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Abstract 
 
The external pre-stressing for concrete bridges is becoming popular for its advantages and because 
new materials, that can avoid some of its disadvantages, are now commercially available. External 
pre-stressing may be defined as a pre-stress inducted by tendons located outside the beam section 
and not directly connected to the beam all along its length, but only in some places through 
deviators and end-anchorages. The main advantages using this technique are: the easier concreting 
of new structures, the utilization of small sectional areas, the ease in the inspection of the tendons 
and in their replacement and the low friction losses. This type of pre-stressing can be applied to 
both new and existing structures that have to be strengthened due to several reasons like: changes in 
use, deficiencies in design or construction and structural deterioration due to age. During 
construction, the main operations like concreting and pre-stressing are more independent so the 
influence of workmanship on the overall quality of the structure is significantly reduced. 
This thesis gives an overview on the literature of the last twelve years on this topic, but also a short 
presentation of the first researches dealing with external pre-stressing. From the reviewed studies, it 
is possible to see how conservative the European and North American Codes of Practice are. This is 
due to the absence of more specific investigations on the material properties (specially for FRP 
tendons) and on the parameters that affect the behaviour of beams pre-stressed with unbonded 
tendons. 
The principal mechanic characteristics of the tendon’s materials and the efficiency of different 
profiles are also presented. Special rules regard the anchorage zones due to the stress 
concentrations. Some anchorage devices are studied to better understand the pressure distribution 
and, in case of FRP tendons, to show how they avoid the problem of the weak compressive strength 
perpendicular to the fibres. 
Several authors have studied numerical models to predict the behaviour of beams pre-stressed with 
unbonded tendons up to failure. The findings obtained from these calculations were then compared 
to experimental results to show the good agreement between them. Some methods consider also the 
difficulties connected to the cable slip at saddle points and to the constructions sequences. 
Numerical investigations on the dynamic behaviour of externally pre-stressed concrete beams and 
on the residual strength for deteriorating concrete bridges are also reviewed. 
A large part of the work deals with the researches conducted to investigate the influence of some 
parameters, such as the span-to-depth ratio and the tendon’s eccentricity, on the value of the stress 
in the unbonded steel tendons both internal and external. Other studies regard the flexural behaviour 
of beams with unbonded steel cables considering the pre-stress losses, the change in eccentricity of 
the cables and the simultaneous presence of the shear force. An investigation on the effect of the 
external pre-stressing on shear strength is also presented. 
The same characteristics are then studied considering FRP tendons, such as aramid fibre reinforced 
polymer (AFRP), glass fibre reinforced polymer (GFRP) and carbon fibre reinforced polymer 
(CFRP). In this case, particular attention is focused on the ductility behaviour of beams pre-stressed 
with fibre reinforced tendons. Some investigations on the transfer length and on the durability of 
carbon elements in a marine environment are reviewed. 
Numerical examples based on studied situations are presented utilizing an Matlab routine. The 
stress in unbonded tendons is found using the ACI 1999 recommendations and an equation 
considering the span-to-depth ratio, the area of non pre-stressed reinforcement and the effective pre-
stress as variables. 
 
Keywords: external pre-stressing for bridges, externally pre-stressed concrete beams with unbonded 
tendons, pre-stressing with FRP tendons, specifications for tendon anchorage zones, anchorages for 
FRP tendons. 
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Chapter 1 : Introduction 
 
