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Abstract 
The interest in dynamic behaviour of railway bridges has increased in recent years, due 
to the introduction of high speed trains. Under the loads of high speed, the bridges are 
subjected to large dynamic effects. Therefore, the demands on railway bridge 
structures are increased. The dynamic aspects have often shown to be the governing 
factor in the structural design. Generally, for all railway bridges induced by train 
speeds over 200 km/h, dynamic analysis is required. Correct understanding of railway 
bridge dynamic is essential, since a realistic prediction of the structural response 
contributes to an economic design of new bridges and to a rational exploitation of 
bridges in service. 

The purpose of this thesis was to investigate the dynamic behaviour of an existing 
railway bridge, subjected to high speed trains. The thesis was performed on 
assignment by the Banverket, the authority responsible for rail traffic in Sweden. The 
dynamic behaviour of the railway bridge is evaluated, using the finite element program 
LUSAS. The train crosses the bridge at constant speed and is represented by moving 
axle forces. Thus, no interaction between vehicle-bridge and no track irregularities are 
regarded. The main attention is paid to comparing different models of the bridges, in 
the sense of investigating accuracy. The purpose of the analysis is also to find out 
opportunities and restriction in the utilized finite element program, compared with 
other programs. The influence of different bridge parameter is also studied, in the 
sense of optimal bridge design due to high speed trains. From the results presented, 
conclusions are drawn with respect to the bridge performance under high speed train 
passage. However, the results are not calibrated with measured data. 

The speed of trains is a very important parameter, influencing the dynamic responses 
of the railway bridge. Generally, the dynamic responses increase with increasing 
speed. The response of the railway bridge reaches the greatest resonance peak, which 
magnified the response several times, at speeds between 250 and 300 km/h. The 
magnification depends on the studied response, and kind of bridge and train model. 
The dynamic response differs with different bridge model and discussions are made 
regarding the accuracy of the models. Considering influence of different bridge 
parameters, the damping of the railway bridge has great influence on the dynamic 
response. Generally, higher damping coefficient in the bridge structure gives lower 
response values. However, the peak values appear at same speed, independent of 
different damping coefficient. The stiffness of the railway bridge is another important 
parameter, considering dynamic response. High stiffness of the bridge structure gives 
peak resonance values at high speed.
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Sammanfattning 
Införandet av höghastighetståg har medfört ett ökat intresse för dynamiska beteenden 
hos järnvägsbroar. Vid dimensionering av järnvägsbroar har de dynamiska effekterna 
ofta visat sig vara den avgörande faktorn. Lasterna som orsakas av de höga 
hastigheterna ger upphov till stora dynamiska effekter och ställer därmed högre krav 
på järnvägsbroarna. Dynamiska analyser är generellt sett nödvändiga för alla 
järnvägsbroar som trafikeras av tåg med hastigheter över 200 km/h. Kunskap om de 
dynamiska effekterna hos järnvägsbroarna är viktigt vid dimensioneringen, samt leder 
till ett ändamålsenlig utnyttjande av redan existerande järnvägsbroar. 

Syftet med detta examensarbete har varit att undersöka det dynamiska beteendet hos 
en järnvägsbro som antas trafikeras av höghastighetståg i framtiden. Arbetet har utförts 
på initiativ av Banverket, den myndighet som ansvarar för järnvägstrafiken i Sverige. 
Det finita element programmet LUSAS har använts för att studera det dynamiska 
beteendet. Tågen representeras av punktkrafter som trafikerar bron med konstant 
hastighet. Ingen samverkan mellan tåg och bro har därmed kunnat beaktas och även 
ojämnheter i färdbanan har försummats. Jämförelser av olika bromodeller har utförts 
för att uppnå en tillräckligt noggrann modell för fortsatta studier. Även möjligheter 
och begränsningar hos det finita element programmet har undersökts. I syfte att uppnå 
en optimal dimensionering för järnvägsbroar som trafikeras av höghastighetståg har 
parameterstudier utförts. Slutsatser har dragits utifrån de uppnådda resultaten. 
Dessvärre har resultaten inte kunnat jämföras med mätdata från den aktuella 
järnvägsbron. 

Hastigheten har stor betydelse för den dynamiska effekten. Högre hastighet ger 
allmänt en högre dynamisk effekt. Resonansvärden för den studerade järnvägsbron 
uppnås vid hastigheter i intervallet 250 till 300 km/h. Hur stor den dynamiska 
förstoringen blir beror på den studerade responsen, samt val av bro och tågmodell. Den 
dynamiska responsen avviker för olika bromodeller och dessa avvikande resultat har 
diskuterats i rapporten. Parameterstudien visar att dämpningen hos järnvägsbron har 
stor betydelse för vilka dynamiska effekter som uppnås. Högre dämpning ger allmänt 
lägre responsvärden, men inträffar dock vid samma hastighet. Styvheten hos 
järnvägsbron är en annan viktig parameter då dynamik undersöks. Samma resonans 
erhålls oberoende av styvheten hos järnvägsbron, men högre styvhet ger dock resonans 
vid högre hastighet. 
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Nomenclature 

ia  arbitrary coefficient 
A  area of cross-section 

ib  arbitrary coefficient 
c  damping coefficient 
c  constant speed of moving force F  
C  damping matrix 
d  bogie axle spacing 
D  coach length 
DAF  Dynamic Amplification Factor 
e  value of eccentricity 
E  modulus of elasticity 
E  tolerance 
EC  Eurocode 
EI  flexural stiffness 
ERRI  European Rail Research Institute 

if  natural frequency 
( )txf ,  load per unit length of beam 

F  moving force 
FEM  Finite Element Method 
g  acceleration of gravity 
HSLM  High Speed Load Model 
I  moment of inertia 
k  spring constant stiffness 
K  class of concrete, according to Swedish standard 
K  stiffness matrix 
L  span length of bridge 
m  mass of beam 
M  global mass matrix 

0n  first natural bending frequency of bridge 
Tn  first natural torsional frequency of bridge 

N  number of intermediate coaches 
P  point force 

DR  dimensionless dynamic factor 
t  time 

t∆  time increment 



viii 

 

iT  period of natural vibration 
u  translation freedom in x-direction 
UIC  Union Internationale des Chemins de Fer 
v  displacement in vertical direction 
v  translation freedom in y-direction   

0v  mid-span deflection due to force F  
( )txv ,  displacement in time and space domain 

V  maximum line speed at site 
w  translation freedom in z-direction 
x  space coordinate 
( )txv  space coordinate at moving force 

y  space coordinate 
y&  velocity 
y&&  acceleration 

dyny  maximum dynamic response 

staty  maximum static response 
z  space coordinate 
( )xzi  mode shape function 

∆  increment 
α  ratio between speed of load and critical speed 
α  coefficient of thermal expansion 
ζ  damping coefficient 

totalζ  total damping coefficient 
ξ damping ratio 
ζ∆  increment damping coefficient 
iλ  dimensionless frequency parameter 
nλ  n-th eigenvalue 

µ  constant mass per unit length of beam 
µ  friction coefficient 
ν  Poisson’s ratio 
ρ  mass density 
φ  dynamic factor 
( )tiφ  function of generalized coordinates 

iφ  eigenvector 
bω  circular frequency of viscous damping 
iω  undamped natural circular frequency 
dyn'ϕ  dynamic increment 
''ϕ  amplification factor, regarding track irregularities 

xθ  rotation 
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Chapter 1  
 
Introduction 

1.1 Introduction 
Since the first railway bridges were built, studies of the dynamic effects on bridges 
subjected to moving loads have been carried out. The interest in dynamic behaviour 
has increased in recent years, due to the introduction of high speed trains. Under the 
loads of high speed, the bridges are subjected to high impacts. Higher speeds of the 
trains resulting in lager and more complicated loads than earlier, and produces much 
higher dynamic effects. Therefore, the demands on railway bridge structures have 
increased. The dynamic aspects are of special interest and have often shown to be the 
governing factor in the structural design. Generally, for all railway bridges induced by 
train speeds over 200 km/h, dynamic analysis is required. 

The dynamic behaviour of railway bridges under the action of moving trains is a 
complicated phenomenon. Railway bridges are complex structures, consisting of 
various structural components with different properties. In addition, the dynamic 
effects are influenced the interaction between vehicles and the bridge structure. 
Considering dynamic effects due to moving vehicles on bridges, the most important 
parameters that influence the dynamic response of railway bridges have to be 
considered. Vehicle speed, rail surface roughness, characteristics of the bridge 
structure and the vehicle, the number of vehicles and their travel paths are different 
parameters, influenced the dynamic behaviour. 



DYNAMIC ANALYSIS OF A RAILWAY BRIDGE 

 2

In railway bridge design, the dynamic effects are often considered by introducing 
dynamic amplification factors, specified in bridge design codes. Actually, the response 
of a railway bridge due to moving loads depends on span length, structure mass, 
stiffness and damping, train axle loads and speed. The dynamic factors are usually a 
function of the natural frequency or span length of the bridge, and states how many 
times the static effects have to be magnified in order to cover the additional dynamic 
loads. This traditional method of regarding dynamic effects yields a conservative and 
expensive design for some bridges, and might underestimate the dynamic effects for 
others. In addition, different design national codes disagree on how the dynamic factor 
should be evaluated. Thus, improved dynamic analysis that consider all the important 
parameters that influence the dynamic response are required, in order to take account 
of the complex structural response and realistically predict the response due to traffic 
loading. Furthermore, dynamic amplification factors can not take into account 
accelerations levels and risk of resonance of the bridge. 

The risk of dangerous vibrations corresponds to the accelerations of the bridge. Even 
though the accelerations are low at low speeds, they can reach unacceptable values at 
higher speeds. In cases with ballasted track bridges, intense acceleration creates the 
risk of destabilising of ballast. For track stability and vehicle-bridge contact, it is 
important to ensure that the maximum accelerations of the bridge remain below 0.35g. 
In practical design, the acceleration criteria will often be the decisive factor. 
Furthermore, the maximum dynamic effects occur at resonance peaks. At resonance, a 
multiple of the load frequency coincide with a natural frequency of the bridge 
structure, and the dynamic response of the structure increase very rapidly. Resonance 
may leads to cracks and crumbles of concrete, high ballast attrition due to the high 
accelerations, and big track irregularities. 

Although there exist a large number of studies, dealing with the dynamic moving load 
problem, there are still many unresolved areas before the dynamic behaviour can be 
fully predicted. Another issue related to the dynamic of railway bridges, is the 
behaviour variations along the bridges, variations in the overall conditions, and in the 
materials. Besides the spatial variation, there is also a variation in time. Correct 
understanding of railway bridge dynamics is essential and a realistic prediction of the 
structural response contributes to an economic design of new structures and to a 
rational exploitation of bridges in service. 

1.2 Previous Research 
There exist a large number of studies, dealing with the dynamic moving load problem, 
by considering different bridge and vehicle models under different conditions. A short 
introduction of some previous investigations on the dynamic response of railway 
bridges subjected to moving loads is presented in the following section. A more 
detailed list of previous investigations is given in [12]. 
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Frýba (1996) [11] presented a summarization of the dynamics effects of railway 
bridges. Special attention was paid to traffic loads and their railway bridge response. 
The basic dynamic characteristics of railway bridges and the influence of the most 
important parameters, such as the speed of the vehicles and track irregularities, are 
described. Apart from the vertical effects, attention was also given to horizontal 
longitudinal and transverse effects on bridges. However, the effects of wind and 
earthquakes are not taken into account. The purpose was to present a well founded 
survey of the dynamic behaviour of railway bridges, present abundant experimental 
data, and describe successfully methods applied to dynamic problems. 

Karoumi (1998) [12] derived approaches for solving the moving load problem of 
cable-stayed and suspension bridges. This research does not interest railway bridges, 
but an efficient finite element program was developed, to carry out dynamic analyses 
of bridges. The implemented program is verified by comparing the analysis results 
with literature and a commercial finite element code. Parametric studies have been 
performed, investigating the effect of damping, bridge-vehicle interaction, cables 
vibration, road surface roughness, vehicle speed and tuned mass dampers. It was 
concluded that road surface roughness has great influence on the dynamic response 
and should always be considered if possible. 

Markine et al. (1998) [14] describe alternative track structures for high speed trains. 
Most of the railway tracks used nowadays belongs to traditional ballasted track 
structures. High speed tracks cause increasing maintenance cost, which require high 
positioning accuracy of the rails. Using ballasted tracks for high speed operations has 
shown problems. In particular, due to churning up of ballast particles at high speeds, 
serious damage of wheels and rails can occur. For the high speed train, the embedded 
rail structure is a serious alternative to the ballasted track in railway bridge design. The 
major advantage of ballast-less track is low maintenance effort and high availability. 
Furthermore, the mechanical properties of a track without ballast can be better 
determined and therefore the track behaviour can be more accurately described and 
analysed, using numerical methods. 

Bucknall (2003) [5] presented a paper considering the new Eurocode requirements for 
the design of high speed railway bridges. Recent advances of the dynamic behaviour 
of high speed railway bridges have been captured in the forthcoming Eurocodes. The 
paper describes the requirements from design checks, acceptance criteria, requirements 
for structural analysis to the structural properties to be adopted in the design, and 
significant changes in the Eurocode. Regarding structural damping, there is 
appropriate to divide railway bridges into four categories, based upon the material of 
the bridge deck. Analysis shows that there is some correlation between damping and 
span length, generally higher damping factors when short spans are considered. 
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Check on bridge deck acceleration levels are required to avoid risk of ballast 
instability and reduction in vehicle-bridge contact forces. Tests show that the degree of 
non-linear behaviour in the ballast, which commences at above 0.8g, corresponding to 
an observed change in the integrity of ballast. Consideration of the acceleration levels 
where the ballast started to exhibit non-linear behaviour and application of a safety 
factor, results in a permitted acceleration level of 0.35g. Finally, the flexibility in 
Eurocode is considered, that permits national standards bodies and railway 
administrations to capture further advances in the design of high speed railway 
bridges. 

Xia et al. (2003) [21] presented a paper considering experimental analysis of a high 
speed railway bridge. The bridge was composed of multi-span simply supported 
girders and the running trains have articulated vehicles. Useful results regarding 
articulated trains have been obtained from the analysis of the recorded data, where 
some of the results are presented in the paper. The vertical deflection was sufficient 
and small differences between the deflection induced by single and double train. The 
maximum vertical acceleration of the bridge was below 1 m/s2, and the maximum 
lateral acceleration was even smaller. Regarding accelerations, there was no obvious 
difference between the response induced by single and double train. 

Xia et al. (2003) [20] studied the vehicle-bridge dynamic interaction under articulated 
high speed trains. A dynamic interaction model system was established, composed of 
articulated vehicle element model and finite element bridge model. The vehicle model 
was created according to the structure and suspending properties of the articulated 
vehicles. The articulated trains have distinct dynamic characteristics, and their 
behaviour is of great significance to the running stability of the vehicle. The calculated 
dynamic responses of the bridge and vehicles are presented, and compared with 
measured data. The main vibration characteristics of the bridge and articulated train 
vehicle are well described in the computer simulations. The good agreement between 
calculated results and measured data verified the effectiveness of the analytical model 
and computer simulation method. The articulated train vehicle shows a rather good 
running property at high speeds. 

Broquet et al. (2004) [4] describe in a paper the dynamic behaviour of deck slabs of 
concrete road bridge. This research does not considering railway bridges, but may be 
interesting in dynamic analyses of bridges. The finite element method was used to 
study the local dynamic effects of traffic actions on the deck slabs. Advanced 
numerical models were described and the results of a parametric study presented. The 
bridge was represented by a shell element model and the vehicle by lumped masses, 
assembled in a nonlinear damped system. Important parameters that influence bridge-
vehicle interaction were taken into account, to investigate characteristic properties of 
the dynamic behaviour of the bridge deck slabs of concrete bridges and to deduce the 
distribution of dynamic amplification factors throughout the deck slab. The vehicle 
was excited by irregularities of the road surface, generated by using power spectral 
density function. 
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The results proposed vehicle speed to be less important than vehicle mass, and road 
roughness to be the most important parameter affecting the dynamic behaviour of deck 
slabs. However, different bridge cross-section was not found to have significant 
influence on deck slab behaviour. Throughout the bridges and vehicles studied, the 
dynamic amplification factor seems to vary between 1.0 and 1.55. 

1.3 Banverket 
The master thesis was performed on assignment by Banverket (Swedish National Rail 
Administration), the authority responsible for rail traffic in Sweden. Banverket conduct 
the development in the railway sector, assist Parliament and the Government with 
railway issues, are responsible for the operation and management of state track 
installations and coordinate the local, regional and interregional railway service. 
Banverket also provides support for research and development in the rail sector. 

Banverket has a vision to create conditions necessary for safe, punctual, fast and fairly 
priced rail transports. The main goal is to provide a system of transport for citizens and 
the business sector all over the country that is both economically effective and 
sustainable. That includes an accessible transport system, a high standard of transport 
quality, safe traffic, a good environment, positive regional development and a transport 
system that offering equal opportunities. Introducing high speed trains on the railway 
network is one way to meet this goals and investigation for the future, by making the 
railway traffic more attractive. Today, Banverket is developing criterion of railway 
bridge dimensioning for higher train speeds, and restrictions to the maximum possible 
speeds for the trains running on already existing infrastructure, with attention to the 
dynamic effects due to the high speeds [2]. 
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1.4 Aim and Scope of the Study 
Generally, the aim of the thesis is analysing and increasing knowledge on the dynamic 
behaviour of an existing railway bridge due to high speed trains. A higher maximum 
speed of trains on already existing tracks is proposed to be introduced in the future. 
The dynamic behaviour of the bridge structure will be studied, using the finite element 
method. The static structural response and the dynamic behaviour of the bridge are 
evaluated using the finite element program LUSAS. The main attention is paid to 
comparing different models of the bridges, in the sense of investigating accuracy. The 
influence of different bridge parameter on the dynamic behaviour is also investigated, 
in the sense of optimal bridge design due to high speed trains. The purpose of the 
analysis is also to find out opportunities and restriction in the utilized finite element 
program LUSAS, recently adopted by Banverket, compared with other programs. 

