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Abstract

Rolling contact fatigue is a problem encountered with many machine elements.
In the current report a numerical study has been performed in order to predict
the crack path and crack propagation cycles of a surface initiated rolling con-
tact fatigue crack. The implementation of the contact problem is based on the
asperity point load mechanism for rolling contact fatigue. The practical studied
problem is gear contact. Different loading types and models are studied and
compared to an experimental spall profile. Good agreement has been observed
considering short crack lengths with a distributed loading model using normal
loads on the asperity and for the cylindrical contact and a tangential load on the
asperity. Several different crack propagation criteria have been implemented in
order to verify the validity of the dominant mode I crack propagation assump-
tion. Some general characteristics of rolling contact fatigue cracks have been
highlighted. A quantitative parameter study of the implemented model has
been performed.

Keywords: rolling contact fatigue, short cracks, crack path determination,
crack growth rate, sensitivity study.

Sammanfattning

Utmattning med rullande kontakter är ett ofta förekommande problem för
många maskinelement. I den aktuella rapporten utfördes en numerisk studie
för att förutsäga sprickvägen hos utmattningssprickor som initierats i ytan vid
rullande kontakter. Implementeringen av kontaktproblemet bygger p̊a asper-
itpunktlastmekanismen för rullande kontakter. Studien av kontaktproblemet
är tillämpad till kugghjul. Olika belastningstyper och modeller studerades
och jämfördes med profilen hos en experimentell spall. Bra överensstämmelse
observerades för korta spricklängder när en modell med fördelad belastning
används för en belastningstyp där en normalbelastning agerar p̊a asperiten och
vid cylindriska kontakten och en tangentialbelastning införs p̊a asperiten. Olika
kriterier för spricktillväxt implementerades för att verifiera giltigheten av anta-
gandet att mode I spricktillväxt är dominant. N̊agra generella kännetecken av
utmattningssprickor med rullande kontakter framhävdes. En kvantitativ para-
meterstudie för den implementerade modellen utfördes.

Nyckelord : utmattning vid rullande kontakter, korta sprickor, bestämning
av sprickvägen, spricktillväxtshastighet, sensitivitetsstudie.
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Nomenclature

a crack length
a0 initial crack length
af final crack length
al half-width of cylindrical contact
ap contact radius for asperity loading
aij functions for determination of s
aLEFM minimum crack length for which linear elastic fracture me-

chanics is applicable
b fatigue parameter (Paris law exponent)
c coordinate along the crack
C fatigue parameter (Paris law coefficient)
dc crack increment
dxd increment of the position of the cylindrical contact
E Young’s modulus
gi function for variation of the asperity loading during the load

cycle
G energy release rate
Gmax maximum energy release rate
h height of axisymmetric asperity
kI, KI mode I stress intensity factor for the crack with and without

an extra kink, respectively
kII, KII mode II stress intensity factor for the crack with and without

an extra kink, respectively
KI min, KI max minimum and maximum mode I stress intensity factor
KII min, KII max minimum and maximum mode II stress intensity factor
l0 maximum distance between the center of the asperity and

the center of the cylindrical contact for which the loading
on the asperity is non zero

lf distance between the center of the asperity and the center
of the cylindrical contact for which the asperity loading is
maximum in the concentrated loading model

N number of cycles
p0l maximum Hertzian pressure for cylindrical contact
p0p maximum Hertzian pressure for asperity loading
p0pf

maximum Hertzian pressure for asperity loading when xd =
± lf

Pl, Ql normal and tangential line load (cylindrical contact)
Pp, Qp normal and tangential point load (asperity)
r radius of axisymmetric asperity
R radius of curvature
Rij functions for determination of kI and kII (Melin)
s strain energy density factor
smin minimum strain energy density factor
x, z cartesian coordinates
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xc position of the crack initiation point
xd position of the center of the cylindrical contact
xd0 position of the center of the cylindrical contact at the be-

ginning of the load cycle
xdf

position of the center of the cylindrical contact at the end
of the load cycle

α crack deflection angle
β crack angle
β0 initial crack angle
δ compression below cylindrical contact
ΔKI, ΔKII mode I and II stress intensity factor ranges
ΔKcl crack closure limit
ΔKeq equivalent stress intensity factor range
ΔKth threshold value for fatigue growth
ϕ kink angle
ϕ0 kink angle corresponding to Gmax

ν Poisson’s ratio
μ coefficient of friction for the cylindrical contact
μasp coefficient of friction on the asperity
σ1, σ2 principal stresses
σN, σT stress normal and tangential to the crack boundaries
σR biaxial residual surface stress
σY yield stress
σx, σz, τxz cartesian stresses
θ angular coordinate at crack tip (Sih)
θ0 angular coordinate at crack tip corresponding to smin

X mean value of the quantity X
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1 Introduction

Practically every device or system developed by man has surfaces that interact.
The interaction of surfaces with a relative motion is thus extremely common in any
type of machine or industrial system and this inevitably causes material wastage
and energy dissipation. These phenomemae are due to friction and the higher the
friction between the surfaces, the more important the effects of these phenomenae
will be. A lubrication film can be introduced between the surfaces in order to reduce
friction and its consequences. But finally everything that man makes will eventually
wear out as a result of relative motion between surfaces. Analyses of machine break-
downs show clearly that the moving components or parts are in most cases to blame
for the failure or stoppage. Examples of these moving parts are for instance gears,
bearings, cams, etc. The study of friction, wear and lubrication is called tribology.
So this field of science is taking a very important place in our daily life, standard of
living and economy, more than generally believed. Indeed wear costs the industry
many billions of dollars a year [1]. The cost of friction and wear is thus tremendous,
hence the need for research in the field of tribology and the damage caused by wear.

Wear and friction are often considered as harmful for mechanic devices, but one
should know that in many industrial applications one actually aims at maximizing
friction and/or wear. This is the case for instance with frictional heating (cf. wear
resistant materials used in for instance brakes), friction surfacing (cf. erasers) or
deposition of a solid lubricant by sliding contact (cf. sacrificial materials used in for
instance pencils). One can distinguish different types of wear. Wear can indeed be
adhesive, abrasive, erosive, corrosive, oxidative, diffusive, due to cavitation, melting,
impact, fretting or fatigue [1]. The total wear of a surface is in general the result of
a combination of different types of wear.

In order to reduce friction and wear layers of gas, liquid or solid are interposed
between the interacting surfaces. These lubrication layers or films will improve the
relative movement and smoothness of the surfaces and prevent in such a way dam-
age or at least reduce it. These lubrication films are very thin. They are in general
in a range of 0.1-100μm [2]. Different lubrication regimes can be distinguished:

(a) (b)

Figure 1: Illustrations of fatigue spalls on a bearing inner race (a) and near the pitch
line of gear tooth surfaces (b) [3, 4].
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Hydrodynamic lubrication, elastohydrodynamic lubrication, partial lubrication and
boundary lubrication. The type of regime depends among other things on the sur-
face roughness and the contact pressure between the interacting surfaces. A more
extensive presentation of these regimes and lubrication in general can be found in
[2].

1.1 Rolling contact fatigue

Machine element as for instance rolling bearings, gears, cams, etc. contain surfaces
that interact with a rolling motion. Another example is the wheel-rail contact with
trains. The repeated interaction can lead to contact fatigue or surface fatigue. One
speaks then of rolling contact fatigue, which is based on repeated high contact
stresses with relatively little sliding. This type of damage often results in a non-
functionality of the machine element. Moreover an increase of vibrations and noise
can be observed and complete fracture or destruction can be the final consequence.

Characteristic damage observed on machine elements subjected to rolling contact
fatigue are fatigue cracks and small craters or spalls, as illustrated in Fig. 1 (a), (b)
and (c). Depending on the size of the contact fatigue damage one can distinguish
between micro and macro-scale spalling fatigue. Surface distress is the name widely
used to designate micro-scale contact fatigue. The fatigue damage has then a size
comparable to the dimensions of asperities on the contacting surfaces. Macro-scale
contact fatigue is commonly designated as spalling. The fatigue cracks leading to a
spall can be initiated at the surface or below the surface. The geometric dimensions
of spalls have been documented in the literature [4]. The sub-surface initiated spall
has a quite irregular shape, whereas surface initiated fatigue cracks present some
typical features such as the entry angle. According to [4] this angle is smaller
than 30�. Smaller ranges have been reported by [5], where the entry angle for
surface initiated cracks was reported to be in the range of 20 - 24� and [6], where
experimentally measured entry angles were in the range of 25 - 30�. The entry angle
of sub-surface initiated spalls has been reported to be steeper. According to [4] it is
larger than 45� to the contact surface.

Another important feature of the observed fatigue cracks is the crack propagation

(a) (b) (c)

Figure 2: Sectioned micrographs of spalling on gear tooth surfaces near the pitch
line [3]: illustration of the crack shape of surface initiated fatigue cracks.
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Figure 3: A characteristic v- or sea shell shaped spall initiated just below the pitch
line of a gear tooth surface. The contact rolling direction is directed upwards in the
figure [6].

direction. Indeed as clearly shown in Fig. 2 the crack propagates in the rolling
direction. Fig. 2 (a) shows the fatigue crack with the potential spall particle still in
place. In Fig. 2 (b) small spall particles have detached and in Fig. 2 (c) all spall
particles have been detached and the cross-section of the remaining spall is shown.
One can observe a characteristic shape of a spall: The fatigue crack propagates with
a shallow entry angle until the crack reaches a depth corresponding approximately to
the maximum Hertzian shear stress [4], then the crack follows a path approximately
parallel to the contact surface and finally kinks towards the surface in order to form
the spall. The exit angle is much steeper than the entry angle of the spall. More
illustrations of spalling damage can be found in [4]. The surface initiated spall often
displays a v- or sea shell shape as shown in Fig. 3.

1.2 Suggested failure mechanisms

Different types of failure processes have been suggested in order to explain surface
distress or spalling. A first explanation was suggested already in 1935 by Way [7],
who proposed a mechanism of hydraulic crack propagation. The lubricant used
between the interacting surfaces will then penetrate in surface cracks and be pres-
surized when the crack is closed due to contact forces during the roll cycle. The
trapped and compressed lubricant will cause the crack to further propagate. In [7]
Way enhanced the importance of the lubricant, the surface roughness and the mate-
rial properties in the mechanism of surface initiated spalling. However the hydraulic
crack propagation mechanism breaks down, when one wants to study sub-surface
initiated spalling.

Other mechanisms focus on the high repetitive contact stresses due to interacting
asperities [4, 6]. During the running-in large plastic deformations of the asperities
can be observed, leading to bulk material changes. The remaining inevitable as-
perities on the interacting surfaces act as stress raisers during the roll cycle. These
high local stresses can give crack initiation around material imperfections such as
inclusions (for sub-surface initiated spalling) or surface defects (for surface distress
or surface initiated spalling). Note that micro-cracks or spalls from surface distress
can trigger macro-scale spalling. Indeed micro-cracks can further propagate and
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lead to macroscopic cracking. The contact fatigue cracks will propagate until final
failure and detachment of a spall particle.

In short the spalling mechanism will among other things depend on material and sur-
face imperfections for the initiation, and lubrication films and operating conditions,
such as high contact pressure, for the propagation.

Figure 4: Illustration of the nomenclature of gears.
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2 Problem formulation

2.1 Objectives

The following Master Thesis was realized at the Department of Solid Mechanics of
the Royal Institute of Technology (KTH) at Stockholm, Sweden. The focus of the
work is crack propagation of surface initiated rolling contact fatigue. Numerical
models will be used to simulate the crack growth observed with rolling contact
fatigue cracks. Rolling contact fatigue will be modeled using the asperity point
load mechanism. The results of these numerical computations will be compared to
Talysurf measurements of the cross-section along the symmetry plane of a spall in
Fig. 3 realized in [6]. The input data used for the numerical models is mainly coming
from [10] where spalling on gear flanks is studied, so gear contact will be used for
the case study in this work. The purpose of the Master Thesis work is to show
that it is possible to model rolling contact fatigue crack propagation with the same
physical laws as all other fatigue cracks. Moreover some different crack propagation
criteria will be examined. Finally the influence of some parameters of the model on
the spalling crack shape will be investigated. This Master Thesis project is part of
ongoing research at the Department of Solid Mechanics at KTH and a preparation
to a Ph.D project on rolling contact fatigue.

(a) Beginning of load cycle: contact be-
tween tip of follower and pinion’s root

(b) End of load cycle: contact between tip
of pinion and follower’s root

Figure 5: Illustration of the displacement of the contact point (red spot) between
the pinion and the follower during a load cycle.

2.2 Model

2.2.1 About gears

The study is applied to the practical case of a gear. Fig. 4 illustrates the nomen-
clature of gears. Two gear wheels are in contact through the flanks and faces of
their teeth. Gear contact includes a driving wheel, also called the pinion, and a
driven wheel, also called the follower. As shown in Fig. 5 (a) the initial contact
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Table 2: Mechanical properties for case hardened gear steel (SS 142506).

E ν σY σR ΔKth C b

GPa 1 MPa MPa MPa
√

m nm/cycle 1

206 0.3 813 0 0 5.9 × 10−3 3.5

between these two wheels will take place when the flank of the driving tooth comes
in contact with the tip of the driven tooth. Due to a difference in velocity, slip will
occur between the contacting surfaces. Initially one has negative slip on the pinion
until the pitch line where pure rolling will occur. After the pitch line positive slip
will occur on the pinion. The final contact between the pinion and the driven tooth
takes place when the tip of the driving tooth is in contact with the face of the driven
tooth, as shown in Fig. 5 (b). The radius of curvature of the involute profile of the
tooth at the pitch line will be designated as R. It will be assumed that the radius of
curvature of the involute profile of the gear teeth will remain approximately equal to
R. More information about the functioning or nomenclature of gears can be found
in [8].

2.2.2 Material data

One will suppose that both the driving and driven teeth of the gear train have
the same material properties. The material properties of the case usually differ from
those of the core of gear teeth. Indeed gear teeth are commonly case hardened leading
to different material properties and a compressive biaxial residual surface stress (due
to for instance heat treatment). For this reason material data for hardened gear
steel has been used in the current model. The material follows Swedish Standard
SS 142506 and corresponds to the material data for case hardened gear steel used
in [9]. Non-graded material data has been used, as the material data is supposed
to remain constant near the tooth’s surface. This is valid when the rolling contact
fatigue cracks do not propagate too deep. According to [10] the material properties
remain approximately constant until a depth of 0.6 mm. For the reference study
the residual stress at the surface has been set to zero, because according to [6] the
average residual principal stress is close to zero after the running-in of the gear. The
influence of this residual stress will nevertheless be investigated briefly during the
sensitivity study of the project. The numerical values of the mechanical properties
can be found in Tab. 2.

