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Introduction.

0.1. Overview. The purpose of this note is to give a presentation of the intersection ring
of the moduli space M0,n of stable n-pointed curves of genus zero. In the first section
we recall general facts about the moduli space M0,n. There are several constructions of
this space. We recall three of them and present another construction of M0,n as a blow-
up of the variety (P1)n−3. In the next section we describe the intersection ring of the
moduli space in terms of generators and relations. We give a description of a basis for
the Chow groups. We show that with respect to our basis for the Chow groups there is
an explicit duality between the Chow groups in complementary degrees. This duality
was implied by the result of Keel [K] from his inductive argument. He shows that dual
bases for A∗(M0,n) induce dual bases for A∗(M0,n+1). This gives a recursive way to get
dual bases. Our presentation of the intersection ring is simpler in the sense that there are
fewer generators and fewer relations, and we give an explicit basis for the Chow groups.

0.2. Proof steps. While there are well-known formulas for the intersection ring of blow-
ups we use the formula of Keel (1), which simplifies the computations in our situation.
This formula determines the intersection ring of certain blow-ups in terms of generators
and simple relations. We describe the space of relations in A∗(M0,n) in 2.1. This leads
to a basis for the Chow groups and the notion of standard monomials introduced in Sec-
tion 2.6. In Proposition 2.7 we see that Chow groups are additively generated by standard
monomials. Then we observe that there is an involution on the Chow ring which gives
a one-to-one correspondence between standard monomials in complementary degrees.
The matrices of the intersection pairing between standard monomials and their duals be-
come of a simple form with respect to a natural ordering of standard monomials. More
precisely, we show that the intersection matrices consist of identity matrices along the
main diagonal up to a sign and all blocks below the main diagonal are zero. The filtration
2.11 of the Chow ring together with the property 2.12 gives a geometric justification of
the vanishing result formulated in Proposition 2.13. To prove our claim about the square
blocks on the main diagonal we use the identity (3) in the Chow ring ofM0,n. This identity
is easily proven using the intersection theory of blow-ups in our construction of the mod-
uli space. This completes the description of the Chow ring and the intersection pairings
as it is stated in Theorem 2.14. The last section contains examples.

Acknowledgments. The author thanks Carel Faber for useful discussions.
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1. CONSTRUCTION OF THE MODULI SPACE M0,n

Recall that the moduli space M0,n parametrizes the isomorphism classes of pointed
curves (C;x1, . . . , xn), where C is a smooth curve of genus zero and the xi’s are distinct
points on C. Every smooth curve of genus zero is isomorphic to the projective line P1

and for every 3 distinct points a, b, c on P1 there exists a unique automorphism of the
projective line sending these points to 0, 1,∞ respectively. This means that the space M0,n

coincides with
U := (P1 − {0, 1,∞})n−3 −∆,

where ∆ stands for the big diagonal consisting of all points where at least two coordinates
become equal to each other. The moduli space of stable n-pointed curves of genus zero
is introduced by Grothendieck in [D] as a compactification of the moduli space M0,n and
is studied by Knudsen in [Kn]. This coincides with the Deligne-Mumford compactifica-
tion of the moduli space M0,n which is defined in a more general setting. We recall the
definition. Let S be a scheme, and let n ≥ 3 be an integer.

Definition 1.1. A stable n-pointed curve of genus zero over S is a flat and proper mor-
phism π : C → S together with n distinct sections σi : S → C such that

• The geometric fibers Cs of π are reduced and connected curves with at most ordi-
nary double points.
• Cs is smooth at Pi = σi(s) for 1 ≤ i ≤ n.
• The points Pi and Pj are distinct for i 6= j.
• The number of points where a nonsingular component E of Cs meets the rest of Cs

plus the number of points Pi on E is at least 3.
• The curve Cs is of arithmetic genus zero, i.e. H1(Cs,OCs) = 0.

Let M0,n be the functor which sends a scheme S to the collection of stable n-pointed
curves of genus zero over S modulo isomorphisms. In [Kn] Knudsen shows that this
functor is represented by a smooth complete variety Xn together with a universal curve
π : Un → Xn, and universal sections σ1, . . . , σn. His method is inductive: Suppose Un →
Xn with sections σ1, . . . , σn represents M0,n. Then

Un ×Xn Un → Un

with the pulled back sections σ1, . . . , σn and the additional section coming from the di-
agonal is the universal n-pointed curve with an additional section. There is a blow-up
(Un×Xn Un)s of Un×Xn Un (which he calls the stabilization of the family Un×Xn Un → Un)
so that

(Un ×Xn Un)s → Un

is the universal (n+ 1)-pointed curve. In particular, Xn+1 = Un.
As Keel remarks in [K] the computation of the intersection ring of M0,n from this con-

struction becomes difficult since the fibered product Un ×Xn Un is not smooth, and the
blow-up is not along a regularly embedded subscheme.