The aim is to develop a simulation model for the calculation of the dynamic behaviour 
of the railway bridge. Unfortunately, only three-dimensional models can be used in the 
dynamic calculations program, and thus only these models are used in the study. The 
models are restricted to vertical dynamics. Linear behaviour of the bridge is assumed, 
and the concrete of the bridge is supposed to be elastic and un-cracked. The damping 
is assumed to be constant for the bridge and the torsional behaviour of the bridge deck 
is disregarded. The train crosses the bridge at constant speed and is represented by 
moving axle forces, thus no interaction between vehicle-bridge is regarded. The 
moving forces are supposed to travelling over the bridge on a smooth surface at 
different speeds, and placed symmetrically on the bridge. Further, track irregularities 
are disregarded. The load effects of snow and wind have not either been taken into 
account. The dynamic response considered only vertical responses of the bridge deck, 
with emphasis on acceleration, displacement, and bending moment at maximum point 
and at mid-support. From the results presented, conclusions could be drawn with 
respect to the bridge performance under high speed train passage. The results are not 
calibrated with measured data. 
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1.5 General Layout 
Chapter 1 gives a general introduction to the dynamic moving load phenomenon, 
previous research, and the aim and scope of the thesis is presented. 

Chapter 2 provides theory of dynamic analysis of railway bridges. Dynamic 
parameters are considered and theoretical evaluation methods are presented. The 
evaluation method considering equations, governing the analytical solution of a simply 
supported beam, traversed by a moving force. Description of the dynamic analysis 
program Dynslove, used in comparison with the utilized program LUSAS, is given. The 
program LUSAS is presented in a separate chapter. A short description of dynamic 
considerations in the European standards, Eurocode, is presented. For more details 
concerning the Eurocode, the reader is referred to [6]. 

Chapter 3 presents modelling procedures, opportunities and restrictions in the utilized 
finite element program LUSAS. For more detailed element formulations of the 
program, refer to the LUSAS User Manual [13]. 

Chapter 4 describes the different bridge models and the high speed train models. 
Properties of the existing railway bridge are given, and simplifications and 
assumptions in the bridge modelling. 

Chapter 5 presents results of the dynamic analysis of the bridge models, due to the 
moving trains. General static results are also given. Importance of different factors that 
influence the dynamic response due to moving vehicles are investigated. The dynamic 
analysis considering comparison of different solution programs, different bridge 
models and different high speed train configurations at different speeds. Dynamic 
response variation in a section and influence of different bridge parameters are also 
given. 

Chapter 6 summarises the results of the analysis in conclusions, regarding modelling 
in LUSAS and dynamic response due to high speed trains. Possible further research is 
suggested.
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Chapter 2   
 
Theory of Dynamic Analysis 

2.1 Structural Dynamic of Railway Bridges 

2.1.1 Characteristic of Dynamic Problem 

Dynamic considerations are often more complex and complicated than its static 
counterpart, mainly due to the time varying of the dynamic problem. Magnitude, 
direction and/or position of a dynamic load are also varying with time. Similarly, the 
structural response to a dynamic load is time varying too. Because of that, a dynamic 
problem does not have a single solution, as a static one does. A succession of solutions 
of a dynamic problem has to be established, corresponding to all times of interest in 
the response history. 

Dynamic imply an addition of inertia and damping to the elastic resistance force. 
Inertial forces are produced, which resist accelerations of the structure. If a dynamic 
load is applied to a structure, the resulting response depends not only upon the load, 
but also upon inertial forces. Thus, the corresponding internal response in the structure 
must equilibrate, not only to the externally applied forces, but also to the inertial forces 
resulting from the accelerations of the structure. 

If the inertial forces represent a significant part of the total load, the dynamic character 
of the problem has to be taken into account in the calculations. If the inertial forces are 
negligibly small, the analysis of the response may be regarded as static, even though 
the load and response may be varying with time [3], [7], [11]. 
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2.1.2 Resonance of Railway Bridge 

Dynamic analysis of bridge structures is necessary in case of resonance appearance. 
Resonance is a dangerous phenomenon, which occurs due to high speeds and regularly 
spaced axle groups of the trains. In case of resonance due to high accelerations and big 
track irregularities, excessive bridge deck vibrations may cause loss of wheel-rail 
contact, destabilisation of the ballast, occurrence of cracks and crumbles of concrete, 
and exceeding the stress limits of the bridge structure. Dynamic effects including the 
resonance phenomenon always have to been taking into account, when designing 
railway bridges subjected to high speeds. However, if the traffic speeds remain under 
200 km/h, resonance is unlikely to occur and do not need to be taken into account. 

The effects of maximum dynamic load occur at the resonant peaks. Risk of resonance 
arises when the excitation frequency of the loading, or a multiple of it, coincides with 
a natural frequency of the bridge structure. As the speed of the train increases, when it 
passages the bridge, the excitation frequency of the train will approach the natural 
frequency of a mode of vibration of the bridge. When resonance occurs, the dynamic 
responses of the structure increase very rapidly. Occurrence of resonance depends on 
the number of groups of regularly spaced loads, the damping of the structure, and the 
nature of loading and the characteristics of the structure. Especially, the magnitude of 
the resonant peaks is highly dependent upon structural damping. A low value of the 
damping of the structure gives high resonance peaks. In such situations, traffic safety 
on the railway bridge is compromised [3], [6], [7], [10], [11], [12], [18]. 

 
Figure 2.1 The peak value of the dynamic response occurs due to resonance. The 

value is strongly dependent on the damping coefficient. 
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2.1.3 Dynamic Amplification Factor 

The dynamic response is commonly presented in Dynamic Amplification Factors. 
These factors suggested to states how many times the static response, of a railway 
bridge due to moving traffic, must be magnified in order to cover the additional 
dynamic loads. Usually, the dynamic loads results in increasing of the bridge response, 
when compared to static loads. The purpose of introducing these factors are making 
the dynamic results easily understood, compared to the static ones. Many definitions 
are used in experimental and numerical studies. Most frequently, the Dynamic 
Amplification Factor is defined as a dimensionless ratio of the absolute dynamic 
response to the absolute maximum static response.  

responseStaticMaximumAbsolute
responseDynamicAbsoluteFactorionAmplificatDynamic =

 

Previous in structural design, the dynamic effects of railway bridges were only taken 
into account by using an assumed Dynamic Amplification Factor in bridge design 
codes. The dynamic factors are a very simply and rough method, but does generally 
ensure the safety and reliability of railway bridges. Because of the simplicity, the 
Dynamic Amplification Factor expressions specified in bridge design codes can not 
characterize the effect of all parameters that influence the dynamic response. In order 
to get a more exact behaviour of the dynamic effects, the additional dynamic loads 
must be determined in a more accurate way. Actually, when designing railway bridges 
due to high speeds, the dynamic response have to be analysed using commercial 
software programs, taken into account resonance effects and other vibration effects in 
the particular bridge structure [4], [6], [10], [11], [12], [18]. 

 

2.1.4 Damping of Railway Bridge 

In dynamic analysis, the structural damping is an important key parameter. The 
damping properties are important in dynamic analysis, but they are often not well 
known. The response of a bridge structure due to moving loads, and the magnitude of 
the vibrations of the structure, depends heavily on the structural damping capacity. In 
risk of resonance, damping is especially important.  

Damping is a property of building material and structures, which usually reduces the 
dynamic response. Damping is dependent on the material of the railway bridge and on 
the state of the structure, for example presence of cracks and ballast. The magnitude of 
the damping also depends on the amplitude of the vibrations of the bridge. After 
passages of vehicles, or other excitations of bridges, damping causes the bridges to 
reach its state of equilibrium.  
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Predicting the exact value of damping of new bridges is unfortunately not possible. In 
cases of designing new bridges, damping tables is used, which gives the lower limits 
of the percentage values of critical damping ζ, based on number of past measurements. 
For already existing bridges, the damping values can be deduced by calculating the 
logarithmic decrement from free vibration measurements. It is almost impossible to 
take all sources of damping of vibrations of railway bridges into account in 
engineering calculations, because of the high number of them. 

Damping is a very complex phenomenon. Part of the energy is lost by plastic 
deformations of material or is changed into other forms of energy during bridge 
vibrations. The energy supplied by the passage of vehicles is irreversibly dissipated 
into the environment. There are both internal and external sources of damping of 
bridge structures. The internal sources of damping include viscous internal friction of 
building materials, non-homogeneous properties and cracks. The external sources of 
damping includes friction in supports and bearings, friction in the permanent way and 
in ballast, friction in the joints of the structure, viscoelastic properties of soils and 
rocks below or beyond the bridge piers and abutments [6], [10], [11], [12], [18].  

2.2 Evaluation Methods 

2.2.1 Natural Frequencies 

The natural frequencies are the most important dynamic characteristics of railway 
bridges. Natural frequencies characterize the extent to which the bridge is sensitive to 
dynamic loads and are measured by the number of vibrations per unit of time. The 
notation for natural frequencies is fi, where the subscript i = 1, 2, 3… indicates their 
sequence. Natural frequency is connected to the natural circular frequency ωi and the 
period of vibration Ti, expressed in equation (2.1 – 2.2). The period expresses the 
duration of one cycle [11].  

ii fπω 2=  (2.1) 

ii fT /1=  (2.2) 
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There are an infinite number of natural frequencies of mechanical system with 
continuously disturbed mass. Only the lowest frequencies have any practical 
application, when studying the dynamic response of a bridge. The bridge structure 
selects and reacts to only the frequencies near its own natural frequencies, when 
excitation forces are applied to a system over a wide spectrum of frequencies. Because 
of that, natural frequencies have a great importance of dynamic analysis [11], [12]. 

For a simply supported beam, the natural frequency at the i-th mode of vibration is 
formulated in equation (2.3). Corresponding natural frequency for a continuous beam 
over two spans is formulated in equation (2.4) [11].  

µ
πω EI
L

i
i ⋅= 4

44
2

  (2.3) 

µ
λ

ω EI
L

i
i ⋅= 4

4
2

 (2.4) 

where the symbols have the following meaning: 

i mode number 
L  the span length of the beam [m] 
E  modulus of elasticity of the beam [N/m2] 
I  moment of inertia of beam cross-section [m4] 

µ mass per unit length of the beam [kg/m] 

iλ  dimensionless frequency parameter, for a continuous beam of two  spans,  
λi = 3.142, 3.927, 6.283, 7.069, 9.425 for the first five natural modes, 
respectively. 
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2.2.2 Simply Supported Bridge Subjected to Moving Loads 

 
Figure 2.2 Simply supported beam subjected to a moving force F. 

 

In the simplest way, the railway bridge model is supposed to be considered as a 
Bernoulli-Euler beam. This beam model considered the linear character of the bridge 
structure. Compared with its length, the beam has small transverse dimensions. The 
differential equation of the motion of a simple supported beam is formulated in 
equation (2.5) [11], [12]. 

( ) ( ) ( ) ( )txf
t

txv
t

txv
x

txvEI b ,,2,,
2

2

4

4

=
∂

∂
+

∂
∂

+
∂

∂ ωµµ  (2.5) 

where the symbols have the following meaning: 

),( txv  vertical deflection of the beam at point x and time t 

E  modulus of elasticity of the beam 
I  moment of inertia of beam cross section 

µ mass per unit length of the beam 

ωb circular frequency of viscous damping 
),( txf  load per unit length of the beam at point x and time t 

 

The equation of motion is deduced on the assumption of the theory of small 
deformations, Hooke’s law, Navier’s hypothesis and Saint-Venant’s principle can be 
applied. Constant cross-section and mass per unit length of the beam is assumed and 
the damping is considered proportional to the velocity of vibration. 
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The mass of the moving force F is small compared with the mass of the beam, thus 
only gravitational effects of the load is considered. The force moves at constant speed, 
from left to right. At the instance of force arrival, the beam is at rest, thus possesses 
neither deflection nor velocity. 

The boundary conditions are: 

( ) 0,0 =tv  

( ) 0, =tLv  

( ) 0,

0
2

2

=
∂

∂

=xx
txv

 

( ) 0,
2

2

=
∂

∂

=Lxx
txv

 
 

The initial conditions are: 

( ) 00, =xv  

( ) 0,

0

=
∂

∂

=tt
txv

 

where L is the span length of the beam. 

 

Equation (2.5) together with the boundary and initial conditions provided necessary 
information for a solution of the problem. The function of vertical deflection of the 
beam v(x, t) can be expressed as a product of two functions, the mode shape function 
(the eigenfunction) z(x), and the function of generalized coordinates Ф(t). The mode 
shape function involves only the space coordinate x, and the function of generalized 
coordinates the variable time. The deflection at any location varies harmonically with 
time when the bridge vibrates in its i-th natural bending mode, and is formulated in 
equation (2.6). 
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)sincos()()()(),( tbtaxztxztxv iiiiiiii ωωφ +⋅=⋅=  (2.6) 

where ia  and ib  are arbitrary coefficients, given by the initial conditions. 

 

The general solution of the deflection at any location is a summation of the 
contributions of all eigenmodes, performed by using the mode superposition 
techniques, and formulated in equation (2.7).  

∑
∞

=

⋅=
1

)()(),(
i

ii txztxv φ  (2.7) 

Substituting equation (2.7) into equation (2.5) gives the general solution, formulated in 
equation (2.8) [11], [12]. 

( ) ( ) ( ) ( ) ( ) ( ) ( )txf
t
t

xz
t

t
xzt

x
xz

EI
i

i
ib

i
ii

i ,2
1

2

2

4

4

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
+

∂
∂

+
∂

∂∑
∞

=

φ
ωµ

φ
µφ  (2.8) 

2.3 Dynsolve for solving Dynamic Analysis 
For the dynamic analysis presented in this thesis, the finite element program LUSAS is 
utilized. However, comparison is done with a computer program called Dynsolve, in 
the sense of investigating reliability of LUSAS. Dynsolve has been developed by Dr. 
Raid Karoumi, at the division of Structural Design and Bridges at the Royal Institute of 
Technology, and was originally developed with the intention of studying the moving 
load problem of cable supported bridges. The bridge is modelled in two-dimensions, 
and the program solves the moving load problem using the finite element or finite 
difference method. Different types of elements are available in the modelling, 
including cable elements, and the damping of the bridge is considered. In addition, 
discrete tuned-mass-dampers may be introduced, allowing for a study of the effect of 
such devices. Considering railway bridge, the rail surface roughness and defects can 
also be taken into account. The trains are modelled as either moving constant point 
forces, moving masses, or as simple sprung mass systems. The dynamic interaction 
between bridge and train is taken into account, using an iterative procedure. Two 
different methods for evaluating the dynamic response can be chosen, depending on 
bridge type and span length. The methods are mode superposition technique for linear 
dynamic analysis and direct integration methods for nonlinear dynamic analysis. 
Further details are given in [12]. 
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2.4 Consideration of Dynamic Effects in Eurocode 
The dynamic effects for railway bridges are considered in Eurocode 1: Actions on 
structures – Part 2: Traffic loads on bridges, Dynamic effects (including resonance). For 
simple dynamic problems, only static analysis is required. The static analysis shall be 
carried out with the load models defined in Vertical loads – Characteristic values (static 
effects) and eccentricity and distribution of loading, and considered the load model 
LM71 and where required the load models SW/0 and SW/2. The results of the static 
analysis shall be multiplied by the dynamic factor Φ considered later on, and if 
required multiplied by a factor α in accordance with the load model LM71. The 
requirements for determining whether a static or a dynamic analysis is required are 
given by a flow chart in Figure 2.3 and by Figure 2.4. The diagram is valid for 
structures, behaving in fashion to a linear beam [6].  
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Figure 2.3 The flow chart in Eurocode, for determining whether a dynamic 

analysis is required. 
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where the symbols in Figure 2.3 have the following meaning: 

V  the maximum line speed at the site 
L  the span length of the beam  

0n  the first natural bending frequency of the bridge 

Tn  the first torsional bending frequency of the bridge 

( )lim0/ nv  given as a function of 0lim / nv  in Annex F, referred to Eurocode 

 

For bridges with a first natural frequency within the limits given by Figure 2.4 and a 
maximum line speed at the site not exceeding 200 km/h, a dynamic analysis is not 
required. However, if the first natural frequency exceeding the upper limit, a dynamic 
analysis has to be carried out. 

 
 
Figure 2.4 The limits of natural frequency n0 as a function of span length L of the 

bridge structure. 
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2.4.1 Dynamic Factor 

The dynamic factor Φ takes into account the dynamic magnification of stresses and 
vibration effects in the structure due to dynamic loading. However, the dynamic factor 
does not take into account the resonance effects. Magnifying the static load effects by 
the dynamic factor are unable to predict resonance effects from high speed trains.  

Where a dynamic analysis is required, in accordance with Figure 2.3 – Figure 2.4, 
there is a risk that resonance and excessive vibration of the bridge occurs. For such 
cases, the dynamic analysis shall be carries out, instead of using dynamic factors. The 
dynamic analysis takes into account the time dependent nature of the loading from the 
high speed train and predicting dynamic effects at resonance.  

