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Abstract 
 

A mathematical model for the drying of particulate solids in a continuous vibrated fluidised 
bed dryer was developed and applied to the drying of grain wetted with a single liquid and 
porous particles containing multicomponent liquid mixtures. Simple equipment and material 
models were applied to describe the process. In the plug-flow equipment model, a thin layer 
of particles moving forward and well mixed in the direction of the gas flow was regarded; 
thus, only the longitudinal changes of particle moisture content and composition as well as 
temperature along the dryer were considered. Concerning the material model, mass and heat 
transfer in a single isolated particle was studied. For grain wetted with a single liquid, mass 
and heat transfer within the particles was described by effective transfer coefficients. 
Assuming a constant effective mass transport coefficient and effective thermal conductivity of 
the wet particles, analytical solutions of the mass and energy balances were obtained. The 
variation of both transport coefficients along the dryer was taken into account by a stepwise 
application of the analytical solution in space intervals with non-uniform inlet conditions and 
averaged coefficients from previous locations in the dryer. Calculation results were verified 
by comparison with experimental data from the literature. There was fairly good agreement 
between experimental data and simulation but the results depend strongly on the correlation 
used to calculate heat and mass transfer coefficients. 

 
For the case of particles containing a multicomponent liquid mixture dried in the vibrated 
fluidised bed dryer, interactive diffusion and heat conduction were considered the main 
mechanisms for mass and heat transfer within the particles. Assuming a constant matrix of 
effective multicomponent diffusion coefficients and thermal conductivity of the wet particles, 
analytical solutions of the diffusion and conduction equations were obtained. The equations 
for mass transfer were decoupled by a similarity transformation and solved simultaneously 
with conduction equation by the variable separation method. Simulations gave a good insight 
into the selectivity of the drying process and can be used to find conditions to improve aroma 
retention during drying. 

 
Also, analytical solutions of the diffusion and conduction equations applied to liquid-side-
controlled convective drying of a multicomponent liquid film were developed. Assuming 
constant physical properties of the liquid, the equations describing interactive mass transfer 
are decoupled by a similarity transformation and solved simultaneously with conduction 
equation and the ordinary differential equation that describes the changes in the liquid film 
thickness. Variations of physical properties along the process trajectory were taken into 
account as in the previous cases. Simulation results were compared with experimental data 
from the literature and a fairly good agreement was obtained. Simulations performed with 
ternary liquid mixtures containing only volatile components and ternary mixtures containing 
components of negligible volatility showed that it is difficult to obtain an evaporation process 
that is completely controlled by the liquid-side mass transfer. This occurs irrespective of the 
initial drying conditions. 
 

Despite simplifications, the analytical solution of the material model gives a good insight into 
the selectivity of the drying process and is computationally fast. The solution can be a useful 
tool for process exploration and optimisation. It can also be used to accelerate convergence 
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and reduce tedious and time-consuming calculations when more rigorous models are solved 
numerically. 

 
Keywords: analytical solution, heat and mass transfer, temperature and moisture 
distribution, drying modelling, multicomponent drying, drying selectivity, volatile retention, 
ternary mixture, drying of particulate materials, vibrated fluidised bed dryer. 
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Nessuna humana investigazione si può dimandare vera scienzia s’essa non passa per le 
matematiche dimostrazioni 
 
Leonardo da Vinci, Trattato della Pittura, ca. 1500 
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1 
INTRODUCTION 

 
 
 
 
 

1.1. Background 
 
Drying is a ubiquitous unit operation found in almost all industrial sectors, ranging 
from agriculture to pharmaceuticals, and is probably the most common, diverse and 
energy-intensive unit operation. At the same time, it is also one of the least 
understood operations, particularly at the microscopic level. Drying technology 
combines transport phenomena and material science since it deals not only with the 
removal of a liquid to produce a solid product but also with the extent to which the 
dried product may be modified during the process to meet the required quality criteria 
or improve the final product. Today, the main goal of drying is to minimise energy 
costs and environmental impact while preserving product quality. 
 
Designing a new dryer or developing a new product that require drying in some step 
of the manufacturing process is always coupled with costly and tedious experimental 
work that can be reduced by the use of reliable models. Moisture removal from wet 
materials by drying is a complex process that involves coupled and simultaneous heat 
and mass transfer. Modelling this complex process requires the development of 
transport equations derived from conservation laws. The simultaneous heat and mass 
transfer processes lead to a highly non-linear set of governing equations. Applied to a 
dryer, they involve numerous parameters, such as design parameters, operational 
parameters and physical properties of materials that affect drying processes, some of 
which may be difficult to measure or quantify. 
 
A simple and accurate drying model is useful for aiding dryer design and 
optimisation, evaluating dryer performance, troubleshooting and controlling the 
process. From a sustainable processing point of view it should assist minimising 
energy consumption while from a product technology perspective it should be able to 
predict product quality changes during drying. 
 
There are two main steps to modelling an industrial dryer. The first is to describe the 
main phenomena responsible for heat and mass transfer within the product in 
interaction with the drying media and external conditions. At this stage, elementary 
equations describing drying kinetics of a single particle or elementary volume must be 
established. This is the material model. The second step is to integrate the elementary 
system with respect to space and time in the dryer, the equipment model, which 
describes the movement of the material through the dryer. 
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A vibrated fluidised bed dryer is a type of convective dryer with a complex flow 
pattern of solids and gas, which is affected by several operational parameters and can 
be a part of complex systems. For this reason, the development of suitable models is 
both a need and a challenge. Vibrated fluidised bed dryers have been employed to dry 
a variety of products on an industrial scale. A number of these are listed in Table 1.1. 

 
 

Table 1.1 Industrial applications for vibrated fluidised bed dryers. 
 

Chemicals Foodstuffs Minerals Plastics 

Potassium chloride Walnuts Sand Polyvinyl 
acetate 

Common salt Maize Coal Polyvinyl 
chloride 

Sodium sulphate Peanuts Granite 
roadstone Polypropylene 

Urea Wheat Limestone Nylon 
Starch Sugar Quartz  
Detergent powders and 
granules Soya China clay  

Citric acid Dairy products (milk 
powder, whey) Slate chips  

Aluminium fluoride 
trihydrate 

Instant coffee 
granules   

Pesticide granules    
Ammonium bromide    
Pharmaceutical products    

 
 

In some industrial processes, the vibrated fluidised bed dryer is the only drying unit 
responsible for moisture removal, but it is also used as a second stage in two-stage 
drying processes. For instance, the first stage is performed in a spray dryer to 
concentrate the product and the vibrated fluidised dryer is used in a second stage to 
reduce the moisture content to the value required by the final product. This second 
stage saves energy and assures better control of the product quality (Jinxin et al., 
1999). 
 
In most of the cases, the moisture to be removed consists of water but there are 
important applications such as the drying of pharmaceuticals, plastics and coated 
materials where the moisture consists of a multicomponent mixture. The drying of 
foodstuffs is a special case of multicomponent drying since the moisture usually 
consists of water and a large number of low concentration volatile compounds, e.g. 
coffee, cocoa or milk. 
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1.2. Aim and scope 
 
The objective of this work is the development of simple mathematical models for 
drying materials containing single or multicomponent solvents in vibrated fluidised 
bed dryers. The main focus is the development of material models that can be solved 
analytically but implemented in such a way that they can describe the main features of 
the process, particularly the changing physical properties of the material through the 
dryer and complex drying systems. The work comprises three parts: 
 

• The development of an analytical solution for the material model describing 
the drying of solids containing a single liquid in a vibrated fluidised bed dryer. 
Calculations are compared with experimental data from the literature. The 
material under consideration is corn grits. Effects of operational parameters on 
drying behaviour are studied. 

 
• The development of an analytical solution for drying a multicomponent liquid 

film. The convergence of the solution is studied. Two ternary mixtures are 
chosen for the analysis. Calculations are compared with experimental data 
from the literature. In one mixture, a component of negligible volatility is 
introduced. Influence of the controlling step on drying selectivity is studied. 

 
• The application of the analytical solution to simulate the drying of spherical 

particles containing multicomponent liquid mixtures in a vibrated fluidised 
bed dryer. Two ternary mixtures are chosen for the analysis. One mixture 
consists of highly volatile components. Effects of operational parameters on 
volatile retention are studied. 

 

1.3. Outline 
 
After this introductory chapter, Chapter 2 gives background information on the 
physics of drying then discusses the use and modelling of fluidised bed dryers in more 
detail. The second half of the chapter focuses on the literature relating to mass and 
heat transfer in multicomponent systems. Chapter 3 describes the development of 
mathematical models considered in this study. Chapter 4 presents the results and 
discussion. Finally, Chapter 5 gives the conclusions. 
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2 
LITERATURE REVIEW 

 
 
 
 
 
This review is divided into three main sections. First, a general description of the 
drying fundamentals is presented. In the second section, some background on 
fluidised bed drying is addressed. In the third section, a short description on mass and 
heat transfer in multicomponent systems is provided. 
 

2.1. Drying fundamentals 
 
Drying is traditionally defined as a unit operation that converts a liquid, solid or semi-
solid feed material into a solid product of significantly lower moisture content. In 
most cases, drying involves the application of thermal energy, which causes the 
liquid, frequently water, to evaporate. Fluidised bed drying is a case of convective 
drying where thermal energy is mainly provided by the fluidising gas that 
simultaneously removes the vapours. The requirements of thermal energy, phase 
change and a solid final product distinguish this operation from mechanical 
dewatering, evaporation, extractive distillation, adsorption and osmotic dewatering. 
 
Drying is a complex operation involving simultaneous coupled, transient heat, mass 
and momentum transport along with several rate processes, such as physical or 
chemical transformations, which, in turn, may cause changes in product quality as 
well as the mechanisms of heat and mass transfer (Mujumdar, 2007). 
 

2.1.1. Drying kinetics 
 
In the convective drying of solids containing a single liquid, two main drying periods 
are usually observed: a constant-rate period in which drying of the solid saturated 
with liquid occurs as if pure liquid were being evaporated and a falling-rate period 
where moisture movement is controlled by internal resistances. The constant-rate 
period may be preceded by a short initial adjusting period during which the energy 
provided by the gas balances the energy required to sustain evaporation. After that, as 
long the solid is saturated with liquid, drying occurs at a constant temperature and a 
constant drying rate. The mechanism of internal liquid movement and consequently 
the structure of the material being dried as well as the initial drying intensity 
determine the extent of the constant-rate period. Normally, a constant-rate period does 
not exist if the liquid consists of a mixture of solvents, even though the variations are 
small and gradual until the process is controlled by internal resistances. 
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In food systems, where liquid movement is likely to be controlled by capillary and 
gravity forces, a measurable constant-rate period is found to exist. In foods of 
complex structure, liquid movement is by diffusion and therefore the water 
evaporated from the surface is not immediately replenished by the movement of 
liquid from inside the food. Such foods are likely to dry without exhibiting any 
constant-rate period (Rao et al., 2005). 
 
External drying conditions are particularly important during the initial stages of 
convective drying when unbound surface moisture is removed. In such conditions, 
surface evaporation is controlled by diffusion of vapour from the surface of the solid 
to the surrounding atmosphere through a thin film of air in contact with the surface. 
The other main factor influencing the drying rate is the driving force that is 
determined by the equilibrium vapour concentration at the liquid-gas interphase. 
 
