
 

 

Modelling of 

Dynamically Loaded Shotcrete 

Cecilia Nilsson 

 

 

 

 

 
 

 

 

 

 

 

 

 

June, 2009 

Master Thesis 276, Concrete Structures 

Royal Institute of Technology 

Department of Civil and Architectural Engineering 

SE-100 44 Stockholm 

ISSN 1103-4297 

ISRN KTH/BKN/EX--276--SE 

 



Modelling of dynamically loaded shotcrete 

 

ii 



 Sammanfattning 

 

iii 

Sammanfattning 

Vid byggande av tunnlar, gruvor och andra underjordskonstruktioner i berg används ofta 
sprängning för att fragmentera berget. Sprängningen kan emellertid även leda till uppsprick-
ning och oönskat utfall av bergblock. En vanlig typ av bergförstärkning, för att undvika det-
ta, är sprutbetong, det vill säga betong eller bruk som appliceras på bergytan med tryckluft.  

Detonation av sprängämnen inuti berget ger upphov till en dynamisk last, det vill säga 
spänningsvågor som propagerar genom berget och vidare in i sprutbetongen. För att på för-
hand kunna beräkna spänningsresponsen i berg-sprutbetongkonstruktionen behöver tillförlit-
liga numeriska beräkningsmetoder utvecklas. I detta examensarbete ligger fokus på sprutbe-
tongens respons och tre olika metoder att modellera den dynamiskt belastade sprutbetongen 
har testats och utvärderats. Den första baseras på elastisk vågteori, den andra på strukturdy-
namikteori och den sista på explicit finit elementmodellering, med det numeriska analyspro-
grammet Abaqus/Explicit. Modellerna som här har använts är geometriskt enkla och begrän-
sade till att beskriva förskjutningar i en dimension. Vidare antas att berget och sprutbetongen 
har linjärt elastiska egenskaper. 

Beräkningsexempel visade att den strukturdynamiska modellen endast kan användas för 
att modellera en infallande våg som beskriver en partikelförskjutning i en riktning, medan 
den elastiska vågmodellen och den finita elementmodellen i Abaqus/Explicit även kan an-
vändas för att modellera en infallande våg beskriven som en sinusformad partikelförskjut-
ning. Vidare observerades även att reflektionen på ytan för den infallande vågens applicering 
skilde sig signifikant åt mellan de olika modelltyperna och därmed hade ett stort inflytande på 
de erhållna responserna. I den strukturdynamiska modellen anbringas vågen enligt teorin för 
vibrationer orsakade av jordbävning, vilket innebär att ytan på vilken den inkommande vågen 
appliceras fungerar som en styv gränsyta och följaktligen reflekterar vågen fullständigt. Sam-
ma effekt fås för Abaqus-modellen då den infallande vågen definieras som ett gränsvillkor 
(benämnt Boundary condition i Abaqus). Däremot så tillåter den elastiska vågmodellen och 
Abaqus-modellen med infallande våg definierad som spänning (benämnt Stress-load i Abaqus) 
att reflektionen helt bestäms av impedansen hos materialen på respektive sida av gränsytan 
för vågens applicering. Effekten av den påtvingade reflektionen på ytan där vågen anbringas 
är emellertid större ju närmare observationspunkten den är lokaliserad, vilket innebär att den 
infallande vågen måste läggas på tillräckligt långt iväg från observationspunkten för att den 
strukturdynamiska modellen ska vara tillämplig.  

Från de utförda beräkningarna kan slutsatsen dras att den elastiska vågmodellen är till-
räcklig för att på förhand beräkna spänningsresponsen i sprutbetongen, så länge som pro-
blemet begränsas till att vara endimensionellt och berget och sprutbetongen förutsätts funge-
ra linjärt elastiskt. Som en fortsättning på detta projekt föreslås att modellen utvidgas till att 
inkludera tre dimensioner och att bergets och sprutbetongens icke-linjära egenskaper inklu-
deras. Den elastiska vågmodellen skulle då bli alltför komplex, varför den finita elementme-
toden som används i program såsom Abaqus/Explicit istället rekommenderas. Vidare så är 
den strukturdynamiska modellen den minst sofistikerade av de modelltyper som här testats 
och dess användning föreslås begränsas till preliminära studier.  

 

 

 

Nyckelord: Sprutbetong, Dynamik, Spänningsvåg, Numerisk modellering  
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Abstract 

In the excavation of tunnels, mines and other underground constructions in rock blasting is 
often used to fragment the rock. The blasting activity may however also give rise to undesir-
able fallout of rock blocks. To prevent this, a frequently used rock support is shotcrete, i.e. 
concrete or mortar applied pneumatically onto the rock surface.  

The detonation of explosives within the rock will give rise to a dynamic load, that is, 
stress waves propagating through the rock and into the shotcrete. To be able to forecast the 
stress responses within the rock-shotcrete construction reliable numerical design methods 
have to be developed. In this master thesis focus is on the response of the shotcrete lining 
and three different approaches to model the dynamically loaded shotcrete have been tried 
out and evaluated. The first approach is based on elastic stress wave theory, the second on 
structural dynamics and the third on explicit finite element methods, implemented in the 
numerical analysis software Abaqus/Explicit. The used models are geometrically simple and 
limited to describe a one-dimensional displacement field. Moreover, the rock and the shot-
crete are considered to behave linearly elastic.  

Numerical examples showed that the structural dynamic model only can be used to 
model an incident stress wave describing a particle displacement in one direction, whereas 
the elastic stress wave model and the finite element model in Abaqus/Explicit also can be 
used to model an incident stress wave described as a sinusoidal incident particle displace-
ment. Furthermore, it was observed that the reflection at the surface of application of the 
incident stress waves differed significantly between the different model types and thus had a 
great influence on the obtained stress responses. In the structural dynamic model the stress 
wave is applied according to the theory of earthquake induced vibrations, which implies that 
the surface at which the incident stress wave is applied is forced to act as a rigid boundary, 
thus reflecting the stress wave completely. The same effect is obtained in the Abaqus-model 
when the incident stress wave is applied as a boundary condition. On the other hand, the 
elastic stress wave model and the Abaqus-model with incident stress wave applied as a stress-
load allow the reflection to be determined solely by the impedances of the materials on both 
sides of the interface where the stress waves are applied. The effect of the forced reflection at 
the surface of application is however greater the closer to the point of observation it is lo-
cated, giving that the incident stress wave has to be applied sufficiently far away from the 
point of observation for the structural dynamic model to be applicable. 

From the calculations it can be concluded that the elastic stress wave model is sufficient 
in forecasting the stress responses within the shotcrete as long as the problem is limited to 
describe a one-dimensional displacement field and the rock and the shotcrete are considered 
to behave linearly elastic. However, for further research the model is suggested to be ex-
panded to describe a three-dimensional displacement field and also to include non-linear 
material properties and behaviour. The elastic stress wave model would be too complex for 
such a case. Therefore the finite element method used in a program such as Abaqus/Explicit 
is recommended. The structural dynamic model is the least sophisticated of the three model 
types here tested and its use is therefore suggested to be limited to preliminary studies. 

 

 

  

Keywords: Shotcrete, Dynamics, Stress wave, Numerical modelling   
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1. Introduction 

1.1 Background 

Shotcrete is sprayed concrete or mortar applied pneumatically on for instance a rock surface. 
In the excavation of tunnels, mines and other underground constructions in rock shotcrete is 
widely used as rock support to prevent fallout of rock blocks. A common way of fragment-
ing rock during excavations is blasting, that is, detonation of explosives within the rock. The 
explosion gives rise to stress waves propagating through the rock and apart from fragment-
ing the rock it can also cause severe damage to existing shotcrete linings. To minimize the 
risk of damaging the construction in an undesirable way it is therefore of importance to de-
velop reliable numerical design methods that can forecast the response of a dynamically 
loaded shotcrete lining. 

This report is part of the project “Reducing the production time for underground con-
struction” through efficient use of shotcrete in environments exposed to vibrations”, which 
aims at obtaining knowledge on how close, in time and distance, to shotcrete blasting can 
take place without damaging the shotcrete. As a first step in this greater project, this master 
thesis is carried out, to demonstrate different approaches to model dynamically loaded shot-
crete.  

1.2 Previous research 

The effects of blasting on shotcrete applied on a rock surface have been studied in a number 
of works, of which some are of special interest for this study; the master thesis “Modelling of 
young shotcrete on rock subjected to shock waves” by James (1998) and the doctoral thesis 
“Dynamically loaded rock reinforcement” by Ansell (1999). Both the master thesis and the 
doctoral thesis assume a one-dimensional elastic stress wave model to forecast the stress 
levels within the shotcrete lining and good agreement with observations, made during civil 
engineering work and testing, is obtained. Apart from the master and the doctoral thesis sev-
eral technical reports, papers and articles have been published on the subject, of which some 
are summarised in the following. 

Ansell and Malmgren (2003) have studied the responses of shotcrete linings exposed to 
blast induced vibrations in the Kiirunavaara mine. During production blasts acceleration-
time histories were recorded and failure mapping was conducted. The responses were then 
simulated using a finite element model, consisting of beam and spring elements, and with the 
measured accelerations applied according to earthquake theory. The forecasted failure, ob-
tained from the numerical analysis, showed good agreement with observations made in situ. 
The analysis indicated that tensile failure occurred in the interface between rock and shot-
crete, that is, the adhesive strength was exceeded, or within the rock. Both plain and rein-
forced shotcrete were tested. 

The effects of blasting vibrations on young plain un-reinforced shotcrete (ages between 
1 and 25 h) have been presented by Ansell (2004). To study the growth of the compressive 
and adhesive strengths with age in situ tests were performed at the Kiirunavaara mine 
(Ansell, 1999). Acceleration-time histories were recorded, which thereafter were used to de-
rive a scaling relation, describing the change of particle velocity with distance from the explo-
sive charge and weight of the explosives. During the in situ tests drumminess was detected 
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indicating that adhesion failure had occurred between the rock and the shotcrete. Further-
more, no differences between shotcrete of different ages were observed. 

Recommendations on distance between 28-day-old shotcrete and a detonating explosive 
charge within the rock are given by Ansell (2005). The recommendations are based on a nu-
merical dynamic analysis using a finite element model, with spring and beam elements, de-
scribing a two-dimensional displacement field. The concrete is presumed to behave elastic 
and the applied accelerations are derived using a scaling relation. The analysis is performed 
using mode superposition and Duhamel’s integral. The model is described in detail in a prior 
report (Ansell, 2002:2) and the material properties used are based on a literature survey 
(Ansell, 2002:1). 

Recommendations on minimum shotcrete ages for shotcrete linings of different thick-
nesses and distances from the explosive charge are presented by Ansell (2007:1). Also here is 
the dynamic finite element model, with spring and beam elements, and the scaling relation 
used to calculate the variation of the adhesive strength with the age of young shotcrete. The 
recommendations are valid for small-scale blasting and as a supplement to these recommen-
dations for large-scale blasting are presented by Ansell (2007:2).  

Factors that influence the shotcrete-rock interaction, e.g. discontinuities, the surface 
roughness of the rock and the extent and properties of the excavated disturbed zone (EDZ), 
are presented by Malmgren and Nordlund (2007). The study shows for an example that the 
rock strength and the surface roughness are of great importance for failures at the interface 
between rock and shotcrete and in the shotcrete lining. Furthermore was the extent of the 
EDZ, for the drifts in the Kiirunavaara mine that were studied, found to be approximately 
0.5 – 1 m. In this study the EDZ will be referred to as fractured rock. 

The effect of accidental explosions in civil infrastructure tunnels, with respect to stabil-
ity, is investigated by Brandshaug and Rosengren (2008). In most of the analysed models the 
rock is reinforced with rock bolts and fibre reinforced shotcrete and the shotcrete is consid-
ered to be elastic. The study focuses mainly on the response of the rock and two different 
approaches of modelling the rock are employed; one considering the rock as a continuum 
and one as a discontinuum. The analyses are made using a three-dimensional finite element 
software and the analysed model represent a part of the physical outline of an existing tunnel. 
Viscous dampers are placed on the edges of the model to simulate the continuous rock vol-
ume. Furthermore, the explosion pulse hitting the shotcrete originates from an explosion in 
air, which distinguishes the study from investigations of explosions within the rock as in min-
ing. 

1.3 Aims and contents of report 

The aim of this report is to evaluate the applicability of different models in simulating the 
stress response of the dynamically loaded shotcrete. Parameters typical for Swedish granite 
are used together with presumed sine wave accelerations. One of the models is also used to 
simulate the stress response of a shotcrete lining applied on the iron ore in the LKAB Kiirun-
avaara iron-mine when exposed to in-situ measured accelerations (Ansell, 1999). 

The thesis is focused on geometrically simple one-dimensional models of shotcrete ap-
plied on a rock surface and exposed to a brief stress wave, caused by blasting activity within 
the body of the rock. A possible outline of the geometry is shown in Figure 1.1. Three types 
of models are being demonstrated and compared; the first based on elastic stress wave the-
ory, the second on structural dynamics and the third on explicit finite element methods 
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(Abaqus/Explicit). Special interest is paid to the modelling in Abaqus/Explicit (ABAQUS, 
Inc., 2007:1) since one of the aims of the greater project is to develop a sophisticated finite 
element model with realistic and complex geometry enabling the study of real in situ cases. 
One goal is that the experiences made during the course of this study can serve as a basis in 
developing an extended finite element model in Abaqus/Explicit including the effects of 
non-linear material parameters. 

The report is divided into six main chapters. In Chapter 2 are material properties of rock 
and shotcrete presented. Chapter 3 provides the main features of the different theories used 
in the models. Chapter 4 contains a description of the numerical models and some character-
istics important for each model are pinpointed. In Chapter 5 are the results presented, that is 
the maximum tensile stress in the shotcrete. First are the results for each type of model pre-
sented with shotcrete thickness, distance to the explosion and weight of the charge kept fixed 
and then comparisons of the models are made. The chapter ends with the results obtained by 
using accelerations measured in situ at the LKAB Kiirunavaara iron-mine. In the closing chap-
ter, Chapter 6, the results are discussed, conclusions are drawn and suggestions for further 
research are given. 

 

 

Figure 1.1 Shotcrete applied to a rock surface and exposed to a stress wave caused by 
the detonation of a point charge within the rock. 
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2. Materials 

A simplification that is made throughout this study is that both the rock and the shotcrete 
are considered to behave strictly elastic. That is, no plastic deformations or permanent fail-
ure, e.g. crushing, cracking or debonding, are considered within the models and a linear elas-
tic relationship between stress and strain is assumed.  

2.1 Properties of rock 

Rock as found in nature is a heterogeneous anisotropic material and its strength will not only 
be dependent on the mechanical properties of the intact material but also on cracks and 
zones containing weaker material. However, in the numerical examples the rock is consid-
ered as a homogeneous isotropic material and the distances between cracks will only be used 
in finding a dominating frequency of the disturbing stress wave. A compilation of material 
parameters for some common rock types is given in Table 2.1 and is followed by Table 2.2 
showing the acoustic properties for some of these rock types. 

Table 2.1 Properties of some common rock types. Young’s modulus of elasticity �, 
Poisson’s ratio >, density @ and compressive strength A�. From Ansell (1999).  

Rock type � EGPaI > @ Ekg/mMI A� EMPaI 
Granite 40−80 0.15−0.30 2500−2800 160−240 

Gneiss 30−100 0.15−0.30 2700 160−280 

Quartzite 30−120 0.10−0.30 2100 150−300 

Limestone 10−80 0.15−0.30 2700 20−90 

Sandstone 3−60 0.15−0.30 2100−2700 30−180 

Iron-ore Unknown Unknown 4800 115 

Table 2.2 Wave propagation velocities of some common rock types. Longitudinal and 
shear wave velocities. From Ansell (1999).  

Rock type Longitudinal waves Shear waves 

 �� Em/sI �	 Em/sI 
Granite 3500−7000 1700−3500 

Gneiss 3500−7000 1700−3500 

Sandstone 2500−3500 1200−1800 

Iron-ore 6318 unknown 

 



Modelling of dynamically loaded shotcrete 

 

6 

The rock properties in the numerical examples are chosen to represent typical Swedish 
granite; Young’s modulus of elasticity 40 GPa, density 2400 kg/m3 and longitudinal wave 
velocity 4000 m/s. The Poisson’s ratio is set to zero since the problem is treated as a pure 
one-dimensional problem. 

2.1.1 Scaling law 

A scaling law for rock governing the peak particle velocity as function of the distance � from 
the detonation of explosives with a weight � is presented by e.g. Dowding (1996). The scal-
ing law predicts the decay of the peak particle velocity with distance and can either be of 
cube-root or square-root form. The latter will be employed throughout this study, giving: 

 
5'&8 = 56 ∙ R �S�T�U 

The relationship is valid for a concentrated explosive charge. Values of the constants 56 and ; typical for Swedish granite are given by e.g. Ouchterlony et al. (1993).  

2.1.2 Resonance frequency 

Within a rock (or soil) layer certain frequencies will be amplified, called the principal or 
resonance frequencies, while others will be damped out, depending on the properties of the 
media. The following relation between shear wave propagation velocity, �	, layer thickness, �, and amplified frequency, %, is given by e.g. Dowding (1996): 

 % = �V4� 
A similar relation is also given by Bodare (1997).  