2.2.3 Geometric data

Axisymmetric asperity

An small axisymmetric asperity has been introduced on the symmetry line of the
pinion’s flank, just below the pitch line. The asperity has a cosine shaped cross-
section as described in [10] and a radius r equal to 50μm. During the running-in

6



Table 3: Summary of numerical values for the geometric model.

r h R xc a0 β0

μm μm mm μm μm rad

50 1.5 13.6 43 4 π
2

this asperity will be flattened (with large plastic deformations), but when it still
exists after the running-in, it will act as a stress raiser in accordance with the
asperity point load mechanism for rolling contact fatigue as described by Dahlberg
and Alfredsson [6, 10]. The position of the asperity has been chosen in accordance
with the experimental observation that rolling contact fatigue tends to be more
pronounced on the flank of gear teeth (in dedendum) [4]. Initially the asperity’s
height h is 2μm, but it will be reduced to 1.5μm due to the flattening during the
running-in [10].

Initial crack

Dahlberg and Alfredsson [6, 10] have made surface measurements of gear teeth
flanks and faces. These measurements allow to describe an initial crack, which will
be assumed to have a length a0 and to be inclined with an angle of β0 to the contact
surface. Moreover this initial crack will be assumed to be straight. According to
the study performed in [10] rolling contact fatigue cracks are most likely to initiate
at a distance xc behind the center of the asperity. This distance corresponds to the
position of maximum tensile surface stresses for the given geometry of the asperity.
Tab. 3 summarizes the geometric data used in the model. Note that the influence on
the rolling contact fatigue cracks of some parameters of the geometric model such
as the initial crack length or the position of the initial crack will be studied during
the sensitivity study.

2.2.4 Loading data

Cylindrical loading

The teeth surfaces in contact will be modeled as a cylindrical contact of two parallel
cylinders with radius R. The studied contact is characterized by very high contact
pressures. The normal contact pressure will be modeled with a Hertzian pressure
distribution, where p0l is the maximum Hertzian pressure. The contact between
gears is lubricated, so a lubrication film will separate the contacting surfaces. Ac-
cording to the elastohydrodynamic (EHD) lubrication theory [2] the thickness of
the lubrication film will normally exceed 0.1μm. This EDH lubrication film will
assure the load transfer of the normal pressure, but not the tangential loading, so
the coefficient of friction for the cylindrical contact μ can be assumed to be very
small or even zero.
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By using Hertz theory one gets an equivalent geometry, where a cylinder rolls on a
half-plane in stead of two cylinders rolling on each other. The radius of the cylinder
is equal to the relative curvature between the gear teeth at the pitch line, i.e. R/2.
The half-plane represents the driving gear and the cylinder corresponds to the driven
gear. The cylindrical loading can be seen as a Hertzian pressure distribution with a
contact half-width al or as a line load (Flamant problem). The reference study will
assume a frictionless cylindrical contact.

The contact between the gear teeth is obviously three-dimensional. But given the
axisymmetric asperity on the symmetry line of the pinion’s tooth flank, one can
simplify the problem and study a two-dimensional model. Spur gears have teeth
parallel to the axis of rotation, whereas helical gears have inclined teeth. The two-
dimensional model is thus valid for spur gears with an axisymmetric asperity. The
case of helical gears could be studied with a two-dimensional model if one neglects
the influence of the inclination of gear teeth on the load transfer. This could be
possible for small inclinations.

(a) View from above of the axisymmetric as-
perity and the initial crack. Illustration of
the symmetry axis and the position of the
asperity with respect to the pitch line.

(b) Side view (in the symmetry plane) of the equiv-
alent geometry with the corresponding pressure dis-
tributions. Illustration of the geometrical data and
the coordinate system.

Figure 6: Illustration of the geometric data and the Hertzian pressure distributions
corresponding to the cylindrical and asperity contact. The sketches are not on scale.

Asperity loading

The asperity will be situated on the half-plane of the model using the equivalent
geometry from Hertz theory. Given the small size of the asperity in comparison
with the face width and the teeth’s height, the load transfer between the asperity
and the driven wheel will be considered as a punctual loading. Due to the presence
of the asperity on the driving gear, the lubrication regime will change from EHD
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Table 4: Summary of numerical values for the loading model.

p0l al μ p0p ap μasp p0pf
lf

GPa μm 1 GPa μm 1 GPa μm

2.32 280 0 6.177 38 0.3 2.3 250

to partial or boundary lubrication. This means that because of insufficient lubri-
cation film thickness tangential loading will be transmitted between the contacting
surfaces. Indeed the asperity will penetrate the lubrication film and create friction.
The coefficient of friction μasp will be assumed to be equal to 0.3 in the reference con-
figuration. The asperity loading can thus be modeled as a normal Hertzian pressure
distribution with a contact radius ap or a normal point load (Boussinesq problem).
The maximum Hertzian pressure will depend on the position of the cylindrical load-
ing as it will be explained in paragraph 2.3.1. The maximum Hertzian pressure will
be designated as p0p when the cylindrical loading is exactly above the asperity (the
centers of both loadings then coincide). When the distance between the centers of
both loadings is equal to lf , then the maximum Hertzian pressure will be referred
to as p0pf

. The contact is not frictionless, so tangential loading will have to be
included in the model as a tangential Hertzian pressure distribution or a tangential
point force (Cerruti problem). The tangential loading will be directed opposite to
the rolling direction, because of the negative slip observed below the pitch line of
the driving tooth.

Cyclic loading

Tab. 4 presents the numerical values of the parameters used to model the cylindrical
and asperity loading. The data has been extracted from [10]. Note that a 13%
increase of the asperity contact radius ap gives approximately the position of the
crack initiation site xc. This is in accordance with the findings in [11].

The gears are rotating, so the asperity on the flank of a pinion’s tooth will interact
repeatedly with the driven gear. During one rotation of the driving gear wheel the
asperity will interact only once and for only a short time with the driven gear wheel,
so the asperity is subjected to cyclic loading. So the model will include cyclic loading
where the asperity loading will depend on the position of the cylindrical contact.
This cyclic loading of the asperity will be at the origin of the rolling contact fatigue
crack propagation. The asperity will be unloaded during the major part of the load
cycle and the fatigue cracks will then not propagate. So only the over-rolling of
the asperity by the driven cylinder will have to be modeled. The rolling direction
from the driven cylinder is from the asperity center towards the crack initiation site.
The two-dimensional coordinate system used in the model will have its origin at the
asperity’s center. The x-axis will be parallel to the contact surface and directed in
the rolling direction, whereas the z-axis will be perpendicular to the contact surface
and directed downwards into the half-plane. Fig. 6 illustrates some of the parameters
used to describe the studied contact problem. δ is the compression of the cylinder
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due to elastic deformation. The determination of the compression δ is explained in
paragraph 2.3.1.

2.3 Theoretical considerations

2.3.1 Two-dimensional stress fields

As explained previously in paragraph 2.2.4 different two-dimensional loading config-
urations will be used in order to model the contact problem. The stress field in the
half-plane will be determined thanks to analytical solutions to the studied contact
problem. The analytical solutions are found in the literature such as for instance
Johnson’s “Contact Mechanics” [12]. The total stress field is obtained by superpo-
sition of the different solutions. The two-dimensional stress field solutions will be
presented in a cartesian coordinate system whose origin coincides with the center of
the asperity. Fig. 7 represents the different types of loading that will be investigated.
Note that for loading type 3 both the concentrated loading model (line and point
loadings) and the model using Hertzian pressure distributions will be used.

Figure 7: Illustration of the 4 different loading types represented as combinations of
concentrated line and point forces.

Cylindrical loading

The center of the cylindrical loading is not the same as the center of the cartesian
coordinate system, so a translation of the coordinate system is required in order to
enable summation of the stress components according to the principle of superposi-
tion. Hence the x-coordinate of the center of the cylindrical loading in the cartesian
coordinate system xd has been introduced into the analytical stress formulations.

The relation between the concentrated normal line force Pl and the input parameters
p0l and al is given in Eq. (1). The concentrated tangential line force Ql can be
expressed as a function of Pl and the coefficient of friction μ, as gross sliding is
supposed. This relation is given in Eq. (2), where the minus sign is due to the
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negative slip on the driving tooth’s surface.

Pl =
π p0l al

2
(1)

Ql = −μ Pl (2)

A normal line load situated at x = xd will generate the following two-dimensional
stress field in the half-plane (Flamant problem):

σx = −2Pl

π

(x − xd)2z
((x − xd)2 + z2)2

(3)

σz = −2Pl

π

z3

((x − xd)2 + z2)2
(4)

τxz = −2Pl

π

(x − xd)z2

((x − xd)2 + z2)2
(5)

A tangential line load situated at x = xd will generate the following two-dimensional
stress field in the half-plane:

σx = −2Ql

π

(x − xd)3

((x − xd)2 + z2)2
(6)

σz = −2Ql

π

(x − xd)z2

((x − xd)2 + z2)2
(7)

τxz = −2Ql

π

(x − xd)2z
((x − xd)2 + z2)2

(8)

McEwen (1949) [12] expressed the stress field in the half-plane due to two-dimensional
cylindrical contact (normal Hertzian pressure distribution) in terms of m and n de-
fined by

m2 =
1
2

[√
f2 + 4(x − xd)2z2 + f

]
(9)

and

n2 =
1
2

[√
f2 + 4(x − xd)2z2 − f

]
(10)

where the coefficient f is defined by

f = a2
l − (x − xd)2 + z2 (11)

The signs of m and n are the same as the signs of z and x respectively. One can
then express the stresses as following:

σx = −p0l

al

[
m

(
1 +

z2 + n2

m2 + n2

)
− 2z

]
(12)

σz = −p0l

al
m

(
1 − z2 + n2

m2 + n2

)
(13)

τxz = −p0l

al
n

(
m2 − z2

m2 + n2

)
(14)
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Asperity loading

During the load cycle of the asperity the value of the normal point force Pp will
evolve. Indeed in the beginning of the load cycle the asperity will be unloaded so
Pp is equal to zero. When the asperity starts to be loaded the normal point force
will increase and reach a maximum when the center of the cylindrical loading is
exactly above the asperity’s center, i.e. for xd = 0. Next the asperity is progressively
unloaded, so the value of Pp will decrease until reaching zero again when the asperity
is completely unloaded. One can thus say that the value of the normal point force
Pp is a function of xd. The relation between the normal point force Pp when the
cylindrical and asperity are superimposed and the input parameters p0p and ap is
given by

Pp(xd = 0) =
2π p0p a2

p

3
(15)

The contact pressures for the studied contact problem are such that elastic deforma-
tion will take place. The cylindrical contact will lead to compression of the cylinder
as illustrated in Fig. 6. An expression of the compression is given by Eq. (16)
adapted from [12] to the studied problem.

δ = Pl
(1 − ν2)

πE

[
2 ln

(
2R
al

)
− 1

]
(16)

The distance between the centers of the cylindrical and asperity loading when the
loading of the asperity starts or ends will be designated as l0. So when the absolute
value of xd is larger than l0, then the asperity will be unloaded:

Pp(|xd| ≥ l0) = 0 (17)

It is possible to determine an approximate value of l0 as illustrated in Fig. 8. The
geometric relation expressing l0 is given by

l0 =

√(
R

2

)2

−
(

R

2
− h − δ)

)2

(18)

It will be assumed that the normal point force acting on the asperity’s center can
be expressed as

Pp(xd) =
2π p0p a2

p

3
g(xd) (19)

where g is a function of xd. Explicit expressions for g will be given in Eq. (79) and
(80) in paragraph 2.4.

The tangential point force is proportional to the normal point force, so Qp will also
be a function of xd. The relation linking the tangential point force to the normal
point force is given in Eq. (20), where the minus sign is again due to the negative
slip on the driving tooth’s surface.

Qp(xd) = −μasp Pp(xd) (20)
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Figure 8: Illustration to the determination of l0 (length of the line segment AB) by
applying the Pythagoras’ theorem in the triangle ABC. The sketch is not on scale.

According to [12] (Boussinesqs problem) the two-dimensional stress field for a normal
point force Pp is given by the following equations:

σx =
Pp

2π

[
(1 − 2ν)

x2

(
1 − z

ρ

)
− 3

x2z

ρ5

]
(21)

σz = −3Pp z3

2πρ5
(22)

τxz = −3Pp xz2

2πρ5
(23)

According to [12] (Cerruti problem) the two-dimensional stress field for a tangential
point force Qp is given by the following equations:

σx =
Qp

2π

[
(1 − 2ν)

x

ρ3
− 3x3

ρ5
− 3x

ρ(ρ + z)2
+

x3

ρ3(ρ + z)2
+

2x3

ρ2(ρ + z)3

]
(24)

σz = − 3Qp xz2

2πρ5
(25)

τxz = − 3Qp x2z

2πρ5
(26)

Both stress fields are expressed in terms of ρ, which is defined as

ρ =
√

x2 + z2 (27)

Note that no translation of the coordinate system has to be performed, as the center
of the asperity loading is coinciding with the center of the coordinate system used
to express the stress field. Observe that the values of Pp and Qp are a function of
xd as shown previously in Eq. (19) and (20).

