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Abstract

Chemotaxis is the capacity of a micro organism to perceive nutrient gradient in their

chemical setting and to moves towards higher concentrations of chemoattractant.

Sophisticated strategies have been developed by micro organisms to perform chemo-

taxis by comparing intensities of the stimulus at different times. In this study, the

hydrodynamic of the run and tumble strategy in a shear flow is examined. The oceanic

environment has been reproduced by introducing a non homogeneous and periodic

strength of shear. The model implemented in this study is inspired by that suggested

in Pedley and Locsei (P.D.) [11], but it differs from the P.D. model in the temporal

discretization of the bacterial random walk. In addition we add a dynamic torque to

reproduce tumbling.

Three state parameters (or variable) have been used in order to analyze the model

on different aspects: the shape of the swimmer, quantified by its elongation η, the

tumbling time τd and the mean reorientation angle θ.

In order to maximize the velocity drift at low values of shear, γ < 1, it was

convenient to maintain a mean reorientation angle Θ < 40◦ and a tumbling time

τd < 0.3. On the contrary an elongated particle maximizes its velocity drift for higher

values of shear. Introducing a periodic variation in the strength of the shear flow, Ω,

which reproduce the wave effect, the performance of the elongated particles decreases

quickly with an increasing rate of shear.
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Introduction

In chemosensitive microorganisms, motility is always associated with the behavioural

responses to nutrient concentration. The ability to react to changes in nutrient gradient

allows motile bacteria to place themselves in a region better suitable for their metabolic

requirements and increases their persistence around the food source. This behavior is

easily observed in a stationary environment but it is not so easy to predict in presence

of turbulent flow. In a shear flow micro environment, the bacterial strategy of run

and tumble may not be the better strategy since bacteria cannot any longer cluster in

the food source due to shear flow [12]. Note that bacteria of different phylogenetic

groups, hence with different shape and size, also have different motility properties.

For instance, it is known that the swimming velocity of the enteric bacteria is lower

compared to the one of the marine bacteria and the cell size is relevant when the

Brownian effect is taken into account.

This work aims to understand how the ocean environment, simulated with periodic

waves, hence a periodic strength of the shear flow, can affect the bacterial chemotaxis

for different shape, in terms of drift velocity. This parameter describes how fast the

bacterium drift up gradients of chemoattractants, or down in case of chemorepellents.

The performed simulations intend also to investigate how the chemotacic behavior

in term of drift velocity, is affected by changing different setting parameters. For

instance, it is know that the hydrodynamics of a particle is affected by its shape; this

is why simulating the same phenomenon for particles with different slenderness ratio is

interesting. The chemotactic model used in this work is inspired by that implemented

by P. D. [11], but differs from the latter since a finite tumbling time is assumed. Indeed,

in P. D. model, any rotation due to the shear flow during a tumble time has been

neglected and the tumbling itself has been considered instantaneous. In the present

simulations two different tumbling times have been used. It has been observed that

almost 70% of marine bacteria produce a tumble reorientation angle larger than 150◦

[10]. This implies that performing a run and reverse strategy, hence reversing the

direction instead of tumbling, is better in a less quiescent flow compared to the run

and tumble one. This strategy, together with the advection effect, maximizes the time

spent in a high nutrient region. The results shows the optimal conditions needed to

maximize the drift velocity of the particles. When the rate of shear is increasing, the
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drift velocity becomes more affected by the slenderness ratio. Hence it is possible to

affirm that elongated particles work better at higher γ. The effect of other parameters

are presented in the section of the results.



Chapter 1

Description of Chemotaxis

1.1 Background

Contrary to what one might expect, bacteria have quite elaborate social dynamics.

Some bacteria have the ability to move: they can be equipped with flagella, rigid

rods that protrude from the cells. They perform straight swimming interrupted by

short phases of reorientation. Any bacterial reaction to an external stimulus is called

taxis. Motile bacteria are particularly sensible to environmental changes such as

temperature, light or nutrient concentration. In this work chemotaxis is tackled by

introducing a chemical attractant gradient in the fluid, making the random walk biased

and increasing the bacterial population and persistence in the direction of the nutrient.

The random walk theory is analyzed in biomathematical literature but the specifi-

cations of the individuals motion has not entirely been elaborated. In 1951, Goldstein

has developed a numerical model representing one dimensional and continuous random

walk with run times exponential distributed but without a biological enforcement.

