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Abstract

The purpose of this thesis is to study tautological rings of moduli spaces
of curves. The moduli spaces of curves play an important role in algebraic
geometry. The study of algebraic cycles on these spaces was started by Mum-
ford. He introduced the notion of tautological classes on moduli spaces of
curves. Faber and Pandharipande have proposed several deep conjectures
about the structure of the tautological algebras. According to the Gorenstein
conjectures these algebras satisfy a form of Poincaré duality.

The thesis contains three papers. In paper I we compute the tautological
ring of the moduli space of stable n-pointed curves of genus one of compact
type. We prove that it is a Gorenstein algebra.

In paper II we consider the classical case of genus zero and its Chow ring.
This ring was originally studied by Keel. He gives an inductive algorithm to
compute the Chow ring of the space. Our new construction of the moduli
space leads to a simpler presentation of the intersection ring and an explicit
form of Keel’s inductive result.

In paper III we study the tautological ring of the moduli space of stable
n-pointed curves of genus two with rational tails. The Gorenstein conjecture
is proved in this case as well.
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Chapter 1

Introduction

In this introduction we are going to present a short review of well-known facts and
conjectures about the moduli spaces of curves and their invariants. Our main focus
is on the study of the tautological classes on these moduli spaces and their images
in the homology and cohomology groups of the spaces. Let us first explain the
words we have used in this paragraph.

The moduli space of a certain class of geometric objects parameterizes the iso-
morphism classes of these objects. Moduli spaces occur naturally in classification
problems. There are many examples of moduli spaces in algebraic geometry. Among
them is the moduli spaceMg parameterizing smooth curves of genus g for a natural
number g ≥ 2 and the moduli space Ag of principally polarized abelian varieties
of dimension g. Another important example is the moduli space of vector bundles
with some specified properties on a given algebraic variety.

To develop intersection theory with nice properties it is more convenient to work
with compact spaces. The moduli spaceMg is not a compact space as smooth curves
can degenerate into singular ones. Deligne and Mumford in [17] introduced a com-
pactification of this space by means of stable curves. Stable curves may be singular
but only nodal singularities are allowed. Such a curve is stable when it is reduced,
connected and each smooth rational component meets the other components of the
curve in at least 3 points. This guarantees the finiteness of the group of auto-
morphisms of the curve. The moduli space of stable curves of genus g is denoted
by Mg. It is phrased in [17] that the moduli space Mg is just the “underlying
coarse variety” of a more fundamental object, the moduli stack Mg. We do not
attempt to explain this word and refer the interested reader to the original paper
[17]. Other introductory references are [19] and [40]. We only mention that basic
properties of algebraic varieties (schemes) and morphisms between them generalize
for algebraic stacks in a natural way. It is proven in [17] that Mg is a separated,
proper and smooth algebraic stack of finite type over Spec(Z) and the complement
Mg\Mg is a divisor with normal crossings relative to Spec(Z). They prove that
for an algebraically closed field k the moduli space Mg over k is irreducible.
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2 CHAPTER 1. INTRODUCTION

A bigger class of moduli spaces of curves deals with pointed curves. Let g, n be
integers satisfying 2g−2+n > 0. The moduli spaceMg,n classifies the isomorphism
classes of the objects of the form (C;x1, . . . , xn), where C is a smooth curve of genus
g and the xi’s are n distinct points on the curve. The compactification of this space
by means of stable n-pointed curves is studied by Knudsen in [59]. The notion of
an stable n-pointed curve is defined as above with slight modifications: First of all
we assume that all the markings on the curve are distinct smooth points. For a
nodal curve of arithmetic genus g with n marked points the nodes and markings are
called special points. Such a pointed curve is said to be stable if a smooth rational
component has at least 3 special points. The Deligne-Mumford compactification
Mg,n of Mg,n parameterizes stable n-pointed curves of arithmetic genus g. The
space Mg,n sits inside Mg,n as an open dense subset and the boundary Mg,n\Mg,n

is a divisor with normal crossings.
There are partial compactifications of Mg,n inside Mg,n which we recall: The

moduli space of stable n-pointed curves of compact type, denoted by M ct
g,n, param-

eterizes stable curves whose Jacobian is an abelian variety. The moduli space Mrt
g,n

of stable n-pointed curves with rational tails is the inverse image of Mg under the
natural morphism Mg,n →Mg, when g ≥ 2. The space Mrt

1,n is defined to be M ct
1,n

and Mrt
0,n = M0,n.

1.1 Intersection theory of moduli spaces of curves

It is an important question to determine the whole intersection ring of the moduli
spaces of curves. In general it is a difficult task to compute the Chow ring of a
given variety. On the other hand the moduli spaces of curves are equipped with
natural vector bundles. The theory of Chern classes gives natural algebraic cycles
on these spaces.

Enumerative Geometry of the moduli space of curves

In [75] Mumford started the program of studying the enumerative geometry of the
set of all curves of arbitrary genus g. He suggests to take as a model for this
the enumerative geometry of the Grassmannians. In this case there is a universal
bundle on the variety whose Chern classes generate both the cohomology ring and
the Chow ring of the space. Moreover, there are tautological relations between
these classes which give a complete set of relations for the cohomology and Chow
rings.

The first technical difficulty is to define an intersection product in the Chow
group of Mg. The variety Mg is singular due to curves with automorphisms.
Mumford solves this problem by observing thatMg has the structure of a Q-variety.
A quasi-projective variety X is said to be a Q-variety if in the étale topology it is
locally the quotient of a smooth variety by a finite group. This is equivalent to
saying that there exists an étale covering of the quasi-projective variety X by a
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finite number of varieties each of which is a quotient of a quasi-projective variety
by a faithful action of a finite group. For a Q-variety X it is possible to find a global
covering p : X̃ → X with a group G acting faithfully on X̃ and X = X̃/G. In this
situation there is a covering of X̃ by a finite number of open subsets X̃α and finite
groups Hα such that the collection Xα = X̃α/Hα gives an étale covering of X. The
charts should be compatible in the sense that for all α and β the projections from
the normalization Xαβ of the fibered product Xα ×X Xβ to Xα and Xβ should be
étale.

An important notion related to a Q-variety X is the concept of a Q-sheaf. By
a coherent Q-sheaf F on X we mean a family of coherent sheaves Fα on the local
charts Xα, plus isomorphisms

Fα ⊗OXα OXαβ ∼= Fβ ⊗OXβ OXαβ .

Equivalently, a Q-sheaf is given by a family of coherent sheaves on the local charts,
such that the pull-backs to X̃ glue together to one coherent sheaf F̃ on X̃ on which
G acts. Mumford proves the following fact about Q-sheaves on varieties with a
global Cohen-Macaulay cover:

Proposition 1.1. If X̃ is Cohen-Macaulay, then for any coherent sheaf F on the
Q-variety X, F̃ has a finite projective resolution.

He shows that Mg is globally the quotient of a Cohen-Macaulay variety by
a finite group G. Using the idea of Fulton’s Operational Chow ring Mumford
defines an intersection product on the Chow group ofMg with Q-coefficients. More
precisely, Mumford proves that for Q-varieties with a global Cohen-Macaulay cover
there is a canonical isomorphism between the Chow group and the G-invariants
in the operational Chow ring of the covering variety. There are two important
conclusions of this result: First of all there is a ring structure on the Chow group
A∗(X), and for all Q-sheaves F on the Q-variety X, we can define Chern classes

ck(F) ∈ Ak(X).

For an irreducible codimension k subvariety Y of an n-dimensional Q-variety
X = X̃/G as above there are two notions of fundamental class which differ by a
rational number. The usual fundamental class [Y ] is an element of the Chow group
An−k(X) = Ak(X). Another notion is that of the Q-class of Y , denoted by [Y ]Q.
This is the class chk(OY ) in the G-invariant part of the operational Chow ring.
There is a simple relation between these two classes:

[Y ]Q = 1
e(Y ) · [Y ],

where the integer e(Y ) is defined as follows: Consider a collection of local charts
pα : Xα → X such that Xα is smooth on which a finite group Gα acts faithfully
giving an étale map Xα/Gα → X. Choose α so that p−1

α (Y ) is not empty. Then
e(Y ) is defined to be the order of the stabilizer of a generic point of p−1

α (Y ) in Gα.
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Remark 1.2. It is indeed true that there are global coverings of the moduli spaces
of stable pointed curves by smooth varieties. This was not known at the time that
Mumford defined the intersection product on the Chow groups ofMg andMg. This
covering is defined in terms of level structures on curves. The notion of a genus g
curve with a Teichmüller structure of level G has been first introduced by Deligne
and Mumford in [17]. Looijenga [62] introduces the notion of a Prym level structure
on a smooth curve and shows that the compactification X of the moduli space of
curves with Prym level structure is smooth and that Mg = X/G, with G a finite
group. In [12] Boggi and Pikaart prove that Mg,n is a quotient of a smooth variety
by a finite group. Therefore, it is easier to prove the existence of an intersection
product with the desired properties on the moduli spaces of curves using standard
intersection theory.

Tautological classes

To define the tautological classes Mumford considers the coarse moduli space of
stable 1-pointed curves of genus g, denoted by Mg,1 or Cg. Cg is also a Q-variety
and has a covering C̃g and there is a morphism

π : C̃g → M̃g,

which is a flat, proper family of stable curves, with a finite group G acting on both,
and Cg = C̃g/G, Mg = M̃g/G. There is a Q-sheaf ω := ωCg/Mg

induced from the
dualizing sheaf ω

C̃g/M̃g
of the projection π. The tautological classes are defined by:

K = c1(ω) ∈ A1(Cg),

κi = π∗(Ki+1) ∈ Ai(Mg),

E = π∗(ω) : a locally free Q-sheaf of rank g on Mg,

λi = ci(E), 1 ≤ i ≤ g.