The relationship is used in the following to determine the frequency of the presumed 
sine wave acceleration, with maximum amplitudes derived from the scaling law for rock. The 
shear wave propagation velocity is then replaced by the longitudinal wave propagation veloc-
ity and the layer thickness � is represented by the distance between cracks within the rock. 
For instance are the distances between cracks for the rock in the Kiirunavaara mine within the 
interval of 0.2−0.6 m, according to Malmgren (2001). The distance between cracks used in 
the numerical examples is chosen to be 0.5 m. 

2.2 Properties of shotcrete 

A shotcrete lining can be either unreinforced or reinforced, for instance with steel fibres, and 
its strength will be dependent on the composition of the shotcrete, the age of the maturing 
shotcrete and its ability to adhere to the rock surface. The adhesion strength perpendicular to 
the rock surface often lies within 0 and 2 MPa, according to the compilation by Ansell 
(1999). Since the adhesion strength most often is lower than both the compressive and the 
tensile strengths the adhesion strength will be crucial. In the numerical examples is fully ma-

(2.1)

(2.2)
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tured (28 days) unreinforced shotcrete considered and the adhesion strength when applied at 
granite is assumed to be 1.0 MPa. The shotcrete is furthermore assumed to have a density of 
2100 kg and a Young’s modulus of elasticity of 30 GPa. The chosen material properties are 
similar to that of the shotcrete used by LKAB in the Kiirunavaara mine, for which the compo-
sition is given in Table 2.3.  

Table 2.3 Composition of standard shotcrete used by LKAB and KGS. From Ansell 
(1999).  

Composition [kg] 

Cement:  450  

Silica:  30  

Ballast: 0−8 mm 1254  

 0−4 mm 158  

 1−8 mm, dry material 153  

Additives, in [%] of cement weight 

Water reducer: Puzzolit 322N 0.3 

Pumpability improvement: Rheobuild 3520 0.2 

Accelerator: Sodium silicate 7.7 

 

 

  



Modelling of dynamically loaded shotcrete 

 

8 

 



 Chapter 3 Dynamics 

 

9 

3. Dynamics 

This chapter provides the main features of the theories of dynamics here used in the model-
ling of dynamically loaded shotcrete; first elastic stress wave theory, thereafter structural dy-
namic theory and last the theory behind explicit central difference integration, used in finite 
element modelling. 

3.1 Elastic stress wave theory 

In the following the rock and the shotcrete are presumed to behave linearly elastic and thus 
the theory for wave propagation in elastic materials is adopted. The review is based on Bo-
dare (1997), Clough and Penzien (1993) and Dowding (1996). 

Generally, a wave motion is characterized by the unified movement of individual parti-
cles around a state of equilibrium, different wave types causing movements in different direc-
tions. Two kinds of wave types can be discerned in studying the motions caused by explo-
sions in rock and soil, the first being body waves, propagating through the body of the rock 
and the soil, and the second being surface waves, transmitted along a surface. The main body 
waves are P-waves and S-waves and the main surface wave is the Rayleigh wave, see Figure 
3.1. The P denotes primary as it is the first arriving wave and the S denotes secondary or shear as 
it is the secondary arriving wave causing shear deformation. The P-wave is associated with 
change in volume of a body, dilatation, and causes particle movements parallel to the direc-
tion of wave propagation, i.e. in the longitudinal direction. The S-wave is associated with 
change in shape of a body, distortion, and causes particle movements perpendicular to the 
direction of wave propagation, i.e. in the transverse direction.  

When considering plane-wave propagation, that is, the wave propagation can only occur 
in one direction, the wave propagation velocities for longitudinal waves, ��, and shear waves, �	, can be expressed, respectively, in terms of the Young’s modulus �, the density @ and the 
Poisson’s ratio > (see e.g. Dowding, 1996 or Bodare, 1997), as: 

 

�� = X�@ = X�@ ∙ (1 − >)(1 + >)(1 − 2>) 
 
and 

 

�	 = X
@ = X�@ ∙ 12(1 + >) 
 
with � being the constrained modulus and 
 the shear modulus. According to (Dowding, 
1996) the constrained modulus � can be approximated by Young’s modulus � for the case 
of plane waves, reducing the expression for the longitudinal wave propagation velocity to: 

 

(3.2)

(3.1)
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�� = X�@  
 

At short distances, as within this study, an explosion or impact from within the body 
creates primarily body waves, i.e. P-waves and S-waves (Dowding, 1996). As the P-wave gen-
erally is of greater amplitude than the S-wave, (Dowding, 1996), and propagates with higher 
velocity than the S-wave, thus reaching the shotcrete lining first, only longitudinal waves are 
considered in the elastic stress wave model. 

 

 

Figure 3.1 Three kinds of waves: Longitudinal wave, Shear wave and Rayleigh wave. 
Redrawn from Dowding (1996).  

(3.3)
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3.1.1 The equation of wave motion 

The equation of wave motion for a longitudinal wave is here derived for the case of plane-
wave propagation, illustrated by a wave travelling down an elastic rod. Consider the straight, 
homogeneous rod with constant cross-sectional area �, density @ and Young’s modulus �, 
see Figure 3.2. 

The strain is defined as: 

 

=($, /) = `0($, /)`$  
 
where 0($, /) denotes the displacement within the element. Considering the material to be 
linearly elastic the constitutive stress-strain relationship can be written: 

 A($, /) = � ∙ =($, /) 
 
The condition of dynamic equilibrium (Newton’s second law) applied to the element gives: 

 !" ∙ 03 ($, /) = �($ + !$, /) − �($, /) 
 
where the mass and the acceleration of the element are denoted !" and 03 ($, /) respectively. 
Recognising that !" = � ∙ !$ ∙ @, the expression can be rewritten: 

 

03 ($, /) = 1@ ∙ �($ + !$, /) − �($, /)� ∙ !$ = 1@ ∙ `A($, /)`$  

 

 

 

Figure 3.2 Straight, homogeneous, elastic rod with constant cross-sectional area. Re-
drawn from Bodare (1997). 

dx

A

E, ρ

F(x,t) F(x+dx,t)

x

(3.7)

(3.6)

(3.5)

(3.4)
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If these equations are combined the equation of wave motion is obtained: 

 

03 ($, /) = 1@ ∙ `A($, /)`$ = 1@ ∙ `(� ∙ =($, /))`$ = �@ ∙ `a0($, /)`$a = �a ∙ `a0($, /)`$a  
 
which also can be written: 

 `a0($, /)`/a = �a ∙ `a0($, /)`$a  
 
where the wave propagation velocity � is defined as: 

 

� = X�@ = �� 
 
In this case, when only considering one dimensional wave propagation, the Poisson’s ratio is 
inserted as zero (> = 0). The solution to the wave equation can be shown to be: 

 0($, /) = �($ − �/) + �($ + �/) 
 
The functions � and � represent displacement waves propagating in the positive and nega-
tive direction respectively.  

3.1.2 Particle velocity and strain 

The expressions for particle velocity 5($, /) and strain =($, /) are derived from the expression 
of displacement 0($, /) by differentiation with respect to time / and coordinate $, respec-
tively, as:  

 

5($, /) = `0($, /)`/ = −� ∙ �c($ − �/) + � ∙ �′($ + �/) 
 

=($, /) = `0($, /)`$ = �c($ − �/) + �′($ + �/) 
 
That is, for a wave travelling in the positive direction (� = 0) the particle velocity is 

 5($, /) = −� ∙ =($, /) (3.13)

(3.12)

(3.11)

(3.10)

(3.8)

(3.9)
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or, expressing the strain in terms of the particle velocity: 

 

=($, /) = − 5($, /)�  
 
For a wave travelling in the negative direction (� = 0) the particle velocity is: 

 5($, /) = +� ∙ =($, /) 
 
The strain expressed in terms of the particle velocity is: 

 

=($, /) = + 5($, /)�  

3.1.3 Stress 

For a wave travelling in the positive direction the force �($, /) can be expressed as: 

 

�($, /) = � ∙ A($, /) = � ∙ � ∙ =($, /) = −� ∙ � ∙ 5($, /)�  
 

Remembering that � = S� @⁄ , or � = �a ∙ @, gives: 

 

A($, /) = −� ∙ 5($, /)� = −@ ∙ � ∙ 5($, /) 
 
That is, a positive stress (tensile) gives rise to a negative particle velocity (the particle moving 
in the negative direction). For the case with a compression wave striking the element the 
particle velocity will hence be positive (the particle moving in the positive direction). 

3.1.4 Transmission and reflection of waves 

The sum of the particle velocities at both sides of the interface of the two materials in Figure 
3.3 has to be equal, giving 

 57 + f59 f = 5: 
 
the subscripts g, � and � referring to incident, reflected and transmitted. 

(3.19)

(3.18)

(3.17)

(3.16)

(3.15)

(3.14)
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The particle velocities can be expressed in terms of stresses, according to Eq. (3.18), giving: 

 57 = A7@h�h 
 59 = − A9@h�h 
 5: = A:@i�i 

 
On both sides of the interface also the stresses have to be equal, giving: 

 A7 + A9 = A: 

and 

A9 = A: − A7 
 
Combining Eqs. (3.19)−(3.24) gives the transmitted and the reflected stresses, respectively, 
as: 

 

A: = f 2@i�i@i�i + @h�h f ∙ A7 
 A9 = ff@i�i − @h�h f

@i�i + @h�h f ∙ A7 
 
Moreover, the transmitted and the reflected velocities can be expressed as: 

 

5: = f 2@h�h@h�h + @i�i f ∙ 57 
 59 = ff@h�h − @i�i f

@h�h + @i�i f ∙ 57 
 
These conditions can be applied to the extreme cases of a free surface, f@i�i = 0f and a rigid 
boundary, f@i�i = ∞f. The following is obtained when an incident wave, propagating through 
media �, strikes a rigid boundary, f@i�i = ∞f: 

 

(3.27)

(3.28)

(3.26)

(3.25)

(3.23)

(3.22)

(3.21)

(3.20)

(3.24)
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k   AT ≈ f+2 ∙ AI  f  AR ≈ +1 ∙ AI
f 

 

k   5T ≈ f+0f ∙ 5I     5R ≈ f−1f ∙ 5I
f 

 
For a free surface, f@p�p = 0f, are: 

 
q   A: = f+0f ∙ A7    A9 = −1 ∙ A7

f 
 

q   5: = f+2f ∙ 57    59 = f+1f ∙ 57
f 

 
These phenomena are illustrated in Figure 3.4, where a rectangular stress pulse is propagating 
through a media and then strikes a rigid boundary and a free surface respectively. At the rigid 
boundary the velocity has to be zero, giving that the stress has to be doubled, which can be 
understood by thinking of two stress pulses of the same sign propagating towards each 
other. At the free surface the stress has to be zero, giving that the velocity has to be doubled, 
which can be understood by thinking of two stress waves of opposite signs propagating to-
wards each other. The stress wave reflected at the rigid boundary will be of the same sign as 
the incident stress wave, whereas the stress wave reflected at the free surface will be of oppo-
site sign to the incident stress wave.  

 

 

 

Figure 3.3 Reflection, A9, and transmission, A:, of an incident stress wave, A7, at the in-
terface of two media with different densities and wave propagation velocities. 

 

 

 

(3.31)

(3.32)

(3.30)

(3.29)
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Figure 3.4 Reflection of a rectangular stress pulse: (a) collision of two tensile pulses rep-
resenting a fixed end/rigid boundary and (b) collision of a tensile and a com-
pression pulse representing a free end/free surface. Redrawn from Dowding 
(1996). 
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3.2 Structural dynamic theory 

The here used structural dynamic method makes use of lumped masses, interconnected with 
springs, exposed to an externally applied ground acceleration to describe the stress wave 
propagation problem. To obtain the stress within the shotcrete caused by the externally ap-
plied acceleration the system is treated according to the theory of earthquake-induced mo-
tion. The acceleration of the ground can be shown to give rise to an equivalent external force 
acting on each mass in the system in the opposite direction of the ground acceleration. This 
external force is equal to the mass times the ground acceleration and is called the effective 
earthquake force. The stiffness of the system is entirely described by the stiffness of the springs 
and the inertia forces, caused by the ground acceleration, are solely dependent on the lumped 
masses.  

The spring-mass systems discussed here are presumed to be linearly elastic, that is, the 
relationship between the static force �	 and the resulting deformation 0 is linear: 

 �	 = (0 
 
where ( is the stiffness. This implies that the relationship is valid for small deformations as 
well as for larger deformations and that the loading and unloading curves follow the same 
path. The stiffness of a single spring can be expressed in terms of the Young’s modulus of 
elasticity �, the cross-sectional area � and the length � as: 

 

( = ���  
 
If the length is half the original length, i.e. �/2, the stiffness will thus be twice the original 
stiffness, i.e. 2(. This will be used when denoting the stiffnesses of the springs of the differ-
ent geometrical models in section 4.3. To resemble reality, where the oscillation decays with 
time, viscous damping can be included in the models. Furthermore the models are one-
dimensional, i.e. the degrees of freedom are constrained to the direction perpendicular to the 
free surface of the rock and thus coincide with the direction of the applied ground accelera-
tion. By solving the equation of motion for the one- and the multi-degree-of-freedom system 
respectively, presented below, the displacements of the degrees of freedom are obtained. To 
get the stress within the shotcrete, and in the rock when applicable, the constitutive material 
relationship is used: 

 A = �=  
 = being the strain, i.e. the deformation divided by the original length. As the evaluation of the 
displacements of a multi-degree-of-freedom system differs from the one-degree-of-freedom 
system the methodology of solving is demonstrated for both kinds, starting with the one-
degree-of freedom system. 

(3.35)

(3.33)

(3.34)



Modelling of dynamically loaded shotcrete 

 

18 

3.2.1 One-degree-of-freedom system 

As a first step the equation of motion is established. In order to solve this equation for the 
deformation the natural frequency of free vibration for the un-damped system, CD, has to be 
determined, whereby the natural frequency of the damped system, C�, can be calculated. The 
response is then solved for using Duhamel’s integral, which represents the sum of the re-
sponses to all infinitesimally short impulses that the arbitrary loading consists of.  

Equation of motion 

For a damped linearly elastic one-degree-of-freedom system subjected to earthquake excita-
tion, see Figure 3.5, the equation of motion governing the displacement 0(/) is (see e.g. 
Chopra, 2001): 

 "03 + �02 + (0 = +,--(/) 
 

where " is the mass, � the viscous damping coefficient and ( the stiffness. The effective 
earthquake force +,--(/) is: 

 +,--(/) = −"03 4(/) 
 
where 03 4(/) is the ground acceleration. The damping is introduced in the system by the 

damping ratio, ?, which is related to the viscous damping coefficient, �, through the critical 
damping coefficient, ���: 

 ? = ���� = �2"CD 
 
where CD is the natural frequency of vibration for the system without damping. 

 

 

Figure 3.5 One-degree-of-freedom system exposed to ground motion and the equivalent 
system with an externally applied effective force (schematic figure). 

(3.38)

(3.37)

(3.36)
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Free vibration 

The natural frequency of vibration for the un-damped linearly elastic system, CD, is deter-
mined by studying the free vibration of the system, see e.g. Chopra (2001). The equation of 
motion is thus: 

 "03 + (0 = 0 
 
The free vibration can be described by: 

 0(/) = � cos CD/ + t sin CD/ 
 
where 

 CD = S( "⁄  
 
The natural frequency of damped vibration, C�, is related to the natural frequency of un-
damped vibration, CD, through the damping ratio, ?:  

 C� = CDS1 − ?a  
Response to dynamic loading 

The dynamic response 0(/) of a damped linearly elastic single-degree-of-freedom system is 
obtained by using Duhamel’s integral, see e.g. Chopra (2001) and Clough and Penzien (1993). 
The integral is formulated as: 

 

0(/) = 1"C� w +(#)x
y e�{|}(~��)sinEC�(/ − #)I !# 

 
By the use of trigonometry and laws of exponents the expression can be rewritten: 

 

0(/) = 1"C�e{|}~ w +(#)e{|}~x
y Esin C�/ cos C�# − cos C�/ sin C�#I!# 

 
which, in order to facilitate the evaluation of the expression, is written as: 

 

(3.44)

(3.43)

(3.42)

(3.41)

(3.40)

(3.39)
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0(/) = 1"C� ∙ sin C�/e{|}~ w +(#)e{|}~x
y

fcos C�# !#f − 1"C� ∙ cos C�/e{|}~ w +(#)e{|}~x
y

fsin C�# !#f 
 
The accuracy of this expression depends on the time interval !#, which has to be sufficiently 
short to describe the loading history and the trigonometric functions within the integral cor-
rectly. Further it also has to satisfy the condition !# ≤ � 10⁄ , where T is the period of the mo-

tion (Clough and Penzien., 1993).  

3.2.2 Multi-degree-of-freedom system 

The equation of motion for a multi-degree-of-freedom system governing the displacements 
is of the same form as for the one-degree-of-freedom system. The difference being that the 
equation now is on matrix form representing a set of dependent equations of motion. To 
evaluate the displacements caused by the externally applied ground acceleration a mode su-
perposition technique is used. As for the one-degree-of-freedom system the natural frequen-
cies of free un-damped vibration are determined in the first step, whereby the damped natu-
ral frequencies of vibration can be calculated. In this same step the modes of vibration are 
determined, which describe the shape of the displacements. The dynamic response is then 
evaluated by taking the mode-shape vector times the modal coordinate, obtained by the use 
of Duhamel’s integral, and summing these mode displacements. 

