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Abstract

The present thesis deals with a number of challenges in the field of large eddy
simulation (LES). These include the performance of subgrid-scale (SGS) mod-
els at fairly high Reynolds numbers and coarse resolutions, passive scalar and
stochastic modeling in LES. The fully-developed turbulent channel flow is used
as the test case for these investigations. The advantage of this particular test
case is that highly accurate pseudo-spectral methods can be used for the dis-
cretization of the governing equations. In the absence of discretization errors, a
better understanding of the subgrid-scale model performance can be achieved.
Moreover, the turbulent channel flow is a challenging test case for LES, since
it shares some of the common important features of all wall-bounded turbulent
flows.

Most commonly used eddy-viscosity-type models are suitable for moder-
ately to highly-resolved LES cases, where the unresolved scales are approxi-
mately isotropic. However, this makes simulations of high Reynolds number
wall-bounded flows computationally expensive. In contrast, explicit algebraic
(EA) model takes into account the anisotropy of SGS motions and performs
well in predicting the flow statistics in coarse-grid LES cases. Therefore, LES
of high Reynolds number wall-bounded flows can be performed at much lower
number of grid points in comparison with other models. A demonstration of
the resolution requirements for the EA model in comparison with the dynamic
Smagorinsky and its high-pass filtered version for a fairly high Reynolds number
is given in this thesis.

One of the shortcomings of the commonly used eddy diffusivity model arises
from its assumption of alignment of the SGS scalar flux vector with the resolved
scalar gradients. However, better SGS scalar flux models that overcome this
issue are very few. Using the same methodology that led to the EA SGS stress
model, a new explicit algebraic SGS scalar flux model is developed, which
allows the SGS scalar fluxes to be partially independent of the resolved scalar
gradient. The model predictions are verified and found to improve the scalar
statistics in comparison with the eddy diffusivity model.

The intermittent nature of energy transfer between the large and small
scales of turbulence is often not fully taken into account in the formulation of
SGS models both for velocity and scalar. Using the Langevin stochastic differ-
ential equation, the EA models are extended to incorporate random variations
in their predictions which lead to a reasonable amount of backscatter of energy
from the SGS to the resolved scales. The stochastic EA models improve the
predictions of the SGS dissipation by decreasing its length scale and improving

iii



the shape of its probability density function.

Descriptors: Turbulence, large eddy simulation, explicit algebraic subgrid-
scale model, passive scalar, stochastic modeling, backscatter.
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Preface

The present thesis considers different aspects of large eddy simulation. The
first part, introduces the basics of large eddy simulation, some subgrid-scale
models of interest, especially the explicit algebraic model, and an approach
for stochastic extension of subgrid-scale models. The second part contains the
following papers and an appendix.

Paper 1. A. Rasam, G. Brethouwer, P. Schlatter, Q. Li and A.

V. Johansson, 2011
Effects of modelling, resolution and anisotropy of subgrid-scales on large eddy

simulations of channel flow, Journal of Turbulence. 12 (10), pp. 1-20

Paper 2. A. Rasam, L. Marstorp, G. Brethouwer and A. V. Jo-

hansson, 2011
An explicit algebraic model for the subgrid-scale passive scalar flux

Paper 3. A. Rasam, G. Brethouwer and A. V. Johansson, 2011
Stochastic explicit algebraic subgrid-scale stress and scalar flux models

Appendix A

Other variants of the stochastic explicit algebraic subgrid-scale stress model

v



Division of work between authors

The main advisor of the project is Prof. Arne V. Johansson (AJ) and the co-
advisor is Dr. Geert Brethouwer (GB).

paper I

Numerical simulations and writing of the article are carried out by Amin Rasam
(AR). AJ and GB provided supervision and also comments on the article. Dr.
Philipp Schlatter and Qiang Li have contributed to some of the discussions and
have commented on the manuscript.

paper II

Development and implementation of the model as well as writing the manu-
script has been originally carried out by Linus Marstorp in 2008. AJ and GB
have provided supervision and comments on the manuscript. Numerical sim-
ulations including a new DNS with a passive scalar, are carried out by AR.
Extension of the original paper with a priori tests of the model is also carried
out by AR.

paper III

AR has carried out the numerical simulations and has written the manuscript.
AJ and GB have provided supervision and comments on the manuscript.

