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“Through dangers untold, and hardships unnumbered
I have fought my way here to the castle

beyond the goblin city.
For my will is as strong as yours

and my kingdom is as great

You have no power on me”

Labyrinth, 1986





Abstract

Nuclear waste management represents the main problem related to nuclear
power generation. The Swedish project for an ultimate nuclear waste repos-
itory is in a very advanced state and cast iron-copper canisters have been
designed with the aim of isolating the spent fuel from the environment for
at least 105 years. Neutrons and gamma radiation emitted by the fuel
may induce unexpected embrittlement and impair the container integrity
through formation of point defect clusters and consequent copper precip-
itation. Gamma radiation induces displacements by interacting with the
container’s metal lattice and creating high energy electrons. To study this
container embrittlement, irradiation experiments that make use of high en-
ergy electron beams are required.

In order to reproduce the experimental arrangement, a Monte Carlo code
named ElectronDamage was developed. The code computes the damage
rate induced by a collimated high-energy electron beam on one-dimensional
metallic samples and also provides for the damage distribution as function
of depth. The particle energy loss along its trajectory is computed by means
of the Bethe-Bloch formula. The scattering cross section and the stopping
power are assumed to be constant along the free path. Collisions against
the lattice nuclei are modelled by randomly generating the scattering angle,
according to the differential scattering cross section. A cutoff angle has to be
chosen in order to make the cross section function limited and allow for the
construction of a PDF. At every collision the exchanged energy is computed.
A sharp displacement energy threshold is assumed and the Kinchin-Pease
formula is used for the secondary displacement computation. The energy
threshold to produce displacements by electrons is 630 keV in iron.

Test simulations were performed in order to validate the code. Sim-
ulated electron ranges and backscattering coefficients were computed for
several electron energies and compared with theoretical predictions or semi-
experimental values. The comparison was successful, although it showed
that the code is not suitable for beams below 500 keV. Subsequently, a
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few relevant energies were selected with the aim of reproducing the gamma
spectrum emitted by real spent fuel samples. The total damage rates were
computed (in displacements/electron unit) and converted into dpa/year;
considerable contributions are given by gamma fluxes whose energy is lower
than 2 MeV. The damage rates provided by the literature were satisfactorily
close to the computed ones. Displacement distributions presented a peak,
which is located near the irradiated surface and moves inwards as the elec-
tron energy increases. Finally, a parametric study of the cutoff value showed
that its choice does not induce any effect on the total damage rate, whereas
it causes a shrinkage of the distribution toward the irradiated surface and a
slight increase of the peak value.
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Chapter 1

Introduction

Nuclear waste management is a troublesome issue that has not been solved
even after around 50 years of nuclear power exploitation for energy pro-
duction purposes. For this reason, it constitutes the main public concern
against the “nuclear source”. Nowadays, spent fuel rods are kept in water
basins usually close to the reactors, waiting for their radiotoxicity to wane.
This represents a temporary though necessary solution. After some decades
the waste has to be rendered inert and stored in final repositories for hun-
dreds of thousands of years, in order to prevent the leakage of dangerous
substances and shield the environment from the decay radiation.

For many years, different possibilities have been investigated, trying to
find the proper way to safely store this waste. The most promising one is
the geological option, i.e. the digging of deep caverns where the bedrock
is suitable for the required isolation purposes. The main problem almost
everywhere is the public opposition against these kinds of facilities, especially
among the local inhabitants who would be living next to them.

This chapter is focused on the waste management strategy adopted in
Sweden, a country in which the path toward an ultimate solution has been
most closely realized. Currently there are 10 power reactors distributed in
three different nuclear power plants (NPP), which in 2008 provided 42% of
the national electricity production [1]. In 1980 the government had decided
to gradually phase out the nuclear program after an advisory referendum.
This phase out would have ended in 2010, but in the last few years the
strategy has been completely overturned. Firstly, operating reactor lifetimes
have been lengthened and their power boosted. Secondly, in June 2010 the
Parliament voted to allow the realization of new reactors1. Moreover, a

1Currently the law allows the realization of a new power reactor only as an old one is

shut down, nearby the same site [1].



2 1. Introduction

site for the final geological repository has already been settled: it will be
located in Forsmark (approximately 100 km north of Stockholm), next to
the three existing nuclear reactors. Construction is expected to start in 2015
[2]. Sweden is also on the front line in P&T (Partition and Transmutation)
research and in the Gen-IV project, putting a lot of funds toward a more
sustainable fuel cycle for the next reactor generations [3].

The most interesting issue for the work presented in this thesis is re-
lated to the spent fuel containers designed for the waste storage. They are
generally called canisters. The difference between the Swedish design and
all other designs is that a copper wall has been introduced, mainly used to
enhance corrosion resistance. These containers are expected to fulfill their
purposes during the entire storage period; for this reason any possible phe-
nomenon that could impair their properties and lead to a breaking has to
be forecast and handled in advance [4].

One of these phenomena is the gamma radiation that comes from the
decay of the unstable elements of the spent fuel (transuranium elements
and fission products) and hits the canister structure: through a sequence of
events the radiation is responsible for point defect creation and accumula-
tion, which may damage the container and jeopardize its function [5]. This
is the field which this project is related to, as it will be explained in details
in Section 1.3. But first, a short presentation of the Swedish back-end fuel
cycle is provided, with a description of the facilities, the canister design and
the radiation-induced damage issues.

1.1 Nuclear waste management in Sweden

1.1.1 Current fuel cycle back-end

Radioactive waste are handled in Sweden by SKB2. This company owns and
handles all facilities involved in the back-end of the fuel cycle and takes care
also of the radioactive waste coming from medical and industrial facilities.

Radioactive waste is internationally categorized according to its radiotox-
icity level: low-level (LLW), intermediate-level (ILW) and high-level waste
(HLW). Depending on the class, the waste has to be handled with vary-
ing precautions, which are mainly related to gamma radiation shielding and
necessary storage time. LLW is slightly contaminated and can be treated
without any special radiological measures, while the other types of waste re-
quire radiation shielding; furthermore, part of the ILW and all HLW contain

2“Svensk Kärnbränslehantering AB” or “Swedish Nuclear Fuel and Waste Management

Company”.
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long-lived radioactive isotopes, which require a long-term storage.
Spent fuel represents just a small part of the total volume of waste, but

in the same time the most dangerous because of its very high radiotoxicity
level when no reprocessing is performed. When a spent rod is taken out
from the reactor, it has to be kept in the NPP fuel pool for approximately
one year, during which the radioactivity level and heat production are too
high to allow any rod handling. After this period, the spent fuel can be
moved to an interim storage facility.

The Swedish back-end fuel cycle is shown in Figure 1.1.

Figure 1.1: Overview of the Swedish back-end fuel cycle [2].

Nuclear waste is transported by boat. The vessel is specially built for
this purpose. The LLW and ILW (orange arrow in Figure 1.1) include all
operational waste, like protective clothing, replaced components, filters for
water purification and all the radioactive waste which comes from the med-
ical and industrial facilities. This waste is put into metal or concrete con-
tainers, depending on its radiotoxicity, and moved to the final repository for
short-lived radioactive waste (SFR). This facility will also host the decom-
missioning waste after dismantling of the current NPP. This repository is
dug in rock vaults under sea level next to the NPP in Forsmark and will
store the waste for approximately 500 years.

Nuclear fuel is instead sent to an interim storage facility called CLAB
after one year of “rest” in the fuel pools. This facility is placed close to
the NPP in Oskarshamn and consists of two underground storage pools
(30 meters deep in the bedrock). Water provides continuous cooling and
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shielding. This temporary storage solution is valid for at least 30 years,
after which the fuel can be more easily handled and prepared for the final
repository.

SFR and CLAB are the currently existing and operating facilities. SKB
is working on the realization of two other missing rings of the chain shown
in Figure 1.1: the encapsulation facility and the final repository. In the
former, the fuel rods will be inserted into ad hoc copper-iron containers
called canisters; from which the fuel will be transported to the planned
geological repository in Forsmark [2].

1.1.2 Design of nuclear fuel canisters

The main goals of the final disposal solutions are to avoid any contacts
between the stored substances and men or environment during the entire
storage period, as well as to retard the leakage and the transport of danger-
ous substances, if any breaking occurs. For this purposes three barriers are
planned: the first one is represented by the canister which holds the spent
rods, whereas the other two are the bentonite bed, which works as a buffer,
and the bedrock.

The canister design has already been completed and several tests are
being performed in the Canister Laboratory in Oskarshamn, as well as the
fabrication and welding processes. The designs concerning PWR and BWR
fuels are slightly different (a single canister will contain 12 BWR fuel assem-
blies or 4 PWR ones) but the overall dimensions will be very similar, as it
is shown in Figures 1.2 and 1.3.

The fuel assemblies will be encapsulated in a cast nodular iron3 matrix
surrounded by a copper wall. The main purpose of the iron structure is to
withstand and absorb the mechanical loads, while copper has been chosen
because of its stability and resistance against corrosive agents, which may
show up in the particular chemical environments that are forecast during
the lifetime of the repository.

In Figure 1.3 three points are labeled with the letters D, I and A: they
are the most interesting from the gamma-shielding point of view, since they
mark the shortest shielding distance. The minimum metal thickness is rAI =
50.5 mm in copper and rID = 38.3 mm (for BWR) or 43.2 mm (for PWR)
in iron.

After encapsulation, the top of the iron insert will be closed by a steel lid
screwed with a bolt in the centre; subsequently, the canister will eventually

3Cast iron with the addition of small quantities of magnesium to enhance the mechan-

ical properties.
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Figure 1.2: Designed canister for BWR spent fuel assemblies [4].

Figure 1.3: Canister cross section and dimensions for PWR and BWR spent
fuel assemblies [6].
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be covered by a copper lid welded on the outer wall. The welding quality is
the most important issue in the encapsulation procedure, since it represents
the weakest point of the whole structure.

The container design has been performed with the aim of fulfilling the
following requirements:

1. leak tightness, in order to prevent any radioactive substance leaking
or any water getting inside;

2. chemical resistance, i.e. very low corrosion rates on the outer surface
from groundwater or any harmful substance that may have been intro-
duced during the repository construction. Corrosion might also occur
on the inner surface if any substance is formed inside the canister;

3. mechanical load resistance, that may be caused by groundwater pres-
sure, bentonite swelling, future glacial periods or rock movements due
to earthquakes;

4. limitation of heat and radiation fluxes toward the buffer and the rocks,
in order not to modify their composition and impair their properties;

5. avoiding any risk of criticality achievement;

6. safety during canister handling and transportation, even in the case of
severe accidents;

7. possibility of fabrication in series with high quality standards.

Some canister samples have already been realized in the Canister Labo-
ratory and they are being tested in order to check if the requirements listed
above are fulfilled. Research is proceeding to also improve fabrication and
welding techniques and ensure higher and higher quality standards [4], [6].

1.1.3 Future perspectives

Encapsulation process

The first step in the near future will be the realization of an encapsulation
facility besides the interim storage, in order to fill the canisters and seal
them before they are moved to the repository. Operation is expected to
start in 2014 [2]. The encapsulation process will be performed by remote
handling and can be summarized as follows:

- the empty canisters are transported to the facility and tested to check
their integrity;
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- the spent fuel assemblies are moved from the interim storage and un-
dergo some tests in order to define their compositions, burnups and
decay heat rates;

- both are carried into the handling cell, where the fuel is first dried and
then placed in the canister slots. When full, the steel lid is bolted on
top of the iron structure;

- the container is moved to a welding vacuum chamber, where the copper
lid is welded and then tested;

- a final check on the canister is performed and its outer surface is
decontaminated;

- finally, the container is placed into a transport cask.

Casks will be concrete containers which work as a radiation shield, in
order to simplify the waste handling, and as buffer in case of accidents during
transportation toward the final repository [4].

Final repository

Sweden is going to be one of the first countries building an ultimate repos-
itory for long-lived radioactive waste. It will be realized close to the SFR
starting in 2015 in bedrock that is 1.94 billion years old, 500m under the
sea level. It will consist of approximately 60 km of tunnels and will host
approximately 12000 tonnes of fuel, subdivided among 6000 canisters. A
drawing of the future facility is shown in Figure 1.4.

The final disposal is based on the multiple barrier concept. The first
barrier is represented by the canister itself, which will be placed vertically
in disposal holes dug in the tunnel floors, as it is shown in Figure 1.5. The
second barrier is the bentonite clay that will surround the canister and will
meet the following purposes: defend the container against corrosive agents,
absorb possible rock movements and prevent radioactive substances escap-
ing from the repository in case of leakages. The final barrier is the bedrock,
which has to provide good isolation and an enduring stable chemical envi-
ronment.

The operation is expected to begin in the early 2020s, when the first
tunnels will start to be filled. When the maximum capacity of a tunnel
is reached, it will be completely filled with bentonite. The digging of new
tunnels will prosecute simultaneously with canister deposition, continuing
until 2070, when all tunnels should be full. At that time, the repository will
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Figure 1.4: Drawing of the final repository in Forsmark [2].

be sealed. It will be constantly monitored by approximately 200 person-
nel working there full time, for research and safety management purposes.
Moreover, geologists will continuously be planning the realization of new
tunnels.

Figure 1.5: Drawing representing the final repository concept [2].

Many investigations have been carried out in order to forecast any haz-
ardous phenomenon that could threaten the repository safety during such a
long time frame. The main risks are represented by:

- mechanical loads due to hydrostatic pressure, bentonite swelling, earth-
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quakes or glacial periods with a thick layer of ice pounding on the
ground surface;

- external corrosion due to groundwater that may filter through the
rock and the clay bed and penetrate the canister, if the latter one is
damaged;

- consequences of the heat and radiation flux coming from the fuel decay
that may change the container, the bentonite or the rock properties.
Specifically, a maximum temperature of 100◦C on the outer copper
surface is fixed (this is fulfilled with a proper spacing between the
disposal holes).

The canister and repository design have been carried out taking into account
all these possible dangers, but further studies and tests are still required to
understand if this solution can provide a safe storage for at least 105 years
[4], [2].

Partition and transmutation

It is worth spending a few words on Partition and Transmutation (P&T),
which may be the solution to the radioactive waste issue in the future. A
discussion about the nuclear waste management can not neglect this very
important branch of the nuclear research.

The main goal is to reduce the amount of long-lived radioactive isotopes
which are supposed to be stored in a geological repository. In particular,
transuranium elements and a few long-lived fission products can be trans-
formed into short-lived or stable nuclides by inducing fission or absorption
events (this process is called transmutation). Research has been carried
out for many years, resulting in two feasible solutions. The first one is
the irradiation with neutrons in ad hoc subcritical plants; the second one
is the realization of MOx fuels, i.e. mix of uranium and plutonium plus
the addition of a small percentage of transuranium elements, in order to
perform transmutation in critical fast reactors, whose primary goal is the
energy production. Transmutation of the long-term radionuclides is one of
the objectives of the Gen-IV program.

Partition of the spent fuel is a necessary condition in performing any
transmutation. It is in fact necessary to develop feasible processes (me-
chanical or chemical) with the aim of separating plutonium and the other
transmutable nuclides from the rest. Many techniques already exist but the
goal is to make these processes economically profitable. Currently, Sweden
is not reprocessing its spent fuel, unlike what other countries are doing,
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but obviously the possibility of a closed fuel cycle is planned within the
Swedish nuclear program. This will maximize the fuel exploitation, reduce
the volume of HLW and shorten the needed storage time [3].

1.2 Spent fuel gamma activity

After having described in general the waste management solutions adopted
in Sweden and in particular the design of the waste containers, it is now
possible to move to the specific issue related to this project, i.e. the gamma
radiation emitted by the spent fuel decay and its interaction with the con-
tainer’s iron and copper structure. As it has been previously mentioned,
the hazards connected to irradiation consist of possible changes of the mate-
rial composition and properties, which could impair the long-term canister
integrity.

A spectrum of gamma rays is emitted with most of the decay reactions
that occur continuously inside the spent fuel assemblies. Gamma radiation
can interact with crystalline structures through different phenomena (see
Section 2.2). As an interaction occurs, one high-energy electron starts trav-
elling through the lattice (like a high-speed projectile) and can kick lattice
atoms away from their position, creating point defects. The damage rate
is very small and would be negligible within the usual lifetime of industrial
components, but in the case of radioactive waste a time frame of 105 years
has to be considered.

Gamma rays do not represent the only hazardous radiation that is jeop-
ardizing the containers. A contribution is given also by neutrons that are
emitted by spontaneous fissions, as well as by α-oxygen4 reactions inside the
fuel [6].

Some studies have already been performed in order to understand if this
continuous radiation source may be in any way dangerous for the designed
canisters. The first step of such procedures is to quantify the source, com-
puting the emission yields during the entire storage period. Afterwards,
analyzing the radiation-matter interactions and applying the displacement
theory it is possible to determine the damage rate inside the canister struc-
ture. The accumulation of defects during the storage can then be computed,
taking into account also the defect mobility which is enhanced by the con-
tainer’s high temperature. Finally, the total displacement accumulation can

4An α-particle produced in a decay reaction can be absorbed by an oxygen atom of

the uranium dioxide. In this reaction, the oxygen isotope is transmuted into neon and a

neutron is emitted.
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be linked to the change of structural properties, such as the yield strength,
so that an evaluation of the possible risks is possible.

In particular, two references have been analyzed. The first one by
M.W.Guinan ([6]) is a technical study issued by SKB about the real configu-
ration of the designed canisters and based on real fuel samples coming from
Swedish NPP; the second one by L.Brissonneau and others ([5]) was issued
by CEA (Commissariat á l’Energie Atomique) and was performed on two
possible canister designs with two kinds of PWR spent fuels. Both studies
can be useful to provide aid in providing a broad overview of the problem.

1.2.1 Possible structural consequences

The damage accumulation (in dpa5/year) induced by gamma and neutron
irradiation in 105 years can change the iron and copper properties, possibly
leading to unexpected material behaviours and ruptures. The main danger
is represented by the possibility of γ-induced embrittlement.

Displacements consist in the creation of one ore more Frenkel pairs, i.e.
couples of vacancies and interstitial atoms. These point defects are charac-
terized by a certain mobility that mainly depends on the material tempera-
ture. Through mathematical models it is possible to simulate the dynamics
of such defects, which may lead to the formation of clusters. The latter ones
play an important role in the material hardening.

In detail, cluster formation has a direct influence on the shear strength:
as it increases, the yield stress grows up proportionally, leading in this way to
a rising of the Ductile-Brittle Transition Temperature (DBTT). This latter
phenomenon is the most hazardous, since it stands for the temperature
under which the material becomes brittle and hence may break without any
previous plastic deformation. If this temperature threshold is above or close
to the operational temperature, the risk of embrittlement is unacceptably
high.

Another problem is the mobility of impurities dissolved in metals. Bris-
sonneau deals in particular with the copper precipitation issue. This phe-
nomenon represents a good example of how the radiation can influence the
material composition and be linked to the property degradation.

Copper impurity mobility is enhanced by a high concentration of point
defects. When supersaturation of vacancies is reached, solute impurities can
precipitate and agglomerate into clusters, as well as vacancies and intersti-
tials. It was discovered that these clusters are the most responsible for the
shear strength increase, to such a degree that a limit on the copper concen-

5“dpa” stands for “Displacements Per Atom”.
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tration has to be set for canister materials, if any hazardous growths of the
DBTT are to be avoided [5].

1.2.2 Gamma-induced damage evaluation

Guinan analyzed the gamma and neutron spectra emitted by several fuel
sample coming from different kinds of NPP, with different burnups and
enrichments. Fluxes as functions of the radiation energy are provided for
points D, I and A of Figure 1.3, which represent the critical sections of the
container where the irradiation is the most intense; furthermore, data refer
to 30 or 40 years after the operation end, i.e. when the fuel is supposed to
be moved to the final repository after the interim storage.

Table 1.1 shows the gamma fluxes in point A for two different fuels, as
function of the radiation energy. The PWR data refer to a 3.5% enriched
fuel, while the information concerning the BWR is given in terms of burnup
(45 MWd/kg6). In both cases the decay time is 30 years. The BWR fuel has
been chosen as reference for the result comparison with the ElectronDamage
code.

Table 1.1: Gamma fluxes in copper in point A, as function of the radiation
energy, for two different types of fuel [6].

Gamma energy PWR fuel BWR fuel
MeV phot/cm2/s phot/cm2/s
0.575 1.457 e+07 1.429 e+07
0.850 8.630 e+05 7.493 e+05
1.250 2.708 e+06 2.407 e+06
1.750 1.879 e+05 1.730 e+05
2.250 4.091 e+01 3.289 e+01
2.750 2.978 e+01 2.129 e+02
3.500 2.488 e+01 1.933 e+01
5.000 1.099 e+01 8.545 e+00
7.000 1.194 e+00 9.479 e-01
9.500 1.083 e-01 8.550 e-02

It is possible to notice that in both cases the “low-energy” spectrum is
characterized by much stronger yields than the “high-energy” one. It can
therefore be stated that the main emission occurs at energies smaller than
2 MeV, even if higher energy fluxes can not be neglected a priori since they

6Even if it is not well specified in [6], it is likely that the unit refers to megawatt-day

per metric kilo of heavy metal, which is the usual unit of fuel burnup.
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may lead to much higher damage rates and thus compensate for the lower
intensities.

According to [6], at the beginning of the storage period the maximum
resulting damage rate from gammas is four times higher than neutrons.
This proportion however does not last for the entire storage period, since
the gamma activity is fluctuating a lot depending on the decay rates of
the different isotopes. In fact, the emission wanes in the first period and
then grows, reaching a maximum after ≈ 1000 years. Neutron yields are
instead more constant since they rather depend on spontaneous fissions and
α-particle emissions. In conclusion, according to Guinan the total accumu-
lated damage after 105 years is mainly due to neutrons.

Guinan concluded that the computed accumulated damage is not haz-
ardous for the canister integrity. First of all, the main part of this damage
would be canceled out by the defect mobility, enhanced by the canister tem-
perature which would constantly be close to 100◦C on the outer surface.
Concerning the material feature changes, the yield stress increase would not
be of any concern, as well as the radiation-enhanced impurity transport.
Therefore, the current canister design is thought to be completely suitable
for withstanding the radiation-induced consequences.

The conclusions concerning property degradation are partially debated
by the authors of [5], even if the computed damage rates are very similar.
The authors have in fact performed a precise modelling of the defect and
precipitate mobility, by studying the influence of some parameters (such
as temperature, damage rate and impurity concentration) and highlighting
that particular unexpected storage conditions could make those property
changes not negligible. For this reason they state that further studies are
needed; it would be especially useful to perform experiments reproducing the
spent fuel irradiation, in order to deepen the understanding of the copper
precipitation phenomenon.