Equation of motion 

For a damped linearly elastic multi-degree-of-freedom system subjected to earthquake excita-
tion, see Figure 3.6, the equation of motion governing the displacements 1(/) is (see e.g. 
Chopra, 2001): 

 *13 + �12 + )1 = .,--(/) 
 
where * is the mass matrix, �    the viscous damping matrix and ) the stiffness matrix. The 
effective earthquake force .,--(/) is 

 .,--(/) = −*13 4(/) 
 
where 13 4(/) is the ground acceleration.  

 

 

(3.47)

(3.46)

(3.45)
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Figure 3.6 Two-degree-of-freedom system exposed to ground motion and the equivalent 
system with externally applied effective forces (schematic figure). 

Free vibration 

The natural frequencies of vibration, C� (� = 1, 2, … ), and modes, B� (� = 1, 2, … ), for the 
un-damped linearly elastic system are determined by studying the free vibration of the system 
(see e.g. Chopra, 2001). The equation of motion is thus: 

 *13 + )1 = 0 
 
The free vibration of this system in one of its natural modes can be described by:  

 uuuu((((/)))) = ��(/)B� 
 
where ��(/) describes the time variation of the displacement and, assuming a simple har-
monic motion, can be expressed as: 

 ��(/) = �� cos C�/ + t� sin C�/ 
 
Substituting this in the equation of motion gives: 

 E) − C�a*IB� = � 
 
which has nontrivial solutions if:  

 detE) − C�a*I = 0 
 
By calculation of the determinant the natural frequencies of vibration are obtained, whereby 
the corresponding modes can be determined. The natural frequency of damped 

(3.52)

(3.51)

(3.50)

(3.49)

(3.48)
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tion, C��, is related to the natural frequency of un-damped vibration, C�, through the damp-
ing ratio for each mode, ?�:  

 

C�� = C��1 − ?�a 
 
The relation between the damping ratio for each mode and the damping is given below. 

Response to dynamic loading 

The dynamic response 1(/) of a damped linearly elastic multi-degree-of-freedom system is 
obtained by the mode superposition technique and expressed as (see e.g. Chopra, 2001): 

 

uuuu((((/)))) = ���� B���((((/))))�
��6

 
 
Substituting this equation in the equation of motion gives: 

 ���3�(/) + ���2�(/) + ���(/) = ��(/) 
where:  

 �� = B��mB�           �� = B��cB�           � = B��kB�           ��(/) = B��p���(/)  
 ��, ��, � and ��(/) are called the generalized mass, generalized damping, generalized stiff-
ness and generalized force for the nth mode. The generalized viscous damping, ��, is related 
to the damping ratio for each mode, ?�, by: 

 

?� = ��2��C� 
 
where C� is the nth natural frequency of vibration for the system without damping.  

The modal coordinates ��(/) are evaluated using Duhamel’s integral, but now with the 
generalized properties for mass and force inserted:   

 

��(/) = 1��C�� w ��(#)x
y e�{�|�(~��)sinEC��(/ − #)I !# 

 
By the use of trigonometry and laws of exponents the expression can be rewritten: 

(3.58)

(3.57)

(3.56)

(3.54)

(3.55)

(3.53)
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��(/) = 1��C��e{�|�~ w ��(#)e{�|�~x
y Esin C��/ cos C��# − cos C��/ sin C��#I!# 

 
which, in order to facilitate the evaluation of the expression, is written as: 

 

��(/) = 1��C�� ∙ sin C��/e{�|�~ w ��(#)e{�|�~x
y

fcos C��# !#f − 

1��C�� ∙ cos C��/e{�|�~ w ��(#)e{�|�~x
y

fsin C��# !#f 
 
The condition concerning the time interval !# is the same as for the one-degree-of-freedom 
system, that is, !# ≤ � 10⁄ . 

Stiffness of springs in a series 

The resulting stiffness, (a, of two springs connected in a series with individual stiffnesses (a6 

and (aa, see Figure 3.6, is: 

 

(a = � 1(a6 + 1(aa��6 
 
Furthermore can the total displacement, ∆0a, be expressed in terms of the flexibility %, which 
is the inverse of the stiffness, and the externally applied force, � : 
 

∆0a = (%a6 + %aa) ∙ � = �(a6 + �(aa = �(a 
 
The total displacement, ∆0a, being the elongation or compression of the composite spring, is 
the sum of the deformations of each separate spring: 

 ∆0a6 + ∆0aa = ∆0a 
 
Combining Eqs. (3.61) and (3.62) gives: 

 �(a = �(a6 + ∆0aa 
 
Solving for the deformation ∆0aa and inserting: 

(3.59)

(3.62)

(3.63)

(3.64)

(3.61)

(3.60)
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 � = (a ∙ ∆0a 
 
gives: 

 

∆0aa = �(a − �(a6 = (a ∙ ∆0a(a − (a ∙ ∆0a(a6 = ∆0a �1 − (a(a6� 
 
The solving of ∆0a6 is done in the same way. Knowing the deformations of the individual 
springs the stresses within each spring can be determined:  

 Aa6 = (a6 ∙ ∆0a6 
 Aaa = (aa ∙ ∆0aa 

3.3 Theory used in Abaqus/Explicit 

Abaqus/Explicit is a finite element program using an explicit dynamics step-by-step method, 
which allows for highly nonlinear problems and high-speed dynamic events, such as short-
duration blast problems. The Abaqus/Explicit also allows complex contact conditions to be 
formulated and material to degrade and finally fail, which can be used to model e.g. interfaces 
between different materials and the emergence of cracks within a material.  

The analysis within the Abaqus/Explicit is implemented using an explicit central differ-
ence integration rule, that is, a finite difference approximation of the time derivatives of dis-
placement (i.e. velocity and acceleration), together with diagonal lumped element mass matri-
ces (ABAQUS, Inc., 2007:2). The accuracy of the method is determined by the length of the 
time incrementation, which is controlled by the stability limit of the central difference opera-
tor and thus determined fully automatic by the program.  

The following representation of the explicit time integration method, including the time 
incrementation and the stability limit, is based on the description given in the Abaqus manu-
als (see e.g. ABAQUS, Inc., 2007:1 or ABAQUS, Inc., 2007:2). 

3.3.1 Explicit time integration 

The condition of dynamic equilibrium, Newton’s second law, is used to calculate the accel-
erations at the beginning of the increment. That is, the inertia forces – the nodal mass matrix, �, times the accelerations, 13  – equals the externally applied forces, �, minus the internal 
forces, �: 
 �13 (x) = f�(x) − �(x) f (3.68)

(3.65)

(3.66)

(3.67)
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The subscript (x) denotes the values at the beginning of the time increment. To solve for the 
accelerations the inverse of the diagonal lumped mass matrix is used: 

 13 (x) = ��6��(x) − �(x)� 
 
The accelerations are then integrated through time using the explicit central difference inte-
gration rule. Hence, to determine the velocities, 12 , at the middle of the current increment, the 
changes in velocities are calculated, presuming constant accelerations within the increment, 
and added to the velocities at the middle of the previous increment: 

 

12 (x�∆x a⁄ ) = 12 (x�∆x a⁄ ) + ∆/(x�∆x) + ∆/(x)
2 13 (x) 

 

The subscripts (x�∆x a⁄ ) and  (x�∆x a⁄ ) denote the mid-increment values. Thereafter the dis-
placements,    1, at the end of the increment can be determined by integrating the velocities 
through time and adding these changes in displacements to the displacements at the begin-
ning of the increment: 

 1(x�∆x) = 1(x) + ∆/(x�∆x)12 (x�∆x a⁄ ) 
 

The known value of 12 (x�∆x a⁄ ), from the previous time increment, and 13 (x) are used to ad-
vance the kinematic state. In order to start the central difference operator the initial values of 
velocities and accelerations have to be defined (at time zero). Unless these are specified by 
the user they will be set to zero. That is:  

 

12 (�6 a⁄ ) = 12 (y) + ∆/(6)
2 13 (y) 

 

which substituted in the expression for 12 (x�∆x a⁄ ) defines the mean velocity 12 (�6 a⁄ ):  
 

12 (�6 a⁄ ) = 12 (y) − ∆/(y)
2 13 (y)  

3.3.2 Time incrementation and stability limit 

The explicit central difference integration method is conditionally stable, which means that it 
leads to bounded solutions if the time increment is shorter than some stability limit. The 
stability limit (un-damped) depends solely on the highest natural frequency of the system: 

 

(3.71)

(3.72)

(3.73)

(3.69)

(3.70)
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∆/ ≤ 2C'&8 
 
The time incrementation is determined automatically by the program. An algorithm to de-
termine the highest frequency for every element as well as an algorithm to determine the 
highest frequency of the entire model is being used. For each element a trial stable time in-
crement is computed using: 

 

∆/ = 2C'&8,�,',D~ 
 
which also can be written: 

 

∆/ = min ������ 
 

�� being the characteristic element dimension and �� the effective dilatational wave speed of 
the material. For the complete definitions of these parameters see e.g. ABAQUS, Inc. 
(2007:2). 

3.3.3 Example 

To illustrate the fundamental principle of calculations using Abaqus/Explicit consider the 
example taken from ABAQUS, Inc. (2007:1). The example demonstrates how a stress wave 
propagates along a rod modelled with three elements, each of length �, see Figure 3.7. The 
rod is fixed in one end and free at the other, where a force, �, is applied.  

 

 

Figure 3.7 A rod, fixed at one end, with an externally applied force �. The filled circles 
symbolize the nodes (not joints). 

First time increment 

In the first time increment the applied force, �, gives rise to an acceleration, 03 6, of node 1, 
giving the node a velocity,  02 6. The strain rate,  =2��6,  of element 1, caused by the velocity of 
the node, can then be obtained by integrating the strain rate through the increment time. By 
use of the constitutive material relationship an internal stress in element 1 can be determined. 
Figure 3.8 shows the forces acting during the first time increment. 

(3.74)

(3.75)

(3.76)
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Figure 3.8 First time increment. The nodes are displayed, separated from the elements, 
with the external and internal forces that act on them.  

Node 1: 03 6 = ���                   �   02 6 = � 03 6!/ 

Element 1:  �    =2��6 = ��2 ��       �   Δ=��6 = � =2��6 !/     �   =��6 =  =y +  Δ=��6    �    A��6 = �=��6 

Second time increment 

In the second time increment the internal stress in element 1 cause forces on the nodes of 
element 1, nodes 1 and 2, see Figure 3.9, and the condition of dynamic equilibrium is used 
for each node to calculate new internal forces in element 1 and 2.  

 

 

Figure 3.9 Second time increment. The nodes are displayed, separated from the ele-
ments, with the external and internal forces that act on them.  

Node 1: 03 6 = �� ¡¢���             �   02 6 = 02 6£�¤ + � 03 6!/ 

Node 2: 03 a =  ¡¢��¥                  �   02 a = � 03 a!/ 

Element 1:  �    =2��6 = �2 ¥��2 ��    �  Δ=��6 = � =2��6 !/    �  =��6 =  =��6£�¤ +  Δ=��6    �  A��6 = �=��6 

Element 2:  �    =2��a = ��2 ¥�        �  Δ=��a = � =2��a !/    �  =��a =  =��a£�¤ +  Δ=��a    �  A��a = �=��a 
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Third time increment 

In the third time increment the internal stress in element 1 and 2 cause forces on the nodes 
of element 1 and 2, nodes 1, 2 and 3, see Figure 3.10, and again the condition of dynamic 
equilibrium is used for each node to calculate new internal forces in element 1, 2 and 3. 

 

 

Figure 3.10 Third time increment. The nodes are displayed, separated from the elements, 
with the external and internal forces that act on them.  

Node 1:  03 6 = �� ¡¢���            �    02 6 = 02 6£�¤ + � 03 6!/ 

Node 2: 03 a =  ¡¢�� ¡¢¥�¥         �    02 a = 02 a£�¤ + � 03 a!/ 

Node 3: 03 M =  ¡¢¥�¦                 �    02 M = 02 M£�¤ + � 03 M!/ 

Element 1:  �   =2��6 = �2 ¥��2 ��    �   Δ=��6 = � =2��6 !/   �  =��6 =  =��6£�¤ +  Δ=��6    �  A��6 = �=��6 

Element 2:  �   =2��a = ��2 ¥�        �   Δ=��a = � =2��a !/   �  =��a =  =��a£�¤ +  Δ=��a    �  A��a = �=��a 

Element 3:  �   =2��M = �2 ¦��2 ¥�    �  Δ=��M = � =2��M !/    �  =��M =  =��M£�¤ +  Δ=��M    �  A��M = �=��M 

 

Nth time increment 

The time stepping continues until the desired total time is reached. For every time step the 
element stresses from the previous time step are used to calculate dynamic equilibrium at the 
nodes and hence new internal stresses in the elements. 
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4. Numerical models 

The evaluated models are one-dimensional and the point detonation is presumed to be posi-
tioned within the rock, perpendicular to the free surface of the rock at the point of observa-
tion. Hence, the models describe the stress response in one discrete point. In addition, one 
finite element model that describes a two-dimensional displacement field is tested for com-
parison. 

The incident disturbing stress wave used in evaluating the different types of models is 
derived from the scaling law for rock together with the presumption of a characteristic fre-
quency. That is, the applied disturbance is a theoretically defined approximation to those 
observed in situ. It thus provides a clear relation between the disturbance expressed as accel-
eration, velocity, displacement and stress and therefore enables comprehensible comparisons 
to be made between the different types of models and ways of defining the incident disturb-
ing stress wave. The evaluation is made for a detonation of 2 kg of explosives concentrated 
at one point positioned below the rock surface. The rock is presumed to be Swedish and the 
shotcrete thickness is kept constant at 0.05 m. The Young’s modulus of elasticity is 30 GPa 
for the shotcrete.  

4.1 Incident stress wave 

The incident stress wave can either be described by the stress derived from the particle veloc-
ity, as in the case with the elastic stress wave model, or directly by the particle acceleration, as 
in the case with the structural dynamic model. By analysing the frequency content of the ac-
celerations measured in situ in the LKAB Kiirunavaara iron-mine it has been showed that good 
agreement with the response for the real signal is obtained when approximating the signal 
with a sine wave containing only the dominating frequency of the original signal (Ansell, 
1999). As an initial step in evaluating the models the accelerations are thus presumed to vary 
as a sine wave, with maximum particle accelerations obtained from the scaling law for vibra-
tions in rock and with frequency derived from the distance between cracks.  

4.1.1 Forecasted acceleration, velocity and displacement 

The expressions stated in section 2.1 governing the peak particle velocity 5§¨© at a distance � from one point-charge of weight � and the characteristic frequency % are used to calculate 
the variation of the incident stress wave. Values of the constants 56 and ; in Eq. 2.1 are 
given values typical for Swedish granite, presented by e.g. Ouchterlony et al. (1993). The fol-
lowing expression, suggested by Ansell (2002:1), is used for the numerical examples within 
this report: 

 

5'&8 = 700 ∙ R �S�T�6.¬y  Emm sI⁄  

 
The distance � is given in m and the weight of the explosives � in kg, giving the peak parti-
cle velocity in mm/s. For Swedish granite with distance between cracks � of 0.5 m, a 
Young’s modulus � of 40 GPa and a density @ of 2500 kg/m3 together with a charge weight 

(4.1)
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� of 2 kg positioned 4 m below the rock surface, the peak particle acceleration 0.5 m below 
the rock surface is 2259 m/s2  (� = 3.5 m) and the characteristic frequency is 2000 Hz. For � = 4.0 m the peak particle acceleration is 1849 m/s2. 

Presuming that the particle acceleration can be approximated by a sinusoidal time varia-
tion gives: 

 �(/) = −2¯% ∙ 5'&8 ∙ sin(2¯% ∙ /)             0 ≤ / ≤ � 
 5(/) = 5'&8 ∙ cos(2¯% ∙ /) + t                  0 ≤ / ≤ � 
 !(/) = 5'&82¯% ∙ cos(2¯% ∙ /) + t ∙ / + �          0 ≤ / ≤ � 
governing the particle acceleration �(/), the particle velocity 5(/) and the particle displace-
ment !(/) perpendicular to the rock wall. Depending on the initial velocity condition the 
constants t and � will be different. For the particle motion to be described by a sinusoidal 
variation, that is, a motion starting at zero, increasing to its maximum amplitude, decreasing 
to its minimum amplitude and then returning to zero, the initial velocity condition has to be 
set to its maximum amplitude, giving: 

 5(0) = 5'&8     �     t = 0           and  !(0) = 0    �    � = 0 
The derived incident stress will hence vary as a cosine wave starting at its maximum ampli-
tude. That is, the stress will change abruptly at the beginning and at the end of the stress 
wave, the rise time being infinitesimal. If the initial velocity condition is set to zero instead, it 
results in the following constants: 

 5(0) = 0     �     t = −5'&8        and !(0) = 0    �    � = 0 
The latter case describes a particle motion in one direction, starting at zero and at the end of 
the period reaching its minimum. This approach does not describe the desired phenomena, 
but will, however, prove to be of importance in the understanding of the behaviour of some 
numerical models. The algorithm used to compute the forecasted particle acceleration load 
used in the structural dynamic models is given in Figure 4.1 and the one used to compute the 
forecasted particle velocity load is given in Figure 4.2. The calculations have been made using 
the numerical software Matlab (Jönsson, 2006) and the corresponding routines are given in 
Appendix A.1 and A.2. The resulting time variations are shown in Figure 4.3 and 4.4, respec-
tively. In order to determine a time interval that gives an adequate description of the pre-
sumed sine wave acceleration the lowest sampling frequency %	&'� required is computed 
using the Nyquist Theorem: 

%	&'� = 2 ∙ % 

where % is the characteristic frequency of the load. The time interval ∆/ is then chosen to be 
0.001 ms (10-6 s), which is lower than the required sampling frequency. 