vi



Contents

Abstract iii

Preface v

Part I 1

Chapter 1. Introduction 2

Chapter 2. Large eddy simulation 5

2.1. Governing equations 6

2.2. Subgrid-scale stress modeling 7

2.3. Subgrid-scale scalar flux modeling 10

2.4. Assessment of accuracy limitations in LES 10

Chapter 3. Explicit algebraic subgrid-scale modeling 13

3.1. Explicit algebraic subgrid-scale stress model 13

3.2. LES of channel flow at Reτ = 2003 14

3.3. Explicit algebraic subgrid-scale scalar flux model 16

Chapter 4. Stochastic subgrid-scale modeling 20

4.1. Langevin stochastic diffusion process 20

4.2. Stochastic explicit algebraic models 22

Chapter 5. Summary of the papers 24

Chapter 6. Outlook 26

Acknowledgments 27

Bibliography 28

Part II 31

vii



Paper 1. Effects of modelling, resolution and anisotropy of

subgrid-scales on large eddy simulations of channel

flow 33

Paper 2. An explicit algebraic model for the subgrid-scale

passive scalar flux 61

Paper 3. Stochastic explicit algebraic subgrid-scale stress and

scalar flux models 81

Appendix A Other variants of the stochastic explicit algebraic

subgrid-scale stress model 105

viii



Part I

Introduction



CHAPTER 1

Introduction

Turbulent flows consist of a broad range of spatial scales. The size of largest
scales is typically set by the flow domain and is estimated by the integral length
scale, while the small scales are determined by the viscosity and dissipation rate
and are characterized by the Kolmogorov micro length scale, see e.g. Tennekes
& Lumley (1972). The governing equations of turbulent flows are the Navier–
Stokes equations. There are a number of ways to solve the governing equations
numerically. A direct numerical simulation (DNS), which solves the Navier–
Stokes equations without making any assumptions, resolves all the scales from
the large integral scales down to the small Kolmogorov scales. It provides the
most detailed information about the flow at various scales. The Reynolds av-
eraged Navier–stokes (RANS) approach starts with ensemble averaged Navier–
Stokes equations, in which Reynolds decomposition is introduced and all the
turbulent scales are modeled through the turbulent stresses. Therefore, it pro-
vides approximate information about the ensemble averaged quantities. Large
eddy simulation (LES) is one of the intermediary tools for computing turbulent
flows. The aim of LES is to resolve the relevant large-scales of the turbulent flow
while modeling the influence of the remaining unresolved smaller scales, called
subgrid-scales (SGS), on the resolved ones. Due to a more universal behavior
of the turbulence at small scales, simple models can be used to represent the
effects of the unresolved scales on the resolved ones. Unlike RANS techniques
LES provides a more detailed analysis of the structure of the turbulence, but it
is also computationally much more expensive. However, the computational cost
is reduced in comparison with the DNS since the small scales, which need fine
resolutions to be represented properly, are not resolved in LES. With the ad-
vent of more powerful computational resources in the past decades, there have
been many advances in the field of LES and many steps toward its application
to industrial flows have been taken, see e.g. Moin (2002).

The accuracy of LES largely depends on the subgrid-scale model and the
resolution. This is in particular true for wall-bounded turbulent flows, where
the turbulent scales become highly anisotropic as the wall is approached. As
described by Baggett et al. (1997), the number of anisotropic non-Kolmogorov-
type of modes, i.e. those that depend on more parameters than just the energy
dissipation and viscosity, will be of the order of Re2τ close to the wall (Reτ
is the Reynolds number based on the friction velocity). This is only slightly

lower than the DNS requirement of Re
9/4
τ , see e.g. Chapman (1979), implying
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1. INTRODUCTION 3

that the cost of LES of a wall-bounded flow increases considerably with the
Reynolds number unless the subgrid-scale models are improved to represent
correctly also anisotropic distributions of SGS stresses.

Following the pioneering work by Smagorinsky (1963), various types of
subgrid-scale models have been introduced to improve the description of the
predicted SGS stresses. Early investigations point out that a necessary condi-
tion for a subgrid-scale model to be able to predict different flow statistics is to
provide a reasonably correct amount of energy dissipation in an average sense,
see Meneveau (1993). Simple isotropic subgrid-scale models with a dynamically
determined coefficient satisfy this criterion, see Jiménez (1995). However, more
recent studies, see e.g. Tao et al. (2002), show that simple models that assume
alignment between the eigenvectors of the SGS stress and strain-rate tensors
are unable to correctly mimic the SGS dissipation dynamics. More elaborated
models, like the scale similarity model, nonlinear models and mixed models
provide for a better description of the SGS stresses in comparison with the
earlier simpler models. Although it has been known for a long time that the
energy transfer from the unresolved scales to the resolved ones, backscatter,
happens to a considerable extent in turbulent flows, most of the subgrid-scale
models do not provide backscatter, see Piomelli et al. (1991). There are vari-
ous possibilities for introducing backscatter in the SGS model predictions via
stochastic processes and these have been the subject of many previous studies.
Apart from backscatter, it can be shown that introducing stochastic modeling
to LES can improve other characteristics of the SGS dissipation such as its
variance and length scale.

Another topic of interest in LES is the treatment of scalar fields which has
numerous applications from the calculation of heat transfer and dispersion of
pollutants in the atmosphere to turbulent combustion applications. Basic and
yet valuable knowledge about mixing can be gained by investigating passive
scalar transport in LES as a first step. Many models have been developed for
the subgrid stresses in LES but the number of subgrid-scale scalar flux models
is more limited. The recent study by Chumakov (2008), shows that the di-
rection of SGS scalar flux vector is more connected with the eigenvectors and
eigenvalues of the SGS stress tensor than the resolved scalar gradient vector.
This is contrary to the formulation of commonly used eddy diffusivity mod-
els. Therefore, development of better formulated SGS scalar flux models is
necessary for the improvement of the scalar predictions in LES.

Apart from errors that occur due to the improper parametrization of the
SGS stresses, LES results can be contaminated by the numerical effects due
to the truncation errors inherent in the numerical schemes, see e.g. Chow &
Moin (2003). It is possible to minimize the numerical discretization errors by
using accurate pseudo-spectral methods for the discretization of the governing
equations. However, for most industrial flow applications of LES, using low-
order discretization schemes is almost unavoidable. Therefore, analysis of LES
results in those cases with respect to the performance of LES models should
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be done with proper attention to the fact that the discretization errors, in the
form of numerical dissipation may dominate the SGS dissipation contribution
by the model.



CHAPTER 2

Large eddy simulation

Large eddy simulation (LES) was first formulated by Smagorinsky in 1963 for
meteorological applications. Since the advent of the Smagorinsky model, there
have been numerous efforts to improve subgrid-scale (SGS) models and it is
still an ongoing research topic. Many of the SGS stress models assume the
eigenvectors of the subgrid stress tensor to be approximately aligned with the
eigenvectors of the strain-rate tensor, e.g. eddy-viscosity-type models. How-
ever, investigations using filtered DNS data, show that this is not the case, see
e.g. Tao et al. (2002) and Horiuti (2003). Improvements in the formulation of
SGS models have led to the development of models that predict SGS stresses
with eigenvectors that are better aligned with the corresponding eigenvectors of
the SGS stresses computed from filtered DNS data. Examples of such models
are the scale similarity models, see e.g. Bardina et al. (1980) or Liu et al. (1994)
and nonlinear models, see e.g. Wang & Bergstrom (2005) and Marstorp et al.

(2009). The same argument is true for eddy-diffusivity-type models, which as-
sume that the SGS scalar fluxes are aligned with the resolved scalar gradients.
However, recent studies indicate that the SGS scalar flux vector is more con-
nected with the eigenvectors of the SGS stress tensor, see Chumakov (2008),
than the resolved scalar gradient vector. Therefore, new SGS models have to
be developed to improve the predicted SGS scalar fluxes.

In this chapter, we briefly introduce the concept of LES. It is beyond the
scope of this thesis to give a review over all the existing subgrid-scale mod-
els, instead the Smagorinsky model and its dynamic version of Germano et al.