Foods are normally hygroscopic and the moisture contained in a wet solid or liquid 
solution exerts a vapour pressure to an extent depending on the nature of the moisture 
and the solid and on the temperature. A wet solid exposed to a continuous supply of 
fresh gas continues to lose moisture until the vapour pressure of the moisture in the 
solids is equal to the partial pressure of the vapour in the bulk of the gas. The solid 
and gas are then said to be in equilibrium and the moisture content of the solid is 
called the equilibrium moisture content under the prevailing conditions (Mujumdar, 
2007). 
 

2.1.2. Equilibrium isotherms 
 
In hygroscopic materials, sorption isotherms are used to describe the relationship 
between the equilibrium moisture content of a material and the corresponding water 
activity at a given temperature. The water activity is equal to the relative humidity of 
the air, which is at equilibrium with the material (see Figure 2.1). If the composition 
or quality of the material changes, then its sorption behaviour also changes. 

 

 
 

Figure 2.1 Moisture isotherms for wheat. 
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The isotherms of many food materials exhibit a deviation between adsorption and 
desorption; this is known as hysteresis. For drying, the desorption curve is of interest 
and is used to calculate the equilibrium moisture content of the material during 
drying. For most food materials, the sorption isotherms shift to lower moisture 
contents as temperature increases. Because of the complexity of sorption processes, 
the isotherms cannot normally be predicted theoretically, but must be determined 
experimentally for each product. 
 

2.1.3. Multicomponent drying 
 
Convective drying of products containing a multicomponent moisture is frequently 
encountered in the processing industries. Some examples are the drying of foodstuffs, 
pharmaceuticals, magnetic storage media, etc. In all these examples, the important 
issue is the characteristics of the final product. For instance, when drying foodstuffs, 
the final product must comply with the consumption quality level acceptable to the 
consumer. The quality of the final product depends, among other characteristics, on 
the residual content of components that give the aroma and flavour to the product. 
These compounds are usually present in low concentrations. In this case, the 
preferential removal of water and retention of all other components becomes the main 
purpose of drying. Regarding volatile retention in drying, Thijssen and Rulkens 
(1968) developed a theory of aroma retention considering the relative volatility and 
diffusivity of the components. Coumans et al. (1994) have reviewed the major 
theoretical and practical aspects of aroma retention in spray drying and freeze drying. 
 
The drying of solids containing multicomponent liquid mixtures is controlled by the 
interaction of gas phase diffusion (external mass transfer), phase equilibrium and 
transport within the solid (internal mass transfer). These processes depend on 
temperature and are consequently influenced by heat transfer. Drying intensity 
determines the controlling steps. At moderate gas velocities and temperatures, the 
process is likely to be controlled by the gas-side mass and heat transfer or 
equilibrium. Under intensive drying, the resistance to mass and heat transfer within 
the solid phase becomes significant. A number of studies have been devoted to 
investigate the conditions of a phase-controlled process. For gas-phase-controlled 
drying, Luna and Martínez (1999) showed that a deep understanding of the process 
could be obtained by a stability analysis of the ordinary differential equation that 
describes the dynamical system. Liquid-side-controlled drying of multicomponent 
mixtures has been analysed by Pakowski (1994). When liquid-side resistance cannot 
be neglected, the complexity of convective drying of multicomponent liquid mixtures 
is such that only an approximate analysis or a numerical solution of the equations 
describing the process is possible. Gamero and Martínez (2005) studied the internal 
mass transfer during isothermal drying of a porous solid containing multicomponent 
mixtures. It was found that relative volatility and gas diffusion coefficients control the 
evaporation at the surface. Internally, mass transfer is controlled by gravitational and 
capillary forces, gas and liquid diffusion and axial dispersion. The main difficulties in 
obtaining particular analytical solutions are the complex interactions of transport 
mechanisms and phase equilibrium as well as the strong dependence of the drying 
process on composition, temperature and the contact mode between the phases. 
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2.1.4. Analytical solutions in drying 
 
Mathematical modelling has become a common practice in analysing the drying 
phenomena due to the cost and time involved in experimental studies, and numerical 
as well as analytical solutions have been developed. The main benefit of analytical 
solutions as compared to numerical ones is the economical and time-saving nature of 
this method. In food drying, analytical solutions are only available for some cases 
subjected to considerable simplifications. 
 
Most of the authors used analytical solutions for mass transfer equation and ignored 
heat transfer equation in order to reduce the complexities of the problem (Ruiz-López 
and García-Alvarado, 2007). Some authors assume uncoupled heat and moisture 
transfer processes (Ruiz-López et al., 2004). Other authors have reported theoretical 
and experimental evidence that food temperature is not constant during drying (Chang 
and Weng, 2000). Therefore, the moisture content predicted at constant temperature 
definitely requires corrections. Barati and Esfahani (2011) presented an analytical 
model that took internal resistance against mass transfer into account. The proposed 
model considers the evaporative heat transfer at the surface of the product. Ruiz-
López et al. (2011) addressed a heat and mass transfer analytical model to describe 
the moisture and temperature evolution during drying of solid products with 
hemispherical shell geometry. They reported that the proposed procedure could be 
used to develop similar expressions for other non-traditional geometries. Concerning 
multicomponent drying, Luna et al. (2005) developed an analytical solution of the 
multicomponent diffusion equation for isothermal drying of a liquid film assuming 
constant physical properties. The changes of physical properties during the process 
were accounted for by a stepwise application of the solution with averaged 
coefficients from previous steps. 
 

2.2. Fluidised bed drying 
 
Fluidised beds are widely used for drying particulate solids such as grain, fertilisers, 
chemicals, pharmaceuticals, minerals, plastics and coated materials and for other 
specialised applications such as the drying of solutions, pastes and liquids sprayed 
onto inert materials. The main advantages of fluidised bed technology in drying 
applications are large contact surface areas between solids and gas, high thermal 
inertia of solids, good degree of solids mixing and rapid heat and moisture transfer 
between solids and gas, which shortens drying time and prevents damage of thermo-
sensitive materials. In addition, the fluidity of the bed facilitates easy handling and 
transport of solids. The main disadvantage associated with fluidised bed dryers is that 
wet and sticky materials are difficult to fluidise. 
 
The mode of operation of a fluidised bed dryer could be either batch or continuous. In 
batch drying the dryer is charged with wet material, the flow of the drying medium is 
started and when the material is sufficiently dry it is removed from the equipment. 
Batch operation is preferred for small-scale production and for heat-sensitive 
materials such as crops (e.g. corn, wheat). In continuous drying the wet material 
enters the dryer as a continuous stream and the dry material is also removed 
continuously. Continuous systems are used for larger throughputs. Several varieties of 
continuous fluidised bed dryers have evolved over the years. The most important 
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categories are as follows: well mixed fluidised bed dryers, plug-flow fluidised bed 
dryers, fluidised bed dryers with immersed heat exchangers and mechanically assisted 
fluidised bed dryers (Mujumdar, 2007; Daud, 2008; Reay and Baker, 1985). 
 

2.2.1. Modelling of fluidised bed dryers 
 
Drying is a complex process involving simultaneous heat, mass and momentum 
transfer, and effective models are necessary for process design, optimisation, energy 
integration and control. The development of mathematical models to describe drying 
processes has been a research topic for several decades but the design of dryers is still 
largely based on practical experience. 
 
The complexity of a model depends on the purpose of the application considered. 
Design requires simplified models, while dynamic simulation and optimisation 
require detailed models. The most commonly used mathematical models are empirical 
and phenomenological models. Phenomenological models are preferred over 
empirical ones for the following reasons: 
 

• Empirical models would require numerous laboratory experiments. 
• Empirical models are only reliable in the experimental region; their 

performance for extrapolation is questionable. 
• Phenomenological models make use of a few empirical parameters, which are 

readily available in the literature. 
 
However, the phenomenological approach requires simplifying assumptions such as 
approximating the shape of the solids to a well-defined geometry, which is practical 
and feasible (Mujumdar, 2007). 
 
Mathematical models have been reported in the literature for both batch and 
continuous fluidised bed dryers based on heat and mass transfer laws. In general, two 
approaches have been developed. In the first, only the mass and energy balances for 
the particles and gas are considered, leading to a set of partial differential equations 
(Fyhr and Kemp, 1999). In some cases, the momentum balance for each phase is also 
included (Izadifar and Mowla, 2003). The other approach is based on hydrodynamic 
considerations. This method is categorised into multiphase modelling, when two (Lai 
and Chen, 1986) or three (Palancz, 1983) phases are presented. The latter type of 
modelling is one of the most complex procedures to predict the behaviour of a 
fluidised bed dryer. 
 
Most of the existing models of plug-flow fluidised bed dryers are based on knowledge 
of the interaction between the solid and gas phases. For instance, Bizmark et al. 
(2010) reported a sequential method to model a continuous plug-flow fluidised bed 
dryer, which is based on dividing the dryer into sections in series with ideal mixing 
for both solid and gas phases in each section. It was shown that the model fitted the 
experimental data satisfactorily. Daud (2007) has used the steady-state cross-flow 
model for estimating the profiles for solids and air moisture contents and temperatures 
in a continuous fluidised bed dryer. These profiles were shown to be dependent on the 
gas-solid flow ratio. Also, the non-ideal flow of solids in plug-flow fluidised dryers 
has been modelled as several continuous back-mixed fluidised bed dryers connected 
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in several ways (Reay and Baker, 1985; Fyhr et al., 1999; Baker et al., 2006). The 
problem with this type of model is the difficulty of estimating a sufficient number of 
completely mixed dryers for any particular dryer a priori. It could only be determined 
by analysis of pilot-plant data (Daud, 2008). There are incremental models to simulate 
plug-flow fluidised bed dryers in which a time increment is introduced in the model 
that is later substituted with the length increment by using the bed velocity in order to 
track the changes in moisture content and temperature of the solids and gas as 
functions of distance along the bed (Kemp and Oakley, 2002). 
 
Reay (1989) reported an approach to simulate the drying of particulate solids in 
continuous dryers based on decomposing the overall system model into two parts: an 
equipment model and a material model (see Figure 2.2). The equipment model 
includes factors that depend on the type of dryer used; particle transport through the 
dryer, external heat transfer from the hot gas or hot surfaces to the solids and vapour-
phase mass transfer. These are all external to the particle and can be modelled 
theoretically for different types of dryers. The material model covers factors 
dependent on the nature of the solid being dried, drying kinetics and heat transfer 
within the particle, equilibrium moisture content relationships, product quality (e.g. 
trace components) and materials handling. Some of these properties can be found in 
the literature, but the majority are highly dependent on the nature and structure of the 
solid and on the upstream particle formation process and must be measured 
experimentally (materials characterisation). Recently, Tsotsas and Mujumdar (2007) 
summarised the different types of dryer models available, ranging from the very 
simple to the highly complex. 

 

 
 

Figure 2.2 Representation of the overall drying model as equipment and material 
models. 