Tautological relations via Grothendieck-Riemann-Roch

To find tautological relations among these classes Mumford applies the Grothendieck-
Riemann-Roch theorem to the morphism π and the class ω. This gives an identity
which expresses the Chern character of the Hodge bundle E in terms of the kappa
classes and the boundary cycles. He also proves that for all even positive integers
2k,

(ch E)2k = 0.

As a result one can express the even λi’s as polynomials in terms of the odd ones,
and all the λi’s as polynomials in terms of κ classes and boundary cycles.

Another approach in finding relations between the λ and κ classes is via the
canonical linear system. In this part Mumford considers smooth curves. The
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method is based on the fact that for all smooth curves C, the canonical sheaf ωC
is generated by its global sections. This gives rise to an exact sequence of coherent
shaves on the moduli space and leads to the following result:

Corollary 1.3. For all g, all the classes λi, κi restricted to A∗(Mg) are polynomials
in κ1, . . . , κg−2.

The tautological classes via Arbarello’s flag of subvarieties of Mg

In this part Mumford considers the following subsets of Cg and Mg:

W ∗l = {(C, x) ∈ Cg : h0(OC(l · x)) ≥ 2} ⊂ Cg,

Wl = π(W ∗l ) ⊂Mg,

where 2 ≤ l ≤ g. He proves that W ∗l is irreducible of codimension g − l+ 1 and its
class is expressed in terms of tautological classes:

[W ∗l ]Q = (g − l + 1)st − component of

π∗(1− λ1 + λ2 − · · ·+ (−1)gλg) · (1−K)−1 . . . (1− lK)−1.

Considering Wl as the cycle π∗(W ∗l ), it follows that

[Wl]Q = (g − l)st − component of

(1− λ1 + λ2 − · · ·+ (−1)gλg) · π∗[(1−K)−1 . . . (1− lK)−1].

In the special case l = 2 the subvariety W2 is the locus of hyperelliptic curves. The
formula for the class of this locus is as follows:

[H] = 2[H]Q = 1
g + 1

(
(2g − 1)κg−2 − · · ·+ (−1)g−2(6g − 6)λg−2

)
.

In the third part of [75] Mumford gives a complete description of the intersection
ring of M2. He proves the following fact:

Theorem 1.4. The Chow ring of M2 is given by

A∗(M2) = Q[λ, δ1]
(δ2

1 + λδ1, 5λ3 − λ2δ1) .

The dimensions of the Chow groups are 1,2,2 and 1, and the pairing between Chow
groups of complementary dimensions is perfect.
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Known results

In this part we review known results about the intersection theory of the moduli
spaces of curves after Mumford. In the first part of his thesis [23] Faber studies the
intersection ring of the moduli space M3 and he proves the following result:

Theorem 1.5. The Chow ring of M3 is given by

A∗(M3) = Q[λ, δ0, δ1, κ2]
I

,

where I is generated by three relations in codimension 3 and six relations in codi-
mension 4. The dimensions of the Chow groups are 1,3,7,10,7,3,1, respectively.
The pairing

Ak(M3)×A6−k(M3)→ Q
is perfect.

Faber gives a complete description of the intersection ring of M3. This ring is
generated by tautological classes. Faber also determines the ample divisor classes
on M3.

In the second part of the thesis Faber obtains partial results with respect to
M4. In particular, he shows that the Chow ring of M4 is Q[λ]/(λ3) and he proves
that the dimension of A2(M4) equals 13.

Another interesting question would be to fix a genus g and study the intersection
ring of the moduli spaces Mg,n and Mg,n when n varies. The most basic case is
of course the classical case of genus zero. The first description of the intersection
ring of M0,n is due to Keel [57]. Keel shows that the variety M0,n can be obtained
as a result of a sequence of blowups of smooth varieties along smooth codimension
two subvarieties. In his inductive approach Keel describes M0,n+1 as a blow-up of
M0,n×P1, assuming that M0,n is already constructed. For example, M0,3 consists
of a single point, M0,4 is the projective line P1, and M0,5 is obtained from P1 × P1

by blowing up 3 points, etc. He proves the following facts:

• The canonical map from the Chow groups to homology (in characteristic zero)

A∗(M0,n)→ H∗(M0,n)

is an isomorphism.

• There is a recursive formula for the Betti numbers of M0,n.

• There is an inductive recipe for determining dual bases in the Chow ring
A∗(M0,n).

• The Chow ring is generated by the boundary divisors. More precisely,

A∗(M0,n) = Z[DS : S ⊂ {1, . . . , n}, |S|, |Sc| ≥ 2]
I

,

where I is the ideal generated by the following relations:
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(1) DS = DSc ,

(2) For any four distinct elements i, j, k, l ∈ {1, . . . , n}:∑
i,j∈I
k,l/∈I

DI =
∑
i,k∈I
j,l/∈I

DI =
∑
i,l∈I
j,k/∈I

DI ,

(3)
DI ·DJ = 0 unless I ⊆ J, J ⊆ I, or I ∩ J = ∅.

According to Keel’s result all relations between algebraic cycles on M0,n follow
from the basic fact that any two points of the projective line M0,4 = P1 are ratio-
nally equivalent. While Keel gives a complete description of the intersection ring,
the computations and exhibiting a basis for the Chow groups very quickly become
involved as n increases.

In [84], contained in this thesis, we give another construction of the moduli
space M0,n as a blowup of the variety (P1)n−3. This gives another proof of Keel’s
result. This construction gives an explicit basis for the Chow groups and an explicit
duality between the Chow groups in complementary degrees. Another advantage
of this approach is that fewer generators and fewer relations are needed to describe
the intersection ring. This simplifies the computations.

In [5] Belorousski considers the case of pointed elliptic curves. He proves that
M1,n is a rational variety for n ≤ 10. One has the isomorphism An(M1,n) ∼= Q
sinceM1,n is an irreducible variety of dimension n. Belorousski proves the following
result:

Theorem 1.6. A∗(M1,n) = Q for 1 ≤ n ≤ 10.

After proving this result he considers the compactified moduli spaces M1,n for
the case 1 ≤ n ≤ 10. Belorousski proves the following fact about the generators of
the Chow groups:

Theorem 1.7. For 1 ≤ n ≤ 10 the Chow group A∗(M1,n) is spanned by boundary
cycles.

The method of proving the statement is to consider the standard stratification
of the moduli space M1,n by the topological type of the stable curves. In this part
he uses the result of Theorem 1.6 about the Chow groups of the open parts.

Belorousski also computes the intersection ring of M1,n for n = 3, 4. In each
case the intersection ring coincides with the tautological algebra and the intersection
pairings are perfect. Belorousski obtains partial results on the intersection rings of
M1,5 and M1,6. He shows that the Chow ring of M1,5 is generated by boundary
divisors. In the study of the Chow ring of M1,4 there is a codimension two relation
which plays an important role. This relation first appeared in the article [36] by
Getzler.
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In the third chapter of his thesis Faber computes the Chow ring of the moduli
space M2,1. He proves that the dimensions of the Chow groups Ak(M2,1) for
k = 0, . . . , 4 are 1,3,5,3,1 respectively. Faber describes the Chow ring of M2,1 as
an algebra generated by tautological classes with explicit generators and relations.
He also proves that the pairings

Ak(M2,1)×A4−k(M2,1)→ Q

are perfect for all k.

Witten’s conjecture

Define Fg by

Fg :=
∑
n≥0

1
n!

∑
k1,...,kn

(∫
Mg,n

ψk1
1 . . . ψknn

)
tk1 . . . tkn ,

the generating function for all top intersections of ψ-classes in genus g. Define a
generating function for all such intersections in all genera by

F :=
∞∑
g=0

Fgλ
2g−2.

This is Witten’s free energy or the Gromov-Witten potential of a point. Witten’s
conjecture (Kontsevich’s Theorem) gives a recursion for top intersections of ψ-
classes in the form of a partial differential equation satisfied by F . Using this
differential equation along with a geometric fact known as the string equation and
the initial condition

∫
M0,3

1 = 1, all top intersections are recursively determined.
Witten’s conjecture (Kontsevich’s Theorem) is:

(2n+1) ∂3

∂tn∂t20
F =

(
∂2

∂tn−1∂t0
F

)(
∂3

∂t30
F

)
+2
(

∂3

∂tn−1∂t20
F

)(
∂2

∂t20
F

)
+1

4
∂5

∂tn−1∂t40
F.

This conjecture was stated in [95] by Witten. The first proof of Witten’s conjecture
was given by Kontsevich [60]. There are many other proofs, e.g., by Okounkov-
Pandharipande [76], Mirzakhani [70], and Kim-Liu [58]. For more details about
Witten’s conjecture see [90] or [89].

From Witten-Kontsevich one can compute all intersection numbers of the n
cotangent line bundles on the moduli spaceMg,n. In [24] it is proven that the knowl-
edge of these numbers suffices for the computation of other intersection numbers,
when arbitrary boundary divisors are included. An algorithm for the computation
of these numbers is given in [24].
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1.2 Tautological rings of moduli spaces of curves

While it is important to understand the structure of the whole intersection ring
of the moduli spaces of curves, their study seems to be a difficult question at
the moment. In fact the computation of the Chow rings becomes quite involved
even in genus one. On the other hand the subalgebra of the Chow ring generated
by the tautological classes seems to be better behaved and have an interesting
conjectural structure. The tautological rings are defined to be the subalgebras of
the rational Chow rings generated by the tautological classes. Faber has computed
the tautological rings of the moduli spaces of curves in many cases. In [25] he
formulates a conjectural description of the tautological ring ofMg. There are similar
conjectures by Faber and Pandharipande about the structure of the tautological
algebras in the more general setting when stable curves with markings are included
as well. According to the Gorenstein conjectures the tautological algebras satisfy a
form of Poincaré duality.