In 1953, Patlak described a three dimensions model of a random walk with angular

persistence and bias but without implications of run and tumble phases. Then, in

1974 Lovely and Dahlquist proposed a theory for a three dimensional random walk

of the Escherichia coli, neglecting the rotational Brownian motion and the temporal

comparison of the chemical gradient response. During the same year, Brown and Berg

suggested a run and tumble model with temporal comparison in order to perceive

the external impulse. Othmer, Dunbar and Alt in 1988 extend the Goldstein’s model

in several dimensions and consider empirically the effects of a change in the rate of

tumble due to a time-dependent external field c (t) [14]. Recently (2004) De Gennes

made an analytical estimation of the motion considering the finite duration of the

reorientation phase and a discreet version of the chemotactic response. One year

later, Clark and Grant enriched the model of Goldstein by a modulation the rate

of tumble based on temporal comparison. In 2009 Pedley and Locsei introduced a
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CHAPTER 1. DESCRIPTION OF CHEMOTAXIS 8

model which includes the chemotactic response, the effect of Brownian motion and

the directional persistence [13]. Current studies have shown that for oceanic bacteria,

hence for bacteria in a non quiescent flow, it is more efficient to swim in the back and

forward mode which allows clustering around a nutrient source [19], [17],[12]. Further

analysis has been done on a hybrid model observed by Altindal, Xie and Wu which

suggests three phases of motion, i.e run , reverse and flick phases, including both

Brownian motion and temporal comparison. More details regarding this model can be

found in section 1.4.2.

1.2 Chemotaxis and motility at low Reynolds num-

ber

Analyzing laboratory experiments, can be seen how the bacterial walk is not regular

but the swimming phases are spaced by stop and reorientation phases. This is shown

in figure 1.1. An investigation carry out by Berg and Brown [4], shows that the motion

is characterized by two different stages:

• run: It is the regular phase of walk at constant speed, driven by the flagellar fibers

of the bacterium. The flagella rotate in syncrony and the cells moves forward

[18]. The walked path is characterized by a curvature due to the rotational

Brownian motion and can be described by the diffusivity coefficient D which

depends on the cells shape and on the property of the solution. The run interval

has a Poisson distribution with an avarage time of τ = 1s.

• tumble: The cell desyncronizes its flagella causing a chenge of direction. It is

more frequent in the absence of chemoattractant substances. Also the tumble

interval has a Poisson distribution with an average time of τ = 0.1s.

There has been identified an angular persistence in the stage of reorientation. When

a particle tumbles, the new orientation angle will be determined by an axisimmetric

distribution around the old direction. The reorientation angle has been estimated to

be 70◦ by Berg and Brown [4].

Considering a swimming speed of the order of 10µm/s, a kinematic viscosity close

to that of water and a characteristic lenght of about 1µm, the Reynolds number

relative to the particle is particularly low. This is why the body will feel mainly the

viscous drag while the inertial effect will be irrelevant [16] .
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Figure 1.1: run and tumble walk strategy

The equations used to describe the motion of a body in a flow field are the Stokes

equations:

∇v2 =
1

µ
∇p (1.1)

where

p is the fluid pressure

v is the fluid velocity

µ is the dynamic viscosity

1.3 The chemotactic filter

Bacteria are not able to make a spatial comparison of the chemical gradient since

their dimensions are too small to record differences between what the rear and front

receptors perceive. Due to the difficulty of making spatial comparisons, bacteria

perceive gradient concentration by performing temporal comparisons. In case of

positive chemotaxis, the higher is the concentration of the gradient the higher is the

duration of a run time and the lower is the probability of tumble. The positive bias in

the direction of the concentration gradient allows the swimmer to achieve an increase in

velocity of about 10% in the direction of the chemattractant [11]. Brown and Berg [5]

introduce a model which is able to predict the gradient concentration by a mnemonic

comparison. Indeed, bacteria perceive and compare different gradient concentrations

perceived at different times along their random walk. The cell surface senses an input

signal generated by the gradient concentration in a time unit and the output signal is

due to the change in the average running time. Assuming a weak chemotaxis in order

to avoid the cells receptors saturation, it is possible to estimate the response time by

measuring the output signal. Physically the response function estimates the likelihood
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of tumbling as a function of a differential weighting of chemoattractant concentration

previously sensed. Defining the probability of tumbling in the time interval dt as

Pt(t) = τdt (1.2)

where τ is the mean run time expressed as

τ = τ0(1−∆(t)) (1.3)

where

τ0 is the mean run time in absence of gradient

∆(t) is the fractional change in tumble rate, such as

∆(t) =

∫ t

−∞
C(t′)R(t− t′)dt′ (1.4)

where

R is the response function

C is the nutrient concentration sensed at time t′

The minus sign in equeation 1.3 is purely a convention regarding the orientation

of the chemoattractant gradient. The response function describes how the mean run

time changes when the cell is subjected to a positive chemoattractant concentration.

The response function structure is biphasic, characterized by two lobes of the same

area as shown in figure 1.2. It has to be small enough but no negative, to allow a

linear approximation of the problem.