 

2.2.2. Vibrated fluidised bed dryers 
 
The vibrated fluidised bed dryer is a continuous processing unit that combines the 
technologies of vibratory conveying and fluidised bed drying. It consists essentially of 
a vibrating screen through which hot gas is forced from a plenum beneath it. The 
solids are maintained in a fluidised state as a result of the combined action of the gas 
flow and the vibrations. Consequently, they flow naturally along the dryer from the 
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feed end to the outlet where the dried material discharges over a weir. The screen is 
surmounted by a hood from which the moist gas and any entrained solids are 
exhausted. A typical design of a plug-flow vibrated fluidised bed dryer is shown in 
Figure 2.3. The application of mechanical vibration allows pseudo-fluidisation of the 
bed with rather low gas flow rates. In this case, the requirements of hydrodynamics 
and heat/mass transfer are effectively decoupled. In general, vibrated fluidised beds 
are used for drying cohesive, sticky and agglomerated materials that cannot be well 
fluidised due to very large or tiny diameters of particles, wet particles or very thin bed 
layer thickness. There are a number of advantages of vibrated fluidised bed dryers 
over conventional fluidised beds: it makes possible a reduction of fluidising velocity 
and pressure drop, better uniformity of the agglomerate, gentle handling, better 
control of residence time and intensification of heat and mass transfer, which can 
significantly reduce the energy consumption and drying time (Gupta and Mujumdar, 
1980; Danielsen and Hovmand, 1980; Strumillo and Pakowski, 1980). 
 
Dimensionless vibration intensity, Γv = Aω2/g, where A is the amplitude of vibration, 
ω is the angular frequency and g is the acceleration due to gravity, is a key property 
for describing vibrated fluidised beds. This property serves as a representation of the 
mechanical input to the system and most vibrated fluidised bed properties are linked 
to it. Many authors reported an optimum range of vibration intensity in which the bed 
structure is most suitable for drying and the drying rate is greatest; the best results 
were obtained for Γv = 2-3. It is recommended that, at the minimum, Γv should be 
near 1, while at the maximum it should be near 6 (Pakowski et al., 1984). 

 

 
 

Figure 2.3 A plug-flow vibrated fluidised bed dryer (after Alvarez et al., 2006). 
 

A number of studies have been done on various aspects of the vibrated fluidised bed 
dryer. For instance, Han et al. (1991), using wheat particulates and instant 
pharmaceutical BYN granules, showed that the flow of particles in a continuous pilot-
plant vibrated fluidised bed dryer could be considered as plug-flow and that vibration 
intensity was the most significant factor to affect mean particle residence time and 
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drying rate. Soponronnarit et al. (2001) tested and optimised a commercial-scale 
vibro-fluidised bed dryer for paddy rice. They found that the combined electrical 
power of the blower and vibration motors was approximately 55 % of that used by the 
blower motor alone in a conventional fluidised bed dryer. Pan et al. (2001) used a 
continuous vibrated fluidised bed dryer containing inert particles to dry soybean milk. 
Teflon pellets were found to be superior to glass beads as they gave higher heat 
transfer coefficients, higher liquid feed rates and lower material hold-up. Stakic and 
Nemoda (2010) identified the parameters influencing the energy requirements for the 
drying process in vibrated fluidised beds. It was found that the drying process could 
be accomplished consuming less energy for heating the drying agent than for the same 
process in fluidised bed. Meili et al. (2010) analysed the effects of operational and 
vibration parameters in the drying of liquid pastes in a vibrofluidised bed operating 
with inert particles. They confirmed that vibration intensity should not be adopted as a 
universal parameter to characterise the dynamics of vibrofluidised beds. 
Sripinyowanich and Noomhorm (2011) studied the quality of unfrozen and frozen 
cooked rice using the single-mode applicator microwave technique in a vibro-
fluidised bed dryer. Drying temperature and pre-freezing treatment had a considerable 
effect on properties of dried cooked rice, such as whiteness, microstructure, bulk 
density and rehydration capability. Other studies have also been conducted on 
minimum fluidisation velocity (Mawatari et al., 2003), heat transfer between gas and 
solid (Wang et al., 2004) and particle motion through the dryer (Xiang et al., 2010). 
 
Modelling a vibrated fluidised bed dryer is a challenge that requires a combination of 
various components; for instance, 1) the fluidisation equations must be coupled with 
vibrational intensity correlations, 2) drying equations based on moisture and enthalpy 
balances, which correspond to the same parameters, must be derived, and 3) 
additional parameters must be determined, as needed, to satisfy the relations 
previously set forth. In addition, estimating drying rate in a vibrated fluidised bed 
dryer is a very difficult task. In general, the classical approach does not include data 
about the secondary equipment geometry and operational variables such as amplitude 
and frequency. The incorporation of these variables in the process models is usually 
empirical. 
 

Recently, Stakic and Urosevic (2011) addressed a model for convective drying of 
seeds in a batch-vibrated fluidised bed dryer. In the model, the drying rate was 
calculated by applying the concept of a drying coefficient that describes the resistance 
of moisture transport inside the solids. Alvarez et al. (2006) used a simplified model 
to study the drying of corn grits in a continuous fluidised bed dryer. The drying rate 
was calculated in terms of a heat transfer coefficient between the air and the solids, 
considering the constant rate period and a linear falling-rate period, with unsaturated 
surface drying assumed proportional to the free moisture content of the solids. 
Alvarez et al. (2005) proposed a neural networks approach to model a batch-vibrated 
fluidised bed dryer that takes into account the back-mixing effect by establishing 
interconnected drying zones. The model included the mass and energy balances for 
each zone in the solid phase, while in the gas phase complete mixing was considered. 
 
To our knowledge, there is no information in the literature about material models 
including more than a single solvent in vibrated fluidised bed dryers. Summarising 
although significant experimental and theoretical efforts have been made to 
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understand the transport processes in vibrated fluidised bed dryers, the current 
knowledge is still far from complete (Daud, 2008; Park et al., 2006). 
 

2.3. Mass and heat transfer in multicomponent systems 
 
Molecular diffusion plays an important part during the drying of solids wetted with 
liquid mixtures. When the moisture consists of a single liquid, diffusion is restricted 
to the gas phase and mainly through the diffusion film at the surface of the solid. In 
the presence of a multicomponent mixture, molecular diffusion occurs even in the 
liquid phase, both at the external surface of the saturated solid and within the pores. 
Three main approaches of multicomponent diffusion can be found in the literature: 
the Maxwell-Stefan diffusion theory, the generalised Fick’s law and the 
thermodynamics of irreversible processes (Wesselingh and Krishna, 2000). 
 

2.3.1. Multicomponent diffusion in a single phase 
 
The main concern in a problem of multicomponent diffusion of n species in a single 
phase is to determine compositions and fluxes as functions of time and space. This 
may be achieved by solving the differential equations of continuity for all n 
components of the mixture in a particular phase, 
 

€ 

∂ cπw( )
∂ t

+
∂ Gπ w( )
∂z

= −
∂Jπ
∂z

                (2.1) 

 
where c is the total molar concentration, w is the vector of molar fractions, G is the 
total molar flux, J is the vector of diffusion fluxes, t is the time and z is the length 
coordinate. The subscript π denotes the phase (liquid or gas). Due to the motion of the 
mixture as a whole, molar fluxes of each component in the mixture may be written as 
the contribution of a diffusive and a convective term. Hence, this contribution can be 
written in vector notation as: 
 

€ 

Gπ = Jπ + wGπ                  (2.2) 
 
where G is the vector of molar fluxes referring to stationary coordinates. Since ∑wi = 
1 and ∑Ji,π = 0, only n-1 of Equations (2.1) are independent and an additional piece of 
information is required in order to determine the molar fluxes. This is frequently 
represented by an interrelationship between the molar fluxes that is specific for a 
given diffusion problem. For instance, the drying of a liquid mixture containing a 
component of negligible volatility is regarded as diffusion of n-1 species through a 
stagnant liquid. Analogously, in drying by convection, the vapours diffuse through a 
stagnant inert gas in the gas phase. 
 
In addition to initial and boundary conditions, the solution of Equations (2.1) 
demands a relationship between diffusion fluxes and mole fraction gradients in the 
system. Fick’s generalised law for multicomponent diffusion is one of the approaches 
used to account for these interactions. It is based on the assumption of linearity 
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between the diffusion fluxes and molar fraction gradients. It is expressed in compact 
matrix notation as follows: 
 

€ 

Jπ = − cπ Dπ

∂w
∂z

                 (2.3) 

 
All vectors are of dimensions n-1 and D is a square matrix of multicomponent Fickian 
diffusion coefficients of order n-1 x n-1. This expresses the fact that the nth 
component does not diffuse independently. 
 
For non-ideal mixtures, the matrix of multicomponent diffusion coefficients, D, is 
defined as: 
 

€ 

Dπ = B−1Γ                   (2.4) 
 
The matrix B, which can be regarded as a kinetic contribution to the multicomponent 
diffusion coefficients, has the elements: 
 

€ 

Bii =
wi

D in
+

wk

D ikk =1
i≠ k

n

∑    i = 1, 2,…n-1             (2.5) 

 

€ 

Bij = − wi
1

D ij
−
1

D in

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟    i ≠ j = 1, 2,…n-1            (2.6) 

 
where 

€ 

D ij  are the Maxwell-Stefan diffusion coefficients and w is the molar fraction. 
The matrix Γ  is the matrix of thermodynamic factors with elements given by: 
 

€ 

Γij = δ ij +
wi

w j

∂ lnγ i
∂ lnγ j

   i, j = 1, 2,…n-1            (2.7) 

 
where γi and γj are the activity coefficients of each component of the mixture and δij is 
the Kronecker delta (1 if i = j, 0 if i ≠ j). 
 
For ideal gases, the matrix of diffusion coefficients, defined by Equation (2.4), 
reduces to: 
 

€ 

Dg = B−1                  (2.8) 
 
In this case, Maxwell-Stefan diffusion coefficients are identical to the diffusion 
coefficients of a binary mixture and are reliably estimated from the kinetic theory of 
gases. The subscript g denotes gas. 
 
For liquids, the calculation of the matrix of multicomponent diffusion coefficients is 
based on Equation (2.4). There are, however, few methods to determine the Maxwell-
Stefan coefficients and they are less reliable. 
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2.3.2. Interphase mass and heat transfer 
 
Heat and mass transfer within the solid is intimately related to the mechanism by 
which liquid is removed from the surface and heat is supplied to the surface of the 
solid. At high external heat and mass transfer rates, the resistance within the solid 
becomes important. In these conditions, the drying process will be controlled by 
internal transport. However, the conditions may change during the process. There is a 
well established theory for interphase mass and heat transfer between a solid surface 
wetted with a multicomponent liquid mixture and a hot gas stream. Based on film 
theory, the column vector of evaporation fluxes can be represented by: 
 

€ 

Gg = βEk yδ − y∞( )                  (2.9) 
 
where β  is a matrix that embodies an extra relationship between the fluxes to 
calculate molar fluxes from diffusion fluxes, E is a matrix of correction factors to 
account for the finite mass transfer rate, k is a matrix of mass transfer coefficients at 
zero-mass transfer rate and y is the column vector of gas molar fractions. The 
subscripts δ and ∞ denote interface and gas bulk, respectively. The convective heat 
flux is given by the analogous expression: 
 

€ 

q = h Eh T∞ −Tδ( )                (2.10) 
 
where h is the zero-flux heat transfer coefficient, T is the temperature and Eh is a 
correction factor for high mass transfer rates. The latter is determined by 
Ackermann’s formula. The manner in which these parameters are calculated and 
comparison between the different methods can be found elsewhere (Taylor and 
Krishna, 1993). These methods were applied to drying by Martínez and Setterwall 
(1991). 
 