(1991) with modifications of Lilly (1992) for SGS stresses and the eddy diffusiv-
ity model for the SGS scalar fluxes are described as the basic SGS models that
are widely used in LES. The scale similarity model of Bardina et al. (1980) and
the nonlinear model of Wang & Bergstrom (2005) for SGS stresses are briefly
introduced as examples of SGS models that improve the description of the SGS
stress tensor. The explicit algebraic SGS stress model of Marstorp et al. (2009)
and the explicit algebraic SGS scalar flux model of Rasam (2011) are intro-
duced in the next chapter and an extensive study of these models is the subject
of this thesis. As a useful supplement to this chapter, the accuracy assessment
method of Geurts & Fröhlich (2002) for evaluating SGS models, which is used
in paper 1, is described briefly with an example.

5



6 2. LARGE EDDY SIMULATION

2.1. Governing equations

The Navier–Stokes, continuity and passive scalar transport equations for in-
compressible flows in the non-dimensional form are

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂p

∂xi
+

1

Re
∇2ui,

∂ui

∂xi
= 0,

∂θ

∂t
+ uj

∂θ

∂xj
=

1

Pe
∇2θ, (2.1)

where ui, θ and p are the velocity, passive scalar and pressure, respectively.
The Peclet number is defined as Pe = RePr, where Pr is the Prandtl number
and Re is a suitably defined Reynolds number. The governing equations for
LES are obtained by low-pass filtering equations (2.1). The filtering operation
is a convolution product of a filter kernel G and the function φ(x, t) that is
filtered

φ(x, t) =

∫ +∞

−∞

φ(ξ, t)G(x − ξ)d3ξ, (2.2)

where over-bar symbol denotes a filtered quantity. The filter kernel G, con-
sidered here, has a cut-off scale ∆, conserves constants, is linear and com-
mutes with derivation, see Sagaut (2005). The filter kernel can in general be
anisotropic, i.e. its properties vary with direction and position in space, and
inhomogeneous, i.e. its properties change by translation or rotation of the
frame of reference. Applying the filtering operation, in physical space, to equa-
tions (2.1) and using the standard decomposition of the nonlinear terms in the
momentum equations, see e.g. Pope (2000), the governing equations for LES
are obtained

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂p

∂xi
+

1

Re
∇2ui −

∂τij
∂xj

, (2.3)

∂ui

∂xi
= 0, (2.4)

∂θ

∂t
+ uj

∂θ

∂xj
=

1

Pe
∇2θ − ∂qi

∂xi
, (2.5)

where the SGS stress tensor and scalar flux vector are τij = uiuj − uiuj and

qi = uiθ − uiθ, respectively. The subgrid stress tensor, τij , comprises the
following terms

τij = Lij + Cij +Rij , (2.6)

where

Lij = uiuj − uiuj ,

Cij = uiu′
j + uju′

i,

Rij = u′
iu

′
j ,
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and u′
i = ui − ui. Equation (2.6) is called the Leonard decomposition. In

this decomposition, Rij is called the Reynolds subgrid tensor which represents
the interactions between subrid-scales, Cij is called the cross-stress tensor and
accounts for interactions between large and small scales and Lij is called the
Leonard tensor and reflects interactions among the large scales.

The SGS scalar flux vector qi can also be decomposed in a similar way as
the SGS stress tensor, Sagaut (2005)

qi = Liθ + Ciθ +Riθ, (2.7)

where

Liθ = uiθ − uiθ,

Ciθ = u′
iθ + uiθ′,

Riθ = u′
iθ

′,

where SGS fluxes Liθ, Ciθ and Riθ are analogous to the Leonard stress, the
cross stress and the SGS Reynolds stress tensors. In order to close the set of
equations (2.3)–(2.5), τij and qi should be properly modeled. A number of
SGS models are introduced in the following sections and the explicit algebraic
models are introduced in the next chapter.

2.2. Subgrid-scale stress modeling

2.2.1. The Smagorinsky model

The original Smagorinsky model, Smagorinsky (1963), assumes an equilibrium
at the small scales, so that dissipation balances the production at those scales.
This yields an expression for the eddy viscosity of the form

νT = (Cs∆)2|S|, (2.8)

where |S| =
√
2SijSij , Sij is the resolved strain-rate tensor, ∆ is the filter

scale proportional to the grid size and Cs is the Smagorinsky constant. The
SGS stresses are expressed as

τij = −2νTSij . (2.9)

The value of Cs remains to be adjusted by the user and varies from case to
case. In case of homogeneous isotropic turbulence, its value was proposed
by Lilly (1966) to be Cs = 0.23. However, if mean shear is present, this value
provides excessive damping of turbulence by the model. Other values have been
proposed by Deardorff (1970), Piomelli et al. (1988) and other investigators for
different cases. In turbulent channel flows, it is found that the Smagorinsky
model does not have the required asymptotic behavior close to the walls and
has to be supplemented by a damping function, see e.g. Moin & Kim (1982).
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2.2.2. The dynamic procedure

Germano et al. (1991) proposed a procedure to dynamically compute the Smagorin-
sky coefficient during the simulation, rather than prescribing it a priori, as is
described in the following. We start by introducing the modeled SGS stresses

τij −
1

3
δijτkk = −2C∆2|S|Sij , (2.10)

where δij is the Kronecker delta and overbar denotes grid filtered quantities. A
coarse filter, called the test filter, is applied to the grid-filtered Navier–Stokes
equations (2.3) which results in the subtest-scale stress tensor Tij = ûiuj− ûiûj

to appear in the equations

∂ûi

∂t
+ ûj

∂ûi

∂xj
= − ∂p̂

∂xi
+

1

Re
∇2ûi −

∂Tij

∂xj
, (2.11)

where .̂ denotes a test-filtered quantity. The subtest-scale stresses are modeled
in the same way as the subgrid-scale stresses in equation (2.10)

Tij −
1

3
δijTkk = −2C∆̂2|Ŝ|Ŝij . (2.12)

Subtraction of τ̂ij from Tij gives

Lij = Tij − τ̂ij = ûiuj − ûiûj , (2.13)

where elements of Lij are the stresses associated with the scales between the
test and grid filters and are known quantities in the simulations. We test-filter
equation (2.10) and subtract it from equation (2.12) and obtain the modeled
Lij as

Lij −
1

3
δijLij = −2CMij, (2.14)

where Mij is

Mij = ∆̂2|Ŝ|Ŝij −∆2̂|S|Sij . (2.15)

The value of C is unknown. One way to find its value is by contracting equation
(2.14) by Sij

LijSij = −2CSijMij .