If instead of concentrated forces the asperity loading is modeled with pressure dis-
tributions, then the stress fields will change. Explicit stress functions for a sliding
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spherical contact are given in [13]. Adapting these stress functions to the studied
half-plane (at y = 0) lead to the stress fields formulated below. The stress functions
are expressed in terms of A, S, M , N , Φ, F and H defined as

A = z2 − a2
p (28)

S =
√

A2 + 4z2a2
p (29)

M =

√
S + A

2
(30)

N =

√
S − A

2
(31)

Φ = arctan
( ap

M

)
(32)

F = M2 − N2 + Mz − Nap (33)

H = 2MN + Map + Nz (34)

For the normal loading the stress functions are given by the following stress functions:

σx =
3Pp

2πa3
p

[
(1 + ν)zΦ − N − Mzap

S
− 1

x2

{
(1 − ν)Nz2−

(1 − 2ν)
3

(NS + 2AN + a3
p) − νMzap

}]
(35)

σz =
3Pp

2πa3
p

[
− N +

Mzap

S

]
(36)

τxz =
3Pp

2πa3
p

[
− z

{xN

S
− xzH

F 2 + H2

}]
(37)

Note that for x = 0 the above formulae are indeterminate, so the above stress
functions are only valid for x �= 0. When x = 0, the following stress functions will
be used:

σx =
3Pp

2πa3
p

[
(1 + ν)(z arctan

(ap

z

)
− ap) +

a3
p

2(a2
p + z2)

]
(38)

σz =
3Pp

2πa3
p

[
−a3

p

a2
p + z2

]
(39)

τxz = 0 (40)
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The tangential load will give the following stress functions

σx =
3Qp

2πa3
p

[
− x(1 +

ν

4
)Φ −

2za3
p

3x3
(1 − 2ν)+

Map

x3

{
− Sν − 2Aν + z2

2
+

x2 z2

S
+ (1 − ν

4
)x2

}
+

Nz

x3

{(1 − 2ν)(S + 2A)
12

+
z2 + 3a2

p − (7 + ν)x2

4
+

x2a2
p

S

}]
(41)

σz =
3Qp

2πa3
p

[
Nz

2x3

{
1 −

x2 + z2 + a2
p

S

}]
(42)

τxz =
3Qp

2πa3
p

[
3zΦ
2

+ Mzap

{ 2
x2

− 1
S

}
+

N

x2

{z2 − 3a2
p − x2 − 3(S + 2A)

4

}]
(43)

Again these stress functions are only valid for x �= 0. When x = 0, the following
stress functions will be used:

σx = 0 (44)
σz = 0 (45)

τxz =
3Qp

2πa3
p

[
−ap +

3
2
z arctan

(ap

z

)
− z2ap

2(z2 + a2
p)

]
(46)

The stress functions for different elementary loadings cases (concentrated force or
pressure distribution and normal or tangential loading) have been presented here
above. The studied loadings presented in Fig. 7 are combinations of the elementary
loadings. Note that all the elementary stress functions are given in the same coordi-
nate system. The total stress field in the half-plane will thus be obtained by simple
summation in accordance with the principle of superposition of the appropriate el-
ementary contributions.

Initially before the running-in the biaxial residual surface stress equals −150 MPa
according to [6], but will be set to zero after the running-in, as explained in paragraph
2.2.2. The constant term σR will have to be added to the total σx if one wants to
take a non-zero residual surface stress into account. Note that the constant biaxial
residual surface stress σR has no influence on the other stress components, i.e. σz

and τxz.

2.3.2 Stress intensity factors

According to ASTM rules [14] linear elastic fracture mechanics (LEFM) is applicable
when the following inequality is fulfilled:

l � 2.5
(

ΔK

2σY

)2

(47)
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Where l is the minimum characteristic length and ΔK an equivalent stress intensity
factor range. In the current study of short cracks the crack length a will be the
minimum characteristic length of the problem (l = a). Different definitions for the
equivalent stress intensity factor range are given in paragraph 2.3.4. According to
[15], LEFM is applicable for short cracks in a titanium (Ti-17) specimen. LEFM will
be assumed to be applicable for the studied short cracks, although they propagate
in a different material.

Figure 9: Illustration of the normal and tangential stress along the crack boundary
at a position c.

During the load cycle the crack will be loaded in both mode I and mode II, so
a plane mixed-mode crack propagation will be observed. Nevertheless the mode I
crack growth will be assumed to be dominant. The stress intensity factors KI and
KII for a given crack length a are given by

KI(a) =
2√
πa

∫ a

0

σN(c)√
1 −

(
c
a

)2

(
1.3 − 0.3

( c

a

)( 5
4)

)
dc (48)

KII(a) =
2√
πa

∫ a

0

σT(c)√
1 −

(
c
a

)2

(
1.3 − 0.3

( c

a

)( 5
4)

)
dc (49)

where σN and σT are respectively the normal and tangential stress to the crack
path, as illustrated in Fig. 9. The stress intensity factors for a point force normal
and tangential to the straight crack path are given in [16]. By integration of these
formulae along the crack one obtains the above expressions of the stress intensity
factors (Eq. (48) and (49)). In order to have valid expressions for the stress intensity
factors, the crack length a should be strictly positive, otherwise the stress intensity
factors will be set equal to zero.

As explained in [17] the superposition of stress fields makes it possible to express
the stress intensity factors as functions of the stress along the crack boundary. The
stress along the crack boundaries σN and σT at a given position c along the crack
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is given in terms of the total stresses in the cartesian coordinate system σx, σz and
τxz due to the different elementary loads as defined in paragraph 2.3.1 and the crack
angle β at the given position c, as illustrated in Fig. 9:

σN(c) = σx(c) sin2 β(c) + σz(c) cos2 β(c) − τxz(c) sin 2β(c) (50)
σT(c) = (σx(c) − σz(c)) cos β(c) sin β(c) − τxz(c) cos 2β(c) (51)

During the load cycle crack closure will be inevitable, so the stress intensity factors
will be altered according to Eq. (52) in order to take this phenomena into account.
When crack closure occurs the contact between the crack boundaries will prevent
mode II loading of the crack, thus KII will then be set to zero.

KI < Kcl ⇒
{

KI = Kcl

KII = 0
(52)

Where Kcl is the mode I stress intensity factor at crack closure. The numerical value
of Kcl has been set to zero.

2.3.3 Crack path criteria

During a load cycle the crack will propagate, but due to the plane mixed-mode
loading of the crack, the crack angle β will not remain constant during the crack
propagation. In order to determine the new crack angle β for the propagation or
the crack deflection angle α different criteria have been used. The crack deflection
angle α is defined as the difference between the new crack angle and the previous
crack angle.

Principal stress direction criterion

The principal stress direction criterion is supposing that the crack will propagate
perpendicularly to the principal stress direction of the uncracked material at the
crack tip. During the loading the stress at the crack tip and along the crack bound-
aries evolves, so the stress intensity factors evolve also during the loading cycle.
Because of the assumption that the mode I crack propagation is dominant, the load-
ing giving the maximum value for KI will be used to determine the new crack angle
β in terms of the stress at the crack tip according to the following equations:

β =

⎧⎨
⎩

arctan
(
U +

√
1 + U2

)
+ π

2 if τxz > 0,

arctan
(
U +

√
1 + U2

)
if τxz < 0.

(53)

Where U is defined in terms of the cartesian stresses at the crack tip:

U =
σz − σx

2τxz
(54)

The above equations are based on the formulae of the asymptotic crack angle in [11].
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When the cartesian shear stress τxz at the crack tip equals zero, then the cartesian
normal stresses are the principal stresses at the crack tip. In this case the crack will
propagate according to

β =

{
π
2 if σx > σz,

0 if σx < σz.
(55)

When τxz equals zero with equal cartesian normal stresses, then crack deflection
angle would be assumed to be equal to zero and the crack angle β would then re-
main constant if propagation occurred. This particular case has not been considered
and is prevented of happening because of the loading conditions and the numerical
resolution of the studied problem.

The principal direction criterion is a stress based local criterion, as only the stresses
at the crack tip determine the new crack propagation angle.

Criterion by Nuismer

The criterion by Nuismer can also be called the criterion of the energy release rate
[18]. This criterion is applicable for short kinked cracks. A condition for applying
the energy release rate criterion is that the mode I stress intensity factor remains
positive [19]. The energy release rate G is given in terms of the stress intensity
factors kI and kII at the tip of the kink by

G(ϕ) =
1 − ν2

E

(
kI(ϕ)2 + kII(ϕ)2

)
(56)

Where ϕ is the kink angle, i.e. the absolute value of the angle between the main
crack and the kink. According to this criterion the crack will propagate in the
direction corresponding to the maximum value of the energy release rate Gmax. The
stress intensity factors at the tip of the kink can be expressed in terms of the stress
intensity factors KI and KII at the crack tip of the straight crack in absence of the
infinitesimal kink. According to the work of Melin [20] kI and kII can be expressed
in terms of KI and KII by Eq. (57) and (58) specific to the studied crack propagation
problem.

kI(ϕ) = R11(ϕ)KI − R12(ϕ)KII (57)
kII(ϕ) = R21(ϕ)KI − R22(ϕ)KII (58)

Numerical values for the coefficients Rij for 0◦ ≤ ϕ ≤ 90◦ are available in Appendix
A. Note that the angle ϕ in Appendix A is expressed in degrees, so a conversion to
radians will have to be performed (hence the coefficient π

180 in Eq. (60)).

During the load cycle the different values for the mode I stress intensity factor and
the absolute value of the mode II stress intensity factor will be used to calculate
the stress intensity factors kI and kII at the kink tip for different kink angles (0◦ ≤
ϕ ≤ 90◦), enabling the determination of the corresponding energy release rate using
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Eq. (56). The maximum energy release rate Gmax during a load cycle will be observed
for a kink angle equal to ϕ0.

G(ϕ0) = Gmax = max
0◦≤ϕ≤90◦

[G(ϕ)] (59)

The crack deflection angle α is defined in terms of ϕ0 by

α =

{
π

180 ϕ0 if KII > 0,
− π

180 ϕ0 if KII < 0.
(60)

Note that the sign of the mode II stress intensity factor determines the deflection of
the crack. The particular case where the mode II stress intensity factor KII equals
zero, will give pure mode I fracture (no mixed-mode), thus the crack will not kink
(α = 0).

For the principal stress direction criterion and the following three crack path criteria,
data corresponding to KI = KI max is used in order to determine the direction in
which the crack will extend. The criterion by Nuismer is not based on the assumption
that the mode I stress intensity factor will be maximal. Indeed for the Nuismer
criterion the energy release rate for the newly developed kink has to be maximal.
The theory presented here was initially developed for straight cracks, but will here
be applied to the curved rolling contact fatigue cracks.

Maximum tangential stress (MTS) criterion

This criterion gives an expression of the crack deflection angle α. It is based on the
work of Erdogan and Sih [18]. According to this criterion the crack will grow with
a deflection angle perpendicular to the maximum tangential stress at the crack tip.
During the load cycle the maximum mode I stress intensity factor KI max and the
corresponding mode II stress intensity factor KII will be used to determine the crack
deflection angle. The MTS criterion expresses the crack deflection angle in terms of
the stress intensity factors as shown in Eq. (61).

α =

⎧⎪⎪⎨
⎪⎪⎩

arccos
(

3K2
II+KI

√
K2

I +8K2
II

K2
I +9K2

II

)
if KII > 0,

− arccos
(

3K2
II+KI

√
K2

I +8K2
II

K2
I +9K2

II

)
if KII < 0.

(61)

Where KI will be equal to KI max and KII to the mode II stress intensity factor
corresponding to KI = KI max. Note that the sign of KII will not affect the absolute
value, but only the sign of the crack deflection angle. The sign of KI max will on the
other hand affect the value of the crack deflection angle. Observe that for KII = 0,
the pure mode I crack loading will prevent deflection of the crack, so α will then be
zero. A positive KI max value will be assumed, in order to have valid expressions for
α.
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Criterion by Sih

The criterion by Sih is also called the criterion of strain energy density and is based
on the elastic energy density. According to this criterion the crack will extend in
the direction corresponding to the smallest strain energy density factor smin. The
theory behind this criterion applied to mixed mode crack problems can be found in
[21]. The strain energy density factor s is defined in terms of the stress intensity
factors as

s(θ) = a11(θ)K2
I + 2a12(θ)KIKII + a22(θ)K2

II (62)

Where the coefficients aij(θ) are functions standing for

a11(θ) =
1

16μ
[(1 + cos θ)(κ − cos θ)] (63)

a12(θ) =
1

16μ
sin θ [2 cos θ − (κ − 1)] (64)

a22(θ) =
1

16μ
[(κ + 1)(1 − cos θ) + (1 + cos θ)(3 cos θ − 1)] (65)

With κ and μ defined in terms of Poisson’s ratio ν and Young’s modulus E :

κ = 3 − 4ν (for plane strain) (66)

μ =
E

2(1 + ν)
(67)

Note that the definition of κ assumes plane strain. Do not confound μ in Eq. (63),
(64), (65) and (67) with the coefficient of friction for the cylindrical contact. More-
over in Eq. (62) the stress intensity factor KI will take the value KI max as mode
I crack growth is assumed to be dominant and KII will take the absolute value of
the mode II stress intensity factor corresponding to KI = KI max. Again a positive
mode I stress intensity factor is assumed, so KI max will have to be positive in order
to make Eq. (62) valid.

The absolute value of the crack deflection angle is assumed to be smaller than π
2 .

The crack deflection angle α is for this criterion defined as

α =

{
−θ0 if KII > 0,
θ0 if KII < 0.

(68)

Where θ0 is the angle minimizing the strain energy density factor s as follows:

s(θ0) = smin = min
−π

2
≤θ≤0

[s(θ)] (69)

When pure mode I loading occurs (KII = 0), the crack angle β will remain constant.
The crack will not deflect, so α will then be equal to zero. Note that for the
criterion by Sih the crack deflection angle depends explicitly on the Poisson’s ratio
of the material.
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Criterion by Richard

The criterion by Richard gives the crack deflection angle α in terms of the stress
intensity factors as shown in Eq. (70). The criterion has been verified by a large
number of experiments [18]. The coefficients 155.5 and 83.4 were determined exper-
imentally.

α =

⎧⎪⎪⎨
⎪⎪⎩

π
180

[
155.5

( |KII|
|KI|+|KII|

)
− 83.4

( |KII|
|KI|+|KII|

)2
]

if KII > 0,

− π
180

[
155.5

( |KII|
|KI|+|KII|

)
− 83.4

( |KII|
|KI|+|KII|

)2
]

if KII < 0.
(70)

The coefficient π
180 is used to convert degrees into radians. Note that again the sign

of KII determines the sign of the crack deflection angle. As previously explained the
crack deflection angle will be determined by setting KI and KII to KI max and the
mode II stress intensity factor corresponding to KI = KI max respectively. Eq. (70)
is only valid for KI > 0, so the formulae can only be used for KI max > 0. Thus for
a negative maximum mode I stress intensity factor during a load cycle they become
invalid. For pure mode I loading (KII = 0), the crack deflection angle α will be zero.