  

(4.2)

(4.3)

(4.4)

(4.5)
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Figure 4.1 Algorithm 1: Calculation of forecasted incident particle acceleration, presum-
ing sinusoidal variation, used in the structural dynamic models. 

Figure 4.2 Algorithm 2: Calculation of forecasted incident particle velocity, presuming 
the acceleration to vary sinusoidal, used in the elastic stress wave model. 

  

��°�± = S��°�± @�°�±⁄  
% = ��°�± 4�⁄  
� = 1 %⁄  

5'&8 = 56 ∙ �� S�⁄ ��U 

�(/) = −�'&8 ∙ sin(2¯% ∙ /)           0 ≤ / ≤ � 

1. Give the value of Young’s modulus of elasticity ��°�± for rock. 
2. Compute the wave propagation velocity in rock ��°�± from 

3. Compute the characteristic frequency % from the crack width � using  

4. Compute the period � from 

5. Compute the maximum peak particle velocity at distance � from charge � using 

6. Assuming a sine wave variation compute the maximum peak particle acceleration 
from �'&8 = 2¯% ∙ 5'&8  

7. Compute the acceleration load time-signal from  

% = ��°�± 4�⁄  
� = 1 %⁄  
5'&8 = 56 ∙ �� S�⁄ ��U 

1. Compute the characteristic frequency % from the crack width � using  

2. Compute the period � from 

3. Compute the maximum peak particle velocity at distance � from charge � using 

4. Compute the velocity-time-signal from  5(/) = 5'&8 ∙ cos(2¯% ∙ /)           0 ≤ / ≤ �  



Modelling of dynamically loaded shotcrete 

 

32 

Figure 4.3 The derived particle acceleration, velocity and displacement with the condi-
tion of initial velocity equal to its maximum amplitude. 
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Figure 4.4 The derived particle acceleration, velocity and displacement with the condi-
tion of initial velocity equal to zero.   
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4.1.2 In situ measured accelerations 

As part of the testing of the models, in situ recorded acceleration-time history data from the 
LKAB Kiirunavaara iron-mine is used as input (Ansell, 1999). At each test site are seven mea-
surement points, four being located at the surface of the rock and three under the surface. 
Point 1 is located closest to the charge and point 7 furthest away from the charge. For the 
numerical examples, the accelerometer readings perpendicular to the rock surface at mea-
surement point 3 and 7 at test site 3 are chosen, see Figures 4.5 (a) and 4.6 (a). At point 7 is 
no damage observed after the detonation, whereas at point 3 drumminess is detected. 

The sampling frequency %	&'� of these in situ measured accelerations is 100 kHz, giving 

a time interval ∆/ of 0.01 ms (10-5 s). For an adequate description of the presumed sine wave 
acceleration (see section 4.1.1), a time increment ∆/ of 0.001 ms (10-6 s) is considered to be 
needed and therefore the same time interval is used for the in situ measured accelerations. 
Thus, a linear interpolation is made between the measured points. The time history of the 
measured accelerations furthermore contain quite some noise and only the first part of the 
signal up to the peak particle velocity is considered (Ansell, 1999). For the velocity to return 
to zero the acceleration-time history is then mirrored, see Figures 4.5 (b) and 4.6 (b). The 
numerically determined velocity-time histories are shown in Figure 4.5 (c) and 4.6 (c). Since 
the accelerometer readings are from the surface of the rock, these velocities have to be di-
vided by two to give the correct velocities at the interface between the rock and the shotcrete 
used in the numerical examples (Ansell, 1999).  
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Figure 4.5 (a) In situ measured acceleration at test-site 3, measurement point 3, and (b) 
extracted approximate acceleration and (c) numerically determined velocity. 
Notations according to Ansell (1999). 
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Figure 4.6 (a) In situ measured acceleration at test-site 3, measurement point 7 (furthest 
away from detonation), and (b) extracted approximate acceleration and (c) 
numerically determined velocity. Notations according to Ansell (1999). 
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4.2 Elastic stress wave model 

In the following are only the main outlines concerning the elastic stress wave model in-
cluded. A thorough description of the model is given in the master thesis by James (1998) 
and in the doctoral thesis by Ansell (1999). The elastic stress wave model is purely one-
dimensional and the material is presumed linearly elastic. Since the longitudinal wave is pre-
sumed to cause the first and major stress influence, this type of wave is the only one consid-
ered in the model. Furthermore is the effect of damping disregarded. The time interval ∆/ is 
determined from the sampling frequency of the incident stress wave. That is, the chosen time 
interval should be able to describe the wave adequately. Thereafter the shotcrete lining is 
divided into � elements, the thickness of each element ∆$ being determined so that in each 
time increment the wave has propagated a distance of one element. A graphical description 
of the model is given in Figure 4.7. 

In modelling the stress wave propagation in the shotcrete according to the theory for 
elastic stress waves (see section 3.1) the stress wave is presumed to be transmitted and re-
flected at boundaries and subsequently the stresses travelling in the positive and negative 
directions are superposed to give the total stress within each element of the shotcrete lining. 
Recalling the expressions governing the transmitted and reflected stress waves, see section 
3.1.4, and with the specific impedance of a material defined as: 

 ³´£µ¶ = �´£µ¶ ∙ @´£µ¶ ∙ �´£µ¶ 
 
the coefficients for transmission ��/� and reflection ��/� can, for the unity cross-sectional 
area, be expressed as: 

 

�� = f 2³´£µ¶³´£µ¶ + ³V·£x f 
  

�� = ff³´£µ¶ − ³V·£x f
³´£µ¶ + ³V·£x f 

  
�� = f 2³V·£x³´£µ¶ + ³V·£x f 

  
�� = ff³V·£x − ³´£µ¶ f

³´£µ¶ + ³V·£x f 
 
The �/� sign indicate if the incident wave is propagating in the positive or negative direction. 

To obtain the incident stress wave caused by the explosion, the accelerations acting at 
the interface of rock and shotcrete first have to be integrated to obtain the velocities, where-
by the stresses can be determined. For the case of accelerations presumed to vary sinusoidal, 
the integration is made analytically, knowing the peak particle velocity from the scaling law 
for rock. For the in situ measured accelerations, the integration is made using a numerical 

(4.10)

(4.9)

(4.8)

(4.7)

(4.6)
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method (e.g. the trapezium rule). In the latter case, attention has to be paid to the maximum 
amplitude of the derived velocity. The incident stress magnitude is considered to be constant 
within a small element of thickness !$, that is, the incident stress wave has a simplified, 
piecewise constant, step form. This implies that the accuracy of the response increases as the 
time interval is decreased. The interval used in the example is 10-6 s and decreasing the inter-
val below this does not significantly change the stress response in the element closest to the 
rock surface. The algorithm used to compute the maximum tensile stress response within the 
shotcrete lining is given in Figure 4.8. The numerical software Matlab is then used to execute 
the calculations and the routine is given in Appendix A.3. 

 

 

Figure 4.7 Elastic stress wave model composed of a shotcrete lining with thickness �	¸°~ 
applied to a rock surface and exposed to a stress wave. The shotcrete lining is 
divided into � elements, each with thickness ∆$. 
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Figure 4.8 Algorithm 3: Calculation of stresses with an elastic stress wave model. 

  

A6,(¹�6)� = −A6,¹�  
A�,(¹�6)� = �(��6)� ∙ A(��6),¹� + �(��6)� ∙ A�,¹�  A�,(¹�6)� = ��� ∙ A(��6),¹� + ��� ∙ A�,¹�  
A�,(¹�6)� = ��� ∙ A�,¹� + ��� ∙ A6,¹�  
A�,(¹�6) = A�,(¹�6)� + A�,(¹�6)�  

1. Define the thickness �	¸°~ of the shotcrete and the cross-sectional areas ��°�± 
and �	¸°~.  

2. Define the densities @�°�± and @	¸°~ and the Young’s modulus ��°�± and �	¸°~ of 
rock and shotcrete respectively.  

3. Compute the wave propagation velocities for the rock and the shotcrete respec-
tively ��°�± = S��°�± @�°�±⁄      and     �	¸°~ = S�	¸°~ @	¸°~⁄   

4. Define the grid in the x-t-plane:  ∆/ = 1 %	&'�⁄     and     ∆$ = �	¸°~ ∙ ∆/  
5. Compute the impedance for the rock and the shotcrete respectively ³�°�± = ��°�± ∙ @�°�± ∙ ��°�±    and     ³	¸°~ = �	¸°~ ∙ @	¸°~ ∙ �	¸°~ 
6. Determine the transmission and reflection coefficients for each interface � ac-

cording to Eqs. 4.7 – 4.10. 

7. Compute the incident particle velocities with the algorithm in Figure 4.2 or im-
port a measured acceleration-time history. The measured accelerations are inte-
grated, using e.g. the trapezium rule, to get the velocity-time history.  

8. Determine the incident stress from A(/) = @�°�± ∙ ��°�± ∙ 5(/)  
9. Update the stresses for each time-step, º = 1, 2, 3, … , (size of stress matrix), and 

for each element, � = 1, 2, 3, … , �. The �/� sign indicate if the incident wave is 
propagating in the positive or negative direction. 

a. Boundary condition at free end 

b. Boundary condition within the shotcrete lining 

c. Boundary condition at rock-shotcrete interface 

d. Assemble the total stress within each element 

10. Find the maximum tensile stress A'&8 by evaluating the stress matrix. 
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4.3 Structural dynamic models 

The structural dynamic models are one-dimensional. The rock and the shotcrete are further-
more presumed to behave linearly elastic. Two types of models will be evaluated; one includ-
ing only the shotcrete lining and one including both the fractured rock and the shotcrete 
lining. Lumped masses interconnected with springs, corresponding to the axial stiffnesses of 
the rock and the shotcrete in the length direction, are the fundamental components of the 
systems. To enable correct comparisons to be made with the elastic stress wave model, 
damping will not be considered during the evaluation process. Yet, to give a more true repre-
sentation of the actual course, damping can be included. The numerical software Matlab is 
used to perform the calculations. The routines, based on the algorithms in Figure 4.9 and 
4.10, are given in Appendix A.4 and A.5. 

The method will be affected by the choice of coordinates for the lumped masses. The 
lumped masses can e.g. be considered to be concentrated to the surfaces of each element or 
to the centre of gravity, which will influence the stiffnesses of the springs interconnecting the 
masses and the amount of vibrating mass included in the analysis. The difference between 
the two approaches is negligible when the rock and the shotcrete are divided into a sufficient 
number of elements, but evident when divided into only a few elements. Furthermore, the 
cross-sectional area of the modelled rod of rock and shotcrete will determine the mass, but is 
also part of the expression for the axial stiffness, wherefore the cross-sectional area will be of 
no importance for the result. The cross-sectional area is thus set to unity in these analyses. 

Different geometrical approaches to model only the shotcrete lining exposed to an inci-
dent disturbing stress wave (acceleration) are shown in Figure 4.11. The first approach con-
siders lumped masses positioned at the centres of gravity, (a) and (c). Figure 4.11 (a) shows 
the shotcrete represented by one element with its mass lumped at the centre of gravity and 
connected to the rock surface with a spring corresponding to the axial stiffness of half the 
shotcrete thickness. In Figure 4.11 (c) the shotcrete is divided into two elements, each with 
its mass lumped at its centre of gravity. The spring interconnecting the rock and the shot-
crete is represented by the axial stiffness of one fourth of the shotcrete thickness, the dis-
tance between the rock surface and the first lumped mass. The spring interconnecting the 
two shotcrete elements corresponds to the axial stiffness of half the shotcrete thickness, the 
distance between the lumped masses. Following this methodology the shotcrete can be di-
vided into numerous elements. But, as will be shown, this will have little or no influence on 
the maximum tensile stress response within the shotcrete lining, as long as the masses are 
positioned at each elements centre of gravity. 

The second approach is to divide the mass of each shotcrete element in two and lump 
the masses at the surfaces of each element. When the shotcrete is regarded as only one ele-
ment, one mass follows the movement of the rock surface and the other is positioned at the 
outer surface of the shotcrete lining, see Figure 4.11 (b). The two masses are interconnected 
with a spring representing the stiffness of the whole shotcrete thickness. This implies that 
one half of the mass is excluded from the actual structural dynamic system. Figure 4.11 (d) 
shows a model with the shotcrete divided into two elements and, as for the model with 
masses at each elements centre of gravity, the shotcrete can be divided into numerous ele-
ments following the same methodology. For this model, the number of elements has a great 
effect on the stress response. 

The same approaches are adopted for the systems including the fractured rock and the 
shotcrete lining, see Figure 4.12. Worth noting is that the spring interconnecting the frac-
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tured rock and the shotcrete, for systems (a) and (c), is composed of two separate springs; 
one representing the axial stiffness of rock and one the axial stiffness of shotcrete. 

The geometrical description and the application of the acceleration load will influence 
the stress response, which is demonstrated in the following sections. The (ground) accelera-
tion is determined at the interface of intact and fractured rock, � = 3.5 m, and at the inter-
face of rock and shotcrete, � = 4.0 m, measured from the point of detonation of 2 kg of 
explosives.  

 

Figure 4.9 Algorithm 4: Calculation of stresses for a system including both fractured 
rock and shotcrete.  

E) − C�a*IB� = � 

.,--(/) = −" ∙ ¼(/) 

��(/) = 1��C� w ��(#)x
y sinEC�(/ − #)I !# 

uuuu((((/)))) = ���� ��(/)B�
½

��6
 

1. Define the thicknesses ��°�± and �	¸°~ for the rock and the shotcrete respectively 
and the cross-sectional area �.  

2. Define the densities @�°�± and @	¸°~ and the Young’s modulus ��°�± and �	¸°~ of 
rock and shotcrete respectively.  

3. Define the damping ratio ?. 

4. Compute the masses "�°�± and "	¸°~ and the axial stiffnesses (�°�± and (	¸°~ 
from: "¾ = �¾ ∙ �¾ ∙ @¾    and    (¾ = (�¾ ∙ �¾) �¾⁄  

where �¾ is the length of each element. 

5. Thereafter assemble the mass matrix * and the stiffness matrix ). 

6. Determine the natural frequencies C� and the modes of vibration B� by solving 
the eigenvalue problem: 

7. Compute the incident particle acceleration-time history with Algorithm 1 in Fig-
ure 4.1 or import a measured acceleration-time history. 

8. Compute the effective force .,--(/) from: 

9. Compute the time vector /. 

10. Determine the generalized properties �� and �� from: �� = B��mB�       and      ��(/) = B��p,--(/) 

11. Compute the modal coordinates ��(/) using Duhamel’s integral: 

12. Compute the response from: 

13. Find the maximum tensile stress A'&8 in rock and shotcrete from the differences 
in displacements between the masses during the time interval studied. 
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Figure 4.10 Algorithm 5. Calculation of stresses for a system including only shotcrete. 

"¾ = �¾ ∙ �	¸°~ ∙ @	¸°~              and             (¾ = (�	¸°~ ∙ �	¸°~) �¾⁄  

C = S( "⁄  

E) − C�a*IB� = � 

+,--(/) = −" ∙ �(/) 

.,--(/) = −* ∙ ¿(/) 

0(/) = 1"CD w +(#)x
y sinECD(/ − #)I !# 

��(/) = 1��C� w ��(#)x
y sinEC�(/ − #)I !# 

uuuu((((/)))) = ���� ��(/)B�
½

��6
 

1. Define the thickness �	¸°~ and the cross-sectional area �	¸°~ of the shotcrete.  

2. Define the densities @�°�± and @	¸°~ and the Young’s modulus ��°�± and �	¸°~ of 
rock and shotcrete respectively.  

3. Define the damping ratio ?. 

4. Compute the mass " and the axial stiffness ( from: 

where �¾ is the length of each element. 

5. For a multi-degree-of-freedom system assemble the mass matrix * and the stiff-
ness matrix ). 

6. For a one-degree-of-freedom system determine the natural frequency of vibration 
from: 

or, for a multi-degree-of-freedom system determine the natural frequencies C� 
and the modes of vibration B� by solving the eigenvalue problem: 

7. Compute the incident particle acceleration-time history with Algorithm 1 in Fig-
ure 4.1 or import a measured acceleration-time history. 

