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Abstract

Traffic is a major source of environmental noise in modern day’s society. As
a result, the development of new vehicles are subject to heavy governmental
legislations. The major noise sources on common road vehicles are engine
noise, transmission noise, tire noise and, at high speeds, wind noise. One way
to reduce intake and exhaust noise is to attach mufflers to the exhaust pipes.
However, to develop prototypes for the evaluation of muffler performance is
a costly and time-consuming process. As a consequence, in recent years so-
called virtual prototyping has emerged as an alternative. Current industrial
simulation methodologies are often rather crude, normally only including
one-dimensional mean flows and one-dimensional acoustic fields. Also, flow
generated noise is rudimentary modeled or not included at all. Hence,
improved methods are needed to fully benefit from the possibilities of virtual
prototyping.

This thesis is aimed at the development of simulation methodologies suitable
both as industrial tools for the prediction of the acoustic performance of
flow duct systems, as well as for analyzing the governing mechanisms of duct
aeroacoustics. Special focus has been at investigating the possibilities to
use frequency-domain linearized Navier-Stokes equations solvers, where the
equations are solved either directly or as eigenvalue formulations.

A frequency-domain linearized Navier-Stokes equations methodology has
been developed to simulate sound propagation and acoustic scattering in
flow duct systems. The performance of the method has been validated to
experimental data and analytical solutions for several cases of in-duct area
expansions and orifice plates at different flow speeds. Good agreement has
generally been found, suggesting that the proposed methodology is suitable
for analyzing internal aeroacoustics.

iii



Doctoral thesis

This thesis consists of the following papers:

Paper I
A. Kierkegaard, S. Boij, and G. Efraimsson. A frequency domain linearized
Navier-Stokes equations approach to acoustic propagation in flow ducts with
sharp edges. J. Acoust. Soc. Am., 127(2):710-719, 2010.

Paper II
A. Kierkegaard, S. Boij and G. Efraimsson, Simulations of the Scattering of
Sound Waves at a Sudden Area Expansion (submitted).

Paper III
A. Kierkegaard, G. Efraimsson, S. Allam and M. Åbom, Simulations of
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4. M. Åbom, M. Karlsson and A. Kierkegaard, On the use of linear
aeroacoustic methods to predict whistling, 16th International Congress
on Sound and Vibration (ICSV 16), Krakow, Poland, 2009.

5. A. Kierkegaard, Simulering av ljudutbredning i rörsystem med gasströmmar,
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encouragement.

v



Contents

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Acoustic network modeling . . . . . . . . . . . . . . . . . . . 5
1.3 CAA of flow duct noise . . . . . . . . . . . . . . . . . . . . . 8
1.4 Fan duct radiation . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4.1 Frequency domain implementations of the LEE . . . . 12
1.4.2 Other modeling approaches . . . . . . . . . . . . . . . 13

1.5 Kelvin-Helmholtz instabilities . . . . . . . . . . . . . . . . . . 14

2 The linearized Navier-Stokes equations 16
2.1 Derivation of the linearized Navier-Stokes equations . . . . . 18
2.2 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . 20
2.3 Forcing functions . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 Frequency scalings . . . . . . . . . . . . . . . . . . . . . . . . 22
2.5 The scattering matrix formalism . . . . . . . . . . . . . . . . 23
2.6 Plane wave decomposition methods . . . . . . . . . . . . . . . 25

2.6.1 Density-velocity method . . . . . . . . . . . . . . . . . 25
2.6.2 Curve-fitting method . . . . . . . . . . . . . . . . . . . 26

3 Validation cases 29
3.1 Thin orifice plate . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.1.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.1.2 Mean flow . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.1.3 Perturbation simulations . . . . . . . . . . . . . . . . . 31
3.1.4 Comparison with experimental data . . . . . . . . . . 33

3.2 Area expansion . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.2 Mean flow . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.3 Perturbation simulations . . . . . . . . . . . . . . . . . 37

vi



3.2.4 End corrections . . . . . . . . . . . . . . . . . . . . . . 39
3.3 Whistling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.3.2 Mean flow . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.3.3 Whistling potentiality . . . . . . . . . . . . . . . . . . 45
3.3.4 Nyquist stability criterion . . . . . . . . . . . . . . . . 47

4 Global modes 50
4.1 A reduced model of the flow field . . . . . . . . . . . . . . . . 51
4.2 Open cavity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.3 Curles equation . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3.1 Application to global modes . . . . . . . . . . . . . . . 55
4.3.2 Implementation . . . . . . . . . . . . . . . . . . . . . . 57

4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5 Conclusions and future work 61

6 Summary of papers 63

Bibliography 67

vii





Chapter 1

Introduction

The field of internal low Mach number aeroacoustics has many applications
with connection to peoples’ everyday lives. Examples range from unwanted
noise such as exhaust noise from cars and building ventilation noise, to the
pleasant sounds of flutes and other wind instruments. All examples are
however governed by the same physical mechanisms. These mechanisms are
commonly divided into two categories; the generation of sound by air flows,
and the propagation of sound waves in duct systems with mean flows.

Aside from the appreciated sounds of wind instruments, the large part of
peoples daily contact with aeroacoustic sound is of the unwanted type, with
transport noise as a primary source of environmental noise. Except for being
purely annoying, the World Health Organization [1] identifies transport noise
as a source of several health issues, including noise-induced hearing loss, sleep
disturbance effects, increased blood pressure, cardiovascular disease and other
physiological effects.

The report claims 30 % of EU’s citizens to be exposed at night to equivalent
sound pressure levels exceeding 55 dB(A). In contrast, it is stated that for
a good night’s sleep, sound levels of continuous background noise should
not exceed 30 dB(A) to avoid consequences such as the above mentioned
health issues and reduction of sleep quality resulting in increased fatigue and
decreased day-after performance.

In addition, it is reported that ”mainly in workers and children, that noise
can adversely affect performance of cognitive tasks.” and ”Reading, attention,
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problem solving and memorization are among the cognitive effects most
strongly affected by noise.” Children in schools situated in locations with
high levels of environmental noise is reported to ”under-perform in proof
reading, in persistence on challenging puzzles, in tests of reading acquisition
and in motivational capabilities”. In [2], focus is turned on the special case
of low frequency noise, defined as the range of 10 Hz to 200 Hz. Noise in this
frequency range is identified as particularly harmful to cognitive tasks.

All in all it can be concluded that road traffic is the major source of
environmental noise in modern day society. The major noise sources on
common road vehicles at low speeds are engine noise and tire noise, with tire
noise exceeding engine noise at speeds higher than 40-60 km/h [1]. At high
speeds, wind noise is also an apparent noise source.

Due to the above mentioned problems related to traffic noise, development of
new vehicles are subject to strict governmental legislations. One common way
to reduce engine noise is to attach mufflers to the exhaust pipes. However, to
develop prototypes of mufflers for evaluation is a costly and time-consuming
process where the design often has been based on experience and trial
and error techniques. As a consequence, in recent years so-called virtual
prototyping has emerged, in which computational models are used to optimize
muffler designs. Current industrial simulation methodologies are often
rather crude, either neglecting mean flows or including only one-dimensional
mean flows and one-dimensional acoustic waves. Hence, improved, but still
efficient, methods are needed to fully benefit from the possibilities of virtual
prototyping.

Examples of available commercial software includes AVL BOOST, GT
POWER and SIDLAB. The two first use one-dimensional non-linear equa-
tions in time domain to solve coupled flow and acoustic propagation in duct
systems. A benefit of the non-linear simulation technique is the possibility
of calculations at high acoustic amplitudes, but a limitation is the one-
dimensional modeling of geometries, which in reality often consists of flows
that are highly two or three dimensional. SIDLAB on the other hand is
based on a so-called acoustic network model, which is a linear frequency
domain model where acoustic systems are separated into several components
which are modeled separately and assumed connected by acoustic plane wave
propagation.

Common to all existing commercial duct acoustics software is the lack
of satisfying inclusion of flow-acoustic interaction effects on the acoustic
propagation. One obvious way to overcome this limitation would be to solve

2



the full non-linear compressible Navier-Stokes equations for the entire muffler
system. This is however prohibitively computationally expensive and will be
out of reach for industrial use in many years to come. Hence, improved,
but still efficient methods are needed to fully benefit from the possibilities of
virtual prototyping.

The aim of this thesis is to explore the usefulness of existing methods
for simulations of acoustics and fluid dynamics, when applied to internal
aeroacoustics, and to develop appropriate methodologies for simulations of
sound wave propagation in duct systems with low speed air flows. An optimal
simulation strategy include the sufficient level of complexity of the involved
physics, yet neglects too detailed descriptions which demand additional
computational resources without adding to the physical understanding of
the studied subject. Thus improved knowledge of the governing mechanisms
of sound wave propagation in flow ducts is needed to find the optimal
balance between computational effort and the complexity of physics that
is incorporated into the model.

1.1 Background

A majority of all research performed in aeroacoustics and computational
aeroacoustics (CAA) has been aimed at the aircraft noise community, starting
with the pioneering works of Lighthill [3]. Commonly, aircraft noise research
traditionally focus on high Mach number and high Reynolds number free field
jet flows. In high-speed jets, noise generation is mainly of quadrupole type,
caused by unsteady non-linear mechanisms. The methodologies developed
in CAA have reflected this, in their focus on time-domain solutions of the
non-linear Navier-Stokes equations, either as Direct Numerical Simulations
(DNS) where no turbulence models are included, to turbulence models such as
Reynolds-Averaged Navier-Stokes (RANS) and Large Eddy Simulation (LES)
codes. As examples, but far from a complete list, [4–9] can be mentioned.
Despite the growing number of, primarily LES, aeroacoustic studies of jet
noise, no consensus have been found within the research community on
the choice of turbulence modeling techniques and modeling parameters.
Numerical simulation of jet noise and sound generation in general is still
far from a fully explored research area.

In wall-bound and internal flows at low Mach numbers, the sound generating
mechanisms are however governed by fundamentally different physics than

3



that of free-field jet noise. When an airflow is obstructed by a change of
geometry, such as a sharp corner or a bifurcation, flow instabilities and
vortices are generated. As these vortices impinge on boundaries, sound
impulses are generated. In a non-deterministic flow, vortices will impinge
on walls at random times and with random intensities, and the accumulated
sound will thus be of broadband character. If however the generated sound
is back-scattered to the geometry discontinuity, the vortex shedding might
be affected to form a resonant feedback system which generate tonal noise,
i.e. whistling. The most basic geometry of this type is a rectangular cavity,
of which the generated sound has been treated in, for example, [10–14].

A less explored field of aeroacoustics is that of pure wave propagation in
inhomogeneous media with arbitrary mean flows, as this is disconnected from
the noise generation processes. The conceptual difference in the simulation
of sound generation and sound propagation is large enough to justify a
treatment of the two as separate topics. In regions outside of acoustic
sources, the acoustic quantities are often small in comparison to the the
flow field quantities. It many cases it can also be assumed that the flow
field affects the sound waves, whereas the sound waves does not influence
the flow field. Thus, the perturbations about the mean flow are often small
enough to justify linearization. This enables a two-stage treatment of the
acoustic wave propagation: firstly, the mean flow can be calculated without
the need to consider any acoustic waves, and secondly, the sound waves can
be calculated as perturbations about the mean flow field.

Also, as a consequence of the linearization, a frequency domain approach can
be taken. Benefits of a frequency-domain approach, as opposite to a time-
domain approach, is the significant reduction of computational time in case of
single frequency excitation. In this case only one single calculation is needed,
as opposite to a time-series in the case of time-domain simulations. Another
strong benefit of a frequency-domain approach is its ability to suppress
growing shear layer instabilities, as no temporal growth can exist when a
time-harmonic assumption is taken.

