry of the three-span bridge is presented in Figure 5.56. The same material 
was used as for the single-span bridges, the columns were also made of the same 
brickwork. 
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Figure 5.56: Geometry of the three-span bridge, reproduced from (Melbourne et al., 

1997). 

The three experimentally tested bridges are denoted Bridge nos. 1 – 3. Bridge no. 1 was 
loaded at quarter-span between section A-A and section B-B. The attached spandrel 
walls were partially interacting with the arch barrel and a failure load of 455 kN was 
obtained. This is only some 75 % of the obtained failure load of its single-span 
counterpart. Bridge no. 2 was loaded at the same position but with detached spandrel 
walls, resulting in a failure load of 320 kN. This is a 30 % decrease compared to Bridge 
no. 1 but corresponds to approx. 60 % of its single-span counterpart. Finally Bridge no. 
3 was loaded at midspan (section B-B) with attached spandrel walls, resulting in a 
failure load of 325 kN. Hence, a significant decease compared to the single-span bridges 
was obtained. Further, the influence of the spandrel walls were found to be greater for 
the three-span case and the midspan was found to be a more critical loading position 
than the quarter-point. 
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The reported failure mode of Bridge no. 2 is presented in Figure 5.57. The numbers 
indicate the order of observed cracking, corresponding load levels is presented in 
Table 5.5. 

1.

2. SouthNorth

3.
4.

5. 5. 5.

 
Figure 5.57: Deformed geometry of Bridge no. 2 at failure, reproduced from 

(Melbourne et al., 1997). 

Table 5.5: Position and load level at first cracking, data from (Melbourne et al., 
1997). 

point: 1. 2. 3. 4. 5.
load (kN): 130 230 250 265 270  

Linear analysis using M-N method 

The M-N method is adopted in the same manner for the three-span model as for the 
single span counterpart. A reference model is studied, having the same material 
properties as in section 0. The failure mode and appertaining hinges are presented in 
Figure 5.58. The routines for calculating the position of the hinges are updated to 
include also the columns. 
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15.16.

17.

North South  
Figure 5.58: Deformed geometry from FE-model, numbers indicates order of 

hinges, reference model. The backfill is omitted for clarity. 

In general, significantly more hinges are obtained than from the experiment. No 
significant load drop is obtained using the current FE-model when introducing more 
hinges. The reason is the contribution of the linear elastic backfill, which effect is likely 
to be overestimated. The analysis is carried on until no further hinges occur. 

The results from the reference model show a failure of the north span prior to the 
south. Further, the model shows hinges at both columns. These differences are maybe a 
result of the simplified behaviour of the backfill as an elastic media. An hypothesis is 
also that the spandrel walls may contribute in confining the arch barrels, although 
intentionally attached. 
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In Figure 5.59, a parametric study of the backfill stiffness is performed. The first hinge 
occurs at approximately 60 kN, with negligible increase due the backfill stiffness. The 
corresponding load level from the experiment is reported to 130 kN, Table 5.5. The 
load level of the following hinges shows great nonlinearity for increased backfill 
stiffness. However, when no further hinges are obtained (usually < 20), the backfill 
stiffness has moderate influence on the ultimate load. For the reference model, an 
ultimate load of 235 kN is obtained, approximately 75 % of the experimental results. A 
soil stiffness larger than say 300 MPa may be motivated only if partially spandrel wall 
interaction is obtained. 
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Figure 5.59: Influence of the Young’s modulus of backfill, using � = 40°. 

Also the angle of internal friction appears to have moderate influence on the load 
carrying capacity, Figure 5.60. 
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Figure 5.60: Influence of the angle of internal friction, using Efill = 150 MPa. 
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One of the main differences between the failure mode of the FE-model compared to the 
experiment is that the FE-model predicts severe failure of the north span. To 
investigate if this is due to the lateral thrust, the top of the north column is fixed for 
horizontal translations. The corresponding failure mode is presented in Figure 5.61. 
The first hinge occurs at 67 kN and the ultimate load is estimated to 250 kN, similar to 
previous analysis. The north span still shows several hinges and is believed to be due to 
load distribution rather than horizontal thrust from the springing. Further, no hinge at 
the opposite haunch of the midspan occurs. If the capacity of the north span is not 
accounted for, a failure load of 345 kN is obtained. 

In conclusion, the M-N analysis of the three-span arch results in overall conservative 
results with less impact of the backfill compared to the single span case. On the other 
hand, the predicted failure mode is not entirely consistent with the experimental 
results. 
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Figure 5.61: Failure mode of an FE-model where the top of the north column is 

fixed for horizontal translations. 

Nonlinear FE-analyses 

The nonlinear analysis of the three-span arch is performed similar to section 5.8.1. The 
columns are also modelled with 4-noded plane strain elements with an element size of 
75 mm. The bottom of the columns are assumed to be fully restraint. In Figure 5.62, 
tensile strains of the backfill at failure are illustrated. The only failure of the backfill 
propagates from under the load, extending to the adjacent springing. 
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Figure 5.62: Principal tensile strain at failure, reference model with � = 40°, Esoil = 

100 MPa, c = 0 kPa. 
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In Figure 5.63, the cracking of the arch barrels and the columns at failure load is 
illustrated. The numbers are related to the occurrence of cracking, corresponding load 
levels are provided in Table 5.6. Some positions reach cracking at about the same load 
and are consequently given the same number. 

CRUCHED
CLOSED
1 CRACK
2 CRACKS
3 CRACKS

1.
2.

3.

3.
3.

4.

5.

6.

6.

7.

7.

 
Figure 5.63: Concrete cracking at failure, reference model with � = 40°, Esoil = 

100 MPa, c = 0 kPa. 

Table 5.6: Position and load level at first cracking, nonlinear FE-model. 

point: 1. 2. 3. 4. 5. 6. 7.
load (kN): 70 100 140 160 170 180 200  

It is noted that the cracking loads from the FE-analysis is significantly lower than 
those observed from the experiment. Possible reasons can be due to the smeared crack 
approach and associated tensile fracture energies. Further, modelling the bricks and 
mortar as separate materials may yield different results. Similar to the M-N method, 
the nonlinear FE-analysis results in cracking of the north span. The ultimate load is 
calculated to 310 kN, about 95 % of the experimental load. 

The distributions of the dead and live loads are illustrated in Figure 5.64. The main 
part of the live load is distributed along the centre span. The live load transferred to 
the north span appears negligible, not supporting the hypothesis in section 5.8.1. 

 

a) 

 

b) 

Figure 5.64: Load distribution for non-resistant backfill, a) dead load, b) live load. 

Similar to section 5.8.1, the influence of backfill is studied, regarding the E-modulus, 
angle of internal friction and cohesion. From the experimental results, radial 
displacement of the centre arch and horizontal displacements of the columns are 
available. 
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Load-displacement curves for different E-modulus of the backfill are presented in 
Figure 5.65 and Figure 5.66. Moderate increase in load carrying capacity is obtained in 
the range 50 � Efill � 200 MPa. However, for the case of non-resistant backfill, the 
capacity is reduced by a factor 2.  

In general, good agreement in load-displacement behaviour is obtained, and a best fit is 
likely to be found for Efill � 150 MPa. It is noted that the displacement of the north 
span is larger from the experiment than from the FE-model. Yet, only the FE-model 
predicts cracking of the north column and north span. The sudden drop in load 
carrying capacity from the FE-model is partially due to local failure of the backfill, 
increasing the yield cap surface in the Drucker-Prager material model may prevent 
this. 
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Figure 5.65: Results for different Young’s modulus of the backfill, radial arch 

displacement. � = 40° and c = 0 kPa. 
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Figure 5.66: Results for different Young’s modulus of the backfill, horizontal pier 

displacements. � = 40° and c = 0 kPa. 
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In Figure 5.67 and Figure 5.68, corresponding load-displacement curves are presented 
for different angles of internal friction of the backfill. Using Efill = 100 MPa, a best fit 
to experimental data is found for � = 40°. The angle of internal friction has large 
impact on the load carrying capacity. 
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Figure 5.67: Results for different angle of internal friction of the backfill, radial 

arch displacement, Efill = 100 MPa and c = 0 kPa. 
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Figure 5.68: Results for different angle of internal friction of the backfill, horizontal 

pier displacements. Efill = 100 MPa and c = 0 kPa. 
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The influence of backfill cohesion is studied in Figure 5.69 and Figure 5.69. As for the 
single span case, this is the factor of greatest impact. For only a 10 kPa cohesion, the 
load is increased by some 50 %. 
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Figure 5.69: Results for different cohesion of the backfill, radial arch displacement. 

Efill = 100 MPa and �= 40°. 
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Figure 5.70: Results for different cohesion of the backfill, horizontal pier 

displacements. Efill = 100 MPa and �= 40°. 

 

 



5.8. CASE STUDIES OF MASONRY ARCH BRIDGES 

 133 

The influence of arch/soil friction is studied using the same contact conditions as for 
the single span case. The results presented in Figure 5.71 and Figure 5.72 show the 
same influence as for the single span case. For zero friction, the load carrying capacity 
is reduced by a factor 2 compared to full contact. The results show that if the arch/soil 
frictional angle is larger than 30°, full contact can be assumed without overestimating 
the load carrying capacity severely. Since contact analysis then may be avoided, the 
degree of nonlinearity is reduced, resulting in faster analysis and results that are more 
reliable. 
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Figure 5.71: Results for different arch/soil friction, radial arch displacement.  

Efill = 100 MPa, �= 40° and c = 0 kPa. 

-10 -5 0 5 10 15 20
0

50

100

150

200

250

300

350

400

450

horisontal disp (mm)

F
or

ce
 (

kN
)

 

 

North pier South pier

experiment
full contact
( = 0.6
( = 0.3
( = 0.0

 
Figure 5.72: Results for different arch/soil friction, horizontal pier displacements. 

Efill = 100 MPa, �= 40° and c = 0 kPa. 
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Conclusions, case I and case II 

From the experimental results presented in (Melbourne & Gilbert, 1995) and 
(Melbourne et al., 1997), the following conclusions can be summarised: 

- unreinforced masonry arches with backfill prove ductile behaviour and a failure 
mode characterized by forming of successive hinges, 

- the backfill provides great contribution to the ultimate load carrying capacity, 

- multi-span arches may have significantly lower load carrying capacity than to a 
single span with rigid springings. 

From the analyses using the M-N approach, the following conclusions are summarised: 

- overall conservative results in load carrying capacity were obtained, provided 
realistic assumptions for material properties (especially for the backfill), 

- for the studied single span arch, good agreement in failure mode was obtained, 

- for the studied single span arch, the estimated load carrying capacity was highly 
sensitive to the E-modulus of the backfill, 

- for the studied single span arch, assuming non-tensile backfill resulted in a 
significant decrease in load carrying capacity, 

- for the studied three-span arch, differences in failure mode compared to 
experimental results were found, 

- for the studied three-span arch, the load carrying capacity was less sensitive to 
the properties of the backfill. 

From the nonlinear analyses, the following conclusions are summarised: 

- good agreement with experimental data was generally found, both for estimated 
load carrying capacity, displacements and failure modes, 

- the E-modulus of the backfill has less impact on the load carrying capacity than 
from the M-N analysis, 

- the angle of internal friction has relatively large impact on the load carrying 
capacity, experimental results corresponding to � = 60° are reported, the FE-
analyses show best agreement for � = 40° and larger values than � = 45° 
severely overestimates the load carrying capacity, 

- assuming 10 kPa cohesion (by default, no cohesion is accounted for) severely 
overestimates the load carrying capacity, 

- provided an arch/soil frictional angle larger than 30°, full contact can be 
assumed. 

In summary, the M-N method appears to give conservative results but reasonably good 
prediction of the failure mode. It is computationally efficient and facilitates both 
parametrical studies and implementation of load combination routines. The nonlinear 
method produces more reliable estimates of the load carrying capacity but is 
computationally significantly more demanding. Using relatively conservative input 
parameters, especially for the backfill, is likely to produce conservative but realistic 
load estimates. In assessment of complicated arch bridges with backfill, using the M-N 
method for load combination and nonlinear methods for load carrying capacity 
estimates is recommended. 
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5.8.3 Case study III, the Prestwood Bridge 

The third case study, the Prestwood Bridge, was a 6.5 m single span masonry arch 
bridge. The bridge was built in the 1770’s, located on the Staffordshire and 
Worcestershire Canal (opened in 1772). In the 1980’s, the bridge was found to be in 
poor condition with parapets missing and a distorted arch. In January 1986, the Bridge 
was loaded until failure by TRRL3, the results are reported in (Page, 1987). 

Bridge properties 

Since the bridge was over 200 years old and in poor condition, the properties regarding 
material may not be as accurate as for the previous laboratory tested bridges. The 
geometry of the bridge is illustrated in Figure 5.5, bridge data are presented in 
Table 5.7, taken from (Page, 1987). The masonry spandrel walls confining the backfill 
were each 0.38 m thick. The presented masonry properties are based on 2 bricks 
mortared together on their top and bottom surfaces, a crushing strength of 7.7 MPa for 
individual bricks was recoded. The backfill was classified as reddish-brown sand with a 
little clay. Consolidated undrained triaxial compressions tests resulted in a cohesion 
c = 7 kPa and angle of internal friction � = 37°. In further analyses, the backfill is 
extended L1 = 2 m beyond the springings. 
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L1L1
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Figure 5.73: Geometry of the Prestwood Bridge, the width w not illustrated. 

Table 5.7: Properties of the Prestwood Bridge, from (Page, 1987). 

         

L 6.55 m � m 20 kN/m3 � f 20 kN/m3

f 1.43 m E c 4 GPa c 7 kPa

d 0.22 m f c 4.5 MPa � 37 °
b 1 0.3 m
h 1 0.165 m
w 3.8 m

Geometry Masonry Backfill

 
 

                                            

3 Transport and Road Research Laboratory 
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The load was applied onto a steel I-beam resting on both the spandrel walls and the 
road surface. Concrete was cast to level the I-beam. The loading setup is illustrated in 
Figure 5.74. Loading was initially performed at a rate of 5 kN/increment but was then 
increased up to 20 kN/increment. A total of 24 increments were recorded until failure, 
the average time between the increments was 9 min. 

 
Figure 5.74: Loading setup, sketch from (Page, 1987). 

The bridge failed in a four hinge mechanism, illustrated in Figure 5.75. The first 
cracking was observed at hinge (1) at a load of 173 kN. Increasing the load to 190 kN, 
hinges developed at (2) and (3). The load level of hinge (4) was not reported. At 
210 kN, the spandrel walls started to crack (5). An ultimate load of 228 kN was 
recorded, with a corresponding vertical displacement of about 35 mm at (1). 

 
Figure 5.75: Observed failure of the Prestwood bridge, reproduced from (Page, 

1987). 

(1) 

(2) 

(3) 

(4) 

(5) 
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Linear analysis using M-N method 

Similar to case I and case II, the M-N method has been applied to the Prestwood 
Bridge. In Figure 5.76, the impact of the E-modulus of the backfill on the ultimate load 
is studied. Even for moderate backfill stiffness, the load carrying capacity is severely 
overestimated. Increasing the E-modulus of the masonry, Figure 5.76b, decreases the 
capacity but it is still severely overestimated. 
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Figure 5.76: Failure loads as function of the E-modulus of the backfill, predicted by 
the M-N method. Two different E-modulus of the masonry barrel are 
studied, a) Ec = 4 GPa and b) Ec = 15 GPa. 

In Figure 5.77, the failure mode from the M-N method is presented. Although the 
failure load varies significantly with E-modulus of the backfill, the position of the 
hinges remains more or less the same. Hence, the M-N method succeeds in determining 
the correct failure mode but not the failure load. 
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Figure 5.77: Failure mode using Efill = 50 MPa and Ec = 15 GPa. 

In (Page, 1987), load estimations are presented for both a mechanism analysis and the 
MEXE4-method. From the mechanism analysis, an ultimate load of 148 kN was 
calculated, using the MEXE-method results in an allowable axle load of merely 20 kN. 

                                            

4 Semi-empirical method for calculation of serviceability loads 
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In Figure 5.78, the failure of the bridge using the commercial software RING® is 
presented. In Figure 5.79, the influence of the masonry compressive strength is studied. 
Increasing the compressive strength beyond some 5 MPa increases the capacity 
marginally. An ultimate load of approximate 160 kN is calculated, near the results 
presented in (Page, 1987). However, if the passive soil pressure is not accounted for, 
the load carrying capacity is decreased by a factor 2. Similar results are concluded in 
(Bjurström & Lasell, 2009). 

 
Figure 5.78: Obtained failure mode using the Ring® software. 
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Figure 5.79: Results from analysis using the Ring® software (LimitState, 2008), 

variation of the compressive strength and influence of the passive soil 
pressure, 10 kPa cohesion. 

Nonlinear FE-analyses 

Nonlinear analyses have been performed similar to case I and case II. Material 
properties are partially based on Table 5.7. A reference model is defined using Efill = 
100 MPa and c = 0 kPa. The analysis is performed using 2D plane strain elements and 
the spandrel walls are neglected. The deformation at failure is presented in Figure 5.80, 
the forming of hinges are illustrated as zones of cracking. A failure load of 210 kN is 
calculated. The failure mode shows good similarity to the experimental results. The 
corresponding principal tensile strains of the backfill are illustrated in Figure 5.81. 
Similar to case I and case II, the results indicate a shear failure, starting from the end 
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of the load plate and progressing down to the adjacent springing. Tensile strains also 
occur at the crown. 

1.

2.

3.4.

 
Figure 5.80: Results from the nonlinear FE-analysis, deformed model when 

reaching failure, results from the reference model. Numbers indicate 
the order of hinges. 
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Figure 5.81: Tensile strains in the backfill, reference model. 

The impact of backfill properties on the ultimate load is studied below. Vertical 
displacement at the haunch under the load is referred to in the figures below. From the 
experiment, results from point 4 are presented. It should be noted that the 
experimental results show a scatter in displacements up to a load of approximately 
100 kN, at several points reported as negative. The cause for this is not readily known 
but may be due to different settlements of the spandrel walls and the backfill, or 
nonlinear contact between the spandrel walls and the arch barrel. In the results 
presented below, only positive displacements are presented. 