8. For a one-degree-of-freedom system compute the effective force +,--(/) from: 

or for a multi-degree-of-freedom-system compute .,--(/) from: 

9. Compute the time vector /. 

10. For a multi-degree-of-freedom system determine the generalized properties �� 
and �� from: �� = B��mB�       and      ��(/) = B��p,--(/) 

11. For a one-degree-of-freedom system compute the displacements directly using 
Duhamel’s integral: 

or for a multi-degree-of-freedom system compute the modal coordinates ��(/) 
using Duhamel’s integral: 

12. For a multi-degree-of-freedom system compute the response from: 

13. Find the maximum tensile stress A§¨© from the displacements. 
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Figure 4.11 Structural dynamic models including only shotcrete exposed to ground mo-
tion, with masses in (a) and (c) at the centre of gravity and (b) and (d) at the 
surfaces of each element. � denotes the distance used in the scaling law for 
rock. 



Modelling of dynamically loaded shotcrete 

 

44 

 

Figure 4.12 Structural dynamic models including both fractured rock and shotcrete ex-
posed to ground motion, with masses in (a) and (c) at the centre of gravity 
and (b)and (d) at the surfaces of each the element. � denotes the distance 
used in the scaling law for rock. 
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4.3.1 Degree of discretisation 

Mass at the centre of gravity of each element 

For the shotcrete thicknesses of relevance in this study the degree of discretisation of the 
shotcrete has almost no influence on the resulting maximum stress level developed within 
the shotcrete. That is, if the shotcrete is kept as one mass or divided into several masses is of 
no importance. Yet, the greater the thickness the more important the degree of discretisation 
will be. When the fractured rock is included in the model the resulting maximum stress level 
developed within the shotcrete is greatly dependent on the degree of discretisation of the 
fractured rock. The stress responses for an increasing number of elements are shown in Fig-
ure 4.13 and 4.14; the first for a model including only shotcrete and the latter for a model 
including both fractured rock and shotcrete. The greatest stress level is obtained in the shot-
crete closest to the rock and is thereafter descending to zero at the free surface. 

Mass at the surfaces of each element 

For models with masses concentrated at the surfaces of each element the degree of discreti-
sation is of great importance both for the fractured rock and the shotcrete, as can be seen in 
Figures 4.15. and 4.16. The figures show the maximum tensile stress in the shotcrete for an 
increasing number of elements; the first for a model including only shotcrete and the second 
for a model including both fractured rock and shotcrete. By dividing the rock and the shot-
crete into an increasing number of elements more and more of the mass will be included in 
the analysis. For example, regarding the fractured rock as one element implies that half its 
mass will follow the movement of the underlying rock and thus will not be considered in the 
analysis, causing a relatively low maximum tensile stress magnitude. 

 

 

Figure 4.13 Maximum tensile stress in shotcrete for model including only shotcrete. 
Masses are at the centre of gravity of each element. 
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Figure 4.14 Maximum tensile stress in shotcrete for a model including both fractured 
rock and shotcrete. When the number of rock elements is increased, the shot-
crete is constantly considered as one element and vice versa. The dotted line 
coincides with the continuous line. Masses are at the centre of gravity of each 
element. 

 

Figure 4.15 Maximum tensile stress in shotcrete for a model including only shotcrete. 
Masses are at the surfaces of each element. 
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Figure 4.16 Maximum tensile stress in shotcrete for a model including both fractured 
rock and shotcrete. When the number of rock elements is increased, the shot-
crete is constantly considered as one element and vice versa. Masses are at the 
surfaces of each element. 

Comparison 

If the division of the rock and the shotcrete is made so that a sufficient number of elements 
are obtained, so that the responses converge, the difference between the model with masses 
at the centre of gravity of each element and the model with masses at the surfaces of each 
element is insignificant, as can be seen in Figures 4.17 and 4.18. 

 

Figure 4.17 Maximum stress in shotcrete for models with masses at the centre of gravity 
and at the surfaces of each element. The models consist of fractured rock and 
shotcrete and the accelerations are applied according to earthquake theory. 
The dotted and continuous lines almost coincide. 
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Figure 4.18 Maximum stress in shotcrete for models with masses at the centre of gravity 
and at the surfaces of each element. The models consist of shotcrete only and 
the accelerations are applied according to earthquake theory. The dotted and 
continuous lines almost coincide. 

4.3.2 Application of acceleration 
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The acceleration, as applied to the structural dynamic models, does only describe an increase 
or a decrease in velocity and since no non-zero initial velocity condition can be stated it will 
describe a displacement in one direction only. The initial velocity will be zero by default, thus 
corresponding to the course of events described by the graphs in Figure 4.4. 

Mass at the centre of gravity of each element 

Different approaches of applying the incident acceleration on the systems are tried out and 
the effects are evaluated for the model including both fractured rock and shotcrete. The 
number of elements is chosen so that the maximum stress within the shotcrete converges. 
The first approach follows the theory of earthquake excitation presented in section 3.2. That 
is, the effective forces, caused by the ground acceleration, are applied at each mass at the 
same time instance and the magnitude and sign of the accelerations are the same for every 
mass. 

The next approach is to resemble a wave propagation by applying the effective force at 
each mass following a time scheme, determined by knowing how long time it takes for the 
disturbing wave to reach each mass. This method results in a stress response with slightly 
lower magnitudes and lower dominating frequency than for the model with no time adjust-
ment, see Figure 4.19.  
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Furthermore, if the accelerations applied on the rock and on the shotcrete are of oppo-
site signs the first tensile stress peak increases, whereas the following tensile peaks decrease. 
The influence on the dominating frequency of the response is insignificant. Figures 4.20, 4.21 
and 4.22 show the effect on the models with and without time adjustment. 

 

Figure 4.19 Maximum stress in shotcrete when the acceleration acting on each mass is 
applied with a time delay corresponding to the wave propagation time. The 
accelerations acting on each mass are of the same sign and magnitude. 

 

Figure 4.20 Maximum stress in shotcrete when the accelerations acting on the rock and 
on the shotcrete are applied with opposite signs. The accelerations acting on 
each mass are of the same magnitude and applied without time adjustment. 
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Figure 4.21 Maximum stress in shotcrete when the accelerations acting on the rock and 
on the shotcrete are applied with opposite signs. The accelerations acting on 
each mass are of the same magnitude and applied with a time delay corres-
ponding to the wave propagation time. 

 

Figure 4.22 Maximum stress in shotcrete when the accelerations acting on the rock and 
on the shotcrete are of the same magnitude, but applied with opposite signs 
for models with and without time delay.  
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theory of earthquake excitation, accelerations applied with a time delay corresponding to the 
wave propagation time and accelerations applied with opposite signs for the fractured rock 
and the shotcrete. The effects are evaluated for a model including both fractured rock and 
shotcrete and the number of elements is chosen so that the maximum stress within the shot-
crete converges. The resulting effects are similar to these obtained for the model with masses 
at the centre of gravity for each element, although the maximum tensile stress developed is 
slightly lower, see Figure 4.23, 4.24, 4.25 and 4.26. 

 

Figure 4.23 Maximum stress in shotcrete when the accelerations acting on each mass are 
applied with a time delay corresponding to the wave propagation time. The 
accelerations acting on each mass are of the same sign and magnitude. 

 

Figure 4.24 Maximum stress in shotcrete when the accelerations acting on the rock and 
on the shotcrete are applied with opposite signs. The accelerations acting on 
each mass are of the same magnitude and applied without time adjustment. 
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Figure 4.25 Maximum stress in shotcrete when the accelerations acting on the rock and 
on the shotcrete are applied with opposite signs. The accelerations acting on 
each mass are of the same magnitude and applied with a time delay corres-
ponding to the wave propagation time. 

 

Figure 4.26 Maximum stress in shotcrete when the accelerations acting on the rock and 
on the shotcrete are of the same magnitude, but applied with opposite signs 
for models with and without time delay.  
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4.4 Finite element models 

The engineering simulation software Abaqus (ABAQUS, Inc., 2007:1) is used to create the 
finite element models, to analyse the models and to view the results. Some of the models are 
created using the Abaqus/CAE interface, but most of them using manually written input 
data files. The models are further analysed with the Abaqus/Explicit solver. 

4.4.1 Geometry and type of elements 

A condition of plane strain is presumed to be applicable in the directions parallel to the free 
surface of shotcrete. This implies that either three-dimensional solid elements or two-
dimensional plane strain elements can be used to model the rock and the shotcrete. Further-
more, when modelling a rectangular rod of rock and shotcrete with an incident longitudinal 
wave striking the inner surface of rock (or shotcrete) two-dimensional truss elements can be 
used as well. Simplifying the model to a rectangular rod of rock and shotcrete also means 
that the displacements in the directions transverse to the wave propagation can be con-
strained using displacement boundary conditions, thus restricting the model to primarily de-
scribe particle displacements in the wave propagation direction. Figure 4.27 shows an exam-
ple of an Abaqus-model with plane strain elements and Table 4.4 describes the features of 
this model. The fractured rock and the shotcrete are here modeled with finite elements and 
the intact rock with infinite elements. The infinite elements are used to simulate a boundary 
with no reflection, also called a quiet boundary. Table 4.1 and 4.2 describe models with 
three-dimensional solid finite elements; the first a model with shotcrete elements only and 
the latter a model with both rock and shotcrete elements. It is to be noted that the ampli-
tudes describing the stress wave are dependent on the distance � to the point of detonation. 
A model with two-dimensional truss elements is described in Table 4.3. The cross-sectional 
area of the rod is insignificant as long as the incident disturbance is applied uniformly over 
the area. Decreasing the element size from 0.0125 m to 0.00625 m, that is, increasing the 
amount of elements by a factor four, gives slightly higher magnitudes of the stress response 
within the shotcrete element closest to the rock surface, see Figure 4.28. But, since the effect 
is so small, the elements size of the models here used are chosen to be 0.0125 m.  

In accordance with recommendations given in ABAQUS, Inc. (2007:1) for simulations 
of impact and blast loading, first-order elements are chosen. This since they have a lumped 
mass formulation, which is better able to model the effect of stress waves. First-order ele-
ments denote elements with nodes only at the corners, where linear interpolation between 
the nodes is used to find the displacements for all other points within the element. Further is 
the analysis made with the dynamic explicit method throughout all of the Abaqus-models. 
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Figure 4.27 Example of an Abaqus-model with intact rock (infinite elements), fractured 
rock (finite elements) and shotcrete (finite elements) modeled with plane 
strain elements. Displacements in the vertical direction are restricted. 

 

Figure 4.28 Stress response in the shotcrete element closest to the rock with incident dis-
turbance defined as boundary condition (acceleration) at the interface of in-
tact and fractured rock. 
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Table 4.1 Properties for the Abaqus/Explicit-model consisting of the shotcrete lining 
only and with three-dimensional solid continuum elements. 

Three-dimensional solid continuum elements 

Specific properties  Part  

 Shotcrete Fractured rock Intact rock 

Geometry Section 0.1 × 0.1 m2 - - 

 Thickness 0.05 m - - 

Elements Number 8 × 4 - - 

 Type C3D8R* - - 

Material Definition Elastic with density - - 

 
  

General properties 

Constraints - 

Boundary conditions 
Constrained displacement in the directions perpendicular to 
the wave propagation direction. 

 
Defined acceleration at the interface between fractured rock 
and shotcrete in the direction of wave propagation. 

Acceleration amplitude 
One period of a negative sine wave with maximum particle 
acceleration of 1849 m/s2 and frequency of 2000 Hz. 

* C3D8R: Explicit, continuum, 3D stress, 8-node linear, reduced integration, hourglass 
 control. 
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Table 4.2 Properties for the Abaqus/Explicit-model consisting of the shotcrete lining 
and the fractured rock and with three-dimensional solid continuum elements. 

Three-dimensional solid continuum elements 

Specific properties  Part  

 Shotcrete Fractured rock Intact rock 

Geometry Section 0.1 × 0.1 m2 0.1 × 0.1 m2 - 

 Thickness 0.05 m 0.50 m - 

Elements Number 8 × 4 8 × 40 - 

 Type C3D8R* C3D8R* - 

Material Definition Elastic with density Elastic with density - 

 
  

General properties 

Constraints Tie constraints between fractured rock and shotcrete 

Boundary conditions 
Constrained displacement in the directions perpendicular to 
the wave propagation direction. 

 
Defined acceleration at the interface between intact and frac-
tured rock in the direction of wave propagation. 

Acceleration amplitude 
One period of a negative sine wave with maximum particle 
acceleration of 2259 m/s2 and frequency of 2000 Hz. 

* C3D8R: Explicit, continuum, 3D stress, 8-node linear, reduced integration, hourglass 
 control. 
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Table 4.3 Properties for the Abaqus/Explicit-model consisting of the shotcrete lining 
and the fractured rock and with two-dimensional truss elements. 

Two-dimensional truss elements 

Specific properties  Part  

 Shotcrete Fractured rock Intact rock 

Geometry Section 0.1 × 0.1 m2 0.1 × 0.1 m2 - 

 Thickness 0.05 m 0.50 m - 

Elements Number 1 × 4 1 × 40 - 

 Type T2D2* T2D2* - 

Material Definition Elastic with density Elastic with density - 

 
  

General properties 

Constraints Tie constraints between fractured rock and shotcrete 

Boundary conditions 
Constrained displacement in the directions perpendicular to 
the wave propagation direction. 

 
Defined acceleration at the interface between intact and frac-
tured rock in the direction of wave propagation. 

Acceleration amplitude 
One period of a negative sine wave with maximum particle 
acceleration of 2259 m/s2 and frequency of 2000 Hz. 

* T2D2: Explicit, truss, 2D, 2-node linear. 
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Table 4.4 Properties for the Abaqus/Explicit-model consisting of the shotcrete lining, 
the fractured rock and the infinite intact rock and with two-dimensional solid 
continuum plane strain elements. (1)  The external disturbance, caused by the 
explosion, defined in four mutually exclusive ways and (2) their corresponding 
amplitudes. 

Two-dimensional solid continuum plane strain elements 

Specific properties  Part  

 Shotcrete Fractured rock Intact rock 

Geometry Width 0.1 m 0.1 m 0.1 – 0.2 m 

 Thickness 0.05 m 0.50 m 0.50 m 

Elements Number 8 × 4 8 × 40 8 × 1 

 Type CPE4R* CPE4R* CINPE4** 

Material Definition Elastic with density Elastic with density Elastic with density 

 
  

General properties 

Constraints Tie constraints between fractured rock and shotcrete 

Boundary conditions 
Constrained displacement in the direction perpendicular to the 
wave propagation direction. 

 
Defined acceleration/velocity/displacement at the interface 
between intact and fractured rock in the direction of wave 
propagation.(1)  

Load 
Defined stress-load (pressure) at the interface between intact 
and fractured rock in the direction of wave propagation.(1) 

Acceleration amplitude 
One period of a negative sine wave with maximum particle 
acceleration of 2259 m/s2 and frequency of 2000 Hz. (2) 

Velocity amplitude 
One period of a positive cosine wave with maximum particle 
velocity of 0.18 m/s and frequency of 2000 Hz. (2) 

Displacement amplitude 
One period of a positive sine wave with maximum particle 
displacement of 0.014 mm and frequency of 2000 Hz. (2) 

Stress amplitude 
One period of a positive cosine wave with maximum particle 
stress of 1.80 MPa and frequency of 2000 Hz. (2) 

*   CPE4R: Continuum stress/displacement, plane strain, 4-node bilinear, reduced 
 integration. 
** CINPE4: Continuum infinite, plane strain, 4-node bilinear, one-way infinite. 
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4.4.2 Incident disturbing stress wave 

The incident disturbing stress wave, caused by the explosion within the rock, is applied in 
two principally different ways; as a boundary condition, i.e. as acceleration, velocity or dis-
placement, and as a stress-load. The incident magnitude variations of velocity and displace-
ment are obtained by integration of the presumed sinusoidal variation of the acceleration. 
The incident magnitude variation of the stress is obtained using Eq. 3.18. When boundary 
conditions are used to describe the incident disturbance the magnitude is set to zero after the 
passing of the wave, to prevent the particle (node) acceleration at the interface between the 
intact and the fractured rock to increase at an unreasonable rate.  

Initial velocity condition with stress wave applied as boundary condition 

The displacement can be seen as the primary quantity used in calculating the stress within an 
element in Abaqus/Explicit. The displacement is used to calculate the strain, whereby the 
stress within the element is obtained using the constitutive relationship A = �=. If the distur-
bance is described by acceleration instead of displacement the acceleration is integrated to 

obtain the velocity, whereby the strain rate =2 is determined. Then, by integration of the strain 
rate the strain is obtained and the stress within the element is determined with the constitu-
tive relationship. To be able to integrate the acceleration some boundary condition has to be 
known. Unless specified, all initial conditions, i.e. velocity, acceleration and displacement, are 
set to zero by default. This implies that an initial nonzero velocity condition has to be de-
fined when describing the incident disturbing wave as acceleration, for the velocity to be 
represented correctly.  

If the initial velocity is zero, the integration of the acceleration will give a maximum ve-
locity magnitude twice the magnitude calculated from the scaling law, since the curve is 
forced to start at zero magnitude and hence will be translated in the vertical direction (see 
Figure 4.4). Thus, the velocity will start at zero, reach its maximum magnitude and then re-
turn to zero at the end of the period and the corresponding displacement will be in one di-
rection only, starting at zero and reaching its maximum magnitude at the end of the period. 
If the incident disturbance given as acceleration is to describe a wave where the magnitude of 
the velocity goes from zero to its maximum in an infinitesimally short time (see Figure 4.3), 
the initial velocity has to be set to its maximum magnitude in the analysis. When velocity or 
displacement is used as input data to represent the disturbing wave no initial condition has to 
be stated.  