2.3.3. Coupling between the phases 
 
The coupling between the phases is provided by the assumption that equilibrium is 
reached instantaneously at every point in the interface. This assumption permits the 
calculation of the gas composition at the interface as a function of the liquid 
composition, activity coefficients and vapour pressures of the pure components: 
 

  

€ 

yδ =
1
Pt

P0γ xn =K γ xn               (2.11) 

 
where P0 and γ are diagonal matrices containing the saturated vapour pressures of the 
pure liquids and activity coefficients, respectively, and Pt is the total pressure. The 
subscript n indicates that the vector x contains the molar fractions of the n 
components of the liquid mixture. 
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3 
MATHEMATICAL MODELLING 

 
 
 
 
 
This chapter presents the models developed during this work. The first model 
describes the drying of grain wetted with a single liquid in a continuous vibrated 
fluidised bed dryer. The model for drying a multicomponent liquid film is presented 
in the second part. The third model concerns the drying of particles containing a 
multicomponent liquid mixture in a continuous vibrated fluidised bed dryer. The 
approach reported by Reay (1989) based on decomposing the overall system model 
into an equipment model and a material model is adopted and applied to the above-
mentioned cases, in all of which the material model was simplified in order to obtain 
analytical solutions. To simulate the dryer, the material model was implemented in 
the equipment model in order to describe the whole process. 
 

3.1. Drying of solids containing a single liquid in a vibrated 
fluidised bed dryer 

 
In a vibrated fluidised bed dryer operating in continuous mode, a continuous stream 
of wet particles enters the dryer and particles with lower liquid content are removed 
continuously at the dryer exit. Particles are maintained in a fluidised state because of 
vibrations and the flow of the drying agent, usually a hot air stream that is forced 
through a vibrating screen at the bottom of the dryer. Particles move forward because 
of vibration and the slope of the dryer and the exhaust gas leaves the dryer at the top. 
See Figure 3.1. 
 
Equipment model 
 
The main simplifying assumptions of the equipment model are related to movement 
of the particles and gas flow through the dryer. If it is assumed that the particles are 
well mixed in the vertical direction due to vibration and fluidisation, only changes in 
the horizontal direction need to be considered. If, in addition, particles are moving 
forward with a uniform velocity and the dryer has been operated for enough time for 
steady-state conditions to be reached, the residence time for all particles will be the 
same. 
 
Mass balances in the dryer 
 
The changes of liquid content of the bed along the dryer are given by the following 
moisture balance at the solid side: 
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€ 

Fs
dX
dz

= −as MGg                             (3.1) 

 
where Fs is mass flow of dry solids per cross-section, X is the solid moisture content 
in dry basis, M is the molecular weight of the moisture, as is the specific evaporation 
area per bed volume and Gg is the molar evaporation flux. 

 
 

 
 

Figure 3.1 Scheme of the dryer and a differential dryer element. 
 
 

The integration of Equation (3.1) requires the specification of inlet conditions and an 
expression for the evaporation flux. Drying kinetics is part of the material model and, 
in a complex manner, depends on the liquid content and temperature of the particles, 
as well as the gas conditions. Furthermore, determining the temperature changes of 
the particles and the changes of the gas conditions requires energy balances for both 
phases and a mass balance for the gas phase, and they must be solved simultaneously. 
Consequently, drying kinetics cannot be expressed analytically without considerable 
simplifications. 
 
In the model development that follows, the drying rates will be derived from the 
equations that describe heat and mass transfer between a single particle and the 
fluidising gas along the dryer. The solutions will be applied stepwise for the purpose 
of solving these equations analytically but still taking into consideration the changes 
of internal transport parameters with liquid content and temperature along the dryer. 
For this reason, the mass balance at the gas side and the energy balances in the dryer 
are applied to the differential volume element shown in Figure 3.1. 
 
Since all evaporated liquid goes into the gas, the following balance gives the change 
of gas humidity: 
 

€ 

FgdY = − Fs Hb
dX
dz

                 (3.2) 
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where Fg is the mass flow of dry gas per cross-section, Y is the gas humidity in dry 
basis and Hb is the bed height, which is calculated as: 
 

€ 

Hb =
S

vρp (1−ε p )(1−ε b )B
                (3.3) 

 
where S is the flow of dry solids, v is forward bed velocity, ρ is the density, ε is the 
porosity and B is the drier width. The subscripts p and b denote particle and bed, 
respectively. 
 
Energy balances in the dryer 
 
Since heat losses in the dryer are neglected, the energy balance over the same 
differential volume element becomes: 
 

€ 

dIg = −Hb
Fs
Fg

dIs
dz

                 (3.4) 

 
where I is the enthalpy of the phases per unit dry mass. The subscript s denotes solid. 
 
Drying of a single particle 
 
Drying of a wet porous particle in contact with a hot gas stream is governed by 
external mass and heat transfer, equilibrium at the solid-gas interphase and internal 
heat and mass transfer. See Figure 3.2. 

 

 
 

Figure 3.2 Schematic drying of a single particle into an inert gas. 
 

Internal mass transfer occurs by several mechanisms: molecular diffusion (liquid and 
vapour), capillary flow, Knudsen diffusion, surface diffusion or combinations of the 
foregoing mechanisms. Usually, all these mechanisms are lumped together into an 
effective transport coefficient using Fick’s law to describe the mass flux. This 
approach seems to describe the experimental data fairly well (Saravacos and 
Maroulis, 2001; Mujumdar, 2007). This is the approach used in this work to describe 
the material model. 
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By assuming uniform particle size, no particle shrinkage during the process and 
constant effective transport parameters, mass transfer inside the particles can be 
described by an expression similar to diffusion equation. For a spherical geometry: 
 

€ 

v ∂X
∂z

= Deff
∂ 2X
∂r2

+
2
r
∂X
∂r

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟                            (3.5) 

 
where Deff is the effective transport coefficient and r is the radial coordinate. 
 
If conduction is the only mechanism for heat transfer within the particle, the 
corresponding equation to describe temperature changes is the conduction equation: 
 

€ 

v ∂T
∂z

= Dh
∂ 2T
∂r2

+
2
r
∂T
∂r

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟                 (3.6) 

 
where Dh is the thermal diffusivity. Equations (3.5) and (3.6) represent a system of 
partial differential equations with the following inlet and boundary conditions: 
 
Inlet conditions: 
 

€ 

X = X0 r( )   

€ 

0 ≤ r ≤ δ   

€ 

z = 0              (3.7) 
 

€ 

T = T0 r( )   

€ 

0 ≤ r ≤ δ   

€ 

z = 0              (3.8) 
 
Boundary conditions at the centre: 
 

€ 

∂X
∂r

= 0  

€ 

r = 0    

€ 

z > 0              (3.9) 

 

€ 

∂T
∂r

= 0  

€ 

r = 0    

€ 

z > 0            (3.10) 

 
Boundary conditions at the surface: 
 

€ 

− ρp Deff
∂X
∂r

= MGg    

€ 

r = δ   

€ 

z > 0           (3.11) 

 

€ 

− keff
∂T
∂r

= q + λGg    

€ 

r = δ   

€ 

z > 0           (3.12) 

 
where δ is the particle radius, k is the thermal conductivity and λ is the latent heat of 
vaporisation. The subscripts 0 and eff denote inlet and effective value, respectively. 
 
Mass and heat transfer rates 
 
At the interphase, the evaporation flux is simply expressed as: 
 

€ 

Gg = km yδ − y∞( )                (3.13) 
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where km is the mass transfer coefficient, and yδ and y∞ are the vapour molar fractions 
at the gas-liquid interface and in the gas bulk, respectively. 
 
The convective heat flux can be calculated as: 
 

€ 

q = h T∞ −Tδ( )                 (3.14) 
 
where h is a heat transfer coefficient between the drying gas and the particle. 
 
To complete the material model, all unknown parameters of the model must be 
specified. There are several correlations in the literature to estimate the gas-to-particle 
heat transfer coefficient in a vibrated fluidised bed. Pakowski et al. (1984) reported 
some of them. Mass transfer coefficients can be calculated by applying Lewis 
analogy. 
 
In hygroscopic materials, wet solid-gas equilibrium is described by sorption 
isotherms, which relate the molar fraction of water vapour at the grain surface with 
moisture content and temperature at the solid surface. A convenient expression to 
correlate empirical equilibrium data is the modified Chung-Pfost equation 
(Mujumdar, 2007; Pfost et al., 1976). The equation parameters for numerous foods 
and grains are found in ASABE (2009). To complete the material model, expressions 
for the transport coefficients must be provided. A collection of equations to calculate 
effective diffusion coefficients for various food materials is reported in Saravacos and 
Maroulis (2001). In the present study, an equation reported by Maroulis et al. (2001) 
is used. The heat diffusivity and effective thermal conductivity can be estimated by 
averaging the corresponding properties of the solid and moisture. 
 
Analytical solution 
 
Before solving Equations (3.5) and (3.6) with corresponding inlet and boundary 
conditions, some dimensionless variables and other variable transformations are 
introduced. 
 
Dimensionless independent variables and some of the dependent variables: 
 

€ 

τ =
z
L

;  

€ 

ζ =
r
δ

;  

€ 

θ =
Tg −T
Tg −T0

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟           (3.15) 

 
Dimensionless transport coefficients: 
 

€ 

Dd =
LDeff

vδ 2 ;  

€ 

κ =
LDh

vδ 2
             (3.16) 

 
The following variable transformation is necessary to transform Equation (3.5) into 
one describing linear flow and boundary condition (3.12) into one for which we can 
take advantage of an existing analytical solution. 
 