In the following, we recall the relevant definitions and basic facts about the
tautological ring of the moduli spaces of curves and their conjectural structure. We
review the special case of Mg more closely. Then we discuss the other evidence in
low genus when we consider curves with markings.

The tautological ring of Mg,n

The original definition of the tautological classes on the moduli spaces Mg and Mg

is due to Mumford. There is a natural way to define the tautological algebras for the
more general situation of stable n-pointed curves. In [31] the system of tautological
rings is defined to be the set of smallest Q-subalgebras of the Chow rings,

R∗(Mg,n) ⊂ A∗(Mg,n),

satisfying the following two properties:

• The system is closed under push-forward via all maps forgetting markings:

π∗ : R∗(Mg,n)→ R∗(Mg,n−1).

• The system is closed under push-forward via all gluing maps:

ι∗ : R∗(Mg1,n1∪{∗})⊗R
∗(Mg2,n2∪{•})→ R∗(Mg1+g2,n1+n2),

ι∗ : R∗(Mg,n∪{∗,•})→ R∗(Mg+1,n),

with attachments along the markings ∗ and •.

Remark 1.8. It is important to notice that natural algebraic constructions of cycles
on the moduli space yield Chow classes in the tautological ring. The first class
of such cycles comes from the cotangent line classes. For each marking i, there is
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a line bundle Li on the moduli space Mg,n. The fiber of Li at the moduli point
[C;x1, . . . , xn] is the cotangent space to C at the ith marking. This gives the divisor
class

ψi = c1(Li) ∈ A1(Mg,n).

The second class comes from the push-forward of powers of ψ-classes:

κi = π∗(ψi+1
n+1) ∈ Ai(Mg,n),

where π : Mg,n+1 → Mg,n forgets the last marking on the curve. Another class
of important cycles on Mg,n is obtained from the Hodge bundle. The Hodge bun-
dle E over Mg,n is the rank g vector bundle whose fiber over the moduli point
[C;x1, . . . , xn] is the vector space H0(C,ωC), where ωC is the dualizing sheaf of C.
The Chern classes of the Hodge bundle give the lambda classes:

λi = ci(E) ∈ Ai(Mg,n).

It is a basic fact that all the ψ, κ, λ classes belong to the tautological ring.

Additive generators of the tautological rings

It is possible to give a set of additive generators for the tautological algebras indexed
by the boundary cycles. This also shows that the tautological groups have finite
dimensions. The boundary strata of the moduli spaces of curves correspond to
stable graphs

A = (V,H,L, g : V → Z≥0, a : H → V, i : H → H)

satisfying the following properties:

(1) V is a vertex set with a genus function g,

(2) H is a half-edge set equipped with a vertex assignment a and fixed point free
involution i,

(3) E, the edge set, is defined by the orbits of i in H,

(4) (V,E) define a connected graph,

(5) L is a set of numbered legs attached to the vertices,

(6) For each vertex v, the stability condition holds:

2g(v)− 2 + n(v) > 0,

where n(v) is the valence of A at v including both half-edges and legs.
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Let A be a stable graph. The genus of A is defined by

g =
∑
v∈V

g(v) + h1(A).

Define the moduli space MA by the product

MA =
∏

v∈V (A)

Mg(v),n(v).

There is a canonical way to construct a family of stable n-pointed curves of
genus g over MA using the universal families over each of the factors Mg(v),n(v).
This gives the canonical morphism

ξA : MA →Mg,n

whose image is the boundary stratum associated to the graph A and defines a
tautological class

ξA∗[MA] ∈ R∗(Mg,n).

A set of additive generators for the tautological ring of Mg,n is obtained as
follows: Let A be a stable graph of genus g with n legs. For each vertex v of A, let

θv ∈ R∗(Mg(v),n(v))

be an arbitrary monomial in the ψ and κ classes. It is proven in [44] that these
classes give a set of generators for the tautological algebra:

Theorem 1.9. R∗(Mg,n) is generated additively by classes of the form

ξA∗

( ∏
v∈V (A)

θv

)
.

By the dimension grading, the list of generators provided by Theorem 1.9 is
finite. Hence, we obtain the following result.

Corollary 1.10. We have dimQ R∗(Mg,n) <∞.

Gromov-Witten theory and the tautological algebra

In [31] Faber and Pandharipande present two geometric methods of constructing
tautological classes. The first method is based on the push-forward of the virtual
classes on the moduli spaces of stable maps. Recall that for a nonsingular projective
varietyX and a homology class β ∈ H2(X,Z),Mg,n(X,β) denotes the moduli space
of stable maps representing the class β. The natural morphism to the moduli space
is denoted by

ρ : Mg,n(X,β)→Mg,n,
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when 2g − 2 + n > 0. The moduli space Mg,n(X,β) carries a virtual class

[Mg,n(X,β)]vir ∈ A∗(Mg,n(X,β))

obtained from the canonical obstruction theory of maps. For a Gromov-Witten
class

ω ∈ A∗(Mg,n(X,β))

consider the following push-forward:

ρ∗
(
ω ∩ [Mg,n(X,β)]vir

)
∈ A∗(Mg,n).

The localization formula for the virtual class [43] shows that the push-forwards
of all Gromov-Witten classes of compact homogeneous varieties X belong to the
tautological ring.

The moduli spaces of Hurwitz covers of P1

Another tool of geometric construction of tautological classes is using the moduli
spaces of Hurwitz covers of the projective line. Let g ≥ 0 and let µ1, . . . , µm be m
partitions of equal size d satisfying

2g − 2 + 2d =
m∑
i=1

(
d− `(µi)

)
,

where `(µi) denotes the length of the partition µi. The moduli space of Hurwitz
covers,

Hg(µ1, . . . , µm)

parametrizes morphisms
f : C → P1,

where C is a complete, connected, nonsingular curve with marked profiles µ1, . . . , µm

over m ordered points of the target and no ramifications elsewhere. The isomor-
phisms between Hurwitz covers are defined in a natural way. The moduli space
of admissible covers introduced in [54] compactifies the moduli space of Hurwitz
covers and contains it as a dense open subset:

Hg(µ1, . . . , µm) ⊂ Hg(µ1, . . . , µm).

Let ρ denote the map to the moduli space of curves,

ρ : Hg(µ1, . . . , µm)→Mg,
∑m

i=1
`(µi).

The push-forward of the fundamental classes of the moduli spaces of admissible
covers gives algebraic cycles on the moduli spaces of curves. In [31] it is proven that
these push-forwards are tautological. They also study stable relative maps which
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combine features of stable maps and admissible covers. For the definition see [31].
We briefly recall their properties and their connection with the tautological algebras.
There are stable relative maps to a parameterized and unparameterized P1. In each
case the moduli space is a Deligne-Mumford stack and admits a virtual fundamental
class in the expected dimension. There are natural cotangent bundles on these
moduli spaces and canonical morphisms to the moduli spaces of curves. The notion
of relative Gromov-Witten class is defined for the moduli space of stable relative
maps. The compatibility of Gromov-Witten classes on the moduli of stable relative
maps and tautological classes on the moduli of curves in both the parametrized and
unparametrized cases is proven. The push-forwards of these classes to the moduli
of curves are shown to be tautological. As a special case one gets the following
result:

Proposition 1.11. The moduli of Hurwitz covers yields tautological classes,

ρ∗
(
Hg(µ1, . . . , µm)

)
∈ R∗(Mg,

∑m

i=1
`(µi)).

An important role of the moduli spaces of admissible covers in the study of
tautological classes on the moduli spaces of curves is the basic push-pull method
for constructing relations in the tautological algebras introduced in [25] and [6].
Consider the two maps to the moduli of curves defined for the moduli space of
admissible covers:

Hg(µ1, . . . , µm) λ−−−−→ Mg,
∑n

i=1
`(µi)

π

y
M0,m

Let r denote a relation among algebraic cycles in M0,m. Then

λ∗π
∗(r),

defines a relation in Mg,
∑n

i=1
`(µi). This method provides a powerful tool to prove

algebraic relations in the Chow groups in many cases. For example, Pandhari-
pande in [79] proves that the codimension two relation in A2(M1,4), which is called
Getzler’s relation, can be obtained by this method. In [6] Belorousski and Pand-
haripande get a codimension two relation in A2(M2,3) by considering the pull-back
of a relation in A2(M0,9) to a suitable moduli space of admissible covers and its
push-forward to the moduli space M2,3. In [31] Faber and Pandharipande propose
the following speculation about the push-pull method:

Speculation 1.12. All relations in the tautological ring are obtained via the push-
pull method and Proposition 1.11.
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The tautological ring of Mg

We saw in Corollary 1.3 that the ring R∗(Mg) is generated by the g − 2 classes
κ1, . . . , κg−2. Let us see the explicit relation between the lambda and kappa classes
as it is explained in [25]:

• Applying the Grothendieck-Riemann-Roch theorem to π : Cg → Mg and ωπ
relates the Chern character of the Hodge bundle E in terms of the κi. The
formula as an identity of formal power series in t is as follows:

∞∑
i=0

λit
i = exp

( ∞∑
i=1

B2iκ2i−1

2i(2i− 1) t
2i−1

)
.

Here B2i are the Bernoulli numbers. This implies that all the λi can be
expressed in the odd κi.

• Using the fact that the relative dualizing sheaf of a nonsingular curve is gen-
erated by its global sections, Mumford shows that the natural map π∗E→ ω
of locally free sheaves on Cg is surjective. This gives the following vanishing
result:

cj(π∗E− ω) = 0 ∀j ≥ g.
The desired relation between the lambda’s and the kappa’s is proven from the
analysis of the push-forward of the relations above.