Stress at start and end of period with stress wave defined as load 

When the incident disturbing wave is given as a stress variation it has to be defined with its 
start and end at zero. Else, the stress will be kept constant at the last defined magnitude 
throughout the analysis. Stating an initial velocity condition is not applicable for this case. 

Tabular data or periodic function 

The dependency on differentiation when giving the disturbance as displacement or velocity 
has implications on the method used to describe the incident wave, e.g. as tabular data or as a 
periodic function. When the displacement or velocity is defined by a piecewise linear ampli-
tude variation, i.e. the magnitudes are given for corresponding time points in a table, the dif-
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ferentiation of the displacement or the velocity is made using a numerical method to obtain 
velocity or acceleration respectively. For the disturbance described by tabular displacement 
data this implies that the velocity will be piecewise constant and the acceleration may be infi-
nite at the end of each time interval. It is therefore better to define the disturbance by tabular 
velocity data giving a piecewise constant acceleration variation.  

To reduce the effect of the numerical differentiation, a smoothing function can be used 
for the velocity. In Figure 4.29 the derived accelerations of the nodes at the interface of in-
tact and fractured rock are shown for incident disturbance defined as tabular acceleration, 
velocity and displacement data respectively. The irregular shape of the acceleration variation 
obtained when the disturbance is given as tabular displacement data will, however, not affect 
the stress response within the elements, since this depend directly on the displacement. De-
fining the disturbance as a periodic function of displacement or velocity, instead of tabular 
data, enables the program to perform analytical differentiation and eliminates these prob-
lems. However, due to that the incident stress has to be defined to start and end at zero, the 
stress variation is difficult to define as periodic data as long as it is to describe a cosine func-
tion, starting and ending at its maximum and with infinitesimal short rise time.  

 

Figure 4.29 Accelerations of the nodes at the interface of intact and fractured rock, ob-
tained from tabular acceleration, velocity and displacement data respectively 
(no smoothing). The jagged shaped curve is the acceleration response when 
tabular displacement data is used. The other two curves are smooth and coin-
cide. 

Adjustment of incident stress magnitudes 

The magnitude of the stress input data, computed from Eq. 3.18, has to be multiplied by two 
for the applied stress to give rise to an initial particle (node) acceleration equivalent to the 
one used to calculate the stress input data. This is due to the way that Abaqus/Explicit com-
putes accelerations from stresses. When the incident disturbance is defined as stress on a 
surface (element faces) the corresponding accelerations of the surface nodes will depend on 
the lumped masses. If the nodes at the surface of stress-load application are interconnecting 
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infinite and finite elements (or finite and finite elements) the lumped masses of the nodes will 
be made up of the masses corresponding to the infinite elements and to the finite elements. 
That is, twice the actual mass.  

The reasoning can be clarified by comparing the stress responses in the shotcrete ele-
ment closest to the rock surface from a model with infinite elements with that from a model 
with a free surface instead of a quiet boundary at the interface of intact and fractured rock, 
see Figure 4.30. This implies that the masses of the nodes at the inner surface of rock for a 
model without infinite elements are half as large as the corresponding nodes for a model 
with infinite elements. As can be seen in the figure the magnitude of the stress response for 
the model without infinite elements is twice the response for the model with infinite ele-
ments. Hence, the magnitude of the incident stress-load has to be multiplied by two when 
infinite elements are used, to give the correct corresponding acceleration of the nodes, see 
Figure 4.31. It can also be noted that after the approximate time of  0.38 ms the response for 
the model without infinite elements is affected by the reflection at the free surface of the 
inner rock.  

 

Figure 4.30 Disturbance as stress-load. Stress in shotcrete element closest to the rock for 
models with and without infinite elements. 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

x 10
-3

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Time [s]

S
tr
e
s
s
 [
M

P
a
]

 

 

With infinite elements

Without infinite elements



Modelling of dynamically loaded shotcrete 

 

62 

 

Figure 4.31 Disturbance as stress-load. Stress in shotcrete element closest to the rock for 
models with and without infinite elements. The incident stress-load is multip-
lied by two for the model with infinite elements.  
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affected by the incident wave as well as the reflected. Whereas for the case of an incident 
wave applied as boundary condition, the movement of the nodes at the interface is given by 
the definition of the incident wave.  
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Figure 4.32 The disturbance defined as boundary condition (acceleration) and stress-load, ap-
plied at the interface between intact and fractured rock. (a) Acceleration, (b) 
velocity and (c) displacement of the nodes at the interface between intact and 
fractured rock 
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4.4.3 Reflection 

The effect of modelling the theoretically infinite intact rock with infinite elements is studied, 
both for models with the incident disturbing wave defined by a boundary condition and for 
models with applied stress-load. The infinite elements are used to simulate a boundary with 
no reflection, which will be shown to be true only when no boundary condition is defined at 
the interface. To give an understanding of the effect of reflection the shotcrete layer is made 
thick enough to ensure that the reflection at the free surface will not influence the stress at 
the first element of rock during the time it takes for the incident wave to pass. A shotcrete 
thickness of 1.5 m is chosen, which of course is unrealistic, but serves to visualise the effect 
of reflection. The incident disturbance defined as a boundary condition (acceleration) at the 
interface of intact and fractured rock and with initial velocity condition set to its maximum 
magnitude will give rise to the stress responses of Figure 4.33 for the first element of rock 
and Figure 4.34 for the first element of shotcrete, for models with shotcrete thickness of 1.5 
m and 0.05 m, respectively.  

The first irregularity of the stress response in the first element of rock, at time 0.25 ms in 
Figure 4.33, is due to the reflection at the interface of rock and shotcrete. The time corre-
sponds to the time it takes for the front of the wave to propagate through the fractured rock 
to the interface of rock and shotcrete and back. For the case with a shotcrete lining of 0.05 m 
the effect right after this, the peak, is due to the reflection at the free surface of shotcrete, 
where the incident stress wave change signs as it is reflected, and the reflection at the inter-
face of intact and fractured rock, which is enforced by the boundary condition defining the 
incident disturbance. At this point the stress response within the element is a superposition 
of five waves; the incident wave propagating towards the free surface, the two waves caused 
by the reflections of the incident wave at the interface of fractured rock and shotcrete and at 
the free surface of shotcrete propagating into the rock and the two waves caused by the re-
flection at the interface of fractured and intact rock propagating towards the free surface. 
Hence, the stress response within this first element of rock after the approximate time of 
0.25 ms will be a superposition of the incident wave and its reflections. Although the intact 
rock is modelled with infinite elements the interface of intact and fractured rock will not 
serve as a quiet boundary, without reflection, as long as the incident disturbance is defined as 
a boundary condition, i.e. as acceleration, velocity or displacement. The influence of the re-
flection at the interface of intact and fractured rock can also be identified in Figure 4.34, 
showing the stress response within the shotcrete element closest to the rock surface. After 
the approximate time of 0.40 ms the stress response for the model with shotcrete thickness 
of 0.05 m is affected by the reflection at the interface of intact and fractured rock, causing 
the stress to peak. Including the effect of reflection at the interface of intact and fractured 
rock in the stress response implies that the interface of intact and fractured rock acts as a 
‘rigid’ boundary. 
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Figure 4.33 Disturbance as boundary condition (acceleration) and with initial velocity condition 
set to its maximum magnitude. Stress response in the element of fractured 
rock closest to the intact rock for shotcrete thickness of 0.05 m and 1.50 m, 
respectively. 

 

Figure 4.34 Disturbance as boundary condition (acceleration) and with initial velocity condition 
set to its maximum magnitude. Stress response in the shotcrete element clos-
est to the rock for shotcrete thickness of 0.05 m and 1.50 m, respectively. 
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rock, causing a jagged shape of the stress response, see Figure 4.35. The wave can be seen as 
‘locked in’ between the free surface and the ‘rigid’ boundary at the inner surface of shotcrete.  

If the interface of intact and fractured rock should act as a quiet boundary with no ref-
lection, the incident disturbance has to be applied as a stress-load instead of a boundary con-
dition (acceleration, velocity or displacement). The load definition in Abaqus/Explicit does 
not describe the node movements following a prescribed path as the boundary condition 
does, but allows the node movements to follow the superposed stresses in the elements con-
nected to the nodes. This makes it possible for the waves propagating into the rock, caused 
by the reflection at the fractured rock-shotcrete interface and by the reflection at the free 
surface, to pass the interface and continue into the infinite media without being reflected 
back.  

Defining the disturbing incident wave as a stress-load at the rock-shotcrete interface will 
eliminate the effect of ‘locking’ the boundary and the stress response will virtually corres-
pond to the stress response obtained when the incident stress-load is applied at the interface 
between intact and fractured rock, see Figure 4.36. The divergence of the two responses can 
be assigned to the scaling law for vibrations in rock, Eq. 2.1, used for velocities at the two 
distances from the charge, the distance to the inner surface of shotcrete being 0.5 m longer 
than the distance to the inner surface of the fractured rock. 

 

Figure 4.35 Stress response in the shotcrete element closest to the rock for the distur-
bance defined as boundary condition (acceleration) applied at the interfaces be-
tween intact and fractured rock and between rock and shotcrete.  
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Figure 4.36 Stress response in the shotcrete element closest to the rock for the distur-
bance defined as stress-load applied at the interfaces between intact and frac-
tured rock and between rock and shotcrete.  

4.4.4 Extension of the one-dimensional model 

The one-dimensional Abaqus-model can be extended in the direction parallel with the sur-
face to include the decrease in acceleration with distance from the detonation and the effect 
of the adjacent fractured rock, thus describing a two-dimensional displacement field. The 
rectangular rod, exposed to a disturbance described by particle motions in one direction, is 
extended to a long plate, exposed to a disturbance described by particle motions in two di-
rections. In the latter case the disturbance will be given as components parallel with and per-
pendicular to the free surface of rock. The plate is made 5 m long with a symmetry line so 
that the model actually describes a 10 m long plate. The explosion is presumed to be at a 
position on the symmetry line, giving an incident disturbance described by only one compo-
nent in the direction perpendicular to the free surface. The magnitudes at every point are 
calculated from the scaling law and for all points, but the point on the symmetry line, applied 
with a time delay corresponding to the time it takes for the wave front to propagate the addi-
tional distance to the point of application in relation to the perpendicular distance at the 
symmetry line. However, the stress response obtained from this model does not differ sig-
nificantly from the response obtained from the one-dimensional model, wherefore it will not 
be further used in this report. 
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5. Results 

In this chapter results using forecasted particle accelerations and in situ measured accelera-
tions will be shown. First are the stress responses from all three types of models – elastic 
stress wave model, structural dynamic model and finite element model – using forecasted 
particle accelerations presented together with a comparison of the models. Thereafter, the 
elastic stress wave model is used to simulate the stress responses from two in situ measured 
acceleration-time histories. 

5.1 Results using forecasted particle accelerations 

The incident disturbing waves used in the examples all emanate from the presumed sinusoi-
dal acceleration variation with peak particle acceleration of 2259 m/s2 at 0.5 m below the 
rock surface and 1849 m/s2 right under the rock surface and with frequency of 2000 Hz. In 
the examples of the elastic stress wave model and the Abaqus/Explicit-models the stress 
responses obtained by using initial velocity condition equal to zero, as well as initial velocity 
condition equal to its maximum magnitude are shown. The results are compared two by two. 

5.1.1 Elastic stress wave model 

The maximum stress response in the shotcrete is obtained from the element closest to the 
rock surface. Figure 5.1 shows the maximum stress response when the incident particle ve-
locity is derived from the presumed sinusoidal acceleration when the initial velocity condition 
is equal to its maximum magnitude (see Figure 4.3). To be noted here are the peaks of the 
stress response that appear in the beginning and at the end of the passing of the stress wave. 
If the initial velocity condition instead is set to zero, leading to the velocity variation of Fig-
ure 4.4, the peaks of the maximum stress response within the shotcrete previously observed 
will disappear, resulting in the smooth curve of Figure 5.2. Thus the stress response of the 
first figure corresponds to a sinusoidal incident particle displacement and the next to an inci-
dent particle displacement in one direction only. In Figure 5.3 the stress responses are plot-
ted in the same figure, showing that the responses coincide at all points but the peaks. The 
maximum tensile stress response when the peaks are considered is 1.31 MPa and if the peaks 
are disregarded it is 0.37 MPa.  
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Figure 5.1. Stress response in the shotcrete element closest to the rock when the distur-
bance is applied at the interface of rock and shotcrete. The initial velocity 
condition is set to its maximum amplitude.  

 

Figure 5.2 Stress response in the shotcrete element closest to the rock when the distur-
bance is applied at the interface of rock and shotcrete. The initial velocity 
condition is set to zero. 
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Figure 5.3 Stress response in the shotcrete element closest to the rock when the distur-
bance is applied at the interface of rock and shotcrete. The initial velocity is 
equal to maximum and zero amplitude respectively. The responses coincide at 
all points but the peaks. 

5.1.2 Structural dynamic models 

The stress responses of the models with masses considered at the centre of gravity of each 
element and at the surfaces of each element, respectively, coincide when the rock and the 
shotcrete are divided into sufficiently many elements. Since the total number of elements 
required is less for the model with masses at the centre of gravity, this type of model is con-
sidered here. As will be recognised in the following sections, the stress responses of the 
structural dynamic models with accelerations applied according to earthquake theory almost 
coincide with the stress responses obtained in Abaqus/Explicit when the disturbance is de-
fined as acceleration with initial velocity equal to zero (Figure 4.4). Furthermore it will be 
shown that the first part of the stress response curve also coincides with the stress response 
of the elastic stress wave model when the initial velocity is equal to zero. The effect of damp-
ing is not included. 

Figure 5.4 shows the maximum stress response in the shotcrete for a model including 
both fractured rock and shotcrete. The shotcrete is considered as one element, whilst the 
rock is divided into 40 elements. The maximum stress response for a model including only 
shotcrete, divided into 20 elements, is shown in Figure 5.5. 
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Figure 5.4 Stress response in the shotcrete element closest to the rock when the distur-
bance is applied at the interface between intact and fractured rock. The initial 
velocity condition is set to zero. 

 

Figure 5.5 Stress response in the shotcrete element closest to the rock when the distur-
bance is applied at the interface between fractured rock and shotcrete. The in-
itial velocity condition is set to zero. 
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5.1.3 Finite element models 

Boundary condition with initial velocity equal to zero 

Defining the incident wave as an acceleration boundary condition at the interface of intact 
and fractured rock without stating an initial velocity condition, i.e. the initial velocity is set to 
zero, will result in the stress response of Figure 5.6 (a) for the shotcrete element closest to 
the rock surface. If the acceleration is applied at the interface of rock and shotcrete, the 
stress response of Figure 5.6 (b) is obtained. 

 

Figure 5.6 Stress response in the shotcrete element closest to the rock for a model with 
incident disturbance defined as a boundary condition (acceleration) (a) at the in-
terface between intact and fractured rock and (b) at the interface of rock and 
shotcrete. The initial velocity condition is set to zero. 
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Stress-load with initial velocity equal to zero 

Figure 5.7 (a) and (b) show the stress responses when the incident disturbing wave is defined 
as stress-load at the interface of intact and fractured rock and at the interface of rock and 
shotcrete. The stress-load variation is here described by a cosine wave translated in the ver-
tical direction to start at zero magnitude corresponding to the velocity obtained when inte-
grating the sinusoidal acceleration with initial velocity condition equal to zero. 

 

Figure 5.7 Stress response in the shotcrete element closest to the rock for a model with 
the incident disturbance defined as a stress-load (a) at the interface between in-
tact and fractured rock and (b) at the interface of rock and shotcrete. The 
stress-load is adjusted so that it corresponds to an initial velocity condition set 
to zero. 
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Boundary condition with initial velocity equal to its maximum magnitude 

If the initial velocity condition is set to its maximum magnitude when the disturbance is de-
fined as a boundary condition at the interfaces between intact and fractured rock and rock 
and shotcrete, respectively, the stress responses of Figure 5.8 (a) and (b) are obtained for the 
shotcrete element closest to the rock surface.  

 

 

Figure 5.8 Stress response in the shotcrete element closest to the rock for a model with 
the incident disturbance defined as a boundary condition (acceleration) (a) at the 
interface between intact and fractured rock and (b) between rock and shot-
crete. The initial velocity condition is set to its maximum magnitude. 
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Stress-load with initial velocity equal to its maximum magnitude 

The stress responses for the models with incident disturbance defined by a stress-load corre-
sponding to the velocity variation obtained by integration of the sinusoidal acceleration with 
initial velocity condition set to its maximum magnitude are shown in Figure 5.9 (a) and (b). 
The first with stress-load applied at the interface between intact and fractured rock, the latter 
with stress-load applied at the interface between rock and shotcrete. 