Figure 1.2: Responce function of the chemoattractant impulse
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Based on these specifications, the response function is defined by the following

condition:

∫ +∞

0

R(t)dt = 0 (1.5)

An explanation for the zero integral lies on the fact that the low frequency of the

chemoattractant sensed are filtered, allowing a better and more efficient perception of

the gradient. Bacteria coming from an area of rich nutrient concentration, have higher

propability of tumbling in comparison to bacteria moving up the gradient which have

experienced lower concentration. This explains the negative part of the lobe in the

chemotactic filter. [8]. The bacterium performs less tumble (since the run time are

increasing) when the intensity of nutrient sensed is increased, allowing the growth of

the residence time about the food source.

1.4 The implemented models

In this study, particular attention will be given to the run and tumble model built up

by Pedley and Locsei [11]. The three step model (run,reverse and flick) implemented

by Altindal, Xie and Wu [2] is desbribed in section 1.4.2.

1.4.1 The Pedley and Locsei model

Assuming a weak chemotaxis, the model consists of a cell immersed in an unbounded

flow field with a gradient concentration ∇c towards a particular direction, for instance

ẑ. The flow field is characterized by a shear flow u = γzx̂ and a strength of the

shear flow Ω =
γ

2
. Due to the Brownian rotation, the run intervals are not really

straight but slightly curvilinear. The rotational diffusivity is strongly related to the

cells shape and to the chemical solutions properties, which remain constant with a

good approximation if we are assuming that there is no consumption of the nutrient.

Based on this assumption, it is possible to consider the rotational diffusivity as a

constant. The estimated value for the rotational diffusivity used in this work is

Dr = 0.062rad2s−1.

As already shown by Berg, the reorientation phase is characterized by a persistence

parameter αp, which allows to define the reorientation angle as:

θ = arccos(αp) (1.6)



CHAPTER 1. DESCRIPTION OF CHEMOTAXIS 12

The calculation of the drift velocity is given by the ratio between the expected

value of the cell position along the direction of the gradient and the duration of a

simulation.

Vdrift =
Zt

tr
(1.7)

The angular velocity and the local shear of the cells are affected by ther instanta-

neous orientation [11] . To describe this, it is possible to model the cell as a prolate

spheroid. Hence considering a rigid body immersed in a linear flow field, the velocity

field u can be written as:

u(x) = U + Ω× x+ E · x (1.8)

where

U is the uniform velocity

Ω =
γ

2
is the angular velocity, which is half of the vorticity

E is the symmetrical part of the velocity gradient tensor, called the rate of strain

tensor.

Now considering a shear flow such as:

U = γz (1.9)

Ω = (0,Ω, 0) (1.10)

E =

0 0 Ω

0 0 0

Ω 0 0


Making use of the linearity characteristics of a Stokes flow, it is possible to define

the instantaneous angular velocity of the rigid body as

ωi = Ωi + BijkEjk (1.11)

where B is a non dimensional rank tensor symmetric for the second and third indices

and i, j, k are the body reference unit vectors.

Defining a right hand body frame of refence such as zbody is pointing to the helix

axis of the cell and since the microorganism is swimming in a straight line path, it

is reasonable to assume the angular velocity about the xbody and ybody as being zero.

The angular velocity about zbody is irrelevant for the purposes of calculating the drift

velocity.
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1.4.2 The three step model

As already mentioned, marine bacteria have been shown to have a persistence angle

which is bigger that the one that optimize the random walk for Brown and Berg

in [4]. Vibrio algynolyticus, which is a marine bacterium, has been studied in the

hybrid model described in [19]. They found that the bacterium has the particularity

of swimming forward for a time ∆f and reverse its direction for a time ∆b. In order

to steer in a new direction, the bacterium performs a random flick, which is similar to

the tumbling phase. The run, reverse and flick time (∆f ,∆b, ∆Θ) are stochastic but

the phenomenon is deterministic, hence accurately predictable. The run time (forward

+ backward) depends on the local concentration of chemoattractant. The mean flick

angle has a Gaussian distribution and the mean angle between two consecutive run

and reverse phases is about 90◦ [17]. In figure 1.3 it is shown the path of Vibrio

algynolyticus performing chemotaxis.

Figure 1.3: Vibrio algynolyticus pattern performing a run, reverse and flick strategy

The transition from the state of running forward to backward are rapid, approxi-

matly
1

30
s. Instead the transition from backward to forward is about

1

10
s. The cell

rotates of about 90◦ in 0.1s, which is the same lenght of the tumbling time used in the

run and tumble model. Differently from the usual scenario of the run and tumble, the

three step model for chemotaxis can be characterized by an indipendent behaviour or

sharing chemosensing.

• Indipendent : The response function for the phases of running forward and

backward are uncorrelated Rf(Θ) 6= Rb(Θ). The forward response function is

optimal when biphasic.The shape of the backward response is influenced by

the ratio between the steady state values of the forward and backward running

β =
τb
τf

. Due to the memory effect the backward interval is particularly affected

by the signal previously sensed in the forward step.
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• Sharing chemosensing : The response function for the phases of running forward

and backward is the same.In spite of this they can be characterized by different

amplitude. Rf(Θ) = Rb(Θ) = R(Θ). The response function can be mono or

biphasic according to the value of γ and β

In both cases, the contribution of motility is small when the corresponding τf or τb
are small, hence in order to perform a good chemotaxis it may be enough to have a

monophasic responce.