In Figure 5.82, the E-modulus of the backfill is varied. In the range 50 – 200 MPa, 
small difference in both load and displacements are shown. However, if only the load 
distribution of the backfill is accounted for (non-resistant backfill) an ultimate load of 
70 kN is calculated, merely 35 % of the reference model. The load – displacement curve 
of the FE-results shows an overall smooth decrease in stiffness up to the peak load at 
approximately 10 mm, followed by a negative stiffness. The experimental results on the 
other hand, show a near bi-linear stiffness variation with a point of gradient change at 
about 100 kN. 

In Figure 5.83, the influence of the cohesion is studied. As for case I and case II, a 
significant increase in capacity is obtained for increased cohesion. For 10 kPa cohesion, 
an ultimate load of 350 kN is calculated, corresponding to a 50 % overestimation of the 
experimental results. Except the large difference in estimated load, the shape of the 
load – displacement curve shows better agreement with experimental data for 
increased cohesion. 



CHAPTER 5. FE-ANALYSIS IN ULTIMATE LIMIT STATE 

 140 

0 5 10 15 20 25 30 35
0

50

100

150

200

250

300

350

disp (mm)

F
or

ce
 (

kN
)

 

 

experiment
Efill = 200 MPa

Efill = 100 MPa

Efill = 50 MPa

non-resistant

 
Figure 5.82: Results from the nonlinear FE-analysis, � = 37°, c = 0 kPa. 
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Figure 5.83: Results from the nonlinear FE-analysis, � = 37°, Efill = 100 MPa. 

In Figure 5.84, results for different angles of internal friction of the backfill are studied. 
Using � = 45°, a 20 % increase in load carrying capacity is obtained, compared to � = 
37°. The corresponding increase for case I and case II were about 50 %. 

In Figure 5.85, two different values of the E-modulus of the arch barrel is studied; 
4 GPa as reported in (Page, 1987), and 15 GPa as for the bridges in case I and case II. 
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Figure 5.84: Results from the nonlinear FE-analysis, c = 0 kPa, Efill = 100 MPa. 
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Figure 5.85: Results from the nonlinear FE-analysis, � = 37°, Efill = 100 MPa,  

c = 0 kPa. 

The low stiffness of the arch barrel caused difficulties using the M-N method; since the 
methods is based on linear materials, increased ratio of backfill-arch barrel stiffness will 
eventually overestimate the contribution of the backfill. In the nonlinear analysis 
however, the difference is small; an increase from 4 GPa to 15 GPa results in about 5 % 
increase in ultimate load. 
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Conclusions, case III 

The Preswood bridge was analysed using the same methods that previously was found 
to be successful for the Bolton bridges, section 5.8.1 and section 5.8.2. However, the 
Prestwood bridge was an existing bridge tested in-situ and found in poor condition. 
Further, the interaction with the spandrel walls appeared significant, e.g. from 
Figure 5.75. Although the failure mode of the arch barrel appeared as a pure 2D hinge 
mechanism, the combined contribution of the backfill and the spandrel walls may be 
more complex. In the analyses, the backfill is considered as a homogenous material. 
However, it is deemed likely that this estimates the combined effect including the 
spandrel walls rather than solely backfill material. 

Using the M-N method shows good agreement regarding the failure mode but severely 
overestimates the load carrying capacity even for moderate stiffness of the backfill. 
One reason may be that the arch barrel is rather shallow and that the tensile stresses 
in the linear backfill at the crown overestimates the capacity. 

The nonlinear analyses show good agreement in both failure mode and load carrying 
capacity. However, poor agreement in predicted displacements is found. Where the 
experiment shows a near bi-linear load-displacement path with overall positive 
stiffness, the FE-results show a more continuous softening behaviour with a negative 
stiffness after reaching the ultimate load. The reason for this is believed to partly be 
due the spandrel walls. Although a cohesion of 7 kPa was recorded, best agreement 
with the nonlinear models was found using no cohesion. Increasing the cohesion in the 
models resulted in a significant increase in load carrying capacity, but with a load-
displacement path more similar to the experiment. Assuming a non-resistant backfill, 
merely 35 % of the experimental load carrying capacity is obtained. As for the analysis 
of the Bolton bridges, the Drucker-Prager model was fitted along the compressive 
meridian also for the Prestwood bridge. As shown in Appendix B, other fitting 
methods may give significantly different results. 
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6  
 
Capacity assessment of the old Årsta 
bridge 

6.1 2D analyses 

6.1.1 Methodology 

In the following sections, analyses of the load carrying capacity of the old Årsta bridge 
is presented. From the previous case studies, the M-N method was found to give 
unreliable results in load carrying capacity but showed good agreement in obtained 
failure mode. Provided a model that describes the vital structural manner of action, it 
is believed that the M-N method will succeed also in finding the critical load positions. 
However, this has not been verified since the load position of the cases studies 
presented was fixed. 

The methodology for the capacity assessment of the old Årsta bridge follows the 
Level 1 analysis presented in Figure 5.1. The global 2D FE-model from section 4.4 is 
used for calculation of section-forces due to fixed loads and influence lines. Load 
carrying capacity assessment routines are developed in MATLAB® (MathWorks, 2010), 
e.g. for reading FE output data, inserting hinges in the FE-model, load combinations 
and creating load carrying capacity envelopes. 

6.1.2 Bridge properties 

The properties of the bridge were presented in Chapter 2 and a global 2D FE-model 
calibrated against field measurements was presented in section 4.4. For clarity, the 
global 2D model from section 4.4 is recalled in Figure 6.1. 

1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12. 13. 14. 15. 16. 17. 18. 19. 20.

north south
 

Figure 6.1: Elevation of the global 2D FE-model of the bridge. 

Chapter 
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A reference model is studied, having the following properties: 

– backfill: Efill = 100 MPa, � = 35° �fill = 20 kN/m3, 

– concrete: Ec = 20 GPa, fcc = 6.5 MPa, �c = 24 kN/m3, 	cu = 3.5o/oo 

– no reinforcement, 

– full arch-backfill interaction, 

– no influence of the spandrel walls. 

It should be noted that almost all estimated parameters are afflicted with great 
uncertainties. In section 4.5.3, attempts to calibrate the model using field 
measurements were presented. For the backfill, only small changes were found for 
rather large difference in both Young’s modulus and angle of internal friction (via the 
Poisson’s ratio). On the other hand, greater impact of the Young’s modulus of the 
concrete arch barrel was found. Based on measured serviceability loads, 35 � Ec � 
40 MPa was found to give good agreement. The measured concrete compressive 
strength presented in section 2.3.2 showed a larger scatter, resulting in recommen-
dations for lower design values to be used in ultimate limit state analyses. Although 
the arches are reinforced both at the intrados and the extrados, its composite action 
with the concrete at failure load level was deemed uncertain. Therefore, no existing 
reinforcement is accounted for using the reference model. Assuming full arch-backfill 
interaction may be non-conservative but was found to give reasonable results for the 
previous cases studies in section 5.8 and also reduces the degree on nonlinearity in the 
analysis. Although the spandrel walls was found to alter the strain distribution of the 
arch significantly, section 4.5.3, they are note easily accounted for using a 2D analysis. 

Arch reinforcement 

As described in Chapter 2, the arches are rather heavily reinforced. The mechanical 
reinforcement ratio is presented in Figure 6.2, assuming fcc = 6.5 MPa and a rebar 
yield stress fy = 200 MPa. The corresponding normalised m-n failure envelope is 
presented in Figure 6.3 for different sections, following the notations of Figure 5.3. 
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Figure 6.2: Mechanical reinforcement ratio for the old Årsta bridge, reinforcement 

notations As for intrados and As’ for extrados, assuming fcc = 6.5 MPa 
and fy = 200 MPa. Presented along normalised span length x/L. 
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Figure 6.3: M-N failure envelope for the old Årsta bridge, comparison of 

unreinforced and reinforced cross-section (As + As’). 

As stated above, this increase of the failure envelope is not accounted for in the 
reference model, since it does not include the reinforcement. Comparisons of the 
reinforcement is however performed, assuming full composite action. 

Loads and load combinations 

According to original design calculations, partially presented in (Andersson, 2006), the 
train load model used when designing the bridge consisted of a 5 axle load with 
250 kN/axle, equally spaced 5 m. Currently, the allowable load on the railway line is 
denoted D2, corresponding to an axle load of 225 kN/axle or a distributed load of 
64 kN/m. In further analyses however, the train load model D4 (225 kN/axle, 
80 kN/m) is assumed, similar to the conditions in (Andersson, 2006) and (Andersson, 
2007a,b). There are demands to increase the allowable load to fulfil requirements for 
train load model UIC 71, corresponding to LM 71 with � = 1 in Eurocode EN 1991-2. 
The train load models are illustrated in Figure 6.4. 

1.5 1.8 c 1.51.8

P P P P

 0.8 0.8

P P P P

3 x 1.6

qq

 
 a) b) 

Figure 6.4: Train load models, a) D2, c = 7.45 m or D4, c = 4.65 m, for both  
P = 225 kN, b) UIC 71, P = 250 kN, q = 80 kN/m. (Banverket, 2005) 

The capacity assessment is preformed based on the conditions stated in (Banverket, 
2005) when applicable. The primary load combination consists of only permanent load 
and vertical train load. For train load model D4, a safety load factor �� = 1.3 is 
needed, for train load model UIC 71 the corresponding value is �� = 1.4. 



CHAPTER 6. CAPACITY ASSESSMENT OF THE OLD ÅRSTA BRIDGE 

 146 

With the M-N method, the influence of breaking forces and even temperature variation 
are also studied. For load model D4, the breaking load corresponds to 1/7 of the 
vertical load. The safety load factor is �� = 0.4. 

An even temperature variation of +25°C and -16°C are valid for the current area. 
However, for bridges with more than 0.5 m fill height, the temperature values may be 
reduced by 50 %. The additional safety load factor is �� = 0.6, resulting in a design 
temperature of T+ = +7.5°C and T-= -5.0°C. According to (Banverket, 2005) uneven 
temperature loads may be neglected for bridges built prior to 1975. In the ultimate 
limit state analysis, only the vertical train load is increased, according to Eq. (6.1). 

ULS perm train break temp1.0 0.4 0.6Q Q ��Q Q Q� � � �  (6.1) 

The decisive load position is calculated as giving the lowest load factor for the first 
hinge to occur at the structure. When forming of successive hinges are accounted for, 
the load positions remain the same. 

In the analyses, train load on both tracks are used. Further, the entire width of the 
bridge is included as effective width in capacity calculations. 

6.1.3 Linear analysis using the M-N method 

Detailed study of arch 12 

Similar procedure of the M-N method is used as for the case studies in Chapter 5. The 
addition is that the most unfavourable load position must be found and that the 
addition of other loads are accounted for. All 20 arches have been studied since the 
boundary conditions are different, due to either different column length or adjacent 
structures e.g. the vertical lift span and the steel truss arch. Before presenting results 
for all arches, arch no. 12 is studied in more detail, to illustrate the structural manner 
of action. 

In Figure 6.5, the failure mode of arch 12 is presented. The decisive load position is 
found when the first bogie load is located at approximately L/4. The position of the 
first hinge on the other hand is found at the springing, resulting in a load factor �� = 
3.9. It must be stressed however, that the M-N method was found rather unreliable for 
the previous case studies. The load factor for the following hinges are presented in 
Table 6.1. A lower load factor is obtained for the second hinge, occurring at the haunch 
under the load. Forming of increased number of hinges results in a dramatic increase in 
load carrying capacity prediction. 
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Figure 6.5: Position of hinges for arch 12 and train load model D4 in most critical 

load position. Dash-dotted lines illustrate the beam elements of the 
FE-model. 

Table 6.1: Load factor �� for train load model D4 on arch 12, comparison of 
unreinforced and reinforced arch. Based on fc = 6.5 MPa and fy = 
200 MPa. 

point: 1. 2. 3. 4. 5. 6. 7. 8. 9. 10.
�� unreinforced: 3.9 3.5 6.8 11.0 16.8 20.1 26.8 29.9 38.3 40.5
�� reinforced: 8.0 7.6 22.5 19.0 30.1 40.3 50.8 - - 54.3  

If the reinforcement according to Figure 6.2 is included, the load factor for first and 
second hinge increases by a factor 2. Both the position and order of the hinges as well 
as the load position remains more or less the same. 

The section-forces for arch 12 before forming of the first hinge is presented in 
Figure 6.6. The section-forces are normalised according to Eq. (6.2a) to comply with 
the notations of the m-n failure envelope in Figure 6.3. Equivalent elastic stresses for 
an uncracked section can be calculated using Eq. (6.2b). 

2
cc

M
m

bh f
� , 

cc

N
n

bhf
�  (6.2a) 

M cc cc6N� � � n f m f� ) � � ) �  (6.2b) 

The main part of both the bending moment and the axial force is due to the permanent 
load. Positive bending moment corresponds to tension at arch intrados; positive axial 
thrust corresponds to compression. In Figure 6.7, the stresses at the intrados and the 
extrados are illustrated, for both permanent load and permanent load + train load D4. 
At permanent load, near zero stress is calculated at the extrados springing. The train 
load increases the stress by about 0.5 MPa (for �� = 1), causing tensile stresses at the 
springing. 
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Figure 6.6: Normalised section-forces for arch 12 before any hinges, permanent 

load, train model D4 in decisive load position and temperature loads. 
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Figure 6.7: Stresses at the intrados and extrados due to a) permanent load,  

b) permanent load and vertical train load D4. 

Influence lines for the springing and the haunch of arch 12 are presented in Figure 6.8. 
The distance is related to the north springing. It is noted that the influence line length 
is significantly longer than the span length. The length of one D4 car is about 0.4 L. It 
should be noted that if normalising the influence lines with respect to the capacity, the 
results at the haunch will increase by a factor 3 for bending moments and a factor 1.8 
for axial force. 
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Figure 6.8: Influence lines for arch 12 at the north springing (� = 0) the north 

haunch (� = L/4), a) bending moment, b) axial thrust. 

An envelope of the capacity of arch 12 is presented in Figure 6.9. The envelope is based 
only on permanent load and vertical train load D4, where the train load is set in the 
most unfavourable position for each section along the arch. Four different load maxima 
are checked, largest positive and negative bending moment (Mmax, Mmin) and largest 
positive and negative axial thrust (Nmax, Nmin). In accordance with the influence lines, 
the largest negative bending moment is decisive for the springing. Further, the 
capacity at the haunch is governed by the largest positive bending moment. 
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Figure 6.9: Envelope of load carrying capacity of arch 12, considering only 

permanent load and vertical train load D4, a) unreinforced arch, b) 
reinforced arch. 

The above model assumes full interaction between the arch and the backfill. Similar to 
what was referred to as axial contact condition in Chapter 4 is used when calculating 
the corresponding load carrying capacity envelopes in Figure 6.10. The overall 
behaviour appears to be similar to the full contact case of Figure 6.9. However, the 
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decisive load carrying capacity at the springing decreases by a factor 3.5, from 3.9 to 
less than 1.1. 
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Figure 6.10: Envelope of load carrying capacity of arch 12, considering only 

permanent load and vertical train load D4, a) unreinforced arch, b) 
reinforced arch. Model with no tangential arch-backfill contact. 

In Figure 6.11, the load carrying capacity along the arch is studied for the fixed train 
load position of Figure 6.5, being decisive for the springing. The case of only permanent 
load and vertical train load is denoted “no comb”. The capacity at the haunch is 
almost the same as at the springing, a slight change in load position would likely cause 
the haunch to fail first. The symbols in Figure 6.11 denote results where temperature 
and breaking load are included. For each section along the arch, positive or negative 
temperature and breaking load is included, if more unfavourable. The capacity is then 
rechecked for the cases of largest positive and negative bending moment or axial 
thrust. It should be noted that the train load is still in the same position during the 
load combination. The results show that the capacity at the springing decreases by 
some 25 % when including the temperature and breaking loads. The influence of 
breaking load is negligible and the difference is mainly due to negative temperature 
loading. At the haunch, the capacity is decreased by some 10 % due to positive 
temperature loading. 

The load carrying capacity assessment is automated using developed MATLAB® 
routines. For clarity, the capacity for the springing and the haunch is illustrated in 
Figure 6.12, in a m-n diagram. The permanent load is denoted point 1. Adding the 
vertical train load with load factor �� = 1 results in point 2. The capacity is obtained 
at point 3 for unreinforced cross-section and at point 4 when accounting for the 
reinforcement. Four loadings are studied: 

– line 1a-4a, permanent load and vertical train load D4 at the springing, 
– line 1b-4b, permanent load and vertical train load D4 at the haunch, 
– line 1c-4c, as a) but including temperature and breaking load, 
– line 1d-4d, as b) but including temperature and breaking load. 
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Figure 6.11: Load carrying capacity envelope for arch 12 (unreinforced), before 

forming of hinge 1. Results for permanent load + train load D4 (no 
comb) compared with load combination of temperature load and 
breaking load. Results presented along the normalised span length 
x/L. 
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Figure 6.12: Load carrying capacity calculations of arch 12 for train load model D4, 

comparison of unreinforced and reinforced cross-section. (++) refers to 
permanent load and vertical train load, (xx) refers to load combination 
including breaking- and temperature loads. 
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The influence of the E-modulus of the backfill is studied in Figure 6.13. The results are 
based on an unreinforced arch and including temperature loads. For the lowest backfill 
stiffness, Efill = 1 MPa, a load factor �� = 1.4 is obtained at the springing. The location 
of the hinges are denoted with symbols in Figure 6.13b. For Efill > 200 MPa, the order 
of the hinges at the springing and the haunch switches. At the same time, the hinges at 
the crown and the opposite springing switches in order. The switches occur due to a 
slight redistribution in section-forces caused by increased backfill stiffness. From 
Figure 6.11, it is found that the capacity at the crown and the opposite springing is 
rather similar. For Efill � 350 MPa, hinge 3 occurs at adjacent span 11 or 13. 
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Figure 6.13: Influence of the E-modulus of backfill of arch 12, a) load carrying 

capacity of hinge 1 – 4, b) location of hinge 1 – 4. 