1.3 The aims of the project

Copper precipitation in metal alloys is a phenomenon that was detected in
the past in nuclear reactor vessels undergoing high neutron fluxes. Many
experiments have already been carried out in order to quantify the point
defect production, link the cluster formation to the copper precipitation
and determine how this is connected to the change of structural properties.

The phenomenon occurring in the canister material is similar, but the dif-
ference lies in the much lower temperature which characterizes the operation
of the nuclear waste containers. Therefore, experiments at low temperature
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are needed in order to understand whether the different thermodynamic and
kinetic conditions still allow for Cu precipitation and mobility.

With this intent a specific irradiation test has been proposed by the
KTH Division of Reactor Physics. This experiment should take place at the
Laboratoire des Solides Irradiés in Paris, if the approval is granted. The
idea is to evaluate the ageing of cast iron under γ-irradiation, by means
of a high energy electron beam (Ee = 1.5 MeV) continuously irradiating a
sample for two weeks, at 450 K. The goal is to link the damage production
rate with the possible copper precipitation and eventually with the change
of mechanical properties. The chosen temperature is higher than the actual
storage conditions, since the investigated process is very slow and needs to
be accelerated [7].

The execution of this experiment needs preliminary calculations, in or-
der to determine the best experimental settings. The aim of this project
has been to provide a computational tool that would perform these prelim-
inary calculations. The need of such a tool can be explained by means of
the following example. Samples used in such experiments are very thin7,
in order to have a depth displacement distribution as constant as possible
and hence be able to approximate this distribution with a constant value,
without being too inaccurate. The aim is usually to measure some mate-
rial properties after irradiation (for instance the yield stress) and link them
with the total displacement value. If the distribution is too uneven, this
procedure is obviously invalidated.

Therefore, a tool which simulates the irradiation of one-dimensional slabs
by electron beams has been developed in this project. The code is called
ElectronDamage and consists of a Monte Carlo (MC) simulation, in which
one electron per time is followed along its sequence of interactions inside the
metal lattice. The outcomes of the code are the displacement distribution
along the slab depth and the total damage rate. With such a tool, it is pos-
sible for instance to set the right sample thickness (which depends on the
energy beam) before the experiment, in order to get an acceptably flat dis-
tribution. Moreover, the displacement rate can be predicted and compared
with the experimental results.

Naturally, similar and more complex codes have already been developed.
Several parts of the ElectronDamage code implementation has been inspired
by the guidelines concerning the CASINO code ([9]). This program has
been designed in order to simulate low-energy electron beam interactions
in matter, by reproducing through numerical means the scanning electron

7For example, M.H.Mathon used samples with a thickness of 0.4 mm [8].
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microscopy procedure, that is used to analyze material compositions. The
structure of the program is very similar. One electron at a time is travelling
through the sample and undergoing the same types of phenomena, but since
the involved energy ranges are different, these phenomena are described
either by different mathematical relations, or by fitted experimental data.

An even closer program to ElectronDamage is the EGS4 code, which
generally simulates the coupled transport of photons and electrons in solids.
Its most common application is related to the study of electron-photon show-
ers (see Section 2.2.3). However, it has been devised to be applied in many
fields concerning high-energy physics. Depending on the specific applica-
tion, users can develop self-made routines that can be attached to EGS4, in
order to use the EGS4 results as input parameters of the sub-routines [10].

O.Sato and others ([11]) developed a user code for EGS4 (called UCDPA)
which evaluates the damage production rate in slabs caused by γ-irradiation.
In this way, they managed to link the γ-lattice interactions with the electron
irradiation, also providing a spacial electron distribution which takes into
account the position of the particle generation. In fact, each γ-ray interacts
at different depths in the slab, therefore the electron source is distributed
along the depth. Results are provided in [11] concerning the PKA8 and dpa
distributions, as well as the total displacement rate as function of the photon
energy. Unfortunately, no detailed explanations are provided concerning the
UCDPA code development, its physical models and assumptions. Moreover,
no further articles regarding the same code have been published.

Given this lack of information, the ElectronDamage code was developed.
A brand new code obviously has the drawback of being simplified in its first
implementation, with respect to codes that have been developed over many
years. Nevertheless, it allows for the analysis and deepening of the physical
background which rules the electron-lattice interactions. A similar under-
standing would have not been achieved by using an already implemented
code.

Other two advantages can be mentioned. First of all, it has been possible
to implement a code that can perfectly reproduce the experimental layout.
With very short developments, for instance, it would be straight forward to
introduce an electron beam with non-banal energy and spacial distributions,
or to vary the irradiation angle. Secondly, the implementation of every sin-
gle phenomenon involved in the damage sequence gives the opportunity to
deepen the physics of that phenomenon. This can be achieved by gradually
removing the simplifications and understanding what the impact on the gen-

8PKA stands for “Primary Knock-out atom”.
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eral results is. In summary, the code could be used either as an experiment
aid or as a tool for theoretical investigations.

In the next chapters, the followed procedure is described. Chapter 2
provides the physical background of the γ-matter and the electron-matter
interactions. Chapter 3 deals with the ElectronDamage structure, providing
a general description and a detailed explanation of the numerical solutions
that have been adopted. In Chapter 4 the built code is validated by means of
test simulations; subsequently, other simulations are presented with the aim
of reproducing the γ-irradiation spectrum described in Table 1.1. Finally, in
Chapter 5 the simulation results are analyzed and compared with UCDPA
and the damage rates predicted by Guinan and Brissonneau. Conclusions
are then drawn after a short summary of the main uncertainty causes.



Chapter 2

Physical background

2.1 Overview of the damage sequence

As it has been discussed in the previous chapter, the aim of the project is
to study the effects of the γ-radiation on the canister structural properties.
The main danger that has been pointed out in [5] is the radiation-induced
embrittlement of the container walls, which could impair its containment ca-
pability. Therefore, the modelling and quantification of the damage process
is important to forecast the good performance of canisters.

This involves a sequence of processes of different nature which eventually
leads to the collection of defects inside the material and the possible em-
brittlement of the container. The whole sequence can be divided into three
steps: Primary Radiation (PR), Secondary Radiation (SR) and Radiation
Damage Event (RDE). Figure 2.1 summarizes the most relevant involved
phenomena [13].

The PR is represented by the γ-radiation emitted by the decay of the
nuclear waste. Three possible interactions may happen between the photon
and the lattice: photoelectric effect, Compton scattering and pair produc-
tion. Each of them produces a high-energy electron which starts travelling
inside the lattice: this represents the SR. Since electrons are charged parti-
cles, they suffer electromagnetic collisions against both the lattice electrons
and nuclei. Collisions in the “electron cloud” make the electron slow down
almost continuously along its trajectory, while interactions against nuclei
are rarer and do not cause a big energy loss, since the electron mass is much
smaller than the nucleus mass [12].

At any rate, the latter collisions are important from the nucleus point
of view, as the energy exchanged in the collision may be higher than a
threshold energy, the so-called displacement energy (DE), above which the
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Figure 2.1: Overview of the damage sequence induced by the γ-emission.
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nucleus is displaced from its lattice position. If this happens, the nucleus
is called Primary Knock-out Atom (PKA) and may trigger a cascade of
secondary displacements while it loses its kinetic energy by colliding with
other lattice nuclei. The process described above is usually referred to as
radiation damage event : it starts with the electron-nucleus collision and it
stops when all displaced atoms have lost their whole energy.

The result of such a sequence of phenomena is a distribution of point
defects, i.e. couples of vacancies and interstitials atoms (Frenkel pairs).
These defects can migrate forming clusters or annihilate each other if an
interstitial atom is pushed back into a vacant site. As already explained, the
collection of defect clusters may be dangerous for the mechanical properties
of the container, possibly leading to unexpected embrittlement [13].

The aim of the project is to model the secondary radiation interaction
with the lattice and the radiation damage event. In any case, the primary
radiation part cannot be neglected since it is responsible for the electron en-
ergy distribution. Furthermore, no computations about the defect dynamics
and its structural effects are performed.

The following sections present the main physical phenomena concerning
the primary and secondary radiation behaviour and the RDE, while the
implementation of such phenomena in the code is discussed in Chapter 3.
Concerning the most common quantities or physical constants which are
used in the following sections and chapters, see the List of Symbols in the
front matter.

Before the dissertation about the physical phenomena involved in the
damage sequence, it is worth to shortly present some basic notions regarding
radiation-matter interactions.

Cross section All interactions or reactions among particles can be gener-
ally described with a cross section. This quantity expresses the probability
for the interaction to occur, as a projectile beam hits a target surface.

The cross section has the units of an area (m2, or more conveniently
barns1), as it comes out from its definition that is shown below. This fact
can be explained by means of a hard-sphere model, by imagining the targets
as balls wedged into a thin surface. The probability for one projectile to hit
one of the targets is given by the fraction of frontal area occupied by the balls.
Therefore, the probability of interaction with a single target corresponds in
this basic model to the frontal area of the target itself. However, cross
sections do not correspond to physical areas, since they depend on the kind

11 barn = 10−28 m2.
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of interaction forces, the projectile energy, the incidence angle, the scattering
angle and other parameters [12].

An important quantity which will be often used in the project is the
differential cross section with respect to the solid angle. It is defined as the
average fraction of particles that are scattered into the solid angle dΩ per
unit time and flux, as it is shown in Figure 2.2. The mathematical definition
is:

dσ

dΩ
(E,Ω) =

1
Φ
· dNs

dΩ

[
m2

sr

]
, (2.1)

where Ns expresses the average number of scattered particles per unit time.
The unit of the differential cross section is m2/sr as the differentiation is
done with respect to the solid angle, but with appropriate variable changes
it is possible to obtain a differential cross section with respect to other
quantities, for example the energy exchanged in the collision or the one-
dimensional scattering angle (as it will be discussed in Section 2.3.2) [12].

Figure 2.2: Definition of differential scattering cross section [12].

The total cross section can be obtained by integrating the differential
one over all solid angles:

σ(E) =
∮ 4π

0

dσ

dΩ
(E,Ω) dΩ . (2.2)

Interaction probability In order to simulate the free path of a particle
travelling through matter, i.e. the path covered from one collision to the
next one, it is necessary to formulate a Probability Distribution Function
(PDF), according to which one can generate random numbers. This PDF
has to derive directly from the interaction probability at a certain travelled
distance x.
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The interaction probability is defined as follows. When a particle flux Φ
hits a surface of area At and very small thickness dx, on which the target
atoms have an atomic density N , the total number of scattered particles is
given by

Ntot = ΦAt ·N dx · σ , (2.3)

being ΦAt the fraction of beam particles which actually hit the target, Ndx
the number of target centers seen by the beam and σ the probability of
interaction per unit target atom. The interaction probability in dx per unit
incident particle is obtainable dividing by ΦAt:

Pdx = Nσdx = Σdx , (2.4)

where Σ = Nσ is called macroscopic cross section and is measured in m−1.
Next step is to find the probability P (x) of surviving until x. Since Σdx

is the probability of having a collision in dx, the probability of surviving after
x+ dx is given by the probability of surviving up to x times the probability
of not having any interaction in dx [12]:

P (x+ dx) = P (x) (1− Σdx) . (2.5)

By Taylor expanding the left side of the equation and imposing the boundary
condition P (0) = 1, the survival probability becomes:

P (x) = e−Σx , (2.6)

which corresponds to the fraction of flux Φ(x) which has not interacted after
x. Hence, the beam attenuation can be expressed as:

Φ(x) = Φ(0) · e−Σx . (2.7)

The free path of the particle ends when there is an interaction between x
and x+ dx. In order to get the probability of such an event, it is enough to
multiply the survival probability P (x) = e−Σx by the interaction probability
in dx (Pdx = Σdx). The probability density which describes the particle free
path is therefore:

dP (x)
dx

= Σe−Σx , (2.8)

whose normalization can be checked by performing its 0-th moment. The
first moment of this distribution yields the mean free path of the particle
inside the sample [14]:

E[x] =
∫ +∞

0
x
dP

dx
dx =

∫ +∞

0
Σxe−Σxdx =

1
Σ
. (2.9)
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Surface density unit In the radiation-matter interaction field, the mass
thickness (or surface density) unit is usually employed to express the thick-
ness of absorbers. It is defined as

ρs = ρ · t
[ g

cm2

]
, (2.10)

where t is the thickness in cm. g/cm2 is the typical unit that is used in this
subject, more conveniently than the SI2 unit kg/m2. For instance, electron
ranges are often expressed in terms of surface density, as it will be shown in
Section 2.3.3. The mass density ρ is the factor which allows to switch from
a normal thickness (in cm) to the mass thickness.

The reason for using such a quantity is that it is more closely related
to the density of the interaction centers, thus leading to a normalization of
materials of different mass density. Samples of different materials but with
close mass densities show similar behaviour when irradiated [12].

2.2 Primary radiation interactions

The first step of the radiation damage process is the interaction of the γ-
radiation with the container. As a photon with energy Eγ = hν travels
through matter, one of the following phenomena may occur:

1. photoelectric effect: absorption of the photon by a shell electron;

2. Compton scattering: collision between the photon and a shell elec-
tron;

3. pair production: transformation of the photon into a positron-electron
couple.

In each process a high-energy electron or a pair electron-positron is pro-
duced, thus giving birth to a secondary radiation. However, the three pro-
cesses differ from each other for their cross sections and the energy distri-
bution of the secondary particles.

The behaviour of photons in matter has some peculiar features which
make it very different from charged particles. A charged particle travelling
into an electric field can suffer many inelastic collisions given by the electro-
magnetic interactions with the lattice nuclei and electrons; on the contrary,
photons have no charge and can either undergo elastic scattering collisions
with the lattice constituents, or be absorbed by them. Because of this fea-
ture, a photon beam can only be attenuated when it passes through a slab,

2International System of Units.
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but not degraded in energy. All rays which do not suffer any collision escape
the slab with the same energy of the beginning.

As for particles, the intensity of the beam as function of the slab thickness
x is described by an exponential function:

Iγ(x) = Iγ0 e
−µx , (2.11)

where Iγ0 stands for the incident beam intensity and µ for the absorption
coefficient, that is analogous to the macroscopic cross section for particle
beams. This coefficient is directly related to the probability of the three
possible processes to occur [12].

A brief description of each phenomenon will be given in the following sec-
tions, as well as the cross section related to them and the energy distribution
of the secondary electrons.

2.2.1 Photoelectric effect

The photoelectric effect occurs when a lattice electron absorbs the photon
and is ejected from the atom. The photon can interact with electrons of any
atomic shell, but it has to be considered that the binding energies at every
shell are different, and the ejection can occur only if Eγ > EBE . A typical
photoelectric cross section is represented in Figure 2.3.

Figure 2.3: Photoelectric cross section for lead [12].

One can observe that the cross section presents some sharp edges, which
correspond to the energy of each shell. For example, for energies just below
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the K-shell binding energy the electrons belonging to such a shell are no
longer available for removal, since Eγ < EBE,K .

An approximated formula for the photoelectric cross section is provided
by [12]:

σph = 4a4
√

2Z5σ∗ph · ψ−7/2 , (2.12)

where ψ = Eγ/mec
2, σ∗ph = 8πr2

e/3 and a = 1/137. This formula is valid
for energies above the K-edge, while for lower energies it requires some
corrections. At any rate, a displacement can take place only if the electron
energy is above a certain threshold Ee,D, which is for instance 0.6298 MeV
for iron and 0.2475 MeV for aluminium (see Section 2.4 for the detailed
explanation). Therefore, the validity range of the formula (2.12) suits the
purposes of this project.

The kinetic energy of the outgoing electron would be given by the photon
energy Eγ , minus the binding energy EBE that has been spent in order to
remove the electron from the electronic shell:

Ee = Eγ − EBE , (2.13)

but in the case of iron and all light metals the binding energy is negligible,
since the values of EBE,K are much lower than the displacement thresholds
mentioned above, as it is shown in Table 2.1 [12]. Therefore, one can safely
assume

Ee ≈ Eγ . (2.14)

Table 2.1: Binding energy EBE,K of K-shell electrons and displacement
threshold Eγ,D for the incident γ [15].

Material EBE,K [keV] Eγ,D ≈ Ee,D [keV]
Fe 7.112 630
Al 1.560 247
Cu 8.979 489

2.2.2 Compton scattering

In this phenomenon a scattering collision between the photon and a shell
electron occurs. With respect to the previous case the radiation is not
absorbed, but loses part of its energy and is deflected in the collision. A
sketch of the process is shown in Figure 2.4.
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Figure 2.4: Kinematics of Compton scattering [12].

The differential cross section related to this event is known as Klein-
Nishina formula [12]:

dσ

dΩ
= Z

r2
e

2
1

[1 + ψ(1− cos θ)]2

(
1 + cos2 θ +

ψ2(1− cos θ)2

1 + ψ(1− cos θ)

)
, (2.15)

which is proportional to the number of shell electrons Z since any of them
has the same probability of being involved in the scattering reaction. The
total cross section is obtainable by integrating over the solid angle. The
integration yields:

σc = 2πZr2
e

{
1 + ψ

ψ2

[
2(1 + ψ)
1 + 2ψ

− 1
ψ

ln (1 + 2ψ)
]

+

+
1

2ψ
ln (1 + 2ψ)− 1 + 3ψ

(1 + 2ψ)2

}
. (2.16)

In the process, part of the photon energy is given to the electron. Ap-
plying energy and momentum conservation, this fraction of energy can be
expressed as

s =
Ee
Eγ

=
ψ(1− cos θ)

1 + ψ(1− cos θ)
, (2.17)

from which it is possible to determine the maximum transferable energy, as
a so-called head-on collision occurs (θ = π):

smax =
Ee,max
Eγ

=
2ψ

1 + 2ψ
. (2.18)

This value is known as the Comtpon edge.
From the previous relations it is possible to obtain the energy distribution

of the recoil electrons:

dσc
dEe

=
πr2

e

mec2ψ2

[
2 +

s2

ψ2(1− s)2
+

s

1− s

(
s− 2

ψ

)]
, (2.19)
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Equation (2.19) can be normalized on the total scattering cross section σc in
order to get a PDF on the recoil energy distribution, whose shape is shown
in Figure 2.5 for several incident photon energies [12].

Figure 2.5: Energy distribution of Compton recoil electrons [12].

2.2.3 Pair production

In this last case, a photon transforms into an electron-positron pair. The
process can happen only if a third body, usually the nucleus, absorbs the
photon momentum. A peculiarity of this phenomenon is that there is a
lower critical energy given by the sum of the rest mass of the two outgoing
particles (2mec

2 = 1.022 MeV). Below this energy the transformation can
not happen.

The expression of the cross section in this case is more complicated
because the phenomenon is influenced by the screening effect given by the
atomic electrons surrounding the nucleus. This effect can be parametrized
by the screening parameter :

ξ =
100mec

2Eγ

EpEeZ1/3
, (2.20)

where Ep is the positron energy. Part of the photon energy is transformed
into rest mass of the outgoing particles (1.022 MeV), while the rest is fully
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transferred to the same particles as kinetic energy: Eγ = Ep + Ee + 1.022
MeV. The screening parameter can vary from ξ ≈ 0 (complete screening) to
very high values ξ � 1 (no screening).

At arbitrary screening and high relativistic energies, an approximated
formula for the cross section can be written down [12]:

dσpp
dEp

=
4Z2r2

e

137E3
γ

{(
E2
p + E2

e

) [Φ1(ξ)
4
− 1

3
lnZ − f(Z)

]
+

+
2
3
EpEe

[
Φ2(ξ)

4
− 1

3
lnZ − f(Z)

]}
, (2.21)

where Φ1(ξ) and Φ2(ξ) are screening functions defined as follows:

Φ1(ξ) = 20.863− 2 ln
[
1 + (0.55846ξ)2

]
− 4

[
1− 0.6e−0.9ξ − 0.4e−1.5ξ

]
Φ2(ξ) = Φ1(ξ)− 2

3
(
1 + 6.5ξ + 6ξ2

)−1 (2.22)

and the Coulomb correction f(Z) is given by

f(Z) ≈ α2
[(

1 + α2
)−1 + 0.20206− 0.0369α2 + 0.0083α4 − 0.002α6

]
(2.23)

with α = Z/137. All formulas are not valid at low γ-energies and high Z.
As one can observe from formula (2.21), the distribution with respect

to the electron or positron energy is completely symmetrical, therefore this
formula can be referred also to the electron energy distribution. At any rate,
the total cross section is obtainable by integrating the same equation (2.21)
over all possible positron energies, that means from 0 to Ekin = Eγ − 1.022
MeV:

σpp =
∫ Ekin

0

dσpp
dEp

dEp . (2.24)

The integration has to be performed numerically for arbitrary values of
the screening parameter, while simplifications are possible in the cases of
complete or absent screening. All above formulae are not accurate at low
energies (close to the pair production threshold) and for low-Z materials.

A complete treatment of the pair production phenomenon would in-
clude also electron-photon showers: the outgoing positron and electron emit
Bremsstrahlung radiation, whose photons can in turn produce other pairs
and start a sort of “chain reaction”. Normally Monte Carlo simulations are
used in order to compute the number of pairs produced by a starting photon,
but in accordance with the purposes of the project showers will not be taken
into account and it will be assumed that a photon can produce at most one
positron-electron couple [12].
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2.2.4 Total absorption coefficient

After having considered each phenomenon per time, it is possible to find the
total cross section of a photon to interact with matter by summing the cross
sections of the single events (Equations (2.12), (2.16) and (2.24)):

σγ = σph + σc + σpp . (2.25)

The total absorption coefficient, which appears in the radiation attenua-
tion equation (2.11), is analogous to the macroscopic cross section and is
obtainable by multiplying by the atomic density of the material:

µ = N · σγ . (2.26)

The reciprocal of this parameter gives the mean free path of the radiation
inside the material.

It is worth to analyze the behaviour of the total cross section σγ with
respect to the photon energy, in order to identify the contribute of each
phenomenon to the total interaction probability. Figure 2.6 shows the shape
of the cross section function with the three contributes, in the case of an iron
slab. In the plot, the K-edge of the photoelectric effect is not shown since the
approximated relation 2.12 has been used. Moreover, the pair production
cross section computation is not accurate in the range [1, 10] MeV because
of the formula limitations that have been previously listed.

It is clear from this plot that each kind of phenomenon is dominant
in a particular energy range: photoelectric effect is more relevant than the
others in the low-energy interval, Compton scattering prevails in the middle-
energy range, while the probability of having a pair production is absolutely
predominant in the high-energy level [12].

Since the displacement threshold for the secondary radiation energy is
0.630 MeV for iron and of the same order of magnitude for light metals, it is
possible to state that photoelectric effect is negligible for the purposes of this
project. In fact, its cross section is reasonably negligible after the displace-
ment threshold. It can be furthermore appreciated that pair production
becomes relevant just over energies close to ≈ 10 MeV.