Since most research efforts have been aimed at jet noise generation, where
unsteady simulations are needed, few studies have paid attention to the
possibilities of frequency-domain aeroacoustics. Examples of sound wave
propagation simulations in frequency domain are, e.g. [15, 16] where the
Linearized Euler Equations were used, and [17] which implemented the
Linearized Lilley’s equation. Neither of these studies have included viscous
effects. However, since viscous losses are non-negligible in duct acoustics due
to viscous dissipation along walls and at sharp edges, modeling of viscous
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aeroacoustics might be relevant. The work presented in this thesis aims as a
first step to the development of a simulation methodology for aeroacoustics
of viscous flows.

To the best of the author’s knowledge, no study has previously been
performed of scattering of sound in flow ducts with linearized frequency
domain Navier-Stokes solvers. However, frequency domain linearized Euler
equation solvers has been utilized in configurations of related character, and
other CAA methods has been investigated for the scattering of sound in flow
ducts.

1.2 Acoustic network modeling

Most realistic industrial flow duct configurations such as vehicle mufflers
or ventilation systems are both large and geometrically complex. A direct
aeroacoustic simulation of such a system will not be manageable within the
near future considering the development pace of todays computer resources,
due to the overwhelming computational costs associated with these types of
simulations.

To reduce the complexity of acoustic flow duct analysis, an alternative
method is the concept of the so-called acoustic network model, where a
general flow duct system is modeled by breaking it down into a sequence
of simple elements such as duct sections, junctions, chambers, expansions etc
[18]. In the model, all elements interact acoustically and are connected by
duct elements through which only acoustical plane waves propagate. The use
of acoustic network models include a range of applications such as automotive
exhaust systems, ventilation systems, gas piping, ship propulsion, power
plants etc.

Figure 1.1 (top) shows a generic duct system, in this case an expansion
chamber and an area constriction (orifice plate) mounted in parallel by two
T-joints. Dashed lines represents imagined cut-lines to split the duct system
into more primitive components. Figure 1.1 (bottom) shows an acoustic
network model representation of the same duct system. Here it can be
seen how a complex duct system can be broken down into a network of
simpler components such as empty duct sections, area expansions and area
contractions. When the scattering by each individual component is known,
the acoustic performance of the entire duct system can be determined.
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⇓

Figure 1.1: A generic duct system with dashed cut-lines (top) and its
corresponding acoustic network model representation (bottom).

When modeling the individual elements there is a strong need of knowledge
on how incoming acoustic waves are transmitted and reflected within the
element. This is sometimes referred to as the acoustic characterization of
the element [19]. Often linear conditions can be assumed. At atmospheric
standard conditions, the upper limiting amplitude of linearity is often in
the range 135-155 dB for the sound pressure, with the limit falling with
increasing frequency [20]. In the case of linear wave propagation, a frequency
domain approach can be adopted, which is beneficial both theoretically and
simulation-wise due to simplified analytical expressions as well as reduced
computational effort and easier implementations of for example boundary
conditions and impedance wall models.

One fundamental assumption of acoustic network modeling is that of only
acoustic plane waves propagating between the network elements. This
can however be overcome by including scattering information between the
different orders of propagating duct modes, but will significantly increase the
complexity of the modeling and is most often neglected. The assumption is
however justified by the general use of network models aimed at reactive
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silencers where efficient performance is most difficult to reach at low
frequencies. At typical vehicle engine operating conditions, at around 1500-
3000 RPM, the bulk energy is contained within the first few harmonics of
the cylinder firing frequency, i.e. below a few hundred Hertz [21]. At these
low frequencies, the acoustic wavelengths are typically much larger than the
diameters of the ducts connecting the network components and it can without
much loss of generality be assumed that only plane waves propagate between
the acoustic network components. At higher frequencies dissipative materials
can be efficiently applied, thus silencer performance optimization is not as
critical for high frequencies as for lower frequencies.

A general network element can be thought of as a black box to which acoustic
waves enters and exits through any number of inlets/exits, so-called ports.
The general case is referred to as a multi-port [22], or N -port. Here N is the
number of ducts connected to the component. In the case of area expansions
and other geometry discontinuities, the component is connected to one inflow
duct and one outflow duct, and can thus be formulated as an acoustic two-
port. Sometimes the term four-pole [23, 24] is used for two-ports. In the
case of a T-joint, three connected ducts are present, and the element is thus
represented by a three-port, and so on. The methodology is most often used
in the plane wave regime, i.e. below the cut-on frequency of the first higher
order propagating duct mode. Knowledge of the acoustical field inside of the
element is not necessary, only the transfer of acoustic information between
the ports of the element. These transfer functions can be represented on
various formulations and can be achieved either analytically, experimentally
or by simulations.

Although regularly used in industry for the case of no mean flow, limited
success of network models may be achieved with a mean flow present if not
the flow-acoustic coupling is taken into account properly within the individual
elements. This was shown in [25] where a network model was used to simulate
the performance of a very complex realistic muffler. In the case of no mean
flow the network model managed to predict the transmission loss of the
muffler to within a few decibels, whereas in the case of a M = 0.15 Mach
number mean flow, the frequency behavior was not captured.

The transmission losses with and without flow is shown in Figure 1.2,
revealing the influence of lacking inclusion of relevant physics in the
flow-acoustic modeling of the elements. These discrepancies compared
to experimental results are mainly due to theoretically modeled network
elements with insufficient inclusion of mean flow. This demonstrates the need
for computational tools to acquire accurate descriptions of acoustic network
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Figure 1.2: The transmission loss in decibels of a realistic muffler predicted
with a network model approach in [25]. Without flow (left), and with a
M = 0.15 Mach number mean flow (right). Dashed lines represents slightly
different modeling approaches, described in [25].

elements with mean flow effects taken into account. This thesis focus on
the acquisition of network element descriptions by the use of computational
aeroacoustics.

1.3 CAA of flow duct noise

Several papers have been published on propagation and scattering of
sound in flow ducts exploring different simulation strategies. In general,
advanced and computationally expensive simulation techniques such as
Direct Numerical Simulations (DNS) or Large Eddy Simulations (LES) have
been employed, where the complete non-linear compressible Navier-Stokes
equations are solved directly for both mean flow and acoustic and vorticial
perturbations simultaneously, with no or little assumptions or turbulence
modeling involved.

One of the more well-studied geometry configurations in internal aeroacous-
tics is that of an in-duct orifice. The orifice might be situated along the
duct walls, as in the case of duct liners, or as a diaphragm used as a flow
constriction device. Both these cases have many practical applications and
are heavily used in industry and thus interesting to study theoretically.
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For example, DNS was used in [26, 27] to study the dissipation mechanisms
of high-intensity acoustic waves due to vortex shedding in an orifice, with
applications to duct liners. Both the conditions without flow [26] and
with gracing flow [27] were investigated, and the former was compared to
impedance-tube measurements.

In [28], DNS was used to simulated the absorption of acoustic energy due
to an in-duct orifice plate without flow and with a laminar M = 0.01 Mach
number through-flow. Reflection and transmission of acoustic waves across
the orifice plate were also investigated. A similar study of absorption of
acoustic energy due to an orifice with biased (through-) flow was carried out
in [29] and results were compared to an analytical model. LES was used and
Mach and Reynolds numbers were just slightly higher than in [28]. However,
a three-dimensional model was used, as opposite to two-dimensional in all
previously mentioned studies.

The transmission and reflection of plane waves in a larger duct with an orifice
at higher Mach and Reynolds numbers was studied in [30] using unsteady
RANS (u-RANS) simulations, which is less computationally expensive
compared to LES and DNS. Excessive damping of the acoustic waves was
found in the jet region due to an over-prediction of the turbulent viscosity
by the turbulence model. Results of acoustic scattering by the orifice plate
were not in good agreement with experimental results and it was concluded
that u-RANS simulations of plane wave propagation in separated flows need
to be performed with great care.

In [31], an attempt to predict the sound propagation and generation in a
two-dimensional flow duct with an double orifice configuration by the use
of Detached Eddy Simulation (DES) was presented, and simulation results
were compared to experimental results. However, since no decibel labels were
shown, a quantitative evaluation of simulation accuracy is not possible. A
DES was also used in [32] in a semi-three dimensional case of a cut-out of
an eighth of a cylindrical duct with a M = 0.11 Mach number mean flow.
The sound generation from an orifice plate placed in a duct upstream of a
termination was calculated, and directivity of the sound radiation from the
duct exit was compared to measurements.

Sound generation from a slit-shaped orifice in a rectangular duct in three
dimensions was studied in [33] in the case of a M = 0.017 Mach number
mean flow. Spectra of fluctuating pressure at various locations both up- and
downstream was presented but not compared to experimental or analytical
results. However, the simulated spectra were used as reference solution to
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[34, 35] where a LES simulation was carried out in the near field of an
equivalent slit-shaped orifice in a rectangular duct. The Lighthill’s stress
tensor was recorded and Fourier transformed pointwise and used as source
term in a FEM implementation of the Lighthill analogy in frequency domain
to propagate the generated sound out into the far-field of the duct. Large
variations in accuracy was reported depending on method used to interpolate
the sources between the LES and acoustic meshes.

The propagation of sound in a duct with an area expansion at a various
Mach number mean flows was studied in [36, 37] where a LES simulation was
coupled to a system identification (SI) technique to characterize the scattering
of the acoustic waves and the results were compared to experimental
data. The same LES-SI technique was later applied to the case of
scattering of sound by a T-joint with a M = 0.1 Mach number grazing
mean flow [38]. A power balance study was carried out to investigate the
sound absorption/amplification of the T-joint. Results were compared to
experimental results, which revealed the method’s ability to capture the
correct physical behavior of the flow-acoustic coupling in the T-joint.

Acoustic scattering at a T-joint was also simulated in [39, 40], however with
a different methodology. An incompressible solver was used to calculate
the flow, where velocity perturbations were added at inflow boundaries
to mimic incident sound waves. A vortex sound theory integral was
thereafter solved to identify acoustic absorption of amplification to predict
flow induced pulsations in piping systems. Although applicable in this case,
the methodology is limited to low Helmholtz number cases.

Other integral methods based on amongst other Lighthill’s [3] or Curle’s [41]
analogy has been utilized for flow duct sound generation and propagation in
for example [42–46]. However, these methods are primarily used for external
sound generation applications and will not be further investigated here.

1.4 Fan duct radiation

Although few papers on CAA for scattering in internal flow ducts has been
published, a more extensively explored area with similar requirements on
methodologies, in terms of involved physics, is the field of fan duct radiation
with applications to turbofan engines. Often a given sound source is assumed,
and focus is only on the propagation of sound through the engine inlet or the
bypass duct and radiation out into open air. A schematic sketch of a typical
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turbofan engine is shown in Figure 1.3. Fan noise is generated by rotor-
stator interaction in the middle of the engine and propagate both forward
and rearwards into open air. The sound waves are typically of high frequency
content and wavelengths are small compared to the diameter of the engine
duct. Mean flow conditions at the inlet is of potential flow type, whereas at
the outlet the mean flow is of jet characteristics with strong shear layers.

Figure 1.3: Cross section of a turbofan jet engine. Lower half not shown due
to symmetry. Fan noise propagate both forward and rearwards and radiate
into open air. Image courtesy of [47].

Amongst the earliest attempts to numerically calculate propagation and
radiation of sound from the inlet of a turbofan engine were carried out in
[48–50] where the convected Helmholtz equations were solved within a finite
element framework assuming irrotational mean flow. The assumption of an
irrotational mean flow does however pose a sever restriction to the generality
of the method, and is not appropriate in cases with shear layers, as is the case
with jet exhausts. This was partially tackled in [51], where aft duct radiation
was calculated in frequency domain with a potential formulation assuming
irrotational mean flow as well as acoustic perturbations, and jet and outside
air was treated as two regions with a jump between. Although applicable to
special cases, the method lacks generality.

Common to all investigations of duct fan radiation is simulations of short
propagation distances, and the use of impedance boundary conditions to
account for effects of liners, thus eliminating the need of taking acoustic
attenuation due to bulk viscosity into account. Neither is it necessary
to resolve any acoustic boundary layers when using impedance boundary
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conditions. This admits the elimination of viscous terms from the Navier-
Stokes equations, yielding the Euler equations.