A parametric study is also performed for the concrete compressive strength, with same 
conditions as for the variation of the backfill stiffness. The analyses are performed with 
Efill = 100 MPa. For an unreinforced cross-section with unlimited compressive 
strength, the line of thrust is located at the outer fibre of the section and the resulting 
bending moment capacity is expressed as M = N·h/2. This represents a straight line in 
the m-n envelope, tangent to its limited compressive strength counterpart at the 
origin. For increased compressive strength, the load lines in Figure 6.12 will move 
closer to the origin and the distance between the limited and unlimited strength 
envelope will decrease. Hence, for increased compressive strength, the load carrying 
capacity is expected to converge to a constant value, provided that the m/n ratio of 
the load is steeper than for the unlimited compressive strength envelope. 

The results for arch 12 are presented in Figure 6.14. For fcc > 20 MPa, no significant 
increase in load carrying capacity is obtained for hinge 1 – 3. To obtain a load factor 
1.3 for the first hinge, a compressive strength of about 3 MPa is needed. The order of 
the hinges is found to change with increased compressive strength, all occurring at fcc � 
14 MPa. The first and second hinges change order at the springing to the haunch, the 
third and fourth hinge change order at the crown and the springing. 
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Figure 6.14: Influence of the concrete compressive strength fcc of arch 12, a) load 

carrying capacity of hinge 1 – 4, b) location of hinge 1 – 4. 

From the M-N analyses of arch 12 the following is concluded, 

- a multi-hinge failure mode is predicted, involving adjacent spans, 

- an increase in load carrying capacity is often obtained for additional hinges, 

- accounting for the reinforcement increases the load carrying capacity about a 
factor 2, 

- accounting for an even temperature difference of +7.5/-5.0°C decreases the 
capacity about 25 %, 

- accounting for breaking forces had little influence on the load carrying capacity, 

- assuming no tangential arch-backfill interaction decreases the capacity by a 
factor 3.5, 

- the E-modulus of the backfill increases the capacity significantly and also 
changes the order of hinges, 

- increasing the concrete compressive strength increases the load carrying 
capacity and changes the order of hinges, for fcc > 20 MPa however, no 
significant increase is obtained. 

Capacity of all 20 arches 

The same methodology as for arch 12 is adopted for all 20 arches. Some of the 
parameters found to be of importance for arch 12 are studied for all 20 arches, although 
only comprising the load factor for the first hinge. The influence of temperature and 
breaking load is studied in Figure 6.15. In general, the capacity of the three-hinged 
arches nos. 4 to 6 are less compared to the fixed-end arches. There is however a large 
scatter in load carrying capacity for the fixed-end arches, depending on different 
boundary conditions. E.g. arches 7 and 8 south of the vertical lift span and arches 17 to 
20 near the steel truss arch indicate lower capacity compared to arch 9 – 16 on the 
Årsta islets. The influence of temperature and breaking force is about the same for all 
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fixed-end arches. For the three-hinged arches, the influence of temperature loading is 
much smaller, likely due to less restraining because of the hinges.  

The difference between the train load D4 and UIC 71 is shown in Figure 6.16. The 
results do not include breaking or temperature loads. The UIC 71 load results in a 
decrease by about 40 %. 
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Figure 6.15: Load factor �� at first hinge for arches 1-20, comparison of permanent 

load + vertical train load D4 with load combination including also 
breaking and temperature loads. Models with full arch-backfill contact 
and Efill = 100 MPa, unreinforced arches. 
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Figure 6.16: Load factor �� at first hinge for arches 1-20, Comparison of train load 

D4 and UIC-71. Models with Efill = 100 MPa, not including breaking 
or temperature loads, unreinforced arches. 

In compliance with previous results using the M-N method, the E-modulus of the 
backfill is found to have a large influence on the load carrying capacity. In Figure 6.17 
changing the E-modulus to 10 MPa is regarded as similar to non-resistant backfill. The 
results show a decrease in load carrying capacity by a factor 2 for most of the fixed-end 
arches. An exception is arch 7 south of the vertical lift span, showing a 10-fold 
decrease. The 3-hinged arches show decrease in capacity by a factor 4 – 7. Using Efill = 
10 MPa with the current model results in a load factor �� <1 for arches 1, 3-7 and 18-
20. 
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Figure 6.17: Load factor �� at first hinge for arches 1-20, comparison of the E-

modulus of the backfill. Models with full arch-backfill contact, train 
load D4 including breaking and temperature loads, unreinforced 
arches. 

Assuming no arch-backfill interaction tangential to the arch, a load carrying capacity 
�� < 1 is obtained for all arches, Figure 6.18. For some arches it is not even possible to 
determine a load factor and the results are obviously over-conservative. An even worse 
scenario would be obtained if not accounting for stiffness of the backfill. 
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Figure 6.18: Load factor �� at first hinge for arches 1-20, comparison of full and 

axial arch-backfill contact. Models with Efill = 100 MPa, load 
combination of train load D4, breaking and temperature loads, 
unreinforced arches. 

Using the same model as in Figure 6.18 but including the reinforcement of the arches 
results in a significant increase according to Figure 6.19. If instead using the model 
with full arch-backfill contact, the load factor will increase similarly to what was 
obtained for arch 12. 
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Figure 6.19: Load factor �� at first hinge for arch 1-20, comparison of contribution 

from reinforcement. Models with Efill = 100 MPa, load combination of 
train load D4, breaking and temperature loads, axial arch-backfill 
contact. 

6.1.4 Nonlinear FE-analyses 

The results using the M-N method on the old Årsta bridge generally indicated a large 
load carrying capacity. For increasing number of hinges, the obtained load carrying 
capacity was unrealistically high. Decreasing the backfill stiffness or arch-backfill 
contact conditions instead showed unrealistically low load carrying capacity. For the 
previous case studies, much better agreement with experimental data was obtained 
using the nonlinear approach. However, the load positions obtained from the M-N 
method is used in the nonlinear analysis. 

The M-N analysis predicted hinges in adjacent spans. However, those hinges appeared 
after the fourth hinge of the span mainly loaded and have likely little influence on the 
results. Still, the nonlinear analyses are performed based on a three-span model. A 
reference model with the same properties as in section 6.1.3 are used. In addition, a 
concrete tensile strength fct = 0.5 MPa is used in the concrete material model. This 
approximately corresponds to the design tensile strength of concrete quality class C12. 
Since a nonlinear analysis does not separate flexural and shear failure, a too 
conservative value of the tensile strength may result in a shear-influenced failure. This 
may behave similar to ring separation failure of multi-ring masonry arches. 

To facilitate a comparison of the M-N method, nonlinear analyses of arch 12 is 
performed. In addition, arch 6 is studied in more detail. Arch 6 is a 3-hinged arch 
located north of the vertical lift span. At the south springing, the horizontal thrust is 
balanced only by the column. As previously illustrated in Figure 4.27, this result in 
significantly larger lateral displacements. 
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Load carrying capacity of arch 12 

The model for assessing the load carrying capacity of arch 12 is presented in 
Figure 6.20. The arch barrels and the backfill are modelled using 4-noded plane strain 
elements. The columns are modelled using linear beam elements. The contribution to 
horizontal stiffness from adjacent spans is calculated by applying a unit force on top of 
the corresponding column in the elastic model, Figure 6.1. This results in K� = 
0.5 GN/m. This excludes the horizontal stiffness of the column since it is included in 
the three-span model. The horizontal stiffness of the column may be estimated to 
1.3 GN/m using Eq. (3.2a). The columns are founded on bedrock, assuming an E-
modulus of 10 GPa for the bedrock, a rotational restraint K� = 2000 GNm/rad is 
calculated using Equation (4.5). The flexural rigidity of the columns are estimated to 
EI = 1500 GNm2, the length varied from 15 to 19 m. 

The arches are rigidly connected to the top of the columns and full arch/backfill 
interaction is assumed. From inspection of the arch barrels, weaker material was 
systematically found near construction joints. This has been accounted for in the 
analysis, where zones of weaker material according to Figure 6.21 have been modelled. 
Figure 6.21 also illustrates the element mesh of the FE-model. The mesh of the backfill 
are of similar size, rendering a total of 14 000 dof (degrees of freedom) for the model. 
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Figure 6.20: Three-span model of arch 11 to 13. 

weak zones at
construction joints

 
Figure 6.21: Detail of the arch barrel, illustrating the FE-mesh and zones of 

assumed weaker material. 
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The variable load consists of train load model D4, positioned in the most unfavourable 
position envisaged by the M-N method. The closed axle distance to the crown of arch 
12 is 2.7 m. The live load is increased using a displacement-controlled analysis. To 
obtain the same load on all axles, a system of rigid and hinged connections is 
constructed according to Figure 6.22. A prescribed displacement is defined for the 
centre load, resulting in equal loads on each axle. Similar methods are described in 
(Broo, et al., 2008). The train load is applied to a beam corresponding to the rail, 
connected in vertical direction with the top of the extrados. This prevents local stress 
concentrations and provides load distribution. 

1.8 1.84.65  
Figure 6.22: System of rigid and hinged connections for the train load model D4. 

Load-displacement curves for the reference model are presented in Figure 6.23. An 
ultimate load factor �� = 11.6 is obtained. In comparison, the M-N method predicted a 
load factor 11.0 when forming the fourth hinge, Table 6.1. Opposite to the previous 
case studies, a rather brittle behaviour is obtained short after the peak load. 
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Figure 6.23: Load-displacement curve for the reference model, a) vertical 
displacement at the haunch, b) horizontal displacements of the north 
and south supports (positive displacement directed south). Load 
factors relate to train load model D4. 

The concrete cracking and crushing at failure load are presented in Figure 6.24. First 
cracking occurs at the haunch intrados at a load factor �� = 2, followed by cracking at 
the extrados of the north springing at a load factor 2.5. At a load factor 4, cracking 
starts at the crown extrados. Cracking of south springing intrados does not start until 
a load factor 10. At a load factor 11.2, crushing of the extrados at the haunch is 
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obtained, the ultimate load is estimated to 11.6. A complete four-hinge mechanism is 
not obtained and the haunch is the main decisive section. 

Cracking also occur at adjacent spans, starting at a load factor 3 at the crown extrados 
of arch 13, followed at the intrados haunch at a load factor 6. Short after cracking 
starts at the crown extrados of arch 11. Cracking of the haunch intrados of arch 11 
starts at a load factor 10, slightly before cracking at the south springing of arch 12. At 
the same load level, cracking at the intrados at the south haunch of arch 13 is 
obtained. 

The failure mode and locations of cracking appears similar to what was predicted by 
the M-N method, Figure 6.5. Although crushing is only obtained at the haunch, similar 
stress levels are present at the north springing and the crown, Figure 6.25. It should be 
noted that the exact load level when cracking occurs at certain positions is not of main 
interest and may highly depend on the tensile strength and tensile fracture energy 
assumed. The results are more to be seen as qualitative estimates with the aim of 
understanding the progressing failure of the structure. 
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Figure 6.24: Concrete cracking and crushing of arch 12 at failure load level. 

Numbers indicate order of first concrete cracking. 
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Figure 6.25: Principal compressive stresses at peak load of arch 12, fcc = 6.5 MPa. 

Figure 6.26 illustrates the tensile strains of the backfill at failure load level. Similar to 
the previous case studies, the largest tensile strains are found along the extrados, 
extending towards the load. Due to load distribution of the rail, no local failure under 
the load is obtained. The large tensile strain at the backfill surface near the crown is 
due to the upward movement of the arch barrel in combination with low confining 
stresses. 
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Figure 6.26: Principal tensile strain in the backfill at failure load level. 

A convergence study of the mesh density is performed. In Figure 6.27, the dense mesh 
corresponds to the reference model, the element size of the coarse mesh is approxi-
mately twice as large. Both models use 4-noded elements with 2×2 gauss integration 
points per element. Comparing the results shows little difference in results, both 
regarding failure mode and concrete cracking according to Figure 6.28 and the 
deformation and ultimate load level according to Figure 6.29. The coarse mesh model is 
initially slightly more stiff, but follows the same load-displacement path as the dense 
mesh after cracking. Still, in further 2D analyses, the dense mesh is used. 

dense mesh coarse mesh

 
Figure 6.27: Illustration of the dense and coarse mesh models used for the 

convergence study. 
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Figure 6.28: Concrete cracking and crushing at failure load, comparison of the 

dense and coarse mesh model. 
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Figure 6.29: Load-displacement curve for the reference model with different 
elements 

The influence of the backfill stiffness is presented in Figure 6.30. A 20 % decrease in 
load carrying capacity is obtained if decreasing the E-modulus of the backfill from 
100 MPa to 50 MPa. The failure mode is still similar to the reference model. For 
increased soil stiffness, no significant change in load carrying capacity is obtained. 
Similar to previous case studies, introducing the non-resistant backfill results in a 
dramatic decrease in load carrying capacity, in the present case a reduction by a factor 
2.5 compared to the reference model. The case of the non-resistant backfill is analysed 
using load-controlled incrementation and is not able to describe the post-failure 
behaviour. Alternatively, an arc-length incrementation method could have been used. 
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 a) b) 
Figure 6.30: Load-displacement curves illustrating the influence of the backfill 

stiffness, a) vertical displacement at the haunch, b) horizontal 
displacements of the supports (positive directed south). Load factors 
relate to train load model D4. 
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Different modifications compared to the reference model are presented in Figure 6.31. 
To study if the load position envisaged by the M-N method is decisive, an alternative 
load position centric at the crown is analysed. The results show an 15 % capacity 
increase, still with failure first occurring at the haunch. A similar study but with more 
load positions are presented (Andersson, 2006), also supporting the position envisaged 
by the M-N method. 

If accounting for the existing reinforcement of arch 12, the load carrying capacity is 
increased by 30 % compared to the reference model. Full composite action with the 
reinforcement is assumed and the yield strength is set to 200 MPa. Yielding first occurs 
at 85 % of the ultimate load, still far beyond the design load level. The yielding is 
localised to a length of about 2 m at the haunch intrados. 

The concrete strength of the arch barrel is based on data in Figure 2.16, resulting in a 
design compressive strength fccd = 6.5 MPa. During inspections, weaker zones were 
systematically found in regions close to construction joints, often more pronounced 
near the springing. There were difficulties to determine a relevant concrete strength, 
since the quality was often insufficient to extract concrete core samples. Quantitative 
estimations were instead performed, suggesting a compressive strength of the weaker 
zones as 50 % of the rest of the arch barrel. If all construction joints as illustrated in 
Figure 6.21 are assumed to have half the compressive strength compared to the rest of 
the arch barrel, Figure 6.31 shows a decreased load carrying capacity by 40 %. The 
failure mode is similar to that of the reference model, but with more pronounced hinges 
located to the weak zones near the haunch and the springing. Still, at the design load 
factor �� = 1.3, only insignificant cracking is predicted. 
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Figure 6.31: Load-displacement curves illustrating the influence of weak zones, 
existing reinforcement and alternative load position, a) vertical 
displacement at the haunch, b) horizontal displacements of the 
supports (positive directed south). Load factors relate to train load 
model D4. 
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In (Andersson, 2006) analyses were performed both accounting for the arch-backfill 
interaction and for the case of non-resistant backfill. At the time, the results regarding 
the arch-backfill analyses were judges as non-conservative and the capacity was based 
primary on a combination of non-resistant backfill and weak zones at construction 
joints. Further, a significantly reduced tensile strength of the arch barrel was assumed, 
making the analyses more unstable and increasing the risk of combined shear failure. In 
Figure 6.33, different models concerning the non-resistant backfill are presented. As 
previously presented, the non-resistant backfill results in a capacity decrease by a 
factor 2.5 compared to the reference model. Accounting for the existing reinforcement 
on the other hand has a significant impact on the load carrying capacity. If instead 
introducing weak zones similar to Figure 6.31 in combination with non-resistant 
backfill, will reduce the capacity dramatically. If also reducing the tensile strength 
from 0.5 MPa to 0.1 MPa will reduce the load carrying capacity to �� = 2.3 for train 
load model D4. 
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Figure 6.32: Load-displacement curves for different model of non-resistant backfill. 

Finally, the influence of the arch-backfill friction is studied in Figure 6.33. The 
conditions are the same as for the previous case studies and friction is accounted for 
along all three arches in the three-span model. If assuming no resulting friction along 
the arch extrados, a 40 % decrease in load carrying capacity is obtained compared to 
the reference model. Similar to the previous case studies, moderate change in load 
carrying capacity is obtained for a resulting friction � = 0.6 compared to the full 
interaction case. An angle of internal friction � = 35° is assumed for all models. 
Considering all other factors of uncertainty, it appears sufficient to assume full arch-
backfill interaction in the analysis. 

From the non-linear 2D analyses of arch 12 it is concluded that if accounting for the 
soil pressures of the backfill in similar manner as for the previous case studies, a 
significant load carrying capacity is obtained. The failure is significantly more brittle 
than obtained from the case studies and a full mechanism behaviour is difficult to 
clearly obtain. If regarding the backfill as non-resistant, a significant decrease in 
capacity is found. Although a sufficient load factor is presented even for the most 
conservative case, other arches on the bridge may be decisive. 
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Figure 6.33: Load-displacement curves for different arch/backfill friction. 

Load carrying capacity of arch 6 

Arch 4, 5 and 6 north of the vertical lift span are designed as 3-hinged arches. Similar 
to the analysis of arch 12, a three-span model according to Figure 6.34 is used when 
assessing the load carrying capacity of arch 6. As presented in Figure 2.9, column 4 is 
partially founded on till. Assuming an E-modulus Etill = 100 MPa results in K�4 = 
20 GNm/rad. The other rotational and translational restraints are the same as for arch 
12. The flexural rigidity of the columns is estimated based on original drawings. The 
horizontal thrust of arch 6 is balanced solely by column 6. 
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Figure 6.34: Three-span model of the 3-hinges arches. 
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The arch hinges are modelled as a truss system detailed in Figure 6.35. The position of 
the construction joints differ slightly compared to the fixed-end arches, also seen in 
Figure 2.6. The most unfavourable load position envisaged by the M-N method place 
the first axle of the D4 train load model 4.1 m north of the crown of arch 6. 

weak zones at
construction joints

detail of
crown hinge

 
Figure 6.35: FE-model of the 3-hinged arch barrel, weak zones at construction 

joints and detail of the crown hinge. 