In Chapter 4 some computations are performed in order to determine
the energy distribution of the secondary electrons produced by γ-irradiation.
Relevant γ-energies will be considered in order to model the decay of a spent
fuel sample. The computed electron energies will be subsequently applied
as input in the ElectronDamage code, in order to study the damage induced
by the secondary radiation.
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Figure 2.6: Total photon-matter interaction cross section σγ as function of
photon energy in Fe.

2.3 Secondary electrons interactions

So far it has been analyzed how the γ-radiation is able to produce ener-
getic electrons inside matter. Now it is necessary to study in which kind of
interactions those electrons are involved. Many possible events may occur:

1. inelastic collisions with atomic electrons;

2. scattering from lattice nuclei;

3. emission of Bremsstrahlung radiation.

Other minor effects will be neglected in this discussion because of their
much smaller cross sections, like nuclear reactions or the Cherenkov radia-
tion emission, which arises when a particle is travelling faster than the speed
of light in the medium.

All above phenomena combined together define the dynamics of the elec-
tron from its “birth” to the moment in which it has lost its whole energy
or it has escaped the medium. In such dynamics two main moments can be
distinguished:

- continuous energy loss along the electron trajectory;

- elastic scattering from the lattice nuclei, with energy exchange and
deflection from the straight trajectory.
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Since one is dealing with charged particles, the term collision is referring to
an electromagnetic interaction, in which there is no physical contact between
projectile and target (as in a hard-sphere model). For any kind of interaction
a cross section can be defined and computed by making some assumptions
about the shape of the potential produced by the involved charged parti-
cles. Different models can be built using less or more complicated potential
functions, with different levels of precision.

The loss of energy along the trajectory is given both by the inelastic colli-
sions with atomic electrons and by Bremsstrahlung radiation. Such inelastic
collisions occur statistically, according to quantum mechanical probabilities,
but they are so numerous that the energy loss can be considered continu-
ous and the trajectory deflections cancel each other, in such a way that the
trajectory is straight on average. On the contrary, collisions with nuclei are
discrete events which happen with a much lower frequency and deflect the
particle.

In both cases, the electron loses part of its kinetic energy, but collisions
against atomic electrons are much more efficient in the slowing-down, since
the sizes of the particles are comparable. The nucleus-electron energy ex-
change is negligible from the electron point of view, but it is really relevant
for the nucleus, since this energy may at any rate lead to the creation of a
PKA [12].

2.3.1 Continuous energy loss

The “life” of the electron inside the medium can be divided into two mo-
ments, free paths and collisions with nuclei. Unlike neutrons, charged par-
ticles do not conserve their energy along their trajectory, as it has been
discussed previously. Two phenomena are slowing the electron down: in-
elastic collisions with the bound electrons and emission of Bremsstrahlung
radiation, which arises when a charged particle is accelerated inside an elec-
tric field (the acceleration comes from the inelastic collisions).

It is important to highlight that this continuous slowing-down is making
the electron energy vary along its path. This means that in every point of
the trajectory the collision cross section, which will be presented in Section
2.3.2, is not constant.

The parameter which evaluates the slowing capabilities of the medium
is called Stopping Power (SP) and is defined as loss of energy per unit path
(SP = dE/dx), in such a way that after a certain distance x the electron
energy can be written as:

Ee = Ee0 − SP · x . (2.27)
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Concerning electrons, the stopping power can be expressed as sum of the
contributions given by the two involved phenomena:

SP = SP,inel + SP,BS . (2.28)

Expressions of both contributions are given in the following paragraphs.

Inelastic collision loss

Calculations about the stopping power were first performed by Bohr for
heavy ions with the use of classical arguments, which cannot be applied
to high-energy electrons since relativistic effects are not negligible. The
relativistic computation was performed by Bethe, Bloch and others following
Bohr’s model path. The results are presented below and constitute the
foundations of an important part of the program.

The derivation scheme of Bohr’s formulae can be summarized as follows.
The high-energy electron is passing close to a lattice electron, which is con-
sidered as still. Within a certain time frame the two particles interact with
each other exchanging some momentum impulse. The stopping power can
be obtained by multiplying this momentum exchange by the lattice electron
density and integrating over all possible impact parameters b3.

Bethe’s calculation follows the same path, but in this case the energy
transfer is parametrized in terms of momentum transfer rather than in terms
of impact parameter. The results of the computations provided by [12] are
listed below.

The stopping power for inelastic collisions is expressed by the Bethe-
Bloch formula [12]:

SP,inel = 2πNAr
2
emec

2ρ
Z

A

1
β2

[
ln

τ2(τ + 2)
2(I/mec2)2

+ F (τ)− δ − 2
C

Z

]
, (2.29)

where τ = Ee/mec
2 is the electron energy in units of mec

2 and I is the mean
excitation potential. β = v/c can be expressed in terms of τ by means of
relativistic relations, obtaining

β =

√
1−

(
1

τ + 1

)2

. (2.30)

The function F (τ) for electrons is given by

F (τ) = 1− β2 +
τ2/8− (2τ + 1) ln 2

(τ + 1)2
. (2.31)

3In a collision modelling, the impact parameter is defined as the distance between the

projectile trajectory and the target trajectory.
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The mean excitation potential I is a measure of the average orbital
frequency of the atom. It is a property of the medium but in many cases
it is difficult to compute. Therefore, the following semi-empirical relations
have been used:

I

Z
= 12 +

7
Z

[eV] for Z < 13

I

Z
= 9.76 + 58.8Z−1.19 [eV] for Z ≥ 13

(2.32)

Finally, the quantities δ and C are corrections which are relevant at high
and low energies respectively. δ represents the density effect, which takes
into account the fact that the atoms are slightly polarized by the impact-
ing particle: lattice electrons are hence pushed away from the trajectory,
resulting in a less efficient stopping power. The parameter δ is given by

δ =


0 X < X0

4.6052X + Cδ + aδ(X1 −X)mδ X0 < X < X1

4.6052X + Cδ X > X1

, (2.33)

where X = log10(βγ) and γ = (1 − β2)−1/2. The coefficients X0, X1, Cδ,
aδ and mδ depend on the absorbing material and are determined by fitting
to experimental data. The ones related to the materials of interest for this
project are shown in Table 2.2.

Table 2.2: Constant value for the density effect correction in Bethe-Bloch
formula [12].

Material I [eV] Cδ aδ mδ X1 X0

Fe 286 −4.29 0.1468 2.96 3.15 −0.0012
Al 166 −4.24 0.0802 3.63 3.01 0.1708
Cu 322 −4.42 0.1434 2.90 3.28 −0.0254

The parameter C is a measure of the shell correction which is impor-
tant at low energies. It is necessary when the velocity of the projectile is
comparable to the orbital velocity of the bound electron. In such a case,
the assumption of the atomic electron to be still is no longer valid and the
Bethe-Bloch formula breaks down. In the program the following empirical
formula has been used, that is valid for ηs = βγ ≥ 0.1:

C(I, ηs) =
(
0.422377η−2

s + 0.0304043η−4
s − 0.00038106η−6

s

)
· 10−6I2+

+
(
3.850190η−2

s − 0.1667989η−4
s + 0.00157955η−6

s

)
· 10−9I3 , (2.34)

in which I is expressed in [eV] [12].



2.3. Secondary electrons interactions 33

Bremsstrahlung radiation

Charged particles accelerating or decelerating inside an electric field are
subjected to Bremsstrahlung radiation, which at high energies contributes
in a relevant way to the energy loss of the particle. The emission depends
on the strength of the electric field suffered by the electron, therefore the
screening effect given by the atomic electrons surrounding the nucleus plays
an important role.

The model has the same mathematical structure of the pair production
phenomenon that has been discussed in Section 2.2.3. In that case, the
photon energy can be split between the positron and the electron by any
ratio. After normalization, Equation (2.21) gives the probability of having a
positron with energy Ep. The total interaction cross section is obtained by
integrating on all possible energies that either of the two particles can get.

Concerning Bremsstrahlung, the frequency of the emitted photon ν =
Eγ,BS/h can vary from 0 to ν0 = Ee,0/h (where Ee,0 is the initial energy of
the electron), according to a PDF expressed by the differential cross section
shown below. The photon energy is obviously equal to the energy lost by the
electron: Eγ,BS = hν = Ee,0 − Ee. The differential cross section in photon
frequency is [12]:

dσBS
dν

=
4Z2r2

e

137 ν

{(
1 + ε2

) [Φ1(ξ)
4
− 1

3
lnZ − f(Z)

]
+

− 2
3
ε

[
Φ2(ξ)

4
− 1

3
lnZ − f(Z)

]}
, (2.35)

where ε = Ee/Ee,0 and ξ is the screening parameter (analogous to the one
defined for the pair production in Equation (2.20)):

ξ =
100mec

2hν

Ee,0EeZ1/3
. (2.36)

The screening functions Φ1(ξ) and Φ2(ξ) and the Coulomb correction f(Z)
have been already given in Section 2.2.3 (Equations (2.22) and (2.23)). All
formulae are not valid for energies lower than 1 MeV.

Finally, the stopping power from Bremsstrahlung radiation can be cal-
culated by integrating on all allowed photon frequencies:

SP,BS = N

∫ ν0

0
hν
dσBS
dν

dν = NEe,0 ΦBS . (2.37)

The integral in the quantity ΦBS is practically independent from ν and is
only function of the material, but needs to be integrated numerically for
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arbitrary values of the screening parameter ξ [12]:

ΦBS =
1
Ee,0

∫ ν0

0
hν
dσBS
dν

dν . (2.38)

Energy dependence and limitations

In Figure 2.7 it is possible to see the behaviour of the total stopping power
with respect to the electron energy, as it comes out when applying the
previous formulae.

Figure 2.7: Stopping power in Fe as function of the electron energy Ee.

First of all, it is important to keep in mind that the stopping power is
function of the electron energy. This means that the electron is yielding
energy during its free path, but the energy loss per unit path varies at each
point of its trajectory. Without any simplifications, the free path modelling
would get considerably complicated by this continuous variation, as it will
be explained in the following chapter.

It is possible to observe that the curve presents a minimum: particles at
this point are known as minimum ionizing. At higher energies the stopping
power grows smoothly because of the logarithmic term in Equation (2.29),
until the Bremsstrahlung contribution becomes dominant. The threshold
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where the two contributions are even is called critical energy and can be
estimated with the following approximated relation [12]:

Ecrit =
1600mec

2

Z
, (2.39)

which gives a considerably high threshold (Ecrit = 31.45 MeV) in case of
iron slabs. The plot in Figure 2.7 has been built assuming that for energies
below 1 MeV the Bremsstrahlung contribution can be completely neglected.

The model does not present any upper limit and can be applied for
any electron energy in the high energy range. Concerning the low energy
side, the stopping power increases below the curve minimum because of the
dependence on the 1/β2 factor, hence according to Equation (2.29) it should
approach infinity as the electron stops. In reality, the Bethe-Bloch formula
is limited in the lower energy range, since other effects come into play. In
this low energy range, only experimental values can be used.

The value of the lower limit is very important for the program sake, since
the Bethe-Bloch formula plays an important role in the code, as it will be
shown in the following chapter. In [12] a threshold of β = 0.1 is suggested
for heavy ions, which would correspond to E ≈ 2.5 keV . The authors of
[16] suggest instead a threshold of Ee = 10 keV for electrons, below which
experimental data are needed.

The slowing-down process described by the stopping power approxima-
tion is anyway affected by statistical fluctuations which can occur in the
number of collisions suffered by the impacting electron and the energy ex-
changed in those collisions. Therefore, the collision stopping power expressed
by Equation (2.29) has to be considered as a mean value. This phenomenon
is referred to as energy straggling. The energy of the electrons at a certain
depth x is actually given by a certain distribution, which can be approxi-
mated as a Gaussian curve for thick absorbers, as the number of collisions
is high enough for the Central Limit Theorem4 to be satisfied. In this case,
the Gaussian distribution width (i.e. its standard deviation) is increasing
along the depth of the absorber [12].

2.3.2 Coulomb nucleus-electron collisions

The second moment of the electron “life” inside the medium is the elastic
collision against a lattice nucleus. As it has been already discussed, the
term “collision” is inaccurate: since both the target and the projectile own

4The Central Limit Theorem states that the sum of N random variables, all following

the same PDF, approaches a Gaussian distribution when N →∞.
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a charge, they interact electromagnetically rather than collide as it would
happen with billiard balls. However, the process can be seen as a collision,
with related cross section and energy exchange, which are functions of the
impact parameter.

The interactions among charged particles are described by the so-called
interatomic potentials. In order to obtain the interaction cross sections, a
mathematical description of such potentials is needed, but the nature of the
interaction depends on the distance of closest approach, hence on the energy
of the involved particles. Therefore, many different kinds of potentials have
been developed, and one has to choose the most suitable for the analyzed
problem.

The latter concept applies especially to atom-atom interactions. In that
case, the Coulomb potential (though screened by the electronic cloud) well
describes the potential felt by the atoms at larger distances, while at small
separation distances the central repulsive force dominates, when the two
nuclei are close enough to overlap their inner electronic shells. The potential
behaviour is shown in Figure 2.8: the transaction between small (a) and
large (b) distances is described by a smooth curve in which other types of
potential have been defined. The yardstick is given by re, which in this case
stands for the spacing between the nearest neighbors in crystals (usually
around 0.25 nm).

Figure 2.8: Variation of interatomic potential with separation [13].

However, the situation is different when the interaction between an atom
and an incoming electron has to be described. The energy exchanged be-
tween an electron and a nucleus is a small fraction of the total electron
energy, since the electron is much smaller than the target. Therefore, in
order for an electron to produce a displacement, its energy has to be very
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high and relativistic effects need to be taken into account.
Moreover, the distance of closest approach is short enough for screening

to be ignored, hence a simple Coulomb potential can be used. This approx-
imation is valid for energies higher than ≈ 1 MeV, thing that has to be kept
in mind when the correctness of the program is checked (see Chapter 4). At
any rate this assumption is good enough for the purposes of this project.

The kinematics of the collision is shown in Figure 2.9.

Figure 2.9: Coulomb collision kinematics sketch.

The electron is coming with energy Ee and it is assumed that its energy
does not change after the collision (i.e. the energy exchange is small com-
pared to Ee). The particle is deflected by the angle θ which is referred to
as the scattering angle. The target atom, initially still, absorbs the energy
yielded by the electron and it is displaced if this energy is higher than the
displacement energy.

By applying the conservation of momentum and kinetic energy at the
system in Figure 2.9 and using relativistic expressions, the energy T ex-
changed in the collision can be written as [13]:

T =
2Ee
Mc2

(
Ee + 2mec

2
)

sin2 θ

2
, (2.40)

from which it is possible to determine the maximum transferable energy, for
head-on collisions (θ = π):

TM =
2Ee
Mc2

(
Ee + 2mec

2
)
. (2.41)

The differential cross section with respect to the scattering angle can be
expressed as [17]:

dσs
dθ

= F (β) ·
[
1− β2 sin2 θ

2
+ παβ sin

θ

2

(
1− sin

θ

2

)]
cos

θ

2
csc3 θ

2
, (2.42)
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where α and β has been previously introduced and the function F (β) is

F (β) =
4πa2

0Z
2E2

R

m2
0c

4

1− β2

β4
, (2.43)

in which ER is the Rydberg energy. Subsequently, the total scattering cross
section can be obtained integrating formula (2.42) in the θ-space. Accord-
ing to the model, the scattering angle may vary in the interval [0, 2π], but
integration in this interval would not be possible since the function 2.42 has
a singularity in 0, as it can be seen in Figure 2.10.

Figure 2.10: Differential cross section in iron as function of the scattering
angle θ, for Ee = 1 MeV.

The singularity can be explained by means of the simple Coulomb po-
tential assumption on which the formula is based on. First of all, it has to
be underlined that the scattering angle is connected to the impact param-
eter b: if b is very large, the interaction is very weak and consequently the
deflection θ is very small. Therefore, in this model in which only one nucleus
and one electron are represented, there is a very small interaction even if
the impact parameter is very large, because of the simple Coulomb potential
assumption. In reality, the impact parameter is limited by the presence of
other lattice nuclei, hence there is a maximum value for b and a cutoff value
for the deflection θcut.

The choice of the cutoff represents a very important issue in the coding,
since it is related to the mean free path of the electron inside the medium and
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the number of collisions. Choosing a cutoff value means that all interactions
which cause deflections smaller than this value are neglected, hence they
are not considered as collisions. This is acceptable because small-deflection
interactions bring to very small energy exchanges, which would never cause
any displacement. A deeper discussion about the cutoff choice will be done
in Chapter 3, whereas a parametric study on this issue will be presented in
Chapter 4.

The integration of formula (2.42) has to be thus performed in the interval
[θcut, π]. Integration up to a generic value θM yields:∫ θM

θcut

dσs
dθ

dθ = F (β) ·
[(

csc2 θcut
2
− csc2 θM

2

)
+

+2παβ
(

csc
θcut
2
− csc

θM
2

)
+ 2β(β + απ) ln

sin θcut/2
sin θM/2

]
, (2.44)

and if θM = π one obtains the total scattering cross section:

σs = F (β) ·
[(

csc2 θcut
2
− 1
)

+ 2παβ
(

csc
θcut
2
− 1
)

+

+2β(β + απ) ln
(

sin
θcut
2

)]
. (2.45)

The differential and total cross sections can be re-written in terms of
exchanged energy rather than scattering angle. It is enough to substitute
relation 2.40 in the equation (2.42), applying the following equality:

dσs
dT

=
dσs
dθ

dθ

dT
, (2.46)

where the term dθ/dT can be obtained by differentiating Equation (2.40):

dT = TM · sin
θ

2
cos

θ

2
dθ . (2.47)

The substitution leads to the following differential cross section:

dσs
dT

= F (β) ·

[
1− β2 T

TM
+ παβ

(√
T

TM
− T

TM

)]
TM
T 2

(2.48)

and the following total cross section, obtained by integrating in the interval
[Tcut, TM ]:

σs = F (β) ·

{(
TM
Tcut

− 1
)

+ 2παβ

[√
TM
Tcut

− 1

]
− β (β + απ) ln

TM
Tcut

}
,

(2.49)
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where Tcut is the exchanged-energy cutoff value which corresponds to θcut:

Tcut =
2Ee
Mc2

(
Ee + 2mec

2
)

sin2 θcut
2

. (2.50)

From a differential cross section it is possible to build a PDF if one nor-
malizes on the total cross section. The obtained PDF can be then used
for the random generation of the scattering angle at every collision. One
can choose to use either the scattering angle relations 2.42, 2.45 or the
exchanged-energy ones 2.48, 2.49: the two methods are completely equiva-
lent. In the program it has been chosen to generate in the scattering angle
space, for practical reasons which will be explained in the following chapter
[17]5.

2.3.3 Range and backscattering

Considering the novelty of the implemented code, it has been necessary
to check the correctness of the built model through the computation of
several quantities and their comparison with theoretical forecasts or practical
experiments. Two important quantities from this point of view are discussed
below: the electron range and the backscattering coefficient. The former one
can represent a good check of the stopping power modelling, whereas the
latter one may be a good marker of the correctness of the Coulomb collision
implementation.

Electron range

The range of a particle inside a slab of matter is defined as its penetration
length, that has to be intended as the maximum depth reached by the par-
ticle itself before losing its whole energy. This distance depends on the type
of particle and material and on the particle energy. Moreover, it is strictly
related to the stopping power, since the latter one expresses quantitatively
the slowing-down power of the material and can be easily connected with
the distance covered by the particle through equation (2.27).

In fact, the electron range can be theoretically computed with the fol-
lowing formula [12]:

R(Ee0) =
∫ Ee0

0
(SP )−1 dEe =

∫ Ee0

0

(
dEe
dx

)−1

dEe , (2.51)

5A few errors concerning the cross section formulae have been found out in [13] and [17]

and corrected. Specifically, the formulae depending on the exchanged energy T (Equations

(2.48) and (2.49)) are wrong in the cited references, therefore they have been derived

manually by substitution and following integration of Equation (2.42).
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which can be explained as follows: the SP is a measure of the energy loss per
unit length, thus its reciprocal expresses the depth that has been covered
by the particle in order to lose one unit energy. By integrating this quantity
over the initial electron energy Ee0 the total penetration depth is obtained.

The theoretical computation of the range is actually an overestimation,
since it just takes into account the continuous slowing-down process (de-
scribed by SP ) but it neglects the effects of the Coulomb scattering, which
deflects the particle and thus reduces the maximum depth (the actual path of
the electron is a zigzag trajectory, not a straight line). Therefore, ranges are
usually determined experimentally for each material by varying the thickness
of one sample and measuring the ratio of transmitted to incident particles.

The common result of such an experiment is a range number-distance
curve, as it is shown for instance in Figure 2.11. It can be observed that for
every material the curve presents a straggling at its end, which is due both
to the statistical fluctuations of SP already discussed and the effect of the
Coulomb scattering. Two kinds of range are defined:

- the extrapolated range is obtained by extending the straight line before
the straggling down to the x-axis and is the one that will be referred
to in this treatment;

- the maximum range is the point where the tale of the straggling curve
meets the x-axis [12].

Concerning this project, the range can be roughly estimated as the max-
imum distance reached by all particles that are simulated. This quantity
is regarded as a good check of the well-functioning of the stopping power
implementation. The comparison results are shown in Chapter 4. Three
control values have been chosen.

1. The Katz-Penfold equation, that has been obtained by fitting of ex-
perimental data [18]:

RKP =

{
0.412E1.265−0.0954 lnEe

e Ee < 2.5 MeV

0.530Ee − 0.106 Ee ≥ 2.5 MeV
, (2.52)

where Ee is expressed in MeV.

2. The Kanaya-Okayama semiempirical expression, which is valid only
for relatively low energies (up to ≈ 1 MeV) [19]:

RKO =
2.76 · 10−11AE

5/3
e

Z8/9
·
(
1 + 0.978 · 10−6Ee

)5/3
(1 + 1.957 · 10−6Ee)

4/3
, (2.53)

where Ee has to be expressed in eV and the atomic mass A in g/mol.
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Figure 2.11: Example of range number-distance curve with Gaussian-shaped
straggling [12].

3. A database provided in [20] in which stopping powers and electron
ranges have been computed for every chemical element and some com-
pounds by implementation of the physical model in a computer pro-
gram, in some cases with the use of different cross section equations.
Specifically, the same Bethe-Bloch formula (2.29) has been used for
the inelastic collision contribution, whereas different formulations have
been employed concerning the Bremsstrahlung radiation and the Cou-
lomb collision cross section. The database provides values in the elec-
tron energy range [10 keV, 100 MeV] at several energy points.

All range values are expressed in terms of surface density unit (g/cm2).

Backscattering coefficient

As the range is strictly connected to the stopping power of the sample,
Coulomb collisions are the main cause of the backscattering phenomenon.
When it comes to electrons, interactions with the lattice nuclei have a higher
probability to cause big deflections of the particle, with respect to other kind
of incident particles. This is due to the electron small mass. The deflections
may sum up, possibly making the particle turn around and escape again
from the irradiated surface. This process is schematically shown in Figure
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2.12.