2.3.4 Crack growth rate

During the load cycle the values of the stress intensity factors as defined in paragraph
2.3.2 of the rolling contact fatigue crack evolve. One can then define minimum and
maximum values of the stress intensity factors during a load cycle and define the
stress intensity factor ranges as [17]:

ΔKI = KI max − KI min (71)
ΔKII = KII max − KII min (72)

For mixed mode loading an equivalent stress intensity factor range is needed in order
to determine the fatigue crack growth rate with Paris law. Different models for the
equivalent stress intensity factor range for a I/II mixed mode fatigue crack problem
can be defined:

The crack tip displacement model by Tanaka [22] gives :

ΔKeq =
[
ΔK4

I + 8ΔK4
II

] 1
4 (73)

The formulation of an equivalent stress intensity factor range based on the strain
energy release rate gives [23] :

ΔKeq =
[
ΔK2

I + ΔK2
II

] 1
2 (74)

The formulation of an equivalent stress intensity factor range including the cross
product term gives [23] :

ΔKeq =
[
ΔK2

I + ΔKIΔKII + ΔK2
II

] 1
2 (75)
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The formulation of an equivalent stress intensity factor range by Richard [18] uses
a parameter α1:

ΔKeq =
ΔKI

2
+

1
2

[
ΔK2

I + 4 (α1ΔKII)
2
] 1

2 (76)

Generally α1 is set to 1.155 [18].

The crack growth rate is given with a Paris-type law:

da

dN
= C

(
ΔKeq

ΔK0

)b

(77)

Where the material parameters C and b are given in Tab. 2. ΔK0 is used to avoid
that the dimension of C depends on the value of b. Here ΔK0 was set to 1MPa

√
m.

The crack growth rate will depend on the chosen formulation of the equivalent
stress intensity factor range ΔKeq. The integration of Eq. (77) makes it possible to
determine the number of cycles N needed for the crack to propagate until a given
crack length a. The function N(a) is given by

N(a) =
1
C

∫ a

a0

(
ΔK0

ΔKeq

)b

da (for a ≥ a0) (78)

Note that the definition N(a) depends on the chosen formulation of the equivalent
stress intensity factor range (Eq. (73)-(76)).

2.4 Method

The numerical resolution of the studied fatigue crack propagation problem has been
performed using MATLAB 7.3.0. Two different programs have been written, as
two different models have been tested: a concentrated loading model using line
loads and point loads, and a model using pressure distributions. Both programs are
very similar as only the stress functions and the load cycle will differ as shown in
paragraph 2.3.1. The general structure of both programs is nevertheless identical
and exists out of the following three parts:

� a pre-processor

� a solver

� a post-processor

The pre-processor is an m-file where all the input data necessary to the solver is
defined. It contains material properties (Tab. 2), geometric parameters (Tab. 3),
loading data (Tab. 4) and data necessary for the solving method as for instance the
final crack length af , the selected crack path criterion, etc.

Different loading types are investigated as illustrated in Fig. 7. Loading of type
1 corresponds to a loading with a point force at the asperity only. For loading of
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type 2 a tangential point load is added to the model. A normal line load (cylindrical
contact) is added in the model corresponding to loading of type 3 and finally loading
of type 4 takes also tangential cylindrical loading into account. The definition of the
studied loading type occurs also in the pre-processor.

The solver is based on a double discretisation. Indeed in order to model the crack
propagation a crack increment dc has been defined. The numerical value of the crack
increment has been taken in the range of 0.01−1μm. The smaller the increment the
more accurate the routine, as an average crack growth rate for rolling contact fatigue
crack propagation in rail steel has been estimated to approximately 10 nm per cycle
[24]. The smaller dc, the more time consuming the simulation is, that is why larger
crack increments have been used in the computation of the problem. The second
discretisation has been applied to the load cycle. Indeed during a load cycle xd

evolves from xd0 to xdf , where xd0 and xdf are respectively equal to approximately
−1.223mm and 0.473mm. xd0 is negative because the cylindrical loading starts
in front of the asperity and xdf is positive because the load cycle will end for a
cylindrical loading situated after the asperity. The increment of the position of
the cylindrical loading has been designated as dxd and takes values in the range
of 10 − 100μm. The numerical values of dc, xd0, xdf and dxd are defined in the
pre-processor.

The solver part consists of the routine that will generate output data such as the
crack path, the stresses at the crack boundaries, the stress intensity factors, the
stress intensity factor ranges and fatigue life for different equivalent stress intensity
factor ranges, etc. The solver part consists of a main executable file calling several
functions. At the start of this main file, all the output parameters are initialized.
Next the crack propagation is simulated with a while-loop, during which the stresses
at the crack boundaries, the stress intensity factors and stress intensity factor ranges
are calculated and the crack path is updated using the selected crack path criterion.
The stop criteria are based on the final crack length af and the threshold value for
fatigue growth ΔKth. The final crack length af has been set to values smaller than
2mm. Most of the output parameters are presented in the form of matrices, where
the columns correspond to a given crack length and the rows to a given position
of the cylindrical loading. Finally the fatigue life is determined and all the output
parameters are saved in a mat-file.

As mentioned previously two different programs have been written. Both programs
differ among others by the load cycle. Indeed the asperity loading depends on the
position of the cylindrical loading through a function g introduced in Eq. (19). Both
programs will use different g functions. Indeed the program using concentrated load-
ings (line and point forces) and the program calculating with pressure distributions
will use respectively functions g1 and g2.

For the concentrated loading program a linear function g1 will be used, which is
defined by

g1(xd) =

{
p0pf

p0p

(
xd−l0
lf−l0

)
if lf ≤ |xd| < l0,

0 if |xd| ≥ l0.
(79)
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Note that g1 is not defined for |xd| < lf ! Indeed when the distance between the
center of the asperity and the cylindrical contact is smaller than lf , then the loading
of the crack will not induce crack growth because of the large compressive stresses.
Only at the entry and the exit of the asperity the cylindrical loading will generate
a loading of the crack that will make it propagate. Note that the numerical value
of l0 is approximately equal to 423μm, which is larger than lf (Tab. 4) for the
given loading. g1 has to fulfill g1(|xd| ≥ l0) = 0 because of the relation in Eq. (17).
Next the maximum Hertzian pressure for the asperity equals p0pf when the distance
between the center of the asperity and the cylindrical loading equals lf , as explained
previously in paragraph 2.2.4. So one has to have g1(|xd| = lf ) = p0pf/p0p0 in order
to get a correct expression of the point load in Eq. (19). Eq. (79) is the result of
linear interpolation with respect to the conditions g1 has to fulfill.

For the program calculating with pressure distributions a quadratic function g2 will
be used, which is defined by

g2(xd) =

⎧⎨
⎩1 −

(
xd
l0

)2
if |xd| < l0,

0 if |xd| ≥ l0.
(80)

g2 is the result of a quadratic interpolation by considering the definition of l0 and
Eq. (15). Note that both Eq. (79) and (80) are arbitrary profiles that model the
influence of the position of the cylindrical contact on the asperity loading.

The post-processor enables the visualisation of the output data from the solver. It
loads indeed the mat-file that was created as output file in the solver and displays
the output parameters in 2D or 3D graphs.
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3 Results

3.1 Comparison between the different loading types

Four different loading types as described previously in Fig. 7 or paragraph 2.4 are
investigated. The comparison of the different loading types is performed using con-
centrated loading, i.e. with line and point loads. The numerical results are obtained
with a crack increment dc equal to 1μm and a increment of the position of the cylin-
drical loading dxd set to 10μm. The stop criterion of the implemented routine is the
final crack length af set to 2mm. The crack propagation criteria used to determine
the numerical crack paths is the principal stress direction criterion.

3.1.1 Geometrical results

The fatigue crack paths according to the principal stress direction criterion for the
different concentrated loading types are presented in Fig. 10 (a) and (b). The nu-
merical results are superimposed to an experimental spall profile, which is obtained
through the Talysurf measurements of the cross-section along the symmetry plane of
the spall presented in Fig. 3 [6]. By subtracting the curvature of the contact surface
one gets the flat spall profile presented in Fig. 10 (a) and (b). The superimposition
of the numerical and experimental profiles is performed in such a way that the spall
initiation points coincide. Moreover the experimental spall profile is shifted down-
wards in order to take mild wear into account. This is clearly shown in Fig. 10 (b).
Mild wear of the surface around the pitch line of spur gear has been quantified as
approximately 5μm [25].

The crack angle β corresponding to the numerical crack paths presented in Fig. 10 (a)
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(a) Complete crack profiles with final com-
puted crack lengths equal to 2mm

0.02 0.04 0.06 0.08 0.1 0.12

0
0.005

0.05

0.1

x / mm

z
/

m
m

 

 

ESP
CLT 1
CLT 2
CLT 3
CLT 4

(b) Close-up view around the crack initiation
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Figure 10: Comparison of an experimental spall profile (ESP) and numerical profiles
for different concentrated loading types (CLT) according to Fig. 7. The numerical
data corresponds to a crack propagation with af = 2 mm using the principal stress
direction criterion.
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(b) Close-up view with c ≤ 0.1 mm

Figure 11: Comparison of the crack angle β as a function of the coordinate along the
crack c for the different concentrated loading types (CLT). Note that β is expressed
in degrees [◦].

and (b) is shown in Fig. 11 (a) and (b). For each loading type the crack angle β
presents a global maximum and/or a global minimum. One can indeed observe that
the loadings of type 1, 2 and 3 present a crack angle with a global minimum for a
crack length equal to 25μm, 43μm and 162μm respectively. The loading of type 4
presents a local minimum and maximum for crack lengths of respectively 40μm and
60μm. Fig. 11 (b) illustrates how the crack angle β behaves for short crack lengths.
The maximum crack angles are obtained for a crack length of approximately 9μm
for the loadings of type 2 till 4.

3.1.2 Stress field results

For the concentrated loadings of type 1 and 2 the cylindrical contact is not modeled.
The intensity of the point loads on the asperity is therefore independent of the
position of the cylindrical contact. These two types of loading give thus static
models. For the concentrated loadings of type 3 and 4 the stresses along the crack
boundary and at the crack tip depend on the position of the cylindrical loading. The
numerical results for loadings of type 3 and 4 show that the stresses along the crack
boundary give the maximum mode I stress intensity factor when the cylindrical
loading is situated at xd = − lf . The results presented in this paragraph will thus
focus on the evolvment of the stresses for different crack lengths. The results showing
the evolution of the stresses during the load cycle are presented more in detail in
paragraph 3.2. The results in Fig. 12 (a)-(f) only present the stresses for crack
lengths smaller than 300μm. Indeed for larger crack lengths the stress variations
are negligible in comparison with the stress variations observed for shorter crack
lengths.

In Fig. 12 (a)-(c) the cartesian stresses at the crack tip for different crack lengths
are presented. In Fig. 12 (a) one can observe that for each loading type σx is tensile
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(b) Cartesian stress σz(a)
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(c) Cartesian stress τxz(a)

0 0.1 0.2 0.3
−250

0

250

500

750

1000

1250

1500

1750

a / mm

σ
1
,σ

2
/

M
P

a

 

 
σ1 CLT 1
σ1 CLT 2
σ1 CLT 3
σ1 CLT 4
σ2 CLT 1
σ2 CLT 2
σ2 CLT 3
σ2 CLT 4

(d) Principal stresses σ1(a) and σ1(a)
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(e) Stress normal to the crack boundary σN(a)
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(f) Stress tangential to the crack boundary
σT(a)

Figure 12: Evolvment of the stresses at the crack tip for the different concentrated
loading types (CLT) as function of the crack length a. The cylindrical loading is
situated at xd = − lf .

initially, but decreases rapidly to become compressive. Initially σz and τxz are equal
to zero, as shown in Fig. 12 (b) and (c). For a loading of type 1 σz and τxz remain
negative for every crack length, whereas for loadings of types 2 till 4 a positive peak
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can be observed for crack lengths smaller than approximately 13μm. Next σz and
τxz also become negative. The cartesian stresses at the crack tip remain negative
for the studied crack lengths in the range of 0.3 − 2mm and this for every studied
concentrated loading type.

In Fig. 12 (d) the principal stresses at the crack tip are shown as function of the crack
length. For loadings of type 1 and 2 the first principal stress remains tensile for every
studied crack length, whereas σ1 for loadings of type 3 and 4 becomes compressive
for crack lengths in the range of respectively 36 − 65μm and 120 − 480μm. For
larger crack lengths the largest principal stress remains tensile: the numerical values
for σ1 are then in the order of 1MPa, but nevertheless positive. For the studied crack
lengths the second principal stress at the crack tip remains always compressive for
loadings of type 1, whereas for the remaining loading types positive values can be
observed for crack lengths smaller than 13μm. The positive peak value of σ2 is
then in the range of 5 − 6MPa. For larger crack lengths σ2 remains negative. For
loadings of type 1 and 2 the second principal stress reaches a value of approximately
− 0.6MPa for a crack length of 2mm. For the loadings of type 3 and 4 the second
principal stress is more compressive at the crack tip than for the first two loading
types, when larger crack lengths are considered. Indeed for a crack length of 2mm
the second principal stress for loadings of type 3 and 4 equals respectively − 25MPa
and − 34MPa.

In Fig. 12 (e) and (f) the stresses normal and tangential to the crack boundary at
the crack tip are shown as a function of the crack length. The relation between the
stresses in Fig. 12 (e) and (f) and the cartesian stresses shown in Fig. 12 (a)-(c) is
given by Eq. (50) and (51). The stress normal to the crack boundary is for each
loading type tensile initially, but decreases rapidly. For loadings of type 1 and 2 the
stress normal to the crack boundary remains tensile for every studied crack length,
whereas σN for loadings of type 3 and 4 becomes compressive for crack lengths in
the range of respectively 36 − 65μm and 120 − 480μm. For larger crack lengths σN

remains tensile. The stress tangential to the crack boundary in Fig. 12 (f) is initially
equal to zero for every loading type. For a loading of type 1 the stress tangential
to the crack boundary presents a negative peak value of approximately −25MPa.
For crack lengths larger than 25μm σT remains positive for a loading of type 1. For
the loadings of type 2, 3 and 4 the stress tangential to the crack boundary presents
a positive peak value of approximately 44 MPa (for CLT 2 and 3) and 51 MPa (for
CLT 4). For these three loading types σT changes sign for a crack length of circa
9μm. One observes then negative peak values of −21 MPa, −23 MPa and −26 MPa
for loadings of type 4, 2 and 3 respectively. σT remains positive for loadings of type 2
and 3 for cracks lengths larger then 43μm and 162μm respectively. The behavior of
the stress tangential to the crack boundary for a loading of type 4 is different: σT at
the crack tip is positive for crack lengths in the range of approximately 40 − 60μm,
but then it remains negative for every larger crack length that is studied.
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Figure 13: Comparison of the maximum mode I stress intensity factor during the
load cycle and the corresponding mode II stress intensity factor as a function of the
crack length a for the different concentrated loading types (CLT). The maximum
mode I stress intensity factor occurs for xd = − lf .