The concrete cracking at failure load is illustrated in Figure 6.36. The behaviour of the 
3-hinged arches is more simple than the fixed-end arches, since only one additional 
hinge with cause the structure to behave as a mechanism. For the studied load 
position, the hinge occurs at y/L = 0.3. For the present configuration, cracking at this 
position is initiated already at permanent loading. Cracking is also obtained at the 
hinges, but may partially be due to local stress concentrations in the model. At a load 
factor �� � 4, cracking is obtained at point 2 on the adjacent arch 5. The main cause is 
the load transmitted directly from the left side bogie rather than lateral movement at 
the springing. At a load factor �� � 7.5, some cracking is obtained at the south half of 
the arch barrel, point 3. 

CRUSHED

CLOSED
1 CRACK
2 CRACKS
3 CRACKS

1.2.
3.

SouthNorth  
Figure 6.36: Concrete cracking and crushing of arch 6 at failure load level. 

Numbers indicate order of first concrete cracking. 

The load-displacement path is presented in Figure 6.37. For the reference model, an 
ultimate load factor �� � 8 is estimated. Similar to the fixed-end arch, a rather brittle 
failure is obtained. The displacement of the 3-hinged arch is significantly larger 
compared to the fixed-end arch, much due to different boundary conditions. As 
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example, the largest vertical deflection of the 3-hinged arch is 3 times larger than for 
arch 12 at the same load level. Similar proportions are also found for the horizontal 
movement at the springing. When accounting for weaker zones of the 3-hinged arch 
barrel similar to the fixed end arch, the load carrying capacity is decreased by 
approximately a factor 2. The main cause of this reduction is that one of the weak 
zones coincides with the position of the hinge. 

0 20 40 60 80 100
0

1

2

3

4

5

6

7

8

,z (mm)

*
+

 

 

-20 -10 0 10 20
0

1

2

3

4

5

6

7

8

,y (mm)

*
+

ref. model
weak zones

 
 a) b) 

Figure 6.37: Load-displacement curves illustrating the influence of weak zones, a) 
vertical displacement at the haunch, b) horizontal displacements of 
the supports (positive directed south). Load factors relate to train load 
model D4. 

The influence of the backfill stiffness is studied in Figure 6.38. Decreasing the stiffness 
from 100 MPa to 50 MPa results in similar changes as found for the fixed-end arch. 
Using the approach of non-resistant backfill however, the structure reaches failure 
short after permanent loading, with a similar failure mode as in Figure 6.36. If the 
backfill stiffness instead is decreased to only 10 MPa, an ultimate load factor �� � 5 is 
obtained. Apparently, even a very low stiffness of the backfill is sufficient to develop 
soil pressures that can confine the arch. Still, when accounting for the backfill, a non-
tensile Drucker-Prager model is used. 

Results for different arch-backfill interactions are presented in Figure 6.39. Similar to 
the fixed-end arch, using � = 0.6 produced similar results as full contact conditions. 
For the case of no arch-backfill friction, the load carrying capacity is decreased by 
30 %. 

Conclusively, the analysis of arch 6 shows that a large load capacity can be obtained if 
accounting for the backfill as part of the load bearing system, even for very low E-
modulus. Regarding the backfill solely as distributed load on the other hand, 
unrealistically low load carrying capacity is obtained. 
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Figure 6.38: Load-displacement curves illustrating the influence of the backfill 
stiffness, a) vertical displacement at the haunch, b) horizontal 
displacements of the supports (positive directed south). Load factors 
relate to train load model D4. 
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Figure 6.39: Influence of arch/backfill contact conditions, a) vertical displacement 
at the haunch, b) horizontal displacements of the supports (positive 
directed south). Load factors relate to train load model D4. 
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6.2 3D analyses 

Most available assessment methods, mainly for masonry arch structures, are based on 
2D analysis of the longitudinal load carrying capacity. In (Fanning et al., 2001) it is 
concluded that both the geometry of the arch barrel and the spandrel walls often 
contribute to a significant over all 3D behaviour of the structure. It is also found that 
lower tensile strengths may cause a greater loss in ultimate load capacity using a 3D 
model compared to a conventional 2D strip model, due to development of lateral 
failure mechanisms. Field tests of moving loads on arch bridges in a serviceability state 
are presented in (Fanning & Boothby, 2001). Good agreement is generally found when 
comparing the results with full 3D FE-models and it is concluded that the structural 
response under live loading may exhibit complex three-dimensional behaviour. The 
extent of transverse behaviour may depend on the width of the arch barrel, composite 
action of the spandrel walls and the fill height. Also, in (Fanning et al., 2001) thick 
arch barrels were not found to show significant transverse behaviour, probably due to 
proportionally thick spandrel walls. 

In all of the previous FE-analyses, the full width of the bridges were assumed to 
equally contribute to the load capacity. Since no transverse effects were included, the 
structure could only fail in the longitudinal direction. However, the field measurements 
on the old Årsta bridge presented in Chapter 3 showed a significant difference in 
measured longitudinal strain at the edge compared to the arch centre line. Similar 
response was also obtained when calibrating the full 3D model in section 4.5. Some 
typical time responses are also presented in Appendix A. For these reasons, more 
detailed 3D analyses of the old Årsta bridge is performed. 

6.2.1 Bridge properties 

The analyses are performed on a model with the same geometry as the calibrated 3D 
model presented in section 4.5. The length and boundary conditions of the columns are 
the same as for the 3-span model of arch 11 to arch 13, modelled in 2D in Figure 6.20. 
An elevation of the corresponding 3D model is illustrated in Figure 6.40. The arch 
barrel, the spandrel walls and the backfill are all modelled with 8-noded solid elements 
using a 2×2×2 Gauss quadrature. The arch barrel is described by 50 elements in the 
longitudinal direction, 2 element over the cross-section and 14 elements in the 
transverse direction, resulting in a total of 1 400 elements per arch barrel. The columns 
are modelled as beam elements with a rigid connection to the springing of the arch 
barrels, the lower part of the backfill and the spandrel walls between the arches. The 
vertical joints in the spandrel walls at the springing and at the crown are model 
without any contact. On the real bridge, a transverse concrete beam connects the 
spandrel walls over the columns, preventing them from falling out, Figure 2.5. In the 
FE-model, this part of the spandrel walls are rigidly connected to column and the 
transverse beam is not needed. 

A view of the 3D-model is illustrated in Figure 6.41. The spandrel walls are separated 
from the arch extrados by an asphalt layer, serving as protective coating for the arch 
barrel. This is modelled as solid elements with a linear elastic material using E = 
100 MPa. Although the thickness to width ratio of these element are rather poor, it is 
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sufficient in acting as elastic contact between the spandrel, arch and the backfill. The 
same method was used in section 4.5, denoted as soft contact. The element ration of 
the backfill near the crown is also rather unfavourable. The failure does however occur 
near the haunch, where the element ratio is more evenly distributed over the height. 
Each rail of the two tracks are modelled using Euler-Bernoulli beam elements rigidly 
connected to the surface of the backfill. The load is further distributed by wooden 
sleepers, modelled with the same type of beam elements, also connected to the surface 
of the backfill. Due to the element size, this creates a track grillage at the surface of the 
backfill. 
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Figure 6.40: Elevation of the 3-span 3D model of arch 11 to arch 13. 
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Figure 6.41: View of the 3-span 3D model of arch 11 to arch 13. 
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The train load model D4 is located in the same position as for the corresponding 2D-
model. The train load model constitute a system of rigid and hinged connections 
according to Figure 6.42. This is a rather strain forward extension of the corresponding 
2D-model, previously illustrated in Figure 6.22. 
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Figure 6.42: System of rigid and hinged connections for the train load model D4, 

two parallel cars on separate tracks. 

The material properties of the arch barrel are the same as for the 2D-model, 
corresponding to a concrete quality C12 with design parameters for ultimate limit state 
analysis. The extension of the weaker zones is slightly larger due to the increased 
element size. The same material model and material properties are assigned to the 
spandrel walls. Throughout all models, no existing reinforcement is accounted for. The 
backfill is modelled using the Drucker-Prager model with the same set of parameters as 
for the 2D-model, e.g. Efill = 100 MPa, � = 35° and c = 0 kPa. The parameters are 
fitted along the compressive meridian of the Mohr-Coulomb yield surface, the initial 
cap 0I1 = 0 in compression and a tensile cut-off T = 0. The interaction between the 
arch extrados and the backfill and spandrel walls are governed by the surface coating 
layer. 

6.2.2 Nonlinear FE-analyses, with soil-backfill interaction 

Similar to the 2D-models, the soil-backfill interaction is accounted for by modelling the 
backfill with solid elements and a Drucker-Prager material formulation. The spandrel 
walls also interact with both the backfill and the arch barrel, although not in full 
composite action due to the intermediate surface coating. A reference model is stated, 
with the same material properties as the corresponding 2D-model, i.e. concrete quality 
class C12 using fct = 0.5 MPa and no weaker zones in the arch barrel. The total stresses 
obtained to permanent load is found in the range 0.9 MPa to 1.2 MPa, the larger 
stresses extending from the intrados springing towards the haunch. No cracking is 
obtained under permanent load by the model. 

The load-displacement path for train load model D4 until failure is presented in 
Figure 6.43. At the design load factor �� = 1.3, only insignificant indications of 
cracking is found in the model, located at the haunch intrados centre line. The 
indicated cracks are oriented in the longitudinal direction, suggesting it to be caused 
by transverse bending. Reaching the ultimate limit state, a load factor �� � 18 is found 
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for the reference model, at a vertical arch barrel displacement of 25 mm. In 
comparison, the corresponding 2D reference model presented a load factor �� = 11.6, 
Figure 6.23. The most likely reason for the increased load carrying capacity of the 3D-
model is due to the large spandrel walls, confining the arch barrel. Neglecting the 
spandrel walls, a load factor lower than the 2D model would be expected due to 
transverse bending. The 2D-model also showed significantly larger displacements at 
corresponding load levels, likely due to the spandrel walls. 

At the highest obtained load level, the concrete cracking and crushing of the arch 
barrel is illustrated in Figure 6.44. Although subjected to extensive cracking and zones 
of crushing, no clear failure mechanism is found. The main zone of concrete crushing is 
localised towards the arch centre line, between the haunch and the crown. Local 
crushing at the crown edges are likely due to increased contact pressure of the spandrel 
walls. The influence of the transverse behaviour is further illustrated in Figure 6.45. 
Since the load factor in extremely high, this results in large deformations of the backfill 
at surface level. At the centre line of each track, the spandrel walls extend almost up to 
the haunch. This confines the arch barrel sufficiently to prevent crushing at the 
haunch. Instead, the deformation is localised towards the arch centre line where also 
the transverse bending is largest. The load carrying capacity in the transverse direction 
is significantly lower than in the longitudinal direction, due to the lack of a 
compressive force. Further, no existing reinforcement is accounted for and the 
transverse capacity is then mainly due to the tensile strength. 

Recalling Figure 6.43, the impact of both the tensile strength and weaker zones at the 
construction joints are presented. Reducing the compressive strength at the 
construction joints still shows a very high load carrying capacity. Once concrete 
crushing occurs, it is localised to centre line of the construction joint at the haunch. 
Crushed zones at the edge of the springing are also present but is not likely part of the 
global failure. 
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Figure 6.43: Load-displacement curves for a model with soil-backfill interaction, 

vertical displacement at the haunch. Load factors relate to train load 
model D4. The dash-dotted lines refer to a model with linear elastic 
backfill using Efill = 100 MPa1. 
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Reducing the tensile strength from 0.5 MPa to 0.1 MPa results in a decrease in load 
carrying capacity by a factor 3. In combination with weak zones, a load factor �� = 3.6 
is obtained. The models still show a three-dimensional behaviour, but without 
mobilising concrete crushing under current load levels. Modelling the backfill as an 
elastic material with Efill = 100 MPa, a near linear load-displacement path up to a load 
factor �� � 18 is obtained. Even though the elastic backfill was found suitable in 
describing the serviceability response in Chapter 4, it appears to overestimate the 
ultimate load capacity excessively. Using the elastic backfill in ultimate limit state also 
shows less three-dimensional behaviour. 
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Figure 6.44: Concrete cracking and crushing of arch 12 at failure load level 

(reference model, �� � 18), a) view, b) plane of the intrados, c) plane of 
the extrados. 
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Figure 6.45: Magnitude of displacements of the backfill and concrete cracking of 

the arch barrel and the spandrel walls, a) section along the arch centre 
line (4.5 m from the edge), b) section along the centre line of one track 
(2.35 m from the edge). Results are presented for the reference model 
at failure load level due to train load model D4. 
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6.2.3 Nonlinear FE-analyses, non-resistant backfill 

The properties of the backfill on the old Årsta bridge is not readily known and no 
geotechnical investigations have been performed to the knowledge of the author. 
Although the presented method of accounting for the soil-structure interaction was 
shown to be successful for the Bolton bridges, changes in soil properties or different 
fitting methods of the Drucker-Prager yield surface were found to have great impact on 
the results. Overall conservative results were obtained using non-resistant backfill, i.e. 
only accounting for the weight of the backfill. Assuming non-resistant backfill when 
analysing the Bolton bridges resulted in a decreased load carrying capacity by a factor 
2, the corresponding decrease for the 2D model of the old Årsta bridge was a factor 2.5. 

The same method of non-resistant backfill is analysed for the 3D model of the old 
Årsta bridge. Also the spandrel walls are regarded as dead weight only. From the 
corresponding 2D models, no failure of adjacent spans occurred. The same result was 
also found for the 3D model when including both the backfill and the spandrel walls. 
Due to this, the 3D model is further simplified to only comprise a single arch barrel and 
the supporting columns. Still, the rotational spring at the bottom of the column is 
K� = 2000 GNm/rad and the translational spring at the top of the column K� = 
0.5 GN/m. The analyses are performed using a load controlled incrementation and the 
post-failure behaviour may not be obtained since unloading is prohibited.  

The load-displacement path for models with different tensile strength of the arch barrel 
is presented in Figure 6.46. A new reference model is stated, including weak zones at 
the construction joints and a concrete tensile strength fct = 0.2 MPa. This model will 
also serve as reference model in Chapter 7. Comparing the models with no weak 
construction joints and fct = 0.5 MPa shows that not accounting for the soil-structure 
interaction results in a reduced load carrying capacity by a factor 3. Decreasing the 
tensile strength to 0.1 MPa results in an additional load capacity reduction by a factor 
3. Although not verified by material testing, fct = 0.2 MPa is believed to be sufficiently 
conservative and is used in further analysis if not stated otherwise. All analyses are 
also performed without including the reinforcement. 

For arch 7, south of the vertical lift span, the horizontal thrust at the north abutment 
is balanced solely by the column. Compared to a model balanced by adjacent spans, 
arch 7 results in a 20% lower load carrying capacity. Compared to the impact from all 
other uncertain parameters this is considered as being of moderate influence. 

Including the weak zones decreases the load capacity by almost a factor 2 and the 
resulting load factor for the reference model is calculated to �� = 1.6. The largest total 
stress due to permanent load is about 3 MPa, occurring at the edges near the intrados 
springing. At the edges of extrados haunch, the corresponding stress is about 2 MPa. 
The model also predicts extensive cracking, illustrated in Figure 6.47. For each 
integration point of the FE-model where cracking occurs, the program presents a 
vector normal to that crack. Such plots are difficult to interpret under extensive 
cracking and the lines in Figure 6.47 are sketched manually to roughly illustrate the 
direction of the cracks. The cracks are mainly directed longitudinally, indicating 
transverse bending. It should be noted that the aim is not to determine the amount or 
extent of cracking in detail, but rather an indication of the structural manner of action 
of the current model.  
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In Figure 6.48, a rather typical observed pattern of cracking and other damages found 
during inspection are presented. The transverse lines indicate observed zones of 
construction joints. Longitudinal cracks were also observed from the inspections, 
although generally localised closer to, or below the springing. It is considered very 
uncertain to relate the predicted cracking with the inspected ones, since the observed 
state may be due to other degradation mechanism of the bridge. The strength 
parameters used in the FE-model are also design values to be used in an ultimate limit 
state, with an additional reduction of the tensile strength. If only increasing the tensile 
strength to 0.5 MPa in the model, almost no cracking of the intrados is found during 
permanent load. 
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Figure 6.46: Load-displacement curves for a model with non-resistant backfill, 

vertical displacement at the haunch. Load factors relate to train load 
model D4. 
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Figure 6.47: Concrete cracking of the reference model due to permanent load, 

schematic illustration of crack directions, a) extrados, b) intrados. 
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North South  
Figure 6.48: Observed cracking at the intrados of arch 9, reproduced from 

(Paulsson-Tralla, 2006). 

At failure load level, the extent of concrete cracking and crushing is presented in 
Figure 6.49. The transverse bending appears to be in opposite direction compared to 
the model with resistant backfill. The reason is likely the lack of confinement from the 
spandrel walls, only acting as weight. This causes concrete crushing at extrados haunch 
edge, localised to the construction joint. Similar behaviour is found at the weak zones 
near the springing. If the construction joints are assumed to be of equal strength as the 
surrounding material, the crushing is limited to the outer edges and at a higher load 
level. 
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Figure 6.49: Concrete cracking and crushing of arch 12 at failure load level 

(reference model �� � 1.6), a) view, b) plane of the intrados, c) plane of 
the extrados. 

The influence of the tensile strength on the three-dimensional behaviour is illustrated 
in Figure 6.50. Since no reinforcement is accounted for, a low tensile strength will cause 
the 3D-model to fail partially in the transverse direction, before concrete crushing is 
obtained. A tensile strength of merely 0.5 MPa attenuated this behaviour significantly, 
even though crushing still occurs only at the edges. 