An important property of the tautological ring of Mg is the vanishing result
proven by Looijenga [63]. He defines the tautological ring of Cng , the n-fold fiber
product of the universal curve Cg overMg, as a subring of A∗(Cng ) generated by the
divisor classes Ki := pr∗iK, which is the pull-back of the class K = c1(ωπ) along
the projection pri : Cng → Cg to the ith factor, and the classes Di,j of the diagonals
xi = xj and the pull-backs from Mg of the κi. He proves that the tautological
groups vanish in degrees greater than g− 2 + n and in degree g− 2 + n they are at
most one-dimensional and generated by the class of the locus

Hn
g = {(C;x1, . . . , xn) : C hyperelliptic;x1 = · · · = xn = x, a Weierstrass point}.

The first implication of his result is the following:

Theorem 1.13. Rj(Mg) = 0 for all j > g − 2 and Rg−2(Mg) is at most one-
dimensional, generated by the class of the locus of hyperelliptic curves.

According to this vanishing result it is natural to ask whether the tautolog-
ical ring has dimension one in top degree. One approach in proving the one-
dimensionality of the tautological group Rg−2(Mg) is to show that the hyperelliptic
locus Hg is non-zero. This was observed by Faber in genus 3 due to the existence
of complete curves in M3 and in genus 4 by means of a calculation with test sur-
faces in M4. The following result gives the first proof of the one-dimensionality of
Rg−2(Mg) for every genus g ≥ 2.
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Theorem 1.14. The class κg−2 is non-zero on Mg. Hence Rg−2(Mg) is one-
dimensional.

To prove this Faber considers the classes κi and λi on the Deligne-Mumford
compactification Mg of Mg. To relate the classes on Mg to the classes on the
compactified space he observes that the class ch2g−1(E) vanishes on the boundary
Mg −Mg of the moduli space. Then he shows that the following identity on Mg

holds:
κg−2λg−1λg = |B2g|(g − 1)!

2g(2g)! .

The desired result follows since the Bernoulli number B2g does not vanish. Note
that λg−1λg is a multiple of ch2g−1(E).
Remark 1.15. While the argument above gives a proof of the one-dimensionality of
the tautological group in degree g − 2, it is interesting to compute the class of the
hyperelliptic locus in the tautological algebra. In [29] Faber and Pandharipande
obtain the following formula:

[Hg] = (22g − 1)2g−2

(2g + 1)(g + 1)!κg−2.

In [25] Faber formulates several important conjectures about the structure of
the tautological ring R∗(Mg). One of these conjectures says that the tautological
algebras enjoy an interesting duality:

Conjecture 1.16. (a) The tautological ring R∗(Mg) is Gorenstein with socle in
degree g − 2. For a fixed isomorphism Rg−2(Mg) = Q the natural pairing

Ri(Mg)×Rg−2−i(Mg)→ Rg−2(Mg) = Q

is perfect.

(b) R∗(Mg) behaves like the algebraic cohomology ring of a nonsingular projective
variety of dimension g − 2; i.e., it satisfies the Hard Lefschetz and Hodge
Positivity properties with respect to the class κ1.

In [25] it is also conjectured that the [g/3] classes κ1, . . . , κ[g/3] generate the
ring, with no relation in degrees ≤ [g/3]. An explicit conjectural formulas for the
proportionalities in degree g − 2 is also given.

The following result is due to Faber:

Theorem 1.17. The conjecture 1.16 is true for g < 24.

Faber gives the following interesting geometric method to obtain an important
class of tautological relations: First, he introduces certain sheaves on the spaces
Cdg . Consider the projection π = π{1,...,d} : Cd+1

g → Cdg that forgets the (d + 1)-st
point. The sum of the d divisors D1,d+1, . . . , Dd,d+1 is denoted by ∆d+1:

∆d+1 = D1,d+1 + · · ·+Dd,d+1.
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The pull-back of ω on Cg to Cng via the projection to the ith factor is denoted
by ωi and we write Ki for its class in the Chow group. The coherent sheaf Fd on
Cdg is defined by the formula:

Fd = π∗(O∆d+1 ⊗ ωd+1).

The sheaf Fd is locally free of rank d; its fiber at a point (C;x1, . . . , xd) = (C;D)
is the vector space

H0(C,K/K(−D)).

Using Grothendieck-Riemann-Roch one finds the following formula for the total
Chern class of Fd:

c(F) = (1 +K1)(1 +K2 −∆2) . . . (1 +Kd −∆d).

The natural evaluation map of locally free sheaves on Cdg defines the morphism

φd : E→ Fd.

The kernel of φd over (C;D) is the vector space H0(C,K(−D)). Faber shows that
the following relation holds in the tautological ring of Mg:

Proposition 1.18. cg(F2g−1 − E) = 0.

This essentially follows since on a curve of genus g the linear system defined by
the divisor class K − D is the empty set when K is the canonical divisor on the
curve and D is a divisor of degree 2g − 1. In fact, there are relations of this type
for every d ≥ 2g − 1:

Proposition 1.19. For all d ≥ 2g − 1, for all j ≥ d− g + 1, cj(Fd − E) = 0.

These give relations between the tautological classes on Cdg and lead to relations
among the generators of the tautological ring of Mg. The method is to multiply
these relations with a monomial in the Ki and Dij and push down to Mg. It is
interesting that this method gives the entire ideal of relations in the tautological
ring for g ≤ 23. Faber makes the following conjecture:

Conjecture 1.20. In the polynomial ring Q[κ1, . . . , κg−2], let Ig be the ideal gen-
erated by the relations of the form

π∗(M · cj(F2g−1 − E)),

with j ≥ g and M a monomial in the Ki and Dij and π : C2g−1
g →Mg the forgetful

map. Then the quotient ring Q[κ1, . . . , κg−2]/Ig is Gorenstein with socle in degree
g − 2; hence it is isomorphic to the tautological ring R∗(Mg).



1.2. TAUTOLOGICAL RINGS OF MODULI SPACES OF CURVES 17

Faber-Zagier relations

There is another class of relations in the tautological ring of Mg which was discov-
ered by Faber and Zagier in their study of the Gorenstein quotient of R∗(Mg). To
explain their method we need to introduce a generating function. Let

p = {p1, p3, p4, p6, p7, p9, p10, . . . }

be a variable set indexed by the positive integers not congruent to 2 mod 3. The
formal power series Ψ is defined by the formula:

Ψ(t,p) = (1 + tp3 + t2p6 + t3p9 + . . . ) ·
∞∑
i=0

(6i)!
(3i)!(2i)! t

i

+(p1 + tp4 + t2p7 + . . . ) ·
∞∑
i=0

(6i)!
(3i)!(2i)!

6i+ 1
6i− 1 t

i.

Let σ be a partition of |σ| with parts not congruent to 2 modulo 3. For such
partitions the rational numbers Cr(σ) are defined as follows:

log(Ψ(t,p)) =
∑
σ

∞∑
r=0

Cr(σ)trpσ,

where pσ denotes the monomial pa1
1 pa3

3 pa4
4 . . . if σ is the partition [1a13a34a4 . . . ].

Define

γ :=
∑
σ

∞∑
r=0

Cr(σ)κrtrpσ;

then the relation

[exp(−γ)]trpσ = 0 (1)

holds in the Gorenstein quotient when g − 1 + |σ| < 3r and g ≡ r + |σ| + 1 (mod
2). For g ≤ 23 the diagonal relations found by the method of Faber in [25] coincide
with the Faber-Zagier relations. In particular, these are true relations and give a
complete description of the tautological rings for g ≤ 23. We will see below that
these relations always hold in the tautological algebra. It is not known in higher
genera whether the Faber-Zagier relations give all relations.

Tautological relations via stable quotients

In [68] the theory of moduli of stable quotients is introduced. These spaces give
rise to a class of tautological relations in R∗(Mg) which are called stable quotient
relations. These relations are based on the function:

Φ(t, x) =
∞∑
d=0

d∏
i=1

1
1− it

(−x)d

d!td .
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Define the coefficient Crd by the logarithm,

log(Φ) =
∞∑
d=1

∞∑
r=−1

Crdt
r x

d

d! .

Let

γ =
∑
i≥1

B2i

2i(2i− 1)κ2i−1t
2i−1 +

∞∑
d=1

∞∑
r=−1

Crdκrt
r x

d

d! .

The coefficient of trxd in exp(−γ) is denoted by [exp(−γ)]trxd , which is an element
of Q[κ−1, κ0, κ1, . . . ]. Recall that

κ−1 = 0, κ0 = 2g − 2.

The first class of stable quotient relations is given by the following result.

Theorem 1.21. In Rr(Mg), the relation

[exp(−γ)]trxd = 0

holds when g − 2d− 1 < r and g ≡ r + 1 mod 2.

In [80] the relation between the Faber-Zagier relations and stable quotient re-
lations is studied. It is proven that stable quotient relations are equivalent to
Faber-Zagier relations. These give a complete description of the ideal of relations
for g ≤ 23, where the tautological algebra of Mg is known to be Gorenstein. The
case g = 24 is unknown. In this case the Faber-Zagier relations do not give a
Gorenstein algebra. According to the result in [80] the tautological ring of M24 is
not Gorenstein or there are tautological relations not of the form (1).