3.1.3 Stress intensity factor and fatigue results

The mode I stress intensity factor is maximal when the cylindrical loading is situ-
ated at xd = − lf . The evolvment of KI during propagation corresponding to this
loading is presented in Fig. 13 (a). One can observe that the mode I stress intensity
factors for every loading type increase rapidly from zero to a positive peak value
of 0.8MPa

√
m, 3.8MPa

√
m, 4MPa

√
m and 7.8MPa

√
m for loadings of respectively

type 1, 3, 2 and 4. Next a slow decrease is observed. For a final crack length of
2mm KI equals 0.1MPa

√
m, 0.3MPa

√
m, 0.4MPa

√
m and 1.1MPa

√
m for loadings

of respectively type 1, 3, 2 and 4. One can thus observe that the mode I stress
intensity factor remains positive for every studied crack length.

In Fig. 13 (b) the mode II stress intensity factor corresponding to the maximum
value of KI is presented as a function of the crack length. One observes that for a
concentrated loading of type 1 the mode II stress intensity factor remains always
negative. For the remaining loading types KII is positive for crack lengths smaller

Table 5: Mean stress intensity factor ranges and crack growth data for CLT 3 and 4.
The results are obtained using the equivalent stress intensity factor range formulation
in Eq. (74). Results corresponding to the computations with af = 2mm.

ΔKI ΔKII ΔKeq
da
dN N

MPa
√

m MPa
√

m MPa
√

m nm/cycle ×106 cycles

CLT 3 0.54 0.16 0.59 0.0125 2620

CLT 4 2.04 0.93 2.26 0.3520 14
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than approximately 17μm. But for larger crack lengths the mode II stress intensity
factor also becomes negative.

The studied loadings of type 1 and 2 are static loadings, so no fatigue data can be
determined. But for loadings of type 3 and 4 mean values for the fatigue behavior
of the computed cracks are determined and presented in Tab. 5. The overlined
expressions designate the mean value for a crack growth up until 2mm. The mean
equivalent stress intensity factor range is calculated using the formulation based on
the strain energy release rate as defined in Eq. (74). With the same formulation
for the equivalent stress intensity factor range, it is possible to determine the mean
crack growth rate and the mean number of cycles. These quantities have no physical
meaning but enable a comparison of the crack behavior for both studied loading
types.

3.2 Comparison between the different loading models

Two different loading models are studied. The most simplified model of the actual
loading on the pinion’s flank is the concentrated loading model, where only line
and point loads are used. The comparison of the loading types is performed using
this simplified model. The results of this comparison are presented in paragraph
3.1. A more advanced model is the distributed loading model that uses pressure
distributions in stead of concentrated loads. Both models have been applied on a
loading of type 3. The results of the comparison of the two studied loading models
are presented here. The results in this paragraph are obtained using the principal
stress direction criterion for the crack propagation.

Fig. 14 (a) and (b) present the geometrical shape of the computed fatigue crack using
both loading models. The increments used for the crack growth and the position
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Figure 14: Comparison of an experimental spall profile (ESP) and numerical profiles
for a concentrated loading of type 3 (CLT 3) and a distributed loading of type 3
(DLT 3). The numerical data corresponds to a crack propagation with af = 2mm.
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Figure 15: Comparison of the stresses normal and tangential to the crack boundary
during the load cycle for the concentrated loading of type 3 (CLT 3) and for the
distributed loading of type 3 (DLT 3). The comparison is performed for a = 0μm
(black), a = 5μm (blue), a = 12μm (red) and a = 100μm (green).

of the cylindrical contact during the load cycle are respectively 1μm and 10μm.
Note that the x-axis and z-axis use different scales. Hence the deformed shape of
the experimental spall profile. The superimposition of the numerical results and the
experimental data is performed in the same way as previously in Fig.10 (a) and (b).

In Fig. 14 (b) the crack angle β is presented for a short crack: c ≤ 0.1mm. The
numerical values of the crack angle when the crack has propagated until 2mm are
5.1◦ for the concentrated loading model and 6.7◦ for the distributed loading model.
The variation of the crack angle when c is larger than 100μm is small in comparison
with what happens in the beginning of the crack propagation.

The results concerning the stresses are shown in Fig. 15 (a) and (b). Only the stresses
normal and tangential to the crack boundary are shown, as these stresses are used in
the integration for the determination of the stress intensity factors. Fig. 15 (a) and
(b) show the evolution of σN and σT for different positions of the cylindrical loading.
The evolution is plotted for different crack lengths. The data corresponding to CLT

Table 6: Mean stress intensity factor ranges and crack growth data for CLT 3 and
DLT 3. The results are obtained using the equivalent stress intensity factor range
formulation in Eq. (74). Mean values for a crack growth until 100μm.

ΔKI ΔKII ΔKeq
da
dN N

MPa
√

m MPa
√

m MPa
√

m nm/cycle ×106 cycles

CLT 3 1.99 1.29 2.62 0.2054 0.3

DLT 3 1.41 0.54 1.53 0.0523 2.3
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3 is obtained with dc = 1μm, dxd = 10μm and af = 2mm, whereas the results
for DLT 3 are obtained with a computation with dc = 0.01μm, dxd = 10μm and
af = 0.1mm.

Tab. 6 presents mean values that are calculated for a crack propagation up until
100μm. The numerical results are obtained with computations using dc = 1μm,
dxd = 10μm and af = 2mm. The mean equivalent stress intensity factor range is
calculated using the formulation based on the strain energy release rate as defined
in Eq. (74). By using the same formulation for the equivalent stress intensity factor
range, it is possible to determine the mean crack growth rate and the mean number
of cycles. These quantities have as mentioned previously no physical meaning but
enable a comparison of the crack behavior.

3.3 Extra results for the distributed loading type 3

The focus of this paragraph is a loading of type 3 modeled with distributed loads.
Some results for this loading model and type have already been presented previously.
Here results for the stress intensity factors and the crack growth will be presented.
All the results presented in this paragraph are, if not stated otherwise, obtained
with computations with dc = 0.01μm, dxd = 10μm and af = 0.1mm.

3.3.1 Results for the stress intensity factors

The variations of the mode I and mode II stress intensity factors are shown respec-
tively in Fig. 16 (a) and (b). The x-axis represents the x-coordinate of the center
of the cylindrical contact. The variations presented correspond to xd varying from
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Figure 16: Variations of the stress intensity factors during the load cycle for different
crack lengths. The comparison is performed for a = 5μm (blue), a = 12μm (red)
and a = 100μm (green).
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Figure 17: The maximum mode I stress intensity factor and the corresponding mode
II stress intensity factor for the principal stress direction criterion.

− 460μm to 460μm, which corresponds to a completely unloaded asperity at the
beginning and the ending of the load cycle. Fig. 16 (a) and (b) show results for
three different crack lengths. These results are obtained using a crack path criterion
based on the principal stress direction.

In Fig. 17 the maximum mode I stress intensity factor and the corresponding mode
II stress intensity factor are presented as a function of the crack length. KI max

reaches its maximum of 3.384 MPa
√

m for a crack length of 3.44μm. It can be
observed that both KI max and the corresponding KII are positive for every studied
crack length.

3.3.2 Results for the equivalent stress intensity factor ranges

In paragraph 2.3.4 four formulations for an equivalent stress intensity factor range
are proposed. The results showing the influence of each of these formulations on the
fatigue life predictions are presented in Fig. 18 (a)-(d). The four formulations are:

� T : formulation by Tanaka (Eq. (73)),

� SERR : formulation based on the strain energy release rate (Eq. (74)),

� CP : formulation including the cross product term (Eq. (75)),

� R : formulation by Richard (Eq. (76)).

These formulations are expressed in terms of the mode I and mode II stress intensity
factor ranges presented in Fig. 18 (a). The equivalent stress intensity factor ranges
are presented in Fig. 18 (b). The crack growth rate and the number of cycles for
each equivalent stress intensity factor range formulation are shown in Fig. 18 (c)
and (d) respectively.

The ASTM condition on applying the theory of linear elastic fracture mechanics
(LEFM) is given by Eq. (47). The ASTM condition depends on the stress inten-
sity factor range, so by using the equivalent stress intensity factor range, one can
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(a) The mode I and mode II stress intensity
factor ranges during the load cycle as a func-
tion of the crack length.
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(b) The equivalent stress intensity factor
ranges as a function of the crack length.
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(c) The crack growth rate based on the four
different formulations of the equivalent stress
intensity factor range.
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(d) The number of cycles determined with the
four different formulations of the equivalent
stress intensity factor range.

Figure 18: Summary of fatigue results for four different formulations of the equiv-
alent stress intensity factor range. The crack path criterion used is based on the
principal stress direction.

Table 7: Comparison of the smallest crack length allowing LEFM predicted with
the different formulations of the equivalent stress intensity factor range.

ΔKeq formulation T SERR CP R

aLEFM [μm] 7.36 7.46 8.12 7.65

determine the minimum crack length allowing LEFM. For cracks longer than this
minimum crack length, designated as aLEFM, it will be possible to apply the theory
of linear elastic fracture mechanics. Tab. 7 presents the results for the four studied
formulations of the equivalent stress intensity factor range.
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3.3.3 Results for the crack path criteria

Previously the results were obtained using a crack propagation criterion based on
the principal stress criterion described by Eq. (53). Other crack path criteria exist
however. A more extensive presentation of the different crack path criteria can
be found in paragraph 2.3.3. The results presented here enable to compare the
calculated spall profiles using the different crack path criteria. Note that the results
for the criterion by Nuismer are obtained with dc = 0.1μm, dxd = 50μm and
af = 0.1m. Indeed the computational time of this criterion made the computation
with smaller increments too time-consuming. Five different crack path criteria are
studied:

� PSD : principal stress direction criterion (Eq. (53)),

� N : criterion by Nuismer (Eq. (60)),

� MTS : maximum tangential stress criterion (Eq. (61)),

� S : criterion by Sih (Eq. (68)).

� R : criterion by Richard (Eq. (70)).

The results presented in Fig. 19 (a) and (b) correspond to a geometrical description
of the spall profiles predicted with the different crack path criteria. Note that in
Fig. 19 (a) the numerical spall profile for the MTS, S and R criteria give approxi-
mately an identical crack shape. There is however a small difference for the criterion
by Richard which is noticeable in Fig. 19 (b), where the predicted crack angles are
compared. Fig. 19 (b) is a close-up view for short crack lengths (c ≤ 20μm). Indeed
for longer crack lengths, the predicted crack angles for the different propagation
criteria are very similar. For the PSD criterion one can notice a 3◦ discontinuity
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(a) Comparison of the crack profiles obtained
with the different crack path criteria.
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Figure 19: Comparison of the spall profiles and crack angles using the different crack
path criteria.
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for a crack length of 5.27μm, which will induce a kink in the crack path. For the
N , MTS, S and R criteria the crack angle β starts to oscillate after the initial
crack length has been reached. The amplitude of the oscillations reduces for in-
creasing crack lengths. Note that the curves of β for the MTS and S criteria are
quasi-identical.

Fig. 20 (a)-(d) represent the maximum mode I stress intensity factor and the corre-
sponding mode II stress intensity factor as a function of the crack length for the four
extra crack path criteria. A similar figure for the principal stress direction criterion
is given in Fig. 17. One can observe a similar behavior for KI max as in Fig. 17 with
approximately the same numerical value for the maximum value of KI max and the
corresponding crack length. The behavior for KII is however different, as the mode II
stress intensity factor oscillates between positive and negative values for short crack
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(a) The maximum mode I stress intensity fac-
tor and the corresponding mode II stress in-
tensity factor for the MTS criterion.
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(b) The maximum mode I stress intensity fac-
tor and the corresponding mode II stress in-
tensity factor for the criterion by Sih.
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(c) The maximum mode I stress intensity fac-
tor and the corresponding mode II stress in-
tensity factor for the criterion by Richard.
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Figure 20: Comparison of the maximum mode I stress intensity factor and the
corresponding mode II stress intensity factor for different crack path criteria: N ,
MTS, S and R.
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lengths. So KII is not strictly positive for the crack path criteria in Fig. 20 (a)-(d).
One can notice that the mode II stress intensity factor drops quickly after the initial
crack length has been reached.

The crack propagation criterion by Nuismer is based on the maximum energy release
rate Gmax calculated in terms of kI and kII. The absolute relative difference between
Gmax and the energy release rate calculated in terms of the maximum mode I stress
intensity factor and the corresponding mode II stress intensity factor during the
next load cycle has a mean value of 0.3% and a maximum value of 1.4%. The
maximum absolute relative difference occurs shortly after the initial crack length
has been reached.

3.4 Results of the parameter study

The numerical value of some input parameters has been varied, in order to realize
a qualitative study of the influence of these parameters on the crack path and the
stress intensity factors. The influence on the stress intensity factors is characterized
by the influence on the maximum values of the mode I stress intensity factor and the
corresponding mode II stress intensity factor. The results of this qualitative study
are presented here. The studied input parameters are the coefficient of friction on
the asperity μasp, the biaxial residual surface stress σR, the initial crack length a0,
the position of the crack initiation point xc and the crack closure limit Kcl. The
parameter study is performed with a distributed loading model using a loading of
type 3 (DLT 3). The results presented here are obtained with computations using
dc = 0.1μm, dxd = 100μm and af = 0.1mm. The performed sensitivity study
is only a qualitative study, hence the large increments. The sensitivity study of
the model has been performed for single parameters only, so coupled sensitivities of
the model have not been taken into account. In Figs. 21, 22 and 23 the reference
configuration corresponds to the black curve. If not mentioned otherwise, the results
for the parameter study are obtained using the principal stress direction criterion
for the determination of the crack path.
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Figure 21: Illustration of the influence of the coefficient of friction μasp on the crack
path.
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Figure 22: Illustration of the influence of the biaxial residual surface stress σR on
the crack path.