In [K] Keel gives an alternative inductive method. He shows that π can be factored as
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Xn+1
ρ−−−→ Xn × P1

yπ1
Xn

where π1 is projection on the first factor, and ρ is a composition of blow-ups of smooth va-
rieties along smooth codimension two subvarieties. This enables him to give a complete
description of the intersection ring of the moduli space. In particular, he proves that the
canonical map from the Chow groups to homology (in characteristic zero) is an isomor-
phism. He gives a recursive formula for the Betti numbers of M0,n. Keel also gives an
inductive recipe for determining dual bases in the Chow rings and shows that the Chow
ring is generated by divisors. He also describes the ideal of relations.

M. M. Kapranov [Ka] gives another construction of M0,n via a sequence of blow-ups:
Choose n − 1 generic points q1, . . . , qn−1 in Pn−3. The variety M0,n can be obtained from
Pn−3 by a series of blow-ups of all the projective spaces spanned by the qi. The order of
these blow-ups can be taken as follows:

(1) The points q1, . . . , qn−2 and all the projective subspaces spanned by them in order
of increasing dimension.

(2) The point qn−1, all the lines 〈q1, qn−1〉, . . . , 〈qn−3, qn−1〉 and the subspaces spanned
by them in order of increasing dimension.

(3) The line 〈qn−2, qn−1〉, the planes 〈qi, qn−2, qn−1〉, i 6= n− 3 and all subspaces spanned
by them in order of increasing dimension, etc.

We give another construction of M0,n as a natural compactification of the moduli space
M0,n: Let X be the (n − 3)-fold product of the projective line P1 and I be a subset of the
set {1, . . . , n} such that

(∗) |I ∩ {n− 2, n− 1, n}| ≤ 1 and 3 ≤ |I| ≤ n− 2.

The subvariety XI of X is defined as follows: If the intersection I ∩ {n− 2, n− 1, n} is the
empty set, it is defined to be the set of all points (x1, . . . , xn−3) in X where the coordinates
corresponding to the index set I are equal to each other. Otherwise, consider the following
correspondence

n− 2↔ 0, n− 1↔ 1, n↔∞.
We refer to n − 2, n − 1, n as special elements. In this case the subvariety XI consists of all
points in X where the coordinates corresponding to non-special elements in I are equal
to the point specified via the above correspondence to the special element of I . Notice
that the subvariety XI is of dimension n− 2− |I|.

For example, let n = 6, I = {1, 2, 3} and J = {2, 3, 4}. Then

XI = {(x, x, x) : x ∈ P1}, XJ = {(x, 0, 0) : x ∈ P1}.
We identify M0,n with the open subset U of X mentioned above consisting of all points

whose coordinates are distinct from each other and don’t belong to the set {0, 1,∞}. The
universal family over M0,n is the trivial family

π : M0,n × P1 →M0,n,
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where π is the projection onto the first factor. Let the universal sections of this family be
σ1, . . . , σn. We assume that the last three sections are constant, sending a point P on M0,n

to the points 0, 1,∞ of the fiber over P respectively.
The space M0,n is obtained from X by the following sequence of blow-ups: First blow-

up three points X{1,...,n−3,n−2}, X{1,...,n−3,n−1} and X{1,...,n−3,n}. This separates all lines XI

for which |I| = n− 3. Then blow up the proper transform of all these lines. We continue
this process and increase the dimension of the blow-up centers at each step. Note that
at each step the blow-up center is the regularly embedded union of the proper transform
of subvarieties XI . This process goes on as long as |I| ≥ 3. The exceptional divisor of
the blow-up along the subvariety XI is denoted by DI as well as the class of its proper
transform under later blow-ups.

The family π extends to a family over the resulting space X̃ and permits n disjoint
sections in the smooth locus of the fibers. This requires a blow-up of the total space of the
family along the inverse image via π of the ideal sheaf of the blow-up centers on the base
of the family. For the precise statement see Corollary 7.15 in [H]. We denote the resulting
family by the same letter π and its sections by σ1, . . . , σn, by abuse of notation. The family
π induces a morphism

F : X̃ →M0,n.

The morphism F sends the point P ∈ X̃ to the isomorphism class of the pointed curve

(π−1(P );σ1(P ), . . . , σn(P )).