 

 

Figure 5.9 Stress response in the shotcrete element closest to the rock for a model with 
the incident disturbance defined as a stress-load (a) at the interface between in-
tact and fractured rock and (b) between rock and shotcrete. The stress-load is 
adjusted so that it corresponds to an initial velocity condition set to its maxi-
mum magnitude. 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

x 10
-3

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Time [s]

S
tr
e
s
s
 [
M

P
a
]

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

x 10
-3

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Time [s]

S
tr
e
s
s
 [
M

P
a
]

(b) 

(a) 



 Chapter 5 Results 

 

77 

Comparison 

From comparisons of the curves in Figures 5.10 (a) and (b) it can be seen that the stress res-
ponses within the shotcrete element closest to the rock surface for models with incident dis-
turbance described as boundary condition and as stress-load, respectively, show good corres-
pondence up to the approximate time of 0.38 ms. Thereafter is the stress response for the 
model with applied acceleration affected by the reflection at the interface of fractured and 
intact rock, causing for instance the peak in the middle of the first period, Figure 5.10 (b). 
However, the maximum tensile stress peaks are not significantly different. 

 

 

Figure 5.10 Stress response in the shotcrete element closest to the rock for models with 
incident disturbance defined as a boundary condition (acceleration) and as a stress-
load, applied at the interface of intact and fractured rock: (a) initial velocity 
condition set to zero and (b) initial velocity condition set to its maximum 
magnitude. 
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5.1.4 Comparison of models 

The elastic stress wave model and the finite element model can illustrate both the scenario 
with a sinusoidal incident particle displacement and an incident particle displacement in one 
direction only. The structural dynamic model can however only describe the latter scenario, 
since solely accelerations can be used as input to describe the disturbance. When the stress 
responses of the shotcrete element closest to the rock surface are plotted together the re-
sponses of the models including only shotcrete have to be translated in time; the time it takes 
for the wave to propagate from the back of the fractured rock to the shotcrete. 

Incident particle displacement in one direction 

When the disturbance is defined with initial velocity condition equal to zero, i.e. incident 
particle displacement in one direction, correspondence of stress responses can be achieved 
for all three types of models up to the point where reflection at the interface of intact and 
fractured rock influences the responses, see Figure 5.11. Correspondence is achieved pro-
vided that the disturbance is applied at the interface of intact and fractured rock when de-
fined as acceleration (structural dynamic model) or as boundary condition (Abaqus/Explicit-
model). The acceleration furthermore has to be applied according to the theory of earth-
quake excitation for the structural dynamic model. Correspondence throughout the passing 
of the disturbing wave is obtained for the elastic stress wave model and the Abaqus/Explicit-
model with applied stress-load.  

The responses of the structural dynamic models and the Abaqus/Explicit-models, with 
disturbance defined as boundary condition and initial velocity condition set to zero, are 
comparable with respect to magnitudes as well as frequency. The structural dynamic model 
including both fractured rock and shotcrete agree with the Abaqus/Explicit-model with inci-
dent disturbance defined at the interface between intact and fractured rock, see Figure 5.11. 
The structural dynamic model including only shotcrete agree with the Abaqus/Explicit-
model with incident disturbance defined at the interface of rock and shotcrete, see Figure 
5.12. However, the responses of the structural dynamic model including only shotcrete and 
the model including both rock and shotcrete deviate and so do the responses between the 
Abaqus/Explicit-models with boundary condition defined at the interface of intact and frac-
tured rock and at the interface of rock and shotcrete. Yet, if the incident disturbance is de-
fined as a stress-load, it is virtually insignificant if it is applied at the interface between intact 
and fractured rock or at the interface between rock and shotcrete; the responses correspond. 
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Figure 5.11 Stress responses in the shotcrete element closest to the rock for models with 
the incident disturbance defined at the interface between intact and fractured 
rock for all models but the elastic stress wave model. The initial velocity con-
dition is set to zero.  

 

Figure 5.12 Stress response in the shotcrete element closest to the rock for models with 
the incident disturbance defined at the interface between rock and shotcrete. 
The initial velocity condition is set to zero. 
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Sinusoidal incident particle displacement 

If the models are to describe a sinusoidal incident particle displacement, correspondence of 
stress responses can only be achieved for the elastic stress wave model and the 
Abaqus/Explicit-model, see Figure 5.13. For the latter model the disturbance, if defined as a 
boundary condition, has to be applied at the interface between intact and fractured rock, 
governing correspondence up to the point at which the reflection at the interface of intact 
and fractured rock starts to influence the stress response. If the disturbance is applied as a 
stress-load the responses of the Abaqus/Explicit-model and the elastic stress wave model 
agree throughout the passing of the wave. The difference between the Abaqus/Explicit-
models with stress-load applied at the interface of intact and fractured rock and at the inter-
face of rock and shotcrete is small; although best correspondence with the elastic stress wave 
model is obtained for the latter case, see Figure 5.14. In this figure also the stress response 
obtained from the Abaqus/Explicit-model, with the disturbance defined as a boundary con-
dition at the interface between rock and shotcrete, can be seen. Yet, this response is affected 
by the reflection at the interface between rock and shotcrete, enforced by the boundary con-
dition, and is not compatible with the other calculated responses. 

 

Figure 5.13 Stress response in the shotcrete element closest to the rock for models with 
the incident disturbance defined at the interface between intact and fractured 
rock for all models but the elastic stress wave model. The initial velocity con-
dition is set to its maximum magnitude. 
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Figure 5.14 Stress response in the shotcrete element closest to the rock for models with 
the incident disturbance defined at the interface between rock and shotcrete. 
The initial velocity condition is set to its maximum magnitude. 
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5.2 Results using in situ measured accelerations 

The elastic stress wave model is used to simulate the stress response within a shotcrete lining 
for the in situ recorded acceleration-time history data from the LKAB Kiirunavaara iron-mine 
presented in section 4.1.2. In Figure 5.15 and 5.16 the maximum tensile stress responses 
within the shotcrete are shown.  

 

Figure 5.15 Stress in shotcrete element closest to the rock surface at test-site 3, measure-
ment point 3. The notations are according to Ansell (1999).  

 

Figure 5.16 Stress in shotcrete element closest to the rock surface at test-site 3, measure-
ment point 7 (furthest away from detonation). The notations are according to 
Ansell (1999). 
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6. Discussion and conclusions 

6.1 Discussion 

From the comparisons of the models made in section 5.1.4 it is apparent that there are a 
number of defined prerequisites that have a significant effect on the obtained stress re-
sponses: 

• Incident particle displacement in one direction rendering smooth curves. 

• Sinusoidal incident particle displacement rendering smooth curves with high stress 
peaks. 

• Definition of incident stress wave forcing the interface of application to act as a 
rigid boundary (structural dynamic model and Abaqus-model with boundary condi-
tion) causing the stress response to increase in magnitude and continue infinitely (if 
no damping). 

• Definition of incident stress wave enabling the reflection at the interface of applica-
tion to be determined by the impedances of the materials (elastic stress wave model 
and Abaqus-model with stress-load) causing the stress response to decrease and fi-
nally reach zero. 

• Application of incident stress wave at the interface between intact and fractured 
rock rendering stress responses that agree well during half of the first period (until 
reflection at the interface between intact and fractured rock affects the response). 

• Application of incident stress wave at the interface between rock and shotcrete ren-
dering stress responses that, for the structural dynamic model and the Abaqus-
model with stress wave defined as boundary condition, deviate significantly from the 
others. 

Some aspects regarding these differences of the stress responses will be discussed in the fol-
lowing. 

Incident particle displacement 

Provided that the incident stress wave can be regarded to be described by a sinusoidal inci-
dent particle vibration the stress responses caused by an incident particle displacement in one 
direction only ought to be disregarded. This implies that the structural dynamic models 
should not be used since they merely describe an incident particle displacement in one direc-
tion. Yet, the smooth parts of the stress response curves, obtained when the incident stress 
wave is being described by a particle displacement in one direction and by a sinusoidal parti-
cle displacement, respectively, correspond well. What distinguish the two are the stress peaks 
of the latter. If these stress peaks actually will be experienced by the shotcrete will be de-
pendent on how fast the material is able to respond. The duration of the peaks in the stress 
responses, obtained from the elastic stress wave model and the Abaqus-models when the 
incident displacement wave is described by a sinusoidal variation, are extremely short. The 
question is if the elastic system will manage to respond to these short duration peaks.  
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Definition and application of incident stress wave 

The incident stress wave is defined in two fundamentally different ways within this study; 
one causing the surface of application to act essentially as a rigid boundary reflecting the 
wave completely, one letting the surface of application to act as a quiet boundary hardly re-
flecting the wave at all. The reflection of the latter case will solely be determined by the im-
pedances of the materials. The differences between the two can easily be seen using the 
Abaqus-model when the incident stress wave is defined as a boundary condition and as a 
stress-load, respectively, see for example Figure 5.13.  

The effect on the stress response when the surface of application of the stress wave is 
forced to act as a rigid boundary will here be dependent on the distance between the surface 
of application and the shotcrete lining. The closer the forced rigid boundary, the faster the 
reflection at this boundary will influence the stress response. Compare for example Figure 
5.11/5.13 and Figure 5.12/5.14, where the incident stress wave is applied at the interface 
between intact and fractured rock and between rock and shotcrete, respectively. The effect 
of reflection can be seen in the stress responses; for the model including both fractured rock 
and shotcrete, the magnitudes are roughly doubled after approximately 0.40 ms due to reflec-
tion at the interface between intact and fractured rock, whereas for the model including only 
shotcrete the effect of reflection at the interface between rock and shotcrete will occur after 
only approximately 0.03 ms. For the latter case, the wave will first be reflected at the free 
surface, then at the rock-shotcrete interface, then again at the free surface and so on and 
since the wavelength of the incident wave is longer than the shotcrete thickness all these ef-
fects will be superposed. At the end of the time it takes for the incident wave to pass a max-
imum of almost 38 waves, propagating back and forth, will be superposed causing the jagged 
shape of the stress response. The elastic stress wave model and the Abaqus-model with the 
incident stress wave applied as a stress-load do not suffer from this effect of locking a boun-
dary. The questions are then if the structural dynamic model and the Abaqus-model with 
stress wave applied as boundary condition will simulate reality correctly and if the dynami-
cally loaded shotcrete can be treated according to the theory of earthquake induced vibra-
tions. 

Natural frequency 

The jagged shape of the stress responses discussed above can also be explained in terms of 
the frequency of the load and the natural frequency of the system. The relation between the 
two will influence the shape of the stress response diagram. The natural frequency of the 
system depends on the stiffness ( and the mass " of the elements, which in turn depends on 
the volumes of the bodies studied. Thus the choice of excluding or including the fractured 
rock in the model and the choices of lengths (thicknesses) of the rock and the shotcrete will 
give different natural frequencies of the system. Since the fractured rock, due to its greater 
length, in its entirety is more elastic than the shotcrete, its influence on the natural frequency 
when included, and thus on the stress response within the shotcrete, will be dominating and 
result in a smooth stress response curve. The jagged shape of the stress response curve when 
the fractured rock is excluded implies that the natural frequencies of the system differ signifi-
cantly from the frequency of the load.  



 Chapter 6 Discussion and conclusions 

 

85 

Damping 

As long as no damping is introduced in the structural dynamic model and the Abaqus-model, 
with incident stress wave applied as a boundary condition, no energy will be transferred from 
the system and the masses will continue to vibrate infinitely. For the elastic stress wave mod-
el and the Abaqus-model, with incident wave applied as a stress-load, the vibration is allowed 
to decrease. The relation of the impedances of the rock and the shotcrete will determine the 
time it takes for the masses to come to rest. 

The influence of adding dimensions to the one-dimensional model  

If the models would be implemented using three dimensions instead of one, the maximum 
tensile stress experienced by the shotcrete can be expected to be less since the adjacent frac-
tured rock in the directions transverse to the wave propagation direction will decrease the 
flexibility of the fractured rock layer, thus increasing the stiffness. The one-dimensional 
models here used do not account for the adjacent fractured rock resisting movement of the 
modelled rod in the direction perpendicular to the free surface.  

6.2 Conclusions 

The following conclusions are drawn from the previous discussion: 

The structural dynamic model can only be used to model the response for an incident 
stress wave describing a particle displacement in one direction, whereas the elastic stress 
wave model and the Abaqus-model can both be used to model the response for an incident 
stress wave describing a particle displacement in one direction as well as a sinusoidal particle 
displacement. Only the latter case is corresponding to the desired displacement phenomena, 
that is, a particle vibrating back and forth, returning to its initial position. The structural dy-
namic model is the least sophisticated of the three model types here tested and its use should 
then be limited to preliminary studies only. 

The same conclusion follows the discussion on definition and application of incident 
stress wave; the use of the structural dynamic model should be limited to preliminary studies 
only since the stress response is affected by reflection at the forced rigid boundary of applica-
tion of ground acceleration. The same holds for the Abaqus-model when the stress wave is 
applied as a boundary condition. Yet, if boundary conditions are to be used to describe the 
incident stress wave in Abaqus, attention has to be paid to the imposed reflection. The effect 
of ‘locking’ a boundary is not as powerful when at a position further away from the shot-
crete, as in the case with the applied boundary condition at the interface between intact and 
fractured rock. 

As long as the problem is limited to describe a one-dimensional displacement field and 
the rock and the shotcrete are considered to behave linearly elastic, the Abaqus-model and 
the elastic stress wave model describe the same phenomena and give similar stress responses 
within the shotcrete. Abaqus is a rather complex software though, requiring the user not only 
to get familiar with the theory of finite element modelling but also with the interface of the 
program itself. The elastic stress wave model is on the other hand rather well documented 
and relatively easy to use. For the linearly elastic one-dimensional problem the elastic stress 
wave model is therefore considered to be sufficient in forecasting the stress responses within 
the shotcrete. 
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6.3 Further research 

In this report linearly elastic one-dimensional models of dynamically loaded shotcrete have 
been described, evaluated and compared. In the further research it would be of interest to 
expand the model to include the non-linear material properties and behaviour of the rock 
and the shotcrete when exposed to a blast load within the rock. Furthermore, it would be 
desirable to extend the model to describe a three-dimensional displacement field. These re-
finements and extensions would preferably be done using the finite element method in 
Abaqus/Explicit or similar numerical analysis software, since the elastic stress wave model 
will be too complex when adding dimensions. The point detonation can then possibly be 
modelled as a cavity within the rock with a pressure load at the surface of the cavity. To al-
low the stress wave to disperse a rather big volume of rock will have to be modelled, depend-
ing on the distance to the detonation of explosives. 
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Appendix A 

Matlab routines 

 

Appendix A.1 – Matlab routine from Algorithm 1 

Appendix A.2 – Matlab routine from Algorithm 2 

Appendix A.3 – Matlab routine from Algorithm 3 

Appendix A.4 – Matlab routine from Algorithm 4 

Appendix A.5 – Matlab routine from Algorithm 5 
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A.1 Matlab routine from Algorithm 1 

The Matlab program employed to compute the forecasted sinusoidal acceleration is here pre-
sented. The program is based on the algorithm given in Figure 4.1. 

 

% Young's modulus for intact rock: 
Erock1=40e9;                %[Pa] 
  
% Wave propagation velocity:   
crock=sqrt(Erock1/rhorock); %[m/s] 
cshot=sqrt(Eshot/rhoshot);  %[m/s] 
  
% Characteristic frequency of the load:  
H=0.5;                      %Distance between cracks [m] 
f=crock/(4*H);              %[Hz]  
wl=2*pi*f;                  %[rad/s] 
  
% Period T: 
T=1/f;                      %[s] 
 
% Maximum peak particle velocity [m/s]:  
v1=700;                     %Swedish granite 
beta=1.5;                   %Swedish granite 
R=3.50;                     %Distance from charge [m] (3.50m alt 4.00m) 
Q=2;                        %Weight of explosives [kg] 
vmax=v1*(R/sqrt(Q))^-beta*1e-3;  %[m/s] 
  
% Maximum peak particle acceleration [m/s2]:  
Amax=2*pi*f*vmax;            
  
% Particle acceleration-time signal [m/s2]: 
dt=1e-6;                    %[s] 
acc=[];        
for t=0:dt:T 
    acc=[acc, -Amax*sin(2*pi*f*t)];   
end 
for i=(length(acc)+1):2001   
    acc(i)=0; 
end 
 
  



 Appendix 

 

91 

A.2 Matlab routine from Algorithm 2 

The Matlab program employed to compute the forecasted velocity variation is here pre-
sented. The program is based on the algorithm given in Figure 4.2. 

 
% Characteristic frequency of the load: 
H=0.5;                      %Distance between cracks 
f=crock/(4*H);              %[Hz]          
  
% Period T [s]: 
T=1/f;                       
 
% Maximum peak particle velocity [m/s]: 
v1=700;                     %Swedish granite 
beta=1.5;                   %Swedish granite 
R=4;                        %Distance from charge [m] 
Q=2;                        %Weight of explosives [kg] 
vmax=v1*(R/sqrt(Q))^-beta*1e-3;  %[m/s] 
  
% Particle velocity-time signal [m/s]: 
vel=[];        
for t=0:dt:T 
    vel=[vel, vmax*cos(2*pi*f*t)];          %initial velocity = vmax 
    % vel=[vel, vmax*cos(2*pi*f*t)-vmax];   %initial velocity = 0 

end 
vel(1)=0; 
for i=(length(vel)+1):2001   
    vel(i)=0; 
end 
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A.3 Matlab routine from Algorithm 3 

The Matlab program employed to compute the stress response within the shotcrete using the 
elastic stress wave theory is here presented. The program is based on the algorithm given in 
Figure 4.8. 

 

% ---------------------------------------------------------------------- 
% SHOTWAVE.M 
% ---------------------------------------------------------------------- 
% One-dimensional elastic stress wave model of shotcrete subjected to  
% vibrations. 
  