The coefficient of friction on the asperity can vary depending on the lubrication
regime [2]. The smaller the thickness of the lubrication film the higher the coefficient
of friction will be. Fig. 21 illustrates the influence of μasp on the crack path. One can
observe that for an increased value of μasp the crack angle β is initially increased, but
then for longer crack lengths the crack angle is decreased. For a large coefficient of
friction, one observes that the crack is initially propagating in the opposite direction
of the rolling direction. The results show also that the stress intensity factors are
increased with larger coefficients of friction on the asperity, especially for the mode
I stress intensity factor.

In the reference configuration the biaxial residual surface stress σR is set to zero,
but before the running-in of the gear the residual surface stress is compressive. It
is shown in Figs. 22 that σR has a considerable influence on the crack path. One
can observe that the more compressive the residual surface stress is, the smaller the
crack angle. For large compressive surface stresses one can even observe that the
crack angle becomes negative, as the cracks starts to propagate towards the contact
surface. The numerical value of σR has low influence on the mode II stress intensity
factor, but the maximum mode I stress intensity factor is strongly dependent on
the residual surface stress. Indeed the larger the absolute value of the compressive
residual surface stress, the lower the value of the mode I stress intensity factor. The
current implementation of the crack propagation criterion based on the principal
stress direction is not adapted for negative crack angles, so the crack propagation
criterion by Richard has been applied in the sensitivity study for σR.

The first geometrical input parameter for which the model’s sensitivity was tested
was the initial crack length a0. Initial crack lengths equal to 2μm, 4μm and 10μm
were considered. Varying the value of the initial crack length showed that a0 has
little influence on the crack angle. A shorter initial crack tends to propagate slightly
more in the direction opposite to the rolling direction, but then catches up with a
crack path similar to the reference configuration. For a larger initial crack length
the crack angle is slightly larger, but the difference remains small for the studied
crack lengths. The initial crack length has practically no influence on the maximum
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Figure 23: Illustration of the influence of the position xc of the crack initiation point
on the crack path.

values of the stress intensity factors.

The influence of the position of the initial crack at the contact surface xc is illustrated
in Fig. 23. It is shown that the further the crack initiation point is situated from
the the center of the asperity, the lower the crack angle and the lower the maximum
values of the mode I stress intensity factor and the corresponding mode II stress
intensity factor. For short crack lengths one can however observe that larger values
of xc give also larger crack angles. Indeed the simulated crack path propagates then
first in the direction opposite to the rolling direction.

A last parameter that was tested in the single sensitivity study is the crack closure
limit Kcl. Crack closure limits equal to 0MPa (reference configuration), −50MPa
and −100MPa have been considered. The negative crack closure limits correspond
to an opening of the crack so that a compressive loading is needed to close the crack.
The different crack paths predicted with the different values for Kcl are not affected
by the studied numerical values of the crack closure limit. Moreover the maximal
values of the mode I stress intensity factor are identical. The corresponding mode
II stress intensity factors are however larger when the value of Kcl decreases. When
the absolute value of the negative crack closure limit increases, then one increases
the stress intensity factor ranges, so the crack growth rate will be increased.

A summary of the results of the parameter study is presented in Tab. 8. Increase,

Table 8: Summary of the results of the single sensitivity study.

Output parameters Studied input parameter

μasp ↗ σR ↗ a0 ↗ xc ↗ Kcl ↗

β ↘ ↗ ≈ ↘ =

KI max ↗ ↗ = ↘ =

KII ↗ = = ↘ ↘
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decrease, low influence and no influence are designated with the symbols ↗, ↘, ≈
and =, respectively. The results presented here are part of the qualitative sensitivity
study for crack lengths smaller than 100μm.
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4 Discussion

4.1 Study of the different loading types

The results presented in paragraph 3.1 make it possible to compare the influence of
the loading type on the computed crack paths.

4.1.1 Influence on the spall profile

In Fig. 24 the absolute relative differences between the depths of the experimental
spall profile and the computed cracks are presented. Note that the numerical values
of the absolute relative difference depends strongly on the value of the mild wear
and the superimposition of the numerical and experimental results. The absolute
relative difference has only been calculated for x smaller than 1mm. One can im-
mediately observe that the different loading types give very different results. The
mean absolute relative difference is 193%, 406%, 23% and 285% for respectively
a loading of type 1, 2, 3 and 4. One can then easily observe that the loading of
type 3 predicts a rolling contact fatigue crack that follows the best the experimental
crack profile. Considering the results in general one can observe that the differ-
ent numerical cracks propagate in the rolling direction, which is in accordance with
experimental observations.

One can observe in Fig. 10 (a) that the static loadings (type 1 and 2) predict a crack
that propagates steeper than the loading types that include the cylindrical contact.
Indeed adding the line load to the model in order to take the cylindrical contact into
account decreases strongly the crack angle. The comparison of the different loading
types shows also that adding tangential loading on the asperity or the cylindrical
contact increases the crack angle. One can also observe that the behavior of the
crack is quite different between a loading of type 1 and the other loading types.
Indeed with a loading of type 1 the crack starts immediately to propagate in the
rolling direction, whereas for the other loading types the crack starts to propagate
in the opposite direction but then shifts direction for a propagation in the rolling
direction, as shown in Fig. 11 (b). In Fig. 10 (b) one can see that the numerical cracks
for loadings of type 2 till 4 tend to propagate steeply to a depth of approximately
15μm, but then change direction. This behavior causes the larger absolute relative
differences observed initially in Fig. 24. In Fig. 11 (b) one can observe that the crack
angle stays initially equal to 90◦, which correspond to the initial crack angle β0. For
larger crack lengths on observes in Fig. 11 (a) that β stays fairly constant.

4.1.2 Influence on the stress-field

Considering Fig. 12 (a)-(f) one can observe that the different types of loading give
very different stress fields. The influence of the cylindrical contact (normal line load)
is shown by comparing the loadings of type 2 and 3. One can then observe that the
cylindrical contact has no influence on the cartesian stresses at the surface, i.e. when
the crack length is zero. But for non zero crack lengths one can notice a difference

41



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

100

200

300

400

500

600

700

x / mm

|Δ
z
|

z
/

%

 

 
CLT 1
CLT 2
CLT 3
CLT 4
DLT 3

Figure 24: The absolute relative difference between the depth of the experimental
spall profile and the depth of the numerical profiles for the different loading types
and models.

between the cartesian stresses when one adds the line load to the loading model.
The addition of the cylindrical contact induces a decrease of σx and an increase
of σz and τxz as shown in Fig. 12 (a)-(c). The cylindrical contact is causing the
second principal stress to decrease, i.e. to become more compressive, and is also
responsible for the temporary compressive loading of the crack tip, when the first
principal stress is compressive.

The influence on the stress field caused by the tangential loading on the asperity
is shown by comparing the results for the loadings of type 1 and 2. One notices
then in Fig. 12 (a)-(c) that the tangential loading has the opposite influence on σx

as the line load. Indeed σx is increased by adding the tangential point load on the
asperity. One notices that σx at the surface passes from 375MPa to 1106MPa when
a tangential loading on the asperity is added. For the other cartesian stresses one
observes that the tangential point load is at the origin of the positive peak observed
initially for σz and τxz. For longer crack lengths however σz and τxz will be smaller
than without the tangential point load on the asperity, as shown in Fig. 12 (b) and
(c).

Adding a tangential line load to the loading model has a large influence on the
stress field, as shown by comparing the loadings of type 3 and 4 in Fig. 12 (a)-(c).
Indeed σx in Fig. 12 (a) is initially increased by adding the tangential loading for
the cylindrical contact. Moreover does σx stay tensile for larger crack lengths. But
eventually all the cartesian stresses become much more compressive than for the
loading type without the tangential line load.

When one considers the results for a crack length equal to zero in Fig. 12 (a)-(f)
one can investigate the surface stresses on the pinion’s flank when the cylindrical
loading is situated at xd = − lf . At the surface σz and τxz have to be zero, which
is indeed shown in Fig. 12 (b) and (c). One notices also that tensile surface stress
is induced by all the loading types. Comparing Fig. 12 (a) and (d) one can see
that near the surface σx can be considered as being equal to the largest principal
stress. So at the surface the principal stress direction is equal to the x-axis, which
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is beneficial to surface crack initiation and explain the numerical value of β0. These
results are consistent with the tensile surface stresses induced by the asperity point
load model for the rolling contact fatigue mechanism presented by Dahlberg and
Alfredsson [10]. In Fig. 12 (d) one observes that both principal stresses are tensile
near the surface (a < 13μm) when the loading type includes a tangential loading
on the asperity.

In Fig. 12 (e) and (f) the stresses normal and tangential to the crack boundaries
are presented. These curves give valuable information, as these stresses are used to
determine the stress intensity factors and give a clear idea of the actual loading of
the crack. The crack path criterion is based on a propagation perpendicularly to
the principal stress direction, so σN in Fig. 12 (e) is equal to the largest principal
stress σ1. For the loading types including the line load one observes that the largest
principal stress or σN is temporary compressive. The crack propagation based on
the principal stress direction criterion is then still valid although the crack tip is
loaded in compression. Indeed the general loading on the crack is still opening the
crack, as the mode I stress intensity factor is positive, as shown in Fig. 13 (a). In
Fig. 19 (a) one can see that the crack path criteria based on the stress intensity
factors predict a similar crack path as the path obtained with the principal stress
direction criterion.

The stress tangential to the crack boundaries is given in Fig. 12 (f) and one can
notice by comparing with Fig. 11 (a) how σT influences the variations of the crack
angle β. Indeed the extrema of the crack angle occur when σT changes sign. When
the stress tangential to the crack boundary at the crack tip is positive one observes
that β increases, and when the stress tangential to the crack boundary at the crack
tip is negative then the crack angle decreases. So the slope of the curve β as a
function of the crack length has the same sign as σT(a). For the loading types
including the tangential asperity loading the initial positive values of σT are causing
the initial propagation in the opposite direction as the rolling direction.

Finally one can also observe that the stress field variations become smaller for in-
creasing crack lengths, which is due to the propagation in the rolling direction. In-
deed this propagation is removing the crack tip from the stress singularities caused
by the asperity and cylindrical loading at the entry of the asperity (xd = − lf ). For
larger crack lengths one observes thus that the stresses stay fairly constant.

4.1.3 Influence on the stress intensity factors and fatigue life

The mode I stress intensity factors presented in Fig. 13 (a) are obtained by Eq. (48).
One observes that for a growing crack length the mode I stress intensity factors de-
crease slowly. A comparison between the different loading types shows that adding
the normal line load to the loading model decreases slightly the mode I stress in-
tensity factor as it introduces compressive stresses that will tend to close the crack.
Adding tangential loading on the asperity or for the cylindrical contact introduces
however tensile stresses on the crack boundaries, as shown in Fig. 12 (e), which leads
to an increase of the mode I stress intensity factor. This is valid when the cylindrical
contact is situated at the entry of the asperity. One can also observe in Fig. 13 (a)
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that the peak value for the mode I stress intensity factor occurs for larger crack
lengths, if tangential loadings are added to the loading model. This is due to the
fact that σN in Fig. 12 (e) stays tensile for larger crack lengths.

In Fig. 13 (b) one can see that the mode II stress intensity factor is mainly negative
for the studied crack lengths. Only for the loading types including the tangential
point load one observes a positive KII due to the positive σT in Fig. 12 (f). One
can observe that the normal line load has quasi no influence on the mode II stress
intensity factor. The tangential point load increases the value of the mode II stress
intensity factor, but the tangential line load will reduce KII, as σT for a loading of
type 4 remains negative.

During each load cycle the crack will propagate and the stress intensity factors will
vary. One can observe that the variations of the mode I and mode II stress intensity
factors are not proportional in Fig. 13 (a) and (b). The crack is thus subjected to a
non proportional mixed mode loading.

In Tab. 5 the mean values of fatigue data for the loading types that take into account
the cylindrical loading show that a tangential line load will increase both the mode
I and mode II stress intensity factor ranges. One observes also that the importance
of the mode II stress intensity factor range in the equivalent stress intensity factor
range is increased. This increase in stress intensity factor ranges induces an increased
average crack growth rate for CLT 4. That is why the average number a cycles is
much lower when a tangential line load is added to the loading model. One also
observes that the average crack growth rates are much slower than 10 nm per cycle
observed in rail steel [24]. The crack propagation in case hardened gear steel is
expected to be slower than in rail steel, so the results are consistent.

4.2 Study of the loading models

4.2.1 Influence on the crack profile

In the previous paragraph the different loading types were investigated using con-
centrated loads. It was shown that the loading of type 3 enabled to predict the crack
profile with the least absolute relative difference in depth, as shown in Fig. 24. In-
deed a concentrated loading of type 3 gives an absolute relative difference of 23%. A
model of this loading type using distributed loads gives however an absolute relative
difference for the depth of only 12%. As mentioned previously these results depend
strongly on the mild wear for the experimental spall profile estimated to 5μm [25]
and the superimposition of the numerical and experimental results. A 12% absolute
relative difference is nevertheless a good result considering that the experimental
spall profile is not a smooth curve as the predicted numerical crack path. Indeed
the experimental observed fatigue crack presents kinks due to inclusions for instance
or the micro-mechanical structure of the material. The numerical computations of
the fatigue crack can not take this into account. The distributed loading model of
a loading of type 3 predicts thus fairly well the profile of the rolling contact fatigue
crack up until approximately 1mm from the center of the asperity in the rolling
direction, which is shown in Fig. 14 (a) and Fig. 24. The results concerning the
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crack angle β in Fig. 14 (b) show that the fatigue crack starts to propagate faster in
the rolling direction. Moreover the crack angle decreases faster for the distributed
loading model, but remains larger than the crack angle for the concentrated model
for crack lengths larger than approximately 30μm. For a crack length of 2mm the
crack angle for the distributed model is approximately 30% larger than the crack
angle for the concentrated loading model.

4.2.2 Influence on the stress field and fatigue life

In Fig. 15 (a) and (b) the evolution of the loading on the crack boundaries during a
load cycle is shown. One can observe that the evolution of the stress fields is strongly
dependent on the loading model. Both loading models are applied to a loading of
type 3, i.e. a normal and tangential asperity loading and a normal load to model
the cylindrical contact.