Thus, aiming at higher level of realism of the physics solved for than what
is possible with the convected wave equation, focus was later turned to the
linearized Euler equations (LEE), with early publications on methodology
development represented by [52, 53] on finite difference methods (FDM) on
structured meshes.

Applications of LEE with FDM on structured meshes include, amongst
others, [54] where scattering of sound and far-field directivity from a half-
infinite straight duct was calculated in axisymmetric 2.5-D and compared to
an analytic solution. In [55] a generic test case of planar wave radiation from
an unflanged duct was studied, and far-field radiation was compared with an
analytic solution. Radiation from an unflanged duct was studied in [56] as
well, and also ground effects were studied. In [57, 58] 3D studies were carried
out on effects of installation parts and bifurcations on radiation directivity,
respectively. The radiation from a cylindrical duct exit and a from a generic
2.5-D bypass duct was studied in [59], and results from LEE was compares to
results produced by the Acoustic Perturbation Equations (APE) technique
of [60], with agreement found to be within a few decibel in general.

To overcome the restriction of structured meshes, the Discontinuous Galerkin
Method (DGM) has been popularized by, e.g. [61, 62].

1.4.1 Frequency domain implementations of the LEE

Common to all above mentioned studies is the use of the linearized Euler
equations in time domain. Benefits of a time domain approach include the
possibility of broadband excitation to simulate the propagation of several
frequencies at once. Also, propagation calculations with acoustic source terms
extracted from unsteady CFD calculations are more natively implemented in
time domain. On the other hand, impedance boundary conditions associated
to the duct wall liners poses a challenge in time domain which is significantly
easier to implement in frequency domain. Also, computational effort may be
largely reduces by a frequency domain approach in case of single frequency
excitation since only one calculation is needed, as opposite to an entire time
series of a time domain simulation. However, only few references on duct
propagation simulations in frequency domain are available.

Notable works include [63] where a frequency domain LEE solver was
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implemented in axisymmetry and applies to an intake geometry. The LEE
solver was later applied to bypass outlet sound radiation [15, 64, 65] and good
agreement to measurements was found, concluding that frequency domain
LEE captures all relevant physics involved in sound radiation from turbo fan
engine ducts.

In [66, 67], a DGM framework was developed a for LEE in frequency
domain. Although not applied on internal propagation, the implementation
was validated to an analytical solution of a point source in a free jet and
was reported more computationally efficient than the Dispersion-Relation-
Preserving method of [52]. On the other hand, [16] compares another DGM
implementation to a FEM implementation and found DGM less memory
efficient than FEM. However, since these studies were carried out on different
types of DGM, no direct conclusion can be drawn regarding superiority of
method.

Low-order FEM was used in [68] to develop a framework for LEE in frequency
domain which was successfully validates to an analytical solution of radiation
from a semi-infinite duct. Simulations were also carried out of noise radiation
from a bypass duct and was compares to experimental data with 5-10 dB
agreement, depending on direction of radiation.

A model based on linearized RANS has been proposed in e.g. [69] and applied
to analyze the performance of liners. In the methods, the unsteady RANS
equations were linearized about a mean state and solved in frequency domain
to calculate the acoustic response to the given cases. Although similar in
concept to the method presented in this thesis, the method has not been
applied to calculate scattering matrices for duct acoustic problems, and it
is thus difficult to say how this method compares to that presented in this
thesis.

1.4.2 Other modeling approaches

Apart from LEE, other less explored methods of simulation of propagation
of acoustic waves in flow ducts include for example the Lilley’s equation
[4, 17, 70–74], the Galbrun equation [75] and the Pridmore-Brown equation
[76]. All these methods are however limited in various ways such that their
usefulness to the topics treated in this thesis is restricted.
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1.5 Kelvin-Helmholtz instabilities

A common property of most practical duct flows is the presence of shear
layers due to flow separation at abrupt geometry changes such as area
expansions and bends. If these shear layers are perturbed, for example by
impinging sound waves, so-called Kelvin-Helmholtz instabilities [77–79] might
be triggered. These are structures that grow exponentially in magnitude
proportionally to the strength of the shear layer and pose a critical issue to
many linearized acoustic propagation techniques.

Infinitely thin shear layers are always unstable to perturbations, i.e. distur-
bances are growing, but for shear layer of finite thickness, the instabilities
will only be triggered when excited at frequencies below a certain cut-off
frequency [79]. Once triggered, the instabilities are convected by the mean
flow and growing with shear layer strength, and, in real life, attenuated by
viscous and non-linear effects. In linearized, inviscid simulations however,
these instabilities will grow exponentially and unlimited. As the jet expands,
the shear layer is weakened and ultimately the instabilities stop growing.
However, due to a low amount of dissipation, the vorticial waves are convected
in an almost unattenuated manner downstream by the mean flow.

The presence of excessive vorticity pose a great challenge to linear aeroa-
coustics since no mechanisms attenuate the exponential growth of vorticity,
which might corrupt the simulation solutions. To overcome this rather severe
restriction, several alternative formulations of the linearized Euler equations
have been posed. A somewhat ad hoc method is the so-called Gradient Term
Suppression (GTS) method [80], where all mean flow shear terms are removed
from the LEE. In [60], the so-called Acoustic Perturbation Equations (APE)
were derived by removing the entropy and vorticial modes from the LEE. This
completely eliminates all excitations of Kelvin-Helmholtz instabilities, which
at the same time limits its use in cases when acoustic energy is dissipated due
to acoustics-induced vortex shedding. In [81] the APE was implemented in a
Discontinuous Galerkin framework and validated on the cases of a monopole
source in a shear flow, and was compared to LEE with good agreement. The
method has has also been applied to turbofan exhaust noise in [59]. A method
based on an irrotational formulation of the linearized Euler equations (ILEE)
was presented in [82] which reduces to the APE for irrotational mean flow
and isentropic conditions. However, in cases where vortex shedding is an
important mechanism of acoustic losses, the APE will be unable to predict
this acoustic-vortex coupling.
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A method to stabilize the Kelvin-Helmholtz instabilities was suggested in [83]
by the use of additional non-linear terms, at the expense of loosing linearity,
and does not lend itself to calculations in frequency domain.

As was shown in [84], no absolute instabilities can exist in a frequency domain
formulation of the LEE, which thus lend itself well to the study of sound
waves propagation in the presence of shear layers. Caution must however be
taken not to use an iterative solver for the frequency domain formulation, as
this was shown to be equal to pseudo-time stepping which supports global
instabilities in the same manner as a true time domain solver.
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Chapter 2

The linearized
Navier-Stokes equations

The Navier-Stokes equations governs all fluid motion of ideal fluids where
a continuum approach applies, from small-scale turbulence to atmospheric
winds. Although air is not an ideal fluid, it can most often be modeled
as such. Since sound waves are a special case of fluid mechanics, the
Navier-Stokes equations are a fundamental starting point of all aeroacoustics.
However, the Navier-Stokes equations are a system of non-linear partial
differential equations and are immensely computationally demanding to solve
for anything but the simples cases.

In a so-called Direct Numerical Simulation (DNS), the Navier-Stokes equa-
tions are fully resolved for all flow scales down to the smallest dissipative
vorticial structures. Such simulations provide great insight into physical
mechanisms, and have been carried out to study sound generation [4, 85, 86]
as well as sound propagation and absorption [26, 28]. However, all these
studies have been on an academic level, and the technique is far from
applicable for industrial use on large-scale problems within a near future.

Thus, to develop simulation tools for practical industrial use, some types of
simplifications are needed. Previously performed theoretical and numerical
studies of acoustic propagation in duct systems have made use of different
levels of approximations of the governing equations. From the most simplistic
wave equation with [23] or without [87, 88] convective effects considered,
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to the more complex Euler equations [65] linearized about an arbitrary
but steady mean flow, or even the full non-linear incompressible [39] or
compressible Navier-Stokes equations with certain modeling of small-scale
turbulence [37].

In order to yield reliable results with least possible computational effort,
strong knowledge of relevant involved physical mechanisms is needed. For
example, in flow duct acoustics it is necessary to include convective effects
and effects of refraction due to inhomogeneous mean flows and shear layers.
This latter requirement limits the use of convected wave equations based
on potential flow theory where all motion is assumed rotation-free. On the
other hand, the influence of small-scale turbulent eddies on propagation of
sound waves is in most cases negligible, and the use of DNS is excessively
resource-demanding to these applications.

In many realistic flow duct configurations, sudden geometrical changes such
as orifices and area expansions might induce shear layers in the mean flow.
In these shear layers, coupling between acoustic fields and hydrodynamic
fields occur, and can result in a net dissipation of acoustic energy [89–91]
due to acoustical energy transfer to vorticial energy. This type of acoustic-
hydrodynamic coupling in shear layers can influence reflection properties in
duct exits [92] and area expansions [93]. It is thus of great importance to a
simulation methodology to capture this mechanism to be able to accurately
predict acoustic scattering in general duct systems.

This thesis is aimed at developing efficient methods for evaluating acoustic
network elements, and a fundamental assumption of acoustic network
modeling is that of linear elements. This is most often the case in practical
application where sound pressure levels are not excessively high. It is thus
reasonable to investigate the possibility of the use of linearized aeroacoustic
simulations to this task, especially considering the successful use of the
linearized Euler equations approaches in e.g. [54, 55, 65] for turbo fan engine
noise radiation. In addition, a methodology based on linearized equations is
computationally much cheaper compared to full non-linear equations, both
due to reduced complexity of the equations, and since it enables the usage of
coarser computational meshes when small-scale turbulence is omitted.

However, the Euler equations were derived from the Navier-Stokes equations
with neglected viscosity as the only simplification. This is justified in
free field conditions, where sound attenuation due to viscous dissipation is
negligible except for sound propagation over long distances. The situation
is of fundamental difference in the vicinity of solid walls such as in ducts,
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where viscosity give rise to boundary layer effects. Acoustic boundary layers
are the major cause of damping of sound waves in duct propagation, and
may influence production of vorticity by acoustic waves. It may thus lead to
erroneous results to neglect viscosity, such as in the linearized Euler equation.
Therefore the linearized Navier-Stokes equations are in focus of this thesis.

Most acoustic studies deals with statistically stationary sound fields, and only
few with transient processes. In such cases, time-harmonic time dependence
can be assumed and calculations be carried out in frequency domain. This is
also computationally more efficient than time-domain simulations, since only
one calculation is needed per frequency instead of a long time series as in
time-domain simulations.

This thesis deals with the use of the frequency-domain linearized Navier-
Stokes equations and discuss its possibilities and limitations for applications
to duct aeroacoustic simulations.

2.1 Derivation of the linearized Navier-Stokes
equations

The full compressible Navier-Stokes equations are chosen as a starting point.
These are derived from the assumptions on conservation of mass, momentum
and energy and can be written in dimensional form as, [94]:

Continuity :
Dρ

Dt
+ ρ

∂uk
∂xk

= 0

Momentum : ρ
Dui
Dt

= − ∂p

∂xi
+
∂τij
∂xj

+ ρFi

Energy : ρ
De

Dt
= −p∂uk

∂xk
+ Φ +

∂

∂xk

(
κ
∂T

∂xk

) (2.1)

with

Φ = τij
∂ui
∂xj

, τij = µ

(
∂ui
∂xj

+
∂uj
∂xi
− 2

3
∂uk
∂xk

δij

)
(2.2)

and e = e(p, T ), p = ρRT , where ρ is the density, p is the pressure, R is
the universal gas constant, T is the absolute temperature, ui is the velocity
component in the i:th direction, τij is the viscous stress tensor, Fi is a
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volume force in the i:th direction, e is the internal energy, κ is the thermal
conductivity, µ is the dynamic viscosity, Φ is the dissipation function, D/Dt
is the convective derivative, δij is the Kronecker delta function, and the
Einstein summation convention is used.

Due to the high computational demands associated with three-dimensional
simulations, all simulations in this thesis are carried out in two dimensions.