 
1.1  Background 
 
Pre-stressed concrete bridges with external pre-stressing are becoming popular because of their 
advantages, like simplicity and cost-effectiveness. External pre-stressing may be defined as a pre-
stress inducted by tendons located outside the beam section and not directly connected to the beam 
all along its length, but only in some places, through deviators and end-anchorages. This type of 
pre-stressing can be applied to both new and existing structures, that have to be strengthened due to 
several reasons like: changes in use, deficiencies in design or construction and structural 
deterioration due to age. 
There are some different techniques to strengthen existing structures such as plate bonding, external 
pre-stressing, over-slabbing or increasing the ratio of bonded reinforcement. Recent works on 
structural repair procedures have shown that reinforced concrete beams can retain as much as 85% 
of their flexural capacity. While there are similarities between external pre-stressing and external 
reinforcement, the structural principles in which the two methods work are different. The external 
reinforcement is indirectly stressed by the deformation of the structure, and it turns the structural 
behaviour in a hybrid of flexural and tied arch action. The external pre-stressing actively inducts 
load by tendons to impose stress to the concrete, and the behaviour remains predominantly flexural. 
During a flexural analysis, or from a design viewpoint, external tendons can be treated as unbonded 
tendons provided secondary effects and frictional forces at deviators are neglected. The analysis of 
beams with unbonded tendons, pre-stressed or partially pre-stressed, has one additional level of 
difficulty in comparison to the analysis of beams with bonded tendons, in fact, the stress in tendons 
raises up beyond the effective pre-stress due to external loading is member-dependent instead of 
being section-dependent. Besides, the stress in unbonded tendons depends on the deformation of the 
whole member and is assumed uniform in all the sections; it cannot be found with the cross 
section’s analysis, as for bonded tendons. The stress increase in the tendons, namely �fps, must be 
determined from the analysis of deformations of the entire structure, both for the elastic state and 
ultimate state. The normal interaction between steel and concrete is lost because the tendons are 
unbonded with the concrete cross section. Therefore the assumption of plane sections is no longer 
valid.  
External pre-stressing has been proven cost effective and technically attractive worldwide, as it 
leads to substantial cost savings and a large decrease in construction time. If the purpose of the 
project is to improve the load carrying capacity of existing bridges, then tendons are usually, placed 
outside the bridge girders, tensioned and anchored at their ends. The external tendons can be made 
of steel, but also with fibre reinforced polymeric (FRP) materials, and they provide one of the most 
efficient solutions to increase the rating capacity of existing bridges when the infrastructures are in 
need of renewal and made of all structural materials, such as concrete, steel and timber. 
 
1.2 Advantages and Disadvantages of the Technique 
 
New design procedures and pre-stressing techniques are under development to improve the 
application of external pre-stressing, initially used for bridge rehabilitation but now utilized for new 
constructions.The technique has the following advantages, [47]: 
 

1. Concreting of new structures is easier because there are no, or only few (internal combined 
with external pre-stress), tendons inside the cross section. 
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2. Utilization of small cross section areas, especially the webs, due to the complete or partial 
elimination of internal tendons. This leads to a deadweight reduction. 

 
3. Profiles of external tendons are simpler and easier to check during and after the installation. 

 
4. Grouting is improved because of a better view during the operation. A better protection of 

pre-stressing steel is also obtained. 
 

5. It’s possible to easily inspect the tendons during their entire life of utilization. 
 

6. External tendons can be removed and replaced if they release pre-stressing force due to the 
deterioration of corrosion protection. 

 
7. Friction losses are greatly reduced because the external tendons are connected to the 

structure only at deviation and anchorage zones. 
 

8. During construction, the main operations, like concreting and pre-stressing, are more 
independent, so the influence of workmanship on the overall quality of the structure is 
significantly reduced. 

 
There are also some disadvantages that have to be considered before the choice of external or 
internal pre-stressing, or a combination of them (that could be the better solution in some cases). 
These are, [47]: 
 

1. External tendons are more easily accessible than internal ones, thus they are vulnerable to 
sabotage and directly exposed to fire. 

 
2. External tendons suffer from vibrations when their free length is too wide, therefore they 

require an accurate dynamic design. 
 

3. Deviation and anchorages zones are very delicate parts to design, and these elements have to 
be able to sustain large longitudinal and transverse forces. Besides, their connections induce 
shear in the cross section due to concentrated loads. Deviation and anchorages zones have to 
be adequately designed. 

 
4. In the deviation zones, high pressures are located on the pre-stressing tendons. The saddles, 

usually made of metal tubes or sleeves, have to be installed with the maximum precision to 
reduce friction and to avoid damages to the tendons that could lead to reductions in 
strengthening. 