Filtration of the moduli space

The complete analysis of the tautological ring of the moduli spaceMg,n is a difficult
question. In [26] it is proposed to find natural ways to forget some of the boundary
strata. There is a moduli filtration

Mg,n ⊃M ct
g,n ⊃Mrt

g,n ⊃ Xrt
g,n,

where Xrt
g,n denotes the reduced fiber of the projection π : Mg,n → Mg over the

moduli point of a smooth curve X of genus g. The associated restriction sequence
is

A∗(Mg,n)→ A∗(M ct
g,n)→ A∗(Mrt

g,n)→ A∗(Xrt
g,n)→ 0

R∗(Mg,n)→ R∗(M ct
g,n)→ R∗(Mrt

g,n)→ R∗(Xrt
g,n)→ 0
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Remark 1.22. For the open moduli space Mg ⊂Mg there is a restriction sequence

R∗(∂Mg)→ R∗(Mg)→ R∗(Mg)→ 0.

It is not known whether the sequence is exact in the middle. In [31] the restriction
sequence is conjectured to be exact in all degrees. This is proven to be true for
g < 24 in [80]. The exactness of the tautological sequences

R∗(Mg,n\M ct
g,n)→ R∗(Mg,n)→ R∗(M ct

g,n)→ 0,

R∗(Mg,n\Mrt
g,n)→ R∗(Mg,n)→ R∗(Mrt

g,n)→ 0,
associated to the compact type and rational tail spaces is conjectured in [31].

Evaluations

Each quotient ring admits a nontrivial linear evaluation ε to Q obtained by integra-
tion. The class λg vanishes when restricted to ∆irr. This gives rise to an evaluation
ε on A∗(M ct

g,n) :

ξ 7→ ε(ξ) =
∫
Mg,n

ξ · λg.

The non-triviality of the ε evaluation is proven by explicit integral computations.
The following formula for λg integrals is proven in [30]:∫

Mg,n

ψα1
1 . . . ψαnn λg =

(
2g − 3 + n

α1, . . . , αn

)∫
Mg,1

ψ2g−2
1 λg.

The integrals on the right side are evaluated in terms of the Bernoulli numbers:∫
Mg,1

ψ2g−2
1 λg = 22g−1 − 1

22g−1
|B2g|
(2g)! .

This proves the non-triviality of the evaluation since B2g doesn’t vanish.
It is proven in [24] that for g > 0 the class λg−1λg vanishes when restricted to the

complement of the open subset Mrt
g,n. This leads to an evaluation ε on A∗(Mrt

g,n):

ξ 7→ ε(ξ) =
∫
Mg,n

ξ · λg−1λg.

∫
Mg,n

ψα1
1 . . . ψαnn λg−1λg = (2g + n− 3)!(2g − 1)!!

(2g − 1)!
∏n
i=1(2αi − 1)!!

∫
Mg,1

ψg−1
1 λg−1λg,

where g ≥ 2 and αi ≥ 1. In [38] it is shown that the degree zero Virasoro conjecture
applied to P2 implies this prediction. The constant∫

Mg,1

ψg−1
1 λg−1λg = 1

22g−1(2g − 1)!!
|B2g|

2g

has been calculated by Faber, who shows that it follows from Witten’s conjecture.
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Known facts

The following results are known:

(a) R∗(Mrt
g,n) vanishes in degrees > g−2 +n− δ0g and is 1-dimensional in degree

g − 2 + n− δ0g.

(b) R∗(M ct
g,n) vanishes in degrees > 2g − 3 + n and is 1-dimensional in degree

2g − 3 + n.

(c) R∗(Mg,n) vanishes in degrees > 3g − 3 + n and is 1-dimensional in degree
3g − 3 + n.

The statement (a) is due to Looijenga [63] and Faber [25], [29]. Graber and Vakil
in [45],[46] proved (b),(c). In their study of relative maps and tautological classes
Faber and Pandharipande [31] give another proof of (b),(c).

Gorenstein conjectures

(A) R∗(Mrt
g,n) is Gorenstein with socle in degree g − 2 + n− δ0g.

(B) R∗(M ct
g,n) is Gorenstein with socle in degree 2g − 3 + n.

(C) R∗(Mg,n) is Gorenstein with socle in degree 3g − 3 + n.

Hain and Looijenga introduce a compactly supported version of the tautological
algebra: The algebra R∗c(Mg,n) is defined to be the set of elements in R∗(Mg,n)
that restrict trivially to the Deligne-Mumford boundary. This is a graded ideal in
R∗(Mg,n) and the intersection product defines a map

R∗(Mg,n)×R∗c(Mg,n)→ R∗c(Mg,n)

that makes R∗c(Mg,n) a R∗(Mg,n)-module. In [48] they formulated the following
conjecture for the case n = 0:

Conjecture 1.23. (1) The intersection pairings

Rk(Mg)×R3g−3−k
c (Mg)→ R3g−3

c (Mg) ∼= Q

are perfect for k ≥ 0.

(2) In addition to (1), R∗c(Mg) is a free R∗(Mg)-module of rank one.

There is a generalization of the notion of the compactly supported tautological
algebra to the space Mrt

g,n: In [27] Faber defines R∗c(Mrt
g,n) as the set of elements in

R∗(Mg,n) that restrict trivially to Mg,n\Mrt
g,n. He considers the following general-

ization of the conjectures above:
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Conjecture 1.24. (D) The intersection pairings

Rk(Mrt
g,n)×R3g−3+n−k

c (Mrt
g,n)→ R3g−3+n

c (Mrt
g,n) ∼= Q

are perfect for k ≥ 0.

(E) In addition to D, R∗c(Mrt
g,n) is a free R∗(Mrt

g,n)-module of rank one.

The relation between the Gorenstein conjectures and the conjectures of Hain
and Looijenga is discussed in [27]. To state the result let us define a partial ordering
on the set of pairs (g, n) of nonnegatvie integers such that 2g − 2 + n > 0. We say
that (h,m) ≤ (g, n) if and only if h ≤ g and 2h − 2 + m ≤ 2g − 2 + n. This is
equivalent to saying that there exists a stable curve of genus g whose dual graph
contains a vertex of genus h with valency m. Faber proves the following fact:

Theorem 1.25. Conjectures (A) and (C) are true for all (g, n) if and only if
conjecture (E) is true for all (g, n). More precisely,

A(g,n) and C(g,n) ⇒ E(g,n) ⇒ A(g,n) and D(g,n)

and
{D(g′ ,n′ )}(g′ ,n′ )≤(g,n) ⇒ {C(g′ ,n′ )}(g′ ,n′ )≤(g,n).

In a similar way Faber defines R∗c(M ct
g,n) as the set of elements in R∗(Mg,n)

that pull back to zero via the standard map Mg−1,n+2 → Mg,n onto ∆irr. By
considering the (Dct) and (Ect) analogues to (D) and (E) he shows the compact
type version of Theorem 1.25, which reads as follows:

B(g,n) and C(g,n) ⇒ Ect(g,n) ⇒ B(g,n) and Dct
(g,n)

and
{Dct

(g′ ,n′ )}(g′ ,n′ )≤(g,n) ⇒ {C(g′ ,n′ )}(g′ ,n′ )≤(g,n).

The tautological ring of M ct
1,n

In [85], contained in this thesis, we show that the tautological ring of the moduli
space M ct

1,n is Gorenstein. The proof consists of the following parts:

• The case of a fixed curve: The tautological ring R∗(Cn), for a smooth curve
C of genus g, was defined by Faber and Pandharipande (unpublished). They
show that the image RH∗(Cn) in cohomology is Gorenstein. In [47] Green
and Griffiths have shown that R∗(C2) is not Gorenstein, for C a generic
complex curve of genus g ≥ 4. The study of the algebra R∗(Cn) shows that
it is Gorenstein when C is an elliptic curve. It is interesting that there are
two essential relations in R2(C3) and R2(C4) which play an important role in
the proof of the Gorenstein property of the algebra R∗(Cn). These relations
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are closely related to the relation found by Getzler [36] in R2(M1,4). In [79],
Pandharipande gives a direct construction of Getzler’s relation via a rational
equivalence in the Chow group A2(M1,4). By using some results from the
representation theory of symmetric groups and Brauer’s centralizer algebras
we prove that R∗(Cn) is Gorenstein for n ≥ 1.

• The reduced fiber of M ct
1,n → M ct

1,1 over [C] ∈ M ct
1,1: This fiber, which is de-

noted by Un−1, is described as a sequence of blow-ups of the variety Cn−1.
There is a natural way to define the tautological ring R∗(Un−1) of the fiber
Un−1. The analysis of the intersection ring of this blow-up space shows that
there is a natural filtration on R∗(Un−1). As a result we show that the inter-
section matrices of the pairings for the tautological algebra have a triangular
property. It follows that R∗(Un−1) is Gorenstein.

• The isomorphism R∗(M ct
1,n) ∼= R∗(Un−1): For this part we verify directly that

the relations predicted by the fiber Un−1 indeed hold on the moduli space
M ct

1,n. As a result, we see that the tautological ring R∗(M ct
1,n) is Gorenstein.

The tautological ring of M rt
2,n

The method of the study of the tautological ring R∗(Mrt
2,n) in [86], contained in this

thesis, is similar to that of M ct
1,n: We first consider a fixed smooth curve X of genus

two. In this case there are two essential relations in R2(X3) and R3(X6) to get the
Gorenstein property of R∗(Xn) for n ≥ 1. The relation in R2(X3) is closely related
to known relations discovered by Faber [25] and Belorousski-Pandharipande [6] on
different moduli spaces. The relation in R3(X6) is proven using the same method as
Faber used in [25]. To find the relation between R∗(Xn) and the tautological ring of
the moduli space Mrt

2,n we consider the reduced fiber of π : M2,n →M2 over [X] ∈
M2, which is the Fulton-MacPherson compactification X[n] of the configuration
space F (X,n). There is a natural way to define the tautological ring for the space
X[n]. The study of this algebra shows that it is Gorenstein. We finish the proof
by showing that there is an isomorphism between the tautological ring of X[n] and
R∗(Mrt

2,n).