Chapter 2

Model formulation

This chapter describes the numerical model used in this study to examine the behavior

of a micro-organism in the presence of an external chemioattractant profile c(x, t) The

model shows as well a persistence of direction in the tumble phases and a random

reorientation together with the Brownian effect. In order to reproduce in a simple way

the effect of oceanic waves on the bacteria chemotaxis, the cells are subject to a flow

characterized by a periodic strength of shear. In particular, the angular frequency

varies in a range between 0 and 50rad/s.

2.1 Fluid dynamics

The Navier- Stokes equations describe the flow field for an incompressible viscous fluid

in a rectangular box with transport of a passive scalar c

∂u

∂t
+ (u ·∇)u = −∇p+

1

Re
∇2u (2.1)

∇·u = 0 (2.2)

∂c

∂t
+ (u · ∇)c =

1

ScRe
∇2c (2.3)

The flow is defined by two dimensional parameters, the Reynolds number and the

Schmidt number proportional to the molecular diffusivity of the scalar c. The flow is

periodic in streamwise and spanwise directions and it is driven by a time dependent

pressure gradient. Waves with a drift can be reproduced by:

∂p

∂x
= P0 + P1 sin(Ωt) (2.4)

At the lower wall one can apply non homogeneous wall normal velocity to reproduce

transpiration. The upper boundary of the domain can be treated as a free surface

with symmetrical boundary conditions. In this the work, the shear is assumed to be

constant and the results are obtained just for the particles drift.

15
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2.2 Governing equations for the swimmers

The flow is seeded by many particles. In the simulation performed in this work it was

chosen to have 105 particles. Swimmers are point particles which are advected with

the local flow velocity and the swimming speed us

dxi

dt
= u + usp (2.5)

In this expression, u is the local fluid velocity, us = us(c,∇c, u,∇u) which it may

depend on concentrations, concentration gradient, as well as local fluid velocity and

shear, and p is the local particles orientation. One could modify the transport by

including the inertial effects, so that the particles have a characteristic time scale to

adjust the local fluid velocity (zero for the expression above). This is not the case for

such a small organism.

2.3 Local equilibrium and swimming direction

As already mentioned, the Reynolds number of the cells is low enough to make negligible

the inertial effect. In a flow field, the translational speed and the angular velocity of

the micro organism can be evaluated by the local forces and torque equilibrium. In

particular, it has been defined as gyrotaxis the swimming directed by the equilibrium

between the viscous torque due to the local shear stresses and the gravity torque due

to the bottom heavy shape of the cell, figure 2.1

The cells are assumed to be a prolate spheroid, with mass m, maximum and

minimum axis a and b respectively, and p is the vector direction of the cell motion.

The particle shape is sketched in figure 2.1 and it is possible to note that for a bottom

heavy cell the center of mass does not coincide with the geometrical center of the cell.

In order to have a local balance the total torque should be zero, hence the sum of

gravitational torque and the viscous one should be zero. In particular in this work the

gravitational force has been neglected.
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Mathematically :

Ltot = Lv + Lg = 0 (2.6)

where

Lv = −µv[Yij(Ωj −
1

2
ωj) +Rijkejk] (2.7)

and

Lg = −hp×mg (2.8)

where

µ is the fluid viscosity

v is the cell velocity

Ω is the angular velocity of the cell

u is the fluid velocity

ω is the fluid vorticity

eij is the rate of strain tensor

Yij and Rijk are tensor which are strongly related to the body shape and its

orientation in the reference frame. They are derived in the work made by Pedley and

Kessler, [15].

Figure 2.1: The orientation of the vector p and moments acting on the particle

To close the system one need to define rules for us, and an evolution equation for

the orientation p. Assuming ellipsoid shape, the angular velocity of the organism,

hence the reorientation tread, is defined by the inertia free balance of gravitational

and viscous torque:

ṗ =
1

2B
[k− (k · p)p] +

1

2
ω × p + α0(I− pp) · E · p (2.9)

In the above

k is the vertical direction of the restoring force

B is the gyro-tactic reorientation parameter
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α0 =
a2 − b2

a2 + b2
is the eccentricity of the spheroid

E is the symmetric part of the deformation tensor

ω the local fluid vorticity vector

The latter terms in the right hand side of equation 2.9 represent the torque due

to the straining in the flow for axisymmetric nonspherical particles. In this work the

gyrotactic torque (first term on the right hand side of equation 2.9) is zero. However

we add a torque able to induce the cell tumble phase.