We first assume that the solution can be written as a sum of a time-
independent mean flow term and a time-dependent perturbation term:

ρ(x, t) = ρ0(x) + ρ′(x, t), u(x, t) = u0(x) + u′(x, t),
v(x, t) = v0(x) + v′(x, t), p(x, t) = p0(x) + p′(x, t) (2.3)

where u = u1 and v = u2. We then introduce Eqs. (2.3) in Eqs. (2.1) and
assume that quadratic and higher order perturbation terms are sufficiently
small to be neglected.

Furthermore we assume that the relation between pressure and density can be
regarded as isentropic. This is not applicable for all flows, e.g. combustion,
but other studies indicate that this assumption is appropriate for types of
problems similar to the ones treated in this thesis [59, 67, 93]. The assumption
decreases the implementational and computational effort. In this case the
pressure and density perturbations are related as [95]:

∂p′

∂xi
= c2

∂ρ′

∂xi
, (2.4)

where c2(x) = γp0/ρ0 is the local adiabatic speed of sound, and γ is the
ratio of specific heats. With this relation, the fluctuating pressure becomes
redundant and can be removed from the system, and the continuity and
momentum equations are decoupled from the energy equation, which in turn
can be omitted from the system of Equations (2.1). In this way, the size of
the computational problem is considerably reduced.

A frequency domain approach is taken by prescribing harmonic time-
dependence of the perturbed quantities. In this way, any perturbed quantity
q′ can be represented as q′(x, t) = Re{q̂(x)e−iωt

}
, where q̂ is a complex

quantity and ω is the angular frequency. For implementational aspects we
rewrite the dimensional linearized Navier-Stokes equations on the form:

ρ̂ :

(u0 v0)∇ρ̂+
(
∂u0

∂x
+

∂v0

∂y
− iω

)
ρ̂ = −

(
∂ρ0û

∂x
+
∂ρ0v̂

∂y

)
(2.5)
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û :

∇T
(
−
(

4
3µ 0
0 µ

)
∇û
)

+ ρ0(u0 v0)∇û+ ρ0

(
∂u0

∂x
− iω

)
û =

= ρ0F̂x −
(
u0
∂u0

∂x
+ v0

∂u0

∂y

)
ρ̂− c2 ∂ρ̂

∂x
+

1
3
µ
∂2v̂

∂x∂y
− ρ0

∂u0

∂y
v̂ (2.6)

v̂ :

∇T
(
−
(
µ 0
0 4

3µ

)
∇v̂
)

+ ρ0(u0 v0)∇v̂ + ρ̂0

(
∂v0

∂y
− iω

)
v̂ =

= −c2 ∂ρ̂
∂y
−
(
u0
∂v0

∂x
+ v0

∂v0

∂y

)
ρ̂− ρ0

∂v0

∂x
û+

1
3
µ
∂2û

∂x∂y
(2.7)

where ∇ = (∂/∂x ∂/∂y)T .

This formulation of the frequency-domain linearized Navier-Stokes equations
will be used in the first part of this thesis. In Chapter 4 it will however be
reworked.

2.2 Boundary conditions

Along with the Eqs. (2.5-2.7), three different kinds of boundary conditions
are needed for the present work: slip and no-slip wall boundary conditions
and non-reflecting in-/outflow boundary conditions.

On the surfaces where acoustic boundary layers are assumed to have a
certain level of influence, rigid wall no-slip boundary conditions are used,
and implemented as

û = 0, n̂ · ∇ρ̂ = 0, (2.8)

where n̂ is a unit vector normal to the walls. It should be noted that since
the velocity components are restricted to zero on all sharp edges, no explicit
Kutta edge condition is needed when no-slip boundary conditions are used.

At the duct walls mainly governed by simple plane wave propagation, rigid
wall slip boundary conditions,

û · n̂ = 0, n̂ · ∇ρ̂ = 0, (2.9)
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are used. The benefit of this choice is that the acoustic boundary layers
along the duct walls needs not to be resolved by the computational mesh,
which in turn considerably decreases the computational effort. On the other
hand, this implies that the viscous dissipation associated with the damping
effect at these walls are not included in the model governing equations. In
acoustically compact regions, this effect is negligible however, and for the
evaluation of scattering at the duct element, this damping can be accounted
for by theoretical means if needed.

At the in- and outflow boundaries, only plane waves are assumed to be
present, and thus non-reflecting boundary conditions based on the convected
Helmholtz equation,

n̂ · ∇ρ̂ = ikρ̂, n̂ · ∇û = ikû, v̂ = 0, (2.10)

for a vertical boundary are employed. Here k is the wave number, and
k = ω/(c − u0) at the upstream boundary and k = ω/(c + u0) at the
downstream boundary. These non-reflecting boundary conditions break down
in the presence of vorticity, where the Helmholtz equation is not satisfied.
Therefore, additional variable viscosity is applied in so-called buffer zones.
This can be written as

µ = µphysical + µartificial (2.11)

where the artificial dynamic viscosity µartificial = 0 inside the physical
domain and is then ramped up as a cubic polynomial through the buffer zone
to a specific value of, in this case, µartificial = 10 at the boundaries. The
efficiency of this strategy was investigated and found to yield low reflections
of the order of less than 1% of the amplitudes of the acoustic waves. It was
however found to be less suitable for low frequencies when the computational
domain was smaller than the acoustic wavelengths.

2.3 Forcing functions

As an acoustic source in Eq. (2.6), a time-harmonic body force function,
F̂ (x), was applied over a limited region in the domain. The advantage with
employing forcing functions inside a domain rather than in the boundary
conditions is that non-reflective boundary conditions can then be readily
applied at the in- and outflow boundaries. The body force functions are
implemented as bell-shaped piece-wise cubic interpolation polynomials, as
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Dirac pulses of Heaviside step functions were found to generate spurious
oscillations due to their discontinuous behavior. Suitable source regions were
found to be in the buffer zones, close to the physical domain.

2.4 Frequency scalings

Due to the two-dimensional approximation taken in the derivation of
this implementation of the linearized Navier-Stokes equations, the cut-
on frequency of the first higher order duct mode occur at a different
frequency as compared to in a full three dimensional geometry. In this
work, simulation results will be validated to experimental data acquired on
cylindrical geometries, and according to [93, 96, 97], it is possible to introduce
a frequency scaling to enable a comparison of acoustic propagation in two and
three dimensions, the so-called normalized Helmholtz number, He∗. The
normalized Helmholtz number is defined as the Helmholtz number divided
by the Helmholtz number of the cut-on frequency of the first higher-order
propagating duct mode, i.e.

He∗ = He/Hecut-on. (2.12)

To relate the results of a two-dimensional model to those of the three-
dimensional problem, the normalized Helmholtz number, He∗, of the two
cases should be equal, such that He∗ = 1 at cut-on for both geometries.
The Helmholtz numbers of a two dimensional duct and a cylindrical three
dimensional duct can be defined as

He2D =
2πf2D

c
H, Hecyl =

2πfcyl

c
A (2.13)

respectively. Here H is a relevant length scale in the two dimensional case,
commonly the duct height, and A is a relevant length scale in the cylindrical
three dimensional case, often the duct radius. In case of symmetrical
geometries, only symmetric modes will be excited. Thus, the cut-on
Helmholtz numbers are Hecut-on = 2π for the two dimensional geometry,
and for the cylindrical duct Hecut-on = κ0 where κ0 ≈ 3.832 is the first zero
to the zeroth order Bessel function. This determines the relation between the
frequencies of the two-dimensional calculations and those of measurements
in a cylindrical duct.
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2.5 The scattering matrix formalism

The acoustic network modeling can be formulated in various ways to represent
the scattering of sound within each element. In the mobility matrix formalism
[98], acoustic pressure at each port is used as input state variables and the
corresponding acoustic volume velocities are chosen as output states. This
was shown to yield the smallest possible number of unknowns, equal to the
number of nodes. However, this assumes continuity of pressure and volume
velocity at the nodes, which is not a limitation in other methods.

The transfer matrix is an often used formalism [87, 99], especially suitable to
duct configurations where elements are mounted in cascade (i.e. serial) and
no sources are present within the duct system. Acoustic pressure and volume
velocity is used as state variables. Although implementationally straight
forward in the cases of serial elements, it is less suited for more general
networks with arbitrary couplings [100].

The most general formulation is the scattering matrix approach [19] in which
the number of unknowns equal 2M where M is the total number of elements
in the system. The scattering matrix formulation is derived to efficiently
model networks with both serial and parallel element connections. Sound
generation with elements is natively included. Often scattering matrices are
obtained from analytical solutions or measurement data. Analytical solutions
are however often difficult to find, and measurements are expensive to carry
out for a large number of components of varying geometrical parameters and
flow speeds.

The aim of this thesis is to develop a fast and efficient yet physically
realistic simulation methodology such that the acoustical performance of
individual network elements may be numerically predicted. Although
different implementationally and computationally, it can be shown that all
network representation formalisms can be transformed into each other. Thus
the choice of formalism for representation of the acoustic scattering is not
relevant to this thesis. However, since all experimental results used for
benchmarking are presented on the scattering matrix formalism, this is the
formalism used throughout this thesis. In cases treated here, the elements
are assumed linear and time-invariant.

A general 2-port element can, in the frequency domain, be written as
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(
ρ̂1+

ρ̂2+

)
=

S︷ ︸︸ ︷(
R+ T−

T+ R−

)(
ρ̂1−

ρ̂2−

)
︸ ︷︷ ︸

Passive part

+

(
ρ̂s1+

ρ̂s2+

)
︸ ︷︷ ︸
Active part

(2.14)

where the waves are defined as in Figure 2.1. In the general case, all quantities
are complex functions of frequency. The Scattering matrix S describes how
incoming acoustic waves are transmitted and reflected through the acoustic
network element. This is called the passive part, since it doesn’t describe
sound generation. When sound is generated on the other hand, the process
is called the active part, and describe the amount of flow induced noise from
the component. For a full characterization of the in-duct component, both
the source vector (active part) and the scattering matrix (S) are needed.
This thesis is however aimed at the development of efficient computational
methodologies for simulating the passive part, as simulations of the active
part, i.e. the generation of sound within an element is of fundamentally
different character and in need of specialized tools, which is a subject of its
own.

ρ̂ρ̂

ρ̂ ρ̂

S

Side 1 Side 2

−

+

1

1

2−

2+

Figure 2.1: A generic acoustic network element with definition of wave
directions, where ρ̂± are the complex valued density perturbations. Positive
waves are propagating out from the element whereas negative waves are
propagating into the element.

To determine the four unknown quantities in S, two linearly independent
acoustic fields, denoted I and II, are needed [19]. This is most commonly
realized using either the two-load method [101] or the two source-location
method [102], of which the latter is used here. In the two source-location
method, a time-harmonic body force is applied first at the inflow and then at
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the outflow to obtain two independent acoustic cases. The forcing functions
are described in Section 2.3. The scattering matrix can then be calculated
from

S =

[
R+ T−

T+ R−

]
=

[
ρ̂Ia+ ρ̂IIa+

ρ̂Ib+ ρ̂IIb+

][
ρ̂Ia− ρ̂IIa−

ρ̂Ib− ρ̂IIb−

]−1

(2.15)

where R+ and R− represents the upstream side and downstream side plane
wave reflection coefficients, respectively, and T+ and T− represents the
upstream-to-downstream side and downstream-to-upstream side plane wave
transmission coefficients, respectively.

2.6 Plane wave decomposition methods

In order to characterize the acoustic scattering caused by the geometries, it
is necessary to know the magnitudes and phases of the up- and downstream
propagating waves on both sides of the geometry, i.e. ρ̂± of Figure 2.1. The
density and velocity perturbations are given by Eqs. (2.5-2.7), which contain
both acoustical and vortical contributions. Knowledge of ρ̂± is thus not
readily available, which calls for some postprocessing procedure. This is often
referred to as a plane wave decomposition of the perturbation field, since we
only study the scattering of plane waves. Several plane wave decomposition
methods has been proposed, as for example the the Two-Microphone Method
[103], Full Wave Decomposition [104], or methods based on characteristics
based filtering and Wiener-Hopf techniques [36, 105, 106].