1.3 Cohomology of moduli spaces of curves

Tautological classes on the moduli spaces of curves are natural algebraic cycles
which define cohomology classes via the cycle class map. It would be interesting to
understand the image and determine to what extent the even cohomology groups
are generated by tautological classes. It is proven by Arbarello and Cornalba [2]
that Hk(Mg,n,Q) is zero for k = 1, 3, 5 and all values of g and n such that these
spaces are defined. They also prove that the second cohomology groupH2(Mg,n,Q)
is generated by tautological classes, modulo explicit relations. To state their result
let us recall the relevant notations: Let 0 ≤ a ≤ g be an integer and S ⊂ {1, . . . , n}
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be a subset such that 2a − 2 + |S| ≥ 0 and 2g − 2a − 2 + |Sc| ≥ 0. The divisor
class δa,S stands for the Q-class in Mg,n whose generic point represents a nodal
curve consisting of two irreducible components of genera a, g − a and markings
on the component of genus a are labeled by the set S while markings on the other
component are labeled by the complement Sc. The sum of all classes δa,S is denoted
by δa. In case g = 2a the summand δa,S = δa,Sc occurs only once in this sum. The
divisor class δirr is the Q-class of the image of the gluing morphism

ι : Mg−1,n∪{∗,•} →Mg,n.

The result is the following:

Theorem 1.26. For any g and n such that 2g− 2 +n > 0, H2(Mg,n) is generated
by the classes κ1, ψ1, . . . , ψn, δirr, and the classes δa,S such that 0 ≤ a ≤ g, 2a −
2 + |S| ≥ 0 and 2g − 2a − 2 + |Sc| ≥ 0. The relations among these classes are as
follows:

• If g > 2 all relations are generated by those of the form

δa,S = δg−a,Sc . (2)

• If g = 2 all relations are generated by (2) plus the following one

5κ1 = 5
n∑
i=1

ψi + δirr − 5δ0 + 7δ1.

• If g = 1 all relations are generated by (2) plus the following ones

κ1 =
n∑
i=1

ψi − δ0,

12ψp = δirr + 12
∑

p∈S,|S|≥2

δ0,S .

• If g = 0, all relations are generated by (2) and the following ones

κ1 =
∑

(|S| − 1)δ0,S ,

ψz =
∑

z∈S;x,y/∈S

δ0,S , δirr = 0.

In [18] Edidin shows that the fourth cohomology group H4(Mg) is tautological
for g ≥ 12. Polito [82] gives a complete description of the fourth tautological group
of Mg,n and proves that for g ≥ 8 it coincides with the cohomology group.

Deligne shows in [16] that the cohomology group H11,0(M1,11) is non-zero. It
is not known whether the cohomology groups Hk(Mg,n) for k = 7, 9 vanish. The
following vanishing result is due to Harer [51]:
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Theorem 1.27. The moduli space Mg,n has the homotopy type of a finite cell-
complex of dimension 4g − 4 + n, n > 0. It follows that

Hk(Mg,n,Z) = 0

if n > 0 and k > 4g − 4 + n and

Hk(Mg,Q) = 0

if k > 4g − 5.

Using the method of counting points over finite fields Bergström has computed
the equivariant Hodge Euler characteristic of the moduli spaces of M2,n for 4 ≤
n ≤ 7 [8] and that of M3,n for 2 ≤ n ≤ 5 [7]. In [9] Bergström and Tommasi
determine the rational cohomology of M4. A complete conjectural description of
the cohomology of M2,n is given in [28].

The Euler characteristics of the moduli spaces of curves

In [53] Harer and Zagier computed the orbifold Euler characteristics ofMg,n to be

χ(Mg,n) = (−1)n (2g + n− 3)!
2g(2g − 2)! B2g

if g > 0. For g = 0 one has the identity χ(M0,n) = (−1)n+1(n − 3)!. They also
computed the ordinary Euler characteristics ofMg,n for n = 0, 1. Bini and Harer in
[10] obtain formulas for the Euler characteristics of Mg,n and Mg,n. In [42] Gorsky
gives a formula for the Sn-equivariant Euler characteristics of the moduli spaces
Mg,n.

In [67] Manin studies generating functions in algebraic geometry and their rela-
tion with sums over trees. According to the result of Kontsevich [61] the computa-
tion of these generating functions is reduced to the problem of finding the critical
value of an appropriate formal potential. Among other things, in [67] Manin cal-
culates the Betti numbers and Euler characteristics of the moduli spaces M0,n
by showing that the corresponding generating functions satisfy certain differential
equations and are solutions to certain functional equations.

In [33] Fulton and MacPherson give the computation of the virtual Poincaré
polynomial of M0,n. The equivariant version of their calculation is due to Getzler
[35], who also gives the formula for the open part M0,n. In [37] Getzler calculates
the Euler characteristics of M1,n and M1,n. He gives the equivariant answer in
the Grothendieck group of mixed Hodge structures where the natural action of the
symmetric group Σn is considered.

The stable rational cohomology of Mg,n and Mumford’s conjecture

According to Theorem 1.29, there is an isomorphism between Hk(Mg,Q) and
Hk(Mg+1,Q) for g � k. This leads to the notion of the stable cohomology of
Mg. In low degree this happens very quickly:
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Theorem 1.28. The following are true:

(i) H1(Mg,n,Q) = 0 for any g ≥ 1 and any n such that 2g − 2 + n > 0.

(ii) H2(Mg,n,Q) is freely generated by κ1, ψ1, . . . , ψn for any g ≥ 3 and any n.
H2(M2,n,Q) is freely generated by ψ1, . . . , ψn for any n, while H2(M1,n,Q)
vanishes for all n.

The result onH1 is due to Mumford for n = 0 [73] and to Harer [49] for arbitrary
n, the one on H2 is due to Harer [49].

The general form is Harer’s stability theorem, which was first proven by Harer
in [50] and then improved by Ivanov [55] and [56].

Theorem 1.29. (Stability Theorem). For k < g−1
2 , there are isomorphisms

Hk(Mg,Q) ∼= Hk(Mg+1,Q) ∼= Hk(Mg+2,Q) ∼= . . . .

According to this theorem, it makes sense to say that k is in the stable range if
k < (g − 1)/2. In [52] Harer extends the range to k < 2

3 (g − 1). A recent result of
Boldsen [13] improves the stability range. The following result is due to Miller [69]
and Morita [71]:

Theorem 1.30. Let k be in the stable range. Then the natural homomorphism

Q[x1, x2, . . . ]→ H∗(Mg,Q)

sending xi to κi for i = 1, 2, . . . is injective up to degree 2k.

Madsen and Weiss in [66] prove the Mumford’s conjecture. More precisely, they
show that:

Theorem 1.31. (Mumford’s Conjecture). Let k be in the stable range. Then the
natural homomorphism

Q[x1, x2, . . . ]→ H∗(Mg,Q)

sending xi to κi for i = 1, 2, . . . is an isomorphism up to degree 2k.

The first proof of Mumford’s conjecture appeared in [66]. There are other proofs
by Segal [83], Tillmann [87], Madsen and Tillmann [65]. The case of pointed curves
is studied by Looijenga [64]:

Theorem 1.32. Let k be in the stable range. Then the natural homomorphism

H∗(Mg,Q)[y1, . . . , yn]→ H∗(Mg,n,Q)

sending yi to ψi for i = 1, . . . , n is an isomorphism up to degree 2k.

Our main reference for this part is Chapter 5 of [3]. For more details about
stable cohomology and Mumford’s conjecture see [21], [22] or [88].
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Non-tautological classes

There are non-tautological classes on the moduli spaces of curves. This phenomenon
starts from genus one. For instance, there are many algebraic zero cycles on M1,11
while the tautological group R0(M1,11) is a one dimensional vector space over Q.
The infinite dimensionality of the Chow group A0(M1,11) follows from the existence
of a non-zero holomorphic 11-form on the space. For more details see [45], [44] or
[32]. Notice that this argument does not produce an explicit algebraic cycle which
is not tautological.

Several examples of non-tautological classes on the moduli spaces of curves are
constructed in [44]. To explain their result let us recall the relevant notation. The
image of the tautological ring

R∗(Mg,n) ⊂ A∗(Mg,n)

under the cycle class map

A∗(Mg,n)→ H∗(Mg,n)

is denoted by RH∗(Mg,n).
In genus zero, the equality

A∗(M0,n) = R∗(M0,n) = RH∗(M0,n) = H∗(M0,n)

holds due to Keel [57].
In genus one, in [36] Getzler has claimed the isomorphisms

R∗(M1,n) ∼= RH∗(M1,n),

RH∗(M1,n) ∼= H2∗(M1,n),

for n ≥ 1, while a proof has not yet appeared in the literature, unfortunately.
The following proposition is important in finding non-tautological classes:

Proposition 1.33. Let ι : Mg1,n1∪{∗}×Mg2,n2∪{•} →Mg,n1+n2 be the gluing map
to a boundary divisor. If γ ∈ RH∗(Mg1+g2,n1+n2), then ι∗(γ) has a tautological
Künneth decomposition:

ι∗(γ) ∈ RH∗(Mg1,n1∪{∗})⊗RH
∗(Mg2,n2∪{•}).

The main idea for detecting non-tautological classes is using Proposition 1.33
and the existence of odd cohomology on the moduli spaces of curves. Its existence
implies that the Künneth decomposition of certain pull-backs is not tautological.