There are different definitions of the dynamic factor, according to the quality of the 
track maintenance. Generally, carefully maintained track gives a lower dynamic factor 
than track with standard maintenance, based on a determinant length. The dynamic 
factors may be reduced for arch and concrete bridges and not taken into account on 
columns of bridge, in especially conditions. 

 

2.4.2 Dynamic Loading and Load Combinations 

Where a dynamic analysis is required, the additional load cases for the analysis should 
be in accordance with Loading and load combinations. Characteristic values of the 
loading from the real train, specified for the particular project, shall be considered. The 
specification shall take into account each permitted and envisaged train configuration, 
including characteristic axle loads and spacing between them, for every type of high 
speed train using the structure at speeds over 200 km/h.  

Prescribed high speed load models HSLM shall also be considered on bridges designed 
for international lines. The load model HSLM comprises of two different universal 
trains, with variable coach lengths, HSLM-A and HSLM-B. Either HSLM-A or HSLM-B 
should be applied, in accordance with requirements based on the structural 
configuration and the span length of the bridge structure.  

Load combinations shall be used in the dynamic analysis, regarding mass associated 
with self weight and removable loads, for example ballast. These values of masses 
should be used with nominal values of density. For the dynamic analysis of the bridge 
structure, only one track should be loaded, in accordance with especially criterions, 
regarding the additional load cases depending upon number of tracks on the bridge.  
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When the load effects from a dynamic analysis exceed the effects from the static load 
model on any one of the track, the load effects from the dynamic analysis should be 
combined with horizontal forces on the track, subjected to the loading in the dynamic 
analysis, and the load effects from vertical and horizontal loading on the other tracks. 
In such a case, the dynamic rail loading effects determined from the dynamic analysis 
(bending moments, shears, deformations, but excluding acceleration), shall be 
enhanced by especially partial factors. 

However, partial factors shall not be applied to the loading, when determining bridge 
deck accelerations. The calculated values of the accelerations shall be directly 
compared with the design criterions, described later on. According to fatigue, the 
bridge structure should be designed for the additional fatigue effects at resonance from 
the loading on one track. 

 

2.4.3 Speeds to be Considered 

A series of different speeds up to the maximum design speed shall be considered for 
each real train and high speed load model. Calculations should be made for a series of 
speeds from 40 m/s up to the maximum designed speed. Generally, the maximum 
design speed shall be 1.2 times the maximum line speed at the site. A reduced speed 
may be used for particular projects, for checking individual real trains for 1.2 times 
their associated maximum permitted vehicle speed. Speed increment should be 
arbitrary chosen, however smaller speed steps should be used in the vicinity of 
resonant speeds. The calculations are required to ensure that safety considerations, for 
example maximum deck accelerations and load effects, are satisfactory for structures 
at speeds in excess of 200 km/h.  

 

2.4.4 Bridge parameters 

2.4.4.1 Structural Damping 

The peak response of bridge structures due to traffic speeds corresponding to resonant 
loading, is highly dependent upon the damping. Recommended characteristic values of 
damping to be used in dynamic analysis are based on the bridge type and the span 
length of the bridge. 
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Figure 2.5 Damping coefficient for bridge structures, assumed for dynamic 

analysis in design purpose. 

 

2.4.4.2 Mass of Bridge 

The maximum acceleration of a structure is inversely proportional to the mass of the 
bridge structure at resonance. The maximum dynamic load effects are likely to occur 
at resonance peaks, where a multiple of the frequency of loading coincide with a 
natural frequency of the structure. Any underestimation of the mass will overestimate 
the natural frequency of the structure, and therefore overestimate the traffic speed at 
resonance occurs. 

There are two special cases to be considered for the mass of the bridge structure, 
including ballast and track. A lower bound estimate of mass shall be considered, 
predicting maximum deck accelerations, by using the minimum likely dry clean 
density and minimum thickness of ballast. An upper bound estimate of mass shall also 
be considered, predicting the lowest speed at which resonant effects are likely to 
occur, by using the maximum saturated density of dirty ballast, with allowance for 
future track lifts.  

 

2.4.4.3 Stiffness of Bridge 

Just as the damping and the mass, the stiffness of the bridge structure has an influence 
of the dynamic effects. The maximum dynamic load effects are likely to occur at 
resonance peaks. Any overestimation of the bridge stiffness will overestimate the 
natural frequency of the structure and the traffic speed, at which resonance occurs. 
Throughout the structure, a lower bound estimate of the stiffness shall be used. The 
value of the bridge stiffness may be determined in accordance with EN 1992 –  
EN 1994.  
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2.4.5 Modelling of Excitation and Dynamic Behaviour 

The dynamic effects due to the train may be represented by a series of travelling point 
forces. The effect of vehicle and structure mass interaction may be neglected. The 
analysis should take into account the effects of variation in the length of the train in 
axle forces and of spacing variations of individual axles or groups of axles. For loaded 
lengths less than 10 m, the representation of each axle of the train by a single point 
force tends to overestimate the dynamic effects. In such cases, the load distribution 
effects of ballast, sleepers and rails may be taken into account. However, individual 
loads may not be distributed uniformly in the longitudinal direction. 

If the span length of the bridge is less than 30 m, the effects of dynamic vehicle and 
bridge mass interaction tend to reduce the peak response at resonance. These effects 
may be taken into account in two different applications. Either, a dynamic vehicle and 
structure interactive analysis may be carrying out, or increasing the damping value of 
the structure in the dynamic analysis. The increased damping value shall be considered 
according to equation (2.9). The equation is valid for continuous beams, where the 
smallest value for all spans should be used. The total damping to be used is given by 
equation (2.10), where ζ is the lower limit of percentage of critical damping in percent 
and L the span length of the bridge structure.  

32

2
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The dynamic effects of track irregularities and vehicle imperfections on the dynamic 
behaviour of bridges structures should not be neglected when designing bridges for 
high speeds. The increasing in dynamic effects of stresses, deflections and bridge deck 
accelerations, may be estimated by multiplying the calculated effects by a 
amplification factor, φ’’. These factor is given with accordance to Annex C in 
Eurocode, and should not be taken as less than zero. There are different applications of 
this factor, according to the quality of the track maintenance. Carefully maintained 
track gives a lower contribution to the dynamic effects, than track with standard 
maintenance. 
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2.4.6 Verifications of the Limit States 

The verification of the maximum acceleration of the bridge deck shall be checked at 
the serviceability limit state, regarded as a traffic safety requirement for the prevention 
of track instability. The maximum permitted peak design values of the bridge deck 
acceleration, calculated along the track, shall not exceed the recommended values 
given in Eurocode. The dynamic amplification effects shall be allowed for by 
multiplying the static loading by the dynamic factor Φ.  

If a dynamic analysis is required, results of this analysis shall be compared with the 
results of the static analysis enhanced by the dynamic factor. The most adverse load 
effects of this comparison shall be used for the bridge design. For dynamic analysis, a 
check shall be carried out, establishing whether the additional fatigue loading at high 
speeds and at resonance is covered by considerations of the stresses, due to the load 
effects from static load model, multiplying by the dynamic factor. The most 
unfavourable fatigue loading shall be considered in the bridge design. 

For the dynamic analysis, a dynamic increment φ’dyn given by equation (2.11), should 
be determined. The dynamic increment considered the maximum dynamic response 
ydyn, and the corresponding maximum static response ystat, at any particular point in the 
structural element, due to real train or high speed load model. This dynamic increment 
should be used, when considered the most adverse dynamic effects.  

1/max' −= statdyndyn yyϕ  (2.11) 

 

2.4.7 Verification for Fatigue 

Additional verification for fatigue shall be considered, where dynamic analysis is 
required. The fatigue check of the bridge structure shall allow for the stress range, 
resulting from elements of the structure, vibrating above and below the corresponding 
permanent load deflection. This deflection may be due to additional vibrations set up 
by impact effects from axle loads travelling at high speeds, the magnitude of dynamic 
live loading effects at resonance, and the additional cycles of stress caused by the 
dynamic loading at resonance.  
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The bridge design shall allow for the additional fatigue loading due to resonance 
effects, where the frequent operating speed of the train is near to a resonant speed. A 
check shall be carried out to ensure that the additional fatigue loading at high speeds 
and at resonance is covered by the consideration of the stresses derived from the 
results of the static analysis, multiplied by the dynamic factor. Series of speeds up to 
the maximum nominal speed should be considered. The most adverse values shall be 
used for the fatigue verification. 





 

 27

Chapter 3   
 
The Finite Element Program LUSAS 

3.1 The Finite Element Method 
In engineering mechanics, physical phenomenon are mathematically described by 
differential equations. Usually, the equations are too complicated to be solved by 
classical analytical methods. The finite element method is a method for numerical 
solution of different kind of this problem, solved in an approximate manner by general 
differential equations. Finite element analysis is applicable to problem involving for 
example stress analysis, heat transfer and magnetic fields. A finite element structure 
closely resembles the actual body or region to be analysed.  

A mathematical model is an idealization of the actual physical problem. The model 
includes geometry, material properties, loads and boundary conditions, which are 
simplified based on the understanding of the practical problem. Solving a problem by 
finite element analyse involves learning about the problem, preparing a mathematical 
model, discretizing the model, doing the calculations by means of a computer and 
checking the results. More than one cycle through these steps are often required to get 
a satisfaction solution for the behaviour of the structure. 

The mathematical model is discretized by dividing it into a mesh of an appropriate 
number of finite elements, visualized as small parts of the analysed structure. Simple 
interpolation within each element represented the fully continuous field of the 
structure. Usually, polynomial interpolation is used. Each finite element has only a 
simple spatial variation, so finite element analyse provides an approximate solution. 
The element sizes are arbitrary, there is no geometric restriction. However, the number 
of elements in the structure and the choice of element size may influence the accuracy 
of the final results. 
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Figure 3.1 Different element size of a clamped beam, where alternative (i) is the 

most preferable to get accurate results. 

 

The ends of the elements are interconnected at the coordinates of the nodal points. The 
nodal points consist of a number of degrees of freedom, which express the manner in 
which the nodes are free to displace. The solutions for nodal points determine the 
spatial variation of the field in that element. Thus, the filed quantity over the entire 
structure is in piecewise fashion approximated element by element. 

 
Figure 3.2 Translational and rotational degrees of freedom of a beam element. 

 

The generalized coordinates of the structure become from the displacement of the 
nodal points. In terms of these generalized coordinates, the deflection shape of the 
complete structure can be expressed, by means of an appropriate set of assumed 
displacement functions. Usually, the displacement functions are called interpolation 
functions, defining the shapes within an element produced by specified nodal 
displacements. Each interpolation function could be any curve, which is continuous 
and satisfies the geometric displacement condition, imposed by the nodal 
displacement. 

It is important to recognize that finite element analyse is just approximative simulation 
and not reality. However, a proper understanding and appropriative simplifications of 
the problem usually gives sufficient results [8], [9], [15], [17]. 
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3.2 Modelling Procedures 
This section describes opportunities in the modelling procedures in LUSAS and all 
described procedures are not used in the following dynamic analysis.  

3.2.1 Elements 

Several different element types contains in the LUSAS Element Library. The elements 
are classified into groups, according to their function. Bars, beams, two- and three-
dimensional continuum elements, plates, shells, membranes, joints, field elements, and 
interface elements are available element groups in LUSAS. A brief description of each 
element utilized in this study is given below. For more detailed element formulations, 
refer to the LUSAS Theory Manual [13]. 

 

Beam Elements 

The beam elements are used in the modelling of plane and space frame structures. 
Both thin and thick beams, in two- and three-dimensions are available. In addition, 
specialised beam elements for grillage modelling and eccentrically ribbed plate 
structure may be used. The beam elements may be either straight or curved, and are 
available to receive axial forces, bending and torsional behaviour. 

 
Figure 3.3 The three-dimensional engineering thick beam element, with three 

nodes of end release conditions. The third node is used to define the 
local xy-plane.  
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The formulation of the beam elements are based upon the three-dimensional 
engineering thick beam elements, which are used in this study. These beam elements 
can be used to model three-dimensional frame structures or as a stiffener for other 
elements. The geometrical properties are constant along the length of the straight beam 
element. For analyses utilising temperature dependent material properties, the 
temperature used is the average of the nodal values. The integration scheme for the 
beam element is explicit. The force variations along the beam are constant axial force, 
constant torsion, linear shear forces and quadratic moments, and the displacement 
variations are linear axial, linear rotation, and cubic transverse displacement. However, 
strains are not available within the element. Unfortunately, the beam elements cannot 
model nonlinear behaviour, but are available to be used together with other elements in 
a nonlinear analysis. The beam element model is preferred to be used for analysis 
procedures of linear, eigenvalue, and dynamic. 

 

Shell Elements 

The shell elements are used in the modelling of structures in three-dimensions, whose 
behaviour is dependent upon both flexural and membrane effects. Both thin and thick, 
or flat and curved shell elements are available. The form of the shell elements can be 
either triangular or quadrilateral. The quadratic elements can accommodate generally 
curved geometry. 

The formulation of the shell elements are based upon the three-dimensional thick shell 
elements, which are used in this study. These shell elements can be used for analysing 
flat and curved three-dimensional shell structures, especially where transverse shear 
deformation have a considerable influence on the response. The elements may also be 
used for modelling intersecting shells or branched shell junctions. For modelling 
stiffened shell structures, the shell may be connected to beam elements. 

These shell elements may have an arbitrary thickness, and composite or nonlinear 
material properties can be defined. Usually, there are two rotational degrees of 
freedom and a common nodal normal associated with each node, giving a smooth 
surface to the shell assembly. However, the desired number of rotational degrees of 
freedom for a node may be enforced, allowing more flexibility.  
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Figure 3.4 Quadrilateral or triangular forms of the shell elements are available, 

with different numbers of nodes.  

 
The element formulation is based on isoparametric approach and takes account of 
membrane, shear and flexural deformations. The quadrilateral elements use an 
assumed strain field to define transverse shear, preventing locking and performing 
good bending of the elements. The integration scheme for the shell elements is 
dependent on different options, for more detailed formulation referring to the LUSAS 
Theory Manual. The thick shell elements offer a consistent formulation of the tangent 
stiffness, which makes the elements effective in geometrically nonlinear applications.  

 

Joint Elements 

The joint elements are used to connect two or more nodes of different elements by 
elastic springs, and may be used to release the degrees of freedom between the 
elements. The springs possess both translational and rotational stiffness. Joint elements 
may be inserted between corresponding nodes and features, by using interface mesh. 
Initial gaps between nodes and features are even allowed, since the nodes of a joint 
element do not need to be coincident. However, for correct response, the distance 
between them should be as small as possible. The stiffness matrix is not formulated 
using engineering beam theory, which implies that a joint moment is independent of 
both shear force and the joint length. Joint elements may be used in geometrically 
nonlinear analysis, but they remain geometrically linear, because of assumed 
infinitesimal strain and ignored large deformation effects. 
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Figure 3.5 The three-dimensional joint element, with four nodes. The third and 

fourth nodes are used to define the local x-axis and local xy-plane. 

 
The joint elements are defined in either a line or a surface mesh dataset. The line joint 
set is assigned to line features in two-dimensional analysis, and the surface joint mesh 
is assigned to surface features in three-dimensional analysis. There are two different 
methods of assigning mesh dataset, either by single joints or joint mesh interface. For 
single joints, the joint mesh is assigned directly to a single line. This method is more 
suitable for defining one or two joints, since a line feature must be defined for every 
joint required. Joint mesh interface uses master and slave connection to tie two lines or 
surfaces together with a joint mesh.  

Modelling a single joint element demands creating a line, jointing the two node points 
together. A line mesh dataset with the chosen joint element is defined and assigned to 
the created connecting line. Modelling a joint mesh interface implies defining a joint 
mesh interface between two lines or surfaces, designated master and slave feature. A 
mesh pattern is created between the two features, with the mesh definition determining 
the number of joints generated in the interface mesh, since the mesh dataset is assigned 
to both the master and slave features. The joint elements are automatically created 
joining all nodes on the master and slave features and each joint stiffness is computed 
from the representative length or area of the elements on the master/slave features. 
Joint properties are assigned to the master feature to define the joint behaviour. For 
joints with rotational degrees of freedom, joint geometric properties have to be 
assigned, since an eccentricity must be specified. Joint meshes also require joint 
material properties to be assigned. 
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3.2.2 Damping 

Viscous and structural modal damping ratios are available, when setting the damping 
of the bridge structure. Combinations of these damping values are also possible in the 
same structure. However, the structural damping can not be used in modal response 
calculations in the time domain. All damping values are expressed as percentage of the 
critical damping. The damping value can be either specified by the user, or calculated 
automatically in the program, in special conditions. Providing modal damping 
estimates is only available if the relevant damping control data has been included in 
the eigenvalue analysis. If specified damping is set by the user, a list of values can be 
defined, and different damping ratios can be applied to each mode. 

If no modal damping values have been set to any eigenmodes, these modes will default 
to the damping value of the highest modes. If no damping datasets are specified at all, 
the properties are taken from the material properties. For bridge structures with 
damping values higher than about 10 %, the modal superposition techniques are not 
usually appropriate, due to coupling between the modes. For structures with such high 
damping values, the step by step dynamic analysis should be considered instead [13].  

 

3.2.3 Discrete Loads 

General discrete loads are assigned to points in the finite element model. The discrete 
loads are defined in relation to their own local coordinate system, the origin of which 
is given by the point coordinates to which the load is assigned. The point does not 
have to lie in the surface, to which the load will be applied, as the patch load is 
projected onto the surface in a normal direction to the patch definition. Differences 
between discrete loads and structure based loads are that the discrete ones are not 
limited to application over whole structure, independent of the model geometry, and 
may be effective over complete or partial areas of the model.  