The restriction of the morphism F on the open subset U ⊂ X̃ defines an isomorphism
between U and the image F (U) = M0,n. This means that F is a birational morphism. The
study of the fibers of F and Theorem 7.17 in [H] show that F is an isomorphism.

Remark 1.2. There are standard divisor classes DI on the Deligne-Mumford compactification
M0,n of M0,n whose union is the boundary M0,n −M0,n. These boundary divisors are indexed by
subsets I ⊂ {1, . . . , n}, where 2 ≤ |I| ≤ n − 2. The generic curve parameterized by the divisor
DI has two components, the points of I on one branch, the points of Ic on the other. Since there is
an obvious relation DI = DIc , we make the convention |I ∩ {n − 2, n − 1, n}| ≤ 1 to avoid this
duplication. Under this assumption, it is easy to see that the inverse image ofDI via the morphism
F is the exceptional divisor DI when |I| ≥ 3. The case |I| = 2 must be treated separately. The
formulas are given in Remark 2.15.

2. THE CHOW RING OF M0,n

We first review some general facts from [FM] about the intersection ring of the blow-up
Ỹ of a smooth variety Y along a smooth irreducible subvariety Z. When the restriction
map from A∗(Y ) to A∗(Z) is surjective, S. Keel has shown in [K] that the computations
become simpler. We denote the kernel of the restriction map by JZ/Y so that

A∗(Z) =
A∗(Y )

JZ/Y
.
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Define a Chern polynomial for Z ⊂ Y , denoted by PZ/Y (t), to be a polynomial

PZ/Y (t) = td + a1t
d−1 + · · ·+ ad−1t+ ad ∈ A∗(Y )[t],

where d is the codimension of Z in Y and ai ∈ Ai(Y ) is a class whose restriction in Ai(Z)
is ci(NZ/Y ), where NZ/Y is the normal bundle of Z in Y . We also require that ad = [Z],
while the other classes ai, for 0 < i < d, are determined only modulo JZ/Y .

We identify A∗(Y ) as a subring of A∗(Ỹ ) by means of the map π∗ : A∗(Y ) → A∗(Ỹ ),
where π : Ỹ → Y is the birational morphism. Let E ⊂ Ỹ be the exceptional divisor. The
formula of Keel is as follows: The Chow ring A∗(Ỹ ) is given by

(1) A∗(Ỹ ) =
A∗(Y )[E]

(JZ/Y · E,PZ/Y (−E))
.

The following facts are used to find the relation between the ideals JV/Y and JṼ /Ỹ for a
subvariety V of Y :

• Suppose that V is a nonsingular subvariety of Y that intersects Z transversally in
an irreducible variety V ∩ Z, and that the restriction A∗(V ) → A∗(V ∩ Z) is also
surjective. Let Ṽ = BlZV. Then A∗(Ỹ ) → A∗(Ṽ ) is surjective, with kernel JV/Y if
V ∩ Z is not empty, and kernel (JV/Y , E) if V ∩ Z is empty.
• Suppose that Z is the transversal intersection of nonsingular subvarieties V and
W of Y , and that the restrictions A∗(Y ) → A∗(V ) and A∗(Y ) → A∗(W ) are also
surjective. Let Ṽ = BlZV. Then
(1) A∗(Ỹ )→ A∗(Ṽ ) is surjective, with kernel (JV/Y , PW/Y (−E));
(2) A∗(Ỹ )→ A∗(E ∩ Ṽ ) is surjective, with kernel (JZ/Y , PW/Y (−E)).

It follows that the restriction map to a blow-up center in the construction of M0,n is a
surjection: The inclusion of the subvariety iI : XI → X is a section of a projection from
X onto XI . This gives the injectivity of push-forward and the surjectivity of pull-back via
the inclusion iI .

In our situation it is easy to determine a Chern polynomial for the blow-up centers.
Since the involved blow-up centers are transversal intersection of divisors, it will be
enough to know the following two simple facts:

• A Chern polynomial for a divisor class D is t+D.
• If the subvariety Z is a transversal intersection of the subvarieties V and W , then
Z has a Chern polynomial

PZ/Y (t) = PV/Y (t) · PW/Y (t).

Other useful formulas give the relation between a Chern polynomial PV/Y (t) of a sub-
variety V and its proper transform Ṽ :

• If V meets Z transversally, then PV/Y (t) is a Chern polynomial for Ṽ in Ỹ .
• If V contains Z, then PV/Y (t− E) is a Chern polynomial for Ṽ ⊂ Ỹ .