The first example of a non-tautological algebraic cycle is constructed on M2h,
for all sufficiently large odd h. Here is the description of the cycle: Let Y ⊂ M2h
denote the closure of the set of nonsingular curves of genus g := 2h which admit
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a degree 2 map to a nonsingular curve of genus h. The pullback of [Y ] under the
gluing morphism

ι : Mh,1 ×Mh,1 →Mg

is shown to be a positive multiple of the diagonal ∆ ⊂ Mh,1 ×Mh,1. According
to Pikaart [81], for sufficiently large h, the space Mh,1 has odd cohomology. This
shows that Y is not a tautological class and in fact its image in H∗(Mg) does not
belong to the distinguished part RH∗(Mg).

Another example is provided by looking at the locus Z inside M2,20 whose
generic point corresponds to a 20-pointed, nonsingular, bielliptic curve of genus
two with 10 pairs of conjugate markings. The intersection of Z with the boundary
map

ι : M1,11 ×M1,11 →M2,20

gives a positive multiple of the diagonal whose cohomology class is not tautological.
By using the results of Getzler [37] regarding the cohomology of M1,n it is proven
that the class [Z] is not tautological even on the interior M2,20.

Finally, it is proven that

Theorem 1.34. The push-forward ι∗[∆] of the diagonal in A∗(M1,12×M1,12) via
the boundary inclusion,

ι : M1,12 ×M1,12 →M2,22

is not a tautological class even in cohomology.

The proof is based on the existence of a canonical non-zero holomorphic form
s ∈ H11,0(M1,11,C) coming from the discriminant cusp form of weight 12. This
gives odd cohomology classes on M1,12 and yields the desired result.

Remark 1.35. In a similar way, one may wonder whether the push-forward of the
diagonal

∆11 ⊂M1,11 ×M1,11,

which has Künneth components not in RH∗(M1,11), via the morphism

ι : M1,11 ×M1,11 ×M2,20

belongs to the tautological part of the cohomology of M2,20. As it is mentioned in
[32] this question is unsolved.

In [32] three approaches for detecting and studying non-tautological classes are
presented:

Point counting and modular forms

The method of counting points over finite fields gives important information about
the cohomology groups. For a finite field Fq the set of Fq-points of Mg,n is denoted
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byMg,n(Fq). The idea of detecting non-tautological classes is based on the following
fact: If all cohomology classes of Mg,n come from the fundamental classes of its
subvarieties then the number |Mg,n(Fq)| will be a polynomial of degree d in q, where
d = 3g − 3 + n is the dimension of Mg,n. Otherwise, Mg,n has a non-algebraic
cohomology class. In particular, this cohomology class is not tautological. The
first example of detecting non-tautological classes by the method of point counting
occurs in genus one. It is proven that the number of points of M1,11 over finite
fields can not be described by a polynomial of degree 11. This means that M1,11
has a non-tautological class. This is explained by studying the cohomology of local
systems in genus one which is expressed in terms of elliptic cusp forms.

Representation theory

There is a natural action of the symmetric group Σn on Mg,n by permuting the
markings. Therefore, the cohomology ring H∗(Mg,n) becomes a Σn-module. The
analysis of the action of the symmetric group on H∗(Mg,n) provides a second
approach to find non-tautological cohomology.

The length of an irreducible representation of Σn is defined to be the number of
parts in the corresponding partition of n. For a finite dimensional representation
V of the symmetric group Σn the length `(V ) is defined to be the maximum of the
lengths of the irreducible constituents.

Theorem 1.36. For the tautological rings of the moduli spaces of curves, we have

(i) `(Rk(Mg,n)) ≤ min(k + 1, 3g − 2 + n− k, [ 2g−1+n
2 ]),

(ii) `(Rk(M ct
g,n)) ≤ min(k + 1, 2g − 2 + n− k),

(iii) `(Rk(Mrt
g,n)) ≤ min(k + 1, g − 1 + n− k).

Assuming the conjectural formula in [28] for H∗(M2,n), several cohomology
classes are obtained which can not be tautological because the length of the corre-
sponding Σn-representation is too large.

Boundary geometry

We have seen that the existence of non-tautological cohomology for M1,11 leads to
the construction of several non-tautological algebraic cycles on the moduli spaces
of curves. In [32] new non-tautological classes in H∗(M2,21,Q) are found. They
define the left diagonal cycle

∆L ⊂M1,12 ×M1,11

and the right diagonal
∆R ⊂M1,11 ×M1,12.
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It is shown in [32] that the push-forwards ιL∗[∆L] and ιR∗[∆R] under the boundary
morphisms

ιL : M1,12 ×M1,11 →M2,21,

ιR : M1,11 ×M1,12 →M2,21,

are not tautological. This gives another proof of Theorem 1.34 since the push-
forward of the diagonal class ι∗[∆] via the canonical morphism

π : M2,22 →M2,21

is the same as the class ιL∗[∆L], which was seen to be non-tautological. The result
follows as the push-forwards of tautological classes on M2,22 via the morphism π
belong to the tautological ring of M2,21.

1.4 Integral computations on the moduli stack

In [72] Mumford studies topologies defined for a moduli problem and the right way
of defining its invariants. An invertible sheaf L on the moduli problemMg consists
in two sets of data:

• For all families π : X → S of nonsingular curves of genus g, an invertible
sheaf L(π) on S.

• For all morphisms F between such families:

X1 −−−−→ X2yπ1

yπ2

S1
f−−−−→ S2

an isomorphism L(F ) of L(π1) and f∗(L(π2)) satisfying a natural cocycle
condition.

He gives two different ways to describe the Picard group associated to the moduli
problem in genus one. In particular, he determines the Picard group ofM1,1 over
the spectrum of a field of characteristic not 2 or 3. This is a cyclic group of order
12 generated by the class of the Hodge bundle.

Intersection theory on algebraic stacks and their moduli spaces is developed
in [92] by Vistoli. The special case of quotients by actions of reductive algebraic
groups is treated in [91].

Fulton and Olsson in [34] consider a general base scheme S and compute the
Picard group Pic(M1,1,S) of the fiber productM1,1,S := S×Spec(Z)M1,1 as well as
the Picard group Pic(M1,1,S) for the fiber of the Deligne-Mumford compactification
M1,1 ofM1,1 over S. To state their result we recall the definition of the Hodge class
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λ on the moduli stack: Every morphism t : T → M1,1 corresponds to an elliptic
curve f : E → T . The pullback t∗λ is the line bundle f∗Ω1

E/T . The canonical
extension of this bundle to the compactified space M1,1 is denoted by the same
letter λ. They prove the following results:

Theorem 1.37. Let S be a scheme. Then the map

Z/(12)× Pic(A1
S)→ Pic(M1,1,S), (i,L) 7→ λ⊗i ⊗ p∗L

is an isomorphism if either of the following hold:

(i) S is a Z[1/2]-scheme.

(ii) S is reduced.

Theorem 1.38. The map

Z× Pic(S)→ Pic(M1,1,S), (n,M) 7→ λn ⊗OS M

is an isomorphism for every scheme S.

In [74] Mumford proves that the Picard group of the moduli functorMg,n has no
torsion and contains the Picard group Pic(Mg,n) of the moduli space as a subgroup
of finite index. In [1] Arbarello and Cornalba study the Picard group of the moduli
spaces of curves. They give an explicit basis for the Picard group ofMg,n and its
compactification Mg,n by means of stable curves. They first prove the following
result for n = 0:

Theorem 1.39. For any g ≥ 3, Pic(Mg) is freely generated by λ, δ0, . . . , δ[g/2],
while Pic(Mg) is freely generated by λ.

Their proof goes as follows: From Harer’s theorem it follows that any class
in the Picard group of Mg is a linear combination of λ and the δi’s with rational
coefficients. By finding suitable families of curves and taking degrees it is shown that
these coefficients are indeed integers and the generators are linearly independent.

The generalization of this result considers pointed curves:

Theorem 1.40. For every g ≥ 3, Pic(Mg,n) is freely generated by λ, the ψ’s and
the δ’s, while Pic(Mg,n) is freely generated by λ and the ψ’s.

Another interesting question is to determine the Picard group of the moduli
space Mg,n. This is the content of the following proposition proven in [1]:

Proposition 1.41. If g ≥ 3, Pic(Mg,n) is the index two subgroup of Pic(Mg,n)
generated by ψ1, . . . , ψn, 2λ, λ+ δ1, and the boundary classes different from δ1.
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The Picard group of the moduli stack of hyperelliptic curves

In [4] Arsie and Vistoli study the moduli of cyclic covers of projective spaces. As a
result they prove that the Picard group of the moduli stack Hg of smooth hyperel-
liptic curves of genus g ≥ 2 is finite cyclic. This group is shown to be isomorphic
to Z/(4g + 2)Z for g even, and to Z/2(4g + 2)Z for g odd. In [41] Gorchinsky
and Viviani describe the stack Hg as a quotient stack. Their description leads to
a geometric construction of generators for the Picard group. In [15] Cornalba and
Harris show that in characteristic zero, the identity

(8g + 4)λ = gξirr + 2
[g−1/2]∑
i=1

(i+ 1)(g − i)ξi + 4
[g/2]∑
j=1

j(g − j)δj (3)

holds in the rational Picard group of the closureHg ofHg insideMg. Here, the class
λ stands for the Hodge class and the boundary classes ξirr, ξ1, . . . , ξ[g−1/2], δ1, . . . , δ[g/2]
denote the irreducible components of the complement of Hg in Hg. For the precise
definition of these classes see [14] or [15]. Cornalba [14] has improved this result by
showing that this identity is valid already in the integral Picard group of Hg.