 
5. With internal grouted tendons, the long-term failure of the anchor heads has less 

consequences than with external tendons. In the first case, the pre-stressing force can be 
transferred to the concrete by bond. In the second case, this kind of break is more dangerous 
because the failure of an anchor head leads to a full loss of pre-stress for the tendon 
considered. 

 
6. The contribution to the flexural strength at the ultimate states of external tendons is less if it 

is compared to internal grouted tendons. During the load range between the first crack load 
and ultimate load, the stress variations in external tendons must be calculated for all their 
length and not only at the critical section like in internal bonded tendons. 
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7. At the ultimate states with external pre-stressing, failure with little warning due to 
insufficient ductility is more usual than with internal bonded tendons. For new bridges a part 
of the total pre-stress force may be internal to improve the ductility. 

 
8. The actual eccentricities of external tendons are smaller compared to that of internal 

tendons. 
 
1.3  State of Art before 1991 
 
The thesis deals with the researches conducted from 1991, but a short review of precedent studies is 
necessary to better understand the founds of last works, because of many of them are an 
development of the first studies. 
 
1.3.1  General Background 
 
Background informations on the researches undertaken by several authors on fps are provided by 
Naaman and Alkhairi [43]. The following sections give a brief summary of their compilation. The 
common way to determine the stress on pre-stressing steel at ultimate for unbonded tendons is 
given by the equation: 
 

 ps pe psf f f� � �  (1.1) 
where: 
fps   = ultimate stress in the pre-stressing steel; 
fpe   = effective pre-stress in the pre-stressing steel; 
�fps =  stress increase due to any additional load leading to ultimate behaviour. 
 
The effective pre-stress is defined as the stress in pre-stressing tendons under the effect of the 
deadweight moment and the final pre-stressing force. 
 
1.3.2  Initial Studies 
 
Many studies have been undertaken to predict the ultimate stress and strain in the pre-stressing 
steel. One of the first ones was done by Baker (see [43]) who wrote the following equations to find 
the strains: 

 
� �ps pe psu av

� � �� � �  (1.2) 
 

� �ps pe cps m
� � � �� � �  (1.3) 

where: 
�ps = strain in the pre-stressing steel at ultimate; 
�pe = effective pre-strain in pre-stressing steel; 
(��cps)m = maximum strain increase in the concrete at the level of an equivalent amount of bonded                

pre-stressing steel beyond �pe; 
(��psu)av = average strain increase in the pre-stressing steel beyond �pe. 
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The coefficient � represents the ratio between the concrete stress adjacent to the steel and the 
maximum concrete stress adjacent to the steel. In the study, a value of 0.1 for this coefficient at the 
ultimate state was assumed. Therefore, the stress in pre-stressing steel under an elastic assumption 
is given by: 

� �ps ps ps ps pe psu av
f E E� � �	 
� � � �� �  (1.4) 

 
 � � � �ps pe ps psu pe ps cpsav m

f f E f E� �� � � � � ��  (1.5) 

 
where: 
Eps = modulus of elasticity of  pre-stressing steel. 
 
During the following researches, some authors has suggested different definitions for the coefficient 
�. Gifford (see [43]) has defined the strain compatibility factor as the ratio between the average 
effective concrete strain at the level of the pre-stressing steel and the concrete strain in the section 
of maximum moment. A value of � = 0.2 was suggested for the common cases. 
After tests on simple beams pre-stressed with external tendons and with a span-to-depth ratio close 
to 13, Janney et al. (see [43])have suggested a value for � given by: 

 
psc d� �  (1.6) 

 
where: 
c = depth from concrete extreme compressive fiber to neutral axis; 
dps = depth from concrete extreme fiber to centroid of pre-stressing steel. 
 