For the proofs, see Section 5 in [FM]. In the study of the intersection pairing of a blow-
up, there is a simple relation between certain intersection numbers in A∗(Ỹ ) and numbers
in A∗(Y ):
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Lemma 2.1. Suppose that Z is the transversal intersection D1 ∩ · · · ∩ Dr of divisor classes
D1, . . . , Dr on Y and let f ∈ A∗(Y ) be an element of degree d = dim(Z). The following re-
lation holds in A∗(BlZY ) :

f · Er = (−1)r−1f · Z.
Proof. This is Lemma 5.3 in [T]. �

The following vanishing result will be useful:

Proposition 2.2. Let I, J ⊂ {1, . . . , n} be subsets satisfying condition (∗). The product DI ·DJ

is zero unless I ⊆ J or J ⊆ I or I ∩ J = ∅.

Proof. The proof is similar to that of Proposition 3.7 in [T]. �
We are now able to study the intersection ring of the moduli space M0,n more closely.

As we saw above, the moduli space is constructed as a result of a sequence of blow-ups
of the algebraic variety X . The Chow ring of X is generated by the divisor classes ai for
1 ≤ i ≤ n−3, where the class ai of degree one is defined to be the pull-back of the positive
generator for the Chow ring of the projective line P1 via the projection onto the ith factor.
The space of relations is generated by the relations a2i = 0. The pull-backs of these classes
to the moduli space are denoted by the same letters.

2.1. The space of relations. The discussion above shows that the Chow ring of the mod-
uli space M0,n is generated over Z by the classes ai and the exceptional divisors DI . To
give a complete description of the intersection ring we need to understand the space of
relations among the generators:

• There are the relations a2i = 0 for 1 ≤ i ≤ n− 3.
• For subsets I, J ⊂ {1, . . . , n}, satisfying condition (∗), the product DI · DJ is zero

unless
(∗∗) I ⊆ J, or J ⊆ I, or I ∩ J = ∅.

• For any subset I ⊂ {1, . . . , n}, fulfilling the requirement (∗), consider the inclusion

iI : XI → X.

The relations

{x ·DI = 0 : x ∈ ker(i∗I : A∗(X)→ A∗(XI))}
hold. The injectivity of the push-forward map on the Chow groups shows that this
kernel is the same as the kernel of the operator XI ∩ − : A∗(X) → A∗(X) defined
by the rule x→ XI ∩ x, which is easy to compute.
• As we saw above, in blowing up the variety Y along a subvariety Z ⊂ Y , if the

center Z can be written as the transversal intersection of the subvarieties V and W
of Y , then the class PW/Y (−EZ) is in the ideal JṼ /Ỹ . This means that the product
PW/Y (−EZ)·EṼ is zero, whereEṼ is the class of the exceptional divisor of the blow-
up along the subvariety Ṽ . We get a class of relations of this type by writing the
centers of blow-ups introduced in the construction of the spaceM0,n as transversal
intersections in different ways. If the subvariety V can be written as a transversal
intersection V1 ∩ · · · ∩ Vk, we obtain the relation PW/Y (−EZ) · EV1 . . . EVk = 0.
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• For each subvariety Z ⊂ Y with a Chern polynomial PZ/Y (t), there is a relation

PZ/Y (−EZ) = 0,

where EZ is the class of the exceptional divisor of the blow-up of Y along Z. These
give another class of relations in A∗(M0,n).

2.2. Example. Let I be a subset of the set {1, . . . , n−3} containing at least 3 elements and
let i, j ∈ I be distinct elements. Notice that

ai − aj ∈ ker(i∗ : A∗(X)→ A∗(XI)),

from which the relation (ai − aj) ·DI = 0 follows.

2.3. Standard monomials. Any monomial v ∈ Ad(M0,n) can be written as a product a(v)·
D(v), where a(v) is a product of ai’s and D(v) is a product of exceptional divisors. The
relations described in 2.1 can be used to get a smaller set of generators for the intersection
ring. To enumerate the monomials we associate a graph to the generator v. We first define
an ordering on the polynomial ring

R := Z[ai, DI : 1 ≤ i ≤ n− 3, I ⊂ {1, . . . , n}, where I satisfies (∗)].
Definition 2.3. Let I, J ⊂ {1, . . . , n}, we say that I < J if

• |I| < |J |
• or if |I| = |J | and the smallest element in I − I ∩ J is smaller than the smallest

element of J − I ∩ J .
Put an arbitrary total order on monomials in

Z[ai : 1 ≤ i ≤ n− 3].