The concentrated loading model is based on results from [10]. Indeed the load cycle
is expressed in terms of g1 given by Eq. (79). The fact that g1 is not defined when
the center of the cylindrical contact is situated at less than lf = 250μm from the
center of the asperity is based on the assumption that the cylindrical contact will
then introduce large compressive stresses. This compressive loading will not create
any propagation of the crack, so has therefore not been taken into account in the
concentrated loading model. The distributed loading model is based on a load cycle
that models the complete over-rolling of the asperity. In Fig. 15 (a) one can observe
that a large compressive loading is indeed introduced during the over-rolling of the
asperity.

In Fig. 15 (a) the stress evolution for different crack lengths is shown. The black
curves correspond to the surface stress observed at the crack initiation point. The
dissymmetric evolution of σN for the distributed loading model is due to the tan-
gential loading of the asperity. The simplified loading model using the concentrated
loads does not display such a pronounced dissymmetry. One observes also that the
loading of the crack initiation point (surface stress) remains tensile for a center of
the cylindrical contact situated up until approximately 30μm in front of the center
of the asperity.

For non zero crack lengths the compression of the crack tip occurs much earlier in
the load cycle. In the concentrated loading model the maximum tensile loading of
the crack tip occurs for a cylindrical contact at a position xd = − lf . The distance lf
equals 250μm, as shown in Tab. 4. The maximum tensile loading for the distributed
model occurs initially for a cylindrical contact situated at approximately 240μm in
front of the center of the asperity, which is consistent with the value of lf . One
can also observe that the longer the crack length, the earlier in the load cycle the
maximum value of σN for the distributed loading occurs. For a crack of 100μm σN

does however not present a maximum value during the entry of the asperity.

The difference between σN for both loading models is more pronounced during the
last part of the load cycle when the cylindrical load is exiting the asperity. Indeed
the maximum tensile loading for the distributed model is occurring later in the load
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cycle than for the concentrated loading model. It is therefore that the simplified
concentrated loading model predicts a highly tensile loading at 250μm after the
asperity center whereas the distributed loading model shows highly compressive
loading of the crack tip at the same instant in the load cycle. It should also be
observed that the center of the compressive loading of the crack tip during a load
cycle shifts in the rolling direction, as the crack propagates in that direction.

Considering the tangential loading σT of the crack boundaries in Fig. 15 (b) one
observes that the tangential loading occurs mainly during the over-rolling of the
asperity, which is not modeled with the simplified concentrated loading model. For
increased crack lengths one observes a shift in the rolling direction of the minimum
value of σT, whereas the maximum value shifts in the opposite direction. For short
crack lengths one can consider that the amplitudes of the tangential loading of the
concentrated loading model are negligible in comparison with the amplitudes of the
tangential stress field predicted with the distributed loading model. The fact that
the tangential loading is not predicted during the over-rolling with the concentrated
loading model has low influence on its results as crack closure occurs during the
over-rolling, so tangential loading of the crack boundaries is prevented. The current
results are however obtained with Kcl equal to zero, but for a different crack closure
model the over-rolling may get more influence on the loading of the crack.

Considering the results in Tab. 6 one can notice that the distributed loading model
predicts a lower equivalent stress intensity factor range than the concentrated loading
model. This is due to the greater importance of the mode II stress intensity factor
in ΔKeq for the concentrated loading model and the larger mode I stress intensity
factor range. The distributed loading model predicts thus a slower crack propagation
than the concentrated loading model. The comparison of the results in Tab. 5, where
the mean values are calculated for a crack length of 2mm and in Tab. 6, where the
mean values are calculated for a crack length of 100μm shows that the fatigue crack
for CLT 3 propagates faster for shorter crack lengths. A similar observation can be
done in Fig. 18 (c).

4.3 Study of the distributed loading of type 3

After selection of a loading of type 3 in paragraph 4.1 and the distributed loading
model in paragraph 4.2, some more detailed study for the DLT 3 loading is per-
formed. In Fig. 16 (a) and (b) the evolution of the stress intensity factors during
the load cycle for different crack lengths is presented. One can directly observe that
the mode I stress intensity factor presents a maximum peak value at the entry of
the asperity. The peak value occurs approximately at 250μm in front of the center
of the asperity, which is consistent with the value of lf . The results show however
that the position of the cylindrical contact giving the maximum mode I stress inten-
sity factor shifts slightly away from the asperity center. The exiting of the asperity
induces also an opening of the crack, but the mode I stress intensity factor is lower
than the one observed during the entry. It should also be noticed that the evolution
of the mode I stress intensity factor is not centered on the center of the asperity.
Indeed the center of the KI evolution is situated near the crack initiation point.
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During the over-rolling of the asperity crack closure will occur and the mode I stress
intensity factor will be set to zero. For increasing crack lengths one observes that the
maximum value of the mode I stress intensity factor decreases, as shown in Fig. 17.
At the entry the peak value stays strictly positive, but at the exit crack closure for
crack lengths larger than 100μm is observed, as shown in Fig. 16 (a).

In Fig. 16 (b) one can observe that the mode II stress intensity factor only displays
variations when the mode I stress intensity factor is non zero which corresponds to
the crack closure model given by Eq. (52). The maximum value of KII is initially
occurring at the exit of the asperity loading, but for increased crack lengths the
maximum value shifts towards the entry of the asperity loading. The algebraical
maximum and minimum values both decrease with increasing crack length. The
minimum value of KII occurs always for the studied crack lengths at the entry of the
asperity. Due to crack closure occurring during the exiting of the asperity when the
crack length is larger than 100μm, one can observe that KII is zero. A comparison of
the absolute maxima of both stress intensity factors confirms the mode I dominance
in the fatigue crack propagation. Fig. 17 illustrates also that the crack loading
during the propagation is mainly characterized by a mode I loading. But the mode
II loading has nevertheless its importance in the determination of the crack path
or crack angle. The maximum value of the mode I stress intensity factor occurs in
Fig. 17 for a crack length shorter than the initial crack length a0, so an initial crack
of 3.44μm could be considered as more critical.

4.3.1 Influence of the equivalent stress intensity factor range

The comparison of Fig. 17 and Fig. 18 (a) shows that the minimum value of the
mode I stress intensity factor is zero, which could have been expected because of the
crack closure model given by Eq. (52) where Kcl is set to zero. So the mode I stress
intensity factor range is equal to the maximum stress intensity factor during the
load cycle. The mode II stress intensity factor range is however greatly influenced
by the minimum value of the mode II stress intensity factor during the load cycle.
The mode I stress intensity factor range is always larger than the mode II stress
intensity factor range for the studied crack lengths in Fig. 18 (a), but the difference
reduces the longer the crack becomes.

In Fig. 18 (b) the different equivalent stress intensity factor ranges are plotted. It
is shown by comparing with Fig. 18 (a) that the mode I is dominant during the
beginning of the crack propagation, but the longer the crack grows the more the
importance of the second mode increases. For cracks larger than 40μm one can
clearly not neglect the contribution of the second mode in the determination of fa-
tigue life. One can also notice that the different formulations of the equivalent stress
intensity factor range give a different importance to the mode II contribution. For
instance the formulation including the cross product term (CP ) and the formulation
by Richard (R) give more importance to the mode II loading than the other formula-
tions of the equivalent stress intensity factor range. The use of the equivalent stress
intensity factor range enables to take the mode II loading into account to model the
crack growth rate and the number of cycles needed to propagate until a given crack
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(a) Grain structure of steel in the core. (b) Grain structure of steel in the case.

Figure 25: Illustrations of the grain size for a case hardened steel. The black scale
line on the right side of each picture corresponds to 50μm.

length.

In Fig. 18 (c) the different equivalent stress intensity factor ranges give compa-
rable crack growth rates, except when the crack length is smaller than approxi-
mately 30μm. Then absolute relative differences between the different predicted
crack growth rates can reach up to almost 47% when one considers the formula-
tions T and CP for instance. The crack growth rate is maximum for a crack length
approximately equal to the initial crack length, but decreases rapidly during the
actual crack propagation in the case hardened steel of the driving gear wheel. The
numerical values of the computed crack growth rates depend largely on the fatigue
parameters C and b given in Tab. 2. In [24] the average crack growth rate in rail steel
is said to be equal to approximately 10 nm per cycle. The results for the studied
material (case hardened gear steel: SS 142506) show that the rolling contact fatigue
cracks generating the spalls will grow much slower as the average crack growth rate
is much smaller. Considering the small computed crack growth rates the chosen
crack increment dc equal to 10 nm migth seem large, but not if one considers the
micro-structure of gear steel for instance. Fig. 25 (a) and (b) illustrate the difference
in grain size between the core and the case. the grain size is thus clearly smaller
in the case than in the core. One can observe that the minimum grain size will be
approximately the size of the lenticular martensite shown in Fig. 25 (b). The size
of the martensite grains will in general be larger than 5μm.

The number of cycles needed to propagate until a given crack length is highly depen-
dent on the chosen formulation for ΔKeq, as shown in Fig. 18 (d). Indeed absolute
relative differences of more than 50% can be observed between the different formu-
lations. Nevertheless similar results for N are obtained for the formulations includ-
ing the cross product term (CP ) and the one by Richard (R), where the relative
difference is smaller than 7%. These two formulations for ΔKeq will give the most
conservative results in design against fatigue cracks, as they predict the largest crack
growth rate and thus the smallest number of cycles needed to generate the fatigue
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crack. The inconvenient of these criteria is that they have a mathematical origin
and not a physical one as the formulations T and SERR, which are respectively
based on the crack tip opening and the strain energy release rate. These two more
“physical” formulations predict however much lower crack growth rates and thus a
higher fatigue life. The fatigue life will however depend strongly on the crack closure
model and thus on the value of Kcl. In order to get reliable results for the crack
growth rate and in order to simulate fatigue life, crack closure should be studied and
an appropriate value of Kcl should be determined.

Applying the ASTM condition with the different formulations of ΔKeq gives quite
similar results for the minimum crack length aLEFM in Tab. 7. According to the
ASTM condition linear elastic fracture mechanics is not applicable for cracks smaller
than approximately 7.5μm. Considering the numerical value of the initial crack used
for the computations, it should be verified whether LEFM can also be used for the
crack propagation up until aLEFM for fatigue cracks in case hardened gear steel.
Indeed it has been shown in [15] that LEFM is applicable for short cracks, but these
results have been established for cracks in titanium (Ti-17).

4.3.2 Influence of the crack propagation criterion

The criterion based on the principal stress direction (PSD) has been used for the
general study of the rolling contact fatigue crack propagation. But this criterion is
a local stress based criterion, so the new crack angle for the newly created crack
increment is determined solely with the cartesian stresses at the crack tip. So no
information about the loading on the crack boundaries will influence the crack prop-
agation direction. This simplifies the implementation of the criterion. One could
however set a positive mode I stress intensity factor as an extra condition for this
criterion. Indeed one can observe that the crack tip is sometimes temporary sub-
jected to compressive loading, so one should assure that mode I opening of the crack
occurs.

Considering the predicted crack paths in Fig. 19 (a), one can say that quasi-identical
crack profiles are found for the studied crack lengths using the other implemented
crack path criteria. The difference between the crack paths predicted using the
MTS, S and R criteria is hardly distinguishable. In Fig. 19 (b) the close-up view
around the crack initiation point shows indeed that the crack angle predicted with
the MTS and S criteria can be considered as identical. The relative difference
between the crack angles for every crack propagation criterion is maximum just
after the initial crack length has been reached. One observes that the criteria based
on the determination of the crack deflection give an oscillating crack angle. This
is due to the oscillating behavior of the mode II stress intensity factor shown in
Fig. 20 (a)-(d). Indeed when KII changes sign the sign of the crack deflection angle
α also changes. Hence the oscillations of β. It is observed that the attenuation
of these oscillations is depending on the size of the increments dc and dxd. A
small discontinuity of the crack angle predicted using the PSD criterion is observed
around 5μm crack length. This small kink in the crack path is due to a shift in
the position of the cylindrical loading giving the maximum mode I stress intensity
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factor. Reducing the step between consecutive positions of the cylindrical contact,
i.e. dxd, will reduce this discontinuity.

As shown previously in paragraph 2.3.3 the N , MTS, S and R crack path criteria
are all based on the assumption that the mode I stress intensity factor is strictly
positive. The crack closure model as implemented for this study prevents KI from
becoming negative, but in Fig. 20 (a)-(d) one can observe that the maximum mode
I stress intensity factor remains indeed strictly positive. Note that N and S criteria
have been implemented using the absolute value of the mode II stress intensity factor,
which makes the absolute value of the crack deflection angle independent of the sign
of the mode II stress intensity factor. In Fig. 20 (a)-(d) the decrease of KII after the
initial crack length is due to a propagation opposite to the rolling direction. The
three crack path criteria based on the determination of the crack deflection angle
with the loading of the crack inducing the maximum mode I stress intensity factor
are predicting identical stress intensity factors as shown in Fig. 20 (a)-(c). Indeed
the crack paths obtained with these criteria are quasi-identical.

The criterion by Nuismer is based on data from Melin [20] for straight cracks with a
kink, but the studied rolling contact fatigue crack is curved. The relative difference
between the energy release rate calculated in terms of kI and kII and in terms of
KI max and KII is in average equal to 0.3%, which shows that the data for the straigth
crack could be applied to a curved crack. The maximum relative difference for the
energy release rate is observed when the difference between consecutive crack angles
is maximum. The largest crack angle variations are observed during the first 10μm
after the initial crack length, as illustrated in Fig. 19 (b). Although the computation
of the criterion by Nuismer is very time-consuming, it is not based on the assumption
that the mode I loading of the crack is dominant in the crack propagation. Its results
show thus that the dominant mode I assumption is valid, as similar crack profiles are
predicted. Note however that the results from the comparison between the different
crack path criteria is only valid for cracks shorter than 100μm.

4.4 Sensitivity study

In paragraph 3.4 results of a qualitative parameter study are presented. The results
for the different studied input parameters are recapitulated in Tab. 8.

The tangential loading on the asperity has a large influence on the intensity of the
tensile loading around the initial crack. When the coefficient of friction on the
asperity increases, the tangential loading at the asperity is intensified, so the tensile
loading at the surface of the crack initiation zone is increased. Hence the observed
increase in the stress intensity factors. The larger μasp, the deeper the crack profile
as shown in Fig. 21. This result is consistent with the observations made while
comparing the different loading types.