1.3.3  The ACI Building Code 
 
In the 1963 version of ACI Building Code (see [43]), there are two equations to find the ultimate 
stress in pre-stressing steel, these are: 

15ps pef f� �                     (ksi) 
(1.7) 

 
                   (MPa) 105ps pef f� �

 
After a wide experimental study on 82 beams simply supported and partially pre-stressed beams (41 
with unbonded tendons), Warwaruk et al. (see [43]) found that in the beams without supplemental 
reinforcements, there was only one major crack instead in those with supplemental reinforcements 
in which there were multiple cracking before failure. The variables of the research were the quantity 
of reinforcement, the concrete compressive strength and the type of loading. The analytical 
expressions that better followed the experimental data are: 
 

� �' 1030.000 10

0.6

ps pe ps c

pe pu

f f r f

f f

	 
� � � �

�
 (1.8) 

 
where: 
�ps = pre-stressing steel reinforcement ratio; 
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f’c = compressive strength of concrete ; 
fpu = ultimate strength of pre-stressing steel. 
 
After a comparison with the 1963 ACI Building Code’s equation, it’s possible to see that the first 
ones are too protective. 
Mattock et al. (see [43]) developed a study using seven simply supported partially pre-stressed 
concrete beams and three continuous two spans beams. They considered, as variables, the 
supplementary non pre-stressing reinforcement, presence or absence of bond. They used seven-wire 
strands as bonded non pre-stressed reinforcement. During the tests, the span-to-depth ratio was 
fixed to 33.6. The conclusions were that: 
 

1. fps determined with ACI 318-63 was undervalued of about 30% in front of experimental 
results. 

2. When the ratio �ps /  increases, the difference between predicted and experimental f'
cf ps 

decreases. 
3. ACI 318-71 well represents the behaviour of unbonded tendons for simply supported beams. 
4. The distribution of the cracks in the unbonded beams was similar to those of bonded beams 

with non pre-stressed reinforcement. 
5. In unbonded beams has to be present a minimum ratio of reinforcing bars equal to 0.4. 

 
At the end of the study, they developed the following equation to better predict fps at low 
reinforcement ratios: 
 

� �'1.4 100 10ps pe c psf f f �� � �  (1.9) 
 

This relation was later adopted in ACI Building Codes of 1971 and 1977, with some modifications: 
 

� �' 100 10

60

ps pe c ps

ps pe

f f f

f f

�� � �

� �
 (1.10) 

 
An experimental work was undertaken to investigate the influence of the span-to-depth ratio on the 
behaviour of simply supported and continuous beams, and continuous slabs pre-stressed with 
unbonded tendons. Mojthaedi and Gamble (see [43]) found that fps is significantly influenced by the 
span-to-depth ratio. Their results were supported by an analytical model in which a cracked beam 
pre-stressed with unbonded tendons, was simulated with a triangular truss composed of two 
symmetrical compressive members and a tie. With this study, it was showed that to a tie’s strain 
increase corresponds a decrease of the span-to-depth ratio. If this ratio is about 45, the above 
equations overestimate �fps at low reinforcement ratios and underestimate it at low span-to-depth 
ratios. Therefore, after the experimental tests the above equations were modified for ACI 318-83. It 
was also proposed a new relation to predict fps that was adopted for ACI Building Code in 1990: 
 

� �'10ps pe c psf f f ��� � �  (1.11) 
 
where: 
� = 100 for L / dps < 35 and � = 300 for L / dps > 35; 
L = is the length of the span. 
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1.3.4  Other Investigations Dealing with Pre-Stress Determination 
 
Many researches were undertaken to study the behaviour of pre-stressed with unbonded tendons 
structures, both analytical and experimental, independently from the ACI Building Code. Pannel 
(see [43]) developed an extensive experimental and analytical investigation was developed to better 
understand the influence of the span-to-depth ratio on this kind of pre-stressing. He used 38 beams 
were, and more than the span-to-depth ratio, the variables taken in consideration were the effective 
pre-stress and the amount of reinforcement. Under the hypothesises that the stress in pre-stressing 
steel remains in linear elastic range, rectangular section behaviour prevails at ultimate and the 
effective pre-strain in concrete is trascurable, the following equation was proposed: 
 

cps
p

l
L

� �
� �  (1.12) 

 
where: 
��cps = strain change in the concrete at the level of the pre-stressing steel; 
Lp = width of the plastic zone at ultimate; 
�l = concrete elongation at the level of the pre-stressing steel. 
 