Discrete loads are especially useful for applying a load that does not correspond to the 
structures underlying the mesh. The nodal distribution of forces that is equivalent to 
the total patch load is automatically calculated, irrespective of the patch are spread or 
skewed across several structures. The discrete load will be distributed to the element 
nodes, over which the patch lies. All of the underlying elements will be used, if no 
search area is specified when assigning the patch, which restrict the area of application 
of a discrete load. 
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A discrete load consists of coordinates defining the vertices, load intensity and local 
position. Both discrete point load and patch load are available. Discrete point load are 
defined in three-dimensional space, where each individual point load has a separate 
load value. Discrete patch load are defined as a continuous line load in three-
dimensional space by means of points, where two points give a straight line load and 
three points a curved line load. An untransformed load projection vector defines the 
direction in which the load is projected onto the model. The vector is expressed in 
components of x, y, and z. For patch load, this direction is always perpendicular to the 
patch [13]. 

 
Figure 3.6 A line load defined, using a two point line. The local origin of the line 

is assigned to point 1. 

 

3.2.4 Search Areas 

Search areas are used when restricting the area of application of discrete point or patch 
loads are necessary. If no search area is assigned, the load is applied onto the entire 
structure. The search area improved the control of load application. In generally, the 
search area limit the load applied area effectively, and removed the effects of loads on 
certain structures from the analysis. Especially for three-dimension models, there is a 
possibility that a chosen projected direction will cross a model in several directions. 
Therefore, a search area is used to limit the application of load to one of these multiple 
intersections. The same load dataset is even allowed to be used to apply loads to 
different parts of the model, when restricting the area of application of the loads. 
Furthermore, a search area may be used for calculation speed improvement. The speed 
of calculation of equivalent nodal loads will be increased by decreasing the number of 
features considered in the calculation. 
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In Figure 3.7, a multiple span grillage structure is defined, where Span 1 as search 
area. A discrete patch load is applied across the entire structure, indicated by the grey 
shaded region in the upper diagram. The area of the structure, when the search area 
and the patch load are coinciding, will take the load as shown in the lower diagram 
[13]. 

 
Figure 3.7 The discrete patch load will only be applied to the structure, where a 

search area is assigned. 

 

3.2.5 Linear Dynamic Analysis 

Dynamic analysis is required where the loading may not be considered to be 
instantaneous, or where inertia and damping forces are to be considered. Generally, 
dynamic solution methods use numerical integration in the time domain. In a step by 
step manner, the solution is progressed through time, by assuming some variation of 
the displacements and velocities over small intervals of time. The solution of the 
resulting simultaneous equations within each time step, yields the response at the 
discrete time points, representing the current time step. For known initial conditions, 
successive application of this procedure gives the dynamic response of the structure. 

The equation of dynamic equilibrium of an elastic discretised structure is formulated in 
equation (3.1). Step by step integration of the equation has to be performed, in order to 
reproduce the complete time history response of the structure. 

[ ] { } [ ] { } [ ] { } ( ){ }tFyKyCyM =⋅+⋅+⋅ &&&  (3.1) 
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Direct Integration 

The equation of dynamic equilibrium is integrated, using direct integration, a 
numerical step by step procedure in the time domain. The method is based on 
following concepts 

(i) The dynamic equilibrium equations are satisfied at discrete time points, within 
the solution time interval. These discrete points are ∆t apart. 

(ii) Within these time intervals, the variation of displacement, velocity and 
acceleration is assumed. This gives arise to a series of direct integration 
schemes, each possessing different accuracy and stability characteristics. 

A set of second order differential equations are transformed into a set of simultaneous 
equations at each time interval ∆t. Direct integrations proceeds by advancing the 
solution in time from known conditions at time t to unknown values at time t+∆t. The 
integration scheme is termed explicit, if the solution at time t+∆t is obtained by 
considering equilibrium conditions at time t. This method is only conditionally stable, 
which implies that the length of the time step must be smaller than a critical value, in 
order for the solution process to convergence. Explicit algorithms permit de-coupling 
of the equilibrium equations, inverting the stiffness matrix is unnecessary. Generally, 
the explicit algorithm is used for problems which require small time steps, irrespective 
of the stability requirements. 

However, the scheme is termed implicit, if the solution at time t+∆t is obtained by 
considering equilibrium at just time t+∆t. Implicit algorithms require inversion of the 
stiffness matrix at every time step. The method is unconditionally stable, convergence 
to a solution is guaranteed. The cost of each solution step is very expensive, related to 
the explicit algorithm. However, the time step may be significantly larger, thereby 
reducing the total number of time step. The accuracy considerations are governed by 
the maximum time step.  Generally, the implicit algorithm is used for inertial 
problems, where the response is governed by low frequencies. 

Selecting an accurate integration scheme is dependent of the analysis. For explicit 
analysis, the explicit central difference integration scheme is used in LUSAS. This 
method is particularly effective with a uniform discretisation of lower order elements. 
For implicit analysis, the time steps are generally grater than the critical ones, 
consequently the higher modes are not integrated accurately. However, the high 
frequencies should only have small influence on the total response. Therefore, a 
dissipative algorithm is preferable, providing high dissipation in the higher modes 
which have not been integrated accurately, and exhibit no numerical dissipation in the 
lower modes that govern the response of the structure. The implicit Hilber-Hughes-
Taylor integration scheme has been selected for use in LUSAS, see further reasons 
given in LUSAS User Manual [13]. 
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3.2.6 Eigenvalue Analysis 

If direct integration is not used, the dynamic analysis requires an eigenvalue analysis 
to determine the natural frequencies and the eigenmode shape for the bridge structure. 
The eigenvalue analysis is the extraction of the natural modes of vibration of the 
structure. In LUSAS, the eigenvalue extraction is the first step to solve different kind of 
dynamic problems, such as the moving load problem in this study. Buckling load 
analysis is also possible, a linear analysis which may be applied to structures, 
estimating the maximum load that can be supported prior to structural instability or 
collapse. Another possibility is the stiffness analysis, used to perform an eigenvalue 
analysis of the stiffness matrix at a selected stage of an analysis. This facility may be 
used in cooperation with a nonlinear analysis, predicting structural instability [13]. 

 

3.2.6.1 Solving an Eigenvalue Problem 

Solving an eigenvalue problem, the eigenvalue control properties have to be setting for 
a particular load case. Then, different methods for eigenvalue are available in LUSAS 
to extract the eigenvalues and eigenvectors from large equation system, described in 
the following. The algorithms of the different methods have several similarities, 
starting by examine degrees of freedom which will provide the greatest contribution to 
the structural response. Then, a transformation matrix and reduced set of equations are 
formed, solved by using either implicit QL or Jacobi iteration to obtain the eigenvalues 
and eigenvectors of the reduced system. Finally, the eigenvectors of the complete 
system are obtained, using the transformation matrix.  

When the required eigenvectors have been calculated, the solution is completed by 
calculating error estimates on the precision with the eigenvalues and eigenvectors have 
been calculated. Then, normalising of the eigenvectors are recommended, according to 
specified criterion by the user. 

 

Subspace Iteration 

The purpose of the subspace iteration algorithm is solving the eigenvalue extraction by 
Jacobi and QL solvers, for a specified number of the lowest or highest eigenvalues and 
corresponding eigenvectors. First, the number of starting iteration vectors has to been 
established. This number should be greater than the number of required eigenvalues, to 
increase the rate of convergence. The number of starting iteration vectors cannot 
exceed the number of degrees of freedom of the system, either. There is suggested by 
experience that the number of starting vectors should be determined from the 
following expression. 
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nivc = min ( ( 2*nroot ), ( nroot+8 ), ( nvbz) ) (3.2) 

where nivc is the number of starting vectors, nroot the required number of eigenvalues, 
and nvbz the number of degrees of freedom in the structure. 

It is necessary to refer the numerical solution to a criterion, measuring its convergence, 
as the procedure iterates. The eigensolution is assumed to have converged on iteration 
k for all eigenvalues λi, when the following criterion has been reached. 
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 (3.3) 

Computing the starting iteration vectors is based on the observation that the vectors 
should be constructed to excite the degrees of freedom associated with a large mass 
and a small stiffness. The starting vectors are defined by specifying master freedoms 
within the retained freedoms. Often, using eigenvalue shifts is an important solving 
procedure. The stiffness matrix will be singular, if rigid body modes are present in the 
system, and hence causing numerical problems in the subspace iteration. A shift may 
be applied to overcome this problem, forming a modified stiffness matrix, of which the 
associated eigenvalues will all be positive. The shift is automatically subtracted from 
the calculated, obtaining the actual eigenvalues. However, the eigenvectors for both 
systems are the same. The eigenvalues of unrestrained structures are computed by 
removing the zero diagonal terms from the stiffness matrix, by means of the frequency 
shift. A small shift as possible will increase the convergence rate of the iterative 
eigenvalue solution procedure, provided that the shift is large enough to avoid 
numerical problems.  

The main advantage of the subspace iteration method is the starting basis is improved 
with each update of the subspace. Consequently, a bad choice of initial master degrees 
of freedom may only necessitate more iteration to convergence. In general, the 
subspace iteration is the most effective algorithm. 
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Guyan Reduction 

A Guyan reduced eigenvalue extraction can be performed in cooperation with the 
subspaced iteration method. The starting iteration vectors in the subspaced can be 
obtained by using the solution from a Guyan reduction analysis. In the Guyan 
reduction, the analysis is carried out automatically prior to the subspace iteration 
algorithm, which uses the approximate eigensolution from the Guyan reduction as the 
first estimate of the exact solution. If correct assumptions and approximations are 
made, this analysis produces the same results as the first iteration of the subspace 
method, with the starting iteration vectors as constructed by the subspace method. 
However, the Guyan reduction allows greater freedom in the selection of starting 
iteration vectors. 

Guyan reduction may be used to significantly reduce the overall problem size. 
Considering only those freedoms whose contribution is of most significance to the 
oscillatory structural behaviour are often sufficient. This characteristic is utilised in the 
consideration of the completely discrete model to a reduced system. The remaining 
equations adequately encompass the required vibration modes. The stiffness 
contribution of those freedoms whose inertia effect is considered insignificant, are 
condensed from the system. Therefore, the reduced equation system is dependent on 
those freedoms remaining, designated the master freedoms. Linear approximations to 
the true eigenvectors are the resulting eigenvectors of the reduced system.  

Selection of the master freedoms is dependent on the accuracy of the simulated 
structural response, the freedoms must accurately represent all the significant modes of 
vibration. The master freedoms should also exhibit high mass to stiffness ratios, hence 
rotational freedoms are usually inappropriate masters. As far as possible, the master 
freedoms should also be evenly spaced throughout the structure. Insufficient selection 
of the master freedoms will have a detrimental effect of the accuracy of the solution, 
especially at high frequencies. Master freedoms may be specified in different ways, 
where the alternative automatically is the simplest, where the freedoms will be 
selected such that the highest stiffness to mass ratios of the associated structural 
freedoms is used. In the Guyan reduction, the starting basis is not improved and a bad 
choice of initial master degrees of freedom would be detrimental to accuracy. 

 

Inverse Iteration with Shifts 

Eigenvalue extraction by the inverse iteration method implies computation of the 
eigenvalues and corresponding eigenvectors within a specified eigenvalue or 
frequency rage of interest. This method utilises a series of shift points, form which 
extracting the eigensolutions, by using the inverse iteration method. The closeness of 
the eigenvalue to the shift point is of vital importance for the convergence of each 
eigensolution. Thus, the method is efficient for locating the eigensolutions within a 
narrow range. 
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It is necessary to refer the numerical solution to a criterion, with which to measure its 
convergence, as the procedure iterates. For the inverse iteration method, it is important 
that the eigenvectors, as well as the eigenvalues, are computed to some degree of 
accuracy. Therefore, the convergence criteria for the inverse iteration scheme are 
based upon the mass orthogonality tolerance, in the following criterion below. The 
tolerance criteria is valid for all eigenvectors Φ i and global mass matrix M. 

EM j
T
i <Φ⋅⋅Φ  (3.4) 

 

Lanczos 

The original Lanczos method is derived from the same principles as the subspace 
iteration method, but is significantly faster. Because of the faster solution method, less 
physical memory and hard disk is required. Unfortunately, convergence is not 
guaranteed. Besides calculating an eigenvalue range, as with the inverse iteration 
method, it is possible to calculate the minimal and maximal eigenvalues. The method 
is recommended for large problems and for large numbers of requested eigenvalues, 
although convergence cannot be guaranteed. The maximum number of Lanczos steps 
to be taken is set by the user, but should always be greater than the number of modes 
required. The fast Lanczos solver is an even faster and much more robust method, than 
the original Lanczos solver. The fast Lanczos method is recommended for all kind of 
eigenvalue analyses. 

 

3.2.7 Modal Analysis 

Modal analysis is an alternative to solving the complete set of all equations for all 
unknown displacements. The method is based on mode superposition approach, used 
in order to calculate the response of a system to an applied load. The modal analysis 
uses a reduced number of unknowns to represent the global behaviour of the structure. 
Modal analysis requires that the system is linear (small displacements), and type of 
analysed problem and whether it is dominated by local or global displacements are 
governing factors for the success of the method. Comparison to time integration 
method, the modal analysis method only needs a few modal contributions to be solved. 
Two different modal analysis types are implemented in LUSAS, spectral response 
analysis and harmonic response analysis. 



CHAPTER 3. THE FINITE ELEMENT PROGRAM LUSAS 

 41

3.3 Moving Load Analysis 
The dynamic program in LUSAS for performing and solving analysis of response of 
structures due to passage of moving loads, is the IMDPlus modal dynamics facility. 
The program provides analysis of linear dynamic response effects on a bridge structure 
for crossing trains. The dynamic response of the system is calculated to a given input 
of eigenmodes and eigenvectors, calculated from an eigenvalue analysis. The 
eigenvalue analysis must have been performed with mass normalised eigenmodes.  

The magnitude and configuration of the train load remains constant throughout the 
running analysis. The frequency dependent loading data is applied to each mode in 
turn and the total response at any point in the structure calculated from the summation 
of the individual responses, by superposition techniques. The assumption of linear 
structural behaviour enables the program to make use of the linear superposition 
techniques. As a direct result of this, faster time saving analysis and smaller 
computational memory are required, compared with traditional direct integration time 
stepping procedures. All results are calculated in the time domain [13]. 

 

3.3.1 Assumptions for IMDPlus 

The following assumptions for the program are adopted. 

(i) The system is linear in the state of geometry, material properties and boundary 
conditions. Therefore, geometrically nonlinear eigenvalue results are not 
applicable. 

(ii) The damping matrix caused no cross-coupling of modes. This is reasonable for 
all damped structures or applications. 

(iii) The lowest few modes dominated the response. 
(iv) The damping ratios are below critical damping ratios. Due to the solution of 

the time domain response of the structure, damping ratios of 100 % or more 
are not permitted. 
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3.3.2 Performing Moving Load Analysis 

The response of a structure to the passage of a moving load along a path, defined by 
the user, performs by the moving load analysis option. Unfortunately, only three-
dimensional structures can be analysed. The magnitude and configuration of the load 
remains constant throughout the analysis. For the definition of the moving load 
configuration, two methods are available. The configuration can be defined explicit, 
through a discrete load definition in modeller, or defined by a composite axle, where a 
unit load single axle configuration is defined as a discrete load in modeller and the 
axle configuration is defined separately. The explicit definition method is preferred 
when analysing the passage of a single load configuration across the structure.  

When multiple load configuration are to be analysed, for example multiple train 
rolling stock configurations, the composite axle definition method is preferred. That 
because of the composite axle method can be analysed rapidly in such cases, without 
having to repeat initial steps for the solution. A composite axle definition is designed 
for internal construction of complex loading configurations from a single axle, for 
example a complete set of train from a single unit axle. The composite axle can also be 
used to model the passage of more than one load configuration across the structure. 
Each load configuration may have different magnitudes, governed by the load factors 
contained in the composite axle file, but is restricted to have the same plan layout. 

The moving load input data for the analysis requires a definition of the moving load 
path across the structure and calculated equivalent modal forces for the moving load 
path. This input must be carried out before the first analysis, but may be omitted from 
subsequent analyses if the moving load path and load configuration has not been 
changed between analyses. 

The basic for the moving load analysis are to specify following steps. 

(i) The movement of the load across the structure at discrete locations and the 
equivalent modal forces. 

(ii) The load configuration, if this has not been carried out explicitly in the 
previous step. 

(iii) The eigenmodes to include in the solution. 
(iv) The damping for the eigenmodes. 
(v) The speed ranges to analyse along with time stepping parameters. 
(vi) The node or element to process and output requirements. 
 



CHAPTER 3. THE FINITE ELEMENT PROGRAM LUSAS 

 43

3.3.2.1 Moving Load Path 

The path of a moving load across a structure is imitated by the moving load generator. 
Automatically, the generator setting up a number of static load cases at prescribed 
locations along a single line, which define a continuous path. The line must be defined 
and selected before the moving load generator is entered. For import into IMDPlus, 
these load cases are used to calculate the modal forces, equivalent to the applied 
loading. 