Suppose v1, v2 ∈ R are monomials. We say that v1 < v2 if we can write them as

v1 = a(v1) ·
r0∏

r=1

Dir
Ir
·D, and v2 = a(v2) ·

r0∏

r=1

Djr
Ir
·D,

where D =
∏m

r=r0+1D
ir
Ir

, for Im < · · · < I1, and ir0 < jr0 ; or if r0 = 0 and a(v1) < a(v2).
Furthermore, we say that v1 � v2, if for any factor DI of v2 we have that v1 < DI .

Definition 2.4. Let v = a(v) ·Di1
I1
. . . Dim

Im
, where ir 6= 0 for r = 1, . . . ,m and Im < · · · < I1,

be a monomial. The directed graph G = (VG, EG) associated to v or of the collection
I1, . . . , Im is defined by the following data:

• A set VG and a one-to-one correspondence between members of VG and members
of the set {1, . . . ,m}. The elements of VG are called the vertices of G.
• A set EG ⊂ VG × VG consisting of all pairs (r, s), where Is is a maximal element of

the set
{Ii : Ii ⊂ Ir}

with respect to inclusion. The elements of EG are called the edges of G.
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For a vertex i ∈ VG , the closure i ⊂ VG is defined to be the subset

{r ∈ VG : Ir ⊆ Ii}
of VG. The degree deg(i) of i is defined to be the number of the elements of the set

{j ∈ VG : (i, j) ∈ EG}.
A vertex i ∈ VG is called a root of G if Ii is maximal with respect to inclusion of sets. It is

called external if Ii is a minimal subset and all the other vertices will be called internal.
In the following, we use the letters I1, . . . , Im to denote the vertices of G.

Remark 2.5. It is easy to see that the graph G associated to a non-zero monomial v has no loop.
Therefore, we refer to G as the associated forest of v or of the collection I1, . . . , Im.

Definition 2.6. Let v be as in Definition 2.4, G be the associated forest, and J1, . . . , Js, for
some s ≤ m, be roots of G satisfying {n − 2, n − 1, n} ∩ Jr = ∅. For each such root Jr let
αr ∈ Jr be the smallest element. The subset S of the set {1, . . . , n−3} is defined as follows:

S := {α1, . . . , αs} ∪ (∩mr=1I
c
r − {n− 2, n− 1, n}).

The monomial v is said to be standard if
• The monomial a(v) ∈ Z[ai : i ∈ S]/(a2i : i ∈ S) is non-zero.
• For each r we have that

ir ≤ min(|Ir| − 2, |Ir| − | ∪Is⊂Ir Is|+ deg(Ir)− 2).

It is now easy to see by the same argument as in Proposition 5.9 in [T] that:

Proposition 2.7. The Chow group Ad(M0,n) of M0,n, for 0 ≤ d ≤ n− 3, is additively generated
by standard monomials.

2.4. Definition of the dual element. In this section we show that there is an involution on
the intersection ring of M0,n which gives a one-to-one correspondence between standard
monomials in Ad(M0,n) and those in An−3−d(M0,n), for 0 ≤ d ≤ n− 3.

Definition 2.8. Suppose v = a(v) ·D(v) is a standard monomial, where a(v) is a product
of ai’s for i ∈ Av ⊆ {1, . . . , n− 3} and

D(v) =
m∏

r=1

Dir
Ir
,

where ir 6= 0 for r = 1, . . . ,m, and Im < · · · < I1. Let G be the associated forest, and
J1, . . . , Js, the set S and αr ∈ Jr for 1 ≤ r ≤ s be as in Definition 2.6. The subset T of the
set S is defined to be

T := S − Av.
For each 1 ≤ r ≤ m, define jr to be




|Ir| − | ∪Is⊂Ir Is|+ deg(Ir)− 1− ir if Ir is an internal vertex of G;

|Ir| − 1− ir if Ir is an external vertex of G.
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We define v∗ = a(v∗) ·D(v∗), where

a(v∗) =
∏

i∈T
ai, D(v∗) =

m∏

r=1

Djr
Ir
.

Remark 2.9. It is straightforward to see that the dual of a standard monomial v is well-defined
and furthermore, it is standard. The property v∗∗ = v shows that the operator ∗ is an involution.

The next lemma will be useful in the proof of Proposition 2.13 and identity (3):

Lemma 2.10. Let v = a(v) · D(v) be as in Definition 2.8, and G be the associated forest. For a
vertex i ∈ VG corresponding to the subset Ii of the set {1, . . . , n}, the equality

∑

i

(ir + jr) = |Ii| − 1

holds. Here i is the closure of i in G as in Definition 2.4.