Since the right-hand side can become zero, which will cause singularity in com-
puting C, spatial averaging over homogeneous directions is proposed and the
final expression for C becomes

C = −1

2

〈
LijSij

〉
〈
SijMij

〉 ,

where 〈.〉 denotes averaging in homogeneous directions. Lilly (1992) has pro-
posed a least-square method to find C from equations (2.14), which improves
the predictions. The dynamic procedure improves the performance of the
Smagorinsky model to a large extent. Also, the asymptotic behavior of the
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SGS stresses close to the wall is achieved. The ratio ∆̂/∆ = 2 is commonly
used for LES using the dynamic procedure.

2.2.3. Scale similarity model

The scale similarity model proposed by Bardina et al. (1980) assumes that
the statistical structure of the SGS stresses is similar to the ones constructed
from the smallest resolved scales. The scale similarity model as generalized by
Liu et al. (1994), uses two cut-off filters and the subgrid-scale stress tensor is
defined as

τij = C1

(
ûiuj − ûiûj

)
= C1L

m
ij , (2.16)

where L m
ij is defined by two different levels of filtering. The hat symbol denotes

test filtering at a size ∆̂ greater than the first level filter with size ∆. The
coefficient C1 can be computed theoretically by setting the averaged modeled
kinetic energy computed from (2.16) to be exact, see Cook (1997). It can also be
computed dynamically as in Liu et al. (1994). The SGS stresses computed using
this scale similarity model has been found to have a high degree of correlation
with the real SGS stresses, see Liu et al. (1994). The scale similarity model,
can also provide for backscatter, but it does not provide for a sufficient amount
of net dissipation. Therefore, it is usually supplemented with an eddy-viscosity
term in the form of a mixed model, see e.g. Zang et al. (1993).

2.2.4. A nonlinear model

The SGS stress tensor can be expressed as a general tensorial function of the
filtered strain-rate tensor Sij and rotation-rate tensor Ωij

τij −
1

3
τkkδij = f(Sij ,Ωij , δij ,∆), (2.17)

where ∆ is the filter scale and δij is the Kronecker delta. Similar to the RANS
approach for the closure of Reynolds stresses, see e.g. Pope (2000), a constitu-
tive expression for the anisotropy of the SGS stresses can be obtained using the
Cayley-Hamilton theorem. Following this approach, Lund & Novikov (1992)
have proposed a set of eleven symmetric tensorial elements including combina-
tions of S and Ω tensors

τij =

11∑

k=1

G(k)T(k), (2.18)

where G(k) are scalar coefficients and are functions of the six irreducible ten-
sorial invariants of T(k), as in Pope (1975). The nonlinear model of Wang
& Bergstrom (2005) adapts the quadratic explicit algebraic RANS model of
Speziale, see e.g. Gatski & Speziale (1993), where only T(1), T(2), T(4) and



10 2. LARGE EDDY SIMULATION

T(5) are used in their formulation. Briefly, their model is expressed as

τij −
1

3
τkkδij = − 2CS∆

2|S|Sij − 4CW∆2(SikΩkj − ΩikSkj)−

4CN∆2(SikSkj −
1

3
SmnSnmδij), (2.19)

where |S| =
√
2SijSij . CS , CW and CN are determined dynamically using

Germano’s identity and the least square method of Lilly (1992). Wang &
Bergstrom have validated their nonlinear model in the case of plane Couette
flow at low Reynolds numbers. Simulation results show that the model coef-
ficients do not become singular which is contrary to the dynamic procedure
for computing the Smagorinsky coefficient. Therefore, no spatial averaging is
needed. Their model also provides for backscatter, which they have shown to
be of the order of 10 percent of the forward scatter.

2.3. Subgrid-scale scalar flux modeling

2.3.0.1. Eddy diffusivity model

Similar to the eddy viscosity, νT , an eddy diffusivity, DT , can be defined for
the scalar field

DT =
νt

PrT
, (2.20)

where νT can be computed from equation (2.8), and PrT is the SGS Prandtl
number. Subgrid-scale scalar fluxes, qi, can be estimated from the eddy diffu-
sivity concept through

qi =
νt

PrT

∂θ

∂xi
. (2.21)

The SGS Prandtl number appears as an adjustable parameter in this formula-
tion. Different values for PrT can be found in the literature that range from
0.1 to 1.0 and the commonly used value is PrT = 0.6, see Sagaut (2005). There
are a number of deficiencies related to the eddy diffusivity approach. Complete
alignment of qi with resolved scalar gradients and failure to predict qi in cases
where νT becomes zero, while SGS scalar fluctuations exist are examples of the
shortcomings of this type of model.

The eddy diffusivity model can be further improved in a similar way as
in the eddy viscosity concept by using Germano’s identity for computing PrT ,
see Moin et al. (1991). The eddy diffusivity model, and other similar models,
are not expected to be suitable for complex flow applications, in which either
the scalar or the velocity fields or both are not homogeneous. The experiments
by Kang & Meneveau (2001) show that, contrary to the velocity field, the
anisotropy exists even at the small scales in the passive scalar field. Therefore
taking into account the anisotropy would be an important, but not a trivial,
task in the formulation of SGS scalar flux models.
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Figure 2.1. Normalized error, δE , of the resolved kinetic en-
ergy (integrated over the channel width) with respect to the
corresponding filtered DNS value, plotted against the SGS ac-
tivity parameter, s, for the explicit algebraic model. Results
are from LES of channel flow at Reτ = 934. Arrow points in
the direction of increasing resolution.