2.6.1 Density-velocity method

To obtain the up- and downstream propagating acoustic waves from the
simulated solution, knowledge of plane wave propagation is utilized. It is
assumed that the acoustic field quantities can be written as a sum of its up-
and downstream propagating components, as

ρ̂ = ρ̂+ + ρ̂−, û = û+ + û−. (2.16)
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For a plane wave, the relation ρ̂ = ±ρ0/c0û is valid, and thus, the wave
decomposition can be written as

ρ̂±(x) =
1
2

(
ρ̂mean ± ρ0

c0
ûmean

)
(2.17)

where mean is an averaging of the quantities over the duct cross section, i.e.,

ρ̂mean(x) =
1
H

H∫
0

ρ̂(x, y)dy, (2.18)

where H in this case is the duct height either upstream or downstream of
the duct element, and correspondingly for the velocity perturbations. This
is the plane wave decomposition method used in Paper I in this thesis.

This approach is both simplistic and easily implemented. However, since it
is based on plane wave relations between density and velocity perturbations,
it is sensitive to disturbances due to numerical errors or vorticial motion
where the plane wave assumption is not fulfilled. In addition, the method
only yields information on the magnitudes of the propagating waves, and no
information on their phase relations.

2.6.2 Curve-fitting method

To overcome the sensitivity to vorticial motion of previous method, and to
be able to extract phase information of the plane waves, a more sophisticated
plane wave decomposition method was implemented and used in Paper II.
The method is based on a non-linear curve-fitting algorithm to the numerical
solutions of Eqs (2.5-2.7) to determine the magnitudes, phases and wave
numbers of the up- and downstream propagating waves, respectively. It is
assumed that the acoustic field quantities can be written as a sum of up- and
downstream propagating plane waves, as

ρ̂ = ρ̂+ + ρ̂−, û = û+ + û− (2.19)

All quantities are assumed averaged over the duct cross-section, in accordance
with Eq. (2.18). The acoustic particle velocity due to two up- and
downstream propagating plane waves can be written as

ρ̂(x) = |ρ̂+|eiφ+eik+x + |ρ̂−|eiφ−e−ik−x (2.20)
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where |ρ̂±|, k± and φ± are real quantities representing the amplitudes,
wave numbers and phases of the up- and downstream propagating waves,
respectively. A plus sign denotes propagation in the positive x-direction,
and a minus sign propagation in the negative x-direction. Since we have
imposed slip boundary conditions at the duct walls, no damping of the sound
waves due to visco-thermal losses at acoustic boundary layers are present,
and damping due to bulk viscosity is considered negligible. Thus the wave
numbers can be assumed to be real.

Two postprocessing zones are chosen, upstreams and downstream of the
acoustic network element under consideration. About hundred points in the
x-direction is taken in each zones and used in an overdetermined non-linear
least-squares curve fitting to Eq. (2.20) to find the amplitudes and phases
of the up- and downstream propagating waves on both sides of the area
expansion.

Any iterative non-linear least-squares curve-fitting algorithm needs an initial
approximation for the quantities to be solved for. For the wave numbers, the
relation

k± =
ω

c± u0
(2.21)

is used, and for the magnitudes and phases, we use Eq. (2.20) and its
derivative

dρ̂(x)
dx

= ik+|ρ̂+|eiφ+eik+x − ik−|ρ̂−|eiφ−e−ik−x (2.22)

combined with the estimated wavenumbers from Eq. (2.21). Initial
approximations of the magnitudes and phases are then found as

|ρ̂+|eiφ+ =
e−ik+x

k+ + k−

(
k−ρ̂(x) + i

dρ̂(x)
dx

)
(2.23)

|ρ̂−|eiφ− =
eik+x

k+ + k−

(
k+ρ̂(x)− idρ̂(x)

dx

)
. (2.24)

One downside of this wave decomposition technique is that Eq. (2.20) is
no longer valid in the presence of vortical waves, as it is based on acoustic
wave propagation solely. If the evaluation zones are chosen sufficiently large,
the acoustic waves and the vorticity waves will not be correlated in space
over this region, and vorticity will not significantly affect the performance of
the decomposition method. However, in the cases of low frequencies and at
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high Mach numbers, the length scales of the vortical waves are larger, and
might be correlated over the evaluation zone, and will thus yield less accurate
results from the wave decomposition method.

Once the up- and downstream propagating waves on both sides of the area
expansion are known, the scattering matrix can be calculated as described
by Eq. (2.15).
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Chapter 3

Validation cases

In order to evaluate the proposed methodology from both a modeling as well
as computational point of view, investigations of the scattering of acoustic
plane waves in several duct configurations were carried out. The geometries
consist of straight two-dimensional ducts with thin and thick orifice plates
mounted inside, and of area expansions. The geometries were chosen to
enable comparisons of the simulation results to experimental data [107–109]
and analytical solutions [93, 96, 97, 110] of the various cases.

3.1 Thin orifice plate

The first validation case consists of a thin orifice plate mounted in a straight
duct. This configuration is common in pipe systems for regulation of the flow
level by varying the orifice area. As a side effect, the orifice plate configuration
also has a significant influence of the acoustical performance of the duct
system.

3.1.1 Geometry

A schematic overview of the geometry in the calculation is shown in
Figure 3.1. The duct length of the full experimental rig is around 7 m, but
here only a small section of less than 2 m is simulated to reduce computational
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costs. The height of the duct is H = 57 mm, the same as the diameter of the
duct in the experiment [107]. The diameter of the orifice in the experiment
is d = 30 mm. This yields an area aspect ratio η = 302/572 ≈ 0.277. As
the area ratio is of fundamental importance for the acoustic propagation
properties, this ratio needs to be maintained, and thus in the 2D rectangular
case an orifice height of h = 0.277 × 57 mm = 15.8 mm is chosen. The
thickness of the orifice plate is 2 mm in both cases, and the orifice edges are
sharp with an angle of 90◦.
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Figure 3.1: An overview of the geometry of the duct in the calculations. Note
that the sketch is not to scale.

3.1.2 Mean flow

In the derivations of the linearized Navier-Stokes equations, Eqs. (2.5-2.7),
the main assumption on the mean flow field is that it is time-independent.
The mean flow field for the test case was calculated by averaging the time
steps of the calculation described in [111]. The mean Mach number, averaged
over the duct cross-section, of the mean flow is M = 0.068, and the Reynolds
number based on the duct height is ReH = 104.

The code used for the mean flow was a parallel, multi-block high order
finite differences method based on Summation-By-Parts (SBP) operators and
penalty techniques for imposing the boundary conditions and has been proven
linearly stable, [112–116]. In the code, the SBP operators were implemented
together with penalty terms to impose the boundary conditions for the
Navier–Stokes equations in three space dimensions, but was used on a 2D
case here.
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Figure 3.2: The mean flow components. Axial velocity u0 [m/s], transverse
velocity v0 [m/s], and density ρ0 [kg/m3], used for linearization.

In Figure 3.2, the mean flow is shown in a region -0.14 m 6 x 6 0.3 m
(-2.5 6 x/H 6 5). The shear layers downstream of the orifice are easily
identified in the u0 component. Also, the recirculation zones are present
in the u0 and v0 components. The slight asymmetry of the jet, as seen in
the figure for u0 could be due the fact that the time span of the mean flow
solution was not long enough for the mean quantities to stabilize, or could
be due to a Coanda effect, similar to the mean flow reported in [33].

3.1.3 Perturbation simulations

The calculations of the acoustic field in the duct with the orifice were carried
out by solving the linearized Navier-Stokes equations, Eqs. (2.5-2.7) in a
frequency range 50 6 f 6 3150 Hz with a frequency step of ∆f = 100 Hz.
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All frequencies are below the cut-on frequency of the first higher order mode,
which in a circular duct with radius r = 2.85 mm and rigid walls is [117]:

f c =
c0k1,0

2π

√
1−M2 ≈ 3.5 kHz, (3.1)

where k1,0 ≈ 1.84/r.

Figure 3.3: The real part of the perturbed quantities at f = 1000Hz
(corresponding to a normalized Helmholtz number of He∗ = 0.32). The
acoustic source is located upstream of the orifice. ρ̂ (upper), û (middle),
v̂ (lower)

A close-up of all the field quantities in the vicinity of the orifice is shown in
Figures 3.3-3.4 for f = 1000 Hz and f = 2500 Hz, respectively, for comparison
of the perturbation fields of a low and a high frequency case. The source was
located far upstream of the orifice. Upstream of the orifice, a strong standing
wave pattern, due to the reflections at the orifice is observed. Downstream,
transmitted plane waves are propagating away from the orifice. Vortical
structures in the solutions are concentrated to the regions downstream of the
orifice. However, at around three to five duct diameters downstream of the
orifice, the flow field is dominated by acoustic plane wave motion.
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Figure 3.4: The real part of the perturbed quantities at f = 2500Hz
(corresponding to a normalized Helmholtz number of He∗ = 0.83). The
acoustic source is located upstream of the orifice. ρ̂ (upper), û (middle),
v̂ (lower)

3.1.4 Comparison with experimental data

Simulated results obtained from the methodology proposed in this thesis
was compared to experimental data and results obtained with a quasi-
stationary analytical model [110]. In Figure 3.5 the simulated results for
the scattering matrix elements are compared to experimental data from
measurement presented in [107]. Results for the limit of zero frequency from
the quasi-stationary model [107, 110] are also displayed. The results for
simulations and experiments are in excellent agreement for most frequencies.
The matrix element S11, i.e., the upstream side reflection coefficient R+,
shows a discrepancy of about 4-10% at frequencies above 1.5 kHz. This might
be due to inaccuracies in the simulation of the mean flow, as this scattering
matrix element has been shown to be most sensitive to variations in the mean
flow [106]. The discrepancies in S11 and S21 at very low frequencies is due
to too short buffer zones. For the matrix element S22, i.e., the downstream
side reflection coefficient R−, variation in both experimental data and the
simulation is observed. It should be noted that parts of the discrepancies
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could be due to uncertainties in the measurement data.
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Figure 3.5: Calculated scattering matrix for the orifice. Comparison to
measurements and theory with M = 0.068. The maximum frequency is
f = 3000 Hz, which corresponds to a duct Helmholtz number of He = 3.1.
Measurements [107]: – + – , simulations: – ∗ –, low-frequency incompressible
model [107, 110]: �.

As can be seen, the elements of the scattering matrix have a rather weak
frequency dependence for this flow and geometry case. In addition, the
accuracy does not seem to be reduced at high frequencies even though a
coarse mesh is used. The assumption of isentropic relations between pressure
and density seems to be justified, considering these results, but a further
investigation on this issue is needed.
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3.2 Area expansion

As a second validation case, the scattering of acoustic plane waves at a
flow duct area expansion was considered. Several Mach number cases were
investigated, and both scattering matrices as well as end corrections were
calculated. Simulation results were compared to experimental data [108] and
analytical solutions [93, 96, 97].

3.2.1 Geometry

In the experiments, a cylindrical duct with diameter 50 mm upstream and
85 mm downstream was used, yielding an area expansion ratio of η = 0.346.
The upstream duct height in the two dimensional rectangular geometry is
chosen to be equal to the upstream duct diameter in the experiments, i.e.
50 mm. The downstream height then becomes 50 mm/η = 144.5 mm. The
geometry used in the acoustics calculations is shown in Fig. 3.6.
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Figure 3.6: Schematic sketch of the geometry of the area expansion.

3.2.2 Mean flow

The mean flow was calculated using a steady-state incompressible Reynolds-
Averaged Navier-Stokes (RANS) model using the finite volume method. A
realizable k−ε turbulence model was used, and enhanced wall functions were
applied at the solid walls. A turbulent inlet flow velocity profile was imposed
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at the inflow of the duct system. The average flow velocities were set to match
those of the experiments presented in [108], which were performed at several
Mach numbers. Here, the Mach numbers 0.08, 0.19 and 0.29 were used.
These Mach numbers correspond to Reynolds numbers of about 9.2 · 104,
2.2 · 105 and 3.3 · 105, respectively, based on the duct height and mean flow
velocity at the inlet.