The load configuration is represented by a discrete load, moving across the structure, 
and must be defined before the moving load generator is entered. For this discrete 
load, the definition requirements are governed by the type of moving load input going 
to be used. The discrete load contains all of the loading associated with the 
configuration, if the discrete load is going to represent the whole load. However, the 
discrete load should represent a subset of the overall load configuration, if the 
composite axle definition method is used. To build up the complete configuration, the 
discrete load will be used along with the composite axle definition file. The composite 
axle definition can be achieved by defining a unit axle of the across carriageway 
configuration and defining the axle spacing separately in a text file. 

The moving load generator can be used to create the static load cases, if a discrete load 
has been defined and a continuous path selected, at prescribed locations along the path. 
To correctly assign the moving load, if there are multiple planes to which the discrete 
load could be assigned, a search area is defined and used. The load path options can be 
set, when the loading options have been defined, based on the line selected to define 
the path. To define the passage of the load across the structure, the incremental 
distance controls the separation of the discrete load locations. The incremental distance 
should be sufficiently small to give an accurate movement of the load.  

 

3.3.2.2 Modal History Information 

By using the moving load generator, the path and configuration of the moving load has 
been defined. Now, the discrete loads, at distances along the path, need to be converted 
into equivalent modal forces, which are imported into the program. This is carried out 
by using the modal force calculator, with the eigenvalue and static results already 
defined. Solution of structures with large numbers of eigenvalues is available, since 
multiple of eigenvalue results files are supported.  
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3.3.2.3 Running Moving Load Analysis 

The moving load analysis can be solved, when the modal forces have been calculated. 
All information of the moving load have already been defined and next step is to 
define the included modes, damping and speed parameters for the analysis. 
 

Moving Load Input 

The moving load input uses the modal force history file, which is already defined. If a 
composite axle definition is to be used, even this is specified by moving load input. 
 

Numbers of Included Modes 

The modes to include in the analysis can be restricted either by the eigenmodes, solved 
in the eigenvalue analysis, or by a subset defined in the mode control. The default 
option is for all modes to be included in the analysis, but individual modes can be 
included or excluded. 

The total participating mass for the included modes is calculated. A warning will be 
issued, when proceeding with the analysis, if a significant proportion of participating 
mass is missing, based on the selected modes of vibrations. Unreliable solution will be 
achieved, if modes of vibration with significant mass contributions, that can be 
excited, are omitted. Total mass participations in excess of 90 % is preferred, unless it 
is guaranteed that the modes of vibrations associated with any missing mass are at 
unexcited frequencies. 
 

Damping of Modes 

All modes of vibration included in the analysis have a default damping value, set by 
the user. Unless viscous damping has been included in the eigenvalue analysis, the 
default damping option cannot be turned off for individual modes. Additional options 
for the inclusion of over-damped modes of vibration become available, if viscous 
damping is present. Then over-damped modes can be omitted from the solution or 
limited in the analysis. 
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Solution control 

The minimum and maximum speed, the speed increment and time stepping 
information for the solution is chosen via the solution control section. Only one speed 
will be analysed for the moving load, if only a minimum or maximum speed is 
specified. A quite time can also be specified, which defined the length of time after 
passage of the load along the path for the decay of the structural vibration. By default, 
a recommended time step required for the analysis is determined, but can be changed 
if desired. 

 

3.3.3 Visualising the Results 

Results from the analysis are extracted through an output control dialog.  

3.3.3.1 Selection of Nodes or Elements 

The node or element to analyse is selected in the output control dialog. If nodes are 
selected, there are two additional options available, either to process all of the selected 
nodes or all of the nodes in the model. Results entities supported are displacements, 
velocities and accelerations. 

If element is selected, the element type governed the results entities supported. If a 
thick shell element is chosen, this allows selection of the stress as resultants and stress 
or strain in the top, middle or bottom of the element. Either gauss point, node or end 
results are available with the ability to select either a single location or all locations for 
the element, depending upon the element type.  

 

3.3.3.2 Results Output 

Following types of results are available to visualise. 

(i) Response time history generates displacement, velocity or acceleration time 
histories for nodes, or force, stress or strain time histories for elements. The 
time history results are computed for all specified speeds. 

(ii) Peak response summary generates maxima, minima or absolute peak 
responses and times of displacements, velocities or accelerations for nodes, or 
forces, stresses or strains for elements. The time history results are computed 
for all specified speeds. 
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(iii) Secondary Response Spectra (SRS) can be generated, based on the time 
history acceleration response for selected nodes. The damping ratio range for 
the SRS calculations along with the frequency resolution can be accessed. 
These results are not available for displacements or velocities at nodes and are 
not valid for elements. 

(iv) Modal combination or factor history generates modal factors for the response 
of the structure at each time step of the analysis. The results will be a 
command file, which can be imported into modeller to define modal 
combinations of the modes of vibrations. Then, these combinations can be 
used to visualise the deformations and produce contour plots of entities other 
than velocities and accelerations. 

(v) Graphs generating, presents the results from the analysis as graphs 
immediately after completion of the analysis. The speed to graph is selected 
from the list of available records. 

(vi) Text file generating, saving the results to the current working directory in text 
format after completion of the analysis. The results from the file can be 
archived or imported into additional graphing packages. 

3.4 Restrictions in LUSAS 
General, the dynamic analysis program is relatively new and computational problems 
are not unusual. Considered restrictions in the finite element program LUSAS are 
presented in the following section for both the bridge and the vehicle models. 

3.4.1 Bridge Models 

(i)  The dynamic moving load analysis can only be performed with three-
dimensional bridge models. 

(ii)  The moving load analysis can not be performed only with beam elements 
models. 

Dynamic moving load analysis of a simply supported beam is not available. The 
reason for this is the models demand a search area for dynamic analysis, and there is 
no possibility to use a search area with a beam element. Therefore, artificially shell 
elements have to be defining on either side of the simply supported beam, for dynamic 
analysis. These shell elements should have zero mass and as small stiffness as 
possible. These designed properties of the shell elements imply that they do not 
contribute to the eigenvalue results, and therefore not contribute to the dynamic 
response. Then, the moving loads are defined, travelling along the main beam. 
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(iii)  Different eccentricity does not work for shell element model. 

Using eccentricity values would simply represent the cross-section of the bridge 
structure in a better way. Instead, LUSAS recommends locating the surfaces in the 
shell element model by using rigid links or stiff beams, to get a more correct location 
of mass in the eigenvalue analysis. Alternatively, a combinations of beam, shell and 
solid elements can be used, to get more realistic models of real structures. 

(iv)  Representing the soil with only spring stiffness supports are not available. 

Only supports of spring stiffness in all global directions are not allowed in LUSAS. If 
spring supports in the model is desired, this restriction has to be workaround. Instead 
of using spring supports, interface joint elements at supports are available. Joints with 
6 degrees of freedom would approximately create the same effects as a model with 
springs. However, this procedure needs double surfaces at foundation, since the joint 
elements must be assigned between two surface features, designated master and slave. 
The procedure also demands creating a third surface, completely fixed supported. The 
joint elements are automatically created joining all nodes on the master and slave 
features and each joint stiffness is computed from the representative length or area of 
the elements on the master/slave features. The slave feature is set in selection memory, 
and mesh and material properties are assigned to the master feature. 

  
Figure 3.8 Instead of spring supports, interface joint elements are used. 
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(v)  External loading are ignored in an eigenvalue analysis. 

The loading will be completely ignored in a standard linear eigenvalue analysis. The 
reason why the forces have no effect on the vibrational behaviour, is because of the 
loading conditions in a linear analysis do not effect the elastic constitutive and strain-
displacement matrices, respectively. To include the external loading effects, nonlinear 
matrices must be evaluated prior to the eigenvalue analysis. This is achieved by 
performing a static nonlinear analysis, with a geometrically nonlinear option, followed 
by an eigenvalue analysis. The effects of the loads will be included via the updated 
previous mentioned matrices.  

However, performing a dynamic moving load analysis is not available for nonlinear 
problems, nonlinear eigenvalue results are not applicable. Instead, the external loading 
(for example the ballast, the sleepers, and the rails) have to be modelled as elements or 
additional masses, and not as distributed or point loads. 

 

3.4.2 Train Loads Models 

(i)  The moving load analysis can only be solved for moving constant forces. 

There is no possibility to model the train as a moving mass-spring-damper system. 
Currently, the dynamic moving load analysis in LUSAS does not support other systems 
than simply moving constant forces. However, secondary response at a single point, 
the mass-spring-damper system located at a fixed point, is available.
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Chapter 4   
 
Modelling of Bridge and Vehicle 

4.1 Bridge Models 
The finite element method is used to analyse the dynamic behaviour of the actual 
railway bridge and the models are created in the finite element program LUSAS. Three 
different models of the same bridge are considered, to carry out successive dynamic 
analyses, a beam element model, a shell element model, and a shell element model 
with the influence of the bridge columns. The purpose is to achieve a proper validated 
bridge model for use in further dynamic simulations. The models should be as simple 
as possible and as accurate as necessary, without spending to much computing time. A 
balance, between accuracy in the output results and reasonable computational effort, is 
desired. 

 

4.1.1 General 

4.1.1.1 Properties of the Bridge 

The bridge considered is an existing beam bridge, designed for railway traffic. The 
railway bridge is principally made of pre-stressed concrete with concrete sleepers on a 
ballast track. The superstructure has a constant cross-section. The bridge is continuous 
over two spans and has a total theoretic length of 45 m.  

The bridge is a double track railway bridge, for both passengers and freight train 
traffic, built in 1994, and a part of the extension of the Swedish West Coast Line. The 
railway bridge crosses the river Viskan and is located between the cities Gothenburg 
and Varberg (km 63 + 145). 
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The beams constitute the main carrying element of the bridge. The beams have to 
carry the loads from the traffic and the weight of the bridge deck, as well as its own 
weight. The vertical and horizontal forces are transferring down to the substructure of 
the bridge. A joint is longitudinal dividing the double tracked construction in two, and 
the bridge may be considering as two bridges side by side, with one track system on 
each bridge. Only one of the bridges is studied. 

The railway bridge is shown in Figure 4.1 and the geometry and section properties of 
the bridge are presented in Figure 4.2. The material properties are given in Table 4.1. 

 

 
Figure 4.1 The railway bridge crosses the river Viskan. 
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Figure 4.2 Elevation and cross-section of the railway bridge. 
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Table 4.1 Material properties and characteristic values of the railway bridge.  

          
  Concrete    
  Class of concrete (according to Swedish standard) K50   
  Modulus of elasticity 3.4·1010  [Pa] 
  Specific mass density 2.4·103  [kg/m3] 
  Poisson’s ratio 0.2   
      
  Ballast    
  Specific mass density 20·103  [N/m3] 
  Layer thickness 0.6  [m] 
      
  UIC 60 rails    
  Specific weight (included two rails) 1.2·103  [N/m] 
     
  Sleepers    
 Concrete sleepers with rail fastenings, specific weight 4.8·103  [N/m] 
     
     
 Total mass per unit length of the bridge 1.9·105  [N/m] 
     

 

4.1.2 Simplifications 

The following assumptions and simplifications are adopted in the modelling of the 
railway bridge. 

(i)  Linear behaviour of the railway bridge. 

Assuming the bridge structure behaving as a linear system is often sufficient, when 
consider a bridge made of concrete. The simplification is assumed to give sufficient 
accuracy. The bridge is supposed to undergo small elastic deformations and 
displacements, therefore geometric nonlinearity is not present. This means that the 
mode superposition technique can be used for the further dynamic analysis [11], [12]. 
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(ii)  The concrete of the railway bridge is supposed to be elastic and un-cracked. 

The effects of cracking of concrete are not taken into account in this study, as the 
concrete section is pre-stressed. Therefore, the standard static value of the modulus of 
elasticity is used in the further analysis. Cracked concrete may caused a lower value of 
the modulus of elasticity. However, rapid dynamic loading may corresponds to a 
higher modulus of elasticity, even this effect is neglected in the study. Considering un-
cracked concrete, the reinforcement is supposed to be in-active. 

(iii)  No attention is paid to the pre-stressed properties of the railway bridge. 

In pre-stressed concrete, the pre-stressing tendons are either perfectly grouted or are 
entirely free, where the first case is most generally in actual pre-stressed concrete 
railway bridges. In the case of grouted tendons, the reinforcement is bounded with 
concrete along the whole tendon length both in pre-tensioned and post-tensioned 
beams. The pre-stress in the tendons has neglected influence on the potential energy of 
the beam. Therefore, it does not cause any significant changes in the natural 
frequencies. 

The pre-stressing force is in equilibrium with the forces compressing concrete and the 
overall forces applied to the element of length do not vary. Therefore, the equation of 
motion of the beam may be treated as if the beam were not subjected to an axial force. 
The concrete cross-section in full and the ideal cross-section of the reinforcement are 
included into the cross-section area of the beam and pre-stress. This procedure may be 
applied, whether the beam is pre-tensioned or post-tensioned [11]. 

(iv)  The ballast, rails and sleepers are supposed to only give mass contribution and 
no stiffness.  

The ballast is supposed to have enough ability of load distribution. Therefore, it is 
assumed that the stiffness of the ballast, rails and sleepers do not contribute to the 
dynamic response. Therefore, only the mass contribution was taken into account, and 
the rails and sleepers are not modelled as separately features, such as beams. 

 

4.1.3 Considerations in common of Bridge Models  

(i)  Linear interpolation scheme is used for calculating the nodal forces from 
external loads. 

The linear interpolation scheme is preferable when computational problems may 
occur. The finite element program LUSAS, especially the dynamic program, used in 
these analyses is relatively in-approved and computational problems are not unusual. 
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(ii)  The damping is assumed to be constant for the bridge. 

The damping is calculated according to Eurocode [6]. In reality, different damping 
values are obtained for different parts of the structure and different mode orders. In the 
bridge models, the damping is simplified by using the same damping value for the 
entire structure and all eigenmodes, and no aspects have been made concerning the 
damping of the ballast and the sleepers. According to Eurocode, the standard value of 
the percentage of critical damping is set to 1.0, regarding pre-stressed concrete bridge 
with a span length of L ≥ 20 m. Additional critical damping, concerning the effect of 
dynamic vehicle-bridge mass interaction effects tend to reduce the peak response at 
resonance, is calculated to 0.1. Altogether, the critical damping value is set to 1.1 %. 

(iii)  The foundation conditions are calculated according to Bro 2004. 

The foundations oscillate in a way that depends on the nature and deformability of the 
supporting ground, regarding to dynamic loads. For this bridge, very little is known 
about the foundation conditions. The bridge columns are connected to concrete slabs, 
resting on some kind of piled clay. According to Bro 2004 [19], the resistance against 
the surface area of a pile should be calculated by means of a coefficient of foundation 
stiffness. The coefficient is approximately calculated to 5·107 N/m. 

 

4.1.4 Beam Element Model 

The beam element model is the simplest created bridge model. The bridge is idealized 
as a beam, by using three-dimensional engineering thick beam elements. The dynamic 
analysis in LUSAS demands three-dimensional beam elements, and a search area 
besides the beam. Therefore, artificially shell elements on either side of the beam have 
to be defined. These shell elements have zero mass and as small stiffness as possible 
(close to zero), and they do not contribute to the eigenvalues. Preventing the shell 
elements from flapping, outrigging beams have to be defined, supporting the weak 
shells. The outrigging beams are nominally stiff, representing about a 10 meter square 
section, but have no mass. The mesh density for both shell and beam elements are of 
same element length. Different element lengths are studied in the convergence 
analysis. 
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Figure 4.3 Geometry of the beam element model, with artificially shell elements 

on either side.   

XY

Z  
Figure 4.4 The beam element model, showed in vertical direction. Only the main 

beam elements influenced the results in the dynamic analysis. 

 

The end supports are assumed as roller supports, translation along the bridge (x-
direction) and rotations allowed. At the mid-support only rotations are allowed. The 
material properties were adopted from Table 4.1. The self weight of the main concrete 
bridge, the ballast, the sleepers, and the rail, are simply considered as a common 
specific weight density. 

The beam elements have constant cross-section on the main bridge spans, and constant 
mass per unit of length. The cross-section of the beam is created in a separate file, and 
imported in the program. Different cross-sections are studied in the dynamic analysis. 
The geometry of the first cross-section is created as close to the designed bridge as 
possible. The second geometry is created as the cross-section of the shell element 
model, and used when different bridge models are compared. The geometry and the 
characteristic geometric values of the different cross-sections are shown in Figure 4.5, 
Figure 4.6, and Table 4.2, respectively. 
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X

Y

Z  
Figure 4.5 Geometry of the cross-section of the beam element model. 

X

Y

Z  
Figure 4.6 Geometry of the cross-section of the beam element model, modelled as 

the shell element bridge. 

 

Table 4.2 Geometric characteristics of the different cross-sections, where 
advanced means the geometry according to the construction drawing, 
and simple according to the shell element bridge. 

Cross-section A [mm2] Ixx [mm4] Iyy [mm4] ez [mm] 
Simple 5.133 ⋅ 106 1.159 ⋅ 1012 23.69 ⋅ 1012 0 

Advanced 5.166 ⋅ 106 1.244 ⋅ 1012 24.09 ⋅ 1012 0 

 

The moving train load, defined as point loads, travelling along the line of the main 
beam. The search area is assigned to the shell elements, to allow the discrete loads to 
be transferred onto the main beam. The coordinates for the discrete load are narrow, 
because the load is only applied to the centre of the main beam, and not to the rest of 
the shell elements. 
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4.1.5 Shell Element Model 

The shell element model is a more complicated and detailed model, compared to the 
beam model. The bridge largely consists of thick shell elements, with especially 
treatment of the self weight of the different dead loads. The geometry of the shells, 
representing the main bridge, has different thickness and zero eccentricity, dependent 
on which part of the bridge the shell represented. Using zero eccentricity may lead to 
overlapping effects, but otherwise the model does not work. Different element lengths 
of the shells are studied in the convergence analysis and the supports have the same 
definition as for the beam element model. 