Figure 2.12: Backscattering of electrons due to Coulomb collisions against
lattice nuclei [12].

Since Coulomb collisions are directly responsible for the backscattered
particles, the backscattering coefficient (η) can be used in order to get an
evaluation of the good quality of the scattering modelling. This coefficient is
defined as the ratio of backscattered electrons to the incident ones, thus rep-
resenting a sort of probability for an incident electron to be backscattered. It
depends on the particle energy and the sample atomic number (the fraction
of backscattered electrons is higher at low energies and for high Z mate-
rials), but also on the angle of incidence: a perpendicular beam has less
probability of being backscattered than an oblique one. Finally, there is a
dependence also on the slab thickness: if the sample is too thin, there are
also some electrons which may go through the whole depth of the slab and
escape from the opposite side. Experiments have shown that η increases
as the slab thickness increases, until saturation is reached for thicknesses
around half of the extrapolated range [12].

A convenient formulation which allows to predict the backscattering co-
efficient is the Tabata’s relation, which has been built with the intent to fit
the experimental data as good as possible. The fitting curve as function of
the logarithm of the electron energy has a S-shape shown in Figure 2.13 and
is expressed by the following equation [21]:

η =
a1

1 + a2 τa3
, (2.54)
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where ai are functions of Z:

a1 = b1 · exp
(
−b2Z−b3

)
a2 = b4 + b5Z

−b6

a3 = b7 −
b8
Z

(2.55)

and the coefficients bi are constants obtained by means of a least-squares
fitting of the experimental data. The values of such constants are shown in
Table 2.3.

Figure 2.13: Backscattering coefficient η of electrons as a function of incident
energy E for C, Al and Cu [21].

According to [21], this model provides good forecasts of the backscatter-
ing coefficients with small uncertainties and within certain limits. On the
low-energy side, there is a limit below which the experimental data can not
be fitted any more. For light elements (Z ≤ 32) this threshold is around
50 keV, but at any rate the model can not be used for very light elements
(Z < 6). On the contrary, no limitations are needed on the high-energy side.
The uncertainties on η (meant as the gap between the fitting curve and the
experimental data) depend on the specific element, but they are not greater
than ≈ 8%6.

68.3% for aluminium, 8.1% for iron and less for heavier elements [21].



2.4. The radiation damage event 45

Table 2.3: Values of the constants bi in Tabata’s equation and related un-
certainties [21].

Constant Value Uncertainty
b1 1.15 ±0.06
b2 8.35 ±0.25
b3 0.525 ±0.020
b4 0.0185 ±0.0019
b5 15.7 ±3.1
b6 1.59 ±0.07
b7 1.56 ±0.02
b8 4.42 ±0.18

2.4 The radiation damage event

The final step of the damage sequence is the possible displacement of the
struck lattice atom in the Coulomb collision and the consequent production
of point defects inside the absorber. The RDE is defined as the transfer of
energy between the projectile and the solid (as it as been described in the
previous section) and the resulting distribution of displaced target atoms
inside the solid itself. In detail, several steps can be distinguished:

1. Coulomb interaction between the secondary electron and the lattice
atom, with a partial transfer of kinetic energy (T );

2. possible displacement of the atom from its lattice position, if T exceeds
the displacement energy ED; the displaced atom is called PKA, as
previously discussed;

3. triggering of a displacement cascade, meant as a collection of points
defects that are produced during the passage of the PKA through the
lattice;

4. termination of the PKA as an interstitial.

The result of the whole sequence, which takes a very short time (of the
order of 10−11 s) is a collection of point defects (vacancies and interstitials)
and the formation of defect clusters. The RDE may be followed buy a bunch
of phenomena which can be classified as radiation damage effects:

- migration of point defects and clusters, according to their mobility
inside the crystal structure, with possible growth of the cluster or
recombination of a vacancy-interstitial couple;
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- modification of the material composition due to a varied mobility of
impurities contained in alloys;

- possible degradation of structural properties and hindering of the com-
ponent purposes [13].

2.4.1 Displacement energy

A minimum amount of recoil energy T is required to move the struck atom
from its lattice position. This threshold is called displacement energy. If the
transferred energy is smaller the atom vibrates about its position, without
being permanently moved. Those vibrations diffuse through the lattice and
transform the absorbed kinetic energy into heat. On the contrary, if T > ED
the PKA starts travelling into the solid structure with kinetic energy T−ED.

The potential fields inside the lattice, which hold the atom in the struc-
ture, are the source of this energy. As it happens with the atomic ionization
potential, there is a saddle point in the potential shape and a minimum en-
ergy is required to overcome this saddle. ED depends on many factors, for
instance the crystallographic structure, the recoil direction in the Coulomb
interaction, the thermal energy of the lattice, and so on. Values of ED for
Al, Fe e Cu are listed in Table 2.4.

Table 2.4: Recommended values of the average displacement energy and
minimum displacement energy for Al, Fe and Cu [13].

Metal ED [eV] ED,min
Al 25 16
Fe 40 20
Cu 30 19

An important feature that has to be highlighted is that the potential
barrier is actually not isotropic. According to the crystallographic structure,
there may be open directions along which the threshold is lower and others in
which the resistance is stronger. The unit cell configuration (FCC7 or BCC8

for instance) is often the main factor. Therefore, the second column of Table
2.4 shows the spherical average of ED, whereas the displacement energy
is function of the recoil angle in the Coulomb collisions, which is directly
related to the scattering angle θ. In the third column of the same table the
minimum values of ED are listed: those values refer to particular directions

7Face-Centered Cubic.
8Body-Centered Cubic.
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inside the lattice along which the displacement is easier. At any rate, the
average ED is used in the program implementation, and the dependence on
the recoil angle is left as a possible future development of the code [13].

2.4.2 Damage rate

The final aim of the displacement theory (as well as the goal of the present
project) is to compute the damage rate which occurs in a piece of material
when the sample undergoes an irradiation. This quantity is of very high
interest because it allows to study the change of properties of the material
and thus to evaluate the integrity of the component, which after a while may
fail its purposes. With regard to the nuclear waste containers, the main
danger is represented by the unexpected radiation-induced embrittlement
that may cause cracking of the canister structure.

The damage rate DR is theoretically described as follows [13]:

DR = N

∫ Êe

Ěe

Φ(Ee)σD(Ee)dEe , (2.56)

where σD(Ee) is the displacement cross section, obtainable from the follow-
ing integration:

σD(Ee) =
∫ T̂

Ť
νD(T )

dσs
dT

dT . (2.57)

The unit of the damage rate is dpa/m3s. The stressed quantities Ť and
T̂ are respectively the minimum transfered energy witch causes displace-
ment (the DE) and the maximum transferable energy, according to equation
(2.41). Similarly, Ěe and Êe are the corresponding thresholds for the elec-
tron energy that can be obtained by inverting the same formula (2.41). The
quantity νD(T ) represents the average number of displaced atoms created
in a cascade triggered by a PKA of energy T . The Kinchin-Pease model
that is shortly presented below is the simplest one which allows to compute
νD(T ) [13].

It has to be underlined however that the approach in the ElectronDam-
age code do not make use of formulas (2.56) and (2.57). In this case the
average number of displaced atoms produced by one electron per time dur-
ing its “lifetime” is evaluated, thus the resulting damage distribution d(x)
is expressed in terms of displacements per incident electron per unit depth9.
The program also gives as output the integral value of d(x), i.e. the total

9The code is based on a 1-D slab, therefore in all further computations the second and

third dimensions will be neglected.
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damage D, from the beginning of the slab up to the electron range R:

D =
∫ R

0
d(x)dx

[
disp
el

]
. (2.58)

Hence, D represents the total number of displacements per incident electron.
In order to convert those results into dpa it is necessary to divide by the
total number of atoms NTOT contained in a suitable control volume. More
detailed explanations will be given in the following chapters. It can be
noticed that the time dependence (that appears in equation (2.56)) does
not come out from a Monte Carlo code, as it will be discussed in Chapter 3.

2.4.3 Displacement probability

In order to quantify the radiation damage it is necessary to find a way to
compute νD(T ), i.e. the average number of atoms displaced by a PKA.
First of all, a displacement probability can be defined as the probability to
have displacement because of the energy T exchanged during a Coulomb
collision between an electron and a lattice nucleus. The simplest model one
can imagine is a step function, with a sharp displacement energy value ED,
shown in Figure 2.14a and expressed by [13]:

Pd(T ) =

{
0 for T < ED

1 for T ≥ ED
. (2.59)

The model described by the step function is nevertheless inaccurate be-
cause it neglects the thermal atomic vibration of the lattice, which introduces
a width of the order of kBT in the displacement probability. A more accu-
rate model would be represented by a function in which the energy threshold
is not sharp, but it goes from 0 to 1 with a smooth curve, as it is shown in
Figure 2.14b. The corresponding mathematical formulation is [13]:

Pd(T ) =


0 for T < ED,min

f(T ) for ED,min ≤ T ≤ Ed,max
1 for T > Ed,max

, (2.60)

being f(T ) a function varying smoothly between 0 and 1 [13].

2.4.4 Kinchin-Pease formula

This model provides a simple but approximated way to compute the number
of displaced atoms during a cascade triggered by a PKA. It is based on
several assumptions:
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Figure 2.14: Displacement probability Pd(T ) as function of the transferred
kinetic energy, assuming (a) a sharp or (b) a smoothly varying displacement
threshold [13].

1. the cascade is a sequence of two-body elastic collisions, entailing that
no energy is given to the lattice structure but it is just exchanged
among the atoms involved in the chain collision;

2. there is a cutoff energy Ec above which the energy loss of the travelling
PKA is mainly given by collisions against electrons. No displacements
can thus occur in this energy range;

3. the energy transfer cross section is expressed according to a hard-
sphere model;

4. the trajectories of the struck atoms are not influenced by the crystal
structure;

5. the displacement probability is a step function, as expressed by Equa-
tion (2.59).

The Kinchin-Pease formula is obtained by expressing νD(T ) as func-
tion of the energy fraction ε that is exchanged between the PKA and the
secondary struck atom as follows:

νD(T ) = νD(T − ε) + νD(ε− ED) , (2.61)

thus splitting the total displacements νD between the PKA (which keeps on
moving after the first collision) and the secondary knock-out atom. Thanks
to the hard-sphere assumption 3 and since the two colliding particles are
equal, the probability of transferring energy in the range (ε, ε + dε) is con-
stant between 0 and T . By multiplying both sides of Equation (2.61) and
integrating over ε in the range [0, T ], it is possible to obtain νD(T ).
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Integration yields the following result [13]:

νD(T ) =


0 for T < ED

1 for ED < T < 2ED
T

2ED
for 2ED < T < Ec

Ec
2ED

for T > Ec

. (2.62)

Figure 2.15: Average number of displacements νD(T ) produced by a PKA,
as a function of the recoil energy T [13].

The function νD(T ) is shown in Figure 2.15. The energy ranges are
explainable as follows. First of all, there can be no displacement if the recoil
energy T is lower than ED, because of the sharp displacement threshold
assumption 5. Secondly, when ED < T < 2ED, the displacement occurs and
a PKA starts travelling through the lattice, but with kinetic energy T −ED,
since ED was necessary to overwhelm the lattice potential. Therefore, in
this energy range the PKA does not have enough energy to produce further
displacements. Above 2ED the behaviour is linear, until the electron energy
loss limit Ec is reached [13].

The electron energy loss limit The constant value in the last range
derives from assumption 2: there is a cut-off energy Ec above which no
further displacements occur. This is due to the big order of magnitude of
the electronic stopping power. The PKA is slowed down during its motion
inside the lattice by collisions against the electrons (of the crystal structure)
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and against the lattice atoms. The latter ones may produce further dis-
placements. Both slowing-down processes can be expressed by a stopping
power, as it has been described in Section 2.3.1. Above the cut-off energy
Ec, the electronic stopping power is several orders of magnitude higher than
the other contribution; therefore, no displacements are possible until the
PKA is slowed down below Ec.

An expression for Ec is provided by [13]:

Ec =
M

4me
I , (2.63)

where I is the mean excitation potential that has been presented in section
2.3.1.

2.4.5 Electron energy remarks

With regard to the aims of the project, one has to remember that the energy
T that an electron is able to transfer to an atom is very small because of the
big mass difference. This means that even rather high-energy electrons can
not produce important amounts of displacements. In order to get an idea of
the electron energy required to cause a lot of displacements, it is possible for
instance to compute the Ee that is necessary to have TM = ED, TM = 2ED
and TM = Ec, which correspond to the yardsticks of the Kinchin-Pease
formula, in the specific case of a head-on collision. Inversion of Equation
(2.41) leads to:

Ee =

√
m2
ec

4 +
TM
2
Mc2 −mec

2 . (2.64)

The results of the substitution in the case of an iron slab are listed in Table
2.5.

Table 2.5: Electron energy Ee which is required in a head-on collision to get
an exchanged energy TM included in the ranges defined by the Kinchin-Pease
formula (2.62), for Fe and Al.

Interval Electron energy in Fe [MeV] Electron energy in Al [MeV]
TM < ED Ee < 0.6298 Ee < 0.2475

ED < TM < 2ED 0.6298 < Ee < 1.019 0.2475 < Ee < 0.4321
2ED < TM < Ec 1.019 < Ee < 434.2 0.4321 < Ee < 158.2

TM > Ec Ee > 434.2 Ee > 158.2

It is observable that at energies of the order of magnitude of ≈ 1 MeV
each electron is able to produce just a bit more than one displacement in
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Fe, while in Al this threshold is significantly lower because of the lower
displacement energy.

The explanation of the RDE sequence concludes the physical background
which the project code is based on. In the following chapter, the code itself
will be described in details, as well as the solutions adopted in order to
implement the described physical model and to enhance the performances
of the program.



Chapter 3

Code description

This chapter provides a detailed description of the ElectronDamage code
that has been implemented for this project. As it has been already said in
Chapter 1, the ultimate aim of the program is to compute the displacement
rate and distribution induced in a one-dimensional slab of pure element by
a monoenergetic and collimated beam of electrons, in order to simulate the
secondary radiation produced by γ-irradiation.

After a short introduction to Monte Carlo methods, the first part of the
chapter discusses the general structure of the code, whereas the second part
deals with the main issues related to the core of the program, deepening the
numerical solutions adopted to translate the physics of the problem into a
computer language.

3.1 Introduction to Monte Carlo methods

Monte Carlo methods refer to a group of statistical methods which allow to
compute the average of certain statistical quantities. The applications are
diverse and may be related to really different fields, from the resolution of
integrals to the simulation of a traffic light network.

The basic idea is to model a certain phenomenon by creating its “sta-
tistical equivalent”, i.e. by assigning a probabilistic law to each single event
that may occur. It is really useful when the deterministic model which gov-
erns the involved phenomena is too complicated to be solved, usually when
there are too many components acting in the model (for instance, a beam of
particles interacting with an atom lattice) and thus a statistical description
of the phenomenon is necessary. As an example one could mention the res-
olution of the transport equation for a flux of neutrons inside a fuel element
of a nuclear reactor.
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A Monte Carlo simulation is thus made up of a sequence of experiments,
which are usually called Random Walks (RW). Every experiment leads to a
different result; the sequence of experiments creates a distribution that can
be analyzed by means of statistical tools, in order to extract the average
value and the standard deviation of the monitored quantities. The name
“Random Walk” is due to the fact that Monte Carlo methods were originally
introduced to simulate the behaviour of neutrons inside a nuclear core, and
the “experiment” in that case consisted of following the neutron during its
path, from its “birth” (emission after a fission reaction for instance) to its
death (that may be an absorption or a loss). This is also the case of the
ElectronDamage code, in which the travelling particle is an electron. The
nuclear field is taking a big advantage from this class of methods, but many
other applications are possible.

Focusing on the particle-matter interaction field, a general RW can be
described as follows: the particle is emitted from a source, with certain space
and energy distributions; afterwards, it starts travelling into the sample and
alternates free paths with collisions against the lattice nuclei. The free path
is related to the total interaction cross section, while the collision events
can be described with other probability distributions which also depend on
the cross section of every possible event. The RW ends when the particle
becomes for somewhat reasons not interesting for the experiment result:
for example, if the particle escaped from the geometrical boundaries of the
sample, or if it has been permanently absorbed.

Every step of the RW is governed by probability laws which are usually
called Probability Distribution Functions (PDF). Those functions are always
related to a certain random variable and they express the probability for the
random variable to assume a certain value. For example, a source energy
distribution can be described by a PDF f(E) which is function of the emis-
sion energy E: the quantity f(E)dE thus represents the probability for a
particle to be emitted with an energy included in dE. Analogously, the col-
lision event can be modelled with discrete PDF, if the collision can lead to
different outcomes (scattering, absorption, displacement, and so on): every
event is related to a cross section, which expresses the event probability if
it is divided by the total interaction probability. The statistical equivalent
of the physical model consists of those PDF related to each moment of the
particle life.

The results of every experiment (or RW) are expressed by one or more
random variables, which have to be carefully chosen in order to described
exactly the quantity that one desires to compute with the MC simulation
(for instance, the total number of displacements produced by one electron
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during its RW). After a certain number of random walks NRW , one obtains a
distribution of random variables which can be described statistically by the
distribution mean value, which is called sample average, and its standard
deviation.

The Central Limit Theorem assures that the sample average gets pro-
gressively closer and closer to the real expectation value of the monitored
quantity, as the number of experiments NRW grows up. This theorem states
that the probability of getting a certain sample average in a simulation with
NRW experiments is given by a Gaussian-shaped PDF, that is centered in
the expectation value and whose variance is in inverse proportion to NRW .
This means that if NRW → ∞ the sample average corresponds to the ex-
pectation value.

Obviously it is just possible to perform a finite number of RW. Therefore,
running a simulation several times will always lead to different mean sample
averages, with an accuracy that is strongly depending on the variance, that
is in turn function of NRW . In fact, the standard deviation gives the width
of the confidence interval, i.e. the interval around the expectation value in
which the sample average has a probability of 68% to be included. The
relative width of this interval is called PRSD (Percentage Relative Stan-
dard Deviation). In Section 3.2.3 the formulae used to compute the sample
average and the PRSD will be explicitly shown.

An important feature that needs to be underlined is that from a Monte
Carlo simulation is not possible to get a time behaviour of a quantity. For
example, the damage rate can not be computed in terms of dpa per unit
time, but only per unit incident electron. This is due to the fact that a MC
code can provide a sort of snapshot of the system, or better its asymptotic
behaviour, when certain fixed initial and boundary conditions are given.

The spacial distribution that is an outcome of the ElectronDamage code
has to be shortly discussed as well, since MC methods can not provide spa-
cial distributions point by point: it is necessary to set a group of detectors,
in which the spacial domain is subdivided, and monitor the results of the
experiment in each of them. This concept applies to any kind of distri-
bution. There are two main reasons: the first one is obviously related to
the computational memory, that is physically limited and therefore can not
deal with an infinite number of points. The second reason is however more
interesting: if the detectors are too small, the events that are interesting
for the simulation become too rare and the sample average consequently
converges too slowly. This leads to the concept of “statistical information
worth” which will be discussed in Section 3.5. The main idea is that the
simulation convergence depends on the statistical worth of the experiments:
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if the interesting events are too rare, the experiment is not statistically wor-
thy because it does not provide any information about the random variable;
in such a case, which is very common in MC simulations, variance reduction
methods are needed, as it has been necessary also in this project ([22], [14]).

3.2 General structure of the code

The ElectronDamage code has been written in Matlab language. It consists
of approximately 500 command lines, divided into one main body, 10 subfiles
and 10 routines. The subdivision of the main body in subfiles has been
chosen in order to make the program more handy and easier to review and
correct. The input parameters of the simulation must be inserted by means
of 3 dialog boxes which open as the simulation is launched, whereas the
results are provided in 2 output files and 5 plots.

The code has been implemented with the aim of simulating a beam of
electrons colliding against a one-dimensional slab of pure material. The
chemical element can be chosen as an input parameter, but only pure mate-
rials can be set (it would be possible with some modifications to extend the
code to compounds). The source of electrons is assumed to be monoenergetic
and completely collimated, in the sense that in each simulation all electrons
have the same starting energy and initial direction. The one-dimensional
assumption implies that the second and third dimensions can be considered
infinitely outstretched.

As any other MC simulation, the code is made up of a sequence of ex-
periments, each of them is consisting of a single electron which may follow a
peculiar trajectory inside the sample. The code structure closely reproduces
the “life” of the electron, that can be summarized as follows. All electrons
take birth from the same point with the same initial energy at depth x = 0
with direction µ = cos(θ) = 0, where θ is the angle included between the
x-axis and the electron trajectory. The particle trajectory is made up of a
series of free paths and Coulomb interactions against the lattice nuclei which
deflect the particle, resulting globally in a zigzag line.

For every Coulomb interaction, a scattering angle θ is randomly gen-
erated according to a PDF defined by Equation (2.42); consequently the
energy T that the electron yields to the atom is computed and a displace-
ment is counted if T has exceeded the displacement energy threshold. By
means of the Kinchin-Pease formula (2.62) the number of secondary dis-
placements from the initial PKA is calculated, while the electron continues
its “walk” up to its death, that may happen if it crosses the sample geomet-
rical boundaries or if the electron energy has decreased below the minimum
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energy that is set as an input parameter.
The electron energy decreases during the RW mainly because of the stop-

ping power phenomenon that has been previously discussed. This introduces
a peculiarity for electron-based random walks with respect to neutrons: the
particle energy along the free path is decreasing, thus the interaction cross
section is also function of the covered distance.

3.2.1 Code flow chart

The code flow-chart, which includes the main steps of the program, is shown
in Figure 3.1.

The initial part of the code recalls the needed physical constants, set-
tles the simulation parameters and loads the chosen material data. Subse-
quently, MC variables and detectors are initialized, as well as the stopping
power table which will be described in Section 3.3.4. Finally, the theoret-
ical predictions of the backscattering coefficient and the electron range are
computed.

The beginning of the simulation is done by defining certain characteris-
tics of the source (starting energy, initial depth and direction). Every RW
consists of three main moments: the free path modelling, the check of the
new position and energy and the Coulomb interaction simulation. After ev-
ery free path, the electron has lost part of its energy because of the stopping
power losses, therefore its new energy needs to be computed. The check
is done in order to understand if the particle has escaped the sample geo-
metrical boundaries (forwards or backwards), or if its energy is below the
minimum threshold Emin. These two conditions are the ones that can quit
the RW. The code provides also a possibility to prematurely stop the RW as
the electron energy goes below the displacement threshold Ee,D. This can
be decided during the parameter setting.