The magnitude and streamlines of the mean flow velocity field are shown in
Figure 3.7 for the M = 0.08 case. The M = 0.19 and M = 0.29 cases show
similar flow pattern. The flow field consists of three distinct regions; the
region of unperturbed channel flow upstream of the area expansion, the jet
flow in the expansion region downstream of the area expansion and the region
of unperturbed channel flow further downstream of the area expansion. The
jet region consists of a jet with shear layers separating the jet flow from the
recirculation zones close to the channel walls. The jet expands downstream
of the area expansion and six downstream duct diameters downstream of
the area expansion, the flow is again a turbulent channel flow. Close to
the channel walls, boundary layers are formed, where the thickness of the
boundary layers are determined by the Reynolds number of the flow case
considered. The thickness of the boundary layer in the upstream channel
affects the shear layer thickness in the jet region at the very vicinity of the
area expansion.

Figure 3.7: Overview of the meanflow for the M = 0.08 case. Streamlines
and magnitude of the velocity field [m/s].
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3.2.3 Perturbation simulations

With the mean flow known, the perturbation field was calculated with the
Eqs. (2.5-2.7), which yield solutions for both acoustic as well as vorticity
perturbations. The simulations were carried out at frequencies chosen to
correspond to those measured in the experiments of [108], and is within the
frequency range 200 Hz 6 f 6 3500 Hz.

Figure 3.8: Density perturbations ρ̂ [kg/m3] at frequency f = 1000 Hz for
Mach numbers M = 0.08 (a), M = 0.19 (b) and M = 0.29 (c).

As an illustration of the scattering process, in Figures 3.8-3.9, the perturbed
density fields, ρ̂, are shown for different Mach numbers for two different
frequencies, at f = 1000 Hz and f = 3000 Hz, respectively. Here, the
sound source is placed upstream of the area expansion, at x = -1 m. The
sound source produces purely acoustic waves of unit amplitude propagating
downstream. At the area expansion, the acoustic waves are scattered and
partly reflected upstream and partly transmitted downstream. Aside from
scattering, a part of the acoustic energy is seen to be transferred to vortical
waves which are shed at the area expansion edges and convected by the
mean flow where they grow in the shear layer of the mean flow. The wave
lengths of these vortical waves are roughly related to the wave lengths of the
corresponding acoustic waves as λvortical = Mλacoustic. The growth rate is
determined by the strength of the mean flow shear layer, and as can be seen
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Figure 3.9: Density perturbations ρ̂ [kg/m3] at frequency f = 3000 Hz for
Mach numbers M = 0.08 (a), M = 0.19 (b) and M = 0.29 (c).

from Figs. 3.8-3.9, the higher Mach number flows generate larger amounts
of vorticity. This excessive vorticity might be large in comparison to the
acoustic waves, and might pose problems for the wave decomposition method
described in Sec. 2.6.2 due to pollution of postprocessing data. The growth
of vorticity is thus interesting both from a physical as well as numerical point
of view.

In Figures 3.10-3.11 the magnitudes and phase angles for the four scattering
matrix elements for the M = 0.08 Mach number mean flow case are shown.
As can be seen, the simulated results agree well with experimental data,
indicating that the frequency domain Navier-Stokes methodology manages to
capture the relevant physical phenomena of the scattering of acoustic waves
by the area expansion. At higher Mach numbers, larger errors were found,
although this is partly believed to be due to difficulties in the postprocessing
when vorticity is present in the measurement zone, and partly due to errors in
the mean flow since at high Mach numbers the incompressibility assumption
of the mean flow may not be justified.
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Figure 3.10: Magnitude of the scattering matrix at a M = 0.08 Mach number
mean flow. Solid line: analytic solution, diamonds (�): experiments, plus
(+): simulations.

3.2.4 End corrections

Aside from the scattering matrix, another quantity of interest is the acoustic
end correction. When a propagating plane wave encounters a sudden area
change, higher order evanescent modes are excited, which leads to a phase
shift in the reflected plane wave. This phase shift can be reformulated as the
added length of the duct that is needed to achieve a zero pressure boundary
condition of the plane wave. The end correction is then defined as the ratio
of the added length to the duct radius.

The added length of a plane wave at a sudden area change is related to the
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Figure 3.11: Phase angle of the scattering matrix at a M = 0.08 Mach number
mean flow. Solid line: analytic solution, diamonds (�): experiments, plus
(+): simulations.

complex reflection coefficient of the plane wave through the phase shift, and
can be described [118] by the relations

R = |R|eiφ = −|R|ei(k++k−)∆l (3.2)

where R is the reflection, described by element R+ in the scattering matrix.
The phase of the reflected wave, φ, is obtained from the phase of R+. The
added length is denoted ∆l, and k± is the wave numbers of the down- and
upstream propagating waves, respectively.
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The end correction, denoted δ, is defined as the ratio of added length to the
duct radius, as

δ =
∆l
a

=
φ+ π

2He
(
1−M2

)
(3.3)

where He is the Helmholtz number and M is the Mach number, see [97] for
more details.

Figure 3.12: End corrections, δ, as function of Strouhal number. Three Mach
number cases, M = 0.08, 0.19 and 0.29 is compared for experiments, theory
and simulations. Experiments — M = 0.08: �, M = 0.19: ◦, M = 0.29: �.
Theory — M = 0.08: solid line, M = 0.19: dotted line, M = 0.29: dashed
line. Simulations — M = 0.08: +, M = 0.19: ∗, M = 0.29: ×.

In Figure 3.12, the experimental, theoretical and simulated end corrections
are shown for the three Mach numbers 0.08, 0.19 and 0.29 as a function of
Strouhal number, defined as

St =
ωh

U
(3.4)

where ω = 2πf is the angular frequency and f is the frequency of the acoustic

41



wave, h the height of the upstream duct section and U is the mean flow
velocity in the upstream duct section.

Firstly, it can be concluded that the frequency domain linearized Navier-
Stokes equations with realistic mean flow profile manages to accurately
predict the characteristics of the end correction, compared to experimental
data. Furthermore, it is clearly seen that the end corrections collapse
when displayed as function of Strouhal number, especially in the range
1 < St < 2. This is due to the fact that this is the primary region of acoustic-
hydrodynamic coupling. The acoustic response of the area expansion can
be divided into three regions, where St � 1, St ∼ O(1) or St � 1,
governed by different mechanisms. These mechanisms are influenced by
quasi-steady hydrodynamic flow, flow-acoustic interaction with excitation of
hydrodynamic waves, i.e. vortex shedding, and acoustic propagation with
little effect of flow-acoustic interaction, respectively.

3.3 Whistling

A critical issue in flow duct configurations is the potential risk of flow-
acoustic coupling leading to whistling, which counteracts the performance
of installed mufflers, and must be avoided. Although whistling itself is a
non-linear phenomena, the onset from a linear state is not, and can therefore
be simulated with linear aeroacoustics. By calculating a so-called power
balance over an individual duct component it can be seen that for certain
configurations, for certain frequency ranges, more acoustical power is emitted
than put into the system. This is due to an interaction between the acoustical
and the vorticial modes in the fluid, where an amount of acoustical power is
transferred into vorticity which may be amplified in mean flow shear layers,
and if interacting with for example an edge, emits more acoustic energy than
that which to start with triggered the vorticity instability. In that case a net
power amplification can be caused. If this acoustic power amplification occurs
in a frequency range corresponding to any acoustical resonance frequencies
of the system, it may lead to a resonant feedback loop yielding very large
amplitudes such that transition from the linear state into a non-linear regime
occurs.

The net attenuation or amplification of sound waves in a duct element is
characterized by its scattering properties. From the scattering properties, the
acoustical power output to a unit acoustical power input can be calculated
[109, 119]. Frequency ranges with a net power amplification are identified as
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potential causes of whistling.

The linearized Navier-Stokes equations are used due to their inclusion of
the viscous terms, which are assumed to be of fundamental relevance at
boundaries and sharp edges, as is the case with most in-duct geometry.

3.3.1 Geometry

The geometry studied here corresponds to that of [109], and consists of an
in-duct orifice as described in Figure 3.13.

Figure 3.13: Overview of the geometry of the in-duct orifice plate
configuration.

In the experiments carried out in [109] the thickness of the orifice plate
was 5 mm, the diameter of the orifice was 19 mm and the duct diameter
was 30 mm, yielding an area expansion ratio of 192/302 ≈ 0.4. The area
expansion ratio is a crucial parameter to the acoustic scattering, which needs
to be maintained in the simulations. In the simulations presented here, we
use a 2D approximation of the geometry which thus needs to be modified
to acoustically agree with the geometry of the experiments. If the height
of the duct is set to be equal to the duct diameter of the experiments, i.e.
H= 30 mm, the height of the orifice section needs to be h = 11.9 mm to
ensure an expansion ratio of h/H ≈ 0.4. The orifice thickness does not
need to be modified, and is set to t = 5 mm.
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3.3.2 Mean flow

The first step in the simulation methodology is to calculate the mean flow in
the duct section, which later is used to linearize around. The flow is simulated
with an incompressible, non-linear, steady-state Reynolds-Averaged Navier-
Stokes (RANS) method, with a k − ε turbulence model.

Figure 3.14: Magnitude of the velocity field [m/s] and streamlines of the
steady-state mean flow.

The inflow Mach number is M = 0.042, which corresponds to a Reynolds
number ReH ≈ 2.5 · 104 based on the duct height. The magnitude of the
velocity of the mean flow field is shown in Figure 3.14 and is seen to be
dominated by the formation of a jet with a maximum flow speed of M = 0.14
in the region at the orifice, expanding further downstream and develops into
channel flow within 3-5 duct diameters. A large recirculation zone is also
seen, with reattachment point at about 1.5 duct diameters downstream of
the orifice plate. A close-up of the mean flow in the vicinity of the lower
orifice edge is shown in Figure 3.15, which reveals the formation of a smaller
recirculation zone just downstream of the leading edge of the orifice plate.

It should be pointed out that the recirculation zone within the cavity seemed
to be sensitive to properties of the RANS modeling and computational mesh
used. As this recirculation zone influence the acoustic scattering, care should
be taken when calculating the mean flow.
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Figure 3.15: Magnitude of the velocity field [m/s] and streamlines of the
steady-state mean flow.

3.3.3 Whistling potentiality

In [119], a theoretical criterion for a flow duct element’s ability to amplify
impinging sound waves, the so-called whistling potentiality, was proposed.
Starting at a pre-calculated scattering matrix, this can be reformulated into a
power balance equation to find frequency regimes where energy amplification
is present.

Following [119], the dissipated power is calculated as the difference between
the incident and the scattered sound power yielding an eigenvalue problem
as

λ1,2 = E − eig (S∗eSe) (3.5)

where E is the unit matrix and the scattering matrix Se is defined as
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(
(1 +M) ρ̂2−
(1−M) ρ̂1−

)
=
(
T+ R−

R+ T−

)
︸ ︷︷ ︸

Se

(
(1 +M) ρ̂1+

(1−M) ρ̂2+

)
(3.6)

which is modified to take convective effects into account, compared to the
scattering matrix defined in Eq. (2.15) where this is not included. Following
the definition of Eq. (3.5), a positive eigenvalue indicates a net dissipation
whereas a negative indicates a net amplification of sound power.
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Figure 3.16: Whistling potentiality calculated with slip (dashed) and no-slip
(solid) boundary conditions on the orifice plate, compared to experiments
[109] (dotted). As can clearly be seen, the slip boundary condition case
overpredicts the whistling potentiality.

In Figure 3.16, the eigenvalues are plotted as a function of frequency.
For comparison, the eigenvalues based on measured data from [109] are
plotted in the same figure. As can be seen, the frequency domain linearized
Navier-Stokes methodology accurately predicts the magnitudes as well as the
frequency ranges of net production and dissipation of incident sound when
compared to experimental data.