XY

Z

 
Figure 4.7 Geometry of the shell element model. 

The shell elements have constant cross-section on the main bridge spans, and constant 
mass per unit of length. The geometry of the cross-section is created as close to the 
designed bridge as possible. All shell elements have a specific mass density of 
concrete. The influence of the ballast and the sleepers has been considered by using 
additional mass density at those shells. The influence of the rail has been taken into 
account by using mass elements, since the rail is suspected to give a mass contribution 
and no stiffness. 
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The moving train load, defined as point loads, travelling along the rails. The rail is 
located near the middle of the bridge, with a local distance of 1435 mm between each 
rail. The search area is assigned to the shell elements in the middle of the bridge, to 
allow the discrete loads to be transferred onto the rail. The coordinates for the discrete 
load coincide with the rail. 

 

4.1.6 Shell Element Model with Columns 

The shell element model is considered with the influence of the columns. The same 
superstructure of the bridge as the shell element model is used, with additional 
concrete columns as supports. The columns are modelled with shell elements and 
rigidly connected to concrete slabs. The connection between the bridge deck and the 
columns is represented by three-dimensional joint elements for bars and solids. The 
joint elements are used in order to have a moment release at this connection, 
representing the bearings. The columns are elastically connected to the bridge deck by 
vertical links with the chosen joint element. The joints elements are selected with all 
rotation stiffness values set to zero, and 3 translations degrees of freedom are present. 
The elastic spring stiffness input is approximately calculated by means of allowed 
translation and the properties of the bearings of the bridge [16]. 

Representing the connection between concrete slabs and foundation, different supports 
possibilities are analysed, simply supported, complete fixed supported, and something 
in between (using springs with stiffness representing the foundation). Unfortunately, 
supports of spring stiffness representation in all direction are not possible in LUSAS. 
The moving load is defined in the same way as for the shell element model without 
columns. 
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Figure 4.8 Geometry of the shell element model with columns. 

4.2 Train Load Models 

4.2.1 General 

Train consists of several main components of high complexity, and the vehicles can 
simplify be modelled as constant forces, or by a set of lumped masses, springs and 
dampers. The differences between these models are the modelling ability, regarding 
the interaction between train and bridge, and regarding the properties of the train.  

The simplest dynamic vehicle model is the moving force model. A moving vehicle 
travelling along a bridge is modelled as a moving load, with the effect of mass-inertia 
neglected. The magnitude of the contact forces is constant in time. This approximation 
is sufficient if the inertia forces of the vehicle are much smaller than the dead weight 
of the vehicle, and if the mass-inertia of the vehicle is small compared to that of the 
bridge. The sprung mass vehicle model is a more complicated train model, and has to 
be used where the mass-inertia of the vehicle can not be regarded as small, when the 
bridge span is considerably larger than the vehicle axle base, and when the effect of 
rail roughness is to be considered. 
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For a vehicle moving along a straight path at constant speed, the effects of inertia 
forces of the vehicle are mainly caused by bridge-vehicle interaction and bridge 
surface irregularities. High vehicle speed, flexible bridge structure, large vehicle mass, 
small bridge mass, stiff vehicle suspension system and large surface irregularity are 
some of the factors that creating vehicle inertia effects [11], [12]. 

However, if the main purpose is studying the bridge dynamic response and not the 
dynamics of the vehicle itself, very detailed and complicated vehicles models is 
unnecessary. The vehicle models used in this study only include moving force models, 
because of restrictions in LUSAS regarding more complicated train models. The mass 
of the moving loads are small, compared to the mass of the entire bridge, thus only 
gravitational effects of the loads will be considered. 

 

4.2.2 High Speed Trains  

The moving forces are supposed to travelling over the bridge on a smooth surface at 
different speeds, and run at the centreline of the bridge. When considering the dynamic 
analysis of the bridge, only vertical actions are taken into account. Imposed train loads 
acting on the bridges, representing the dynamic effects of railway traffic, are taken 
from Eurocode. The train load models in Eurocode are a theoretical idealization of the 
high speed trains. According to Eurocode, the dynamic analysis shall be undertaken 
using characteristic values of the train loading, the High Speed Load Model HSLM. 
The HSLM consists of different train load configurations, with different characteristic 
axle loads and spacing between axles. HSLM-A trains are adopted in the dynamic 
analysis, as a continuous bridge structure and span length L ≥ 7 m is studied. The train 
configurations and the characteristic values are shown in Figure 4.9 and Table 4.3. 
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(1) Power car (leading and trailing power cars identical) 
(2) End coach (leading and trailing and coaches identical) 
(3) Intermediate coach 

Figure 4.9 Characteristic of adopted High Speed Load Model, HSLM-A. Notice, 
according to Eurocode, HSLM-A trains inclusive A1 to A10, are used 
in the dynamic analysis (continuous bridge structure and span length 
L ≥ 7 m). 

 

Table 4.3 Characteristic values of High Speed Load Model, HSLM-A. 

 

 

The different train configurations are defined as discrete loads, and adopted as text 
files in the dynamic analysis. The loads moving at constant speed, from left to right of 
the bridge and it is assumed that the vehicles never lose contact with the bridge. 
Further, at the instant of the first moving load arrival, the bridge is at rest. Thus, the 
bridge possesses neither velocity nor deflection, except deformation due to gravity 
load. The train loads applied to the bridge structure are only in vertical direction, while 
only the vertical responses are considered. 
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Considering constant speed of motion of the vehicles along the bridge is often 
sufficient. Usually, constant speed is occurring in practice. However, when the 
vehicles of the train start or brake on the bridge, the speed is variable. Start and brake 
effects are neglected in this study. Considered speeds of the moving forces are limited 
by the range of 15 and 100 m/s, corresponding to 54 and 360 km/h. Consideration of 
other speeds did not seem necessary, as higher or lower speeds are not assumed on the 
actual bridge. 
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Chapter 5   
 
Results of Analysis 

5.1 General Static Analysis 
Static analysis assumes that the loads are applied instantaneously. For a linear static 
analysis, it is assumed that the loaded structure instantaneously develops a state of 
inertial stress, equilibrating the total applied loads. The static analysis is performed for 
both the beam element model and the shell element model, with different element 
length. The vertical displacement and bending moment of the railway bridge due to 
gravity load are analysed in LUSAS. Both the maximum static displacement and 
maximum static bending moment of the bridge, due to gravity load, appears near the 
middle of one of the spans of the bridge. Because of symmetry, the same maximum 
value appears in both spans. The results are presented in Figure 5.1, Table 5.1 and 
Table 5.2. 

 

 Table 5.1 Maximum static displacement of the bridge due to gravity load [mm]. 

Model Element Length of the Model 
 1 m 0.5 m 0.25 m 

Beam Element 6.648 6.652 6.652 
Shell Element 7.468 8.058 8.234 

 

Table 5.2 Maximum static bending moment of the bridge due to gravity load 
[kNm]. 

Model Element Length of the Model 
 1 m 0.5 m 0.25 m 

Beam Element 6895 6896 6896 
Shell Element 8156 5170 4924 
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Figure 5.1 Static displacement of the shell model with element length of 0.5 m, 

due to gravity load. 

 

According to Eurocode, the limit value for the maximum allowed displacement, is 
δ = L/800. This value takes into account the effects of load passing across bridge, and 
is also dependent by the number of spans of the bridge. For this railway bridge, the 
value corresponds to 22.5/800 ≈ 28 mm. Applying the high speed train HSLM A1 as a 
static load, the maximum static displacement of the bridge becomes approximately 
2.512 mm for the beam element model and 2.565 mm for the shell element model. 
Both values are much less than the allowed deflection. 

According to the beam theory, the analytical values of vertical displacement and 
bending moment of a continuous beam over two spans due to gravity load, are 
calculated to 6.085 mm and 6861 kNm, respectively. There are some differences 
between analytical responses and LUSAS calculated responses. 

For the same type of model, the difference between different element lengths is small. 
For the beam element model the values are the same, irrespective of element length. 
When only gravity load are included, there are big differences between the models, 
much higher values occur in the beam element model, than in the shell element model. 
When the train passes the bridge, the static values are similar for both models. 
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The big differences between the models, due to gravity load, are partly supposed to 
depends on a more sensitive shell model, and a stiffer beam model. Moreover, the 
mass element in the shell model is not supported in a static analysis, and is neglected 
in the static calculations. However, the static response due to both gravity load and 
train load is similar for both the shell and beam element models. 

5.2 Eigenvalue Analysis 
During train passage, the bridge structure is forced to vibrate with the frequency 
induced by the train. After the train has passed, the bridge is in free vibration and 
vibrates with the natural frequency. Therefore, dynamic analysis includes an 
eigenvalue extraction to determine the natural frequencies, the eigenmode shapes, and 
the participation factors (amount of structural mass that is active in each of the 
eigenmodes) for the bridge structure. The eigenvalue analysis has been performed with 
mass normalised eigenmodes and the type of eigensolver is set to be default. The 
frequency dependent loading data is applied to each eigenmode and the total response 
in the structure is calculated, using superposition techniques. The natural frequencies 
of the first four vertical bending eigenmodes for the beam element model and the shell 
element model, with different element length, are shown in Table 5.3, Table 5.4, 
Figure 5.2 and Figure 5.3, respectively. The first twenty horizontal and vertical 
eigenmodes, with corresponding natural frequencies, for the beam and shell element 
model are shown in Appendix. 

 

Table 5.3 The natural frequencies for the first 4 vertical bending eigenmodes of 
the beam element model with different element lengths [Hz]. 

Mode Number Beam Element Length of the Model 
(vertical bending) Theory 1 m 0.5 m 0.25 m 

1 4.55140 4.49745 4.49742 4.49742 
2 7.10975 6.91182 6.91172 6.91169 
3 18.1998 17.3915 17.3898 17.3893 
4 23.0382 21.4049 21.4017 21.4009 
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Table 5.4 The natural frequencies for the first 4 vertical bending eigenmodes of 
the shell element model with different element lengths [Hz]. 

Mode Number Beam Element Length of the Model 
(vertical bending) Theory 1 m 0.5 m 0.25 m 

1 4.55140 4.33539 4.17713 4.13828 
2 7.10975 6.45522 6.20002 6.13267 
3 18.1998 14.9174 14.2456 14.0623 
4 23.0382 16.7399 15.9382 15.6967 
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Eigenmode 3, f3 = 4.5 Hz 
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Z  

Eigenmode 4, f4 = 6.9 Hz 

XY

Z  

Eigenmode 8, f8 = 17.4 Hz 
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Z  

Eigenmode 12, f12 = 21.4 Hz 

Figure 5.2 The first 4 vertical bending eigenmodes of the beam element model, 
plotted in vertical direction. 
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Eigenmode 1, f1 = 4.2 Hz 

XY

Z  

Eigenmode 2, f2 = 6.2 Hz 
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Eigenmode 5, f5 = 14.2 Hz 
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Z  

Eigenmode 6, f6 = 16.0 Hz 

Figure 5.3 The first 4 vertical bending eigenmodes of the shell element model, 
plotted in vertical direction. 
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Different element lengths of the beam model give approximately same natural 
frequencies. Therefore, a dynamic analysis will give approximately the same results, 
irrespective of element length of the beam model. In all later considerations with the 
beam element model, an element length of 1 m is always chosen. The natural 
frequencies for the beam element model calculated in the finite element program 
LUSAS are in well agreement with those calculated according to beam theory.  

The natural frequencies calculated for the shell element model differ with different 
element lengths, where smaller element length gives a lower natural frequency. Later 
considerations will determine a suitable element length for the shell model. Compared 
with the beam element model, the natural frequencies for the shell element model 
approach the frequencies for the beam model with larger element length. 

5.3 Dynamic Analysis 

5.3.1 Verification of LUSAS Results 

The comparison analysis of the finite element program LUSAS is done by comparing 
results with those obtained using Dynsolve, a computer program developed by  
Dr. Raid Karoumi [12], at the division of Structural Design and Bridges at the Royal 
Institute of Technology. The comparsion analysis is used to verify if LUSAS is accurate 
enough to be used for the moving load analysis. Different analysis have been done, a 
simply supported bridge subjected to a single moving force and the actual railway 
bridge subjected to high speed trains are investigated.  

 

5.3.1.1 Simply Supported Bridge 

A simply supported two-dimensional bridge, modelled with beam element, is studied, 
see Figure 5.4. The bridge is subjected to a constant force F, moving at constant  
speed v. Of the wide range of problems, involving analysis of bridges subjecting to 
moving loads, this kind of problem is one of the simplest ones. This simple moving 
load problem is also possible to be solved analytically. Consequently, only vertical 
modes of vibration are considered, torsional effects and torsional modes of vibration 
are disregarded. The inertia of the vehicle mass and the bridge-vehicle interaction are 
neglected, by using the moving force model. Therefore, the varying position of the 
force is the only parameter which causes the dynamic response. For low values of the 
speed parameter α and low values of the vehicle mass to bridge mass ratio, this 
approximation is possible. 
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The analysis is performed with Dynslove, using the finite difference code. The 
fundamental differences between these programs are that LUSAS uses the finite 
element method, while Dynsolve uses both the finite difference method and the finite 
element method. Another difference is that only three-dimensional models are 
available for dynamic analysis in LUSAS, while Dynsolve only uses two-dimensional 
beam models. The results are also compared with analytical solutions.  

F =347000 N

xv(t)
Eg Ig =9.92 1010 Nm2

mg =11400 kg/m
L =34 m

.

x
y(x,t)

v =68.1 m/s (α =0.25)

 
Figure 5.4 Simply supported bridge subjected to a constant moving force. The 

values of the different bridge parameters and the moving force are 
taken from [12]. 

 

The analytical solutions, referred to as the exact solution, for the displacement and 
bending moment for the bridge shown in Figure 5.4 are given as [12]: 
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where the symbols have the following meaning: 
i the mode number 

ωi the circular frequency of the beam for the i-th mode of vibration 

α the non-dimensional speed parameter 
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ωi and α are defined as: 
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The moving load problem was solved by using the exact analytical  
equations (5.1 – 5.4), the LUSAS model and the Dynsolve model. Only the first 4 
vertical bending eigenmodes are compared, since the LUSAS model is three-
dimensional and the programs calculates more eigenmodes, which consider bending in 
more than the vertical direction. Both Dynsolve and the analytical equations considered 
a two-dimensional model, only including vertical bending eigenmodes. The first 4 
natural bending frequencies, the Dynamic Amplification Factor for vertical mid-span 
displacement and for mid-span moment are compared and presented in Figure 5.5, 
Figure 5.6, and Table 5.5, respectively. 

 

Table 5.5 Comparison of the natural frequencies for the first 4 bending 
eigenmodes [Hz]. 

Mode Number Exact LUSAS Dynsolve 
(bending)    

1 4.01 4.00 4.01 
2 16.03 15.83 16.03 
3 36.08 35.08 36.06 
4 64.13 61.07 64.10 

 

The LUSAS model uses the finite element method, should always give a stiffer solution 
(higher natural frequency values) compared to the exact solution. The part at Dynsolve 
code that is used in this verification uses the finite difference approximation, which 
always gives slightly lower values than the exact ones. This can be noticed from Table 
5.5. 
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For the model performed in LUSAS, different number of eigenmodes included in the 
analysis and different size of time steps and speed increments have been investigated, 
until the results seem to convergence. A convergence study has also been performed in 
[12] to determine the time step for the exact model, and the number of element 
divisions needed for the model by Dynslove. For the last mentioned model, a solution 
with 150 element divisions was chosen. For the exact model, a time step of ∆t = 
L/(100 v) = 0.005 seconds was chosen. The mid-span vertical displacement and 
moment were obtained from equations (5.1-5.2) respectively, by introducing x = L/2. 
For all the models, the first 4 vertical bending eigenmodes of vibration were 
considered. 

The displacement and moment curves presented in Figure 5.5 and Figure 5.6 shows 
the Dynamic Amplification Factors, defined as the dynamic responses divided with the 
maximum static response, obtained using the three different methods. In this example, 
the static responses from all solution methods partly coincide, therefore only the 
results from the LUSAS model are presented. 
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Figure 5.5 Dynamic Amplification Factor for vertical displacement at mid-span, 

versus vehicle position. 
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Figure 5.6 Dynamic Amplification Factor for vertical bending moment at mid-

span, versus vehicle position. 

 
A negative dynamic mid-span moment is obtained when the vehicle enters the bridge, 
and turned into positive values as the vehicle continues over the bridge. The dynamic 
moment curves looks similar to the dynamic displacement ones, but are more irregular. 

The maximum Dynamic Amplification Factors for displacement are 1.258, 1.259, and 
1.258 for the exact model, the LUSAS model, and the Dynslove model, respectively, 
and occurs at vehicle position xv/L= 0.4. The corresponding values for the bending 
moment are 1.093, 1.104, and 1.093, respectively, and occurs at vehicle position 
between xv/L= 0.4 and xv/L= 0.5. Compared with the static values for vertical 
displacement and bending moment, the dynamic values occurs at lower values of 
vehicle positions and are 26 % respective 9 % higher. 