2.4. Assessment of accuracy limitations in LES

Characterization of the errors from various sources in LES has been the sub-
ject of many investigations, see e.g. Chow & Moin (2003), Ghosal (1996) and
Kravchenko & Moin (1997). In this thesis, pseudo-spectral methods have been
used for the discretization of the governing equations. Thereby, discretization
errors arising from the numerical scheme have been reduced to a minimum.
However, errors coming from the subgrid-scale parametrization have to be ad-
dressed. Here, we use the approach by Geurts & Fröhlich (2002) for assessment
of LES results. A subgrid-scale activity parameter, s, is defined as

s =

〈
εSGS

〉

〈εSGS〉+ 〈εµ〉 , (2.22)

where εµ = 2νSijSij is the viscous dissipation and εSGS = −τijSij is the
SGS dissipation. If we go toward fine resolutions, the subgrid-scale dissipation
becomes smaller. At the same time viscous dissipation becomes larger and s
tends to smaller values. The upper limit for s is at high Reynolds number LES,
where the viscous dissipation is small and the cut-off frequency is well in the
inertial subrange and s tends to unity. When coarse resolutions are used at
moderate Reynolds numbers, simulation results show that s tends to increase
as the resolution becomes coarser. In order to analyze the accuracy of LES
using this subgrid-scale activity parameter, an error norm is defined as

δE =

∣∣∣∣
ELES − EDNS

EDNS

∣∣∣∣ , (2.23)
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where ELES is the time averaged resolved kinetic energy from LES, integrated
over the channel width and EDNS is the corresponding value obtained from the
DNS field after filtering it to the LES resolution using a sharp cut-off filter in
Fourier space in the homogeneous directions. We take LES of turbulent channel
flow at Reτ = 934 as the test case to demonstrate the method. Performance of
the explicit algebraic SGS model of Marstorp et al. (2009) is analyzed using six
different resolutions and the results are shown in figure 2.1. The results show
that the relative error drops almost exponentially with decreasing SGS activity
parameter (increasing resolution). This method has been used in paper 1 as
a diagnostic tool for the comparison of the performance between various SGS
models.



CHAPTER 3

Explicit algebraic subgrid-scale modeling

The main subgrid-scale (SGS) models investigated in this thesis are the explicit
algebraic (EA) models, both for subgrid-scale stresses and scalar fluxes. In this
chapter we briefly introduce the EA models. In the first place, the EA subgrid-
scale stress model is defined and a simple modification of the SGS time scale,
derived explicitly from the definition of the EA model is proposed. Secondly,
simulation results at a higher Reynolds number than the one carried out in
paper 1 are presented as an extended validation of the model for the case
of turbulent channel flow. Thereafter, the new EA subgrid-scale scalar flux
model is briefly introduced and its formulation is motivated. Finally, some of
the advantages of the new model are highlighted in comparison with the eddy
diffusivity model.

3.1. Explicit algebraic subgrid-scale stress model

The explicit algebraic SGS stress model of Marstorp et al. (2009), is based on
the Reynolds averaged Navier–Stokes (RANS) model of Wallin & Johansson
(2000). It solves an equation for the anisotropy of SGS stresses using an explicit
algebraic formulation. The EA model is expressed as

τij = KSGS

[
2

3
δij + β1τ

∗Sij + β4τ
∗2
(
SikΩkj − ΩikSkj

)]
, (3.1)

where, Sij and Ωij are the resolved strain-rate and rotation-rate tensors, re-
spectively. The second term on the right-hand side controls the SGS dissipation
while the third term provides for anisotropy of the SGS stresses. We use the
dynamic version of the model, so that the SGS kinetic energy is modeled dy-
namically

KSGS = c∆2
∣∣S
∣∣2 , (3.2)

where c is determined dynamically, using Germano’s identity, and
∣∣S
∣∣ =

√
2SijSij .

The time scale of the SGS dynamics, τ∗, is modeled as

τ∗ =
KSGS

ǫSGS
= 36

√
c

|S|
, (3.3)

13
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where εSGS is the subgrid-scale dissipation. The coefficients β1 and β4 in
equation (3.1) are

β1 = −
(
33

20

)
819c1.25

(819c1.25)2 + τ∗2
∣∣Ω
∣∣2 , β4 =

β1

819c1.25
, (3.4)

where
∣∣Ω
∣∣ =

√
2ΩijΩij . For the details of derivations and also validation of

the parameters see Marstorp et al. (2009).

3.1.1. Another formulation for the time scale

The time scale, τ∗, was originally modeled as in equation (3.3), but can also
be computed without using any additional modeling. We start by contracting
equation (3.1) with the filtered strain-rate tensor, Sij , and using the definition
of the SGS dissipation, i.e. εSGS = −τijSij

− εSGS

KSGS
=

2

3
δijSij +

1

2
β1τ

∗
∣∣S
∣∣2 + β4τ

∗2Sij

(
SikΩkj − ΩikSkj

)
.

The first term on the right-hand side is zero due to the continuity and the third
term vanishes, since it is the contraction of a symmetric and an anti-symmetric
tensor. We use the definition of τ∗ and get

τ∗2 = − 2

β1

∣∣S
∣∣2 .

After replacing β1 by its definition, as in equation (3.4), we finally arrive at the
following expression for the SGS time scale

τ∗ =
(1158c1.25)2√

1350c1.25
∣∣S
∣∣2 − 2

∣∣Ω
∣∣2
. (3.5)

A posteriori tests using the new time scale show similar predictions as the
original modeled time scale. They also show that equation (3.5) can become
singular in some occasions which can be avoided by limiting the value of the
denominator.

3.2. LES of channel flow at Reτ = 2003

In order to show some of the advantages of the explicit algebraic (EA) model,
we present LES results of turbulent channel flow at a fairly high Reynolds
number of Reτ = 2003, based on friction velocity and channel half-width. We
use a constant mass flux constraint and compare the results to the DNS data
of Hoyas & Jiménez (2008) and LES results using the conventional dynamic
Smagorinsky (DS) model, see section 2.2. A summary of the simulations, which
consists of four different resolutions, ranging from very coarse to moderate, is
shown in table 3.1. In the following, we briefly discuss the large-scale statistics,
i.e. mean velocity, Reynolds stresses and turbulent kinetic energy profiles for
the EA model in comparison with the DS model.
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Table 3.1. Summary of numerical simulations. ∆x+ and
∆z+ are streamwise and spanwise resolutions in wall units in
physical space, respectively. Ny is the number of Chebychev
polynomials in the wall-normal direction.