The loads from the non-resistant backfill is calculated based on a model where both the 
backfill and spandrel walls are modelled as elements. They are assigned a gravity load 
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and by setting the arch extrados as support, the resulting reaction forces are 
calculated. These forces are then used as external loading with opposite sign in an 
analysis only comprising the arch barrel and the columns. When calculating the 
reaction forces, all translational degrees of freedom of the arch extrados are fixed, 
hence resulting in external loading in all three directions in the following analysis. The 
surface coating, modelled as elastic with E = 100 MPa, prevents full composite action 
between the arch and the spandrel walls. To investigate the behaviour if no transverse 
friction is assumed, a model with only vertical and longitudinal reaction forces is 
calculated. The resulting forces on the single arch barrel model gives a 25 % increased 
load carrying capacity compared to the case of full transverse friction, Figure 6.51. 
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Figure 6.50: Concrete cracking and crushing of arch 12 at failure load level, models 

without weaker zones near casting joints. Influence of the concrete 
tensile strength, a) fct = 0.1 MPa, b) fct = 0.2 MPa, c) fct = 0.5 MPa. 
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Figure 6.51: Load-displacement curves for a model with non-resistant backfill, 

vertical displacement at the haunch. Load factors relate to train load 
model D4. 

The influence of different boundary conditions is also studied in Figure 6.51. Reducing 
the rotational stiffness of the column foundations by a factor 10 only results in slightly 
larger permanent displacements. A corresponding reduction in horizontal restraint at 
the springing does however result in reduced load carrying capacity by nearly a 
factor 2. 
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6.3 Conclusions 

In the following, conclusions from Chapter 6 are summarised. The load carrying 
capacity of the old Årsta bridge has been assessed using the following methods: 

- The previously presented M-N method based on a linear elastic model and a 
failure envelope for combined bending moment and axial thrust, 

- FE-analyses under plane strain conditions with a non-linear material model for 
both the backfill and the arch barrel as failure criteria, 

- Full 3D FE-analyses with the same non-linear material models as the 2D-case. 

The M-N method 

- The M-N method is efficient in finding decisive load positions and performing 
load combinations, 

- due to the low computational effort, all 20 arches were easily analysed and this 
facilitated an overview of the relative capacity for each span, 

- in general, very high load bearing capacities were obtained, 

- an estimate of the expected failure modes showed primary hinges at the 
springing, the haunch and the crown, 

- hinges were calculated at adjacent spans, but only after that the primary span 
suffered from a number of hinges that would cause a mechanism behaviour, 

- the mechanism behaviour was partly prevented by the confining backfill, which 
for a linear model may be a significant overestimation, 

- the method is found to be sensitive for the assumed backfill stiffness, 

- including the existing reinforcement resulted in an increased load carrying 
capacity by a factor 2, 

- increased compressive strength resulted in higher load carrying capacity and 
changed order of hinges, for fcc > 20 MPa no significant load increase was 
obtained, 

- assuming no arch-backfill friction resulted in significant decrease in load 
carrying capacity, 

- the M-N method may be afflicted with great uncertainties and may primary be 
used for load combination assessment. 
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Non-linear FEM, plane strain models 

- The plane strain analyses assumed full utilisation of the entire width of the 
bridge, but without influence of the spandrel walls, 

- the load position envisaged by the M-N method showed similar failure in the 
non-linear analysis, 

- a very high load carrying capacity was generally obtained, if accounting for the 
interaction with the backfill, 

- a rather brittle behaviour was obtained prior to a full hinge mechanism and a 
hinge-like behaviour was only obtained at the haunch, 

- considering the backfill as non-resistant, i.e., only as dead weight, resulted in a 
reduction load carrying capacity by more than a factor 2, 

- accounting for existing reinforcement resulted in a significant increase in load 
carrying capacity, especially in combination with non-resistant backfill, 

- analyses of the 3-hinged arches also showed a rather brittle behaviour, a fully 
developed hinge at the haunch was however obtained, 

- also the 3-hinged arches showed a large load carrying capacity, although in the 
order of half compared to the fixed-end arch under the same conditions, 

- assuming no friction along the arch extrados and the backfill resulted in 
significant decrease in load carrying capacity; a factor 2 for the fixed-end arches 
and some 50 % for the 3-hinged arches. 

Non-linear FEM, 3D solid models 

- The full 3D model resulted in higher load carrying capacity compared to the 2D 
non-linear reference model under the same conditions, likely due to the 
increased confinement of the large spandrel walls, 

- when accounting for the interaction of both the backfill and the spandrel walls, 
concrete crushing at failure was localised to the arch centre line, partially due to 
a transverse sagging moment, 

- reducing the tensile strength in the 3D model resulted in more pronounced 3D-
behaviour with combined longitudinal and transversal failure, 

- if considering both the backfill and the spandrel walls only as dead weight, a 
significant decrease in load carrying capacity was obtained and the behaviour in 
the transverse direction was also changed to hogging moment, 

- for very low tensile strengths, failure was obtained prior to concrete crushing, 

- considering the backfill and spandrel walls as dead weight only in combination 
with reduced tensile strength, no existing reinforcement and weaker zones at 
construction joints, still a sufficient load carrying capacity was obtained. 
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7  
 
Strengthening of the old Årsta bridge 

7.1 Background 

The analyses presented in Chapter 6 generally indicated a very high load carrying 
capacity for the concrete arches of the old Årsta bridge. Even with the combination of 
low concrete strength, no reinforcement and considering both the backfill and the large 
spandrel walls solely as dead weight, a sufficient load carrying capacity was obtained. 

Similar analysis as in Chapter 6 was reported in (Andersson & Sundquist, 2005), 
concluding that a sufficient load carrying capacity could theoretically be obtained, 
under what was believed to be relatively conservative assumptions. Still, due to large 
uncertainties in the bridge condition and accelerating degradation, it was suggested 
that the possibilities of strengthening the bridge should be investigated. The bridge 
owner, former Banverket, then stated that the bridge provides a vital link for the 
railway system and that a future demand is to extend the service live to additional 
50 years. Also, the allowable load was to be increased from an axle load of 22.5 metric 
tonnes to 25 tonnes, corresponding to the train load model UIC-71. Based on the 
analyses reported in (Andersson & Sundquist, 2005), the extensive conditional assess-
ment in (Paulsson-Tralla & Bjurholm, 2005) and the damage reviews in (Paulsson-
Tralla, 2006), it was decided that further investigations of possible strengthening 
measures should be performed to fulfil the requirements of the bridge owner. 

In (Andersson, 2006), extended analysis of the estimated load carrying capacity was 
performed. Accounting for the interaction of the backfill resulted in a theoretical 
increase in load carrying capacity by a factor 2.5, compared to the case of non-resistant 
backfill. Those analyses were however judged as non-conservative and further analyses 
were based on a reference model with non-resistant backfill, similar to section 6.2.3. 
With this model, a set of parameters was stated to obtain a sufficient safety factor for 
the train load model UIC-71. With the knowledge from the extensive inspections and 
conditional assessments, this set of parameters could not be assured for an additional 
bridge service live of 50 years. This called for the design of a suitable strengthening 
measure of the bridge. Since the existing load carrying capacity had been estimated 
mainly by means of 3D non-linear FE-analyses, the design of strengthening measures 
was based on similar models. The requirements during strengthening was to maintain 
full service of the bridge, corresponding to train load model D4 with a design load 
factor �� = 1.3. 

Chapter 
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7.2 Strengthening design 

As presented in section 6.2.3, the failure of the arch barrel is governed by a combined 
longitudinal and transversal behaviour. Further, the failure is localised to the outer 
edges at the haunch. From a large set of different strengthening measures, the greatest 
potential was found for a combination of strengthening the edges with longitudinal 
concrete arch ribs, increasing the transverse capacity by transverse post-tensioned iron 
bars and a reinforced intrados concreting. 

7.2.1 Description of the strengthening 

The author, in close collaboration with both the bridge owner and the persons 
performing the conditional assessment, performed the development of a suitable 
strengthening. The final design accepted by Banverket is reported in (Andersson, 
2006). Based on this design, construction documents and technical specifications were 
developed, found in (Banverket, 2008) and (Paulsson-Tralla, 2008). The strengthening 
of the bridge was started in 2007 and is planned to be completed in 2012. In addition to 
the load bearing strengthening, a new facade system was installed, preventing parts of 
the existing surface to fall down. 

To attenuate the differential shrinkage of new concreting on the existing structure, a 
method of so-called pre-pack concreting was chosen. This method consists of first filling 
the formwork with well-compacted ballast, later injected with cement mortar. The 
principle is that the compacted ballast provides a resistance for the shrinkage of the 
cement mortar. This internal constraint may later be partially relaxed due to tensile 
creep. Since the method was not commonly used in Sweden at the time, this called for 
extensive development and thoroughly testing before full-scale application. This is 
beyond the scope of the research presented in this thesis and the development was 
conducted and reported in (Paulsson-Tralla, 2007). This method, together with 
prolonged water hardening was used during the strengthening of the old Årsta bridge. 

In the present thesis, the emphasis on the strengthening lies within finding a suitable 
measure for increasing the load carrying capacity in ultimate limit state. In the light of 
all identified uncertainties and the demand to maintain the bridge in full service at all 
time, it is also vital to minimize the reduction on load carrying capacity during 
strengthening. Due to these factors and the complex manner of action depicted, the 
developed strengthening is significantly more complex than for an average bridge. 

The principle of the strengthening is that the arch barrel constitutes the main load-
bearing component. No intention is made to provide composite action with the large 
spandrel walls or altering the behaviour of the backfill. The components for 
strengthening the arch barrel is depict in Figure 7.2. The existing surface of the arch 
barrel often consists of low-grade concrete or plaster. To assure a good bond with the 
new strengthening, the existing surface is removed by means of water blasting. This 
also reveals underlying damage zones not fully visible from the conditional assessment, 
sometimes causing a need for larger areas of the existing structure to be removed. 
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To minimize the decrease in load carrying capacity during water blasting, the 
strengthening is organised in three stages, as illustrated in Figure 7.1. The same 
notations are used in the FE-analyses and the procedure is as follows. 

stage 0:  Initial unstrengthened bridge. 

stage 1a: Removing approximately 200 mm of one edge of the arch barrel by 
water blasting, spanning from each springing. 

stage 1b: Casting of a new reinforced concrete arch rib having a width of 
approximately 250 mm. 

stage 2a: Removing approximately 200 mm of the second edge of the arch barrel 
by water blasting, performed after sufficient strength has been obtained 
in stage 1b. 

stage 2b: Casting a new reinforced concrete arch rib on the second side of the arch 
barrel, similar to stage 1b. 

stage 2c: A total of 12 tendons (threaded Dywidag iron rods, �32 mm) are 
installed in the transverse direction by pre-drilled holes centrically in the 
arch barrel and evenly distributed along the span. Each tendon is post-
tensioned to 200 kN followed by injection of cement mortar. 

stage 3a: When both arch ribs have sufficient strength and the tendons are 
installed, the intrados surface is removed by water blasting. The 
reference depth is 50 mm but may locally be increased due to obtained 
damages. 

stage 3b: A 100 mm thick reinforced concrete layer is cast along the arch intrados, 
�16s100 along the span and �12s100 in the transverse direction. 

stage 0

stage 1a

stage 1b

stage 2a

stage 2b

stage 2c

stage 3a

stage 3b
 

Figure 7.1: Cross-section at the haunch, illustrating the stages of strengthening. 
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Figure 7.2: Illustration of strengthening measures of the arch barrel, a) individual 

strengthening components, b) unstrengthend arch barrel, c) arch 
barrel after strengthening. 

The construction work started at arch 2 that was subjected to field measurements in 
2005. During all strengthening stages of arch 2, field measurements were performed, 
with the aim of verifying the structural manner of action under serviceability loads. 
Construction work during stage 1 is shown in Figure 7.3. The transverse reinforcement 
of the intrados is connected to the arch ribs by barrel nuts, illustrated in Figure 7.3c. 

         
 a) b) c) 
Figure 7.3: Photo of strengthening work on arch 2, a) after water blasting in 

stage 1a, b) after casting of the arch rib in stage 1b, c) detail of the 
edge of the arch rib near the intrados. 
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The installed transverse tendons are shown in Figure 7.4. Since the force in the tendons 
are rather moderate, the anchorage plate can be placed deeper inside the arch rib. The 
holes were core drilled with a diameter �47 mm, each tendon is located centric in the 
cross-section and spaced 2.1 m apart. During injection of the tendons, significantly 
more concrete mortar was often consumed than expected, indicating that part of the 
surrounding concrete contain voids. Filling these voids with cement mortar will 
strengthen the bridge further and likely increase the composite action with the 
tendons. A photo illustrating the water blasting and intrados reinforcement in stage 3 
is shown in Figure 7.5. The target depth set to 50 mm but if good concrete quality is 
obtained a rugged surface is found sufficient. The finding of very poor concrete quality 
sometimes called for manual water blasting at local areas, e.g. at cast sections. 

   
 a) b) 

Figure 7.4: Installation of the transverse tendons, a) photo from arch 2, b) detail 
of construction drawing, (Banverket, 2008). 

    
 a) b) 

Figure 7.5: Construction work at the arch intrados, a) during water blasting in 
stage 3a, b) detail of reinforcement in stage 3b. 
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The wooden formwork during stage 3 is shown in Figure 7.6. The total intrados 
concreting is only 100 mm and includes both longitudinal reinforcement �16 mm and 
transversal reinforcement �12 mm. Using the pre-pack method, difficulties arise when 
inserting the ballast in the small gap between the water blasted concrete surface, the 
reinforcement and the formwork. The formwork must also be sufficiently tight so that 
a form pressure can be obtained during injection. This may cause difficulties especially 
at the crown, where the hydrostatic pressure is low. 

     
 a) b) 

Figure 7.6: Formwork for the intrados concreting. 

7.2.2 Non-linear 3D FE-analyses 

Model properties 

The design of the strengthening is performed using 3D non-linear FE-analyses. A 
reference model is stated according to section 6.2.3, having the following properties. 

- A single arch barrel is studied, with adjacent columns having a rotational 
restraint K� = 2000 GNm/rad at the foundation and a horizontal resistance K� 
= 500 MN/m from adjacent spans. 

- A concrete quality C12 is assumed (fccd = 6.5 MPa, Ecd = 20 GPa in ULS-
analysis) and weaker zones at cast sections with fccd = 3.2 MPa. In addition, a 
tensile strength fctd = 0.2 MPa is used. 

- Both the backfill and the spandrel walls are considered as dead weight only, 
�fill = 2000 kg/m3 and �concrete = 2400 kg/m3 (also used for the arch barrel). 

- No existing reinforcement is accounted for. 
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- New concreting is assumed to be equivalent to concrete quality class C32 with 
design parameters fccd = 18.5 MPa, fctd = 1.5 MPa and Ecd = 24 GPa.  
In addition, all new reinforcements are assumed to correspond to quality class 
B500B, with design yield strength fyd = 360 MPa and a design Young’s modulus 
Esd = 160 GPa. 

- The transverse tendons are assigned a design yield strength fyd = 750 MPa but 
will never be obtained (the initial post-tension corresponds to 250 MPa). 

Before and during strengthening, train load model D4 is required with a design load 
factor �� = 1.3, similar to (Banverket, 2005). The reference model results in a load 
factor of 1.6 before strengthening. After finalised strengthening, the requirements are 
to carry train load model UIC-71 with a design load factor �� = 1.4, corresponding to a 
theoretical axle load of 35 metric tonnes. 

In all analyses, only permanent load and train load is considered. The load factor �� 
refer to the multiplicator of the train load for which failure is obtained in the models. 
The analyses are performed using a load controlled incrementation since combined 
constant load and arc-line incrementation is not supported in SOLVIA03. Hence, the 
post-failure can not readily be obtained and the models instead shows a rapid increase 
in deformation when reaching failure. 

The model is illustrated in Figure 7.7. The arch barrel is modelled with 8-noded solid 
elements with 2×2×2 integration points per element. The mesh consists of 50 elements 
along the arch span, 14 elements in the transverse direction and 2 elements along the 
thickness direction. The element size on the edge of the arch barrel is 250 mm in the 
transverse direction, corresponding to the thickness of the arch rib. The water blasting 
in stage 1a and stage 2a is simulated by removing the corresponding elements in the 
analysis, after the permanent load has been applied. Hence, redistribution of 
permanent forces will be simulated. The entire edge surface of one side is removed in 
the same step of the analysis. Casting of the arch ribs are then simulated by adding the 
corresponding elements to the analysis, in the step following stage 1a and 2a 
respectively. For reasons of model simplifications, the element sizes of the arch rib are 
of exact size as the original concrete. During construction, each arch rib is approxi-
mately 50 mm wider than the original bridge, not accounted for in the FE-model. All 
elements added to the analysis is initially assumed to have zero stress. The gravity load 
is however included. When removing elements from the original bridge, the resulting 
permanent load of the backfill and the spandrel walls are recalculated and 
redistributed on the remaining arch barrel. Similar procedure is performed for the train 
load. After casting in stage 1b and stage 2b, only the train load is redistributed 
including the arch ribs, the permanent load from the backfill and the spandrel walls 
still only act on the original structure. Nevertheless, during each stage of 
strengthening, redistribution of permanent stresses onto newly cast section will occur, 
prior to the train load. The reinforcement of the arch ribs are included as truss 
elements, connecting to the outer edges of the solid elements. The reinforcement for 
bending of the arch ribs are not significant and does not contribute significantly to the 
load carrying capacity. Each truss element corresponds to only one �16 bar. 
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In stage 2c, the transverse tendons are added to the analysis. The tendons are modelled 
as truss elements connecting to each of intersecting nodes of solid elements, both in the 
original arch barrel and the arch ribs. The tendons are post-tensioned by applying an 
initial stress of 250 MPa, corresponding to a force of 200 kN per tendon. Full composite 
action between the arch and the tendon is assumed. 

In stage 3a, water blasting of the intrados is simulated by reducing the height of arch 
barrel with 50 mm. This is accomplished by translating the corresponding intrados 
nodes in the analysis. For simplification, also the arch ribs are reduced in height 
correspondingly. Since stage 3a is performed after stage 1 and stage 2, shell elements 
are added at the intrados, corresponding to the arch before water blasting. These shell 
elements are then removed during water blasting in stage 3a, simulating the change in 
permanent stress. 4-noded shell elements with 2×2×3 integration points are used, 
connecting to solid elements at the intrados. 