Proof. It is immediate from the definition of the jr’s above. �

2.5. The pairing Ad(M0,n) × An−3−d(M0,n). In the previous part, we defined dual ele-
ments for standard monomials. Below, we will see that with respect to the ordering of the
generators of the Chow groups given in 2.3 the resulting intersection matrix between the
standard monomials and their duals consists of identity matrices along the main diago-
nal, up to a sign, and all blocks below the diagonal are zero. To prove the stated properties
of the intersection matrix, we introduce a natural filtration on the Chow ring.

Definition 2.11. Let v be a standard monomial as given in Definition 2.6, and let J1, . . . , Js
be the roots of the associated forest. Define p(v) to be the degree of the element

a(v) ∩sr=1 XJr ∈ A∗(X),

which is the same as the integer

deg a(v) +
s∑

r=1

|Jr| − s.

The subspace F pA∗(M0,n) of the Chow ring is defined to be the Z-submodule generated
by standard monomials v satisfying p(v) ≥ p.

Proposition 2.12. (a) For any integer p, we have that F p+1A∗(M0,n) ⊆ F pA∗(M0,n).
(b) Let v ∈ F pA∗(M0,n) and w ∈ Ad(M0,n) be such that w � v. If p+ d > n− 3, then v ·w is

zero. In particular, F n−2A∗(M0,n) is zero.

Proof. The proof is similar to the proof of Proposition 5.15 in [T]. �
Using property (b) in the previous proposition we can show the triangular property of

the intersection matrix:

Proposition 2.13. Suppose v1, v2 ∈ Ad(M0,n) are standard monomials satisfying D(v1) <
D(v2). Then v1 · v∗2 = 0.
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Proof. The monomial v1 ·v∗2 can be written as a product v ·w, for v, w ∈ A∗(M0,n) satisfying
the properties given in Proposition 2.12. For the argument, see Proposition 5.16 in [T]. �

To study the square blocks on the main diagonal we relate the numbers occurring in
the intersection matrix to numbers in the Chow group A0(X). We first recall the relevant
identity:

Let Y be a blow-up of X at some step in the construction of M0,n. Suppose that

V1 ∩ · · · ∩ Vk ∩W = Z

is a transversal intersection of cycles, whereW = D1∩· · ·∩Dr is a transversal intersection
of divisorsD1, . . . , Dr ∈ A1(Y ), and let f ∈ A∗(Y ) be an element of degree d = dim(Z). De-
note by EZ the exceptional divisor of the blow-up BlZY of Y along Z and by EV1 , . . . , EVk
those of the blow-up Ỹ of BlZY along the proper transform of the subvarieties V1, . . . , Vk.
In [T] it is proven that the following identity holds in Ar+d+k(Y ):

f · Er
ZEV1 . . . EVk = (−1)r−1f ·W · EV1 . . . EVk .

This identity reduces the number of exceptional divisors by one for certain monomials.
If the codimension of the subvariety Vi is ri and that of Z is r0, then from the proven result
in Lemma 2.1 one gets the following identity:

(2) f · Er
Z · Er1

V1
. . . Erk

Vk
= (−1)r0−k−1f · Z.

We now use this identity to compute the numbers occurring on the main diagonal of
the intersection matrix. Let I1, . . . , Im be subsets of the set {1, . . . , n} such that each pair
Ir and Is satisfies property (∗∗). Let G be the associated forest of the collection I1, . . . , Im
and J1, . . . , Js, the set S and αr ∈ Jr for 1 ≤ r ≤ s be as in Definition 2.6. Define

D :=
m∏

r=1

Dir
Ir
,

where

ir =




|Ir| − | ∪Is⊂Ir Is|+ deg(Ir)− 1 if Ir is an internal vertex of G

|Ir| − 1 if Ir is an external vertex of G.
Consider an element f ∈ Z[ai : i ∈ S]/(a2i : i ∈ S), of degree | ∩mr=1 I

c
r |+ s− 3. Then from

identity (2) it follows that

(3) f ·D = (−1)ε · f ·
∏

i∈{1,...,n−3}−S
ai,

where ε = | ∪mr=1 Ir| +
∑

i∈V (G) deg(i), by Lemma 2.10. It is easy to see that for any v ∈
Ad(M0,n), the product D := D(v) · D(v∗) is in the form given above. We can now prove
our main result:

Theorem 2.14. The Chow ring A∗(M0,n) of M0,n is the polynomial ring over Z with generators
ai, 1 ≤ i ≤ n−3, and DI for subsets I ⊂ {1, . . . , n} satisfying (∗), modulo the ideal generated by
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the relations in 2.1. The involution ∗ defines a duality between the Chow groups in complementary
degrees. More precisely, for each 0 ≤ d ≤ n− 3, the intersection pairing

Ad(M0,n)× An−3−d(M0,n)→ Z
is perfect.