After his study, Pannel suggested to assume Lp = 10.5c, where c is the depth of the neutral axis at 
ultimate state. Using the strain compatibility and equilibrium, it’s possible to obtain a relation for 
fps. The following equations were used in the British Code: 
 

'
'

ps pe

ps c
c

ps
ps

A f
bd f

f
L

f

�

�
�

�

	 
� �
�� �� �� �� �� �

� �
�� �

� �� ��  (1.13) 

 

        '
ps cu ps ps

c

E d
Lf

�� �
� �  (1.14) 

 
where: 
�cu = strain in the concrete top fiber at ultimate; 
� = 10.5; 
� = 0.85�1; 
�1 = stress block reduction factor as defined in ACI Building code. 
 
In a following research, Pannel and Tam (see [43]) suggested a modified relation for the stress in 
the pre-stressing steel. This was derived after a test on 8 partially pre-stressed beams with unbonded 
tendons subjected to a single concentrated load and using, as variables, the amount of pre-stressed 
and non pre-stressed steel, the span-to-depth ratio (L/dps) and the effective pre-stress, as: 
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' '
'

ps pe s y

ps c ps c
c

ps
ps

A f A f
bd f bd f

f
L

f

�

� � �
�

�

	 
� � � �
�� �� � � �� � � �� �� � � �� ���� �

� ��� �  (1.15) 

 
where: 
As = area of non pre-stressed reinforcement; 
fy = yield strength of non pre-stressed reinforcement. 
 
Another investigation, based on analytical and experimental data, was carried out by Cooke et al 
(see [43]) who studied how the stress at ultimate in unbonded tendons follows the changes of the 
span-to-depth ratio and the amount of pre-stressing steel. They tested 9 simply supported fully pre-
stressed slabs with unbonded tendons, and it was concluded that: 
 

1. The fps equation of ACI 318-77 overestimates in the pre-stressing steel at low reinforcement 
indexes; 

 
2. The equation (1.8) conservatively predict fps; 

 
3. With the use of non pre-stressed reinforcement, it is possible to avoid flexural instability due 

to a low amount of pre-stressing steel; 
 
4. It is recommended to use the ACI 318-63. 

 
Elzatany and Nilson (see [43]) developed an ivestigation in the influence of different pre-stress 
forces on the flexural strength of unbonded partially pre-stressed concrete beams. They used 8 scale 
models of two series: under-reinforced (U-series) and over-reinforced (O-series). It was concluded  
that: 
 

1. Beams both of U and O series showed a high ductility at failure; 
 
2. The increasing of pre-stress force leads to a major flexural capacity in O-series, since �fps 

remains constant; 
 

3. Bonded reinforcement was effective in distribution of cracks; 
 

4. The ACI 318-77 equation for fps was too conservative for O-series and non conservative for 
U-series; 

 
5. There was a need to change the equations for prediction of fps in the ACI codes to 

considerate all the important factors that influence it. 
 

6. A procedure to predict fps, based on the effective moment of inertia concept, was developed . 
 
Du and Tao (see [43]) worked out an experimental research to investigate the effects of the presence 
of non pre-stressed reinforcement and its influence on the fps value. In total, they tested 22 partially 
pre-stressed beams, with unbonded tendons and under third point loading. The variables were the 
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area of pre-stressed and ordinary steel and compressive concrete strength. The span-to-depth ratio 
was constant. The test results lead to the following equations: 
 

� �'

278.46114ps pe s y ps pe
s c

f f A f
bd f

� �  � A f        (ksi) (1.16) 

 

� �'

1920786ps pe s y ps pe
s c

f f A f
bd f

� �  � A f        (MPa) (1.17) 

 
provided that: 

 

' 0.3s y ps pe

s c

A f A f
bd f
�� �

�� �
� �

 

 
0.55 0.65py pe pyf f f� �  (1.18) 

 
ps pyf f�  

 
where: 
fpy = yield stress of the pre-stressing steel. 
 