To investigate the influence of viscous boundary layers on the whistling po-
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tentiality, a second simulation was carried out with slip boundary conditions
on the orifice plate, mimicking the behavior of a Linearized Euler Equations
(LEE) simulation. The results are included in Figure 3.16 as well, showing
an overprediction of whistling potentiality due to an increased vorticial
strength in the absence of boundary layers. This clearly demonstrates that
a methodology based on LEE would be insufficient for this application.

3.3.4 Nyquist stability criterion

A constructed experimental set-up was arranged to produce whistling. An
orifice plate was placed in a duct of finite length, thus creating reflections
from the duct ends back into the system. With large enough reflections and
negative whistling potentiality at a resonance frequency of the duct, whistling
might occur if the acoustic amplification due to the orifice is larger than the
dissipation in the system. The system was built modular to enable the up-
and downstream duct lengths to be varied. Cases of a short duct of total
length of 0.8 m was investigated with the orifice placed at (A) 0.33 m from
the inlet, and (B) 0.27 m from the inlet.

However, the whistling potentiality does not by itself determine whether a
duct component give rise to whistling or not. This depends on the duct
system as a whole and is influenced by the reflections at the duct system’s
ends back to the sound amplifying region. Therefore a description of the
system as a whole is needed.

Let x̂− represent the acoustic waves propagating into the orifice plate from
the duct endings. These waves are related to the acoustic waves propagating
outwards from the orifice plate, denoted x̂+, as x̂− = Rx̂+, where R is the
reflection coefficients of the duct ends, defined as

R =

 ρ̂1−
ρ̂1+

0

0 ρ̂2−
ρ̂2+

 (3.7)

With the use of the definition of the scattering matrix, x̂+ = Sx̂−, the total
propagation system can be formulated as x̂+ = SRx̂+, or equivalently

(E − SR) x̂+ = 0 (3.8)

where E is the unit matrix. Non-trivial solutions (eigenfrequecies) exist when

Z(ω) ≡ det(E − SR) = 0 (3.9)
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To identify the zeros of Z(ω), several methods can be used. One approach
when data for Z is only available for positive and real frequencies, as is the
cases when the system has been characterized numerically or experimentally,
is to use the Nyquist stability criterion. The Nyquist method has previously
been applied to acoustics in [120, 121], to identify critical zeros associated
with instabilities that may cause whistling. If the contour of Z(ω) is plotted
in the complex plane, the number of critical zeros can be identified as the
number of times the contour encircles the origin. The frequencies of the
eigenmodes are found when Z(ω) cross the real axis on the negative side.
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Figure 3.17: Nyquist plot of (a) Case A, and (b) Case B. Plus signs denote
low frequency start point and circles denote high frequency end points. As
can be seen, the origin is encircled in Case A, indicating a whistling system.
Case B does not encircle the origin and should thus not be prone to whistle.

The Nyquist analysis was based on the simulated scattering matrix. The
upstream reflection coefficient was measured and for the downstream outlet
the theory of [92] was used to find the reflection coefficient. This yields
a complete description of the duct system according to Eq. (3.9). In
Figure 3.17, Z(ω) is presented in a Nyquist plot to predict the different
cases’ ability to whistle or not. As can be seen, Case A is predicted to
whistle, whereas Case B is predicted to not whistle. The predicted whistling
frequency of Case A is found where Z(ω) cross the real axis on the negative
side of the origin. In this case this occurs at a Strouhal number of 0.27.

To validate the predicted whistling of the duct system, experiments were
carried out where the sound pressure levels produced by the different cases
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Figure 3.18: Sound pressure levels produced by the orifice plate measured in
the reverberation chamber. Solid line: Case A, dotted line: Case B. Case A
show clear whistling behavior, whereas Case B consists of broadband flow
noise filtered by the ducts transmission characteristics.

were measured. The results are shown in Figure 3.18. As seen, Case A
shows a clear tonal behavior at Strouhal number 0.26, about 4 % lower
than predicted. Case B does, as predicted, not show any distinct peaks
associated to whistling, but is more of broadband character filtered by the
duct modes. This demonstrates how the Nyquist stability criterion can be
used in combination with the linearized Navier-Stokes methodology to predict
whistling in flow ducts.
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Chapter 4

Global modes

In the previous chapter, the linearized Navier-Stokes equations were solved
directly to obtain the scattering of sound. Here, another approach will
be taken, and the linearized Navier-Stokes equations will be solved as an
eigenvalue problem. This is analogous to the Helmholtz equation which also
can be solved both directly or as an eigenvalue problem, depending on type
of analysis needed.

The dynamics of a flow can be described in terms of its eigenmodes, the so-
called global modes. This has successfully been used for stability analysis and
flow control purposes, see for example [78, 122–127]. Although the theory has
been known for a long time, it is only in recent years that calculations have
been possible to carry out in two or three space dimensions, due to increasing
computational performance. Here the use of global modes for aeroacoustic
purposes is evaluated.

Since every global mode is periodic in time, with the frequency determined
by its eigenvalue, it is possible to relate every frequency in a spectrum of
a generated sound to a specific global mode. Thus, the decomposition of
a flow field into its global mode enables the study of flow structures of
different sound generating mechanisms isolated from each other. This is a
methodological advantage over the use of DNS for aeroacoustic, since in DNS
all source mechanisms are present at the same time and not easily isolated
from each other. However, the flow field needs to be within the linear regime,
which limits the range of industrial applications of the methodology.

50



4.1 A reduced model of the flow field

The global modes are calculated by reformulating the linearized Navier-
Stokes equations to an eigenvalue problem. We consider a two-dimensional,
incompressible steady state base flow, but the methodology is applicable to
more general flows.

With a base flow U(x, y) = (U(x, y), V (x, y) ) and P (x, y), the Navier-Stokes
equations for a small time-harmonic perturbation q̂ = (û, v̂, p̂)T can be
formulated as

−iωBq̂ = Aq̂, (4.1)

where

A =



−U · ∇ − ∂U

∂x
+

1
Re
∇2 −∂U

∂y
− ∂

∂x

−∂V
∂x

−U · ∇ − ∂V

∂y
+

1
Re
∇2 − ∂

∂y

∂

∂x

∂

∂y
0


(4.2)

and B = diag(1 1 0). This can be solved as an eigenvalue problem, and
thus it is possible to find a set of eigenmodes such that the time-domain
perturbations q can be written as

q(x, y, t) =
N∑
n=1

cn q̂n(x, y) e−iωnt (4.3)

where cn are constants determined by the initial condition. The eigenmodes,
q̂n(x, y), are referred to as global modes since they are global in the sense
that they depend on all space dimensions. In a reduced model only a small
fraction N of the available global modes are used.

The benefit of writing the flow field on this form is that it is now possible to
study the eigenmodes separately, or to analyze how different combinations of
eigenmodes interact. From a computational point of view this form is also
beneficial since only a set of eigenmodes are required to be saved as opposite
to the whole flow field for every time step of a DNS solution.
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4.2 Open cavity

The global mode decomposition technique was applied to an open cavity
with a M = 0.1 flow of Reynolds number ReD = 1575 based on the cavity
depth. The cavity geometry, depicted in Fig. 4.1, was long and shallow, with
a length to depth ratio of about L/D ≈ 20, and the corners of the cavity
were smoothed. Aeroacoustical studies of similar flow cases can be found in,
e.g. [10, 11], although most present studies concern short cavities with sharp
edges.

x
y

Figure 4.1: A non-proportional overview of the geometry of the cavity.

The presence of the cavity induces a recirculation zone with a free shear
layer which is unstable to Kelvin–Helmholtz instabilities. In [125] it is
demonstrated that this generates a feedback loop which supports self-
sustained oscillation. These oscillations will in turn act as a source of sound
due to unsteady forces exerted on the cavity walls.

As the eigenmode problem, Eq. (4.1), is solved, a spectrum of N eigenvalues
are achieved. A subset of the computed eigenvalues is shown in Fig. 4.2. As
can be seen from Eq. (4.3), Re(ωn) and Im(ωn) are the angular frequency
and damping, respectively, of the global modes, and thus of the generated
sound.

Note that the damping of two of the eigenvalues actually are positive, i.e.
the amplitude of the eigenmodes will grow in time. Hence, the corresponding
eigenmodes will cause exponential growth and after a certain time the
dynamics of the flow field are no longer accurately described by the linearized
equations.

The identification of unstable growing eigenmodes is a very important feature
of this method, since it can be used for predictions of whistling, as discussed
in Section 3.3.
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Figure 4.2: Spectrum of the non-dimensional eigenvalue problem.

In Figs. 4.3-4.4, two examples of global modes are visualized. The first is
unstable, i.e. Im(ωn)>0, whereas the other one is stable. For noise control
purposes it is thus most relevant to search for solutions to minimize the effect
of the first global mode.

4.3 Curles equation

The area of aeroacoustics is largely based on the works of Lighthill and his
paper [3], published 1952, where he by re-writing the Navier-Stokes equations
derived an equation that extends the classical wave equation for density
fluctuations in a homogeneous media without sources to an inhomogeneous
wave equation

∂2ρ

∂t2
− ∂2ρ

∂xi∂xi
=

∂Tij
∂xi∂xj

. (4.4)

This is the Lighthill equation. The tensor Tij is called the Lighthill tensor,
and is defined as

Tij = ρuiuj − τij + (p− a2
∞ρ)δij . (4.5)

The source region, denoted Vy, is then assumed to be represented by a
distribution of point source functions, which makes it possible to obtain an
expression for the density fluctuations as an integral over the source functions
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Figure 4.3: Vorticity plot of one cycle of the most unstable eigenmode,
corresponding to ω = 0.0973 + 0.0013i. Period time T ≈ 50.7.

in the source region as

ρ(x, t)− ρ0 =
1

4πa2∞

∂2

∂xi∂xj

∫
Vy

[
Tij
r

]
ret

dVy . (4.6)

This equation does however not allow solid boundaries to be present in the
domain. Curle derived an extension to Lighthills equation, [41]. Here the
effect of steady solid boundaries are included into Eq. (4.6) in the form of
an extra integral over the surface of the domain, denoted Sy. This equation
is formulated as

ρ(x, t)−ρ0 =
1

4πa2∞

∂2

∂xi∂xj

∫
Vy

[
Tij
r

]
ret

dVy− 1
4πa2∞

∂

∂xi

∫
Sy

nj
r

[
pδij−τij

]
ret
dSy .

(4.7)
where ρ is the total density, ρ0 is the ambient density, a∞ is the ambient
speed of sound, Tij is the Lighthill tensor, r is the distance from the source
to the receiver, Vy is the source volume, nj is the outward normal of the solid
boundaries, p is the hydrodynamic pressure, τij is the shear stress tensor and
Sy is the area of the solid boundaries.

54



Figure 4.4: Vorticity plot of the mode corresponding to ω = 0.0088− 0.0037i,
with period time T ≈ 712.9.

4.3.1 Application to global modes

In low Mach number wall-bounded flows, the most efficient sound generating
mechanism is the interaction of an unsteady pressure fluctuations on a
surface, and the contributions from volume sources and sheer stress sources
can be neglected [117]. If the observation location is in the acoustical far-field,
Curle’s equation is written as

p′(x, t) =
1

4π

∫
S

n·l M∞
r

[
∂p

∂t

]
ret

dS t ≥ 0 (4.8)

where p′ is the generated sound pressure at the observer, and p is the
hydrodynamic pressure at the cavity walls. We rewrite the hydrodynamic
pressure using the pressure component of the global modes in Eq. (4.3):

p(x, y, t) = P (x, y) +
N∑
n=1

cnp̂n(x, y)e−iωnt. (4.9)
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and introduce Eq. (4.9) into Eq. (4.8). This yields

p′(x, t) =
1

4π

∫
S

n·l M∞
r

∂

∂t

(
P +

N∑
n=1

cnp̂ne
−iωnτ

)
dS .