Case SGS model Reτ Lx/h Lz/h ∆x+ ∆z+ Ny

EA1 2012 8π 3π 197.5 98.8 193
EA2 Explicit 2031 8π 3π 133.0 66.5 257
EA3 algebraic 2070 8π 3π 101.6 50.8 257
EA4 2031 8π 3π 79.8 30.5 257

DS1 1786 8π 3π 175.3 87.7 193
DS2 Dynamic 1876 8π 3π 122.8 61.4 257
DS3 Smagorinsky 1920 8π 3π 94.2 47.1 257
DS4 1958 8π 3π 76.9 28.8 257

DNS – 2003 8π 3π 12.0 6.1 633

The mean velocity profiles are shown in figure 3.1(a). The EA model pre-
dictions are close to the DNS profile and are similar at all resolutions with only
a small deviation at the third resolution, i.e. case EA3. In contrast, the DS
model greatly over-predicts the mean velocity profile at coarser resolutions and
is only close to the DNS at the finest resolution while its predictions substan-
tially differ for the different cases.

The turbulent kinetic energy predictions of the EA model are shown in
figure 3.1(b). Both the modeled and total (resolved plus modeled) parts are
shown and are compared to the DNS profile. At the coarsest resolution, case
EA1, around 20 percent of the total energy resides in the modeled part, while
the rest is resolved. The modeled part becomes smaller as the resolution is
increased and more scales are resolved. The DS model predictions of the tur-
bulent kinetic energy are not shown for comparison. The reason is that the
SGS kinetic energy for this model is lumped in the pressure term in the fil-
tered Navier–Stokes equations and cannot be extracted from the simulations.
Therefore, a fair comparison between the two model predictions is not possible.
However, a large over-prediction of the total turbulent kinetic energy should
be expected from the observations of the resolved Reynolds stresses for the DS
model, see the following.

Reynolds stresses are shown in figures 3.2(a)–(d). The over-prediction of
the peak value of the streamwise Reynolds stress, R+

uu, by the isotropic DS
model is remarkable, see 3.2(a). This is a well-known deficiency of all isotropic
models at coarse resolutions, see e.g. Rasam et al. (2011). As it can be seen
in figure 3.2(a), the over-prediction tends to decrease as the resolution is in-
creased. It should be noted that a correct comparison between DNS and LES
is obtained only if the modeled SGS stresses are added, see Winckelmans &



16 3. EXPLICIT ALGEBRAIC SUBGRID-SCALE MODELING

100 101 102 103
0

5

10

15

20

25

30
(a)

u+

y+

AAU

100 101 102 103
0

1

2

3

4

5

6
(b)

K+

y+

Resolved
+

modeled

modeled

�
�

�
���

Figure 3.1. (a) Mean velocity profiles and (b) kinetic energy
profiles expressed in wall units. : Explicit algebraic model,

: Smagorinsky model and · · · : DNS. Arrows point in the
direction of increasing resolution.

Jeanmart (2002). However, τ11, is not completely known for the DS model,
see equation (2.10). Therefore, the over-prediction of the peak value should
be a bit higher, while for the EA model the modeled part is added to the re-
solved part. For the other smaller Reynolds stresses, R+

vv and R+
ww, shown in

figures 3.2(b)–(d), predictions of the EA model are always reasonably close to
the DNS results and are less resolution dependent compared to the DS model.
This better performance of the EA model is attributed to the proper modeling
of the anisotropy of the subgrid-scales provided by the model.

Considerable reduction in computational time and resources can be ob-
tained using the EA model instead of isotropic SGS models in LES. This is
demonstrated here in comparison with the DS model. The predictions of the
EA model for case 1, i.e. EA1, are comparable with the DS model predictions
for case 4, i.e. DS4, with respect to the mean velocity and Reynolds stress
profiles. However, the number of grid points used in case EA1 is approxi-
mately 1/11 of the number of grid points used in case DS4. This means that if
the speed-up of the numerical code scales linearly with number of processors,
the EA model would require 1/11 of the number of processors that the DS
model needs to give quantitatively the same results in approximately the same
computational time.

3.3. Explicit algebraic subgrid-scale scalar flux model

Unlike velocity, local isotropy does not completely hold for passive scalars nei-
ther in the inertial range nor in the dissipation range, see e.g. Warhaft (2000).
It is important to take into account the anisotropy of SGS scalar fluxes in de-
velopment of SGS models. This importance has been pointed out by Kang &
Meneveau (2001) in their analysis of experimentally measured data in the wake
behind a heated cylinder.
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In order to further motivate the importance of proposing better SGS scalar
flux models, we look at the simple eddy-diffusivity model, which is widely used
in LES and is introduced in section 2.3. Since the eddy diffusivity model
assumes that SGS scalar fluxes are aligned with the resolved scalar gradients,
a realistic description of the SGS fluxes is not possible. Consider the case of
turbulent channel flow at Reτ = 590 with both walls kept at constant but
different temperatures so that there is a temperature gradient in the wall-
normal direction. The mean temperature profiles predicted from DNS and
LES are shown in figure 3.3(a), where large gradients can be observed close
to the walls. The channel is periodic in the streamwise direction, implying
that there is no temperature gradient in that direction. In the absence of the
streamwise temperature gradient, the eddy diffusivity model predicts a zero
SGS scalar flux in the streamwise direction, while the filtered DNS data show
a considerable streamwise flux, see figure 3.3(b). This is one of the drawbacks
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of eddy diffusivity and other similar models. A recent study by Chumakov
(2008) shows that the direction of the SGS scalar flux vector is more connected
with the eigenvectors of the SGS stress tensor than the resolved scalar gradient
vector which is contrary to the eddy diffusivity formulation.