Chakrabarti and Whang (see [43]), after some tests on 8 partially prestressed concrete beams with 
unbonded tendons under third point loading and using as variable the partial pre-stress ratio (PPR), 
concluded that: 
 

1. The non pre-stressed reinforcement yielded at ultimate; 
 
2. The failure of all beams started by the crushing of the concrete top fiber at ultimate; 

 
3. For the same reinforcement index �, the stress in pre-stressing steel increases when PPR 

decreases; 
 

4. With a less �, the �fps increases; 
 

5. Cracking behaviour could be improved by reducing PPR ratio; 
 

6. There was a need to modify the ACI 318-83 equations for fps to take in account also of the 
influence of the non pre-stressed tensile and compressive reinforcement. 

 
Chouinard (see [43]) studied the effects of different amounts of non-pre-stressed reinforcement on 6 
partially pre-stressed beams with unbonded tendons loaded at their third point. He concluded that 
the addition of high quantity of non pre-stressed steel implied a reduction of fps and he also 
observed the strain distribution at the level of the pre-stressing tendons in the constant moment 
zone. In the beams without supplementary reinforcement, there were uniformally distributed strains 
at mid-span with only one or two wide cracks formed, while in beams with non pre-stressed steel 
multiple cracks occurred. The development of cracks is an indication of the extension of the plastic 
zone along the top fibre of the beam. 
An experimental research on 26 partially pre-stressed with unbonded tendons concrete beams was 
carried out by Harajli and Kanj (see [43]). The aim was to investigate the influence of important 
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factors, such as the reinforcing index, the span-to-depth ratio and the loading type, on the behaviour 
of these kind of beams. It was observed that: 
 

1. The effect of the length of the plastic hinge is important on fps; 
 
2. The parameter �ps / '

cf  is not a rational design parameter, and it is present on the ACI 318-83 
equation for fps; 

 
The following equation, to replace the one in ACI 318-83 for fps for continuous beams, was 
proposed: 
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ps pyf f�  (1.19) 

 
60ps pef f� �  

 
It was noted, however, that the above relation is too cautious for simply supported beams, and a 
more accurate study could be developed from the strain compatibility analysis. 
 
 
1.3.5  Other Code Equation for Pre-Stress Determination 
 
North  American Codes 
 
Besides the ACI Building Codes there are other codes to take in account in North America (see 
[43]), like: AASHTO and the Canadian Code. The ASSHTO suggests an equation for fps similar to 
the ACI 318-83 one. The Canadian Code introduces the following relations: 
 

�725
ps pe ps y

e
�f f d

L
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�
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 (1.21) 

 
where: 
�ps = resistance factor for the pre-stressing steel; 
�s = resistance factor for the non pre-stressing steel; 
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�c = resistance factor for the concrete. 
 
European Codes 
 
References to various European codes are given in [43]. In the Dutch Code is developed a plastic 
analysis approach to predict fps, and the found value is increased of 5%: 
 

1.05ps pef f�  (1.22) 
 

The German Code recommends a stress increase in unbonded tendons as in the following relation: 
 

ps pe ps pyf f f f� � � �  
(1.23) 

ps ps
Lf E

L
�� �� � � �

� �
 

 
where: 
�L = dps / 17; 
L = length of the tendon between two end anchorages. 
 
The British Code is based on Pannell’s studies (see [43]), and uses the following equations to 
evaluate fps: 
 

1.71020 1 pu ps
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cu ps
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f A
f f

f bdL
d
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       (ksi) 
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� �
� � � �� �� � � �� �� �

� �

       (MPa) 

 
0.7ps puf f�  

 
where: 
fcu = strength of concrete taken from cube tests. 
 
The Swiss Code recommends the following equations in predicting the ultimate behaviour of slabs 
with unbonded tendons: 
 

Edge Span:                    0.075 ps
ps pe ps

d
f f E

L
� �

� � �
� �

�  (1.25) 

 

Internal Span:                 0.00125 0.10
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L hf f E
L
��� � �

� �
�
�  (1.26) 
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Where: 
h = is the total height of section of maximum moment; 
L = is the length of the span. 
 