Proof. We have observed that the intersection ring is generated by the divisor classes ai, DI

over Z, and that the relations are those described in 2.1. To prove the non-degeneracy of
the intersection pairing we show that the intersection matrix (vi · v∗j ) is invertible, where
the vi varies over the set of standard monomials in degree d. According to the vanishing
result proven in Proposition 2.13 it would be enough to see the invertibility of the square
block of the intersection matrix consisting of all such v’s having the same D-part. For a
fixed monomial

D ∈ Z[DI : I ⊂ {1, . . . , n} satisfies (∗)],
denote by AD the set of all standard monomials v in Ad(M0,n) for which D(v) = D. Let G
be the graph associated to the monomial D and define S as in Definition 2.6.

From identity (3) we see that the intersection numbers

v1 · v∗2 ∈ An−3(M0,n) = Z
and

a(v1) · a(v∗2) ∈ A|S|((P1)|S|) = Z
differ by (−1)ε, where ε = | ∪mr=1 Ir| +

∑
i∈V (G) deg(i). This means that the intersection

matrices (vi · v∗j ) and (a(vi) · a(v∗j )) for vi, vj ∈ AD are the same up to a sign. The latter
matrix is the identity matrix for the natural choice of basis for the Chow groups of (P1)S .
This proves the claim. �
Remark 2.15. Let us compare our result with that of Keel in [K]. He shows that the Chow ring
of M0,n is generated by all divisor classes DI for which I ⊂ {1, . . . , n} satisfies |I ∩ {n − 2, n −
1, n}| ≤ 1 and |I| ≥ 2. In his description the markings 1,2,3 play the role of n − 2, n − 1, n in
ours. Here we relate the divisors DI for which |I| = 2 with the divisor classes ai. They are related
by the following formulas:

ai =
∑

i,n−2∈I
DI =

∑

i,n−1∈I
DI =

∑

i,n∈I
DI ,

ai + aj =
∑

i,j∈I
DI .

Keel shows that the ideal of relations is generated by the following ones: For any four distinct
elements i, j, k, l ∈ {1, . . . , n}:

∑

i,j∈I
k,l/∈I

DI =
∑

i,k∈I
j,l/∈I

DI =
∑

i,l∈I
j,k/∈I

DI ,

and
DI ·DJ = 0 unless I ⊆ J, J ⊆ I, I ∩ J = ∅.
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It is possible to derive the relations described in 2.1 directly from these relations. The same is true
for the vanishing in Proposition 2.13 and the identity (3). This leads to another proof of Theorem
2.14 independent of our construction of the moduli space. Although the proofs are elementary,
they are longer than ours and we don’t have geometric interpretations of the relations similar to
those we give in 2.1, (2) and 2.12 according to the blow-up picture.

3. EXAMPLES

• The moduli space M0,3 = M0,3 consists of a single point and its Chow ring is
isomorphic to the ring of integers Z.
• M0,4 = P1, and its intersection ring is Z[a1]

(a21)
, where a1 is the class of a point. Note

that:
a1 = D1,2 = D1,3 = D1,4.

• M0,5 is P1 × P1 blown-up at 3 points. It is a del Pezzo surface of degree 5. The
exceptional divisors of the blow-ups are D1,2,3, D1,2,4, D1,2,5. One has the following
relations:

a1 = D1,3 +D1,2,3 = D1,4 +D1,2,4 = D1,5 +D1,2,5,

a2 = D2,3 +D1,2,3 = D2,4 +D1,2,4 = D2,5 +D1,2,5,

a1 + a2 = D1,2 +D1,2,3 +D1,2,4 +D1,2,5,

ai ·D1,2,3 = ai ·D1,2,4 = ai ·D1,2,5 = 0 i = 1, 2,

D1,2,3 ·D1,2,4 = D1,2,3 ·D1,2,5 = D1,2,4 ·D1,2,5 = 0,

D2
1,2,3 = D2

1,2,4 = D2
1,2,5 = −a1a2.

In particular, from the relations above we see directly that the intersection ring is
generated by the 5 classes a1, a2, D1,2,3, D1,2,4, D1,2,5. The involution ∗ permutes the
classes a1, a2 and fixes the exceptional divisors. The resulting intersection matrix
of the pairing A1(M0,5)× A1(M0,5) is:

(
I2 0
0 −I3

)
.