The collision modelling is in turn made up of three moments: the random
scattering angle generation by means of the Inverse Transform Sampling Me-
thod (ITSM), the energy exchange computation and the possible secondary
displacement evaluation. After the collision, the electron has assumed a new
direction which is determined by the generated scattering angle and a new
free path is simulated.

After every RW, the random variables that constitute the “experiment
results” are elaborated in the MonteCarlo.m routine and then a new check
is performed: the simulation is over either when the PRSD has gone below
the desired tolerance, or if the set number of RW have been reached. Even
the type of check can be decided as an imput parameter of the simulation.



58 3. Code description

Figure 3.1: Flow chart of the ElectronDamage code.
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When the condition is fulfilled, the simulation is over and the output files
are generated.

All routines and subfiles, with a brief description of their purposes, are
listed in Table 3.1.

3.2.2 Input information and parameters

The input data which are necessary to run the simulations are grouped into
three m-files: constants.m, mat properties.m and parameters.m.

Physical constants The file constants.m contains the values of all physi-
cal constants that appear in the formulae shown in Chapter 2 and have been
implemented in the code. It includes also a few conversion factors to switch
from the SI units, which the code is based on, into more convenient ones and
viceversa. For instance, energies are expressed in the input and output files
in MeV or submultiples, while the code processes them in J. The adopted
values for those constants are shown in Table 3.2 and have been taken from
[23].

Materials All properties related to the chemical elements are included
in a database built in the routine mat properties.m. This routine can be
recalled at the beginning of every subfile to load the properties of the desired
material that are stored in the database. So far the database contains only
information about four materials (Al, Fe, Cu and Pb), but it can be easily
extended to any kind of pure chemical element. The properties specified for
each material are:

1. atomic number Z, atomic mass A in a.m.u. and atomic mass M in kg;

2. mass density ρ and atomic density N ;

3. reference displacement energy ED;

4. mean excitation potential I;

5. coefficients for the density correction in Bethe-Block’s formula Cδ, aδ,
mδ, X1 and X0.

The physical properties have been taken from [24], whereas the information
about the density correction have been listed in Table 2.2 [12]. The mean ex-
citation potentials are automatically computed by means of Equation (2.32)
[12].
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Table 3.1: Description of all files, subfiles and routines in which the Elec-
tronDamage code is subdivided.
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Table 3.2: Physical constants and conversion factors [23].

Quantity Symbol Value Unit
Electron mass me 9.10938215 e-31 kg

Electron classical radius re 2.8179402895 e-15 m
Elementary charge Qe 1.602176487 e-19 C
Avogadro number NA 6.02214179 e+23 mol−1

Speed of light in vacuum c 2.99792458 e+8 m/s
Planck constant h 6.62606896 e-34 Js

Bohr radius of hydrogen atom a0 0.52917720859 e-10 m
Rydberg energy ([12]) ER 13.6 eV

Conversion factor Symbol Value Unit
eV → J eVconv 1.60217649e-19 J/eV

a.m.u. → kg amuconv 1.66053878e-27 kg/a.m.u.
barn → m2 barnconv 1e-28 m2/barn

Parameters The simulation needs a bunch of parameters to be set, which
concern several parts of the code. The user can define those parameters when
the program is launched through some dialog boxes.

First of all, the geometry of the sample has to be determined. As it has
been already said, the program is based on a one-dimensional geometry, in
which only the sample depth direction (which is denoted by the x-axis) is
taken into consideration. Moreover, only pure materials can be analyzed. At
the beginning of the program it is therefore required to provide the material
symbol and the slab thickness, which can be set at one’s pleasure. A proper
random variable takes into account the loss of electrons which go all the way
through the slab, if the provided thickness is too short.

Subsequently, the energy inputs are required. Besides the beam starting
energy, two other quantities are required: the minimum energy Emin, below
which the electron RW is over, and the cutoff energy Tcut related to the
scattering angle random generation. The default minimum energy is set
on 50 keV, considering the low energy limitations to the stopping power
formulae that have been presented in the previous chapter. With regard to
the best choice of a cutoff value, a comprehensive coverage will be provided
in Section 3.3.2.

When it comes to general simulation information, several options can be
chosen by the user. There are some “ON/OFF”-kind switches: according
to the usual computer language, the switch is ON when its value is “1” and
OFF when the value is “0”. First of all, it has to be decided whether the
simulation is over after a predefined number of RW, or when the PRSD of a
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chosen variable has reached a sufficiently low value indicated in the PRSD
tolerance parameter. The choice can be expressed by means of the param-
eter PRSD constr. Afterwards, it is possible to choose if an acceleration
method is desired. If the switch accel is ON, the wished acceleration factor
and minimum statistical weight are asked (see Section 3.5 for explanations
concerning those parameters).

The third option concerns the possibility of stopping the RW when the
electron is not able to produce any further displacement, because its energy
went underneath the threshold Ee,D. The switch disp only can be set on
ON when only displacements have to be computed, while it has to be OFF if
one wants to evaluate the backscattering coefficient and the electron range;
in the first case, random walks are much faster because the electron trail is
shorter.

Another bunch of parameters is related to the discretization of the angle
and energy spaces. A certain amount of scattering angle points is necessary
to compute the cumulative function that allows to generate random scatter-
ing angles at every collision (see Section 3.4.2). An energy mesh is instead
required by the SP table routine to build the table containing the stopping
power values as function of the electron energy (as it is explained in Section
3.3.4). For such parameters this general rule applies: a too small number
of points may lead to big computational errors, while an excessive one may
make the simulation too slow.

Finally, a detector grid is needed in order to describe the spacial dis-
tribution of displacements. The number of detectors is defined with the
parameter Ndet, while a grid configuration can be chosen between a uniform
distribution (1) or a stepwise one (2). Both choices are important for the
preciseness of the displacement computations. More detailed explanations
will be given in Section 4.4.1.

Table 3.3 provides a summary of the simulation parameters that can be
set by the user.

3.2.3 Results and output files

A Monte Carlo simulation is based on one or more random variables that
are chosen depending on the quantities that one wants to compute. On such
variables statistical computations are performed and the final results are
expressed in terms of sample average and PRSD.

For instance, the main quantity that is monitored in the ElectronDamage
code is the total number of displacements caused by an electron in the
sample. In order to get this quantity, a random variable ξi is defined at the
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Table 3.3: Program parameters.

GEOMETRY DATA Symbol Unit
Slab material mat -
Slab thickness t mm

ENERGY DATA Symbol Unit
Starting electron energy Ee MeV

Minimum energy Emin keV
Cutoff energy Tcut eV

SIMULATION DATA Symbol Unit
Progressive simulation number NSIM -

Number of RW NRW -
PRSD constraint option PRSD constr ON/OFF

PRSD tolerance PRSD tol %
Acceleration option accel ON/OFF

“Only displacement” option disp only ON/OFF
Data registration frequency reg step -

DETECTOR DATA Symbol Unit
Number of space detectors Ndet -
Detector grid configuration grid type -
TABLE LOOKUP DATA Symbol Unit

Number of points in the angle grid Nθ -
Number of points in the energy grid NE -

ACCELERATION DATA Symbol Unit
Acceleration factor K -

Minimum statistical weight wtmin -
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end of the i-th RW as the number of displacements (primary and secondary
ones) that the electron has triggered globally during that RW. The collection
of all ξi constitutes a set of data which can be studied statistically. According
to the standard MC procedure, the MonteCarlo.m routine performs the
analysis of the random variable distribution computing the sample average
ξ (i.e., the distribution mean value), the variance σ2 and the PRSD, by
means of the following formulae [14]:

ξ =
1

NRW

NRW∑
i=1

ξi (3.1)

σ2 =
1

NRW

NRW∑
i=1

ξ2
i − ξ

2 (3.2)

PRSD =
1
ξ

√
σ2

NRW
· 100 [%] . (3.3)

In the ElectronDamage code the quantities that are computed by means
of ad hoc random variables at the end of each RW can be divided into two
main groups: global (or integral) quantities and local ones. The former ones
obviously refer to events occurring in the slab as one unique piece, while the
latter ones describe events happening in every spacial detector in which the
slab is discretized.

The global quantities are:

- the total number of displacements per electron D. The random vari-
able ξD is equal to the total number of primary and displacements in-
duced by the electron plus the displacement cascades computed with
the Kinchin-Pease formula;

- the backscattering coefficient η. The random variable ξη is 1 if the
electron has been backscattered (i.e. it reaches a depth x < 0) or 0 if
it has not. The sample average ξη therefore corresponds to the fraction
of backscattered electrons;

- the fraction of electrons that have gone across the slab without being
stopped. Also in this case the random variable is 1 if the event has
occurred or 0 if it has not. This variable has been introduced as a
check that the slab is thick enough to stop the radiation.

Concerning the local quantities, arrays of random variables are initialized
in such a way that every detector is connected to a random variable. These
arrays allow to compute:
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- the displacement distribution d(xi). For each detector, the random
variable is equal to the number of primary and secondary displace-
ments that occurred in the detector during the RW;

- the collision distribution φ(xi). In this case, the random variable is
the total amount of collisions that occurred in the detector;

- the absorption distribution abs(xi). By absorption one means the
moment in which the electron energy has gone below Emin, fact that
marks the end of the RW. The random variable related to it is 1 for
the detector in which the absorption happened and 0 everywhere else.
It is 0 everywhere if the electron has escaped the slab (either forward
or backward).

Beyond the statistical quantities, the code provides the following in-
formation, which are useful for the code validation or for the result post-
processing:

- the electron range RSim, evaluated as the end of the furthest detector
that has encountered any collision during the simulation;

- the displacement range Rdisp, that is given analogously by the end of
the furthest detector in which at least one displacement has occurred;

- the mean and maximum vertical distance covered by the particles, in
order to estimate the cross sectional area that is involved in displace-
ment occurrences.

At the end of the simulation, five output files are automatically created:

- one doc-file containing all relevant information concerning the simula-
tion and the main results;

- one m-file which includes all global and local results that have been
listed above, in a format that allows an easy post-processing of the
simulation outputs;

- three plots which depict the displacement, collision and absorption
spacial distributions.

3.3 Free path modelling

3.3.1 Free path flow chart

The free path of the particle, i.e. the straight trajectory that is covered
between one collision and the other and during which the continuous energy
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loss occurs, is simulated in the freepath.m file. The procedure starts at the
beginning of the RW or after every collision and consists of a few steps:

1. computation of the cutoff angle θcut from formula (2.40), imposing
T = Tcut. Tcut is a free parameter of the code and will be discussed in
Section 3.3.2;

2. computation of the total scattering cross section σs with formula (2.45);

3. random generation of a free path ρrd by means of the ITSM;

4. computation of the new electron position (horizontally and vertically)
as follows:

xi = xi−1 + ρrd · µi−1 (3.4)

yi = yi−1 ± ρrd ·
√

1− µ2
i−1 , (3.5)

where xi−1 and yi−1 are the initial particle coordinates and µi−1 =
cos(θi−1) stands for the direction with respect to the x-axis that has
been taken by the particle after the previous collision. Concerning the
vertical distance y, the sign ± depends on the sign of µ;

5. determination of the spacial detector in which the new electron posi-
tion is included;

6. computation of the stopping power value for the current electron en-
ergy Ee;

7. calculation of the new electron energy after the free path ρrd consid-
ering the continuous energy loss, by means of Equation (2.27);

8. check of the new position and energy, to determine if the RW is over or
not. A random walk is over if the particle has gone out of the physical
boundaries of the slab, if its energy is below Emin or if it is below Ee,D
when the “only displacement” option is turned on.

The procedure is also shown graphically in the flow chart of Figure 3.2.
After those steps, the coll.m file simulates the collision event, provided

that the energy and position checkout has not stopped the RW.
In the following paragraphs some specific issues related to the free path

generation are discussed: the meaning and consequences of the cutoff value
choice, the explanation of the ITSM and its application to this specific prob-
lem and the table lookup method that has been implemented to compute the
stopping power. Subsequently, the following section will describe in details
the collision modelling.
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Figure 3.2: Flow chart of the freepath.m file.

3.3.2 Cutoff energy choice

As it has been told several times, a cutoff value to neglect the most glancing
collisions was needed in order to implement the code and to get reasonable
computational times.

Because of the nature of the Coulomb interaction, it is necessary to find a
maximum distance between projectile and target, above which the resulting
very small energy exchange is negligible. This corresponds in the collision
modelling to a maximum impact parameter, which is related in turn to a
minimum deflection angle θcut and a minimum energy exchange Tcut. The
relation between θcut and Tcut is function of Ee and is given by formula
(2.40).

The choice of Tcut has a direct influence on the mean free path and the
computational time. In fact, when the cutoff value is lower slighter inter-
actions are accounted as collisions. This makes the mean free path shorter,
since it represents the path covered without collisions. Consequently, the
computational time rises because more collisions are happening in the same
unit length and the overall displacement probability is dropping.

The need of the cutoff arises also from a mathematical issue: in order to
get a PDF for the free path modelling and to apply the ITSM method, the
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total cross section σs needs to be computed, hence the integral of Equation
(2.45) has to converge. If the lower integration limit is 0, that improper
integral does not converge and no cross section can be defined.

Therefore, the cutoff represents the lower integration limit in the cross
section computation and it directly affects the value of σs: if θcut is lower,
more area is subtended underneath the curve and the integral value is higher.
This is the mathematical explanation of the free path shortening which was
previously hinted1. The choice has to take into account the computational
time, but also the need of preciseness: shorter free paths allow to make
some important assumptions in the free path random generation and in the
stopping power computation, as it will be explained below.

It is important to highlight the close link between Tcut and Emin. Con-
sidering the differential cross section with respect to energy (the plot has
the same shape of Figure 2.10), the right limit of integration is given by
Tmax, which is progressively decreasing as the electron is slowing down. If
the RW is not stopped sufficiently early, it may be reached a point in which
Tmax < Tcut: in this case the σs computation would be meaningless because
the extremes of integration would be switched, leading to a negative cross
section. Hence, the condition

Tmax(Emin) > Tcut (3.6)

has to be applied when the user chooses the cutoff value and the minimum
electron energy. In Table 3.4 the Emin condition is listed for different levels
of cutoff, as well as the corresponding mean free path λs.

Table 3.4: Emin requirements and corresponding mean free paths in Fe at
Ee = 1 MeV for selected cutoff values.

Tcut [eV] Emin [keV] λs [µm]
1 > 25 60

0.5 > 13 30
0.1 > 2.5 6.0
0.05 > 1.3 3.0
0.01 > 0.25 0.61

3.3.3 Random free path generation

After having provided a condition to make the computation of σs possible,
the following step to model the free path statistically is to build a PDF from

1The mean free path λs is given by 1/Σs = 1/Nσs.
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the beam attenuation law. This has been already done in Chapter 2 in the
case of constant cross section (Equation (2.8)):

f(x) =
dP (x)
dx

= Σse
−Σsx , (3.7)

that is already normalized since the integral in the interval x ∈ [0,+∞)
gives 1.

In the current project one can not state that the cross section is con-
stant. In fact the continuous slowing down caused by the stopping power
phenomenon makes the electron energy decrease constantly along its path,
leading to a variable cross section (since σs is function of Ee). The right
expression of the beam attenuation would be in this case:

I(x) = I0e
−
∫ x
0 Σs(x′)dx′ , (3.8)

where the quantity Σs(x′) could not be taken out from the integral. From
the computational point of view this would complicate the program at a
large extent, because at every free path the possible covered distance should
be discretized and the integral at the exponent of Equation (3.8) should be
computed numerically at every loop. This had been firstly implemented by
means of table lookup procedures and afterwards tested, but the resulting
computational time was too long.

For such a reason it has been chosen to assume a constant cross section
modelling, as the authors of the CASINO code did [9]. This assumption
is acceptable only if the mean free path of the particle is short enough to
have a small energy drop and thus keep σs as constant as possible. The way
of acting on the mean free path is the cutoff choice: if Tcut is sufficiently
low this assumption does not lead to big computational errors, as it will be
demonstrated in Chapter 5.

The following step is the application of the ITSM to the PDF (3.7).
This method allows the generation of random numbers, whose distribution
follows a given PDF. According to this method, the cumulative function
F (x) related to the given PDF has to be first computed and then inverted.
As random numbers trd ∈ [0, 1] are generated, the random xrd that are
distributed according to the wished PDF are given by:

xrd = F−1(trd) , (3.9)

which applies for any value of trd since the counter image of a cumulative
function is always included in [0, 1]. The consequence of such a formula is
to generate more numbers where the slope of F (x) is greater, i.e. where the
probability density is higher.
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In the free path modelling, inversion of the PDF (3.7) and application
of the ITSM leads to:

ρrd = − 1
Σs

ln(trd) , (3.10)

which allows to generate random free paths with an expectation value equal
to λs = 1/Σs.

3.3.4 Stopping power computation

The free path modelling ends with the computation of the continuous en-
ergy loss and the determination of the new electron energy, in order to model
the collision event in a proper way. The stopping power is obtainable from
Equation (2.29), plus Equation (2.37) if Bremsstrahlung radiation is taken
into account. These formulae have to be solved numerically, since the stop-
ping power, which is the energy drop per unit length, is itself function of
the particle energy, which depends on the covered path. The dependences
are so “twisted” that an analytical solution of the problem would be very
complicated.

For this reason a table lookup strategy has been adopted, in order to
avoid the need of performing a long numerical computation of the stopping
power at every free path generation. This is realizable thanks to the fact
that the function SP = f(Ee) (which was shown in Figure 2.7) does not
change during the simulation, thus a table can be set at the beginning of
the program.

This table is built by means of the SP table.m routine, which provides
the values of SP in several energy points. Their amount can be set by the
user with the NE parameter. Subsequently, the SP during the simulation
at a generic energy Ee will be determined by linear interpolation from the
pre-generated table. This is equivalent to discretize the energy domain in
small intervals and linearize SP = f(Ee) in each of them. This procedure
allows to shorten considerably the computational time and does not lead to
big errors since the shape of the SP curve is smooth enough (although a
more precise evaluation of the error will be provided in Chapter 5).

However, this is not the only simplification that has been introduced in
the SP computations. Even in this case the issue related to the slowing down
of the electron along its path plays an important role, since it makes the
energy and all related quantities vary continuously. Being the SP function of
the energy, its value is as well affected by this issue. After having determined
the covered distance, the right way to compute the energy drop would require
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the integration of the SP along the path:

∆Ee = Ei−1 − Ei =
∫ xi(Ei)

xi−1(Ei−1)
SP (Ei)dx . (3.11)

This would require the application of an iterative method, since the energy
in the arrival point Ei is unknown but in the same time it represents the
upper limit of the integration2. This procedure could be implemented, but a
very high number of points in the table lookup would be needed and anyway
the required computational time would be excessive.

It has been reckoned as reasonable therefore to assume a constant SP
along the free path and to take as reference value the one given by the
starting energy Ei−1. This is equivalent again to state that in the small
interval determined by ∆Ee the SP curve has a slope equal to 0, which is
close to reality around the minimum of the curve but not very accurate at
low and high energies. In details, the SP is overestimated in the high-energy
range and underestimated on the opposite side.

Also in this case the error can be kept within reasonable limits by ensur-
ing that the free path is short enough, so by introducing a low cutoff value.
The error in this case will be less negligible than the other simplifications,
as it will be discussed in the last chapter.

3.4 Collision modelling

3.4.1 Collision flow chart

The Coulomb interaction between the electron and a lattice atom is modelled
in the coll.m file. After the checkout of the new electron position and energy,
if the random walk is not stopped a collision occurs in the arrival point xi
which was determined with the random free path generation.

The collision sequence is shown graphically with the flow chart in Figure
3.3 and can be summarized in the following steps:

1. upgrading of the collision counters (i.e. the total number of collisions
and the collision distribution in the involved detector);

2. random generation of a scattering angle θrd, according to a PDF built
on the differential scattering cross section (Equation (2.42)) and by
means of the ITSM. The generated θrd stands for the net deflection
undergone by the electron in that specific collision;

2The notation in Equation (3.11) is not very accurate: the integration is performed

along the straight free path and not on the path projected on the x-axis, so that the

integration variable should be ρ and the limits should be changed consequently.
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3. random generation to define whether the particle has been scattered
downwards or upwards. Since the scattering angle is defined in the
interval [θcut, π] and the impact parameter is absolutely random, it has
been assumed that the particle has the same probability of undergoing
a deflection upwards or downwards. This is important to determine
the right projection on the x-axis;

4. summing up of the angle, to find the new direction with respect to the
x-axis:

θi = θi−1 ± θrd , (3.12)

where the sign depends on the upward or downward direction;

5. computation of the exchanged energy T by means of Equation (2.40);

6. determination of the total number of displacements (including the cas-
cade) by means of the Kinchin-Pease formula (2.62).

Figure 3.3: Flow chart of the coll.m file.

As the collision procedure is over, the energy of the electron is upgraded
by subtracting T from Ee (although this correction is negligible) and the
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new particle direction is saved. Subsequently, the loop starts over with a
new free path from the collision position xi.

It is worth to remark that the above procedure is valid only for a one-
dimensional geometry, in which the free path of the particle is projected on
the x-axis and the dependence on the other two directions is neglected. In a
full three-dimensional model, the angle generation should be performed on
the solid angle, which would require some modifications of the PDF that will
be shown in the following paragraph. Furthermore, the angle summing-up
would not be straight forward, because it would require the calculation of
the cosine directors [9]. At any rate, those issues would be of interest only
in a hypothetical extension of the code to the three-dimensional geometry.

In the following paragraph the scattering angle generation is described
in more details.

3.4.2 Generation of random scattering angles

The deflection that an electron undergoes because of a Coulomb interaction
depends on the distribution given by the differential cross section dσs/dθ,
which from now on will be addressed to as σs(θ) in order to simplify the
notation (hiding also the dependence on Ee).

It is hence necessary to get a statistical law from this function (which
was shown in Figure 2.10). It has to be reminded that the random gen-
eration can be applied on the θ-domain as well as on the T -domain, but
it has been considered more natural to generate in the angle domain since
this quantity is immediately related to the new particle direction and the
exchanged energy can be computed afterwards with Equation (2.40).

The PDF related to this random generation is easily obtainable from
σs(θ) by normalizing it on the total scattering cross section σs, which is
computable only if the cutoff value θcut is set. It is important to remember
that the conversion from Tcut to θcut depends on Ee, so that the cutoff angle
has to be computed every time the electron energy changes. At any rate,
the desired PDF is

f(θ) =
σs(θ)
σs

. (3.13)

The normalization can be immediately checked since the integral of the
differential cross section is by definition equal to σs.

As it has been hinted previously, the ITSM has been chosen in order
to generate random numbers according to f(θ). It has been discussed in
Section 3.3.3 that this method requires the cumulative function F (θ) to be
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invertible. F (θ) is defined as

F (θ) =
∫ θ

θcut

σs(θ′)dθ′ , (3.14)

which corresponds to Equation (2.44): it is immediately understandable that
the equation can not be inverted analytically.