Finally, in stage 3b, the intrados concreting is also modelled with shell elements. The 
reinforcement is included by assigning orthotropic material properties. This mean that 
the reinforcement in longitudinal and transversal directions are approximated as 
separate steel plates, where the corresponding thickness is calculated to correspond 
with the amount of reinforcement. These shells are then assigned two different material 
properties, the smeared crack model for concrete and the elasto-plastic model for the 
reinforcement. The thickness of the shells are set to 100 mm but are modelled with its 
mid-surface along the water blasted intrados, hence slightly conservative. 

after water blasting

before water blasting

concrete arch rib

intrados concreting

arch rib reinforcement

tendon

 

Figure 7.7: FE-model for simulation of strengthening measures (columns omitted), 
a) illustration of simulated water blasting, casting of the arch ribs and 
the intrados concreting, b) reinforcement of the arch ribs and the 
transverse tendons. 
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Simulation of strengthening, train load model D4 

Using the model and analysis procedure described above, simulations of each stage of 
strengthening is simulated for the train load D4, positioned in the same position as in 
section 6.2.3. The corresponding load factors are presented in Table 7.1. The 
corresponding load-displacement paths are shown in Figure 7.8. No significant change 
in displacement due to permanent load is found for either of the stages of 
strengthening. For the original bridge, the reference model presents a load factor �� = 
1.66 at failure. At a load factor 1.0, the increase in vertical displacement at the haunch 
is about 3.5 mm. At failure, the corresponding increase is 8.5 mm. This relatively large 
displacements are partially due to neglecting the stiffness of the spandrel walls and the 
backfill, in combination with design parameters for the Young’s modulus. 

When removing 250 mm of the arch in stage 1a, a load factor 1.08 is obtained, a 
reduction by 35 %. The corresponding decrease in width is only some 3 % and the 
results clearly point out the significant three-dimensional behaviour. This load factor is 
also lower than the allowable design limit set to 1.3. It may however be argued that the 
duration of this stage is significantly shorter than the occurrence of extreme loading 
included in the safety factor for the train load. In addition, the rather conservative 
parameters chosen for the reference model may include future degradation of the 
bridge.  

After casting of the arch rib in stage 1b, the load capacity is restored and even 
increased by 6 % compared to the original bridge. After water blasting of the second 
edge in stage 2b, the load factor is again decreased to a similar level as stage 1b. 
Apparently, the effective width is not increased significantly by the arch rib on the 
adjacent side. However, after casting of the second arch rib in stage 2b, a load increase 
by a factor 2 is obtained, compared to the original bridge. After installation of the 
transverse tendons in stage 2c, the load factor is increased further to a total of 2.5 
times the original load carrying capacity. The behaviour of the arch barrel at failure 
due to the arch ribs and the transverse tendons is illustrated in Figure 7.9. Primary the 
arch ribs, but also the transverse tendons, is found to be successful in attenuating the 
transverse failure into a more longitudinal failure mode. For all models, a zone of 
crushing occurs both at the weak zone at the extrados haunch and at the weak zones 
near the intrados springing, closest to the train load. 

Removing 50 mm of the intrados in stage 3a results in a decreased load factor by 15 %, 
resulting in the same load carrying capacity as before installing the tendons and with 
the same failure mode. The arch thickness at the region of failure near the haunch was 
0.73 m before stage 3a. The reduction of 50 mm then corresponds to a decrease in 
thickness by some 7 %. The behaviour is still similar with a pronounced two-
dimensional failure, causing a hinge at the haunch. Since the flexural capacity depends 
on the square of the thickness and that 1.072 = 1.15, it is concluded that the failure is 
primary due to the induced bending moment of the train. 

After finalising the intrados concreting, the load is increased by a factor 1.5 compared 
to stage 3a and a load factor �� � 6 is obtained for train load D4. The largest 
reinforcement stress at failure load is about 350 MPa, hence no yielding occurs and the 
cross-section is significantly over-reinforced. At design load level, the reinforcement 
stress is less than 20 MPa and even less utilisation of the transverse reinforcement. 
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Table 7.1: Calculated load factors during different stages of strengthening, the 
results refer to train load model D4. 

stage: 0 1a 1b 2a 2b 2c 3a 3b
��  (D4): 1.66 1.08 1.77 1.09 3.52 4.13 3.58 5.94  
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Figure 7.8: Load-displacement paths for all stages of strengthening, using the 

reference model with non-resistant backfill and train load model D4. 

stage 1a
stage 2a

stage 2c

 
Figure 7.9: Concrete cracking and crushing at failure load level for train load D4, 

after stage 1a, stage 2a and stage 2c respectively. 

The cracking of the intrados concreting is illustrated in Figure 7.10. At design load 
level, only one transversal crack is initiated, hence the low reinforcement stress. At 
failure load, more transversal crack are formed, both at the haunch and the adjacent 
springing. In addition, longitudinal cracks propagate from the springing under the load 
and between the haunch and the crown. 
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 a) b) 
Figure 7.10: Concrete cracking of the intrados concreting, a) at design load level 

�� = 1.3, b) at failure load, �� = 6. The illustrated cracks serves 
mainly as indication rather than exact cracks. 

Different modifications of the strengthening scheme are illustrated in Figure 7.11. If 
water blasting both edges of the arch barrel before casting any of the arch ribs, a load 
factor �� = 1.2 is obtained. This is somewhat higher than removing only one side in 
either of stage 1a or 2a above. The reason is that when removing equally much 
material on both sides, the FE-model predicts a symmetric transversal failure. In 
reality, a perfect symmetry is not likely to be obtained, possibly causing an even 
greater reduction than envisaged by Table 7.1. 

When water blasting the intrados in stage 3a, zones of very poor concrete quality is 
often obtained, resulting in large voids to fall out. Local defects may likely have a 
moderate effect due to the width of the bridge. For systematically weaker zones, e.g. at 
the cast sections, this may be a significant risk. An almost infinite number of scenarios 
can be created, whereof the simplest is to increase the overall water blasting depth. An 
increased depth from 50 mm to 100 mm results in a decrease by an additional 15 %, 
still well beyond the initial load carrying capacity. If water blasting the intrados with a 
depth of 50 mm before stage 1 and stage 2, a load factor �� = 1.4 is obtained. 
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Figure 7.11: Variation of different parameters, the reference model during 

strengthening stage 3a, train load model D4. 
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Simulation of strengthening, train load model UIC-71 

The above results showed a very high increase in load carrying capacity after 
strengthening, based on the train load model D4. The requirements from the bridge 
owner is however that the strengthening shall resist load model UIC-715, previously 
presented in Figure 6.4. The corresponding design load factor is �� = 1.4 according to 
(Banverket, 2005). Although an increase from 22.5 metric tonnes to 25 tonnes may not 
seem dramatic, both the increase in demanded design load factor and the position of 
the axles of the UIC-71 load model results in a significant difference compared to load 
model D4. The decisive position is determined using the M-N method and is illustrated 
in Figure 7.12. Except of the axle loads, distributed loads contribute to the loading. 
This was not the case of the D4 load model since one wagon covered one half span. The 
resultant force of the distributed load near the crown is of the same magnitude as an 
additional axle load P. A large extent of the distributed load near the springing is 
transferred to the adjacent span and down to the column. The resulting load is 
distributed onto on half of the arch extrados. 

For the last 10 years, new railway bridges in Sweden have mainly been designed to 
resist train load model BV-2000. It has the same configuration as the UIC-71 load but 
with an axle load of 330 kN and a distributed load of 110 kN/m. Since the introduction 
of the Eurocodes, load model 71 with corresponding load factors is recommended. 

L

5.5 6.4 3.6 2.0

P P P P

q q

 
Figure 7.12: Train load model UIC-71 (P = 225 kN, q = 80 kN/m), placed in the 

decisive load position envisaged by the M-N method. 

A comparison of the resistance for train load model D4 and UIC-71 is shown in 
Figure 7.13. For the reference model before strengthening, a load factor �� = 1.0 is 
obtained for the UIC-71 load. This is a reduction by 40 % compared to train load D4. If 
only performing the strengthening of stage 1 and stage 2, still �� = 2.0 is obtained for 
the UIC-71 load. This load factor corresponds to the demand for the BV-2000 load. 
After finalising the strengthening in stage 3b, a final load factor �� = 3.6 is obtained for 
the load UIC-71. 

                                            

5 Denoted Load Model 71 in Eurocode 1991-2, with � = 1.0. 
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Figure 7.13: Compare the response between train load model D4 and UIC-71, 

before and after strengthening. 

Results for different modifications of the final strengthening is presented in Figure 7.14 
related to train load model UIC-71. If the entire of the initial arch barrel is assumed to 
be of the same strength as for the previous weaker cast sections, still a sufficient load 
carrying capacity is obtained. The behaviour at failure load is still similar, but with a 
larger area of concrete crushing since the localisation of weaker zones then does not 
exist. For a strengthening comprising only an intrados concreting, a load factor 
�� = 2.1 is obtained. The intrados concreting is able to prevent some of the transverse 
effects, although still localised to the outer edges. 
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Figure 7.14: Different variants of final strengthening, train load model UIC-71. 
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7.3 Validation under serviceability loads 

Strengthening of the bridge was stated in October 2007 on arch 2. This is the same 
arch that had been subjected to field measurements in 2005, reported in (Andersson & 
Sundquist, 2005) and previously presented in Chapter 3. The previous measurements 
had also served as input for calibration of the FE-models, presented in Chapter 5. Due 
to the unconventional procedure of the strengthening, additional field measurements 
were performed during each stage of strengthening. The aim was to validate the 
response at serviceability load levels using the previously calibrated FE-model. Since 
only serviceability load levels are studied, the comparison is limited to determine the 
structural manner of action under assumed linear elastic conditions. The effect of the 
strengthening when reaching the ultimate limit state instead relies on predictions of 
the non-linear FE-analyses. Within the scope of this thesis, only a summary of the 
obtained results are presented. 

7.3.1 Field measurements 

Similar to the field measurements performed in 2005, only the response from passing 
trains is measured. A Schedule for the different field measurements is presented in 
Table 7.2. The notation of stages follow that of section 7.2. During different stages, 
some gauges are re-instrumented or re-positioned, resulting in a total of six different 
setups. The setup from 2005, presented in Figure 3.1 is denoted setup no. 1, hence, the 
setups during strengthening is denoted no. 2 to no. 7. Instrumentation drawings for all 
these setups are given in Appendix A.2. In addition to the measurements in Table 7.2, 
about ten more measurements were performed, often for purposes of surveillance. Some 
measurements were also performed on arch 11 and arch 4. Arch 4 is one of the 3-hinged 
arches, subjected to continuous measurements from December 2010 to January 2011. A 
photo of arch 2 before strengthening is shown in Figure 7.15. 

Table 7.2: Schedule for field measurements on arch 2, before, during and after 
strengthening. 

no. date: stage: setup no. note:
1 2007-10-17 0 2 before strengthening
2 2007-11-07 1a 3 after water blasting of the East side
3 2008-01-21 1b 4 after casting of the East arch rib
4 2008-02-08 2a 5 after water blasting of the West side
5 2008-03-26 2b 6 after casting of the West arch rib
6 2008-10-08 3a 6 after water blasting of the intrados
7 2009-06-23 3b 7 after casting of the intrados concreting (final)
8 2009-09-24 3b 7 3 months after completed strengthening
9 2010-01-12 3b 7 6 months after completed strengthening
10 2010-03-30 3b 7 9 months after completed strengthening
11 2010-06-23 3b 7 12 months after completed strengthening
12 2011-01-25 3b 7 18 months after completed strengthening  
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Figure 7.15: Photo of arch 2 before strengthening. 

Train loads 

The trains studied with setup no. 2 to no. 7 consist of regular traffic at normal speed. 
Normally a mixed traffic with a low share of freight trains are found, see also 
Figure 1.1. The most common train types are the commuter train X60, Figure 7.16 and 
the long-distance train X2, Figure 7.17. For logistical reasons, commuter trains only 
pass on the West track and long-distance trains on the East track. Further, all trains 
only travel south. This is possible since the trains on the adjacent new Årsta railway 
bridge travel north. One exception is the measurements performed 2010-03-30, when a 
traffic disturbance resulted in randomly passing trains. Trains of different types were 
then going both North and South on the old Årsta bridge, mixed trains were obtained 
on both tracks, running in different speed and even passing both crossing and parallel. 

 

 
Figure 7.16: Commuter train model X60, one train set. Usually connected in two 

sets, the axle load is about 150 kN for empty wagons and 200 kN for 
full wagons. The axle- and bogie distances are 2.4/15.5 m for the outer 
wagons and 2.7/16.4 m for the inner wagons, the total length of one 
train set is 107 m. 
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Figure 7.17: Long-distance train model X2, one train set of 6 wagons. Common 

configurations are 4 to 7 wagons, the first and last wagon are often a 
motor wagon and a service wagon. The axle distance is 2.9 m, the 
bogie distance is 17.7 m for intermediate wagons, 9.5 m for the motor 
wagon and 14.5 m for the service wagon. The axle load is about 
120 kN for intermediate wagons, 180 kN for the motor wagon and 
160 kN for the service wagon. The total length varies between 90 m 
and 160 m depending on the number of wagons. 

Instrumentation and data acquisition 

The instrumentation consisted of a maximum of 16 strain gauges6 mounted on existing 
reinforcement bars. Most gauges was mounted on the longitudinal intrados reinforce-
ment, but some transversal reinforcement was also instrumented. In addition, the arch 
ribs were also instrumented. All instrumentation was performed by PhD Gerard James 
at Projektengagemang i Stockholm AB by commission from Banverket. The data 
acquisition was performed by KTH using the same HBM MGCPlus A/D converter as 
used in 2005, described in Chapter 3. The only exception is the measurements in stage 
1b, when a HBM Spider8 A/D converter was used. Manual surveillance was performed 
to document each passage, type of train, configuration and what track is was passing 
on. Foto and video documentation was also performed for most freight trains and other 
uncommon trains. Although the measured signature of different trains was easily 
recognized, the manual surveillance served as help for unusual train passages and 
verification of the number of wagons. 

The configuration of the data acquisition is provided on the instrumentation drawings 
in Appendix A.2. A sample frequency of 200 Hz was used, except for setup no. 7 using 
a sample frequency of 400 Hz. Within the data acquisition system, an analogue Bessel 
low-pass filter was used, with the filter limit at either 20 Hz or 40 Hz. From analyses of 
the signals, no significant content related to the structural manner of action was found 
above 5 Hz. Therefore, all signals was subjected to an 8th order Butterworth digital LP-
filter with a filter limit of 5 Hz. This attenuated much of the background noise. An 
example of the filtering is shown in Figure 7.18. The stress in the reinforcement during 
train passages is usually less than 1 MPa and to be able to measure changes between 
different stages of strengthening, a high signal quality is vital. Similar to Chapter 3, 
the results are presented as measured strain, denoted �� (microstrain or 10-6 m/m). 
                                            

6 6 mm Half-bridge strain gauge of type HBM K-XY31-6/120-3. 
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Figure 7.18: Measured strain in gauge 8 from setup 2 (West edge of intrados crown) 

during passage of an X60 commuter train (two train sets), a) complete 
signal, b) detail of the fist bogie passage. The average speed of the 
train is calculated to 80 km/h, based on the response and the known 
axle distances. 

Statistical processing of train responses 

For each of the 12 measurement campaigns, continuous measurements were performed 
for about 2 to 3 hours, collecting between 20 to 50 train passages. Most of the analyses 
are based on the X60 train on the West track and the X2 train on the East track. The 
expected change in response between different stages of strengthening is very low and 
sometimes less than extreme variations of the train load. Therefore, measurements 
were mainly performed at the same time of the day, chosen as weekdays between 
10 AM and 1 PM. 

From each signal, the response only containing the train passage is extracted. The 
extracted signals are levelled, linear trends are removed and the 5 Hz LP-filter is 
applied. The procedure is automated to assure the same process for all signals. All 
passages are also checked manually, to detect spurious peaks from electrical disturb-
ances. If so, the signal is discharged. From the processed signals, the peak tensile and 
compressive strains are calculated. 

The measurement setup after finalization of stage 3b is illustrated in Figure 7.19. 
Throughout all setups, the gauges are mainly located at the intrados, along the 
springing, the haunch and the crown. At the haunch and the crown, gauges are 
positioned both at the arch centre line and about 1 m from each edge. The gauges at 
the springing are mounted on the vertical side of the arch, positioned both near the 
intrados and extrados edges. Progressing from stage 0, gauges are gradually removed 
and remounted onto the strengthened part of the bridge. Finally, at stage 3b all gauges 
measure on strengthened parts. The detailed position of each gauge at each stage is 
further presented on the drawings in Appendix A.2. 
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Figure 7.19: Experimental setup no. 7, illustrating the instrumented strain gauges 
on the arch intrados and arch ribs after finalizing of stage 3b. 

When comparing the response for each gauge during different stages of strengthening, 
it should be noted that some gauges are remounted on different locations. The 
procedure is as follows: 

Stage 0: Measurements are performed on the arch before strengthening. Gauge 1, 2 
and 11 are positioned on the edge of the arch, near the springing. Gauge 3, 
4 and 12 are positioned on the East side correspondingly. Gauge 5, 6, 7, 13 
and 14 are located at the haunch, gauge 8, 9, 10, 15 and 16 are located at 
the crown, all mounted on the intrados. Gauge 13 to 16 measure the strain 
on the transversal reinforcement, all other gauges measures on 
longitudinal reinforcement. 

Stage 1a: During water blasting of the East edge, gauge 3, 4 and 12 are removed and 
remounted on the intrados at adjacent positions. Gauge 4 is located near 
the centre line and is expected to show decreased response from trains 
passing on the East track. Also, gauge 2 and 7 were reinstalled due to 
damages. 

Stage 1b: After casting of the East arch rib, gauge 3, 4 and 12 are repositioned on 
the newly cast arch rib. It should be noted that their new location is about 
2 m higher up from the springing than in stage 0, hence not fully 
comparable. 
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Stage 2a: When water blasting of the West edge, 1, 2 and 11 are removed without 
being replaced. 

Stage 2b: After casting of the West arch rib, gauge 1, 2 and 11 are remounted on the 
West arch rib similar to stage 1b. In addition, gauge 16 is remounted on 
the West arch rib at the crown and gauge 14 and 15 on adjacent positions 
on the East arch rib. 

Stage 3a: During water blasting of the intrados, gauge 5 to 7, 8 to 10 and 13 are 
removed without being replaced. 