€ 

u = ζ(φX + yb )                (3.17) 
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where 
 

€ 

φ =
ML

vδρpDd

km Kψ( ); 

€ 

yb = −
ML

vδρpDd

km y∞( ) ; 

€ 

Kψ =
ψ Pw

0

X Pt
         (3.18) 

 
An analogous transformation for Equation (3.6) is 
 

€ 

Θ = ζ(aθ + b)                 (3.19) 
 
where 
 

€ 

a =
h
keff

δ ;  

€ 

b = −
aλ Gg

h(Tg −T0 )
            (3.20) 

 
By introducing the new variables, the mass and energy balances become: 
 

€ 

∂u
∂τ

= Dd
∂ 2u
∂ζ2

;  
  

€ 

∂Θ
∂τ

= κ
∂2Θ
∂ζ2

             (3.21) 

 
in which the new inlet and boundary conditions are: 
 

At 

€ 

τ = 0  and 0 ≤ 

€ 

ζ  ≤ 1, 

€ 

u = u0 ζ{ }; 

€ 

Θ = Θ0 ζ{ }          (3.22) 
 

At 

€ 

τ > 0  and 

€ 

ζ = 0 ,    

€ 

u = 0;    

€ 

Θ = 0            (3.23) 
 

At 

€ 

τ > 0  and 

€ 

ζ =1,  

€ 

∂u
∂ζ

+ φ −1( )u= 0; 

€ 

∂Θ
∂ζ

+ a −1( )Θ = 0     (3.24) 

 
The solution of Equations (3.21) is reported in Carslaw and Jaeger (1959). The 
solution corresponding to mass transfer is the dimensionless and transformed liquid 
content: 
 

  

€ 

u = 2 e−Ddν m
2 τ νm

2 + (φ -1)2

νm
2 + φ(φ -1)

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

m = 1

∞

∑ sin(νm ζ) u0(ζ)sin(νm ζ) dζ
0

1

∫
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

         (3.25) 

 
where the coefficients νm are obtained as the roots of: 
 

  

€ 

tan(νm ) = (1−φ)−1νm                (3.26) 
 
Analogously for the dimensionless and transformed temperature: 
 

  

€ 

Θ = 2 e−κ ν h,m
2 τ νh,m

2 + (a -1)2

νh,m
2 + a(a -1)

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

m = 1

∞

∑ sin(νh,m ζ) Θ0(ζ)sin(νh,m ζ) dζ
0

1

∫
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

         (3.27) 

 
where the coefficients νm,h are the roots of: 
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€ 

tan(νh,m ) = (1− a)−1νh,m               (3.28) 
 
After transformation back into the original variables, Equations (3.25) and (3.27) 
provide the temperature and moisture content gradients within the particle and hence 
the mass and heat transfer rates at the particle surface. At the centre of the particle, 
when ζ = 0, Equations (3.25) and (3.27) are undetermined and therefore the 
expressions must be evaluated as limit values. 
 
The analytical solution is possible only if constant transport coefficients and constant 
heat and mass transfer rates are assumed. Since these conditions change along the 
dryer, the analytical solution is applied to an interval dz, with inlet conditions and 
averaged transport coefficients corresponding to the outlet conditions of the previous 
step. As the integration of Equation (3.1) proceeds, the procedure is repeated step by 
step. The outlet composition of the gas at each step dz is calculated using Equation 
(3.2). Then the energy balance, Equation (3.4), allows for the calculation of the 
exhaust gas enthalpy using the mean outlet particle temperature to calculate the outlet 
enthalpy of the wet solids. Since the gas enthalpy is a function of gas composition and 
temperature, the outlet gas temperature can be calculated from a non-linear equation 
that relates gas temperature to the gas enthalpy. Integration proceeds in this way until 
the dryer exit is reached. 
 
To calculate heat and mass transfer rates according to Equations (3.13) and (3.14), the 
conditions at the bulk of the gas are considered constant and equal to inlet gas 
conditions. If the evaporation flow is large compared to the gas flow, the gas 
temperature and humidity will change and the assumption will lead to an 
overestimation of the driving forces. Since the outlet gas temperature and composition 
are calculated after the solution of the equations for the particle in a given step, 
possible cooling and humidification of the gas after passing the bed have no 
restrictive effect on the drying of the particle. However, the value of the outlet 
temperature of the gas permits the reasonableness of the calculation results to be 
elucidated. Outlet gas temperatures cannot be lower than grain outlet temperatures. 
 
In fact, the changes of gas conditions can be considered in the driving forces at each 
step by solving iteratively until reaching convergence of the exit conditions. 
Considering the uncertainties in determining the transfer coefficients, such a refining 
was not considered necessary at this stage. 
 

3.2. Drying of a multicomponent liquid film 
 
In this section, an analysis of liquid-side mass and heat transfer is done focusing on 
the diffusion mechanism in an evaporating liquid film in contact with a hot gas stream 
and on the prospects of obtaining an analytical solution to the equations that describe 
the process. The case is schematically described in Figure 3.3. 
 
To simulate the evaporation of a multicomponent liquid film, the solution of mass and 
energy balances and respective initial and boundary conditions is required. In 
addition, a total balance is necessary to determine the changes of film thickness. 
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Figure 3.3 Schematic of drying of a liquid film into an inert gas. 
 
Governing equations 
 
Assuming that the sample dimension in the direction of the gas flow is short, the 
transport occurs mainly in the vertical direction. Considering diffusion as the main 
contribution to mass transfer and using average and constant values of the total 
concentration and the matrix of multicomponent diffusion coefficients, Equation (2.3) 
can be written as follows to describe mass transfer in the liquid phase: 
 

€ 

∂x
∂t

= D∂
2x
∂z2

                (3.29) 

 
These equations represent a system of coupled partial differential equations since 
diffusion fluxes depend on the molar fraction gradients of all independently diffusing 
components of the liquid mixture. 
 
If conduction is the only mechanism for heat transfer in the liquid, the corresponding 
equation to describe temperature changes is the conduction equation: 
 

€ 

∂T
∂t

= Dh
∂ 2T
∂z2

                (3.30) 

 
Initial and boundary conditions 
 
If evaporation and convection heat occur only at the surface of the film and the initial 
composition as well as the temperature of the liquid are given functions of z, the 
initial and boundary conditions are: 
 
Initial conditions: 
 

€ 

x = x0 z( )   

€ 

0 ≤ z ≤ δ   

€ 

t = 0            (3.31) 
 

€ 

T = T0 z( )   

€ 

0 ≤ z ≤ δ   

€ 

t = 0            (3.32) 
 
Boundary conditions at the bottom: 
 

€ 

∂x
∂z

= 0   

€ 

z = 0    

€ 

t > 0            (3.33) 
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€ 

∂T
∂z

= 0   

€ 

z = 0    

€ 

t > 0            (3.34) 

 
Boundary conditions at the surface: 
 

€ 

−clD
∂x
∂z

= Gg,n−1   

€ 

z = δ    

€ 

t > 0          (3.35) 
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−kl
∂T
∂z

= q− λTGg    

€ 

z = δ    

€ 

t > 0          (3.36) 

 
The evaporation fluxes and heat flux by convection are calculated according to 
Equations (2.9) and (2.10). The subscript l denotes liquid. 
 
Equation (2.9) can be rewritten as: 
 

€ 

Gg =K yδ − y∞( )               (3.37) 
 
where the matrix K is the matrix product βEk. The analytical solution of Equation 
(3.29) requires K to be a diagonal matrix. To maintain the description of diffusional 
interactions proper to multicomponent systems, effective transfer coefficients that 
produce the same evaporation fluxes at the free liquid surface as Equation (3.37) are 
defined as: 
 

€ 

Gg =K eff yδ − y∞( )               (3.38) 
 
where Keff is a diagonal matrix with the following elements: 
 

€ 

Ki,i,eff = Gi,g yi,δ − yi,∞( )−1  i = 1, 2, ..., n           (3.39) 
 
If the liquid and gas are in equilibrium at the interphase, the molar fractions of the 
vapours are given by Equation (2.11). 
 
Moving boundary 
 
If the changes of film thickness are not neglected, the invariance of the fluxes at the 
moving phase boundary can be expressed as: 
 

€ 

G l =Gg + clxn − cgyδ( ) dδdt               (3.40) 

 
Under non-isothermal conditions, the following total mass balance gives the rate of 
change of the film thickness: 
 

€ 

dδ
dt

= −
1
c l

Gg +δ
∂c l
∂x 
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

T dx 
dt

+
∂c l
∂T 

∂T 
∂t

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 
            (3.41) 
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where the overbar denotes mean values along the liquid film and Gg is the total 
evaporation flux. The other terms on the right hand side vanish if the total 
concentration is constant. By introducing the expression (3.38) for mass flux in the 
gas phase and the equilibrium relationship (2.11) into Equation (3.40): 
 

    

€ 

G l = Ξ• xn −Keff y∞                (3.42) 
 
with 

  

€ 

Ξ• = KeffKγ +{clI − cgKγ}
dδ
dt

             (3.43) 

 
At the liquid side of the interphase, mass transport is molecular and the boundary 
conditions can be written: 
 

  

€ 

−clD
∂x
∂z

= Ξx + yb                (3.44) 

 
with 
 

  

€ 

yb = − {Keff y∞}n−1               (3.45) 
 
where the square matrix Ξ  is of order n-1 and consist of the first n-1 columns and 
rows of the original matrix 

€ 

Ξ•. To maintain the dimensional consistency the last 
elements of the vector are disregarded and, to indicate this, the vectors are denoted by 
subscript n-1. 
 
Analytical solution 
 
By introducing the following new variables: 
 

€ 

ζ =
z
δ

;   

€ 

τm =
t D*

∞

δ 2
;   

€ 

τh =
t Dh

δ 2
;         (3.46) 

 

€ 

θ =
Tg −T
Tg −T0

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ ; 

€ 

˜ D = D∗

D∗

∞

;   

€ 

D∗ = ΞDΞ−1         (3.47) 

 
and 
 

€ 

u = Ξx + yb( );   

€ 

Θ = (aθ + b)            (3.48) 
 
where 
 

€ 

a =
h•

kl
δ ;   

  

€ 

b = −
aλTGg

h•(Tg −T0 )
            (3.49) 
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The modified convective heat transfer is defined as 

€ 

h• = hEh  according to Equation 
(2.10). The maximum norm of matrix D* has been used to render the variables 
dimensionless. The superscript T denotes transposed. 
 
The system of partial differential Equations (3.29) and (3.30) with initial and 
boundary conditions given by Equations (3.31) to (3.36) becomes: 
 

  

€ 

∂u
∂τm

= ˜ D 
∂ 2u
∂ζ2 ;  

€ 

∂Θ
∂τ h

=
∂ 2Θ
∂ζ2

             (3.50) 

 
At 

€ 

τm = τh = 0  and 0 ≤ 

€ 

ζ  ≤ 1,  u = u0{

€ 

ζ} Θ = Θ0{

€ 

ζ}         (3.51) 
 

At 

€ 

τm ,τh > 0 and 

€ 

ζ=0 ,  
  

€ 

∂u
∂ζ

= 0 
  

€ 

∂Θ
∂ζ

=0          (3.52) 

 

At 

€ 

τm ,τh > 0 and 

€ 

ζ=1, 
  

€ 

−cl ˜ D 
∂u
∂ζ

=
δ

D*
∞

Ξu  

€ 

∂Θ
∂ζ

= −aΘ         (3.53) 

 
The differential equation for mass transfer in Equation (3.50) can be decoupled 
through the similarity transformation: 
 

  

€ 

P−1 ˜ D P = ˆ D                 (3.54) 
 

  

€ 

ˆ u = P−1u                (3.55) 
 
The matrix P is the modal matrix whose columns are the eigenvectors of   

€ 

˜ D  and   

€ 

ˆ D  a 
diagonal matrix of its eigenvalues. The transformation yields: 
 

  

€ 

∂ ˆ u 
∂τm

= ˆ D 
∂2 ˆ u 
∂ζ2                 (3.56) 

 
with initial and boundary conditions: 
 

At 

€ 

τm = 0 and 0 ≤ 

€ 

ζ  ≤ 1,   

€ 

ˆ u = ˆ u 0{ζ}             (3.57) 
 

At 

€ 

ζ = 0  and 

€ 

τm > 0,  
  

€ 

∂ˆ u 
∂ζ

= 0             (3.58) 

 

At 

€ 

ζ = 1 and 

€ 

τm > 0,  
  

€ 

∂ˆ u 
∂ζ

=− ξ ˆ u             (3.59) 

 
where 
 

  

€ 

ξ =
δ

D*
∞
cl

ˆ D −1Ξ                (3.60) 
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Under the assumption that the matrix ξ is constant, the decoupled differential 
equations can be solved by the variable separation method. The solution is reported 
by Carslaw and Jaeger (1959): 
 

€ 

x = 2Ξ−1P e− ˆ D ν m
2τm

νm
2 + ξ 2( )

νm
2 + ξ 2 + ξ( )m=1

∞

∑ cos νmζ( )ˆ u 0 ζ( )dζ
0

1

∫
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ cos νmζ( ) −Ξ−1yb    (3.61) 

 
with eigenvalues defined implicitly by: 
 

€ 

tan(νm ) = ξνm
−1               (3.62) 

 

Equation (3.61) provides the mole fractions of n-1 components in the liquid. The mole 
fraction of the nth component is calculated taking advantage of: 
 

€ 

xn = 1− x j
j=1

n−1

∑                 (3.63) 

 
To preserve the formalism of the matrix product, the integral in Equation (3.61) is a 
diagonal matrix that contains the value of the integral. 
 