% Fully matured shotcrete. 
  

 
% Thickness of shotcrete: 
Dshot=0.05;                 %[m] 
  
% Cross-sectional area of rock and shotcrete: 
Arock=1;                    %[m2] 
Ashot=1;                    %[m2] 
  
% Density of rock and shotcrete: 
rhorock=2500;               %[kg/m3] 
rhoshot=2100;               %[kg/m3] 
  
% Young's modulus for rock and shotcrete: 
Erock=40e9;                 %[Pa] 
Eshot=30e9;                 %[Pa] 
  
% Wave propagation velocities: 
crock=sqrt(Erock/rhorock);  %[m/s]        
cshot=sqrt(Eshot/rhoshot);  %[m/s]    
  
% Grid in x-t plane: 
dt=1e-6;                    %Time interval [s]     
dx=cshot*dt;                %Length of each element [m] 
el=Dshot/dx;                %Number of elements 
elno=round(el);             %Rounded off to nearest integer 
  
% Impedance: 
Zrock=Arock*rhorock*crock;            
Zshot=Ashot*rhoshot*cshot; 
Z=[Zshot*ones(1,elno), Zrock];    
  
% Transmission and reflection coefficients: 
for i=1:elno 
    TP(i)=2*Z(i+1)/(Z(i)+Z(i+1)); 
    TN(i)=2*Z(i)/(Z(i)+Z(i+1)); 
    RP(i)=(Z(i+1)-Z(i))/(Z(i)+Z(i+1)); 
    RN(i)=(Z(i)-Z(i+1))/(Z(i)+Z(i+1)); 
end 
rh=-1;                      %Reflection coefficient at free end 
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% ---------------------------------------------------------------------- 
 
% Velocity according to Matlab routine A.1. 
 
% ---------------------------------------------------------------------- 
  
% Incident stress: 
sig=-rhorock*crock*vel*1e-6;     %[MPa] 
  
% Update for each time step: 
P=zeros(elno, 2001); 
N=zeros(elno, 2001); 
S=zeros(elno, 2001); 
  
% Stress in elements (column by column for each time step): 
for j=1:2000                
    T=j-1; 
     
    %Free end (first row/element) 
    P(1,j+1)=rh*N(1,j);  
     
    %Rows/elements in between 
    for i=1:elno-1       
        P(i+1,j+1)=TP(i)*P(i,j) + RN(i)*N(i+1,j); 
        N(i,j+1)=RP(i)*P(i,j) + TN(i)*N(i+1,j); 
    end 
     
    %Interface rock-shotcrete (last row/element) 
    N(elno,j+1)=RP(elno)*P(elno,j) + TN(elno)*sig(1,j); 
     
    %Summation 
    for i=1:elno 
        S(i,j+1)=P(i,j+1) + N(i,j+1); 
    end 
end 
  
% Find maximum tensile stress: 
[smax,tstep]=max(max(S)); 
[smax,elstep]=max(max(S'));  
tmax=dt.*tstep;                 %Time when smax occurs 
  
% Output: 
disp(' ') 
disp(' SHOTWAVE.M') 
disp([' Max tensile stress [MPa] = ',num2str(smax)]) 
disp([' Max stress at time [s] = ',num2str(tmax)]) 
disp([' Max stress at time step = ',num2str(tstep)]) 
disp([' No. of elements in model = ',num2str(elno)]) 
disp([' Max stress in element no. = ',num2str(elstep)]) 
  
%Figure showing stress versus time 
figure (1) 
sigshot=S(elno,:); 
t=0:dt:dt*(length(vel)-1); 
plot(t,sigshot,'k-','LineWidth',2) 
xlabel('Time [s]') 
ylabel('Stress [MPa]')   
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A.4 Matlab routine from Algorithm 4 

The Matlab program employed to compute the stress response within the shotcrete using the 
structural dynamic theory for a model including both fractured rock and shotcrete is here 
presented. The program is based on the algorithm given in Figure 4.9. 

 

% ---------------------------------------------------------------------- 
% RS_XX_XDOF_DAMP_TP.M 
% ---------------------------------------------------------------------- 
% One-dimensional xx-degree-of-freedom linear elastic  
% model of ROCK and SHOTCRETE subjected to vibrations. 
%  
% Fully matured shotcrete. 
%  
% The SHOTCRETE is presumed to act as x discrete masses  
% concentrated at their CENTRE OF GRAVITY. 
% The ROCK is presumed to act as y discrete masses 
% concentrated at their CENTRE OF GRAVITY.  
% The stiffnesses of the springs are equivalent to the stiffnesses of  
% the rock and the shotcrete lengths between the masses. 
  
 
% Degree of freedom: 
DOF=z;          %Total 
DOFS=x;         %Shotcrete  
DOFR=y;         %Rock 
  
% Thickness of fractured rock and shotcrete: 
Drock=0.5;      %[m] 
Dshot=0.05;     %[m] 
  
% Cross-sectional area of fractured rock and shotcrete: 
Area=1;         %[m2] 
  
% Density of fractured rock and shotcrete: 
rhorock=2500;   %[kg/m3] 
rhoshot=2100;   %[kg/m3] 
 
% Young's modulus for fractured rock and shotcrete: 
Erock=40e9;     %Fractured rock [Pa]  
Eshot=30e9;     %Shotcrete [Pa]  
 
% Damping  
xi=0; 
   
% Defining the mass matrix: 
mrock=rhorock*(Drock/DOFR)*Area; 
mshot=rhoshot*(Dshot/DOFS)*Area; 
m1=mrock; 
m2=mshot; 
m=zeros(DOF,DOF); 
for i=1:DOFR 
    m(i,i)=m1; 
end 
for i=DOFR+1:DOF 
    m(i,i)=m2; 
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end 
  
% Defining the stiffness matrix: 
krock1=Erock*Area/(Drock/(2*DOFR)); 
krock2=Erock*Area/(Drock/DOFR); 
kshot1=Eshot*Area/(Dshot/(2*DOFS)); 
kshot2=Eshot*Area/(Dshot/DOFS); 
k1=krock1; 
k2=krock2; 
k31=krock1; 
k32=kshot1; 
k3=1/(1/k31+1/k32); 
k4=kshot2; 
k=zeros(DOF,DOF); 
  
if  DOFR == 1 
    k(1,1)=k1+k3; 
    k(1,2)=-k3; 
else 
    for i=1:DOFR 
        k(i,i)=2*k2; 
        k(i,i+1)=-k2; 
        k(i+1,i)=-k2; 
    end 
  
    k(1,1)=k1+k2; 
    k(DOFR,DOFR)=k2+k3; 
    k(DOFR,DOFR+1)=-k3; 
end 
  
if  DOFS == 1 
    k(DOF,DOF)=k3; 
    k(DOF,DOF-1)=-k3; 
else 
    for i=DOFR+1:DOF 
        k(i,i)=2*k4; 
    end 
  
    for i=DOFR+1:DOF-1 
        k(i,i+1)=-k4; 
    end 
  
    for i=DOFR+1:DOF-1 
        k(i+1,i)=-k4; 
    end 
  
    k(DOFR+1,DOFR+1)=k3+k4; 
    k(DOFR+1,DOFR)=-k3; 
    k(DOF,DOF)=k4; 
end 
  
% Natural frequencies and modes: 
[fi,wn2]=eig(k,m); 
wn=diag(sqrt(wn2)); 
wd=wn.*sqrt(1-xi^2); 
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% ---------------------------------------------------------------------- 
 
% Acceleration according to Matlab routine A.1. 
  
% ---------------------------------------------------------------------- 

  
% Effective load vector: 
accrock=[]; 
accshot=[]; 
for i=1:DOFR 
    accrock=[accrock; acc]; 
end 
for i=1:DOFS 
    accshot=[accshot; acc]; 
end 
acc=[accrock; accshot]; 
p=-m*acc;        
  
% Time vector: 
t=0:dt:dt*(length(acc)-1); 
tlength=length(t); 
  
% Generalized properties: 
Mn=fi'*m*fi; 
Pn=fi'*p; 
  
% Duhamel-components: 
A1n=sin(wd*t)./exp(xi*wn*t); 
B1n=cos(wd*t)./exp(xi*wn*t); 
A2n=cos(wd*t).*exp(xi*wn*t); 
B2n=sin(wd*t).*exp(xi*wn*t); 
  
% Integration using the Trapezoidal rule: 
A3n=Pn.*A2n; 
B3n=Pn.*B2n; 
A4n=zeros(DOF,1); 
B4n=zeros(DOF,1); 
for i=1:tlength-1 
    A4n=[A4n , dt/2*(A3n(:,i)+A3n(:,i+1))+A4n(:,i)]; 
    B4n=[B4n , dt/2*(B3n(:,i)+B3n(:,i+1))+B4n(:,i)]; 
end 
  
% Duhamels integral: 
A5n=A1n.*A4n; 
B5n=B1n.*B4n; 
Yn=(1./(Mn*wd))*ones(1,tlength).*(A5n-B5n); 
  
% Response: 
u=fi*Yn;            %[m] 
  
durock=u(1,:); 
if DOFR > 1 
    for i=2:DOFR 
    durock=[durock; (u(i,:)-u(i-1,:))]; 
    end 
end 
  
dushot=[]; 
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for i=1:DOFS 
    dushot=[dushot; (u(DOFR+i,:)-u(DOFR+i-1,:))]; 
end 
  
% Stress within the rock: 
if DOFR == 1 
    sigrock=k1*durock/Area*1e-6; 
else 
    sigrock1=k1*durock(1,:)/Area*1e-6; 
    sigrock2=[]; 
    for i=2:DOFR 
        sigrock2=[sigrock2; k2*durock(i,:)/Area*1e-6]; 
    end 
    sigrock=[sigrock1; sigrock2]; 
end 
     
[smaxrock, tsteprock]=max(max(sigrock));   %Max tensile stress [MPa] 
tmaxrock=dt.*tsteprock;                    %Time when smaxrock occurs 
  
% Stress within the shotcrete: 
if DOFS == 1 
    sigshot=k32*(dushot(1,:)*(1-k3/k31))/Area*1e-6;  %[MPa] 
else 
    sigshot1=k32*(dushot(1,:)*(1-k3/k31))/Area*1e-6; 
    sigshot2=[]; 
    for i=2:DOFS 
        sigshot2=[sigshot2; k4*dushot(i,:)/Area*1e-6]; 
    end 
    sigshot=[sigshot1; sigshot2]; 
end 
[smax, tstep]=max(sigshot);                %Max tensile stress [MPa] 
tmax=dt.*tstep;                            %Time when smax occurs 
  
% Output: 
disp(' ') 
disp(' RS_xxDOF_DAMP_TP.M') 
disp('SHOTCRETE:') 
disp([' Max tensile stress [MPa] = ',num2str(smax)]) 
disp([' Max stress at time [s] = ',num2str(tmax)]) 
disp([' Max stress at time step = ',num2str(tstep)]) 
disp('ROCK:') 
disp([' Max tensile stress [MPa] = ',num2str(smaxrock)]) 
disp([' Max stress at time [s] = ',num2str(tmaxrock)]) 
disp([' Max stress at time step = ',num2str(tsteprock)]) 
  
%Figures showing stress versus time 
figure (1) 
plot(t,sigshot(1,:),'k-','LineWidth',2) 
xlabel('Time [s]') 
ylabel('Stress in shotcrete [MPa]') 
 
figure (2) 
plot(t,sigrock(1,:),'k-','LineWidth',2) 
xlabel('Time [s]') 
ylabel('Stress in fractured rock [MPa]')  
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A.5 Matlab routine from Algorithm 5 

The Matlab program employed to compute the stress response within the shotcrete using the 
structural dynamic theory for a model including only shotcrete is here presented. The pro-
gram is based on the algorithm given in Figure 4.10. 

 

% ---------------------------------------------------------------------- 
% S_XDOF_DAMP_TP.M 
% ---------------------------------------------------------------------- 
% One-dimensional damped x-degree-of-freedom linear elastic model of  
% SHOTCRETE subjected to vibrations. 
%  
% Fully matured shotcrete. 
%  
% The SHOTCRETE is presumed to act as x discrete masses concentrated at  
% their CENTRE OF GRAVITY. The stiffnesses of the springs are equivalent 
% to the stiffnesses of the shotcrete lengths between the masses. 
  
% Degree of freedom: 
DOF=x;          %Shotcrete (equals number of elements) 
   
% Thickness of shotcrete: 
Dshot=0.05;     %[m] 
  
% Cross-sectional area of shotcrete: 
Area=1;         %[m2] 
  
% Density of fractured rock and shotcrete: 
rhorock=2500;   %[kg/m3] 
rhoshot=2100;   %[kg/m3] 
 
% Young's modulus for fractured rock and shotcrete: 
Erock=40e9;     %Fractured rock [Pa]  
Eshot=30e9;     %Shotcrete [Pa] 
  
% Damping: 
xi=0; 
  
% Defining the mass matrix: 
mshot=rhoshot*(Dshot/DOF)*Area; 
m1=mshot; 
if  DOF == 1 
    m=m1; 
else 
    m=zeros(DOF,DOF); 
    for i=1:DOF 
        m(i,i)=m1; 
    end 
end 
  
% Defining the stiffness matrix: 
kshot1=Eshot*Area/(Dshot/(2*DOF)); 
kshot2=Eshot*Area/(Dshot/DOF); 
k1=kshot1; 
k2=kshot2; 
if  DOF == 1 
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    k=k1; 
else 
    k=zeros(DOF,DOF); 
    for i=1:DOF-1 
        k(i,i)=2*k2; 
        k(i,i+1)=-k2; 
        k(i+1,i)=-k2; 
    end 
    k(1,1)=k1+k2; 
    k(DOF,DOF)=k2; 
end 
  
% Natural frequencies and modes: 
if DOF == 1 
    wn=sqrt(k/m) 
    wd=wn*sqrt(1-xi^2) 
else 
    [fi,wn2]=eig(k,m); 
    wn=diag(sqrt(wn2)) 
    wd=wn.*sqrt(1-xi^2) 
end 
  
% ---------------------------------------------------------------------- 
 
% Acceleration according to Matlab routine A.1. 
  
% ---------------------------------------------------------------------- 
  
% Effective load vector: 
if DOF == 1 
    accshot=acc; 
else 
    accshot=[]; 
    for i=1:DOF 
        accshot=[accshot; acc]; 
    end 
end 
acc=accshot; 
p=-m*acc;        
  
% Time vector: 
t=0:dt:dt*(length(acc)-1); 
tlength=length(t); 
  
% Generalized properties: 
if DOF > 1 
    Mn=fi'*m*fi; 
    Pn=fi'*p; 
end 
  
% Duhamel-components: 
A1n=sin(wd*t)./exp(xi*wn*t); 
B1n=cos(wd*t)./exp(xi*wn*t); 
A2n=cos(wd*t).*exp(xi*wn*t); 
B2n=sin(wd*t).*exp(xi*wn*t); 
  
% Integration using the Trapezoidal rule: 
if DOF == 1 
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    A3n=p.*A2n; 
    B3n=p.*B2n; 
elseif DOF > 1 
    A3n=Pn.*A2n; 
    B3n=Pn.*B2n; 
end 
A4n=zeros(DOF,1); 
B4n=zeros(DOF,1); 
for i=1:tlength-1 
    A4n=[A4n , dt/2*(A3n(:,i)+A3n(:,i+1))+A4n(:,i)]; 
    B4n=[B4n , dt/2*(B3n(:,i)+B3n(:,i+1))+B4n(:,i)]; 
end 
  
% Duhamel’s integral: 
A5n=A1n.*A4n; 
B5n=B1n.*B4n; 
if DOF == 1 
    u=(1./(m*wd))*ones(1,tlength).*(A5n-B5n); 
else 
    Yn=(1./(Mn*wd))*ones(1,tlength).*(A5n-B5n); 
end 
  
% Response [m]: 
if DOF == 1 
    du=u; 
else 
    u=fi*Yn; 
    du1=u(1,:); 
    du2=[]; 
    for i=2:DOF 
        du2=[du2; (u(i,:)-u(i-1,:))]; 
    end 
    du=[du1; du2]; 
end 
  
% Stress within the shotcrete: 
if DOF == 1 
    sigshot=k1*du/Area*1e-6;  %Stress [MPa] 
else 
    sigshot1=k1*du(1,:)/Area*1e-6; 
    sigshot2=[]; 
    for i=2:DOF 
        sigshot2=[sigshot2; k2*du(i,:)/Area*1e-6]; 
    end 
    sigshot=[sigshot1; sigshot2]; 
end 
  
[smax, tstep]=max(max(sigshot));     %Max tensile stress [MPa] 
tmax=dt.*tstep;                      %Time when smax occurs 
  
% Output: 
disp(' ') 
disp(' S_XDOF_DAMP_TP.M') 
disp([' Max tensile stress [MPa] = ',num2str(smax)]) 
disp([' Max stress at time [s] = ',num2str(tmax)]) 
disp([' Max stress at time step = ',num2str(tstep)]) 
  
%Figure showing stress versus time 



 Appendix 

 

101 

figure (1) 
plot(t,sigshot(1,:),'k-','LineWidth',2) 
xlabel('Time [s]') 
ylabel('Stress [MPa]') 
  
  
  
 

 

 