Cornalba observes that half of the relation (3) holds in the Picard group of the
moduli stack Hg:

(4g + 2)λ = gξirr/2 +
[g−1/2]∑
i=1

(i+ 1)(g − i)ξi + 2
[g/2]∑
j=1

j(g − j)δj (4)

These two related identities together give a complete description of the Picard group
when g is not divisible by 4. More precisely, Cornalba shows that when g ≥ 2 is
an integer as above, then Pic(Hg) is generated by λ and by the boundary classes.
The relations between these classes are generated by (3) when g is odd and by (4)
when g is even. When g is divisible by 4 the situation becomes more subtle. In fact,
as observed by Gorchinsky and Viviani in [41] the Picard group of the open part
Hg is not generated by the Hodge class in this case. Cornalba solves this problem
by introducing a geometrically defined line bundle Z on Hg, whose class together
with the boundary divisors gives a set of generators for the Picard group. He also
describes the space of relations among the generators.

Equivariant Intersection Theory

In [93], Vistoli studies equivariant Grothendieck groups and equivariant Chow
groups. To mention his result let us recall the related notions for the classical
case. Let X be a smooth separated scheme of finite type over a field k and denote
by K0(X) the Grothendieck ring of vector bundles on X tensored with the field Q
of rational numbers. The Chern character

ch : K0(X)→ A∗(X)⊗Q,
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defines a ring homomorphism, which commutes with pullback. When the scheme
X is not necessarily smooth one can consider K

′

0(X) to be the Grothendieck group
of coherent sheaves on X tensored with Q. In this situation there is a group
isomorphism

τX : K
′

0(X)→ A∗(X)⊗Q,

called the Riemann-Roch map, which commutes with proper pushforward. To study
the equivariant case Vistoli considers an algebraic group G over k acting properly
on a separated scheme X of finite type over k in such a way that the stabilizer
of any geometric point of X is finite and reduced. Vistoli defines K

′

0(X//G) as
the Grothendieck group of G-equivariant coherent sheaves on X tensored with Q.
Under the assumption of the existence of a geometric quotient X/G he proves the
existence of an equivariant Riemann-Roch map

τX : K
′

0(X//G)→ A∗(X/G)⊗Q,

which is surjective, but in general not injective. He states a conjecture about its
kernel and proves it when X is smooth.

In [39], Gillet proves a Riemann-Roch theorem for algebraic spaces. It is nat-
ural to ask whether there is a Riemann-Roch theorem for algebraic stacks. The
Riemann-Roch theorem for algebraic stacks states that there is a homomorphism
from the K-theory of coherent sheaves on a stack to its Chow groups, which com-
mutes with proper pushforwards along representable morphisms of stacks.

These approaches to defining equivariant classes are based on the analysis of
the invariant cycles on the variety under the group action. But in general there
are not enough invariant cycles on X to define equivariant Chow groups with nice
properties, such as having an intersection product when X is smooth. A devel-
opment of equivariant intersection theory for actions of linear algebraic groups on
schemes and algebraic spaces is presented in [20] by Edidin and Graham. They give
a construction of equivariant Chow groups which have all the functorial properties
of ordinary Chow groups. In this approach, instead of considering only invariant
cycles on X they define an equivariant class to be represented by an invariant cycle
on X × V , where V is a representation of G. The motivation for this definition is
the combination of these two facts: For a vector bundle E on an algebraic variety
X we have that Ai(E) = Ai(X), and the vector bundle X × V on X descends to
a vector bundle on the quotient of X by G. For an action of the linear algebraic
group G on a space X the ith equivariant Chow group of X is denoted by AGi (X).

Functorial properties

Let P be one of the properties of morphisms of schemes or algebraic spaces such as
proper, flat, regular embedding or local complete intersection. The following fact
is proven in [20]:

Proposition 1.42. Equivariant Chow groups have the same functoriality as ordi-
nary Chow groups for equivariant morphisms with property P.
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Theorem 1.43 in [20] says that the rational Chow groups of the quotient of a
variety by a group acting with finite stabilizers can be identified with the equivariant
Chow groups of the original variety. If the original variety is smooth then the
rational Chow groups of the quotient inherit a canonical ring structure (Theorem
1.44). The theory of equivariant intersection theory provides a powerful tool in
computing the rational Chow groups of a moduli space which is a quotient of an
algebraic space X. This has a natural ring structure when X is smooth. Let us
first recall the relevant definitions and notations.

Equivariant higher Chow groups

Bloch [11] defines higher Chow groups Ai(X,m) for a quasi-projective scheme over
a field k and an integer m as the mth homology group Hm(Zi(X, .)) of a complex
whose pth term is the group of cycles of codimension i in the product X ×∆p with
which the faces intersect properly. Here, ∆p is defined by

∆p = Spec k[t0, . . . , tp]/(
p∑
i=0

ti − 1).

In a similar way the group Ap(X,m) is defined.

Intersection theory on quotients

Let G be a g-dimensional group acting on an algebraic space X. Vistoli defines a
quotient π : X → Y to be a map which has the following properties:

• π commutes with the action of G, the geometric fibers of π are the orbits of
the geometric points of X,

• π is universally submersive, i.e., U ⊂ Y is open if and only if π−1(U) is, and
this property is preserved by base change.

Theorem 1.43. (a) Let X be an algebraic space with a locally proper G-action
and let π : X → Y be a quotient. Then

AGi+g(X)⊗Q ∼= Ai(Y )⊗Q.

(b) If in addition X is quasi-projective with a linearized G-action, and the quotient
Y is quasi-projective, then

AGi+g(X,m)⊗Q ∼= Ai(Y,m)⊗Q

Theorem 1.44. With the same hypotheses as in Theorem 1.43, there is an iso-
morphism of operational Chow rings

π∗ : A∗(Y )Q = A∗G(X)Q.
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Moreover if X is smooth, then the map A∗(Y )Q → A∗(Y )Q is an isomorphism. In
particular, if X is smooth, the rational Chow groups of the quotient space Y = X/G
have a ring structure, which is independent of the presentation of Y as a quotient
of X by G.

Integral Chow groups of quotient stacks

When the group G acts on an algebraic space X, the quotient [X/G] exists in the
category of stacks. In [20] the relation between equivariant Chow groups and Chow
groups of quotient stacks is discussed. In particular, it is shown that for proper
actions, equivariant Chow groups coincide with the Chow groups defined by Gillet
in terms of integral sub-stacks. It is also proven that the intersection products of
Gillet and Vistoli are the same.

For a quotient stack F = [X/G] the integral Chow group Ai(F) is defined to be
AGi−g(X), where g = dimG. It is proven in [20] that the equivariant Chow groups
do not depend on the representation as a quotient and hence they are invariants of
the stack. The following fact shows that there is a natural product of the sum of
the integral Chow groups of a quotient stack:

Proposition 1.45. If F is smooth, then ⊕iAi(F) has an integral ring structure.

It is also proven in [20] that the first equivariant Chow group A1
G(X) coincides

with the Picard group of the moduli problem defined by Mumford for the stack
F = [X/G]:

Proposition 1.46. Let X be a smooth variety with a G-action. Then A1
G(X) =

Picfun([X/G]).

There is also the notion of the integral operational Chow ring associated to any
stack F : An element c ∈ Ak(F) defines an operation

cf : A∗(B)→ A∗−k(B)

for any map of schemes f : B → F . This naturally has a ring structure. The
following fact shows that equivariant Chow rings coincide with the operational
Chow rings:

Proposition 1.47. Let F = [X/G] be a smooth quotient stack. Then A∗(F) =
A∗G(X).

The Chow ring of the moduli stack of elliptic curves

As an application of this theory the integral Chow ring of the moduli stack of elliptic
curves is computed in [20]. Recall that a section of M1,1 over a scheme S is the
data (π : C → S, σ), where π is a smooth curve of genus one and σ : S → C is
a smooth section. The stack M1,1 is defined in a similar way, with the difference
that the fibers are π are assumed to be stable nodal curves. It is easy to see that
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these stacks are quotients of smooth varieties by actions of linear algebraic groups.
The computation of the equivariant intersection ring of these quotient stacks gives
the following result:

Proposition 1.48.

A∗(M1,1) = Z[t]/(12t), A∗(M1,1) = Z[t]/(24t2),

where t is the first Chern class of the Hodge bundle.

The integral Chow ring of the moduli stack of smooth curves of genus
two

In [94] Vistoli considers the case of genus two and computes the Chow ring of
M2. He proves that M2 is a quotient of an algebraic space by a linear algebraic
group: Let Y be the stack whose objects are pairs (π, α), where π : C → S is a
smooth proper morphism of schemes whose fibers are curves of genus 2, and α is
an isomorphism of OS sheaves α : O⊕2

S
∼= π∗ωπ, where ωπ is the relative dualizing

sheaf of π; morphisms are defined in the natural way as canonical pull-backs. The
objects of Y have no automorphisms, so that Y is an algebraic space. There is a
natural left GL2,k action on Y : if (π, α) is an object of Y with basis S and A ∈
GL2(S), the action of A on the pair (π, α) is defined by

A · (π, α) = (π, α ◦A−1).

The moduli stack M2 is equal to the quotient Y/GL2. Vistoli identifies Y with
the open subset of all binary forms φ(x) = φ(x0, x1) in two variables of degree 6,
denoted by X, consisting of non-zero forms with distinct roots. The given action
of GL2 corresponds to the action of GL2 on X defined by

A · φ(x) = det(A)2φ(A−1x).

The calculation of the equivariant Chow ring A∗GL2
(X) of X leads to the following

result:

Theorem 1.49. Assume that k has characteristic different from 2 and 3. Then

A∗(M2) = Z[λ1, λ2]
(10λ1, 2λ2

1 − 24λ2) ,

where λi = ci(E) is the ith Chern class of the Hodge bundle.

The Chow rings of moduli spaces of maps of projective spaces and the Hilbert
scheme of rational normal curves are computed by Pandharipande in [77] and [78]
using equivariant methods.
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