The solution of the Equation (3.30) is similarly given in terms of the dimensionless 
temperature: 
 

€ 

Θ = 2 e−ν h,m
2 τ h

νh,m
2 + a2( )

νh,m
2 + a2 + a( )m = 1

∞

∑ cos νh,mζ( )Θ0 ζ( )dζ
0

1

∫
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ cos νh,mζ( )         (3.64) 

 
with 
 

€ 

tan(νh,m ) = aνh,m
−1                (3.65) 

 
The changes of film thickness can reliably be calculated step by step by 
simultaneously solving the ordinary differential Equation (3.41) with a proper initial 
condition. 
 
Process controlling step 
 
The drying process can be controlled by the gas phase, the liquid phase or the 
equilibrium thermodynamics. A parameter that can be regarded as representative for 
the resistance of the phase is the liquid-side kinetic separation factor: 
 

€ 

Kl = exp − δ
cl D ∞

Gl,k
k=1

n

∑
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟               (3.66) 

 
If mass transfer within the gas phase is the controlling step, the separation factor 
approaches unity. If the resistance is located in the liquid phase, the separation factor 
approaches zero. 
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3.3. Drying of spherical particles containing a 
multicomponent liquid mixture in a vibrated fluidised 
bed dryer 

 
In this section, the model for drying particles containing a single liquid in a vibrated 
fluidised bed dryer is extended to particles containing a multicomponent liquid 
mixture. In both cases, the equipment model is the same. See Figure 3.1. The only 
difference is the number of balances in the solid and gas side required in the dryer, 
one for each component. On the other hand, since the moisture consists of a 
multicomponent liquid mixture, the material model to describe mass transfer is 
considerably different. As shown in the previous section, mass transfer in 
multicomponent mixtures leads to coupled differential equations that must be 
decoupled in order to attempt an analytical solution. In this respect, the material 
model is similar to the drying of liquid multicomponent film but in a spherical 
geometry. For this reason, a variable transformation is also required to obtain an 
equation describing liner flow, as in the first section. 
 
Governing equations 
 
If diffusion inside the particle is the main contribution to mass transfer and the total 
concentration and transport coefficients are assumed constant, the process is described 
by the following differential equation: 
 

    

€ 

v ∂x
∂z

= D
∂2x
∂r2

+
2
r
∂x
∂r

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟                (3.67) 

 
Since the liquid is confined in a porous particle, the matrix of multicomponent 
diffusion coefficients is corrected as follows: 
 

  

€ 

D = ιB−1Γ                 (3.68) 
 
where ι embodies a tortuosity and constriction factor to take into account the sinuous 
diffusion path existing in liquid confined in a porous particle (Wesselingh and 
Krishna, 2000). 
 
For heat transfer within the particle, the energy balance is exactly the same as 
Equation (3.6) with physical properties corresponding to the mixture. Equations 
(3.67) and (3.6) represent a system of partial differential equations. If evaporation and 
convection heat occur only at the surface of the particle and the inlet composition as 
well as the temperature of the particle are given functions of r, the inlet and boundary 
conditions are: 
 
Inlet conditions: 
 

  

€ 

x= x0 r( )  

€ 

0 ≤ r ≤ δ   

€ 

z = 0            (3.69) 
 

€ 

T = T0 r( )   

€ 

0 ≤ r ≤ δ   

€ 

z = 0            (3.70) 
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Boundary conditions at the centre: 
 

    

€ 

∂x
∂r

= 0    

€ 

r = 0    

€ 

z > 0            (3.71) 

 

  

€ 

∂T
∂r

= 0   

€ 

r = 0    

€ 

z > 0            (3.72) 

 
Boundary conditions at the surface: 
 

    

€ 

−clD
∂x
∂r

= Gg,n−1   

€ 

r = δ   

€ 

z > 0           (3.73) 

 

  

€ 

−keff
∂T
∂r

= q + λTGg    

€ 

r = δ   

€ 

z > 0           (3.74) 

 
Analytical solution 
 
Details about the analytical solution for the particle are in Paper III. Some of the 
derivations are similar to the previous sections; geometrical aspect in Section 3.1, 
multicomponent mass transfer in Section 3.2. The solution for the transformed molar 
fractions is: 
 

    

€ 

ˆ u = 2 e− ˆ D ν m
2τ νm

2 + ξ 2

νm
2 + ξ ξ + I( )

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

m=1

∞

∑ sin νmζ( ) ˆ u 0 ζ( )sin νmζ( )dζ
0

1
∫⎧ 

⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

          (3.75) 

 
The eigenvalues in Equation (3.75) are defined implicitly by: 
 

€ 

tan(νm ) = ξ−1νm                (3.76) 
 
with 
 

    

€ 

x = φ−1 P ˆ u 
ζ
− yb

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ;   

  

€ 

φ =
L
vδcl

Dd
−1 ΚΚγ{ }

n−1
          (3.77) 

 
and 
 

  

€ 

yb = −
L

vδ cl
Dd

−1 Κy∞{ }
n−1

;  
  

€ 

Dd =
LD
vδ 2

;   

€ 

ξ = P−1 φ − I( )P        (3.78) 

 
Analogously for the temperature: 
 

  

€ 

Θ = 2 e−κν h,m
2 τ νh,m

2 + (a - 1)2

νh,m
2 + a(a - 1)

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

m = 1

∞

∑ sin(νh,mζ) Θ0(ζ)sin(νh,mζ) dζ0

1
∫⎧ 

⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

         (3.79) 

 
with 
 

  

€ 

tan(νh,m ) = (1− a)−1νh,m               (3.80) 
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€ 

a =
h•

keff
δ ;   

  

€ 

b = −
aλTGg

h•(Tg −T0 )
           (3.81) 

 
After transformation back into the original variables, the liquid temperature, liquid 
composition and mass and heat fluxes are implemented in the equipment model the 
same was as in the case of grain wetted with a single component to determine the 
changes of liquid content, liquid composition and temperature along the dryer. 
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4 
RESULTS AND DISCUSSION 

 
 
 
 
 
The following is a summary of the results presented in the appended papers. The 
results are organised as follows: drying of grain containing a single liquid in a 
vibrated fluidised bed dryer, convective drying of a multicomponent liquid film, and 
finally the drying of spherical particles containing multicomponent liquid mixtures in 
a vibrated fluidised bed dryer. 
 
In all calculations unless otherwise stated, the physical properties of pure components 
and mixtures were calculated according to methods reported by Reid et al. (1987). 
Activity coefficients were computed using Wilson equation with parameters from 
Gmehling and Onken (1982). The Antoine equation was used to compute the vapour 
pressure of pure liquids. For liquid mixtures, the evaporation fluxes were calculated 
according to Equation (2.9) using an algorithm reported by Taylor (1982) with 
diffusion through stationary air as a bootstrap relationship. The matrix of correction 
factors was evaluated using the linearised theory. Diffusion coefficients in the gas 
phase were calculated using Fuller’s method (Reid et al., 1987). The method of 
Brandowski and Kubaczka (1982) was used to calculate the matrix of the 
multicomponent diffusion coefficients in the liquid phase. Corresponding subsections 
indicate particular procedures. 
 

4.1. Drying of grain containing a single liquid in a vibrated 
fluidised bed dryer 

 
In this case, the evaporation flux and convective heat flux were calculated according 
to Equations (3.13) and (3.14), respectively. Since the material is hygroscopic, the 
molar fraction of water vapour at the grain surface is calculated using the modified 
Chung-Pfost equation to describe desorption isotherms with parameters from ASABE 
(2009). The heat transfer coefficient was computed from a correlation reported by 
Pakowski et al. (1984). By applying Lewis relationship, the mass transfer coefficient 
was determined. For the effective diffusion coefficient, an equation reported by 
Maroulis et al. (2001) was used. 
 
Model validation 
 
In order to investigate the validity of the model predictions, the theoretical results are 
compared with pilot-scale experimental data from Alvarez et al. (2006). The material 
under consideration is corn grits. 
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A comparison between mean moisture content and mean solid temperature predicted 
by the mathematical model and two experimental data sets is shown in Figures 4.1 
and 4.2. Both cases exhibit fairly good agreement between experimental results and 
calculations. As can be seen in the figures, the predicted and experimental moisture 
content exhibited a smooth exponential decay curve over the whole length of the 
dryer that characterises the drying in the falling-rate period for hygroscopic materials. 
As is indicated in Mujumdar (2007), air-drying of many food and agricultural 
products such as corn displays no constant-rate period and the internal resistance to 
moisture transfer controls the drying process. 

 
 

 
 

(a)  (b) 
 

Figure 4.1 Comparison between experimental and predicted moisture content and 
solid temperature along the bed length. ug = 0.36 m/s, Tg = 380.15 K, S = 30.7 kg/h, 

v = 4.2 10-3 m/s, A = 0.025 m, f = 20 Hz. 
 
 

The temperature of the solids progressively rises as they move from the feed point to 
the dryer exit. At the end stages of drying, the mathematical model slightly 
underestimates the solid temperatures of corn grits. To some extent deviations could 
be attributed to the estimated properties that depend on the internal structure and the 
nature of the solid, such as effective transport coefficients and sorption isotherms, but 
also to uncertainties of the experimental measurements. Due to the complex flow 
pattern in the dryer it is not always possible to obtain representative samples. Also, 
measuring the true particle temperature is a difficult task. 
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(a)  (b) 
 

Figure 4.2 Comparison between experimental and predicted moisture content and 
solid temperature along the bed length. ug = 0.95 m/s, Tg = 368.15 K, S = 40.7 kg/h, 

v = 2.8 10-3 m/s, A = 0.03 m, f = 40 Hz. 
 

The liquid content and temperature profiles for particles at different locations along 
the bed length reveal that the internal resistance for mass transfer is greater than the 
internal resistance against heat transfer. Temperature profiles in the particles are flat 
while liquid content profiles in the solid exhibit pronounced gradients (see Figure 
4.3). The low resistance against heat transfer within the solid may be explained by the 
relatively high value of the thermal conductivity of water and its contribution to the 
effective thermal conductivity of the moist solid. 