2.4 Jeffery’s orbit

The motion of a prolate spheroid in a shear flow at low Reynolds number has been

studied by Jeffery in [9]. It was found that an elongate particle, for instance a fiber

in a shear flow, performs a periodic tumbling motion. Indeed the particle rotates

according to a family of closed orbits (known as Jeffery’s orbits) around the vorticity

axis. In each orbit, the fiber lays close to the flow vorticity plane for a time order

O(
η

γ
) and twists quickly through the plane of flow vorticity to align itself at O(γ) [7].

A spherical particle instead, cross one of a periodic closed orbit with a uniform angular

velocity. Defining the slenderness of a spheroid as the ratio between the major and

minor axis:

η =
a

b
(2.10)

the Jeffery’s orbit period can be estimated as:

Tjef = 2π
(η2 + 1)

γη
(2.11)

which expresses how the Jeffery’s period grows monotonically with η.
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2.5 Kinematics of the body rotation

Spatial rotation of the vector p has been reproduced using quaternions. The represen-

tation of the quaternions rotation has the advantages of overcoming the methods of

Euler angles and orthogonal matrices. Quaternions avoid the discontinuities of Euler

angles. Using the three Cartesian (c) components and the four Euler parameters (e) ,

it is possible to describe the orientation and the position of any rigid body.

c = [c1c2c3]T (2.12)

e = [e0e1e2e3]T (2.13)

The Euler parameters are not independent, in fact eeT = 1.

An orthogonal rotation matrix R is defined by the Euler parameters which allows

to express any vector p in a fixed Cartesian coordinate system to a corresponding

vector p̂ in a coo-rotating body fixed system of coordinates:

p = Rp̂ (2.14)

where

R = EGT (2.15)

E =

−e1 e0 −e3 e2

−e2 e3 e0 −e1

−e3 e2 e1 e0



G =

−e1 e0 −e3 −e2

−e2 −e3 e0 e1

−e3 −e2 −e1 e0


2.6 Response function for chemotaxis

Here it is shown how to use exponential functions and substitute the integral over

infinite time of the chemotactic response with integration in time of an ODE.

Introducing an exponential filter

q̄(t) =

∫ t

−∞

1

∆
exp

(
−t− τ

∆

)
q(τ) dτ (2.16)

and recalling that by differentiation

dq̄(t)

dt
=
q − q̄

∆
. (2.17)
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This implies that it is enough to solve eq. (2.17) to obtain the filters variable without

the need to keep in memory the whole time history of the signal q(t).

The expression above can be extended to any generic exponential function. If

q̄(t) =

∫ t

−∞
C exp

(
−t− τ

∆

)
q(τ) dτ, (2.18)

the differential form becomes

dq̄(t)

dt
= Cq − q̄

∆
. (2.19)

The chemotactic response is often assumed to have a two-lobes shape, approximated

by a response function of the type

H(τ) = C exp
(
− τ

∆

)
+D exp

(
− τ
E

)
, (2.20)

where ∆ and E are positive by definition. In this general case, we found necessary to

integrate two differential equations to determine

q̄(t) =

∫ t

−∞

[
C exp

(
−t− τ

∆

)
+D exp

(
−t− τ

E

)]
q(τ) dτ. (2.21)

They are

dq̄1(t)

dt
= Cq − q̄1

∆
(2.22)

dq̄(t)

dt
= (C +D)q − q̄

E
+

∆− E
∆E

q̄1, (2.23)

where

q̄1(t) =

∫ t

−∞
C exp

(
−t− τ

∆

)
q(τ) dτ
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The derivation above is based on the fundamental theorem of calculus for the

derivative of an integral:

d

dt

∫ t

−∞
G(t)F (x) dx =

d

dt

[
G(t)

∫ t

−∞
F (x) dx

]
= G(t)F (t) +

dG

dt

∫ t

−∞
F (x) dx.

(2.24)

Figure 2.2 is the chemotactic filter used in this work.

Figure 2.2: Responce function of the chemoattractant impulse.

The values of parameters chosen to approximate the responce function in [11], have

been summarized in table 2.1.

Symbol default value

C 2

∆ 0.66

D −1

E 1.33

Table 2.1: Specifications of the response function
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2.7 The simulation

A Matlab and Fortran code have been used to compute the chemotactic drift. The

effect of a non homogeneous periodic strength of shear has been simulated for different

wave periods (or angular frequencies) and for an increasing intensity of shear. Each

simulation has a final time of 105, and the time has been discretized in step of

∆(t) = 0.01. In order to describe accurately the statistical behavior of the cells, 105

particles are chosen for the simulation.

2.7.1 The numerical code

A numerical code has been written in order to understand the dynamics of the

bacterial motion in a chemotactical environment. For the descriptive purposes of how

the bacteria locomotion is affected by the chemotaxis principle, it is important to

set a proper time scale parameter for each walk phases. In table 2.2 it is possible to

have a general overview of the time parameters fundamental in describing the run and

tumble conditions in chemotaxis.