 

5.3.1.2 Railway Bridge subjected to High Speed Train 

The railway bridge in Figure 4.2 is subjected to high speed train. The comparison 
analysis is performed with Dynslove, using the finite element method. The analysis in 
LUSAS is based on the beam element model with an element length of 1 m. The 
analysis included the first 4 vertical bending eigenmodes, a solution time step of 0.01 
seconds and a speed increment of 1 m/s. The program Dynsolve adopted nonlinear 
beam elements. Only the influence of the high speed train HSLM A1 is investigated as 
the other trains are supposed to give similar results.  
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The analysis was carried out by studying the influence of vertical acceleration, vertical 
displacement and bending moment at maximum point and bending moment at mid-
support. The maximum point appears near the middle of the first bridge span. The 
displacement and moment curves show the Dynamic Amplification Factors, defined as 
the dynamic responses divided by the maximum static response. LUSAS results 
together with results from Dynsolve are shown in Figure 5.7 – Figure 5.10 and  
Table 5.6. 

 

Table 5.6 Comparison of the natural frequencies for the first 4 bending 
eigenmodes [Hz]. 

Mode Number Exact LUSAS Dynsolve 
(bending)    

1 4.55 4.50 4.52 
2 7.11 6.91 6.98 
3 18.20 17.39 17.66 
4 23.04 21.40 21.96 
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Figure 5.7 Absolute Vertical Acceleration at max.point, versus speed of the train. 
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Figure 5.8 Dynamic Amplification Factor for vertical displacement at max.point, 

versus speed of the train. 
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Figure 5.9 Dynamic Amplification Factor for vertical bending moment at 

max.point, versus speed of the train. 
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Figure 5.10 Dynamic Amplification Factor for vertical bending moment at mid-

support, versus speed of the train. 

 

The results from the comparison analysis show that the model in LUSAS is in rather 
good agreement with the model by Dynsolve. The differences seem to depend on 
different dimensions of the models and utilizing linear and nonlinear beam elements in 
the different programs. Noticeable, the suspected maximum responses in LUSAS are 
not really the maximum. Dynsolve detects other points, giving higher responses. 
However, the suspected maximum responses in LUSAS are used in the comparison. 

 

5.3.2 Comparison of Different Bridge Models 

The analysis of comparison of different bridge models including beam element models 
with different cross sections and shell element models with different element lengths. 
Element lengths of 0.25 m, 0.5 m, and 1 m were considered, where the element mesh 
was set as quadratic as far as possible. Because smaller element length gives not better 
accuracy, the beam element models are only modelled with an element length of 1 m. 
All eigenmodes with frequency lower than 30 Hz are included in the analysis, if 
nothing else is mentioned. Different length of time steps and speed increments has 
been tested, until the results seem to convergence.  
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The study considers the influence of vertical acceleration, vertical displacement and 
bending moment at maximum point and bending moment at mid-support. The 
maximum point appears near the middle of the first bridge spans. A study of the 
models with only bending eigenmodes included is done, to check if the number of 
eigenmodes has any influence of the results. Only the influence of the high speed train 
HSLM A1 is investigated as the other trains are supposed to give similar results. The 
results of comparison of different bridge models are shown in Figure 5.11 – Figure 
5.18. The curves in Figure 5.12 – Figure 5.14 and Figure 5.16 – Figure 5.18 show the 
Dynamic Amplification Factors, defined as the dynamic responses divided with the 
maximum static response. 
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Figure 5.11 Absolute Vertical Acceleration at max.point, for shell element models 

with different element length (only bending modes considered) and 
beam element models with different cross-sections, versus speed of the 
train. 
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Figure 5.12 Dynamic Amplification Factor for vertical displacement at max.point, 

for shell element models with different element length (only bending 
modes considered) and beam element models with different cross-
sections, versus speed of the train. 
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Figure 5.13 Dynamic Amplification Factor for vertical bending moment at 

max.point, for shell element models with different element length (only 
bending modes considered) and beam element models with different 
cross-sections, versus speed of the train. 
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Figure 5.14 Dynamic Amplification Factor for vertical bending moment at mid-

support, for shell element models with different element length (only 
bending modes considered) and beam element models with different 
cross-sections, versus speed of the train. 
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Figure 5.15 Absolute Vertical Acceleration at max.point, for beam element model 

and shell element models with an element length of 1 m and different 
number of eigenmodes included, versus speed of the train. 
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Figure 5.16 Dynamic Amplification Factor for vertical displacement at max.point, 

for beam element model and shell element models with an element 
length of 1 m and different number of eigenmodes included, versus 
speed of the train. 
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Figure 5.17 Dynamic Amplification Factor for vertical bending moment at 

max.point, for beam element model and shell element models with an 
element length of 1 m and different number of eigenmodes included, 
versus speed of the train. 
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Figure 5.18 Dynamic Amplification Factor for vertical bending moment at mid-

support, for beam element model and shell element models with an 
element length of 1 m and different number of eigenmodes included, 
versus speed of the train. 

 
The beam element model gives peak resonance values at a higher speed than the shell 
element models. The peak value is also lower than for the shell model. The shell 
element model with an element length of 1 m is in best agreement with the beam 
element model, when a cross section similar to the shell model is used for the beam 
model. However, it is supposed to get better results with an element length of the shell 
model as small as possible. The shell model with smallest element length has the most 
difference, compared to the beam element model. Noticeable, a beam element model 
with smaller element length than 1 m gives the same results. 

For the beam element model, the results are the same when only bending eigenmodes 
or all eigenmodes are considered. Therefore, for the beam element model only the 
results with all eigenmodes included with frequency lower than 30 Hz are shown in 
Figure 5.15 – Figure 5.18. However, the numbers of eigenmodes considered have an 
influence of the shell element model. When only bending modes are included in the 
analysis, the results are in better agreement with the beam element model. Even 
though the train is running at the centre of the bridge, the shell element model seems to 
consider more effects than the beam element model, and that causes the different 
results. The beam element models are easier to handle and the analysis demands a 
shorter calculation time. However, as a result of this investigation, the shell element 
model is adopted for the proceeding dynamic response analysis of the bridge. 
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5.3.3 Convergence Study 

The convergence analysis presented in this section was conducted for the shell element 
model. The following analysis of convergence was considered to get a sufficient 
accurate dynamic analysis: 

(i) the element length of the model 
(ii) the number of eigenmodes included in the analysis 
(iii) the solution time step for the dynamic analysis 
(iv) the speed increment for the dynamic analysis 
 

Every convergence study is not independent by the others. Single parameters influence 
the others, when a complete dynamic analysis is carried out. The convergence study 
only considers the influence of the high speed train HSLM A1 as the other trains are 
supposed to give similar results. 

The analysis of convergence of the model was carried out by studying the influence of 
vertical acceleration, vertical displacement and bending moment at maximum point 
and bending moment at mid-support. The maximum point appears near the middle of 
the first bridge span. The displacement and moment results curves shows the Dynamic 
Amplification Factors, defined as the dynamic responses divided by the maximum 
static response. 

 

5.3.3.1 Element Length 

A convergence study with models of different element length of 1 m, 0.5 m and  
0.25 m were considered, where the element mesh is set as quadratic as far as possible. 
The analysis included eigenmodes with frequency up to 30 Hz, a solution time step of 
0.01 seconds and a speed increment of 1 m/s, irrespective of the different element 
length of the bridge model. The results with different element length are shown in 
Figure 5.19 – Figure 5.22.  
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Figure 5.19 Absolute Vertical Acceleration at max.point, for the bridge with 

different element lengths, versus speed of the train. 
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Figure 5.20 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different element lengths, versus speed of the train. 



DYNAMIC ANALYSIS OF A RAILWAY BRIDGE 

 82

1,0

2,0

3,0

4,0

5,0

6,0

50 100 150 200 250 300 350

Speed [km/h]

DA
Fm

om
en

t a
t m

ax
.p

oi
nt

Shell Element 1
Shell Element 0.5
Shell Element 0.25

 
Figure 5.21 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different element lengths, versus speed 
of the train. 
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Figure 5.22 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different element lengths, versus speed of 
the train. 
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It is supposed to get better results with an element length as small as possible. The 
shell element model with smallest element length gives peak resonance values at a 
lower speed, than the shell model with highest element length. A model with element 
length of 1 m seems to give an insufficient accurate response. However, the difference 
between the response for a model with an element length of 0.5 m and an element 
length of 0.25 m are small, therefore an element length of 0.5 m is used in the 
following analysis. An advantage with chosen 0.5 m is also a more computer 
efficiency, especially when the differences between the different element lengths are 
small. 

 

5.3.3.2 Number of Eigenmodes Included 

The analysis of convergence on number of eigenmodes included in the analysis was 
carried out by studying the influence of eigenmodes with frequency up to 20 Hz (8 
modes), 25 Hz (13 modes), 30 Hz (15 modes), 40 Hz (19 modes) and 50 Hz (27 
modes), respectively. The analysis included the same general conditions already used 
for the previous convergence analysis, with a model of element length of 0.5 m, a 
solution time step of 0.01 seconds and a speed increment of 1 m/s, irrespective of 
different number of eigenmodes included in the analysis. The results with different 
number of eigenmodes are shown in Figure 5.23 – Figure 5.26.  
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Figure 5.23 Absolute Vertical Acceleration at max.point, for the bridge with 

different number of eigenmodes included in the analysis, versus speed 
of the train. 
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Figure 5.24 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different number of eigenmodes included in the 
analysis, versus speed of the train. 
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Figure 5.25 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different number of eigenmodes 
included in the analysis, versus speed of the train. 
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Figure 5.26 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different number of eigenmodes included 
in the analysis, versus speed of the train. 

 
The result of vertical acceleration seems to be the most sensitive, when regarding 
different included eigenmodes. Therefore, frequency of 20 to 50 Hz is shown in 
Figure 5.23. The other responses are less sensitive and therefore frequency less than 
40 Hz is shown in Figure 5.24 – Figure 5.26. According to Eurocode, only 
eigenmodes with frequency lower than 30 Hz are to be consider when regarding the 
vertical acceleration. Eigenmodes with higher frequency are not relevant for bridges, 
when regarding acceleration, and should give a wrong interpretation of the results if 
they are included in the analysis. For the other responses of the shell element model, 
the results seem to converge with a number of eigenmodes with frequency lower than 
30 Hz, which seems to be accurate enough and is used in the following analysis.  

 

5.3.3.3 Solution Time Step 

A convergence study with different solution time steps was carried out by studying the 
influence of different time steps, in the region of 0.001 to 0.05 seconds. The analysis 
included the same general conditions already used for the previous convergence 
analysis, with a model having element length of 0.5 m, eigenmodes with frequency up 
to 30 Hz and a speed increment of 1 m/s, irrespective of different time steps in the 
analysis. The results with different time steps are shown in Figure 5.27 – Figure 5.30.  



DYNAMIC ANALYSIS OF A RAILWAY BRIDGE 

 86

1,0

3,0

5,0

7,0

9,0

50 100 150 200 250 300 350

Speed [km/h]

Ve
rti

ca
l A

cc
ele

ra
tio

n 
[m

/s2 ]

time step = 0.01 s
time step = 0.005 s
time step = 0.001 s

 
Figure 5.27 Absolute Vertical Acceleration at max.point, for the bridge with 

different time steps in the analysis, versus speed of the train. 
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Figure 5.28 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different time steps in the analysis, versus speed of 
the train. 
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Figure 5.29 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different time steps in the analysis, 
versus speed of the train. 
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Figure 5.30 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different time steps in the analysis, versus 
speed of the train. 
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The result of vertical acceleration seems to be the most sensitive, when regarding 
different time steps. Therefore, time steps of 0.01 s, 0.005 s and 0.001 s are shown in 
Figure 5.27. The other responses are less sensitive and therefore time steps of 0.05 s, 
0.01 s and 0.005 s are shown in Figure 5.28 – Figure 5.30. However, the results seem 
to converge with a time step of 0.01 seconds, which is used in the following analysis.  

 

5.3.3.4 Speed Increment 

The analysis of convergence on speed increment was carried out by considering 
different speed increments of 0.5 m/s, 1 m/s and 2 m/s, respectively. The analysis 
included the same general conditions already used for the previous convergence 
analysis, with a model having element length of 0.5 m, eigenmodes with frequency up 
to 30 Hz and a solution time step of 0.01 seconds, irrespective of different speed 
increments in the analysis. The results with different speed increments are shown in 
Figure 5.31 – Figure 5.34.  
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Figure 5.31 Absolute Vertical Acceleration at max.point, for the bridge with 

different speed increments in the analysis, versus speed of the train. 
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Figure 5.32 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different speed increments in the analysis, versus 
speed of the train. 
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Figure 5.33 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different speed increments in the 
analysis, versus speed of the train. 
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Figure 5.34 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different speed increments in the analysis, 
versus speed of the train. 

 
Again, the results of vertical acceleration seem to be the most sensitive, when 
regarding different speed increments in the considered analysis. Both displacement 
and moment are less sensitive. However, the results seem to converge with a speed 
increment of 1 m/s, which is used in the following analysis for all responses. The 
reason why choosen speed increment of 1 m/s, even when considering vertical 
acceleration, is because computer efficiency and because speed increment of 1 m/s 
gives sufficient accuracy when regarding the resonance peak values.  

 

5.3.4 Dynamic Response Variation in a Section 

The dynamic response at different node points in a section of the shell element model 
is studied. The section with maximum values has been studied, which implies the same 
section for vertical acceleration, vertical displacement, and bending moment, 
respectively. The maximum values appear in a section near the middle of the first 
bridge span. Bending moment is also studied in the section at mid-support. The 
analysis included the same general conditions already used for the previous 
convergence analysis. 
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Altogether, four points in one section are studied, the node point at the middle of the 
bridge, at the bottom of one corner, at the top of the corner and at a node point 
between the middle of the bridge and one corner. Because of symmetry, both corners 
in a section give the same results. The node points at the bottom and the top of one 
corner in a section give nearly the same results, therefore these two points are just 
called corner in the following figures. The results at different node points in a section 
are shown in Figure 5.35 – Figure 5.38. 
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Figure 5.35 Absolute Vertical Acceleration for the bridge at different points in the 

section with maximum values, versus speed of the train. 



DYNAMIC ANALYSIS OF A RAILWAY BRIDGE 

 92

1,0

2,0

3,0

4,0

5,0

6,0

50 100 150 200 250 300 350

Speed

DA
Fd

isp
lac

em
en

t

middle of bridge
corner
betw een corner and midpoint

 
Figure 5.36 Dynamic Amplification Factor for vertical displacement for the bridge 

at different points in the section with maximum values, versus speed of 
the train. 

1,0

2,0

3,0

4,0

5,0

6,0

50 100 150 200 250 300 350

Speed [km/h]

DA
Fm

om
en

t a
t m

ax
.p

oi
nt

middle of bridge
corner
betw een corner and midpoint

 
Figure 5.37 Dynamic Amplification Factor for vertical bending moment for the 

bridge at different points in the section with maximum values, versus 
speed of the train. 
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Figure 5.38 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge at different points in the section at mid-
support, versus speed of the train. 

 

The dynamic response varies in a bridge section. Considering vertical acceleration, the 
maximum resonance value occurs in the middle of the bridge, while the corner has the 
maximum values of Dynamic Amplification Factors considering displacement. 
Considering the moments, the variations are insignificant. However, there is generally 
no great difference between different points in a section. Therefore, only the middle of 
the bridge needs to be considered in the dynamic analysis. 
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5.3.5 Dynamic Response hantle Bridge including Columns 

The analysis of dynamic response of the shell element model with columns has been 
considered, investigating if the columns and the foundation have any effect on the 
dynamic response. Different foundation conditions were used. Only the simple 
supported and complete fixed supported responses are shown in Figure 5.39, since 
different foundation conditions in this study give similar responses. The study of the 
model considers the influence of vertical acceleration, vertical displacement and 
bending moment at maximum point and bending moment at mid-support. The 
maximum point appears near the middle of the first bridge span. Unfortunately, the 
shell element model with columns seems to give unrealistic responses, comparing to 
the model without columns. Therefore, only the vertical acceleration is shown since 
the results are not reliable, see Figure 5.39. Further studies have to be done, 
considering the influence of the columns of the bridges. From this study, no 
conclusions can be drawn. 
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Figure 5.39 Absolute Vertical Acceleration for the bridge model, considering the 

columns with different foundation conditions compared with the model 
without columns, versus speed of the train. 
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5.3.6 Variation of Different Bridge Parameters 

Bridge structures are characterized by their eigenvalues, governed by damping, 
stiffness and mass of the structure. These parameters determine the natural 
frequencies, in which the structures like to vibrate. Various parameters of a bridge 
structure can be varied to improve the design performance. The analysis of variation of 
different bridge parameters are based on the beam element model with an element 
length of 1 m. Because of computational efficient, the beam element model is used. 
According to parameters studies, the beam model is sufficient enough. Different 
number of eigenmodes included in the analysis and different size of time steps and 
speed increments have been performed, until the results seem to convergence. The 
analysis considering only the influence of the high speed train HSLM A1, the other 
trains are supposed to give similar results. 

The analysis was carried out by studying the influence of vertical acceleration, vertical 
displacement and bending moment at maximum point and bending moment at mid-
support. The maximum point appears near the middle of the first bridge span. The 
displacement and moment curves show the Dynamic Amplification Factors, defined as 
the dynamic responses divided by the maximum static response. 

 

5.3.6.1 Bridge Damping 

Different values of damping of the bridge structure, based on common values used in 
bridge designing, have been considered. The analysis was carried out by considering 
the influence of damping coefficient of 0 %, 1 %, 2.5 %, and 5 %, respectively. The 
influence of different damping coefficients are shown in Figure 5.40 – Figure 5.46 
and Table 5.7.  
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Figure 5.40 Absolute Vertical Acceleration at max.point, for the bridge with 

different damping coefficients, versus speed of the train. 
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Figure 5.41 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different damping coefficients, versus time after the 
first axle of the train enters the bridge. 
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Figure 5.42 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different damping coefficients, versus speed of the 
train. 
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Figure 5.43 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different damping coefficients, versus 
time after the first axle of the train enters the bridge. 
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Figure 5.44 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different damping coefficients, versus 
speed of the train. 
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Figure 5.45 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different damping coefficients, versus time 
after the first axle of the train enters the bridge. 
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Figure 5.46 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different damping coefficients, versus 
speed of the train. 