 
 

 
 

(a)  (b) 
 

Figure 4.3 Moisture content and temperature profiles for particles along the bed 
length. ug = 0.36 m/s, Tg = 380.15 K, S = 30.7 kg/h, v = 4.2 10-3 m/s, 

A = 0.025 m, f = 20 Hz. 
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Effects of operational parameters 
 
The effects of the operational parameters were studied by simulations using the same 
basic experimental data of Figure 4.1. 
 
Effect of gas velocity and temperature 
 
Figure 4.4 depicts the changes in moisture content and solid temperature at different 
air velocities. In drying processes controlled by external drying conditions, a higher 
gas velocity induces faster heat and mass transfer rates since mass and heat transfer 
coefficients increase with the gas velocity. A drying process controlled by the gas side 
is also improved by increasing the gas temperature and reducing the humidity of the 
air. In both cases, mass and heat transfer are improved because of the increased 
driving forces. As shown in the figure below, both moisture content and temperature 
behave as expected from the drying theory. Similar behaviour is observed for the inlet 
gas temperature. 

 
 

 
 

(a)  (b) 
 

Figure 4.4 Effect of gas velocity on drying behaviour. Tg = 380.15 K, S = 30.7 kg/h, 
v = 4.2 10-3 m/s, dp = 1.7 10-3 m, A = 0.025 m, f = 20 Hz. 

 
However, in the conditions of the present simulations, the resistance against heat 
transfer inside the solid is much lower than the resistance against mass transfer inside 
the solid. This means that convection heat not used to evaporate water is used to 
increase solid temperature, which in turn leads to higher coefficients of moisture 
transfer inside the solid and higher partial vapour pressure at the solid gas interphase 
and hence to higher drying rates. 
 
Effect of vibration intensity 
 
It was found by simulations that both amplitude and frequency of vibration have only 
a slight effect on the drying rate. This seems to be in conflict with practical 
experiences, since according to the literature, vibration intensity enhances heat and 
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mass transfer and hence the drying process. This is probably due to the correlation 
used to account for the vibration parameters. The correlations that include the effect 
of this parameter in the literature seem to be equipment specific since they produce 
very different results. 
 
Effect of particle size 
 
Figure 4.5 illustrates the effect of particle diameter on the drying process. It is clear 
that particle diameter exerts a significant influence on the drying process; larger 
particles require much longer dryer length because of the increase of internal 
resistance against heat and mass transfer. 

 

 
 

(a)  (b) 
 

Figure 4.5 Effect of particle size on drying behaviour. ug = 0.36 m/s, Tg = 380.15 K, 
S = 30.7 kg/h, v = 4.2 10-3 m/s, A = 0.025 m, f = 20 Hz. 

 
The results of the simulations are strongly dependent on heat and mass transfer 
coefficients. Several empirical correlations from the literature were tested for 
calculating the coefficients. The results of the predictive methods vary greatly. In 
some cases, differences were larger than one order of magnitude. It is evident that 
mass and heat transfer coefficients are very dependent on the experimental conditions 
and the specific equipment in which the experiments to determine the coefficients 
were performed. Therefore, to obtain reliable results from simulations, the transfer 
coefficients or at least the constants included in the correlations should be determined 
from experimental results in the same equipment. 
 
For the sake of simplicity, the conditions of the gas were assumed constant and equal 
to the inlet conditions. With this assumption, the driving forces are overestimated 
since unless the bed is very thin and evaporation low compared to the gas flow, the air 
should be colder and more saturated with vapours at the dryer exit. In fact, the 
changes of gas conditions can be considered in the driving forces at each step by 
solving iteratively until reaching convergence of the exit conditions. Considering the 
uncertainties in transfer coefficients, such a refining was not considered necessary at 
this stage. 
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4.2. Drying of a multicomponent liquid film 
 
Calculations were performed with two liquid mixtures: water-2-propanol-glycerol and 
ethanol-methylethylketone-toluene. Mass and heat transfer coefficients at zero-mass 
transfer rate were computed from correlations for a gas stream flowing parallel to a 
flat surface with binary diffusion coefficients in the gas phase. Physical properties 
were evaluated at averaged conditions of the gas between the interface and the bulk. 
The matrix of diffusion coefficients in the liquid phase was computed according to 
Equation (2.4) with a correction of the matrix of thermodynamic factors reported by 
Bandrowski and Kubaczka (1982). The following values of the empirical exponent 
were used: 0.1 for ethanol-methylethylketone-toluene and 1 for water-2-propanol-
glycerol. 
 
Convergence of the analytical solution 
 
According to previous work of Luna et al. (2005) concerning the isothermal case, 
around 50 eigenvalues are sufficient to achieve a satisfactory accuracy (the number of 
series terms includes in the solution). The higher the concentration of the volatile 
components the lower the number of eigenvalues required. At a given composition, 
the component having the lowest molar fraction controls the convergence. The drying 
intensity also influences the optimal number of eigenvalues. The convergence is faster 
at lower drying rates. 
 
In order to elucidate the time step and how many times the analytical solution should 
be evaluated along a process trajectory to obtain a proper description of the 
evaporation process, calculations were performed with an increasing number of time 
steps. The same total time was divided into an increasing number of logarithmically 
spaced time intervals, except at the very beginning of the evaporation (see Figure 
4.6). As revealed in Figure 4.6d, the convergence of the liquid temperature required 
more time steps. In the case of compositions, the solutions did not differ appreciably 
for more than 100 time steps used in the calculations. 
 
Model validation 
 
The results of the calculations for the ternary mixture ethanol-methylethylketone-
toluene at two different initial conditions are compared with experimental data 
reported by Martínez (1990) in Figure 4.7. Considering the approximations, the 
agreement is fairly good. The main reason for the deviation is probably related to the 
rapid evaporation process and the existence of convective mass transport in the liquid 
phase. 
 
The changes in the liquid separation factor shown in Figure 4.7 imply a shift of the 
controlling mechanism from the liquid side to the gas side during the drying process. 
Since evaporation is considerably faster at the beginning of the process, the period of 
time during which evaporation is controlled by a combination of mechanisms is 
longer than the one that may be perceived in Figure 4.7. 
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Drying of liquid mixture containing a component of negligible volatility 
 
Figure 4.8 shows the changes in composition and temperature during the evaporation 
of a liquid film containing a non-volatile compound. The liquid mixture water-2-
propanol-glycerol is a strongly non-ideal system. The high viscosity of glycerol 
solutions is connected to low diffusion coefficients and the resistance against mass 
transfer within the liquid can be considerable. The surface of the liquid film is rapidly 
depleted from volatile compounds with a consequent decrease in their molar fractions 
whereas the solution becomes enriched with glycerol. Since glycerol has a negligible 
volatility, the liquid film will consist only of glycerol at the final stage and the 
diffusion coefficients will decrease considerably during the evaporation process. 

 

 
 

Figure 4.6 Effect of the number of time steps on mean liquid composition (a, b, c) 
and mean liquid temperature (d). Mixture: ethanol-MEK-toluene. Calculations 

performed with: ug = 5 m/s, Tg = 353 K, y∞ = [0 0 0], T = 323 K, x0 = [0.6 0.2 0.2], 
l = 5 10-3 m, δ = 1 10-3 m. 

 
 



40 

 
 

 
 

(a) 
ml,0 = 11.9 g, T0 = 328 K, 

x0 = [0.33 0.33 0.34] 

 (b) 
ml,0 = 12.6 g, T0 = 317 K, 

x0 = [0.6 0.1 0.3] 
 

Figure 4.7 Mean liquid composition versus relative number of moles and mean liquid 
temperature versus time. Comparison between experiments and calculations (denoted 

by lines). Experiments and calculations performed with: ug = 1.3 m/s, Tg = 334 K, 
y∞ = [0 0 0], l = 3 10-2 m, δ = 3 10-3 m, ms = 145 g. 

 
 

Two factors will counteract the increase in resistance due to the increase in glycerol 
concentration: the increase in liquid temperature shown in Figure 4.8b, which will 
reduce the solution viscosity, and the reduction of the film thickness. It becomes 
apparent by studying the variations in the liquid-side kinetics separation factor in 
Figure 4.8a that it is not zero during most of the drying process. 
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(a)  (b) 
 

Figure 4.8 Mean liquid composition versus relative number of moles and mean liquid 
temperature versus time. Mixture: water-2-propanol-glycerol. Calculations performed 

with: ug = 5 m/s, Tg = 353 K, y∞ = [0 0 0], T = 323 K, x0 = [0.6 0.2 0.2], 
l = 5 10-3 m, δ = 1 10-3 m. 

 
 

Note that the above analysis is not restricted to this particular geometry. As long as 
the conditions of the gas do not change appreciably during the process, the analysis 
also applies to other drying methods, such as fluidised bed or spray drying, provided 
that suitable transfer coefficients are used to calculate the mass and heat transfer rates. 
 

4.3. Drying of spherical particles containing multicomponent 
liquid mixtures in a vibrated fluidised bed dryer 

 
Calculations were performed with particles containing two liquid mixtures: ethanol-2-
propanol-water and acetone-chloroform-methanol. Mass and heat transfer coefficients 
at zero-mass transfer rate were computed by well known correlations from Kunii and 
Levenspiel (1969) with binary diffusion coefficients in the gas phase. An empirical 
exponent value of 0.5 was used to correct the matrix of thermodynamic factors for 
both liquid systems. Physical properties of Pyrex were used for the solid. 
 
Drying of solids containing the mixture ethanol-2-propanol-water 
 
A typical result for a simulation of a solid containing ethanol-2-propanol-water is 
shown in Figure 4.9. In this mixture the volatility of water is much less than of 
ethanol and 2-propanol. According to the theory, to remove water preferentially and 
keep the volatiles in the solid, the resistance against mass transfer within the solid 
must be high. This situation is favoured by an intensive drying regime. The resistance 
within the solid increases when the ratio between constriction and tortuosity has a low 
value and the diameter of the particles is large. Increasing external factors such as gas 
velocity and temperature can increase drying intensity. 
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Figure 4.9 Drying simulations for particles containing the mixture ethanol-2-
propanol-water. Calculations performed with: ug = 1.5 m/s, Tg = 343.15 K, 

Y0 = [0 0 0], T = 298.15 K, S = 7 10-2 kg/s, dp = 3 10-3 m, v = 0.02 m/s. 
 
 

Effects of operational parameters on volatile retention 
 
Tables 4.1 and 4.2 show the effects of the solid structure and gas temperature on 
volatile retention, respectively. The retention ratio is simply defined as 

€ 

(Xe,i /X0,i) /(Xe /X0) . 
 
 

Table 4.1 Effect of solid structure on volatile retention. Calculations performed with: 
ug = 1 m/s, Tg = 343.15 K, S = 7 10-2 kg/s, dp = 3 10-3 m, v = 0.02 m/s. 