The three Euler angles, θ , φ and ψ, allow to define randomly the initial position

of the bacterium. The persistence angle has been set equal to 30◦, 60◦,180◦. Constant

shear flow with time periodic oscillation is considered as:

ω2 = γ cos(Ωt) (2.25)

e13 =
γ

2
cos(Ωt) (2.26)

Parameters Definition default vales

τ0 average time before tumbling 1

td time for tumbling 0.1

∆t step time iteration 0.01

us Swimming velocity 0.1cm/s

η slenderness ratio 1, 5, 9

Dr Bacterial rotational diffusivity 0.062rad2s−1

fact Max ∆ value 1

Table 2.2: Default values for the run and tumble model performing chemotaxis
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Concerning the chemical properties, it is important to remember that the chemoat-

tractant substance was placed along a particular axis, y in this work. Pedley and

Locsei validate the linearity of their analysis introducing a factor ε, which allows an

asymptotic accurate study since

ε ≡ |∆(t)|max ≤ 1 (2.27)

and

ε→ 0 (2.28)

ε is the amplification factor or sensitivity factor and describes the sensitivity of the

particle in the presence of a chemoattractant. Indeed in the simulation ε influences

directly the duration of the mean run time τ :

τ = τ0(1−∆(t)ε) (2.29)

The corresponding value of ε used in this work is 1.



Chapter 3

Results and discussion

Several of the parameters introduced above have been changed to understand chemo-

taxis in the presence of non homogeneous shear. First, we examine the influence of the

geometry on the drift velocity of the bacteria. This behavior is also analyzed including

the effect of the rotational diffusivity. Then the tumbling time was increased from a

value of 0.1s to 0.3s and finally we vary the mean reorientation angle.

3.1 Effect of the bacteria shape

As explained above, the shape and elongation of the bacteria affects the way the shear

changes the orientation and thus the swimming direction. In figure 3.1 and 3.2 we

display the chemotactic drift, normalized by the swimming speed of the bacterium,

versus the shear of the underlying flow. In figure 3.1(a) we consider steady shear

(a) Ω = 0 (b) Ω = 3

Figure 3.1: Drift velocity for different slenderness ratio of the particles and a given anglular
frequency

(Ω = 0) and see that the spherical particles perform negative chemotaxis for a shear

24
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value about 1.3: the shear is strong enough to re-orient continuously the swimmer

in such a way that any prediction of the nutrient field is lost. When the slenderness

ratio of the particles increases, vd becomes negative for higher values of the shear.

For instance when η = 9, the drift velocity becomes negative for a shear value about

6.2. Note finally that there is a small deviation between the results for η = 5 and

η = 9. Our resultsw are in qualitative agreement with those obtained by Locsei and

Pedley. The explanation of the negative chemotaxis can be found in the intensity of

food concentration experienced by the bacterium during the motion. For instance, a

micro organism swimming up the nutrient concentration is invested by a shear able

to reverse its direction towards low gradient concentration. Since the chemotactic

response is not immediate, the cell will continue to behave as it was still in an high

concentration area of nutrient, hence increasing its run time.

When a periodic wave is taken into account the scenario is changed. In figure 3.2

the velocity profile is plotted for a period of oscillation of the background shear of

Ω = 3, normal by the mean run time in absence of chemoattractants. The drift of

the spherical particle decreases more slowly than that of elongated particles. This

behavior is inverted when the shear reaches a value about 8. In general, the most

important observation is that the drift velocity is larger in time periodic shear.

When further increasing the angular frequency Ω = 0, the deviation between

spherical and elongated particle drift velocity becomes higher. For instance it is

possible to see that when Ω = 30, the spherical particles approach a constant positive

drift velocity while the elongated swimmers still decrease the drift velocity; almost

linearly with γ. Again the behavior of particles with η = 5 and η = 9 is almost

identical.

(a) Ω = 10 (b) Ω = 30

Figure 3.2: Drift velocity for different slenderness ratio of the particles and a given anglular
frequency
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Figure 3.3 gives the overall picture of the behavior of the drift velocity versus

the flow shear for different frequencies of the shear waves. Once again the elongated

particles moves faster for high shear rate and wave period of 2− 3s. Beyond this value,

the spherical particles maintain a higher value of the drift velocity.

(a) η = 1 (b) η = 5

(c) η = 9

Figure 3.3: Drift velocity profile when the shear increases
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(a) Frequency for η = 1

(b) Frequency for η = 5

Figure 3.4: Drift velocity in the frequencies domain

The behavior of the drift velocity in the frequency domain is plotted in figure 3.4.