 

Table 5.7 Influence of different damping of the beam element model. The static 
displacement is calculated to 2.04 mm, static moment at max.point to 
2080 kNm and static moment at mid-support to 2101 kNm, 
respectively. 

damping max. accel. DAFdispl. DAFm max.p. DAFm mid-s. 
[%] [m/s2] (max.) (max.) (max.) 
0.0 16.4 9.46 7.12 2.89 
1.0 8.31 5.76 4.63 1.70 
2.5 4.40 3.50 2.87 1.24 
5.0 2.37 2.28 1.91 1.11 

 

According to Figure 5.41 and Figure 5.43, the entire train set has left the bridge after 
5.5 seconds when travelling at resonance speed 292 km/h. According to Figure 5.45, 
the train has left the bridge after 7.1 seconds when travelling at resonance speed 220 
km/h. After that, the bridge is assumed to be in free vibration. 
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The damping coefficient has high influence on the amplitude of the dynamic response. 
Generally, higher damping coefficient in the bridge structure gives lower response 
values. However, the peak values appear at same speed, independent of different 
damping coefficient. For high damping, the maximum response values stabilized at an 
earlier phase and after the train has left the bridge, the values decrease more rapidly. If 
no damping is introduced, damping coefficient of 0 %, the decay of motion will be 
unrealistic low. In this analysis, a damping coefficient of 5 % does not give any 
dangerous dynamic values at all. Damping has a greater influence of vertical 
acceleration, displacement and moment at maximum point, than moment at mid-
support. 

 

5.3.6.2 Bridge Stiffness 

Analysis has been performed with different stiffness of the bridge structure. The 
values of the stiffness are based on common values used in bridge design. The analysis 
was carried out by considering the influence of E-modules of 30 MPa, 35 MPa,  
40 MPa, and 45 MPa, respectively. The influence of different stiffness is shown in 
Figure 5.47 – Figure 5.50 and Table 5.8.  
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Figure 5.47 Absolute Vertical Acceleration at max.point, for the bridge with 

different stiffness, versus speed of the train. 
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Figure 5.48 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different stiffness, versus speed of the train. 
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Figure 5.49 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different stiffness, versus speed of the 
train. 
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Figure 5.50 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different stiffness, versus speed of the 
train. 

 

Table 5.8 Influence of different stiffness of the beam element model. The static 
moment at max.point is calculated to 2086 kNm and the static moment 
at mid-support to 2102 kNm, respectively. 

E-module max. accel. static displ. DAFdispl. DAFm max.p. DAFm mid-s. 
[MPa] [m/s2] [mm] (max.) (max.) (max.) 

30 7.82 2.30 5.49 4.38 1.60 
35 7.80 1.98 5.46 4.38 1.62 
40 7.76 1.73 5.44 4.35 1.60 
45 7.81 1.54 5.41 4.34 1.60 

 

Higher stiffness of the bridge structure gives peak resonance values at higher speeds, 
than a lower stiffness. Noticeable, the same maximum peak value appears, 
independent of stiffness of the bridge. The stiffness has a greater influence on vertical 
acceleration, displacement and moment at maximum point, than moment at mid-
support. 
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5.3.6.3 Bridge Mass 

Different masses of the bridge structure have been analysed. The analysis was carried 
out by considering the influence of densities of 3000 kg/m3, 4000 kg/m3, 5000 kg/m3, 
and 6000 kg/m3, respectively. This values of density of the bridge are based on 
common values used in bridge design, and include the density of ballast, sleepers and 
rail. The influence of different masses is shown in Figure 5.51 – Figure 5.54 and 
Table 5.9.  
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Figure 5.51 Absolute Vertical Acceleration at max.point, for the bridge with 

different masses, versus speed of the train. 
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Figure 5.52 Dynamic Amplification Factor for vertical displacement at max.point, 

for the bridge with different masses, versus speed of the train. 
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Figure 5.53 Dynamic Amplification Factor for vertical bending moment at 

max.point, for the bridge with different masses, versus speed of the 
train. 
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Figure 5.54 Dynamic Amplification Factor for vertical bending moment at mid-

support, for the bridge with different masses, versus speed of the train. 

 

Table 5.9 Influence of different masses of the beam element model. The static 
displacement is calculated to 2.04 mm, static moment at max.point to 
2085 kNm and static moment at mid-support to 2102 kNm, 
respectively. 

density max. accel. DAFdispl. DAFm max.p. DAFm mid-s. 
[kg/m3] [m/s2] (max.) (max.) (max.) 

3000 9.89 5.43 4.40 1.62 
4000 7.44 5.43 4.41 1.62 
5000 5.80 5.35 4.32 1.61 
6000 4.79 5.31 4.32 1.58 

 
Higher density of the bridge structure gives a lower peak value of the vertical 
acceleration. However, a higher density gives maximum peak values at a lower speed. 
The Dynamic Amplification Factors gives the same maximum peak values for different 
densities, but at different speeds. A higher density gives peak values at lower speeds, 
than a lower density. The bridge mass has a greater influence on vertical acceleration, 
displacement and moment at maximum point, than moment at mid-support. 

 



DYNAMIC ANALYSIS OF A RAILWAY BRIDGE 

 106

5.3.7 Variation of Vehicle Mass 

The analysis of variation of the vehicle mass is based on the beam element model with 
an element length of 1 m. Because of computational efficient, the beam element model 
is used. According to parameters studies, the beam model is sufficient enough. 
Different number of eigenmodes included in the analysis and different size of time 
steps and speed increments have been performed, until the results seem to 
convergence. The analysis only considers the influence of the high speed train HSLM 
A1, as the other trains are supposed to give similar results. The variation of the vehicle 
mass is investigated with different axle loads of the train, where the axle loads are 
increased by 20 and 50 %.  

The analysis was carried out by studying vertical acceleration, vertical displacement 
and bending moment at maximum point and bending moment at mid-support. The 
maximum point appears near the middle of the first bridge span. Only the response of 
vertical acceleration is shown, see Figure 5.55. The other responses seem to be 
independent of different axle loads, and are not shown. The peak value of the 
acceleration increases proportional with higher axle load. 
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Figure 5.55 Absolute Vertical Acceleration at max.point for the bridge, when 

different train axle loads of the HSLM A1 passage the bridge, versus 
speed of the train. 
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5.3.8 Comparison of Different High Speed Trains  

Analysis of different high speed trains has been investigated, studying how they affect 
the bridge structure at different speeds. The analysis of different high speed trains are 
based on the beam element model with an element length of 1 m. Because of 
computational efficient, the beam element model is used. According to difference 
studies, the beam model is also sufficient enough.  

Different number of eigenmodes included in the analysis and different size of time 
steps and speed increments have been performed, until the results seem to 
convergence. The maximum values for vertical acceleration, vertical displacement and 
bending moment at maximum point and bending moment at mid-support has been 
studied. The maximum value appears near the middle of one of the bridge spans and 
because of symmetry, the same value appears in both spans.  

According to Eurocode [6], the analysis should consider the influence of all the 
different high speed train configurations, HSLM A1 – HSLM A10. The influence of 
different high speed trains are shown in Figure 5.56 – Figure 5.59. The displacement 
and moment curves show the Dynamic Amplification Factors, defined as the dynamic 
responses divided by the maximum static response. 
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Figure 5.56 Absolute Vertical Acceleration at max.point, during passage of 

different high speed trains at different speeds, versus speed of the 
train. 
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Figure 5.57 Dynamic Amplification Factor for vertical displacement at max.point, 

during passage of different high speed trains at different speeds, 
versus speed of the train. 
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Figure 5.58 Dynamic Amplification Factor for vertical bending moment at 

max.point, during passage of different high speed trains at different 
speeds, versus speed of the train. 
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Figure 5.59 Dynamic Amplification Factor for vertical bending moment at mid-

support, during passage of different high speed trains at different 
speeds, versus speed of the train. 

 
The high seed trains HSLM A1 – HSLM A3 gives the highest response values for 
vertical acceleration, displacement and bending moment at maximum point. The 
resonance peak value occurs at high speeds, 290 km/h for HSLM A1, 310 km/h for 
HSLM A2, and 325 km/h for HSLM A3, respectively. According to mid-span moment, 
the high speed trains HSLM A5 – HSLM A7 gives the highest response values at speeds 
between 275 km/h and 300 km/h. These trains give higher peak resonance values for 
moment at mid-support, than for the defined maximum point. However, the maximum 
values for moment is higher in the maximum point for the high speed trains HSLM A1- 
HSLM A3.  
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Chapter 6   
 
Conclusions 

6.1 Modelling in LUSAS 
General, the dynamic analysis program is relatively new and computational problems 
are not unusual. Restrictions and opportunities in the finite element program are 
considered in the analysis and are presented in the following summary for both the 
bridge and vehicle models. 

(i) The dynamic moving load analysis requires three-dimensional finite element 
models, simpler models are not supported. 

(ii) The moving load analysis can not be performed for simple three-dimensional 
beam elements models. For dynamic analysis, artificially shell elements have 
to be defined on either side of the beam. These shell elements should have 
specified properties, and not contribute to the eigenvalue results, and therefore 
not contribute to the dynamic response. The moving loads are defined, 
travelling along the main beam. 

(iii) Considering the shell element model, different eccentricity of the shells does 
not work. Using eccentricity values would simply represent the cross-section 
of the bridge structure in a better way, and avoid overlapping effects. Instead, 
locating the surfaces in the shell element model by using rigid links or stiff 
beams are recommended, to get a more correct location of masses for the 
frequency analysis. Alternatively, a combination of beam, shell and solid 
elements can be used, to get more realistic models of the real structures. 

(iv) The moving load analysis can only be solved for moving constant forces. 
There is no possibility to model the train as a moving mass-spring-damper 
system. 

(v) The soil could not be represented by only springs at supports, because springs 
in all global directions are not allowed. If spring supports in the model is 
desired, this restriction has to be workaround. Instead of using springs, 
interface joint elements at supports are available.  
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(vi) In the dynamic analysis program, there is no automatic function for picking 
the maximum response values for displacement and moment. Instead, all 
suspected nodes or elements have to be considered, to find the maximum 
responses. Hence, the maximum responses are easy to be missed. Noticeable, 
in the current study, the suspected maximum responses in LUSAS are not 
really the maximum. The program Dynsolve [12] found out other points, 
giving higher responses. 

(vii) The beam element model gives almost the same dynamic response, 
irrespective of the considered element length. Comparison with analytical 
solutions and Dynslove, the beam element model gives similar responses. 
However, the static response due to gravity load differs a little from the 
theory. The differences between LUSAS and Dynsolve are suspected to depend 
on different dimensions of the models and different finite elements used in the 
different programs.  

(viii) The dynamic responses of the shell element model, approach the responses of 
the beam model when only the bending modes are considered and the shell 
element has greatest element length. Comparing the different models, smaller 
element length gives larger differences. However, the static responses of the 
shell model due to gravity load are not in good agreement with the analytical 
solutions and responses of the beam model. The difference is partly supposed 
to depends on a more sensitive shell model, and a stiffer beam model. 
Additional, the mass element in the shell model is not supported in a static 
analysis, and is neglected in the static calculations. Another possible aspect is 
the different location of the supports in the different models. The shell element 
model allows a more correct location of the supports, than the beam model. 
However, the static response due to both gravity load and train load is similar 
for both the shell and beam element models. 

(ix) Analysis of dynamic response of the shell element model with columns, gives 
unreliable results, comparing to the model without columns. The differences 
seem to be unrealistic, and no conclusions could be drawn. Probably, the 
connection between bridge deck and columns may not be represented by joint 
elements. The joints cause some degree of flexibility, depending on the joint 
stiffness, and would never behave like a fixed support. In additional, the joint 
stiffness is defined in local joint element direction. Thus, for example lower 
stiffness in x-direction, means that the joints are more flexible in their local x-
direction.  
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(x) The beam element model is found to be simple and accurate enough for a 
simply analysis of the dynamic response of railway bridges. The shell element 
model gives sometimes suspected insufficient results, especially for static 
gravity loads. However, it is hard to say if a model is accurate enough for 
dynamic analysis, without comparison with measured data, and the choice of 
bridge model which is adequate depends on the type of investigation. 
Furthermore, for analysis of more complicated bridges, solid models and 
combination models of beam, shell and solid elements are suggested to be 
more suitable.  

6.2 Dynamic Response due to High Speed Trains 
The dynamic behaviour of the railway bridge subjected to high speed train was studied 
and the conclusions are presented in the following summary section.  

(i) The speed of the vehicle is a very important parameter, influencing the 
dynamic responses of the railway bridge. Generally, the dynamic responses 
increase with increasing speed. 

(ii) The dynamic response of the railway bridge reaches the greatest resonance 
peak, which magnified the response several times, at speeds between 250 and 
300 km/h. The magnification depends on the studied response, and type of 
bridge and train models. 

(iii) Sufficient accurate results are obtained including only the eigenmodes of 
vibration with frequency up to 30 Hz. Time steps of 0.01 seconds are found to 
be enough in the dynamic analysis and a speed increment of 1 m/s considering 
the responses, including resonance peaks, accurately. 

(iv) The dynamic response varies in a bridge section. Considering vertical 
acceleration, the maximum resonance value occurs in the middle of the bridge, 
while the corner has the maximum value of Dynamic Amplification Factor 
considering displacement. Considering the moments, the variations are 
insignificant. However, there is generally no great difference between 
different points in a section. Therefore, only the middle of the bridge need to 
be considered in the dynamic analysis. 

(v) Generally, the Dynamic Amplification Factors (DAF) for displacement is 
higher than DAF for moment for all bridge models. Furthermore, DAF for 
moment at maximum point in one span of the bridge is higher than the DAF 
for moment at mid-support. 
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(vi) The damping value of the railway bridge has great influence of the amplitude 
of the response. Higher damping coefficient in the bridge structure gives lower 
response values. However, the peak values appear at same speed, independent 
of different damping coefficient. For high damping, the maximum response 
values stabilized at a earlier phase, and after the train has left the bridge, the 
values reduces more rapidly. If no damping is introduced, damping coefficient 
of 0 %, the decay of motion will be unrealistic low. A damping coefficient of 
5 % does not give any dangerous dynamic values at all, and this value of the 
coefficient is not impossible to achieve in an old concrete bridge. 

(vii) The stiffness of the railway bridge is another important parameter,  considering 
dynamic response. Higher stiffness of the bridge structure gives peak 
resonance values at higher speeds. Noticeable, the same peak value appears, 
independent of stiffness of the bridge.  

(viii) The mass of the railway bridge has also great influence on the dynamic 
response. Higher density of the bridge structure gives a lower peak value of 
the vertical acceleration. However, a higher density gives peak values at a 
lower speed. The Dynamic Amplification Factors gives the same peak values 
for different densities, but at different speeds. Again, a higher density gives 
peak values at lower speeds.  

(ix) The influence of higher axle load of a specified high speed load model was 
investigated. The acceleration of the railway bridge increases proportional 
with higher axle loads, while Dynamic Amplification Factors of vertical 
displacement and bending moment were on the whole unchanged. 

(x)  Different high speed load models of the train give different responses of the 
railway bridge, and the resonance peaks occur at different speeds. All high 
speed load models have to be considered in a dynamic analysis, and the most 
unfavourable loading shall be considered in the bridge design, as determined 
in the Eurocode. 
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6.3 Further Research 
Although there exist a large number of studies, dealing with the dynamic moving load 
problem, there are still many unresolved areas before the dynamic behaviour can be 
fully understood. According to this thesis, following aspects may be considered in 
further studies. 

(i) The assumptions and restrictions due to the modelling of the railway bridge 
and the high speed train ignore several parameters that may significantly affect 
the response. Particular those parameters related to surface irregularities and 
vehicle configuration and interaction, may influence the dynamic response, 
and can be considered in further research. 

(ii) The influence of columns in the railway bridge model has to be more 
investigated in further research. The bridge model with columns in this thesis 
behaves unrealistic, and unfortunately no conclusions could be drawn. The 
connection between columns and bridge deck may be represented by other 
elements than joints, for example small rigid beam elements. 

(iii) Measurement data may be collected, regarding the dynamic behaviour of the 
railway bridge due to passing high speed trains. The measurement can be used 
to calibrate the proposed bridge models and increasing the knowledge about 
the physical behaviour of the bridge in its natural surroundings. Additional, 
measurements of the actual bridge can be used to assess the dynamic 
properties, utilized in the bridge model as input data. Parameters considering 
damping, mass and stiffness are usually difficult to estimate, and they have 
great influence of the dynamic response. Numerical values of these parameters 
have to be identified, in order to achieve as accurate response as possible. 
Field measurement is an effective way to determine these bridge parameters. 

(iv) The vibrations caused by moving trains at high speeds can propagate in the 
ground and have a significant influence on the surrounding area. Further 
research on ground vibrations may be carried out for areas subjected to high 
speed trains.
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Appendix 
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Figure A1 The first 20 horizontal and vertical eigenmodes of the beam element 
model, plotted in vertical direction.
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Figure A2 The first 20 horizontal and vertical eigenmodes of the shell element 
model, plotted in vertical direction. 