Stage 3b: All gauges are replaced after finalized strengthening. The gauges on the 
arch ribs are remounted on the same positions. Gauge 5 to 7, 8 to 10 and 
13 are mounted on the new intrados concreting at similar positions as in 
stage 2b. Only gauge 13 measures the transversal strain. 

The peak-to-peak response during different stages of strengthening is presented in 
Appendix A.3. The same information is also presented in Figure 7.20 and Figure 7.21 
as a combined plot for both the X60 train on the West track and the X2 train on the 
East track. The bars represent the average of peak strains from a large number of 
passages; the error bars represent the corresponding standard deviation. The standard 
deviation of the background noise is generally in the range of 0.05 �� within the studied 
frequency bandwidth of 5 Hz. In all results, negative strain corresponds to com-
pression. 

Generally during all stages, the largest measured response is obtained at the haunch 
and at the crown. Also, significantly larger strains are measured at the edge compared 
to the arch centre line. For stage 0, the centre line response is about 40 – 50 % less 
compared to the edge, both at the haunch and the crown. At the adjacent edge, the 
corresponding reduction is about 60 – 70 %. 

A noticeable strain is also obtained in the transverse reinforcement, especially at the 
haunch. For gauge 13 at the haunch centre line, the transversal and longitudinal 
strains are of about the same magnitude during stage 0. For gauge 14 at the corre-
sponding edge, the transversal strains are much smaller although clearly noticeable. 
Both gauge 13 and 14 mainly show tensile strains, indicating a transverse sagging 
bending moment, partially constraint at the edge. This is similar to what was found 
from the FE-model, when accounting for interaction with both the backfill and the 
spandrel walls, reported in Chapter 6. 

After water blasting of the East edge in stage 1b, a noticeable increase in strain is 
obtained at the edges. For both gauge 7 and 10 on the East edge, the increase is about 
10 %. A similar increase is also shown by gauge 5 and 8 on the West side, for passing 
trains on the West track. A decrease of about 15 % is however obtained in the 
transverse direction at the haunch centre line, measured by gauge 13. No significant 
change is found for gauge 6 or 9, measuring longitudinal strain at the centre line. 

After casting of the East arch rib, gauge 3 and 4 are instrumented at the East 
springing. Since they are positioned about 2 m away from the corresponding position in 
stage 0, a simple comparison can not be made. Both gauge 3 and 4 show almost only 
compressive strains. The difference in strain between gauge 3 and 4 indicate a hogging 
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bending moment, causing larger compression at the intrados. Gauge 12 on the other 
hand, mainly shows a tensile response. For gauge 7 and 10, the strain decrease to about 
the same level as before water blasting. 
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Figure 7.20: Measured average peak-to-peak strain for gauge 1-8 during passage of 

X60 trains on the West track and X2 trains on the East track. 
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Figure 7.21: Measured average peak-to-peak strain for gauge 9-16 during passage of 
X60 trains on the West track and X2 trains on the East track. 

After water blasting of the West edge in stage 2a, no significant changes are generally 
found. The largest difference is shown by gauge 5 and is merely 5 %. 

The West arch rib is cast in stage 2b. The response in gauge 5 and 8 has decreased by 
more than 15 % from stage 2a and by 5 – 10 % compared to stage 0. 

After completion of stage 3b, all gauges are remounted. It should be noted that gauge 1 
and 2 are in shifted position. For gauge 11 and 12 on each arch rib near the South 
springing, no noticeable change is found. At the North springing on the other hand, 
gauge 3 and 4 both show a decrease in response. A decrease is also found for gauge 1, to 
be compared with previous gauge 2. At the West edge of the intrados, gauge 5 show 
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about 10 % larger response in the new concreting compared to stage 2b, while gauge 8 
at the crown show almost no difference. At the East side, gauge 7 shows a 20 % 
decrease and gauge 10 shows a 30 % decrease. A decrease by 20 % is also found in 
gauge 16 on the West arch rib. Gauge 15 on the corresponding position on the East 
arch rib shows a 10 % decrease. 

7.3.2 Predictions using FE-analysis 

FE-analyses are performed to simulate the measured response during strengthening. 
The previously calibrated full 3D model presented in section 4.5 is adjusted to include 
the strengthening stages as described in section 7.2.2. Since only small responses are 
expected, the model is analysed with linear elastic properties. This also facilitates the 
extraction of influence lines corresponding to all gauge positions. The response from 
different train passages are then calculated based on those influence lines. 

A comparison between the calculated response from the FE-model and the measured 
response is presented in Figure 7.22, comprising gauge 8 at stage 0 during passage of an 
X60 train on the West track. Best agreement is found if assuming empty wagons in the 
FE-model. 
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Figure 7.22: Comparison of measured response and FE-prediction for gauge 8 at 

stage 0, during passage of an X60 train on the West track. 

Similar to the presentation of the measured peak-to-peak data, corresponding results 
from the FE-model is presented in Figure 7.23 and Figure 7.24. All results are 
evaluated based on assumed empty wagons. Considering the complex manner of action 
of the structure, the low responses measured and the even lower difference during 
different stages of strengthening, the FE-model predicts the measured response well. 
Also, some difference may be due to different positions of strain gauges compared to 
the integration points in the FE-model as well as differences between the workmanship 
during construction compared to assumptions in the FE-model. The main difference is 
that the FE-model shows slightly lower response for the transverse bending and 
slightly higher response in the arch ribs during stage 2b. 



CHAPTER 7. STRENGTHENING OF THE OLD ÅRSTA BRIDGE 

 200 

1 2 3 4 5 6 7 8

-4

-2

0

2

4

6

8

gauge no.

��

0
1a
1b
2a
2b
3b

X60 X60 X60 X60X2 X2 X2 X2 train type 
Figure 7.23: Calculated peak-to-peak strain for gauge 1-8 during passage of an X60 

train on the West track and an X2 train on the East track. 
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Figure 7.24: Calculated peak-to-peak strain for gauge 9-16 during passage of an 
X60 train on the West track and an X2 train on the East track. 

In conclusion, the extensive field measurements performed during different stages of 
strengthening proved small stresses during train passage. Both the rather complex 
behaviour of the bridge and the interaction between existing and strengthened 
components was found to give good agreement with results from the 3D FE-model. It 
should however be emphasized that the verification is only valid under serviceability 
loads. Reaching the ultimate limit state relies on previously presented non-linear FE-
results. 
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Conclusions 

In the following chapter, the research presented in this thesis is summarised and 
concluded. The main objective of the work has been to estimate the load carrying 
capacity of arch bridges with backfill. The work was initiated during the assessment of 
the old Årsta railway bridge, which has served as the main case study. In most of the 
available literature of similar structures, the arch barrel consists of masonry brick 
work. The spandrel walls, the arch barrel and the columns of the old Årsta bridge all 
consists of concrete, often in very poor condition. One of the challenges has been to 
find a suitable model to describe both the structural manner of action and accounts for 
poor material quality. In addition, field measurements and development of strength-
ening measures have been developed. 

8.1 Behaviour at ultimate limit state 

The behaviour of arch bridges with backfill at ultimate limit load is often highly 
influenced by the backfill, confining the arch barrel by passive soil pressure. It is still a 
topic of current research and although the behaviour is reasonably well understood, 
there is a lack of a unified method that produces reliable and robust results. In recent 
decade, the use of non-linear FEM has gained increased popularity, due to increased 
computer capacity and the development of more robust solution techniques. The 
method is commonly shown to be successful in solving a wide range of complex 
problems and its implementation on arch bridges with backfill is far from new. 

The success in obtaining reliable estimates of the load carrying capacity depends on the 
accuracy of which the decisive parameters can be determined. In the present thesis, the 
impact of some of these parameters is analysed. The aim is to gain increased knowledge 
of the possible accuracy in estimated load carrying capacity. Most bridges of this type 
are of significant age and often in poor quality. Further, the status of the bridge 
components, especially the backfill, is often unknown. In the present thesis, two 
different methods of analysis are used for estimating the load carrying capacity: 

- a semi-linear method (also denoted the M-N method) based on failure envelopes 
for a cross-section subjected to combined bending moment and axial trust, in 
combination with a mechanism method and load combination routines, 

- non-linear finite element models under both plane strain and full 3D conditions. 

Chapter 
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The semi-linear method is found suitable for determine the decisive load position and 
performing load combinations. It is also computational efficient and may give a rough 
indication of critical areas and behaviour of a large structure, e.g. a multi-span bridge. 
Although the method is found successful in finding the correct failure mode, the 
corresponding load level is often afflicted with large uncertainties. Instead, non-linear 
FE-analyses are found to give more reliable estimates of the load carrying capacity. 
The non-linear analyses are significantly more time consuming and are difficult to use 
for load positioning and load combination evaluation. The combination of using the 
semi-linear method to determine the decisive load position used in a following non-
linear analysis is found successful. 

8.1.1 Benchmarks for non-linear material models 

To show the applicability of non-linear FE-analyses, two sets of benchmarks was 
performed, comprising: 

- ultimate limit state analysis of a concrete beam subjected to: 
- flexural failure, both unreinforced and reinforced, 
- flexural failure with a combined axial thrust, 
- shear failure without stirrups, 

- ultimate limit state analysis of a soil material by means of: 
- a direct shear box test, 
- lateral earth pressure against a vertical retaining wall. 

Analyses of the concrete beam showed that reliable estimates of the ultimate load can 
be obtained with a relatively coarse model, especially for flexural failure. At relatively 
high axial stresses, a multi-axial concrete model will give a significant increase in load 
carrying capacity due to biaxial stress states. This high stress states are however rarely 
the case of arch bridges with backfill. 

The soil is described by a pressure depended, plasticity based model with a Drucker-
Prager formulation of the yield surface. It also facilitates a tension cut-off and a 
pressure dependent compressive cap function. The parameters of the model is 
commonly fitted along a Mohr-Coulomb meridian. Depending both on the choice of 
fitting and the properties of the cap-function, a large scatter in results are obtained. 
The following was concluded: 

- fitting along the compressive or compromise meridian without a limiting cap-
function resulted in a large overestimation of the load carrying capacity, 

- fitting along the tensile or internal meridian together with a high value of the 
initial cap showed the best agreement for both simulated direct shear tests and 
expected soil pressures, 

- a very low initial cap may produce too conservative results and even poor 
estimates of the soil pressure at rest. 
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It should be noted that the study was purely theoretical and that no experimental data 
was used. The purpose was to investigate if a non-linear formulation would produce 
similar results as a corresponding handbook calculation rather the simulating the true 
physical response. 

8.1.2 Case studies of masonry arch bridges 

Since no experimental work on the load carrying capacity of structures has been 
performed within the research project, results found in the literature are analysed. 
Three different experiments are studied: 

- a 3 m single span masonry arch bridge with detached spandrel walls, 

- a three-span counterpart supported on 1.5 m high intermediate columns, 

- a 6.5 m span shallow arch with partially interacting spandrel walls. 

The fist two where built in the laboratory under controlled conditions and are known 
in the literature as the Bolton bridges. The third bridge was known as the Prestwood 
bridge, an existing old bridge put out of service due to its poor condition. All three 
bridges were loaded until failure and has been analysed using both the semi-linear and 
2D non-linear FE-analysis under plane strain conditions. 

The Bolton bridges failed in a hinge mechanism under a ductile behaviour. The backfill 
was found to have a significant impact on the ultimate load. Also, the three-span 
model had a significantly lower load carrying capacity than the single span counter-
part. From the analyses, the following was concluded: 

- the semi-linear method generally gave good agreement in failure mode but 
conservative estimates of the ultimate load, 

- the semi-linear method was found sensitive to assumed Young’s modulus of the 
backfill, likely due to the assumption of linear elastic properties, 

- non-linear FE-analyses provided good agreement in both failure mode, failure 
load and displacements, 

- the non-linear FE-analyses showed moderate influence for different Young’s 
modulus of the backfill, likely due to the non-linear formulation, 

- the non-linear FE-analyses showed a large impact for the angle of internal 
friction and cohesion, 

- for a friction along the arch extrados � � 0.6, the FE-models showed similar 
response as for full contact, for lower friction a significant decrease in load 
carrying capacity was obtained. 

From the analysis of the Prestwood bridge, the following was concluded: 

- the bridge failed in a mechanism behaviour under influence of the spandrel 
walls, 
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- both the semi-linear and the non-linear FE-method was able to produce the 
same failure mode as from the experiment, although in slightly different order, 

- the semi-linear method was found to severely overestimate the load carrying 
capacity, 

- the non-linear method resulted in comparable ultimate load as from the 
experiment, but with a different load-displacement path, 

- non-linear analyses with cohesion overestimated the load but showed better 
agreement in displacement. 

In Appendix B, extended results for the Bolton bridges are presented. It comprise a 
parametric study to investigate the influence of different fitting methods of the 
Drucker-Prager parameters and the influence of the cap-function. Results are 
presented for different combinations of the angle of internal friction and cohesion. The 
following is concluded: 

- using a compressive fit and low initial cap, good agreement between experiment 
and FE-analyses were found using � = 40° and c = 0 kPa, 

- tensile or internal fit and low initial cap results in underestimated load 
capacities if not using high values of both � and c, 

- using the compromise fit and low initial cap, good agreement between 
experiment and FE-analyses was found using � = 60° and c = 0 kPa, 

- using a high value of the initial cap, the results were generally severely over-
estimated, except for either of the tensile or internal fit using low values of both 
� and c. 

8.2 Behaviour at serviceability load levels 

Field measurements on the old Årsta bridge have shown very low stresses under 
serviceability load levels. Although stresses in the magnitude less than 1 MPa generally 
were obtained, the high accuracy of the signals facilitated reliable calibrations of the 
FE-models. A set of parametric studies presented in Chapter 4 present the following 
conclusions, valid under serviceability load levels and an assumed linear behaviour: 

- the influence length of the arch barrel may be longer than the span length, due 
to load distribution of the backfill, 

- the friction along the arch extrados and the backfill is of importance, 

- the Young’s modulus of the backfill is found to have a large impact on the 
stresses in the arch barrel, 

- the boundary conditions are of importance, if not fully constraint, 

- a 2D-model resulted in poor agreement compared to the measured strain of the 
old Årsta bridge, 
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- a full 3D model with linear elastic properties showed good agreement compared 
to the field measurements and verified the complex three-dimensional 
behaviour, 

- from a uni-variable parametric study of the 3D-model using the field measure-
ments, a Young’s modulus of 35 – 40 GPa for the concrete resulted in a best fit, 

- the spandrel walls was found to have a significant impact on the three-
dimensional behaviour under serviceability loads, 

- finding a conclusive set of parameters for the backfill material was found 
difficult, based on the field measurements, a Young’s modulus of 100 MPa and 
an angle of internal friction of 35° generally presented good agreement. 

8.3 Capacity assessment of the old Årsta bridge 

8.3.1 General 

Based on what is believed to be rather conservative assumptions regarding the 
properties and behaviour of the backfill, concrete strength and boundary conditions, a 
reference model is presented that still provides sufficient load carrying capacity for the 
current demands. Adding the knowledge from extensive conditional assessment and the 
demand from the bridge owner on extended service life and increased axle loads, 
strengthening of the bridge was decided. Based on the reference model and the stated 
demands, a strengthening scheme is developed. Due to pronounced three-dimensional 
behaviour, the design of the strengthening was based on a full 3D non-linear finite 
element analysis. The 3D FE-model is calibrated under serviceability loads using field 
measurements, both before, under and after strengthening. The final strengthening 
shows a significant increase in load carrying capacity and attenuates the transversal 
effects at failure load level. 

8.3.2 Estimates of the load carrying capacity 

In the end of Chapter 6, conclusion from the capacity assessment of the old Årsta 
bridge was presented. The most important findings are stated below: 

- the semi-linear method was found efficient to determine the decisive load 
positions as well as presenting a rough estimation of critical locations, 

- the semi-linear method generally predicted a very high load carrying capacity 
with a multi-hinge failure mechanism, 

- as for the other case studies, the semi-linear method was found sensitive to 
assumed values of the E-modulus of the backfill, 

- including the reinforcement in the semi-linear method showed an increase in 
load carrying capacity by a factor 2, 
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- non-linear analyses under plane strain conditions generally showed a brittle 
behaviour and a high load carrying capacity, 

- considering the backfill as non-resistant resulted in a reduction in load carrying 
capacity by more than a factor 2, 

- accounting for existing reinforcement resulted in a significant increase in load 
carrying capacity, especially in combination with non-resistant backfill, 

- assuming no friction along the arch extrados and the backfill resulted in 
significant decrease in load carrying capacity, 

- A full 3D model resulted in higher load carrying capacity compared to the 2D 
non-linear reference model under the same conditions, likely due to the 
increased confinement of the large spandrel walls, 

- reducing the tensile strength in the 3D model resulted in more pronounced 3D-
behaviour with combined longitudinal and transversal failure and for very low 
tensile strength failure was obtained prior to concrete crushing, 

- considering the backfill and spandrel walls as dead weight only in combination 
with reduced tensile strength, no existing reinforcement and weaker zones at 
construction joints, still a sufficient load carrying capacity was obtained. 

8.3.3 Design of the strengthening 

A strengthening was designed with the aim of increasing the load carrying capacity in 
the ultimate limit state. Based on a reference model with the arch barrel as the only 
load carrying component, no existing reinforcement and conservative strengths 
parameters, a pronounced three-dimensional failure was obtained. The strengthening 
was designed under these conditions. A system of longitudinal concrete arch ribs in 
combination with transverse post-tensioned tendons was found to significantly 
attenuate the transversal behaviour. The load carrying capacity was further increased 
by a reinforced intrados concreting. It is shown that a less extensive strengthening 
might have resulted in a sufficient capacity, e.g. either of the arch ribs or the intrados 
concreting. With the present strengthening, a very low concrete quality of the original 
arch barrel may be allowed, provided composite action with strengthening compo-
nents. If relying on a model with partial interaction of the backfill, the need for 
strengthening in its present form may be debated. 