The abscissa is the adimensional product between the angular frequency of the shear

oscillations and the Jeffery’s period of the swimmer, hence function of both η and

γ. The same family of curves has been plotted for spherical and elongated particle,

i.e η = 1, η = 5 and η = 9. In figures 3.4 and 3.5 it is possible to distinguish three

different regimes. In the low frequency limit, f < 1, the bacteria tend to the behavior

observed in the case of pure shear. For values of the rescaled frequency f > 102 the

drift velocity approaches the values attained in the case of no shear; indeed the curves

overlap at the same value of drift velocity. The interval between 1 < f < 40 is a

transition between the two states, occurring when the period of the wave is of the

order of the period of the relevant Jeffery’s orbit. The finding above just apply to the

case of spherical swimmers; the results are different for the elongated particles. For

an elongated particle, subject to high-frequency shear oscillations, the drift velocity

remains well below the values observed in the case of no shear. Elongated particles

have orbits characterized by very different angular velocities during one period. So,
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while spherical swimmers in high-frequency time-periodic shear oscillate around their

initial orientation, elongated particles rotate with different velocities when subject to

alternating shear: as a consequence extra diffusion is introduced in the system and

this leads to lower values of the drift velocity.

Figure 3.5: Drift velocity for elongated particles in the frequencies domain

The influence of the rotational diffusivity is reported in figure 3.6. The value

used for rotational diffusion is that found experimentally for the Escherichia coli,

Dr = 0.062rad/s. The behavior of the chemotactic speed is the same found in the

simulations without rotational diffusivity but the values are lower. In figure 3.7 we

see that the diffusivity reduces strongly the velocity, particularly at low rate of shear.

The higher is the angular frequency the higher is the difference between the data with

and without rotational diffusion.

(a) η = 1 (b) η = 9

Figure 3.6: Effect of the rotational diffusivity on the drift velocity
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(a) η = 1 (b) η = 9

Figure 3.7: Comparison of velocity profiles when considering the effect of rotational diffusion
Dr

3.2 Influence of tumbling time

The results in this section aim to understand the influence of a longer tumbling time

on the drift velocity. In particular, two values of τd has been chosen: τd = [0.1, 0.3]

Figure 3.8 reproduces data of the velocity drift for the two values considered. The

same analysis has been carried on for the elongated particle, η = 9. For spherical

particles and low vales of angular frequency Ω, the influence of the tumbling time is

relatively small. When Ω = 0, a longer tumbling times produce a stronger negative

chemotaxis, hence the higher is td the slower is vd. Increasing the angular frequency

this effect becomes more pronounced. The divergence between the corresponding

curves in figure 3.8 decreases when the shear increases.

The elongated particles have a similar behavior. Note that when the wave period

is about 2s, particles seem to be affected by a sort of resonance, which produces a

quick jump in the drift velocity.

The effect of tumbling time, here induced by an additional torque, has been studied

in the frequency domain and it is presented in figure 3.9. In the frequency interval,

f < 1 where only the shear is dominant, the tumbling time seems not to affect

the curve behavior. However, in the interval where the shear is characterized by

high-frequency oscillations, f > 30, the tumbling time influences the resulting drift

velocity. For instance, when τd = 0.1 the drift velocity is of the order of vd = 12 · 10−3

and for τd = 0.3 the corresponding drift velocity approximately is vd = 10−3. The

curves for the elongated particle with longer tumbling time, τd = 0.3, remain below

the corresponding curves for τd = 0.1.
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(a) Different tumbling time and η = 1

(b) Different tumbling time and η = 9

Figure 3.8: Velocity drift profile for an increasing γ for two tumbling times
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(a) Frequency for η = 1

(b) Frequency for η = 9

Figure 3.9: Drift velocity versus normalized frequency for two different values of the tumbling
time
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3.3 Effect of the mean reorientation angle

Many experimental studies show that there is a significant difference between enteric

and marine bacteria. The Escherichia coli is the bacterium most studied in biomathe-

matical field, hence it is possible to say that its mean reorientation angle in chemotaxis

is about 70◦. Since this is not true for marine bacteria, different mean reorientation

angles are studied; in particular: Θ = 30◦, 60◦, 180◦.

In figure 3.10 and 3.11 the effect of this change of reorientation angle is analyzed

by looking at the drift velocity.

(a) Ω = 0 η = 1 Θ = 30◦, 60◦, 180◦ (b) Ω = 0 η = 1 Θ = 30◦, 60◦, 180◦

(c) Ω = 3 η = 1 Θ = 30◦, 60◦, 180◦ (d) Ω = 3 η = 9 Θ = 30◦, 60◦, 180◦

Figure 3.10: Velocity drift versus shear rate for different reorientation angles Θ and wave
angular frequencies Ω

For spherical particle with a rate of shear γ < 1, it seems to be more efficient to

have a reorientation angle of Θ = 30◦. When 1 ≤ γ ≤ 4, the situation is reversed;

a reorientation angle Θ = 180◦ produces higher drift velocity. In case of elongated

particles, this remains true even for an higher value of the shear, 3 ≤ γ ≤ 16. We do

not observe negative chemotaxis for Θ = 180◦. When the wave effect is taken into
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(a) η = 1 Θ = 30◦, 60◦, 180◦ (b) η = 9 Θ = 30◦, 60◦, 180◦

Figure 3.11: Velocity drift profile when the rate of shear is increasing for different reorienta-
tion angles Θ and Ω = 10

account it is possible to see a net improvement for particle with a mean reorientation

angle of Θ = 30◦. The curves seems to converge to a similar value of vd when γ > 10.