The temporal derivative is equivalent to a multiplication with −iωn due to
the ansatz of harmonic time dependence, and the time independence of the
base pressure, hence

p′(x, t) =
1

4π

∫
S

n·l M∞
r

N∑
n=1

cnp̂n
(− iωn)e−iωnτ dS .

which can be reformulated as

p′(x, t) =
N∑
n=1

cne
−iωnt

 − 1
4π

∫
S

n·l M∞
r

p̂niωne
iωnM∞r dS


︸ ︷︷ ︸

≡ φn

. (4.10)

for t > M∞rmax where rmax is the distance from the observer to the point
in the source region that is furthest away from the observer location.

Note that φn is independent of time. This means that the integrals of φn
only needs to be calculated once for every global mode and every observation
location. We have

p′(x, t) =
N∑
n=1

cnφn e
−iωnt, t >M∞rmax. (4.11)

Writing Eq. (4.8) in the form of Eq. (4.11) is beneficial, since it makes it an
extremely fast task to perform an analysis of a chosen initial condition. Also,
since the equation is written as a sum of constant coefficients and complex
exponential functions, the spectrum of the sound is in fact determined at the
same time as the sound itself.
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4.3.2 Implementation

For any practical case, the source data in Eq. (4.7) is achieved from some kind
of CFD calculation, which turns the evaluation of Eq. (4.7) into a discrete
integration problem. The implementation of a numerical solver to this type
of problem would be fairly straight forward if not for the so-called retarded
times, i.e. the time delay from sound emission in an acoustical source region,
to the receiving time at the observer location.

There are two approaches to this problem. Either the sound at the observer
location can be calculated by starting at a chosen timestep and trace the
sound waves back to the source region. This can be done in several ways, e.g.
by the retarded time method, the collapsing-sphere method or the emission-
surface method [128, 129]. In these cases interpolation has to be done in
space and/or time because the source data has to be known in between of
the grid points and timesteps, depending on the chosen integration method.

In the other approach, the source data at the grid points in the computational
domain are propagated forward in time until it reaches the observer location.
This latter method is sometimes referred to as the the source time dominant-
method [130] or the advanced time method [131] and is the approach
implemented here.

The time points when the sound from the individual grid points in the source
region reach the observer location will most probably be in between of two
timesteps. Thus the data needs to be interpolated onto the nearby discrete
time steps. The more common methods for this interpolation has been to
either use a zeroth order method where the receiving sound is accumulated
to the closest timestep or to interpolate linearly between the timesteps. The
former method has been called the binning technique, see for example [128]
and references therein. Although these methods have been commonly used
throughout the last decade, few references can be found where the accuracy
of these methods are thoroughly analyzed and quantified. The work on this
topic have to a large extent been aimed at helicopter applications. In [132]
the sound from a monopole source was computed with the binning technique.
The solution was found to have accurate amplitude, but was suffering from
phase error linearly proportional to the frequency and timestep. In [131] the
performance of the linear interpolation method was analyzed.

To ensure accurate results in the extraction of the generated sound, four
different interpolation methods were implemented. A comparative error
study was carried out [133] for a test case with an acoustic point source
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emitting broadband sound, for which it is possible to find an analytic
solution. By varying the timestep of the source data, a rule-of-thumb for the
expected errors caused by interpolation method and timestep was achieve,
see Figure 4.5. As can be seen, the errors from the most commonly used

105 206 7 8 9 15
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

discretizations/period, d/p

E
rr

or

(a)

(b)

(c)

(d)

Figure 4.5: Study of how the error depends on the number of discretizations
per period of time. (a) Binning. (b) Linear. (c) Quadratic. (d) Quartic.
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methods, binning and linear, are considerably larger than those produced by
the higher order accurate methods. For example, to achieve an equal error
level, a four times smaller timestep is needed with the binning method as
with the fourth order method.

4.4 Results

The sound generated by the cavity with source data from the global modes
was compared to a case where the source data was calculated by a DNS. In
the DNS calculation the initial condition were equal to the optimal growth
condition of the global modes calculation. In Figure 4.6 the hydrodynamic
pressure fluctuations on the cavity wall is shown at x=140. This is the region
with largest fluctuation amplitudes.
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Figure 4.6: Hydrodynamic pressure fluctuations on the cavity wall at the
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After about t ≈ 800 the source data of the two calculation methods are seen
to start to deviate, indicating that the solution starts to leave the linear
regime.

With the time derivative of the hydrodynamic pressure fluctuations, i.e.
the acoustical source data, the generated sound pressure can be calculated
according to Eq. (4.8). The sound generated with source data from the two
methods are shown in Figure 4.7 for an observer location straight above the
trailing edge at a height of 200 cavity depths.
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Figure 4.7: Sound generated by flow over an open cavity. — Global modes,
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The sound generated by the two methods are in great agreement through out
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the time sequence solved for, except in the nodes of the beatings, at t ≈ 630
and t ≈ 880, where the sound is most sensitive of small errors in the source
data.

This example shows how the technique of global modes can be applied with
good accuracy at a low computational cost. In particular, the method is
suitable to study the flow field structures related to acoustics, since a global
mode analysis reveal information on the presence of any unstable modes
which can give rise to self-sustained oscillations and whistling. In particular,
the method may be applied to predict whistling, or be used in combination
with flow control to control flow generated noise levels.
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Chapter 5

Conclusions and
future work

Two simulation methodologies based on frequency domain formulations of the
linearized Navier-Stokes equations have been developed and evaluated with
applications related to the prediction of scattering of sound in flow ducts and
whistling.

The first method solves the propagation of sound waves directly by solving
the compressible governing equations for the perturbations about a mean
flow state. Both acoustic and vorticial perturbations are included and thus
enables studies of vortex-sound interaction in cases of acoustic dissipation or
amplifications due to vortex shedding. The method was applied to test cases
of in-duct thin and thick orifice plates as well as area expansions.

To improve the method, implementations of cylindrical as well as full
three dimensional geometries are needed. An implementation of the energy
equation is needed in cases when the isentropic relation between density and
pressure does not hold. Further validation on more complex geometries are
needed, as for example geometries with curved boundaries.

In the second method, an incompressible formulation of the linearized Navier-
Stokes equations was solved as an eigenvalue problem to identify sound
generating flow structures, and unstable flow structures related to whistling.
The radiated sound was extracted through the use of Curle’s analogy, and
the method was applied to a test case of a shallow cavity. In future work,
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the formulation may be extended to solve for the compressible equation, or
the global mode solver and the propagation methodology may be merged
such that the sound sources from the eigenmodes are incorporated in the
first method to calculate the sound radiation from the individual modes.
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Chapter 6

Summary of papers

Paper I

A frequency domain linearized Navier-Stokes equations
approach to acoustic propagation in flow ducts with sharp
edges.

A. Kierkegaard, S. Boij, G. Efraimsson

A methodology of a frequency domain linearized Navier-Stokes equations
solver was developed. Isentropic relations between perturbed pressure and
density was assumed for simplification. The methodology was applied and
evaluated on a 2D geometry of an aspect ratio η = 0.277 in-duct orifice plate
with a M = 0.067 mean flow. No-slip boundary conditions were applied on
the orifice walls, but slip boundary conditions on the duct walls. Calculations
were carried out in a frequency range of 50-3000 Hz and the 2-port scattering
matrix was calculated for all its four components. The simulations were
compared to measurements on a circular duct of same orifice diameter ratio by
a normalized Helmholtz number technique, and good agreement was found.
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Division of work between authors

Kierkegaard developed and implemented the methodology, performed the
simulations and wrote the paper under supervision of Efraimsson and Boij.

Paper II

Simulations of the Scattering of Sound Waves at a Sudden
Area Expansion

A. Kierkegaard, S. Boij and G. Efraimsson

The scattering of acoustic plane waves at a sudden area expansion in a flow
duct was simulated using the linearized Navier-Stokes methodology developed
in Paper I. Transmission and reflection as well as end correction at the area
expansion was simulated, and the influence of the downstream mean flow
profile on the acoustic scattering properties was investigated. A comparison
of results from numerical simulations, analytical theory and experiments
was presented. A study with realistic mean flow profiles for different Mach
numbers, and two additional flow profiles, representing a non-expanding jet
with infinitely thin shear layer, and an immediate expansion, shows that
a realistic jet is needed to accurately capture the acoustic-hydrodynamic
interaction. The prediction of the end correction for the constructed mean
flow profiles deviates significantly from that for the realistic profile in a
Strouhal number regime representing strong coupling between acoustic and
hydrodynamic waves. It is concluded that the constructed flow profiles lack
the ability to predict the loss of energy to hydrodynamic waves, and that this
effect increases with increasing Mach number.

Division of work between authors

Kierkegaard carried out the simulations. Boij derived the analytical solutions.
The paper was jointly written by the authors.
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Paper III

Simulations of whistling and the whistling potentiality of
an in-duct orifice with linear aeroacoustics

A. Kierkegaard, G. Efraimsson, S. Allam and M. Åbom

The possibility to predict the whistling potentiality of an in-duct element
based on linear aeroacoustic simulations was demonstrated, such that the
geometry can be modified to avoid whistling. The whistling potentiality
was investigated by an acoustic energy balance for the in-duct element and
good agreement with experimental data was shown. This indicates that
although whistling is a non-linear phenomena caused by an acoustic-flow
instability feed-back loop, the linearized Navier-Stokes equations can be used
to predict whistling potentiality. A Nyquist stability criterion was applied
to the simulation data to predict whistling, and results were compared to
experimental results with good agreement.

Division of work between authors

Kierkegaard carried out the simulations and Allam the experiments. The
paper was jointly written by the authors.

Paper IV

Flow field eigenmode decompositions in aeroacoustics

A. Kierkegaard, E. Åkervik, G. Efraimsson, D. S. Henningson

A flow field eigenvalue decomposition technique, so-called global modes, for
linear flows, was applied as source data to a far-field approximation of Curle’s
equation. The main objective of the work was to evaluate the relevance of
the global modes technique for aeroacoustic applications. As an example
of an application, the sound generated from a 0.1 Mach number flow over
an open cavity was calculated and compared to the sound generated from
a DNS of an equivalent flow case. Small relative differences in input source
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data between the methods were found to be amplified in the evaluation of the
acoustic analogy integral. The over-all error levels in the calculated sound
was however well within an acceptable range. The main strength of the
global modes technique was found in its possibility to isolate separate sound-
generating mechanisms for detailed studies of sound generation processes.

Division of work between authors

Kierkegaard developed the Curle’s equation formulation for the global modes
and carried out the acoustical calculations. Åkervik calculated the global
modes and the DNS. The paper was jointly written by the authors.
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[22] H. Bodén and M. Åbom. Modeling of fluid machines as sources of sound
in duct and pipe systems. Acta Acustica, 3:549–560, 1995.

[23] K. S. Peat. Evaluation of four-pole parameters for ducts with flow by
the finite element method. J. Sound Vib., 84(3):389–395, 1982.

68



[24] Z. L. Ji, Q. Ma Z, and Z. H. Zhang. A boundary element scheme for
evaluation of four-pole parameters of ducts and mufflers with low mach
number non-uniform flow. J. Sound Vib., 185(1):107–117, 1995.
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[113] K. Mattsson, M. Svärd, and J. Nordström. Stable and accurate artificial
dissipation. Journal of Scientific Computing, 21(1):57–79, 2004.

[114] K. Mattsson and J. Nordström. Summation by parts operators for
finite difference approximations of second derivatives. J. Comp. Phys.,
199(2):503–540, 2004.

[115] J. Nordström and M. H. Carpenter. Boundary and interface conditions
for high order finite difference methods applied to the Euler and Navier-
Stokes equations. J. Comp. Phys., 148(2):621–645, 1999.

[116] J. Nordström and M. H. Carpenter. High order finite difference meth-
ods, multi-dimensional linear problems and curvilinear coordinates. J.
Comp. Phys., 173(1):149–174, 2001.

76
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