8.4 Further research 

From the work presented in this thesis, a number of potential topics for further 
research are suggested. Although the emphasis is on concrete arch bridges with 
backfill, some parts may also be applicable to its brick and stone masonry counter-
parts. 
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The arch-backfill interaction 

The arch-backfill interaction was found to be the single most important factor for the 
load carrying capacity of the studied bridges. This is mainly due to the development of 
passive soil pressure, confining the arch barrel and acting as part of the load bearing 
system. This is a well-known factor, especially within the research field of masonry 
arch bridges. It is also implemented in commercial software and frequently accounted 
for, e.g. by non-linear FE-analysis. Still, the acceptance for this method in applied load 
capacity assessment is often treated with doubt, at least to the knowledge of the 
author. This doubt may partially be justified, since the properties of the backfill are 
rarely known and may severely overestimate the load carrying capacity. It is however 
believed, that using only partial interaction may result in a significant load capacity 
increase for many structures. Further research may focus on finding a set of relatively 
conservative parameters and methods that provides a sufficient load carrying capacity 
without overestimating the response. Especially, the developed soil pressures and the 
friction along the arch extrados may be of interest. A vast amount of experimental 
data is found in the literature, both from well-controlled laboratory conditions and old 
degraded bridges tested in-situ. Although this may serve as a valuable source of 
information, complementary experiments may be needed to account for the behaviour 
of degraded concrete structures. 

Permanent and long-term behaviour 

The accuracy in estimating the load carrying capacity depends also on the knowledge 
of permanent stresses. Duration dependent loading, especially of the backfill material, 
may result is different response for permanent load, temperature loads and live loads. 
Further, assuming a too high friction along the arch extrados for permanent load may 
result in unrealistic loading. 

2D and 3D behaviour 

Even in most available research, arch bridges with backfill are mainly analysed as a 
two-dimensional structure. The results from the old Årsta bridge clearly showed a 
rather complex three-dimensional behaviour. Also, this behaviour was sensitive to the 
choice of backfill-interaction and strength parameters of the arch barrel. Especially, for 
unreinforced arch barrels with very low tensile strengths, a transverse failure was often 
obtained prior to longitudinal failure. For intermediate parameters, combined failures 
were obtained. Full 3D analyses are often very time consuming, especially using non-
linear FEM for large structures. It is of great interest to determine in what cases three-
dimensional behaviour must be accounted for. As example, elongated arch culverts are 
not uncommon, having a significantly larger width than span. It should be investigated 
if these can be treated as 2D structures with a corresponding effective width or if a full 
3D analysis is needed. The effective width is often calculated based on the load 
dispersal angle from live loads. It should be investigated if this always is conservative. 
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Composite action of spandrel walls 

From the study of the old Årsta bridge, the spandrel walls were found to have a large 
impact, both under serviceability loads and estimated ultimate loads. Not accounting 
for the spandrel walls for the Prestwood bridge resulted in moderate agreement 
compared to the Bolton bridges with detached spandrel walls. Further, the spandrel 
walls may contribute to the three-dimensional behaviour. For actual bridges, 
unintentional composite action of the spandrel walls may be present. It should be 
investigated if this can partially be accounted for without overestimating the load 
carrying capacity. 

End-anchored reinforcement in low grade concrete 

As for the case of the old Årsta bridge, a significant amount of reinforcement exists. 
The reinforcement consists of round iron bars with end-anchorage, commonly used at 
the time. In most of the analyses, this was not accounted for, both due to inspected 
reinforcement corrosion and suspected lack of composite action with surrounding 
concrete. The FE-models did however show good agreement in reinforcement strain 
compared to the field measurements. Even for a low utilisation of the reinforcement, 
the load carrying capacity can be increased substantially and partially attenuate the 
transversal failure. This reinforcement exists in other structures of similar age, often 
with very low quality of the surrounding concrete. A further study to recommend a 
degree of utilisation for such conditions may be useful for capacity assessments. 

Unreinforced concrete arches with cobbles (konkretvalv) 

At least in Sweden, a number of so-called konkretvalv exists. They are designed similar 
to the arch bridges studied in this thesis, but the arch barrel consists of concrete-like 
material containing large cobbles. They are often entirely unreinforced. Most of them 
were built in the early 1900’s, before concrete as we know today was used. Due to the 
lack of reinforcement, presence of irregular cobbles and degraded concrete, they often 
constitute a concern for the bridge owner. In capacity assessment, it is almost 
impossible to determine reliable strength parameters. Back-calculations are sometimes 
used, resulting in required compressive strengths. Still, the structural manner of action 
for such bridges should be investigated. For bridges planned to put out of service, 
destructive testing may gain increased knowledge in this matter. 

Strengthening methods 

The strengthening of the old Årsta bridge presented in this thesis was theoretically 
found to successfully prevent transversal failure and increase the load carrying capacity 
substantially. Other approaches may have been possible, e.g. creating composite action 
of the spandrel walls or backfill grouting. The need for strengthening may also be 
different for other bridges, depending on the failure mode and general requirements. 
For complex structures, the development of strengthening may partially be supported 
by parallel research. 
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A  
 
Field measurements 

In the following appendix some of the measured strains from the field measurements 
conducted 2005 is presented, in addition to the results analysed in Chapter 3. A 
comparison is performed for one train passage on arch 2 with the calibrated FE-model 
presented in Section 4.5. The filtered signals have been subjected to a 3rd order 
Butterworth LP-filter at 0.2 Hz – 1.0 Hz, to attenuate background noise. 

Some results are also presented from miscellaneous commuter train passages and 
compared to corresponding results from the FE-model. 

A.1 Passage of GCT44 diesel locomotives, 2005 
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Figure A.1: Longitudinal rebar strains at a) the crown centre line, b) the crown 
1 m from the West edge, arch 2. 
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Figure A.2: Longitudinal concrete strains at a) the haunch, gauge 11 to 13 and b) 
the crown, gauge 14 to 16, at arch 2. 
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Figure A.3: Instrumentation of gauge 11A to 16A through the arch thickness. 
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Figure A.4: Longitudinal concrete strain at the springing, gauge 1 and 5, the 
haunch, gauge 2 and 6 and at the crown, gauge 3 and 7. The gauges are 
oriented at a) the transverse centre line and b) 1 m from the West 
edge, at arch 2 
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Figure A.5: Longitudinal rebar strains at a) the south springing of arch 2, gauge 1 
- 4, b) the north springing of arch 3, gauge 5 – 7 and the south 
springing of arch 3, gauge 8. 

A.2 Instrumentation drawings, strengthening 

Strain measurements of passing trains have been performed during the different stages 
of strengthening of arch 2. The positions of the strain gauges are presented in 
Figure B.6 to Figure A.11 below. 
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Figure A.6: Instrumentation drawing for stage 0 (reference measurements). 
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Figure A.7: Instrumentation drawing for stage 1a (after water blasting of the East 

edge). 
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Figure A.8: Instrumentation drawing for stage 1b (after casting of the East edge). 
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Figure A.9: Instrumentation drawing for stage 2a (after water blasting of the West 

edge). 
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Figure A.10: Instrumentation drawing for stage 2b (after casting of the West edge). 
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Figure A.11: Instrumentation drawing for stage 3b (after casting of the intrados, 

final strengthening). 
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A.3 Strain measurements during strengthening 

A summary of measured peak-to-peak strains during different stages of strengthening 
is presented in Figure A.12 and Figure A.13 for an X60 commuter train passing the 
bridge on the West track and in Figure A.14 and Figure A.15 for an X2 long-distance 
train passing on the East track. The position of the gauges are given in Figure A.6 to 
Figure A.11 and are performed according to the schedule of Table 7.2. 
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Figure A.12: Average peak-to-peak strain for gauge 1-8 during passage of an X60 

train on the West track, difference during stage 0-3b (measurement 
no. 1-7). Error bars denote the standard deviation, compressive strains 
are denoted negative. 
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Figure A.13: Average peak-to-peak strain for gauge 9-16 during passage of an X60 

train on the West track. 
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Figure A.14: Average peak-to-peak strain for gauge 1-8 during passage of an X2 

train on the East track. 
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Figure A.15: Average peak-to-peak strain for gauge 9-16 during passage of an X2 

train on the East track. 
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B  
 
Extended FE-results 

The following appendix, the influence of different Drucker-Prager fitting methods on 
the estimated load carrying capacity of the Bolton Bridges is studied. From the 
numerical benchmarks of the soil properties presented in section 5.7, best agreement 
based on direct shear test simulations was fitting along either the tensile or internal 
meridian together with a high initial cap position. If instead using the compressive 
meridian, both the angle of internal friction and cohesion was severely overestimated, 
especially for high values of the initial cap. In addition, simulated passive soil pressures 
were overestimated using the compressive fitting. Still, good agreement was found 
when estimating the load carrying capacity of the Bolton bridges, presented in 
section 5.8.1 for the single span model and in section 5.8.2 for the three-span model. 
The only difference compared to presented experimental data was the angle of internal 
friction. If using values larger than � = 40°, the load carrying capacity was over-
estimated significantly. From experiments, � = 60° was reported. To further study 
this difference, a parametric study on the estimated load carrying capacity using 
different fitting methods of the Drucker-Prager model is studied below. For each of the 
four fitting methods presented in section 5.4.3, three set of angles of internal friction, � 
= 35°, 45°, 60° and three sets of cohesion, c = 0 kPa, 10 kPa, 20 kPa are studied. in 
addition, two values of the initial cap is studied, 0I1 = 0 and 0I1 = 10 MPa is studied. 
This renders a total of 72 analyses for each of the bridge models. The bridge behaviour 
differ significantly between different sets of parameters and in some cases failure was 
not obtained within the studied interval. Therefore, the load-displacement path for 
each combination is presented in Figure B.1 to Figure B.16 below. For some 
combination of parameters, significant difficulties with converges was found. The 
strategy to overcome this was so successively restart the analysis with an increased 
allowance for unbalanced forces in combination with a smaller load increment. The 
analyses were otherwise performed using the same models and procedures as presented 
in section 5.8.1 and section 5.8.2. In all models, Efill = 100 MPa is used. 
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B.1 Bolton bridge, single-span 

The experimental failure load of the single span Bolton bridge was reported to 540 kN 
at a vertical arch barrel displacement of 5 mm. The load-displacement path was near 
linear until a load of 200 kN with an appertaining displacement of merely 0.2 mm of 
the arch barrel. The global behaviour appeared rather ductile, at 9 mm displacement a 
resulting load of 460 kN was recorded. 

Models with initial cap 0I1 = 0 

In Figure B.1, FE-results using the compressive fit of the Drucker-Prager model and an 
initial cap 0I1 = 0 is presented. The cases � = 35° and � = 45° with c = 0 kPa was 
earlier presented in Figure 5.53. All combinations except � = 35° with c = 0 kPa 
appears to overestimate the load carrying capacity. As example, using � = 60° with 
c = 0 kPa overestimated the capacity by some 50 %. 

In instead fitting along either of the tensile or internal meridian, almost all models 
underestimate load carrying capacity, Figure B.2 and Figure B.3. Both the tensile and 
the internal fitting results in similar results, which was also the case of the benchmarks 
in section 5.7. The only configuration showing similar load level as the experiment is 
� = 60° with c = 20 kPa. 

Using the compromise fit on the other hand, produces a wider range of results with 
both under- and overestimations. A reasonable fit using � = 60° with c = 0 kPa is 
found, although overestimating the ultimate load by some 8 %. 
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Figure B.1: FE-results obtained by fitting the Drucker-Prager model along the 

compressive meridian, initial cap 0I1 = 0. 
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Figure B.2: FE-results obtained by fitting the Drucker-Prager model along the 

tensile meridian, initial cap 0I1 = 0. 
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Figure B.3: FE-results obtained by fitting the Drucker-Prager model along the 

internal meridian, initial cap 0I1 = 0. 
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Figure B.4: FE-results obtained by fitting the Drucker-Prager model along the 

compromise meridian, initial cap 0I1 = 0. 

 

Models with initial cap 0I1 = 10 MPa 

The initial cap is set to 10 MPa with the aim of never reaching the cap position. This 
generally results in a significant increase in estimated load carrying capacity, presented 
in Figure B.5 to Figure B.8. All models using the compressive fit now severely 
overestimates the capacity. As example, using � = 45° with c = 0 kPa results in a 
failure load of 3 300 kN, 6 times larger than the experimental load carrying capacity. 
Even using the tensile or internal fit results in large overestimations, Figure B.6 and 
Figure B.7. Using � = 60° with c = 0 kPa overestimated the experimental results by a 
factor 2. For the compromise meridian, Figure B.8, all but the combination of � = 35° 
with c = 0 kPa overestimated the response. For other set of parameters the results are 
in the range 4 – 5 times the experimental ones. 

Conclusively, fitting along the compressive meridian with an initial cap 0I1 = 0 appears 
to provide reasonable results. Optionally, the compromise fit may be used to motivate 
and angle of internal friction in the range of 60°. The cap appears to have great 
impact on the results, since no experimental results on its behaviour, it is believed 
conservative to initially set it to zero. Other configurations of the cap function and its 
stress dependent parameters, may produce a wide spectra of different results. 
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Figure B.5: FE-results obtained by fitting the Drucker-Prager model along the 

compressive meridian, initial cap 0I1 = 10 MPa. 
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Figure B.6: FE-results obtained by fitting the Drucker-Prager model along the 

tensile meridian, initial cap 0I1 = 10 MPa. 
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Figure B.7: FE-results obtained by fitting the Drucker-Prager model along the 

internal meridian, initial cap 0I1 = 10 MPa. 
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Figure B.8: FE-results obtained by fitting the Drucker-Prager model along the 

compromise meridian, initial cap 0I1 = 10 MPa. 
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B.2 Bolton bridge, three-span 

A similar parametric study with the same set of parameters is performed for the Bolton 
three-span model, presented in section 5.8.2. Although both the radial and horizontal 
displacements were recorded, the comparisons in Figure B.9 to Figure B.16 only 
comprise the radial displacements. 

Models with initial cap 0I1 = 0 

Results using the compressive fit is presented in Figure B.9. The case of � = 35°, 45° 
with c = 0 kPa was presented in Figure 5.67. Similar to the single-span case, � = 40° 
as found to give the best agreement compared to measured data and Figure B.9 shows 
that other configurations result in large overestimations of the load carrying capacity. 

Using either of the tensile or internal fit, Figure B.10 and Figure B.11, the load 
carrying capacity is underestimated except if cohesion and large angles of internal 
friction is used. The experimental data presented a radial arch barrel displacement of 
20 mm at peak load and over 40 mm at a slight decrease in load, hence showing a 
rather ductile behaviour. Both the tensile and internal fit models fail at a 
corresponding displacement in the range 2 to 8 mm, often with a sudden drop in load 
carrying capacity. This might very well be an effect of the cap-function. 

Results using the compromise fit is presented in Figure B.12, showing great similarities 
with its single span counterpart. Still most configurations fail prior to the experimental 
displacement. The main exception is the combination of � = 60° and c = 0 kPa, 
showing good agreement in both load level and displacement. 
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Figure B.9: FE-results obtained by fitting the Drucker-Prager model along the 

compressive meridian, initial cap 0I1 = 0. 
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Figure B.10: FE-results obtained by fitting the Drucker-Prager model along the 

tensile meridian, initial cap 0I1 = 0. 
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Figure B.11: FE-results obtained by fitting the Drucker-Prager model along the 

internal meridian, initial cap 0I1 = 0. 
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Figure B.12: FE-results obtained by fitting the Drucker-Prager model along the 

compromise meridian, initial cap 0I1 = 0. 

Models with initial cap 0I1 = 10 MPa 

The corresponding models with increased initial cap is presented in Figure B.13 to 
Figure B.16. Using the compressive fit, all parameter combinations studied results in 
severe overestimations of the load carrying capacity. In most cases, failure was not 
obtained before aborted, either due to convergence issues or that the load was beyond 
reasonable intervals. 

Using a tensile or internal fit, the combination of � = 45° and c = 0 kPa give 
reasonable results. Most other combinations still severely overestimate the load 
carrying capacity. The problems with convergence was not as severe as for the 
compressive fit, and although experiencing higher load levels than the experiment, a 
global softening part of the load-displacement path was often obtained. Compared to 
the corresponding models with low initial cap, Figure B.10 and Figure B.11, the ductile 
behaviour is likely influenced by the properties of the cap function. 

Finally, using the compromise fit, Figure B.16, all but the case of � = 35° with c = 0 
overestimated the load carrying capacity significantly. 
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Figure B.13: FE-results obtained by fitting the Drucker-Prager model along the 

compressive meridian, initial cap 0I1 = 10 MPa. 
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Figure B.14: FE-results obtained by fitting the Drucker-Prager model along the 

tensile meridian, initial cap 0I1 = 10 MPa. 
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Figure B.15: FE-results obtained by fitting the Drucker-Prager model along the 

internal meridian, initial cap 0I1 = 10 MPa. 
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Figure B.16: FE-results obtained by fitting the Drucker-Prager model along the 

compromise meridian, initial cap 0I1 = 10 MPa. 
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Conclusions 

In conclusion, different fitting methods of the Drucker-Prager material model to the 
Mohr-Coulomb model shows a large scatter in results. 

When benchmarking the soil model separately, section 5.7, it was found that fitting 
along either the tensile or internal meridian in combination with a high initial cap, 
good agreement was generally found compared to simple handbook calculations. Also, 
the compressive fit generally overestimated the capacity significantly, especially 
regarding the passive soil pressures. 

Still, the best agreement when analysing the Bolton bridges was found by using a 
compressive fit with low initial cap position. The only indifference was the angle of 
internal friction, 60° was reported from the experiments but the FE-results showed a 
best fit using � = 40°. From the parametric study in this appendix, the following is 
concluded: 

- using a compressive fit and low initial cap, good agreement between experiment 
and FE-analyses are found using � = 40° and c = 0 kPa, 

- tensile or internal fit and low initial cap results in underestimated load 
capacities if not using high values of both � and c, 

- using the compromise fit and low initial cap, good agreement between 
experiment and FE-analyses are found using � = 60° and c = 0 kPa, 

- using a high value of the initial cap, the results are generally severely over-
estimated, except for either of the tensile or internal fit using low values of both 
� and c, 

- a tensile cut-off was found to have insignificant impact on all studied results. 

It should be noted that all other parameters was set as constant and to the same as the 
reference model in section 5.8.1 and section 5.8.2. Using other values of either the 
Young’s modulus of the backfill or the arch-backfill interaction may have showed 
better agreement with models that otherwise was regarded as unsuitable. 
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