A similar trend is found in figure 3.11(b). The higher the angular frequency, the

higher the drift velocity obtained for Θ = 30◦, 60◦. Contrary the curve representing

the reorientation angle of Θ = 180◦ does not appear to change significantly.

Figure 3.12: The influence of the mean reorientation angle on the frequencies domain for
Θ = 30 and η = 1

The variation of the drift velocity with the frequency of the oscillations for the

three different reorientation angles examined is shown in figures 3.12 and 3.13.
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(a) Θ = 30◦ and η = 9

(b) Θ = 180◦ and η = 1

(c) Θ = 180◦ and η = 9

Figure 3.13: The frequency domain when the mean reorientation angle and the slenderness
ratio are changed



Conclusions

To study the chemotactic response of bacteria we perform numerical computations to

estimate the drift velocity towards a chemoattractant. We tried to understand how

this speed is varying in the presence of time-dependent shear in an attempt to model

a purely natural scenario such as sea waves. In fact, the run and tumble strategy

of bacterial chemotaxis is here studied in the context of non-uniform shear flow,

examining the effect of different mean reorientation angles, higher interval of tumbling

time and the bacterial shape quantified by different slenderness ratios. An absolute

and optimal swimming strategy does not exist but depending of the environmental

conditions many combinations result efficient in terms of maximizing the drift velocity.

In our model we assume constant swimming speed and a run time where the cell

orientation is governed by the condition of zero viscous torque on the microorganism

(as for zero Reynolds number flow). During tumbling time, the orientation is given

instead by the balance between viscous torque and a tumbling torque determined to

give a chosen reorientation angle during a chosen interval (tumbling time).

The choice of a chemotactic filter characterized by null integral, maximizes the

minimum amount of chemoattractant sensed by a bacterium along its random walk

[13]. The response used here is fitted to experimental values and not changed during

the study.

We first confirm previous results that strong shear destroys chemotaxis by rapidly

re-orienting the particles moving in shear flows. The shape factor is one of the

first parameter analyzed in this thesis. As already found by Locsei and Pedley [11],

elongated particle are performing better in terms of chemotaxis in shear flow, especially

if the rotational diffusion is low enough to be neglectable. Since the Jeffery period are

proportional to the slenderness ratio, a higher value of the aspect ratio η implies that

the cell has a longer Jeffery orbit and a higher probability to remain aligned with the

flow. Consequently the bacterium will perform positive chemotaxis even for higher

value of shear.

We then study bacteria subject to time periodic shear. We find that in this case

the chemotactic drift increases significantly since time-periodic vorticity and shear

induces both positive and negative rotations, hence, with a lower net effect on the

mean orientation. The positive effect is more evident for spherical cells; the latter are

35
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associated to constant angular velocity along their shear-driven orbits. For low values

of the frequency, the drift velocity tends to the value found in constant shear, while

high-frequency oscillations have almost no effect on spherical particles and induce

additional rotational diffusion for elongated swimmers.

It has been shown that in a quiescent flow, γ < 1, in order to have higher drift

velocity, the optimal condition is to have a low persistence angle, about 30◦ both for

elongated and spherical cells is considered here. Having a mean reorientation angle of

180◦ results convenient when the rate of shear increases. As the waves period increase,

this behavior is no longer true since the drift speed corresponding to Θ = 180◦ remains

always the lowest of the three cases studied.

The increment of the tumbling time results inefficient in non quiescent flow in

particular when the oceanic wave effect is taken into account. If the cell is slower in

reorienting itself the drift velocity will decrease as well. This consequence appears to

be true even for elongated particle.

Bacterial chemotaxis is really challenging in terms of experimental and analytical

research. It also plays an important role for the development of several clinical

syndromes [1]. For instance, if the chemotactic activity of the Escherichia coli is

changed in a human subject, a significant clinical symptom can be observed. Indeed,

by using pharmaceutical agent the chemotactic capacity of a micro organism can

be manipulated and consequently the gravity of an infection can be decreased or

inhibited. A decrease in chemotaxis is the primary etiologic factor for a disease as the

Chediak-Higashi syndrome.

Chemotaxis of marine bacteria can be useful to understand the carbon cycle in

the ocean and the social microcosm of swimming bacteria which is directly affected by

a variable flow field. Bio mathematical science is expanding its fields of application.

New models, such as the hybrid or three step described in this work, are the starting

point for a more innovative analysis which could include the effect of turbulence in

bacterial chemotaxis.
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