 
Retention ratio Components ι = 0.35 ι = 0.65 ι = 1.0 

Ethanol 0.9483 0.9110 0.9000 
2-propanol 0.9771 0.9623 0.9596 
Water 1.0447 1.0757 1.0836 
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The results showed that the retention of volatile compounds is favoured by the 
resistance against mass transfer within the solid. However, increasing gas velocity and 
temperature has a negative effect. The selectivity of the process is not expected to be 
affected by the external conditions but to induce internal resistance. Clearly, in the 
conditions examined, the effects of gas velocity and temperature on particle 
temperature and transport coefficients seem to have an opposite effect. 

 
 

Table 4.2 Effect of gas temperature on volatile retention. Calculations performed 
with: ug = 1.5 m/s, T = 298.15 K; S = 7 10-2 kg/s, dp = 3 10-3 m, v = 0.02 m/s. 

 
Retention ratio Components Tg = 333.15 K Tg = 343.15 K Tg = 353.15 K 

Ethanol 0.8648 0.8583 0.8528 
2-propanol 0.9388 0.9314 0.9243 

Water 1.1179 1.1267 1.1347 
 
 
Drying of particles containing a high-volatility liquid mixture 
 
Simulation results for the drying of particles wetted with a liquid mixture consisting 
of highly volatile components, acetone-chloroform-methanol, are shown in Figure 
4.10 and Table 4.3. It is clear that drying rates are higher than of the mixture 
containing water and that particle temperature decreases much more along the dryer. 

 
 

Table 4.3 Adding solvents to the solid feed. 1) Acetone, 2) Chloroform, 3) Methanol. 
 

x0 (kmol/kmol) X0 (kg/kg) Xe (kg/kg) X3,e, Methanol 
(mg/kg) 

[0.20 0.20] 0.2900 5.516 10-2 2.798 
[0.21 0.20] 0.2935 5.779 10-2 2.436 
[0.20 0.21] 0.2917 5.367 10-2 0.681 

 
 

In the presence of such solvents, the main concern should be to keep the concentration 
of all or some components in the product below certain limits. The results of the 
simulations shown in Table 4.3 evidence the particular features of multicomponent 
drying that can lead to unexpected results and the application of unconventional 
measures to fulfil product quality requirements. Slight changes of liquid composition 
in the feed by adding small amount of the other components to the solid reduce 
methanol concentration in the product to less than 25 % of that of the first case. 
Furthermore, the final total liquid content is reduced despite the higher total liquid 
content of the feed. 
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Figure 4.10 Drying simulation for particles containing the mixture acetone-
chloroform-methanol. Calculations performed with: ug = 1.5 m/s, Tg = 343.15 K, 

Y0 = [0 0 0 1], T = 298.15 K, S = 7 10-2 kg/s, dp = 3 10-3 m, v = 0.02 m/s. 
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5 
CONCLUSIONS 

 
 
 
 
 
A mathematical model for grain drying in a vibrated fluidised bed dryer was 
developed and validated using experimental data from the literature. The predicted 
moisture content and temperature using the proposed model showed fairly good 
agreement with the experimental data. However, the results depend strongly on 
correlations used to determine heat and mass transfer coefficients. Since the results 
from correlations found in the literature vary considerably, the transfer coefficients or 
at least the constants included in the correlations used to calculate the coefficients 
should be determined from experimental results in the same equipment in order to 
obtain more reliable results. 
 
Simulations based on this model were conducted to study the effects of operational 
parameters such as gas velocity, gas temperature, vibration intensity and particle size 
on the moisture content and solid temperature. Increase in gas velocity and 
temperature induced faster drying. As the particle diameter was increased, the drying 
process slowed down. In these calculations, vibration parameters had no appreciable 
effect on the drying process. This behaviour contradicts other experimental results but 
that may be due to the empirical correlation used. 
 
The application of the analytical solution for drying a multicomponent liquid film 
gave results in good agreement with experimental results for the evaporation of the 
ternary mixture ethanol-methylethylketone-toluene. The stepwise application of the 
solution with averaged physical properties and transport coefficients from previous 
steps provide a reliable way of taking into account variables that change during the 
process. However, since the calculations are performed using constant and averaged 
physical properties in each step, the analytical solution is not expected to be able to 
predict a drying process where physical properties change drastically along the film, 
for instance, during drying of a liquid polymer exposed to a temperature gradient. 
 
Calculations showed that, irrespective of the initial drying conditions; it is difficult to 
obtain an evaporation process that is completely controlled by the liquid-side mass 
transfer. Firstly, the evaporation rates decrease rapidly as the liquid surface is 
depleted of the more volatile components at the initial stages of evaporation, and 
secondly, the film thickness decreases as the evaporation proceeds and the resistance 
in the liquid side is reduced due to the shorter diffusion path. In the presence of a non-
volatile liquid, the resistance was also reduced by the increase in liquid temperature, 
which counteracts the effects of non-volatile concentration and solution viscosity on 
the diffusion coefficients. 
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The analytical solution applied to simulate the drying of particles containing liquid 
mixtures in a vibrated fluidised bed dryer described qualitatively well the main 
features of multicomponent drying established theoretically and experimentally in 
previous works, particularly the effects of the solid resistance against mass transfer on 
the retention of volatile components. Factors intrinsically connected to an increase of 
solid resistance, such as a more intricate solid structure and larger particle diameters, 
increase volatile retention. Remarkably, external factors that make drying more 
intensive and thereby make the existence of internal resistance more evident, such as 
gas velocity and temperature, seems to have an opposite effect on volatile retention. A 
deeper study using other conditions is necessary to elucidate this behaviour. 
 
Simulations with a mixture of highly volatile components showed that the 
composition of the remaining liquid in the product could be controlled by adding a 
small amount of the other components to the solid feed. For instance, the 
concentration of methanol in the product can be kept under a certain limit by adding a 
small amount of chloroform to the solid feed. This unconventional solution in drying 
practice evidences the complex features of multicomponent drying and the need for 
suitable tools to predict the entire trajectory of a drying process. 
 
The analytical solution of the partial differential equations applied to the three cases 
reported in this study can be a useful tool for exploring the drying process and for 
aiding dryer design and optimisation in more complex drying systems, but further 
experimental verification of the model is required. The analytical solution can also be 
used to accelerate the convergence of numerical solutions when more rigorous models 
are solved numerically. 
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NOTATION 

 
 
 
 
 

a Dimensionless variable defined in Equations (3.20), (3.49) and 
(3.81) - 

as Specific evaporation area per bed volume m-1 
A Amplitude of vibration m 

b Dimensionless variable defined in Equations (3.20), (3.49) and 
(3.81) 

- 

B Dryer width m 
B Matrix with elements defined by Equations (2.5) and (2.6) s m-2 
c Total molar concentration kmol m-3 
dp Particle diameter m 
D Mass transport coefficient m2 s-1 
D Matrix of multicomponent diffusion coefficients m2 s-1 
Dh Thermal diffusivity m2 s-1 

€ 

˜ D  Dimensionless matrix of multicomponent diffusion 
coefficients 

- 

€ 

ˆ D  Diagonal matrix of eigenvalues of 

€ 

˜ D  - 

€ 

D∗ Matrix defined in Equation (3.47) m2 s-1 
D Maxwell-Stefan diffusion coefficient m2 s-1 
Eh Correction factor on the heat transfer coefficient - 
E Matrix of correction factors on the mass transfer coefficient - 
f Frequency of vibration Hz 
F Mass flow per cross-section kg s-1 m-2 
g Acceleration due to gravity m s-2 
G Molar flux kmol s-1 m-2 
G Vector of molar fluxes kmol s-1 m-2 
h Zero-flux heat transfer coefficient W m-2 K-1  

€ 

h• Convective heat transfer coefficient defined as 

€ 

h• = hEh  W m-2 K-1 
Hb Bed height m 
I Enthalpy per unit mass, in dry basic J kg-1 
I Identity matrix - 
J Diffusion flux kmol m-2 s-1 
J Vector of diffusion fluxes kmol m-2 s-1 
k Thermal conductivity W m-1 K-1 
km Mass transfer coefficient kmol m-2 s-1 
k Matrix of zero-flux mass transfer coefficient kmol m-2 s-1 
Kl Kinetic separation factor - 
Keff Diagonal matrix with elements defined in Equation (3.39) kmol m-2 s-1 
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Kγ Diagonal matrix defined in Equation (2.11) - 
l Film length m 
L Dryer length m 
m Mass kg 
M Molecular weight of the moisture kg kmol-1 
n Number of components - 
Pt Total pressure Pa 
P Modal matrix of eigenvectors of 

€ 

˜ D  - 
P0 Diagonal matrix of pure liquid vapour pressures Pa 
q Heat flux W m-2 
r Radial coordinate m 
S Flow of dry solids kg s-1 
t Time s 
T Temperature K 
u Transformed liquid content - 
ug Gas velocity m s-1 

€ 

ˆ u  Vector of transformed liquid molar fraction - 
v Forward bed velocity m s-1 
V Flow of dry air kg s-1 
w Molar fraction kmol kmol-1 
w Vector of molar fractions kmol kmol-1 
x Liquid molar fraction kmol kmol-1 
x Vector of liquid composition kmol kmol-1 
X Moisture content, in dry basic kg kg-1 
y Gas molar fraction kmol kmol-1 
y Vector of gas composition kmol kmol-1 

yb 
Vector related to bulk gas molar fractions in Equations (3.45) 
and (3.78) kmol m-2 s-1 

Y Gas humidity, in dry basic kg kg-1 
z Length coordinate m 
   
   
Greek letters 
 
β  Bootstrap matrix - 
γ Activity coefficient - 
γ  Matrix of activity coefficients - 
Γ  Matrix of thermodynamic factors with elements in Equation 

(2.7) - 

Γv Vibration intensity [≡ Aω2/g] - 
δ Particle radius or Film thickness m 
δij Kronecker delta - 
ε Porosity - 
ζ Dimensionless radius in Equation (3.15) - 
ζ Dimensionless thickness in Equation (3.46) - 
θ Dimensionless temperature - 
Θ Transformed temperature - 
ι Constriction factor and tortuosity [≈ 

€ 

εb
1.5] - 

λ Heat of vaporisation J kmol-1 
λ  Vector of heat of vaporisation J kmol-1 
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νh,m Roots related to heat transfer - 
νm Roots related to mass transfer - 
νm Diagonal matrix of eigenvalues related to mass transfer - 
ξ  Matrix defined in Equation (3.60) - 
ξ  Matrix defined in Equation (3.78) - 

€ 

Ξ Matrix reduced from matrix 

€ 

Ξ• kmol s-1 m-2 

€ 

Ξ• Matrix defined in Equation (3.43) kmol s-1 m-2 
ρ Density kg m-3 
τ Dimensionless length in Equation (3.15) - 
τm Dimensionless time related to mass transfer in Equation (3.46) - 
τh Dimensionless time related to heat transfer in Equation (3.46) - 
φ  Matrix defined in Equation (3.77) - 
ψ Relative humidity - 
ω Angular frequency [≡ 2πf] rad s-1 
   
Subscripts 
 
b Bed 
e Exit 
eff Effective value 
g Gas 
ij Binary, position in matrix 
ik Binary, position in matrix 
k Time-counting index 
l Liquid 
n Number of components 
p Particle 
s Solid 
δ Interface 
π Generic phase, liquid or gas 
∞ Gas bulk 
0 Inlet or Initial 
  
Superscripts 
  
T Transposed 
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