Having mentioned a few of the deficiencies related to the eddy-diffusivity-
type of models in predicting SGS scalar fluxes in LES, we introduce a new
explicit algebraic (EA) SGS scalar flux model in paper 2. The EA model is
more compatible with the findings of Chumakov (2008). It is derived from its
counterpart in RANS, proposed by Wikström et al. (2000), and is expressed as

qi = −τ∗A−1
ij τjk

∂θ

∂xk
, (3.6)

where τ∗ is the SGS time scale which can be computed from either (3.3) or (3.5).
Aij is a function of the filtered strain-rate- and rotation-rate tensors and their
invariants and τjk is the SGS stress tensor. Since the new model explicitly
depends on SGS stresses, it will be appropriate to use it in combination with
the EA SGS stress model. As it was shown earlier, the EA SGS stress model
has a low filter-scale dependance, which would allow coarse resolution LES for
the new scalar flux model. Another characteristic of the new EA model is that
system rotation is readily accounted for via the proper formulation of the tensor
A, see paper 2. The new EA SGS scalar flux model can also be written in the
form of a mixed model

qi = −τ∗
A−1

kj τjk

3

∂θ

∂xi
− τ∗

(
A−1

ij τjk − δik
A−1

lj τjl

3

)
∂θ

∂xk
, (3.7)
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where the first term on the right-hand side is in the form of an eddy diffusion
term and provides for SGS dissipation for the scalar. The second term improves
the model predictions of individual SGS scalar fluxes. As it can be seen from
the formulation, SGS fluxes are not in general aligned with the resolved scalar
gradient. In the same test case that was mentioned in this section, i.e. turbulent
channel flow, the explicit algebraic model predicts a streamwise SGS scalar flux
q1, see figure 3.3(b), in close correspondence with the filtered DNS data. The
EA model prediction of the mean scalar profile, see figure 3.3(a), is also in good
agreement with the DNS profile.



CHAPTER 4

Stochastic subgrid-scale modeling

Subgrid-scale (SGS) stresses computed directly from filtered direct numerical
simulation (DNS) data contain random fluctuations to a considerable extent.
Recent analysis of the DNS data of decaying isotropic turbulence, using wavelet
denoising technique for extraction of the incoherent part of the filtered velocity
field by Destefano et al. (2005) shows that the amount of random fluctuations
in the SGS stresses is significant. However, SGS models have deterministic
formulations and are unable to mimic the incoherent part of the SGS motions.

One of the goals of stochastic modeling of SGS models is to enhance the
characteristics of the modeled energy transfer between the resolved and unre-
solved scales in large eddy simulation (LES). This is motivated by many early
theoretical, see e.g. Leslie & Quarini (1979), and more recent numerical obser-
vations, see e.g. Piomelli et al. (1991), showing that energy transfer between
the large and small scales of turbulent flows is largely intermittent. This im-
plies that energy is transferred both from the large to the small scales, forward
scatter, and from the small to the large scales, backscatter. Stochastic model-
ing has been used in many previous investigations to modify the deterministic
predictions of the SGS stress and scalar flux models, Bertoglio (1985), Leith
(1990), Chasnov (1991), Mason & Thompson (1992), Schumann (1995), Wei
et al. (2006), Marstorp et al. (2007) and Zamansky et al. (2010) to mention
but a few.

In paper 3, we have used Langevin differential equations for the stochastic
formulation of the expicit algebraic SGS stress and scalar flux models. The
Langevin equation was originally proposed (Langevin 1908) as a stochastic
model for the velocity of a microscopic particle undergoing Brownian motion.
Pope (2000) has shown that the Langevin equation provides for a good model
for the velocity of fluid particles in turbulence as well. Recently, Marstorp
et al. (2007) have used the Langevin equations for stochastic extension of the
Smagorinsky model to improve its dissipation characteristics. In this chapter,
we introduce Langevin equation as a stochastic diffusion process and briefly in-
troduce its use for stochastic extension of explicit algebraic subgrid-scale mod-
els.

4.1. Langevin stochastic diffusion process

Stochastic processes are of various kinds. A particular process of interest is
the diffusion process, which is a continuous-time Markov process. Diffusion

20
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processes are not differentiable, therefore ordinary differential calculus tools
are not suitable for their treatment and the itô calculus is used instead. The
diffusion processes are described by stochastic differential equations (SDE) of
the form

dX (t) = µ(t)dt+ σ(t)dW (t), (4.1)

where X is the stochastic process, W is a Wiener process and µ and σ are
called drift and diffusion coefficients, respectively. The Wiener process is the
most fundamental diffusion process with drift and diffusion coefficients of zero
and one, respectively. Using the solution of the Fokker-Planck equation with
σ = 1 and µ = 0, one can show that the increment of the Wiener process, dW ,
with the time increment ∆t is normally distributed with a zero mean and ∆t
variance, i.e. N (0,∆t). The diffusion process of equation (4.1) is described by
its drift and diffusion coefficients and can be interpreted as an extension of the
Wiener process.

The Langevin stochastic process is also a diffusion process. As described
in paper 3, its SDE is expressed as

dX (x, t) = −X (x, t)
dt

τX

+ b

√
2

τX

dW (x, t), (4.2)

or in the following discretized form

X (x, t+∆t) =

(
1− ∆t

τX

)
X (x, t) + b

√
2∆t

τX

dW (x, t), (4.3)

where dW (x, t) is a random number with N (0, 1) and ∆t is the time step of
the numerical simulation.

4.1.1. Statistical moments of the stochastic process

In order to find the first and second moments of X , i.e. mean and variance,
the solution to equation (4.2) is expressed as

X = e−at
X0 + σ

∫ t

0

e−a(t−s)dW , (4.4)

where σ = b
√

2
τX

, a = dt
τX

and X0 is the initial condition of the stochastic

process. Now we take the mean of (4.4)

〈X 〉 = e−at 〈X0〉 . (4.5)
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Figure 4.1. Backscatter of (a) turbulent kinetic energy and
(b) scalar vriance expressed in wall units. : SEA model
and · · · : DNS data. Results are from LES of channel flow at
Reτ = 590, see paper 3.

Therefore, as t → ∞ the mean of the stochastic process will tend to zero,
〈X 〉 = 0. The mean square of X is

〈
X

2
〉
=

〈
e−2at

X
2
0 + 2σe−at

X0

∫ t

0

e−a(t−s)dW + σ2

(∫ t

0

e−a(t−s)dW

)2
〉

=

e−2at
〈
X

2
0

〉
+ 2σe−at 〈X0〉

〈∫ t

0

e−a(t−s)dW

〉
+ σ2

∫ t

0

e−2a(t−s)ds =

e−2at
〈
X

2
0

〉
+

σ2

2a

(
1− e−2at

)
. (4.6)

The variance of X is computed from equations (4.6) and (4.5) as

var[X ] =
〈
X

2
〉
− 〈X 〉2 =

σ2

2a

(
1− e−2at

)
,

which will be σ2/2a = b2 as t → ∞.