• M0,6 is obtained from P1 × P1 × P1 as follows: Let

X1,2,3,4 = (0, 0, 0), X1,2,3,5 = (1, 1, 1), X1,2,3,6 = (∞,∞,∞),

X1,2,4 = 0× 0× P1, X1,3,4 = 0× P1 × 0, X2,3,4 = P1 × 0× 0,

X1,2,5 = 1× 1× P1, X1,3,5 = 1× P1 × 1, X2,3,5 = P1 × 1× 1,

X1,2,6 =∞×∞× P1, X1,3,6 =∞× P1 ×∞, X2,3,6 = P1 ×∞×∞,
X1,2,3 = {(x, x, x) : x ∈ P1}.

The blow-up of the 3 points X1,2,3,i for i = 4, 5, 6 separates 10 lines XI for which
|I| = 3. Blowing-up the proper transforms of these 10 lines givesM0,6. Notice that:

a1 = D1,4+D1,2,4+D1,3,4+D1,2,3,4 = D1,5+D1,2,5+D1,3,5+D1,2,3,5 = D1,6+D1,2,6+D1,3,6+D1,2,3,6,

a2 = D2,4+D1,2,4+D2,3,4+D1,2,3,4 = D2,5+D1,2,5+D2,3,5+D1,2,3,5 = D2,6+D1,2,6+D2,3,6+D1,2,3,6,

a3 = D3,4+D1,3,4+D2,3,4+D1,2,3,4 = D3,5+D1,3,5+D2,3,5+D1,2,3,5 = D3,6+D1,3,6+D2,3,6+D1,2,3,6.
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There are several classes of relations. We write a few examples:

ai ·D1,2,3,4 = ai ·D1,2,3,5 = ai ·D1,2,3,6 = 0 i = 1, 2, 3,

D3
1,2,3,4 = D3

1,2,3,5 = D3
1,2,3,6 = a1a2a3,

a2 ·D2,3,4 = a3 ·D2,3,4 = 0, (D1,2,3,4 +D2,3,4)
2 + a2a3 = 0.

The duals are defined as follows:

a∗1 = a2a3, a∗2 = a1a3, a∗3 = a1a2,

D∗1,2,3,4 = D2
1,2,3,4, D∗1,2,3,5 = D2

1,2,3,5, D∗1,2,3,6 = D2
1,2,3,6,

D∗1,2,4 = a3 ·D1,2,4, D∗1,3,4 = a2 ·D1,3,4, D∗2,3,4 = a1 ·D2,3,4,

D∗1,2,5 = a3 ·D1,2,5, D∗1,3,5 = a2 ·D1,3,5, D∗2,3,5 = a1 ·D2,3,5,

D∗1,2,6 = a3 ·D1,2,6, D∗1,3,6 = a2 ·D1,3,6, D∗2,3,6 = a1 ·D2,3,6,

D∗1,2,3 = a1 ·D1,2,3 = a2 ·D1,2,3 = a3 ·D1,2,3.

The resulting intersection matrix of the pairing A1(M0,6)× A2(M0,6) becomes
(
I6 0
0 −I10

)
.

• Let n = 20 and consider two elements v1 =
∏4

i=1DIi and v2 = a11 ·
∏3

j=1DJj in
A4(M0,n), where the subsets Ii and Jj of the set {1, . . . , 20} are defined as follows:

I1 = {1, . . . , 11}, I2 = {1, 2, 3}, I3 = {4, 5, 6}, I4 = {7, 8, 9},
J1 = {12, 13, 18}, J2 = {14, 15, 19}, J3 = {16, 17, 20}.

The directed graphs G1,G2 associated to the monomials v1, v2 are pictured below.
Note that G1 has 4 vertices and 3 edges. The vertex I1 is internal with degree 3 and
is the only root of the graph. All the other vertices are external. The graph G2 has
3 vertices and no edge. The vertices of G2 are all external roots. The duals are
defined by:

v∗1 = a1 ·
17∏

i=12

ai ·D3
I1
DI2DI3DI4 ,

v∗2 =
10∏

i=1

ai ·DJ1DJ2DJ3 .

Notice that D(v1) < D(v2) and it follows from Proposition 2.13 that v1 · v∗2 = 0,
which is easy to verify directly as well.

I1

I2 I3 I4

FIGURE 1. The graph G1
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J1 J2 J3

FIGURE 2. The graph G2
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