A possibility to solve this problem would be the Rejection Method (RM)
instead of the ITSM, since the RM does not require the inversion of the cu-
mulative function. The problem is that the method is not efficient at all with
PDF that have the shape of f(θ), since a lot of generated random numbers
are thrown away without being used and the computational time gets too
long. Even the discretization of the angle domain and the application of the
RM in every subinterval would not have been effective enough because of
the high slope of f(θ).

For this reason, the ITSM has been chosen: the inversion of the cumula-
tive function is performed numerically, meaning that F (θ) is computed in a
thick grid of angle points, obtaining a mesh of cumulative points F (θi). The
angle grid is set at the beginning of the simulation, and the user can decide
the amount of points by means of the Nθ parameter. Since during the RW
the cutoff angle is increasing as the electron energy decreases3, before the
cumulative computation it is necessary to determine the angle of the mesh
that is closest to the cutoff value, and the integration is started from that
point on.

The ITSM is then practically applied by generating a random number
trd ∈ [0, 1]: the random angle θrd is computed by linear interpolation among
the discrete cumulative points F (θi). This is equivalent to linearize the
cumulative function in small intervals, and the accuracy is as much higher
as the grid is thicker.

Since a high number of angle points can be chosen without lengthening
too much the computational time (the only “expensive” operation is the
cumulative computation), this simplification does not cause relevant com-
putational errors. Further consideration about this matter will be shown in
the last chapter.

3.5 Variance reduction method

According to the PDF associated to the scattering angle generation, the
creation of a PKA is a very rare event. This represents a serious issue

3Sharper angles are required to transfer the same amount of energy, if the projectile is

weaker.
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for the convergence of a Monte Carlo program which aims to compute the
displacement rate, since the variance of a random variable distribution is
strictly connected to the frequency of the monitored event: if displacements
occur too rarely, insufficient statistical information are collected and the
PRSD decreases very slowly.

Therefore, it appeared immediately clear that a variance reduction me-
thod was needed. This class of methods is exploited very often in Monte
Carlo simulations, since they provides useful tricks to speed the convergence
up. Their goal is to modify the statistical laws of the model, in such a way
that the variance is reduced without affecting the expectation value, which
corresponds to the sample average that has been previously introduced and
constitutes the results of the simulation.

The expectation value is kept constant by introducing a so-called statis-
tical weight of the particle: when the probability of an event is artificially
modified, particles that encounter that particular event will get a statisti-
cal weight that takes into account the probability change. For example, if
one decides to double the probability of a certain event and that event oc-
curs, the particle will bring only half of its original weight: this means that
favoured events count less in the sample average computation [14].

In the case of the ElectronDamage code, the ultimate aim is to speed
up the convergence on the displacement rate calculation. Since the PKA
creation is the triggering phenomenon, one has to act on the statistic law
that rules the possibility for a displacement to happen, i.e. the scattering
angle PDF which is expressed by Equation (3.13). If the acceleration option
is chosen, the scattering angle generation in the coll.m file will then use an
artificial PDF, as it is explained below.

The objective is to make displacements more probable. The acceleration
method consists of modifying the PDF (3.13), by splitting it into two parts
at the displacement angle θD and “lifting” by a certain factor K the right
side of the curve, where the rarer head-on collisions occur. Since the physical
laws should stay unchanged, it is necessary to pull down the left side of the
curve, in order to keep the integral constant (this integral corresponds to the
total scattering cross section, which can not be altered). An example of this
PDF distortion is shown in Figure 3.4. The artifical PDF at the low-angle
side is hardly visible because of the logarithmic scale.

The displacement angle is the scattering angle at which the released
energy T is exactly equal to the displacement energy ED. It is obtainable
from Equation (2.40) and since it is function of the electron energy, it is com-
puted at every collision. During the electron slowing down, this threshold
will “float” rightwards until Ee has gone below the displacement threshold.
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Figure 3.4: PDF related to the scattering angle generation: comparison
between the actual PDF (blue) and the artificial one (red).

At this point, θD is assumed to be equal to π and the method is not of any
further use, for that specific RW.

The acceleration factor K is a free parameter that can be chosen by the
user at the beginning of the simulation. Obviously, higher K values lead
to higher displacement probabilities, but it will be exhaustively shown that
the modification should not be too dramatic. At any rate, from this value
it has been necessary to derive the multiplying factor KA which pulls down
the other side of the PDF.

KA can be obtained by means of few mathematical steps: as the actual
PDF f(θ) had been already expressed by Equation (3.13), the artificial one
f∗(θ) is mathematically described by the following piecewise function:

f∗(θ) =

{
KAf(θ) for θcut < θ < θD

Kf(θ) for θD < θ < π
, (3.15)

where K is set by the user and KA is computed by normalizing f∗(θ) to
1 (it is equivalent to say that the total scattering cross section has to be
conserved):

∫ π

θcut

f∗(θ)dθ =
∫ θD

θcut

KAf(θ)dθ +
∫ π

θD

Kf(θ)dθ = 1 (3.16)
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and substitution of the f(θ) expression yields:

KA =
σs −K

∫ π
θD
σs(θ)dθ∫ θD

θcut
σs(θ)dθ

. (3.17)

After having built the artificial PDF, the scattering angle generation
proceeds as it has been shown in the previous section: from f∗(θ) the cu-
mulative function is computed in a discretized mesh of points and then the
angle is generated by means of the ITSM method. The actual PDF is split in
the mesh point that is closest to the computed θD and the integrals that ap-
pear in Equation (3.17) are computed with the int cross section.m routine,
as it happens with σs.

The final step of the procedure is to compute the new statistical weight
wt of the particle after having applied the artificial PDF. The weight is
defined as the ratio between the actual PDF and the modified one, thus it
depends on the side where the angle is generated:

wt =
f(θ)
f∗(θ)

=


f(θ)

KAf(θ) = 1
KA

for θcut < θ < θD
f(θ)
Kf(θ) = 1

K for θD < θ < π
. (3.18)

From the previous equation it is possible to notice that the particle weight is
inversely proportional to the acceleration factor, confirming what had been
previously affirmed.

Therefore, each electron leaves the source with a full weight wt = 1,
which after every collision may decrease, if it has caused displacements, or
increase if it has not. It is important to remark that the particle weight cor-
responds to the statistical information that the electron is carrying around:
every random variable will be increased by its assigned value, multiplied by
the current particle weight.

It is necessary however to introduce a trick in order to avoid the possibil-
ity of following for a long time random walks of electrons which have reached
very low weights. This could happen after a high number of collisions and
would slow down the simulation, since those electrons would not be statisti-
cally relevant. This method is known as Russian roulette: the user can set
a minimum weight wtmin, below which the particle has 50% of probability
to survive. If it does not, the RW is stopped with the statistical information
that were collected so far. A value of wt = 10−10 has been chosen in all
performed simulations.

In conclusion, it is useful to remark that the method has not to be abused.
If the displacement PDF is lifted excessively, the physics of the model would
be completely twisted and the results would get strongly affected. Moreover,
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if K is too high the minimum weight would be reached too quickly and
an insufficient number of particle with meaningful statistical information
would be available. This matter will be practically discussed in the following
chapter, where the implemented acceleration method has been tested in
order to choose efficient acceleration factors.



Chapter 4

Testing and simulation

results

This chapter presents the results of the simulation performed during the
project.

The code has been firstly tested to compare some results with theoretical
prediction and experimental values. First of all the implemented variance
reduction method has been analyzed in order to determine the most efficient
acceleration factor. Subsequently, the stopping power computed by means
of the SP table.m routine has been compared to Pages’ database [20]; then,
a few simulations have been run to compare the obtained values of electron
range and backscattering coefficient with the ones chosen as comparison
terms (see Chapter 2).

After those preliminary tests, a few computations about the gamma
radiation coming from the spent fuel have been made, in order to choose the
best electron settings for the main simulations, which are presented after
a short dissertation about the chosen detector grid. Finally, a parametric
study about the cutoff energy value is presented.

4.1 Acceleration method testing

As it has been discussed in Section 3.5, a variance reduction method has
been implemented to speed up the convergence of the simulation. This part
of the code is characterized by a free parameter K, called acceleration factor,
which has to be set by the user. The first series of simulations has the goal of
comparing the efficiency of different K, finding a balance between the need
of reducing the variance in the displacement computations and the necessity
of not impairing the physics of the problem. In fact, it has been already told
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that the acceleration methods should not be overexploited, because this may
lead to a “disruption” of the built model.

As a first analysis, a basic setting has been chosen and five different
simulations have been performed, varying the acceleration factor K from 1
(no acceleration) to 100, with a fixed number of RW. The set parameters
are shown in Table 4.1.

Table 4.1: Parameters for the variance reduction method testing (Series
#1).

Parameter Symbol Value
Material mat Fe

Slab thickness t 1 mm
Beam energy Ee 1 MeV
Cutoff energy Tcut 0.1 eV

Minimum energy Emin 50 keV
Number of angle points Nθ 1000

Number of energy points NE 100
Number of detectors Ndet 30

Number of RW NRW 5000
Acceleration factor K variable

The way of evaluating the efficiency of the acceleration method is to
compare the PRSD related to the total displacement rate and the displace-
ment distribution, being the number of RW fixed. In the same time, the
most meaningful results of the simulation should not be affected by the ac-
celeration. The total displacement rate D and the backscattering coefficient
η have been chosen for this purpose, as well as the shape of the collision
distribution that is, among all monitored variables, the one with the lowest
related PRSD (this is due to the fact that collisions are the most frequent
events in the detectors, hence the statistical weight of each RW for such an
event is much higher than displacements).

The results of the first series are shown in Table 4.2. D and η are pro-
vided with the related PRSD; the RW duration is the mean computational
time (total simulation duration divided by the NRW ), whereas the detector
PRSD refers to the displacement distribution PRSD in each detector, and
the shown value is the average on the first half of detectors, where displace-
ments are more frequent.

The simulations have given satisfactory results: the PRSD related to D
and d(x) are progressively decreasing, while D and η are substantially un-
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Table 4.2: Results of the variance reduction method testing for Ee = 1 MeV
(Series#1).

Sim. K D (PRSD) η (PRSD) RW PRSD on
[disp/el] time d(x)

#01 1 1.52 e-02 (11.5%) 0.212 (2.73%) 0.386 s 68.6%
#02 5 1.53 e-02 (5.00%) 0.214 (2.75%) 0.551 s 28.4%
#03 10 1.49 e-02 (3.53%) 0.225 (2.79%) 0.534 s 19.4%
#04 50 1.51 e-02 (1.51%) 0.208 (4.23%) 0.446 s 9.41%
#05 100 1.49 e-02 (1.49%) 0.221 (6.18%) 0.367 s 7.76%

changed. This means that the factor K = 100 is still a proper choice which
does not impair the results and provide an important help to the method
convergence, since the PRSD differences between the non-accelerated simu-
lation and the accelerated ones are considerable. Therefore, one can state
that the chosen acceleration method is working efficiently.

However, the application of this method to higher electron energies has
shown that the acceleration factor K does not have the same efficiency as Ee
is increased. It is instead necessary to decrease K progressively. For each
level of electron energy the efficiency has a maximum for a certain value
of K, after which the acceleration method does not work any more. The
reason is that as the electron energy increases, the mean number of collisions
per RW is higher, thus the “distorted” PDF related to the scattering angle
generation is used more times: if for instance it is applied thousands of times
instead of tens, the statistical weight of the particle becomes too low and
the electron is lost because of the Russian roulette. Since too many particles
are “killed” by the roulette, the results become not reliable.

As a consequence, the acceleration factor needs to be carefully “cali-
brated” for each electron energy. In order to demonstrate this concept,
another set of simulations (Series #2) has been performed, with the same
approach of the previous series but with higher energy (Ee = 10 MeV) and
lower K. The results are shown in Table 4.3.

It is possible to notice that the PRSD related to the total displacement
rate decreases in Sim.#07, but then it goes up until the results get strongly
affected: in Sim.#10 and #11 D and especially η diverge from the non-
accelerated simulation and the convergence is completely impaired. This
is due to the fact that the PDF for the scattering angle generation can
not be changed too much. An exaggerated intervention modifies excessively
the model, making it too different from the physical phenomena that are
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Table 4.3: Results of the variance reduction method testing for Ee = 10
MeV (Series#2).

Sim. K D (PRSD) η (PRSD) PRSD on
[disp/el] d(x)

#06 1 3.70 e-00 (2.15%) 0.041 (10.9%) 19.4%
#07 1.5 3.75 e-00 (1.55%) 0.035 (11.3%) 16.5%
#08 2 3.81 e-00 (1.60%) 0.036 (13.1%) 15.8%
#09 3 3.71 e-00 (2.38%) 0.036 (16.1%) 13.2%
#10 5 3.51 e-00 (6.37%) 0.063 (76.1%) 15.4%
#11 10 4.47 e-00 (41.36%) 0.002 (39.2%) 17.9%

modelled. This demonstrates that the variance reduction methods have not
to be abused.

Figure 4.1 shows the collision distribution (normalized on the total num-
ber of collisions) in the detectors for some selected experiments in Series #2.
In this plot it is possible to observe that the distribution is approximately
unchanged in the “good” simulations, while it has been strongly affected in
the “bad” ones. The displacement distribution has not been shown because
the number of RW was too small to obtain acceptable PRSD and make the
distribution meaningful.

One can furthermore observe that the PRSD of the backscattering coef-
ficient is increasing as the acceleration factor grows up. This is due to the
fact that the acceleration makes head-on collisions more frequent: hence, the
particle has a higher probability to turn its direction back, but in the follow-
ing collisions it has also a good probability to turn direction again. These
continuous rebounds inside the lattice globally decrease the probability for
the electron to be backscattered.

As final remark, it is interesting to observe that the “acceleration” in-
volves the PRSD decreasing, but not a faster simulation in terms of com-
putational time. In fact, the end of the RW is mainly reached when the
electron energy goes below Emin, and the PDF concerning the scattering
angle is not related to the main energy loss, that is given by the stopping
power. Therefore, the computational time should not be function of the
acceleration factor, as it can be observed in Table 4.2.

In conclusion, the factor K = 50 has been chosen for the low-energy
range, even if the test with K = 100 had provided good results, in order not
to abuse the acceleration method. Concerning the higher energy levels, ad
hoc tests have been performed to determine the most suitable K for each
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Figure 4.1: Normalized collision distribution along the slab depth, for se-
lected simulations (Series #2).

Ee, although they are not shown in the discussion for the sake of concision.
With regards to Series #2, K = 2 has been selected as the best one because
it is the most efficient in the displacement distribution computation.

4.2 Code validation

In this section further test simulations are presented. Their aim is to ensure
that the several assumptions and simplifications which the model is based
on do not impair the result validity. The tests have been chosen with the
intention of providing different kinds of proofs, by using both theoretical
predictions and experimental data as comparison terms. Obviously these
proofs are not sufficient to ensure that the numerical simulation is faithfully
reproducing the physical phenomena, but they can provide a good evaluation
of the code and its limitations.

4.2.1 Stopping power checkout

As a first step of the code validation procedure, the SP table.m routine has
been checked comparing the SP values computed by this function with the
database provided by Pages et al.

The comparison has been performed on both contributions, i.e. the one
coming from inelastic collisions with lattice electrons and the Bremsstrahlung
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radiation (see Section 2.3.1 for more detailed explanations). This test is
meaningful especially for the Bremsstrahlung part, since the formulae shown
in Section 2.3.1 are not accurate at low energies, whereas Pages used a dif-
ferent set of formulae. It is therefore possible to check the accurancy of the
SP table.m routine and define a minimum energy below which it is not con-
venient to perform Bremsstrahlung calculations. Concerning the inelastic
contribution, the values in [20] have been computed by means of the same
Bethe-Block formula (2.29) and corrections (2.33) and (2.34), so that the
comparison is useful to check the correctness of the implementation.

The results are shown in Figure 4.2 for both contributions, in the case
of an iron slab. It is possible to observe that the inelastic collision stopping
power perfectly matches with the database values, while the same can not
be stated concerning the Bremsstrahlung radiation. As it was expected, the
curve accordance is quite good in the high-energy range, while they diverge
considerably in the low-energy one.

Figure 4.2: Comparison between the SP in Fe computed in the Electron-
Damage code and the database provided by [20].

It is necessary to set a cutoff energy for the radiative stopping power.
In order to achieve this goal, the relative gap between the two curves have
been plotted in Figure 4.3 for both contributions and the total SP. As it
has been already highlighted, the distance for the inelastic contribution is
completely acceptable.

With regard to the radiative SP, the gap goes below 10% only above
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Ee ≈ 10 MeV. Considering that the second contribution is negligible at
low energies, it has been reckoned as reasonable to adopt a cutoff value at
10 MeV. This choice is by the way supported by the gap concerning the
total stopping power (green curve), which is a bit higher than the inelastic
contribution but still below a satisfactory threshold.

Figure 4.3: Relative gap between the computed SP values and the database
values presented in [20].

4.2.2 Electron range checkout

The electron range depends mainly on the stopping power, as it has been
already discussed in Chapter 2. Therefore, the range test can be indicative
concerning the correctness of the stopping power implementation, although
a confirmation has already come from the previous checkout.

This test has been carried out by performing two sets of simulations
(Series #3, #4) in which the variable parameter was the electron beam
energy. Two materials have been studied (iron and aluminium) in order
to check possible differences in the code functioning between “heavier” and
lighter metals. The dependence of the range on the electron energy has
been plotted and compared with the models shown in Section 2.3.3: the
Katz-Penfold formula ([18]), the Kanaya-Okayama formula ([19]) and Pages’
database ([20]).

The range is obtained in the simulation individuating the furthest detec-
tor that has encountered any displacement during the overall simulation. In
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fact, not all electrons can reach the maximum depth because of the Coulomb
interactions which fragment their trajectories. For this reason the absolute
maximum distance ever covered by a particle during the simulation is as-
sumed to be the electron range, and this assumption is reasonable only if
a sufficiently high number of RW is performed. At any rate, the simulated
range is expected to be slightly lower than the theoretical maximum one,
that is computed by integrating the stopping power (formula (2.51)) without
considering the interactions with the lattice atoms.

Table 4.4 shows the parameter setting that has been chosen for these
sets of simulations. The variable parameters are the electron energy and
consequently the slab thickness. A very high number of detectors has been
inserted, in order to have a more precise indication about the electron range.
Displacements were not interesting for the test purposes, therefore the vari-
ance reduction method has not been used. The same sets have been ex-
ploited to test the backscattering coefficient (it has been already explained
that the “displacement acceleration” does not affect the convergence of the
backscattering coefficient computation, therefore its use was not needed at
all).

Table 4.4: Parameters for the range and backscattering testing (Series#2,
#3).

Parameter Symbol Value
Material mat Fe, Al

Slab thickness t variable
Beam energy Ee variable
Cutoff energy Tcut 0.1 eV

Minimum energy Emin 50 keV
Number of angle points Nθ 1000

Number of energy points NE 100
Number of detectors Ndet 1000

Number of RW NRW PRSD constaint
Acceleration factor K 1

A different PRSD-condition has been set for each simulation, in consid-
eration of the computational time: at high energies the simulation becomes
really long because more and more collisions are necessary to make the elec-
tron reach the minimum energy Emin. Moreover, backscatterings are less
and less frequent at high energies: this slows down the PRSD decreasing. In
this energy range acceleration methods concerning backscattering should be
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implemented, but the goal of the test was only to check the overall behaviour
of the coefficient, without aiming to precise results.

The simulations results are shown in Table 4.5 for iron and in Table 4.6
for aluminium. Four different ranges are specified: simulated range (Sim.),
Katz-Penfold formula 2.52 (KP), Kanaya-Okayama formula 2.53 (KO) and
Pages’ database [20] (PG). The simulated range has no related PRSD since it
is not a statistical quantity. In a first approximation however its uncertainty
is approximately equal to the width of the last detector that has encoun-
tered any collisions. Therefore, the uncertainty on the simulated range is
very small since detectors are very narrow. Concerning the backscattering
coefficient, the simulated η with its PRSD and Tabata’s prediction (2.54)
with the related error are listed.

Table 4.5: Results of the range and backscattering testing for Fe (Series#3).

Sim. Ee NRW RW Range R [mm] Backscattering coeff.η
[MeV] time Sim. KP KO* PG Sim. (PRSD) Tabata (err%)

#12 0.25 2300 0.103 s 0.103 0.0754 0.0908 0.118 0.226 (3.86%) 0.245 (8.1%)
#13 0.50 2300 0.208 s 0.284 0.208 0.266 0.323 0.231 (3.80%) 0.230 (8.1%)
#14 0.75 2350 0.311 s 0.500 0.361 0.502 0.551 0.222 (3.87%) 0.215 (8.1%)
#15 1 2550 0.409 s 0.706 0.523 0.794 0.785 0.209 (3.85%) 0.200 (8.1%)
#16 2 3350 0.773 s 1.61 1.20 - 1.71 0.169 (3.83%) 0.148 (8.1%)
#17 5 1700 1.740 s 3.96 3.23 - 4.23 0.095 (7.50%) 0.072 (8.1%)
#18 10 1250 3.109 s 7.23 6.60 - 7.77 0.043 (13.3%) 0.033 (8.1%)
#19 20 1601 7.505 s 12.9 13.3 - 13.4 0.011 (23.4%) 0.014 (8.1%)
* Kanaya-Okayama’s prediction is not reliable for energies Ee > 1 MeV.

Table 4.6: Results of the range and backscattering testing for Al (Series#4).

Sim. Ee NRW RW Range R [mm] Backscattering coeff.η
[MeV] time Sim. KP KO* PG Sim. (PRSD) Tabata (err%)

#20 0.25 5500 0.101 s 0.280 0.220 0.237 0.305 0.106 (3.91%) 0.117 (8.3%)
#21 0.50 5500 0.207 s 0.794 0.606 0.695 0.838 0.107 (3.90%) 0.103 (8.3%)
#22 0.75 5400 0.295 s 1.40 1.05 1.31 1.44 0.107 (3.93%) 0.090 (8.3%)
#23 1 6000 0.402 s 1.96 1.53 2.07 2.06 0.097 (3.94%) 0.080 (8.3%)
#24 2 8650 0.745 s 4.35 3.50 - 4.52 0.069 (3.96%) 0.052 (8.3%)
#25 5 5050 1.721 s 11.0 9.42 - 11.4 0.032 (7.73%) 0.023 (8.3%)
#26 10 2220 4.968 s 21.3 19.2 - 21.7 0.009 (22.8%) 0.011 (8.3%)
#27 20 1458 8.258 s 38.8 38.9 - 39.3 0.003 (49.9%) 0.0050 (8.3%)
* Kanaya-Okayama’s prediction is not reliable for energies Ee > 1 MeV.