4.2. Stochastic explicit algebraic models

The stochastic explicit algebraic (SEA) SGS stress model is constructed from
the EA model, equation (3.1), by writing it in the form of the anisotropy of
SGS stresses and incorporating the stochastic process X as

aij = Cl (1 + X (x, t)) β1τ
∗Sij + β4τ

∗2(SikΩkj − ΩikSkj), (4.7)

where Cl is a model constant. In the same way as the SGS stresses, the SEA
SGS scalar flux model is formulated from the EA model, equation (3.6), as

qi = −τ∗A−1
ij τjk

∂θ

∂xk
(1 + X (x, t)) . (4.8)

A posteriori analysis of the SEA models for the LES of channel flow with a
passive scalar, carried out in paper 3, shows that the SEA models provide for
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and · · · : DNS data. Results are from LES of channel flow at
Reτ = 590, see paper 3.

reasonable amounts of backscatter of energy both for the velocity and scalar,
see figures 4.1(a)–(b), while the EA models do not provide for backscatter.

Another example of improvements that are gained using the stochastic
modeling is the better representation of the length scale of the SGS dissipation,
computed from its spatial two-point correlation. This is shown in figures 4.2(a)-
(b) which are taken from paper 3 for LES of channel flow at Reτ = 590. The
length scales are reduced by the introduction of the stochastic model, in better
agreement with filtered DNS data, both for the velocity and scalar quantities.



CHAPTER 5

Summary of the papers

Paper 1

Effects of modelling, resolution and anisotropy of subgrid-scales on large eddy

simulations of channel flow

Large eddy simulation at a relatively high Reynolds number, Reτ = 934, have
been carried out at various resolutions in the case of turbulent channel flow.
The resolutions vary from very coarse to moderate ones. Three subgrid-scale
models have been used for this investigation, namely the explicit algebraic
model, the dynamic Smagorinsky model and the high-pass filtered dynamic
Smagorinsky model and the relative performance of each model is compared to
the other ones. Simulations with no subgrid-scale model are also carried out
for the sake of comparison.

It was found that the convergence of the wall friction with increasing reso-
lution towards the DNS value was non-monotonic for the EA and HPF models,
while the DS model approached the DNS monotonically for the resolutions
considered. At the coarser resolutions, the isotropic DS model largely over-
predicted the streamwise Reynolds stress, the HPF model and the no SGS
model predictions showed similar behaviors, while the explicit algebraic model’s
predictions where reasonably close to the DNS. We examined the resolution de-
pendence of each model’s predictions and it was found that the isotropic model
predictions vary with resolution changes considerably, while the EA model had
the least sensitivity to the resolution changes among the three SGS models.
The better predictions of the EA model in comparison with the other models
was attributed to its ability to predict the effects of anisotropy of the SGS
motions.

We showed that, even though the near wall structures were not reasonably
captured at coarse resolutions in LES, the large energy containing scales were
reasonably represented. The length-scale analysis using the spatial two-point
correlations revealed that the existence of the SGS dissipation results in longer
correlation lengths in the near-wall region for the DS and EA models, while the
HPF model that provides very little SGS dissipation predicted more accurate
length scales in better agreement with the DNS.
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Paper 2

An explicit algebraic model for the subgrid-scale passive scalar flux

A new subgrid scale scalar flux model, based on the explicit algebraic solu-
tion of the transport equation for the subgrid-scale scalar fluxes, is proposed.
The new model has the advantage, that its predictions are not in general aligned
with the resolved scalar gradient vector and it uses the subgrid-scale stresses
in its formulation. LES of turbulent channel flow is carried out with a passive
scalar at Reτ = 590 using the explicit algebraic subgrid-scale stress model in
combination with the new model and the results are compared to those from
eddy diffusivity model and DNS data. The new model predicts the resolved
statistics in good agreement with the DNS data. In addition, the new model is
able to predict the streamwise SGS scalar flux in a good correspondence with
the filtered DNS data, while the eddy diffusivity model gives a zero prediction
for that component. The new model also improves the description of the SGS
fluxes at coarser resolutions, which is verified in a priori tests.

Paper 3

Stochastic explicit algebraic subgrid-scale stress and scalar flux models

We have extended both the explicit algebraic subgrid-scale stress and scalar
flux models by using stochastic differential equations to introduce random fluc-
tuations in the subgrid-scale stresses and fluxes. The extended models are used
for LES of turbulent channel flow at Reτ = 590 with a passive scalar and the
results are compared to those of the standard explicit algebraic models and the
DNS data.

The predictions of the EA model were in good agreement with the DNS
data for the resolved statistics. Therefore, implementation of the stochastic
formulation did not lead to substantial improvements in those statistics, while
it improved the subgrid-scale dissipation characteristics. The extended models
were able to predict backscatter to a certain extent, while the original models
did not predict the inverse energy transfer. Moreover, the length scale and
variance of the SGS dissipation were considerably improved for both models.
The probability density functions of the subgrid-scale dissipation were also
influenced by the stochastic formulation showing a better statistical description
of the subgrid-scale dissipation in comparison with the original models and in
closer agreement with the DNS data.



CHAPTER 6

Outlook

Better performance of the explicit algebraic (EA) subgrid-scale (SGS) stress
model, in comparison with isotropic SGS models, was demonstrated in case of
turbulent channel flow at relatively high Reynolds numbers and coarse resolu-
tions. This investigation shows that in order to get comparable results with
a well-resolved LES using isotropic models the EA model requires much less
computational efforts. The EA model predictions were also notably much less
resolution dependent compared to isotropic models. These advantages of the
EA model, make it suitable for high Reynolds number industrial flow applica-
tions. Therefore, the next step for this work would be to further extend the
simulations to flows in complex geometries. Also, further development of the
non-dynamic EA SGS stress model will be carried out.

The EA SGS scalar flux model was shown to improve the description of
SGS scalar fluxes. In the next step, we would like to improve its formulation
to further improve the simulation results. More test cases including rotating
channel flow at higher rotation rates and higher Reynolds number simulations
will be carried out.

The EA models were extended using stochastic modeling. Practical im-
provements in the description of energy dissipating scales were obtained. These
improvements play an important role in LES of combustion applications. The
next step in this direction would be to further develop the EA models to com-
pressible flows by adapting further extensions from the EA RANS models, as
in Wallin & Johansson (2000).
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