The residual surface stress σR acts only on σx. Compressive residual surface stress
will cause a decrease in the value of σx. This influences the values of the largest
principal stress, especially for short crack lengths and the loading normal to the
crack boundaries. This reduction of the value of σN leads to a lower value of the
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mode I stress intensity factor. The mode II stress intensity factor is not changed,
so the more compressive σR is, the larger the contribution of mode II in the crack
path determination. Hence the influence of σR on the crack angle β.

For the geometrical input parameters one can observe that the initial crack length
hardly influences the crack angle or the stress intensity factors. The position of the
crack initiation point has however a large influence on both the crack path and the
stress intensity factors. Indeed the closer the initial crack is situated to the center
of the asperity, the larger the loading of the crack. This leads to higher values of
the stresses normal and tangential to the crack boundaries, which through Eq. (48)
and Eq. (49) leads to larger stress intensity factors. So surface defects close to the
asperity center will be more critical.

Finally the crack closure limit has been investigated. The crack closure limit in-
fluences the minimum value of the mode I stress intensity factor, so the maximum
value is not affected. By decreasing the minimum value of the mode I stress intensity
factor, the values of the mode II stress intensity factor that were previously set to
zero, are now taken into account so the mode II stress intensity factor is altered by
a change in the value of Kcl. The mode I loading being dominant and the mode I
stress intensity factor being independent of the crack closure limit leads to the crack
path being independent of Kcl.

According to Tab. 8 the crack path and the mode I stress intensity factor will be
mainly depending on the values of μasp, σR and xc. The mode II stress intensity
factor will depend on μasp, xc and Kcl. The fatigue life determination will, as
mentioned previously, be highly depended on the value of Kcl, as it influences directly
the amplitude of the stress intensity factor ranges, especially ΔKII. It should be
noted that the initial crack length has almost no influence on the crack shape. Off
course if the initial crack length is too small, then the stress intensity factors at the
crack tip will be too low to allow any propagation.

4.5 Some limitations

The results from the current study present however some limitations of which one
should be informed. Indeed the distributed loading model is based on a load cycle
using the quadratic function g2. The assumption of a quadratic evolution of the
maximum Hertzian pressure for the asperity loading during the load cycle has not
been verified. The choice of a quadratic function is completely arbitrary.

The contact pressures between the interacting surfaces of a gear contact with lubri-
cation produces an EHD lubrication regime. According to [2] a pressure spike can
then be observed when the lubricant flows through a constriction. The asperity on
the pinion’s flank is reducing locally the lubrication film and acts as a constriction
for the lubricant flow. So a pressure spike can be observed. The intensity of the
pressure spike is depending on a.o. on the load and on operating conditions such as
rotational speed [2]. The model used to predict the spall profile is based on Hertzian
pressures distributions, which do not take into account a pressure spike. The influ-
ence of the lubrication regime has not been studied, but the pressure spike will alter
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the stress field in the driving wheel which can then change the crack path. There
are however no analytical stress field expressions for such a non-Hertzian pressure
distribution.

For the studied loading types and models the crack path did not show any kinking
into a propagation parallel to the contact surface nor a propagation towards the
contact surface in order to create the final spall particle. The model only predicts
the initial part of the rolling contact fatigue cracks. Considering the influence of σR

on the crack path, graded material properties could improve the results. This asks
for an accurate quantification of the variations of the residual stress along the z-axis.
The current model indeed assumes a constant residual stress along the thickness,
as the studied crack remains close to the contact surface, i.e. remains in the case
material. The reference configuration assumes that the residual surface stress is
zero due to the running-in of the gear wheel. Moreover notions as stable or unstable
crack growth have not been considered in the current study.

In order to compare the experimental spall profile with results from the numerical
computations, mild wear has been quantified as approximately 5μm [25]. This nu-
merical value will influence the superimposition of the experimental and numerical
results. Mild wear can be considered as very low in the zone near the pitch line,
but will nevertheless depend a.o. on relative slip, speed and pressure [25]. The
numerical results have been compared with only one experimental spall profile. A
more accurate validation of the numerical results could be obtained by comparing
the numerical results with an average experimental spall profile. This average ex-
perimental spall profile would be calculated from a large number of experimental
spall profiles, in stead of the single spall profile used in the current study. This av-
erage experimental spall profile would also be less sensitive to kinks due to material
inhomogeneities.

Finally the fatigue life determination of the rolling contact fatigue crack has been
studied and it has been observed that the crack closure limit has a large influence.
It is thus important to get a more accurate value and model for Kcl. The value of
the crack closure limit might indeed be dependent on the position of the cylindrical
loading. According to [2] fatigue life is also dependent on lubricant properties and
operating speed. These parameters have not been taken into account in the current
study.

52



5 Conclusion

In order to model the crack propagation of surface initiated rolling contact fatigue
different loading types and models have been tested. A loading model including a
normal and tangential loading of the asperity combined with a normal loading for
the cylindrical contact has given a crack path that is comparable to experimentally
observed crack paths. The results were improved by replacing the loading model
based on concentrated loads such as line and point forces, with a loading model
using Hertzian pressure distributions. The numerical results have been found to be
in accordance with the experimental spall profile from [10] when short crack lengths
are considered. It is thus possible to model rolling contact fatigue crack propagation
with the same physical laws as all other fatigue crack.

The implemented contact problem predicted tensile surface stresses, which is con-
sistent with the asperity point load mechanism, where these tensile surface stresses
will initiate the rolling contact fatigue crack. The study enabled also to enhance
some characteristics of rolling contact fatigue cracks, such as the non-proportional
I/II mixed mode loading of the crack boundaries. Dominant mode I crack propaga-
tion has been observed by comparing different crack path criteria. A propagation
perpendicularly to the direction of the largest principal stress has been found to be
a reliable crack path criterion, although it presents the inconvenient to be based
on the stresses in the crack tip only. The different studied crack path criteria give
however a similar numerical crack path for crack lengths smaller than 100μm. The
rolling contact fatigue crack is propagating in the rolling direction if the crack initi-
ation point is situated in a zone with negative slip, i.e. on the flank of the pinion.
The initial propagation of the fatigue crack can occur in the direction opposite of
the rolling direction, but the crack will subsequently deviate in the rolling direction.

The quantitative single sensitivity study showed the influence of geometric, loading
and material parameters on the predicted crack profile or the intensity of the stress
intensity factors. It is found that a surface defect closer to the center of the asperity
can be considered as more critical. Moreover has the tangential loading on the
asperity a large influence on the loading of the crack boundaries, so the choice of
an appropriate value of the coefficient of friction for the asperity seems important.
Finally the biaxial residual surface stress of the gear material influences strongly
the predicted crack path. The model could thus be improved using graded material
properties. Different parts of the performed study have shown that the numerical
value of the crack closure limit will strongly influence the calculations of fatigue life
for rolling contact fatigue cracks, as it influences the stress intensity factor ranges
and thus the crack growth rate. The crack closure limit seems however to have less
or even no influence at all on the determination of the crack path.

Further work on rolling contact fatigue cracks should first focus on the validation of
some assumptions used in the current study. Indeed the study of the rolling contact
fatigue cracks has been performed using the stress field in uncrack material. So the
influence of the presence of a crack in the material on the stress field has not been
considered. This influence should be quantified by means of an FE computation for
instance. Moreover has LEFM been assumed to be valid for the studied short cracks,
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which should be verified experimentally on case hardened gear steel, as according to
the ASTM condition LEFM is not applicable for the initial crack propagation.

The MATLAB program used for the different numerical computations should be
altered in order to reduce the computational time for instance. Improvements can be
made with the management of the update of the large output matrices. This would
allow for faster computations or computations with smaller increments, which would
be beneficial for the accuracy of the results especially with a reduced increment of
the position of the cylindrical loading during the load cycle.

The current study had its focus on the crack propagation in the symmetry plane of
the spall, but one can also determine the crack path of the surface crack. The com-
bination of both studies would then make it possible to create a three dimensional
rolling contact fatigue crack.
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A Kink data by Melin

The crack propagation criterion by Nuismer is based on numerical data from the
work by Melin [20]. Indeed Eq. (57) and Eq. (58) use the Rij functions for which
Melin determined numerical values. These coefficients depend on the angle ϕ. In
[20] Melin published the numerical values of the Rij functions for ϕ varying from
0◦ to 90◦ with an angle increment of 1◦. This data is presented in Tab. 9. Note
that the angle ϕ is expressed in degrees and not radians. It should be noted that in
order to get more accurate values of the angle ϕ, quadratic interpolation between the
numerical values in Tab. 9 was performed. It was also found that linear interpolation
did not improve the accuracy of the results.

Table 9: Numerical values of the Rij functions for an angle
ϕ varying from 0◦ to 90◦.

ϕ(◦) R11(−) R12(−) R21(−) R22(−)
0 1 0 0 1
1 .9998857 −2.617781e − 2 8.725816e − 3 .9997622
2 .9995432 −5.234285e − 2 1.744666e − 2 .9990495
3 .9989724 −7.848238e − 2 2.615756e − 2 .9978619
4 .9981738 −.1045837 3.485356e − 2 .9962006
5 .9971479 −.1306340 4.352972e − 2 .9940667
6 .9958952 −.1566206 5.218108e − 2 .9914613
7 .9944164 −.1825310 6.080276e − 2 .9883870
8 .9927129 −.2083527 6.938987e − 2 .9848456
9 .9907851 −.2340729 7.793754e − 2 .9808394

10 .9886345 −.2596795 8.644097e − 2 .9763714
11 .9862623 −.2851599 9.489535e − 2 .9714449
12 .9836699 −.3105021 .1032959 .9660633
13 .9808590 −.3356938 .1116381 .9602303
14 .9778311 −.3607229 .1199170 .9539500
15 .9745883 −.3855777 .1281283 .9472271
16 .9711322 −.4102464 .1362673 .9400662
17 .9675651 −.4347172 .1443296 .9324721
18 .9635893 −.4589787 .1523107 .9244508
19 .9595065 −.4830195 .1602062 .9160069
20 .9552199 −.5068287 .1680121 .9071472
21 .9507316 −.5303948 .1757239 .8978775
22 .9460444 −.5537073 .1833376 .8882045
23 .9411609 −.5767556 .1908491 .8781347
24 .9360843 −.5995293 .1982546 .8676753
25 .9308172 −.6220178 .2055500 .8568337
26 .9253629 −.6442114 .2127317 .8456172
27 .9197244 −.6661000 .2197960 .8340335
28 .9139053 −.6876742 .2267392 .8220907
29 .9079087 −.7089247 .2335578 .8097973

Continued on next page
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ϕ(◦) R11(−) R12(−) R21(−) R22(−)
30 .9017382 −.7298421 .2402485 .7971613
31 .8953973 −.7504176 .2468080 .7841920
32 .8888895 −.7706427 .2532330 .7708979
33 .8822187 −.7905088 .2595206 .7572880
34 .8753887 −.8100076 .2656676 .7433718
35 .8684033 −.8291317 .2716714 .7291589
36 .8612664 −.8478730 .2775292 .7146587
37 .8539820 −.8662244 .2832381 .6998811
38 .8465542 −.8841786 .2887959 .6848361
39 .8389872 −.9017289 .2942000 .6695340
40 .8312851 −.9188689 .2994483 .6539847
41 .8234521 −.9355922 .3045385 .6381990
42 .8154928 −.9518928 .3094686 .6221871
43 .8074110 −.9677650 .3142367 .6059601
44 .7992114 −.9832036 .3188410 .5895284
45 .7908983 −.9982030 .3232797 .5729030
46 .7824766 −1.012759 .3275516 .5560952
47 .7739500 −1.026867 .3316550 .5391153
48 .7653235 −1.040523 .3355885 .5219749
49 .7566018 −1.053723 .3393514 .5046851
50 .7477889 −1.066462 .3429421 .4872572
51 .7388897 −1.078739 .3463600 .4697023
52 .7299089 −1.090549 .3496042 .4520319
53 .7208509 −1.101891 .3526740 .4342573
54 .7117203 −1.112761 .3555690 .4163896
55 .7025218 −1.123159 .3582885 .3984407
56 .6932599 −1.133080 .3608325 .3804216
57 .6839392 −1.142526 .3632007 .3623438
58 .6745642 −1.151494 .3653929 .3442186
59 .6651397 −1.159982 .3674093 .3260573
60 .6556703 −1.167992 .3692501 .3078712
61 .6461603 −1.175522 .3709154 .2896716
62 .6366142 −1.182572 .3724058 .2714698
63 .6270368 −1.189142 .3737218 .2532769
64 .6174324 −1.195234 .3748640 .2351039
65 .6078054 −1.200848 .3758332 .2169619
66 .5981602 −1.205984 .3766300 .1988619
67 .5885013 −1.210645 .3772559 .1808146
68 .5788329 −1.214832 .3777114 .1628308
69 .5691593 −1.218547 .3779979 .1449214
70 .5594851 −1.221792 .3781169 .1270967
71 .5498140 −1.224569 .3780695 .1093671
72 .5401504 −1.226881 .3778572 9.174311e − 2
73 .5304984 −1.228732 .3774819 7.423477e − 2
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ϕ(◦) R11(−) R12(−) R21(−) R22(−)
74 .5208619 −1.230123 .3769448 5.685227e − 2
75 .5112604 −1.231097 .3762593 3.960662e − 2
76 .5016518 −1.231545 .3753933 2.250408e − 2
77 .4920860 −1.231582 .3743826 5.557768e − 3
78 .4825515 −1.231175 .3732181 −1.122402e − 2
79 .4730519 −1.230329 .3719015 −2.783193e − 2
80 .4636095 −1.229097 .3704501 −4.425862e − 2
81 .4541724 −1.227337 .3688219 −6.048987e − 2
82 .4447998 −1.225202 .3670636 −7.652216e − 2
83 .4354763 −1.222646 .3651625 −9.234505e − 2
84 .4262055 −1.219676 .3631214 −.1079503
85 .4170122 −1.216358 .3609614 −.1233358
86 .4078357 −1.212514 .3586296 −.1384748
87 .3987428 −1.208333 .3561842 −.1533783
88 .3897156 −1.203762 .3536092 −.1680321
89 .3807569 −1.198806 .3509079 −.1824292
90 .3718838 −1.193511 .3480953 −.1965741
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