Figure 4.4 summarizes graphically the range results for iron. First of all,
it had been stated that the Kanaya-Okayama formula was not valid at high
energies: this is confirmed, since the azure curve diverges from the others
at energies higher than 1MeV . For this reason this prediction has been
neglected for Ee > 1MeV .
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The simulated ranges that have been obtained (blue dots) can be consid-
ered satisfactory. They are always included between the green curve and the
purple one, even if they seem to follow more the Pages’ database behaviour,
as it happened already with the stopping power checkout. It is furthermore
confirmed that the simulation has given slightly lower range values than
the purple curve, that has been computed applying the range theoretical
definition 2.51.

The same considerations can be applied to the aluminium case, whose
results are plotted in Figure 4.5. Since the electron energies are equal, the
range values are for this metal higher, which is reasonable considering its
much lower density (2.7 g/cm3 instead of 7.8 g/cm3 [24]). It is therefore
possible to state that the electron range test has provided good results,
according to which the stopping power implementation can be considered
trustworthy.

Figure 4.4: Comparison of the simulation electron range in Fe with theo-
retical predictions and Pages’ database, as function of the electron energy
(Series #3). The error bars are not visibile since uncertainties are very
small.

4.2.3 Backscattering coefficient checkout

The backscattering coefficient is the fraction of incident electrons that are
“rebounded” back toward the source, after having suffered collisions in the
target material. Such a quantity can be considered as a good marker of the
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Figure 4.5: Comparison of the simulation electron range in Al with theo-
retical predictions and Pages’ database, as function of the electron energy
(Series #4). The error bars are not visibile since uncertainties are very
small.

well functioning of the Coulomb interaction modelling, since it is mainly
connected to the differential scattering cross section.

The test has been performed by means of the same simulation sets and
the same parameter settings that have been shown in the range checkout and
whose results are listed in Table 4.5 (for Fe) and Table 4.6 (for Al). Those
results are compared with the prediction provided by Tabata’s formula (2.54)
([21]), that has been built by fitting of experimental data.

Figure 4.6 shows the obtained results for the iron slab, while in Figure 4.7
the aluminium case is considered. The blue dots stand for the simulated η,
while the red continuous line represents the Tabata’s prediction. The dashed
lines reproduce the error related to the Tabata’s formula (which is provided
in [21]). In general the test feedback is positive, since the characteristic
S-shape of the curve is roughly reproduced, although for some simulations
the blue dots are not included in the prediction uncertainty area.

It had been stated that in the high-energy range there were no particular
limitations and the code should work properly, thanks to the Bremsstrahlung
radiation implementation. This statement is confirmed by those tests. The
problem with high-energy beams is the computational time: too many colli-
sions occur before the electron is completely slowed down, therefore complete
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Figure 4.6: Comparison of the simulation backscattering coefficient in Fe
with Tabata’s prediction, as function of the electron energy (Series #3).

Figure 4.7: Comparison of the simulation backscattering coefficient in Al
with Tabata’s prediction, as function of the electron energy (Series #4).
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simulation could be performed only on powerful machines.
In the low-energy range the situation is different. Under certain limits

the stopping power and cross section formulae break down and experimental
data should be used instead. The lower energy limit Emin = 50 keV has been
properly chosen to avoid the problem, but this does not ensure that the code
is perfectly working at very low energies, that anyway are not interesting
for the displacement computations.

From the backscattering plots, especially in the aluminium case, one can
notice that the code seems not to be able to reproduce the slight growing
of the Tabata’s curve when Ee is decreasing. This is probably related to
the lower energy limitations. There may be three reasons. First of all, the
constant stopping power assumption is working well if the curve SP (E) is as
constant as possible; at lower energies the slope is higher, and this leads to
bigger errors which may strongly affect the results. Second of all, the cutoff
choice may play an important role, since it represents the lower integration
limit in the total scattering cross section computation. If the starting energy
is low, the integration is performed in a too short interval and may be not
accurate. Finally, it is valuable to remark that if the starting electron energy
is low, the particle suffers too few collisions before reaching Emin, and this
could impair the achievement of a statistically meaningful number of events.

In conclusion, for the energy ranges that are of interests for the project,
the trends are confirmed and the overall accordance between results and
predictions allow to state that the model that has been implemented could
be reliable (obviously these simple tests are just indicative and can not fully
ensure that the code is faithfully reproducing the physical phenomena).

4.3 Electron energy distribution from primary ir-

radiation

In Chapter 1 it was shown an example of gamma activity coming from
samples of spent fuel for different kinds of power plant. In the following
chapter the possible interactions of gamma rays with matter were described,
with the conclusion that Compton scattering is the dominant process for the
energy that are of interest for this project.

Granted these preliminary remarks, it is now necessary to settle the
secondary electron energy in order to simulate the damage production in the
sample material. The reference data are taken from [6]. The only available
data are referring to the gamma radiation that reaches the outer surface of
the canister copper wall (point A of Figure 1.3, which is reproduce in Figure
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4.8). Therefore, these data have been selected for the further analysis.

Figure 4.8: Reference canister design for spent fuel containment [6].

As it has been shown in Table 1.1, the radiation spectrum is subdivided
into 10 energy points that go from Eγ = 0.575 MeV to Eγ = 9.5 MeV, and
for each of them the flux is provided for different types of spent fuel. These
fluxes represent the amount of rays that have reached the outer border of
the container. Therefore, it is necessary to evaluate the flux level at point
D, where the radiation firstly hits the iron depth.

This rough calculation can be done by using the attenuation equation
(2.11), in which the total absorption coefficient µ can be computed by sum-
ming the contributes of each interaction phenomenon (Equation (2.26)).
Inversion of the equation leads to:

Iγ,I = Iγ,A · eµ·rAI (4.1)

Iγ,D = Iγ,I · eµ·rID , (4.2)

where rAI = 50.5 mm is the thickness of the copper wall and rID = 38.3
mm is the distance between points I and D. The quantity 1 − (Iγ,I/Iγ,D)
stands for the fraction of γ rays that have interacted with the iron atoms,
which corresponds to the amount of produced secondary electrons Ie, since
for any kind of interaction each ray is able to produce one electron.



4.3. Electron energy distribution from primary irradiation 93

It is important to remind that the γ-attenuation process does not modify
the energy distribution of the flux, but only its intensity. For this reason the
10 energy points quoted above can be as well used for the iron irradiation.

The computed fluxes are listed in Table 4.7. A BWR spent fuel, with
burnup of 45 MWd/kg after 30 years of decay has been selected as reference
fuel. The table shows also the total absorption coefficient in Cu and Fe.

Table 4.7: Total absorption coefficients in Cu and Fe, gamma fluxes reported
to the canister inner surface and electron flux estimation, for selected Eγ
values.

Eγ Iγ,A µCu Iγ,I µFe Iγ,D Ie
[MeV] [phot/cm2s] [m−1] [phot/cm2s] [m−1] [phot/cm2s] [el/cm2s]
0.575 1.43 e+07 68.27 4.49 e+08 60.94 4.63 e+09 4.18 e+09
0.850 7.49 e+05 56.43 1.30 e+07 50.61 9.00 e+07 7.70 e+07
1.250 2.41 e+06 46.52 2.52 e+07 41.77 1.25 e+08 9.97 e+07
1.750 1.73 e+05 38.81 1.23 e+06 34.87 4.67 e+06 3.44 e+06
2.250 3.29 e+01 33.65 1.80 e+02 30.23 5.73 e+02 3.93 e+02
2.750 2.13 e+02 29.84 9.61 e+02 26.81 2.68 e+03 1.72 e+03
3.500 1.93 e+01 25.70 7.08 e+01 23.10 1.71 e+02 1.01 e+02
5.000 8.54 e+00 20.38 2.39 e+01 18.31 4.82 e+01 2.43 e+01
7.000 9.48 e-01 18.05 2.36 e+00 16.10 4.37 e+00 2.01 e+00
9.500 8.55 e-02 18.19 2.14 e-01 15.93 3.94 e-01 1.80 e-01

The γ-flux incident on the iron surface in point D is the one responsible
for the secondary electron production. As it has been discussed in the second
chapter, the produced electron energy depends on the type of interaction and
follows certain distributions which has been previously shown. Figure 4.9
shows the ratio between the maximum possible Ee and Eγ , as a function of
the radiation energy, for the three types of interaction.

The photoelectric effect leads to electrons which have roughly the same
energy of the incident radiation. The maximum Ee for the Compton scat-
tering is given by the Compton edge (Equation (2.18)). Concerning the pair
production, the energy distribution presents a sharp edge at values next to
Ekin; the red line represents the electron energy at which the integrated
pair production cross section is 95% of σpp. At any rate, as it has been al-
ready remarked, computations about the pair production phenomenon are
not very accurate and have to be meant as an estimation.

Focusing only on the Compton scattering, it can be noticed that for the
selected Eγ points the electron energy is reduced of a certain factor which
goes approximately from 0.70 up to 0.95. This means that all energy points
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Figure 4.9: Ratio of the secondary electron energy to the incident radiation
energy, as function of Eγ , for different kinds of interaction.

in Table 4.7 should be scaled down, but for simplicity the simulations have
been performed neglecting this rescaling need. It represents at any rate a
reasonable choice, since higher energies cause more damages.

In conclusion, the energy points in Table 4.7 have been assumed as input
electron energy for the following simulations. The first point Eγ = 0.575
MeV has been excluded since it is below the displacement threshold, hence
no damage would have resulted from the simulation. In Chapter 5 the
obtained displacement rates will be converted into dpa rates and compared
with the literature results.

4.4 Performed simulations

After having analyzed the gamma spectrum and chosen a few relevant sec-
ondary electron energies, a set of 9 simulations (referred to as Series #5) has
been run, one per each selected energy point. Before that, further deepen-
ing about the acceleration method has been necessary to find the best K for
each energy level; moreover, the detector grid has been gradually refined in
order to get better descriptions of the displacement distribution. All these
steps are shown in the following paragraphs.
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4.4.1 Choice of a suitable detector grid

A few test simulations have been performed in order to find a proper detector
grid for the displacement distribution curve. The choice of a suitable grid
is a key factor for the quality of the simulation. In fact, it affects two main
features: the “resolution” of the spacial distribution and the computational
time needed to get a sufficient accuracy in each detector. The detector
distribution and the detector amount are the two parameters that have to
be fixed before performing the main simulations.

One has always to keep in mind that the convergence of the Monte Carlo
method is faster when the “detected events” are more frequent. Therefore,
if one choses an excessive number of detectors, it will take a very long time
to get low PRSD values, since the detectors will be too small to encounter
a sufficient amount of events. On the other hand, a too limited detector
number is not good to provide a good resolution of the distribution, espe-
cially if very localized differences exist (for instance, local peaks or irregular
behaviours). For this reason a good balance between the right detector den-
sity and amount had to be found. This was the aim of the fifth series of
simulations.

The initial implementation had been made by use of a uniform grid, but
an analysis of the literature ([11], [6]) showed that the displacement distri-
bution in irradiated slabs presents a peak at a depth immediately beyond
the irradiated surface, as it will be shown in Section 4.4.3. The first series
of simulation showed that it is very difficult to detect and precisely describe
this peak by means of a uniform grid, since a very high amount of detec-
tors would be needed and the simulation would become too slow. It would
also not be a clever choice, since a good resolution is required only at the
beginning of the sample.

The detector distribution can be generally described by the following
distribution of the grid yardsticks xi = f(i), where i ∈ [0, Ndet] is the index
denoting the order of the yardsticks. After a first screening, it has been
decided to use a stepwise distribution. The slab depth is divided in two
areas, each of them is characterized by two uniform distributions with two
different densities: in the area closer to the irradiated surface the detector
are thicker, while they are sparser in the distant part. It has been chosen
to concentrate half of the detectors in the first area, which goes from the
irradiated surface to 1/8 of the reference depth xR

1. Mathematically, this

1There is hence a sharp edge at depth xS , where the detector density changes. xS will

be referred to as “step depth”.
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distribution can be expressed as follows:

xi =

{
K1 i i = 1, · · · , Ndet2

K2 i+K3 i = Ndet
2 + 1, · · · , Ndet

, (4.3)

where the parameters K1, K2 and K3 are determined through the following
conditions:

xi

(
Ndet

2

)
= xS (A) (4.4)

xi(Ndet) = xR (B) . (4.5)

Condition (A) applies to both parts of the distribution to ensure continuity.
By imposing those conditions, the following coefficients have been obtained:
K1 = xR/4Ndet , K2 = 7xR/4Ndet and K3 = 3xR/4Ndet.

With regard to the cited reference depth xR, the requirement was to
cover the whole electron range (the grid has to be suitable to provide also
a good collision and absorption distribution). After analysis of the electron
ranges shown in Tables 4.5 and 4.6, in comparison with the Katz-Penfold
prediction it has been chosen to adopt xR = 1.4RKP , which roughly works
in all cases. For the sake of completeness, a fake detector is then added
to reach the end of the slab (the thickness can be freely set as an input
parameter). It can be noticed that this configuration works even if the slab
is shorter than the predicted range: in this case the program will set more
fake detectors, which will not be used during the simulation.

Table 4.8: Reference setting for the detector grid testing (Series#5).

Parameter Symbol Value
Material mat Fe

Slab thickness t 1 mm
Beam energy Ee 1 MeV
Cutoff energy Tcut 0.1 eV

Minimum energy Emin 50 keV
Number of angle points Nθ 1000

Number of energy points NE 100
Number of detectors Ndet variable

Number of RW NRW variable
Acceleration factor K 100

The ultimate choice has been to introduce 30 detectors, distributed ac-
cording to formula (4.3). This represents a good compromise between the
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two necessities of having a relatively fast simulation with a good distribution
resolution.

Several simulations have been necessary in order to perform the first
screening among different kinds of grids and subsequently settle the detector
amount. Series #5 contains only the most meaningful ones: the first one
(#28) had a 20-detectors uniform grid, the second one (#29) a stepwise grid
with the same Ndet and NRW , whereas in the last two (#30 and #31) the
stepwise grid was improved by increasing Ndet and NRW and reducing the
“step depth” xS from xR/2 to xR/8.

Table 4.8 shows the reference setting chosen for this series of simulations,
while in Table 4.9 the specific parameters of each simulation are listed, as
well as the total simulation duration to appreciate the needed computational
time.

Table 4.9: Specific simulation settings for the detector grid testing (Se-
ries#5).

Sim. Grid type xR xS Ndet NRW Total duration
#28 uniform - - 20 10000 1h 03min
#29 stepwise 1.4RKP xR/2 20 10000 1h 18min
#30 stepwise 1.4RKP xR/2 30 20000 2h 08min
#31 stepwise 1.4RKP xR/2 30 40000 4h 28min

The total number of random walks have been progressively increased in
order to get lower PRSD values in each detector and thus check if the distri-
bution curve was becoming smoother, as well as to estimate the necessary
computational time to obtain an acceptable accuracy.

Figure 4.10 and 4.11 show respectively the displacement distributions
provided by each simulation and the related PRSD.

The difference between the different grids is easily appreciable. In the
case of the uniform grid the peak is hardly visible because the first detector is
too large. The introduction of the stepwise grid has improved the graph, but
an increasing of the detector number has been needed. Among all attempts,
the solution adopted in Sim.#31 appeared to be the most suitable one.

Focusing on the last two simulations, which differ just for the number of
random walks, it is possible to appreciate the effect of the PRSD decreasing.
In fact, in the last simulation with double number of RW the curve got
smoother, even if the shape is still irregular. Therefore, more RW are needed
but the path to follow is the right one. In the PRSD plot, the decreasing
of the PRSD is clearly visible. The sudden drop in the red curves occurs
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Figure 4.10: Displacement distribution comparison, as function of the slab
depth (Series #5).

Figure 4.11: PRSD related to the displacement distribution in each detector,
as function of the slab depth (Series #5).
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where the detector density changes2.
In conclusion, the choice of a 30-detector stepwise grid, with half of

the detectors concentrated in the first 1/8 of the interesting depth of the
sample, is considered as an acceptable balance between simulation speed
and accuracy. This grid is therefore the one used for the main simulations
that are presented in the following section.

4.4.2 Input parameters

Besides the electron energy, which has been assumed to be equal to the
incident γ-energy to be on the “safe side”, the other parameters are almost
the same of the previous sets of simulations and are shown in Table 4.10.
The slab thickness obviously depends on the beam energy; the number of
RW is variable since a condition on the PRSD is preferred. This condition
is different for every test since the computational time varies a lot with the
electron energy: it is very short for the low energies and on the contrary
very long for the more energetic beams. The beneficial effect due to the
higher number of occurring displacements can only in part compensate for
the lengthening of the computational time.

Table 4.10: Parameters for the main simulations (Series#6).

Parameter Symbol Value
Material mat Fe

Slab thickness t variable
Beam energy Ee variable
Cutoff energy Tcut 0.1 eV

Minimum energy Emin 50 keV
Number of angle points Nθ 1000

Number of energy points NE 100
Number of detectors Ndet 30

Number of RW NRW variable
Acceleration factor K variable

An important issue is represented by the acceleration factor K. It
emerged from the first test runs that at low energies displacements are very
rare, making the acceleration methods indispensable. On the other hand,
the calibration of the acceleration factor has been difficult since, as it has
been discussed in Section 4.1, the method is more and more effective as K

2In larger detectors the event frequency is higher, hence it is easier to reach low PRSD

valus.
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increases up to a certain point, after which the efficiency drops dramatically
and the results are impaired. Furthermore, this efficiency maximum is func-
tion of the beam energy. Some test runs have been performed in order to
find the proper acceleration factor for each simulation. The chosen values
are shown afterwards in Table 4.11.

4.4.3 Results

The results of the simulation are presented in this section. They are firstly
summarized in Table 4.11, which contains for each test the chosen accel-
eration factor K, the electron energy Ee, the total displacement rate D,
the maximum of the displacement distribution dmax and the midpoint of
the detector in which this maximum has been encountered (xD,max). All
displacement-related results are expressed in terms of displacements per elec-
tron (per unit length in the case of the spacial distribution); the conversion
into the more usual dpa will be performed in the last chapter.

Table 4.11: Results of main simulations (Series#6).

Sim. K Ee D (PRSD) dmax (PRSD) xD,max
[MeV] [disp/el] [disp/el/mm] [µm]

#32 50 0.85 5.17 e-03 (0.49%) 5.63 e-02 (2.27%) 7.4
#33 50 1.25 4.23 e-02 (0.34%) 1.68 e-01 (2.30%) 76.5
#34 10 1.75 1.30 e-01 (0.33%) 2.93 e-01 (2.92%) 150
#35 10 2.25 2.54 e-01 (0.46%) 4.05 e-01 (3.82%) 200
#36 5 2.75 4.00 e-01 (0.46%) 4.98 e-01 (4.31%) 210
#37 5 3.50 6.63 e-01 (0.55%) 5.97 e-01 (4.73%) 376
#38 3 5.00 1.28 e+00 (0.67%) 7.54 e-01 (6.70%) 509
#39 3 7.00 2.26 e+00 (1.01%) 9.50 e-01 (9.47%) 667
#40 2 9.50 3.53 e+00 (0.55%) 9.45 e-01 (6.59%) 475

The behaviour of the total displacement rate is also depicted in Figure
4.12. It can be appreciated that the damage rate is considerably increasing
of two order of magnitudes, as the γ-energy increases. Therefore, even if the
high-energy γ-flux is lower than the low-energy contribution, the difference
may be partly compensated by the damage rate. This can be explained
easily with the Kinchin-Pease formula, according to which the number of
displacements increases linearly above a certain threshold. In Chapter 5
those results will be compared with the EGS4 code.

In the following figures the displacement distributions are shown. For
clarity reasons, the simulations have been grouped three by three and every
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group plot is followed by the corresponding PRSD distribution. It is useful
to remark that for every simulation the PRSD increases rapidly for the fur-
thest detector, because of the increasing rarity of displacements. The curve
roughness for the last bunch of simulations is due to a higher imprecision
(due in turn to the excessive needed computational time).

Figure 4.12: Total displacement rate, as function of the electron energy
(Series #6). The error bars (in red) are hardly visible because the related
PRSD is very low.

All curves present approximately the same behaviour, on different scales
motivated by the increasing beam energy. All of them have a peak right after
the irradiated surface, which progressively moves toward the inner part of
the sample (besides simulation #40, which would probably need more RW in
order to get a higher accuracy). This fact is due to the stronger penetration
power that more energetic beams own with respect to less energetic ones.

4.5 Parametric study of the cutoff value

As a last validation procedure of the code, a parametric study about the
cutoff energy Tcut has been performed, in order to understand if its choice
has any influences on the results.

As it has been explained in Section 3.3, it is necessary to have a cutoff
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Figure 4.13: Displacement distribution, as function of the slab depth (Series
#6, Simulations #32,#33,#34).

Figure 4.14: PRSD related to the displacement distribution, as function of
the slab depth (Series #6, Simulations #32,#33,#34).
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Figure 4.15: Displacement distribution, as function of the slab depth (Series
#6, Simulations #35,#36,#37).

Figure 4.16: PRSD related to the displacement distribution, as function of
the slab depth (Series #6, Simulations #35,#36,#37).
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Figure 4.17: Displacement distribution, as function of the slab depth (Series
#6, Simulations #38,#39,#40).

Figure 4.18: PRSD related to the displacement distribution, as function of
the slab depth (Series #6, Simulations #38,#39,#40).
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value to build a PDF from the differential cross section that is function
of the scattering angle θ, since that function has a singularity in 0. In
few words the cutoff energy is the lower integration extreme in the total
scattering cross section computation and it corresponds physically to the
most glancing Coulomb interaction that is considered as a collision in the
program.

This parameter is strictly connected with the collision modelling and
with the particle free path. If the cutoff value is very small, collisions will
be very frequent since even a glancing interaction will be treated as collision:
hence the free path of the particle will be very short. On the other hand, it is
not connected at all with the continuous energy loss phenomenon. The para-
metric study is needed in order to understand if the random θ-generation,
which is mainly responsible for the displacement triggering, is strongly af-
fected by this parameter, which can possibly impair the displacement rate
and distribution.

Before showing the simulation results, it is possible to show in a few
steps that the cutoff energy is not expected to have a big influence on the
displacement computation. Let PD be the probability of having a displace-
ment, obtainable from the scattering angle PDF (3.13): it is in fact equal to
the normalized integral of the function, in the interval of angles which cause
displacements:

PD =
I(θD)
σs

=

∫ π
θD

dσs
dθ
dθ∫ π

θcut
dσs
dθ
dθ

, (4.6)

where θD is the angle which corresponds exactly to T = ED through Equa-
tion (2.40). The “unit” of PD is displacement per collision. Therefore, if the
particle mean free path 1/Σs is divided by this displacement probability, it
is possible to find the mean free path that the electron covers before causing
a displacement, which can be considered as a marker of the cutoff choice
influence on the final result:

1
ΣD

=
1
PD
· 1

ΣS
=

σs
I(θD)

· 1
Nσs

=
1

I(θD)N
. (4.7)

This short computation shows that the displacement mean free path is con-
stant as the cutoff value varies, since it depends on the atomic density N

and the integral of the PDF from θD, which are indipendent from the cutoff
value.

This rough demonstration has however to be confirmed by simulations.
The settings chosen for the parametric study are the same used in Sim.#33,
for the sake of comparison. The energy Ee = 1.25 MeV has been selected
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because it is possible to get good precision with a short computational time.
The parameters are shown in details in Table 4.12.

Table 4.12: Parameters for the cutoff value parametric study (Series#7).

Parameter Symbol Value
Material mat Fe

Slab thickness t 2 mm
Beam energy Ee 1.25 MeV
Cutoff energy Tcut variable

Minimum energy Emin 50 keV
Number of angle points Nθ 1000

Number of energy points NE 100
Number of detectors Ndet 30

Number of RW NRW variable
Acceleration factor K 50

Table 4.13 shows the results of this series of simulations (#7), in which
the cutoff energy has been varied from Tcut = 1 eV to Tcut = 0.01 eV.
The comparison is done by means of the total displacement rate D and the
maximum local displacement rate d(x). The provided gap is the relative
difference from the reference simulation, at Tcut = 0.1 eV.

Table 4.13: Results of the cutoff value parametric study (Series#7).

Sim. RW Tcut D [disp/el] dmax [disp/el/mm]
time result PRSD [%] gap [%] result PRSD [%] gap [%]

#41 0.052 s 1 4.29 e-02 (0.31%) +1.66% 1.53 e-01 (1.28%) −8.93%
#42 0.062 s 0.5 4.27 e-02 (0.25%) +1.18% 1.57 e-01 (1.28%) −6.55%
#43 0.282 s 0.1 4.22 e-02 (0.34%) - 1.68 e-01 (1.54%) -
#44 0.881 s 0.05 4.24 e-02 (0.47%) +0.47% 1.71 e-01 (1.54%) +1.79%
#45 2.751 s 0.01 4.18 e-02 (0.55%) −0.95% 1.81 e-01 (1.50%) +7.74%

First of all, it can be noticed that the computational time is strongly
affected by the cutoff choice. In fact, if slightly glancing collisions are taken
into account, the mean number of collision per RW is much higher, which
make the RW duration increase. Obviously a low cutoff value would lead
to more accurate results, but the computational time would get too long.
Tcut = 0.1 is reckoned to be the best balance between accuracy and speed.
The collision growth can be visibly observed in Figure 4.19, which repre-
sents the collision distribution along the detectors (normalized on the total
number of collision). It is clear that collisions are more spread inside the
slab with higher cutoff, since the mean free path of the particle is longer,
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while with lower values the distribution is “shrunk” toward the irradiated
surface.

Figure 4.19: Normalized collision distribution, as function of the slab depth
(Series #7).

The results in Table 4.13 show that this parameter does not have ap-
parently any effect on the displacement rate D, as it was expected. The
accuracy of the provided value is quite good and the gap with the reference
value is really low. Therefore, concerning the total displacement rate one
can safely state that any cutoff value (that is reasonably lower than the
displacement energy) can be chosen.

However, a sort of trend has been discovered in comparing the displace-
ment distributions, which are shown in Figure 4.20 (with related PRSD in
Figure 4.21). After having established that the integral of these curves,
represented by the total rate D, is constant, it seems that displacements
are more concentrated in the first part of the sample, where the collision
density is higher. The statistic of the scattering angle generation is slightly
affected since the displacement probability depends on the cutoff value (it
gets smaller as the cutoff increases), but it is not clear whether this is di-
rectly related to the distribution shrinking or not. Further studies focused
on the local displacement rates would be useful to explain this effect.

At any rate, the gaps among the maximum local displacement rates
are narrow, in such a way that the results are not compromised by this
unexpected behaviour.
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Figure 4.20: Displacement distribution, as function of the slab depth (Series
#7).

Figure 4.21: PRSD related to the displacement distribution, as function of
the slab depth (Series #7).



Chapter 5

Comments and conclusions

5.1 Result analysis

Although the main goal of the project was to provide a simulation tool
that could reproduce experimental settings, it is meaningful to compare the
results shown in the previous chapter with Guinan’s and Brissoneau’s works,
which dealt with the same matter in similar ways, in order to check whether
the obtained results are reliable or not. As it has been already remarked, the
comparison is based on the γ-radiation computations previously performed.
Those calculations have to be taken as rough estimations, without aiming
to any level of of preciseness.

First of all, it is possible to compare the shape of the curves shown in
Section 4.4.3 with the ones computed by means of the EGS4 code, combined
with the UCDPA user code. As a preliminary remark it is necessary to high-
light that no comparison concerning the numerical results is possible, since
in [11] it is not explained how the conversion into dpa has been performed.
The results are given in 10−24 dpa per incident photon. At any rate, the
curve shapes represent a good comparison term since the structure of the
EGS4 code seems to be very close to the ElectronDamage code.

Figure 5.1 shows the total displacement rate (analogous to D) as function
of the photon energy, for some energy points. The shape of the curve matches
very closely the one computed with the ElectronDamage code and shown in
Figure 4.12.

In Figure 5.2 it is instead shown the displacement rate as a function of
depth, at three energy levels (2, 2.5 and 10 MeV). In the case of Eγ = 10
MeV there are two curves: the lower one refers to the production of PKA
(without applying the Kinchin-Pease formula), while the upper one counts
also the secondary displacements.
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Figure 5.1: Behaviour of the total displacement rate in iron slab as function
of the photon energy, according to [11].

Comparing this plot with Figure 4.13 and the following ones, it is possible
to affirm that the behaviour is the same, with a maximum located just
below the irradiated surface (this maximum is hardly visible because of the
logarithmic scale of Figure 5.2). It is also possible to remark that in all
cases the displacement depth scales match almost perfectly. In conclusion,
the comparison with [11] shows that the codes are very similar; this represent
a first confirmation of the result reliability.

In order to perform the comparison with [6] and [5] it is firstly necessary
to find a reasonable way to convert the outcome units (displacements per
electron) into the more commonly used dpa/years.

The total displacement rate D has to be divided by the number of atoms
included in the volume VD that is involved into displacement events. This
number is given by NVD. In order to introduce a sort of integration in the
second and third dimensions, which are neglected in the code, it is necessary
to introduce the electron flux Ie, which is given per unit cross sectional area.
If one denotes with Ae the cross section of the electron beam and with V ,
it is possible to compute the displacement rate in dpa/years:

Ddpa = D · Ie ·
Ae
NVD

· S , (5.1)

where S = 3.16 · 107 s/y is the number of seconds per year. The main
issue lies in the definition of the “displacement volume” VD, which is quite
arbitrary. It is assumed in the next computations that this volume is given
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Figure 5.2: Depth distribution in iron slab, according to [11]. Fluctuations
are due to high uncertainties in the Monte Carlo simulation.

by the area of the beam multiplied by the mean depth xD of the displacement
distribution d(xi), computed as follows:

xD =
∑

i xi · d(xi) ·∆xi
D

, (5.2)

where xi are the midpoints and ∆xi the widths of each interval. The sum
is performed along all detectors, thus for i ∈ [1, Ndet]. By substituting
VD = Ae · xD the final expression for the dpa rate is given by:

Ddpa =
D · Ie · S
xD ·N

[
dpa
year

]
. (5.3)

With regard to the conversion of the displacement rate in each detector,
it is possible to repeat the same line of arguments, performing a sort of local
integration within each detector (simply multiplying the displacement rate
by the length of the interval). In this case, the displacement length will be
replaced by the detector width ∆xi.

ddpa(xi) =
[d(xi) ·∆xi] · Ie · S

∆xi ·N
=
d(xi) · Ie · S

N

[
dpa
year

]
. (5.4)

According to those definitions, the total dpa rate Ddpa corresponds to the
mean value of the distribution ddpa(xi).

After having defined a conversion procedure, it is possible to process
the simulation outcomes shown in Table 4.11 and find the total dpa rate by
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summing up the contributions of each energy level. The results are presented
in Table 5.1.

Table 5.1: Conversion of results from displacement per electron into
dpa/year (Series#6).

Ee Ie xD D Ddpa dmax ddpa,max
[MeV] [el/cm2s] [mm] [disp/el] [dpa/year] [disp/el/mm] [dpa/year]
0.85 7.70 e-07 0.058 5.17 e-03 2.5 e-08 5.63 e-02 1.6 e-11
1.25 9.97 e-07 0.152 4.23 e-02 1.0 e-07 1.68 e-01 6.2 e-11
1.75 3.44 e-06 0.271 1.31 e-01 6.2 e-09 2.93 e-01 3.7 e-12
2.25 3.93 e-02 0.394 2.54 e-01 9.4 e-13 4.05 e-01 5.9 e-16
2.75 1.72 e+03 0.509 4.00 e-01 5.0 e-12 4.98 e-01 3.2 e-15
3.50 1.01 e+02 0.696 6.63 e-01 3.6 e-13 5.97 e-01 2.2 e-16
5.00 2.43 e+01 1.068 1.28 e+00 1.1 e-13 7.54 e-01 6.8 e-17
7.00 2.01 e+00 1.584 2.26 e+00 1.1 e-14 9.50 e-01 7.1 e-18
9.50 1.80 e-01 2.169 3.53 e+00 1.1 e-15 9.45 e-01 6.3 e-19

TOTAL DPA RATE [dpa/year] 1.3 e-07

First of all, it is possible to notice that in spite of the higher damage rates
the high-energy fluxes cause a very negligible fraction of the total damage.
It can be stated that all displacements are induced by γ-rays with an energy
lower than 2 MeV (and obviously higher than Eγ,D). This represents a
good hint for possible electron beam experiments that may be settled in the
future.

Guinan’s computation on the same fuel sample led to a total displace-
ment rate in iron (only from gamma irradiation) of 4.0 · 10−9 dpa/year, but
this value has been computed by considering the minimum displacement
energy ED,min instead of the nominal value, which is used in the Electron-
Damage code (see Table 2.4). With the nominal ED Guinan’s result would
be 2.0 · 10−9. With regard to Brissonneau’s work, it is reported that the
gamma-induced damage rate after 30 years of storage is 1.5 · 10−9 dpa/year
or 2.8 ·10−9 dpa/year depending on the type of fuel. In both cases, the value
computed in this project seems to be out of range.

The reasons can be easily found in the simplifications made during the
electron flux computation.

1. It has been assumed Ee,max = Eγ , even if in Figure 4.9 it was shown
that the maximum energy of the electron spectrum from Compton
scattering is function of Eγ . The fraction Ee,max/Eγ is given by the
parameter smax. This assumption brings to an overestimation of the
damage.
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2. The second simplification consisted of considering all electrons at the
same maximum energy, while it had been shown in Fiugre 2.5 that a
certain energy distribution exists and smax refers only to the fraction
of electrons with the maximum kinetic energy. Therefore, only a small
fraction of the total electron flux Ie is responsible for the computed
damage, which would be much lower.

3. Finally, it has to be kept in mind that according to the simulation
settings the electron flux Ie is hitting the iron slab at depth x =
0, while in reality electrons are produced everywhere along the slab
depth, therefore a fraction of them are lost or produce displacements
in the copper wall. Even this third consideration would bring to a
lower damage rate.

In order to perform a final check, the simulations which give a consider-
able contribute to Ddpa (hence the first three ones) have been repeated, this
time computing the Compton edge smax from Equation (2.18) and setting
the electron energy as Ee,max = Eγ · smax. Moreover, the electron flux has
been reduced in consideration of the Compton electron energy distribution
(Equation (2.19)): it has been arbitrarily assumed to take into account the
fraction of Ie with energy included in [0.9 · Ee,max, Ee,max], and to assign
them all the same energy Ee,max.

The results are shown in Table 5.2. The column Ie,max/Ie indicates
the fraction of the electron flux characterized by the energy Ee,max. The
simulations have been run without aiming to a very low PRSD, since the
goal is just to evaluate a more feasible dpa rate.

Table 5.2: Estimation of the real dpa production rate in the chosen BWR
fuel sample.

Eγ smax Ee,max D (PRSD) Ie,max/Ie Ie,max D

[MeV] [%] [MeV] [disp/el] [%] el/cm2s] [dpa/y]
0.85 76.9 0.65 5.93 e-05 (4.04%) 1.30% 1.00 e+06 3.04 e-11
1.25 83.0 1.04 1.82 e-02 (1.99%) 1.28% 1.28 e+06 8.70 e-10
1.75 87.3 1.53 8.87 e-02 (3.81%) 1.36% 4.68 e+04 7.02 e-11

TOTAL DPA RATE [dpa/year] 9.7 e-10

The contribution of the 0.85 MeV-flux is made almost negligible by the
very low damage production rate (the maximum electron energy is very close
to the threshold). However, in this case the result is much closer to the one
given in the analyzed literature: there is approximately a factor of 1/2 with
respect to both Guinan’s and Brissonneau’s indications. The comparison is
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summarized in Table 5.3. The difference can be explained by the lack of
precise computations on the γ-irradiation side, as well as the uncertainties
which will be discussed in the following section.

Table 5.3: Comparison between the dpa production rate estimated by sim-
ulations and the reference values.

Reference D [dpa/y]
ElectronDamage ≈ 1 · 10−9

Guinan [6] 2.0 · 10−9

Brissonneau [5] 1.5 · 10−9

(or 2.8 · 10−9 )

In conclusion, it is possible to state that since the code has provided
results comparable with other computations that have been performed with
completely different approaches and methods, it may represent a reliable
tool to use in conjunction with electron beam experiments.

5.2 Uncertainty summary

Before drawing any conclusion it is worth to summarize and comment the
main possible sources of uncertainty or inaccuracy that characterize most
parts of the model. The dpa rate computation performed in the previous
section has shown that the results differ from the literature by a factor of
1/2, even if the initial input data were basically the same. For such a reason,
a discussion about the inaccuracy is necessary.

Generally speaking, uncertainties can be related either to the physical
model or to the numerical implementation. With regards to the physical
model, the following issues can be highlighted.

1. The stopping power formulae shown in Section 2.3.1 work properly
only at high energies. Since the inelastic collision contribution can not
be described by the Bethe-Bloch formula (2.29) at low energies, Emin
needed to be set on 50 keV. Moreover, the Bremsstrahlung contribu-
tion is totally missing for energies lower than 10 MeV. The effects
of such uncertainties have been already shown in Section 4.2.1, by
comparing the obtained SP values with Pages’ database [20]: the un-
certainty was estimated between 3% and 4%, for the energy interval
that is of interest (Ee ∈ [1, 10] MeV). This estimation does not apply
to the lower energy range, but it is assumed that the chosen Emin
threshold is suitable to prevent too relevant errors.
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2. As a displacement threshold it has been chosen the nominal value
ED that is normally used as reference value. Actually, as already
explained, this property is not isotropic and for certain directions the
minimum displacement energy is much lower than ED,min (see Table
2.4).

3. The model used for the secondary displacement computation and shown
in Section 2.4.4 is the simplest one and can be greatly improved, by
adducing a few corrections to the Kinchin-Pease formula.

More relevant are the errors that can be traced back to numerical simpli-
fications performed during the implementation. The main ones are discussed
in the list below.

1. Monte Carlo methods are statistical methods which provide a good
evaluation of the result uncertainty through the PRSD calculation.
As it has been discussed in Section 3.1, the PRSD expresses the width
of the confidence interval of the expactation value, in which the sample
average has a certain probability to be included. This means that every
repetition of a simulation may lead to different results, whose accuracy
is strictly connected to the number of performed random walks.

2. The choice of a cutoff value in the differential scattering cross sec-
tion, which was necessary to build a mathematical formulation of the
PDF f(θ), introduced an arbitrary parameter in the definition of the
displacement probability PD (Equation (4.6)). This cutoff energy (or
angle) has to be as low as possible in order for PD to be closer to real-
ity. At any rate the parametric study of Section 4.5 showed that there
are no effects on the total displacement rate, even if slight modifica-
tions in the distribution occur. Furthermore, the mean displacement
free path was found to be indipendent from the cutoff choice.

3. The results of the backscattering checkout (Section 4.2.3) showed that
the code is no longer reliable when the starting beam energy is too low.
This is due to the fact that as Ee is too close to Emin few collisions
occur in every random walk and the collected statistical information
are insufficient for having reliable results.

4. In the free path modelling (Section 3.3) the total scattering cross sec-
tion has been assumed to be constant, whereas it is actually function
of the electron energy, hence of the covered path as well (because the
electron energy is decreasing continuously along the track).
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5. The stopping power is also considered as constant along the free path,
while it should change continuously. The energy drop at every free
path is therefore affected by an error, which depends on the slope of
the SP function shown in Figure 3.3. Moreover, the SP values are
linearly interpolated from a table, which means that the SP function
has been discretized and linearized in each interval.

6. The cumulative function F (θ) in the collision modelling is discretized
and linearly interpolated when the ITSM is applied. Since it is not
possible to invert the PDF f(θ) (Equation (3.13)) analytically, the
discretization is indispensable.

The previous two lists provide a broad overview of the main inaccuracies
lying around the model. With regards to the linear interpolations, errors can
be easily slashed by introducing a high amount of points in the discretization,
which can be done without affecting the computational time to a great
extent. Concerning the simplifications introduced in the free path modelling,
it has been already explained that errors can be limited by assuming low
cutoff values.

Finally, it is worth to remind that the dpa computation is affected by
many simplifications. Inaccuracies come from the discretization of the γ-
spectrum, the assumption of only Compton scattering and the neglecting
of the recoil electron distribution, as it has been explained in Section 5.1.
The computation of the mean displacement depth xD is also affected by a
double source of uncertainty: the discretization of the depth domain, which
transforms the integral into a sum of each detector contribution, and the
PRSD related to each value of d(xi). However, the aim was the evaluation
of the order of magnitude of the dpa rate in comparison to the literature
values, hence no further analysis has been performed.

5.3 Conclusions

The ElectronDamage code was developed in Matlab language to perform
Monte Carlo simulations about the damage induced by electron beams in
one-dimensional metallic slabs. The main goal of this project was to pro-
vide a simulation tool to be used in conjunction with electron irradiation
experiments that are being planned to study the performance of long-term
nuclear waste containers under the γ-irradiation produced by the spent fuel
decay. The main outcomes of the code are the displacement rate and its
distribution as function of the slab depth.
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The code has been first tested by computing the stopping power, the
electron range and the backscattering coefficient as functions of the electron
energy. These quantities were then compared to theoretical predictions and
other codes’ results or experimental values. All tests gave in general satisfac-
tory results, which proved that the numerical representation of the physical
model is reliable. Furthermore, these tests highlighted the inadequacy of the
code in simulating low-energy beams, since a minimum energy of 50 keV had
to be chosen in order to remain within the validity range of the Bethe-Bloch
stopping power formula. The SP comparison with Pages’ database [20] also
led to the decision of neglecting the Bremsstrahlung contribution for energies
lower than 10 MeV.

Some numerical features of the code had to be fixed by performing fur-
ther test simulations. In particular, a variance reduction method had to be
implemented since displacements are relatively rare events in the most in-
teresting energy range (from 1 to 2 MeV) for the irradiation experiments. A
suitable acceleration factor K needed to be chosen; by increasing this factor
it was shown that a maximum efficiency was reached for a certain value of
K, and this value decreased as the electron energy grew up. Therefore, the
acceleration method had to be calibrated for each energy value.

Some tests were also performed in order to design a proper detector
distribution along the slab depth. It was discovered that a uniform grid
is not suitable since too many detectors would be required in order to get
an acceptable definition, thus the convergence of the method would be too
slow. For this reason, a stepwise grid was introduced, with a thicker density
of detectors close to the irradiated surface.

After the test runs, a series of 9 simulations were performed, by choosing
as electron energies the γ-energy points selected by Guinan in [6], since at
those values the γ-flux was known. The results showed that at any energy
the displacement distribution is characterized by a peak located close to
the irradiated surface; this peak obviously moves inward as the electron
energy increases. The distribution curve “quality” concerning the high-
energy simulations is not very good since the related PRSD are too high
(more computational time would have been needed in order to smooth those
curves).

The shape of the displacement distribution and the total displacement
rate behaviour with respect to Ee were compared with [11], whose authors
took advantage of the EGS4 code. The shapes of those curves match per-
fectly, providing the best confirmation of the good quality of the Electron-
Damage results. Furthermore, the displacement results were converted into
dpa/year, and the resulting total rate was compared to Guinan and Bris-
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sonneau’s works. The ElectronDamage results are sufficiently close to the
literature values. The slight difference that was found is mainly due to the
inaccuracy of the γ-irradiation computations which were performed in this
project; a general summary of the “uncertainty sources” has been provided
in Section 5.2.

Finally, a parametric study on the cutoff energy Tcut was carried out in
order to find out any possible effects of this parameter on the final results.
Lower cutoff values ensure shorter particle mean free paths and more precise
results, but also make the computational time increase excessively. The
analysis showed that there is no effect on the total displacement rate, while
the depth distribution is slightly affected. In particular, the distribution
seems to “shrink” toward the irradiated surface, and a slight increase of the
peak maximum was detected. The analysis showed that the differences are
quite small.

The project involved the first step of development of the code, which may
be integrated with different kinds of modifications to make it more complete
or to dig more into the physical model. In particular, the next development
steps of the code may involve:

- a generalization of the electron source, with the introduction of an
energy distribution, and an extension of the geometry limitation. A
beam spacial distribution along the y-axis would be also useful if the
code is extended to the second dimension: this step would make it
possible to evaluate how spread displacements are in the vertical di-
rection, and may be performed without considerable interventions on
the code. More work would be needed for a possible full extension
to the 3D geometry: this would require the introduction of the solid
angle in the scattering angle PDF and of the cosine directors in the
computation of the particle position;

- the extension to composite materials, which would involve the use of
corrections to the stopping power computation and the total scattering
cross section;

- the integration with more careful photon computations, in order to
determine more precisely the position and the energy of the electron
produced by a gamma interaction, if the code is applied more specifi-
cally to the irradiation of canisters;

It would be also important to introduce a few modifications in the elec-
tron trajectory modelling, in order to study the effect of specific phenomena
on the final results. Possible suggestions are:
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- the remotion of the isotropy assumption in the displacement threshold
ED, by introducing its dependence on the scattering angle and check-
ing if this more realistic model leads to higher displacement rates;

- the implementation of the stopping power straggling that was pre-
sented in Section 2.3.1, in order to understand what consequences it
involves and in particular if it could lead to important effects on the
local displacement distribution;

- the substitution of the simple Kinchin-Pease model with more compli-
cated models for the computation of the displacement cascade, evalu-
ating at which extent the displacement rate is affected.
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