1.3.6  Evaluation of Various Prediction Equation 
 
Figures 1.1 and 1.2 describe the results obtained from ACI 318-83, and it’s possible to see that 
while there is a good correlation between predicted and experimental values for fps , the correlation 
for �fps is poor. Figures 1.3 and 1.4 represent the Canadian Code, from the graphs it’s shown that 
the code prediction for fps is generally on the safe side, but there is an inconsistent correlation 
between predicted and experimental values for �fps. 

 

 
Figure 1.1- fps predicted by ACI 318-83 vs 

experimental results [43]. 

 
Figure 1.2- �fps predicted by ACI 318-83 vs 

experimental results [43].

 
 

 
Figure 1.3-fps predicted by the Canadian Code vs 

experimental results [43]. 

 
Figure 1.4-�fps predicted by the Canadian Code vs 

experimental results [43].
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Figures 1.5 and 1.6 show the results of the German Code, in this case both fps and �fps are usually 
larger than experimental results and in the unsafe zone. Figure 1.7 and 1.8 show the relations of 
Tam and Pannell (see [43]), and as is possible to see from the graphs there is a good correlation 
between the predicted and experimental data for fps , but a poorer one for �fps. Figures 1.9 and 1.10 
represent the Du and Tao equation, and here is possible to see that not only poor correlation but also 
unsafe predictions for the predicted values of both fps and �fps. Figure 1.11 shows how conservative 
the ASSHTO code equation is. 
 
 
 
 

 
Figure 1.5 - fps predicted by the German Code vs 

experimental results [43]. 

 
 
 

 
 

Figure 1.6 - �fps predicted by German Code vs 
experimental results [43].

 
Figure 1.7 - fps predicted by Tam and Pannell vs 

experimental results [43]. 

 
 

Figure 1.8 - �fps predicted by Tam and Pannell vs 
experimental results [43].
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Figure 1.9 - fps predicted by Du and Tao vs 

experimental results [43]. 

 
 

Figure 1.10 - �fps predicted by Du and Tao vs 
experimental results [43].

 
 

 
 

 
Figure 1.11 - �fps predicted by the ASSHTO code vs experimental results [43]. 

 
 
1.4 Aims and Contents of the Report 
 
The work presented in this thesis deals with the use of unbonded tendons for pre-stressed concrete 
bridges. The aim of this study is to review the literature available regarding this type of construction 
technique.  
 
Chapter 2 treats the mechanical properties of steel and FRP tendons, and the differences between 
different tendon’s profiles. In this chapter some design and test specifications on the anchorage 
zones are discussed, and different types of commercially available tendons are presented. 
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Chapter 3 describes different numerical analyses to describe the behaviour of pre-stressed beams up 
to failure, and to evaluate the second order effects. Computer models to investigate the dynamic 
behaviour and the residual strength of deteriorated concrete bridges are also presented. 
 
Chapter 4 deals with the investigations to evaluate the stress on the tendons, and all the factors that 
can modify it, considering pre-stress losses, shear force, changes in eccentricity and the span-to-
depth ratio. The effect of the pre-stressing force on the shear resistance is also presented. 
 
Chapter 5 presents numerical and experimental investigations on beams pre-stressed with fibre 
reinforced tendons, considering CFRP, CFCC, GFRP and AFRP rods. Some researches on the 
transfer length and durability of such materials in an aggressive environment are also presented. 
 
Chapter 6  provides an algorithm to evaluate the stress in the unbonded tendons varying some 
parameters, like the span-to-depth ratio, the effective pre-stress force and the amount of non-pre-
stressing reinforcing steel. The algorithm is used with a simply supported beam and with a three 
span continuous beam, considering different loading patterns. 
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Chapter 2 : Tendon’s Characteristics 
 

 
2.1 Mechanic Properties of Steel Tendons 
 
2.1.1 Types of Pre-Stressing Tendons 
 
In his work, Naaman [42] explains the characteristics of the materials used for pre-stressing steel. 
The tendons must be made by an high-strength steel that allows high elongations. Otherwise, due to 
pre-stress losses, the steel stress decreases with time. An ideal tendon material should be not only 
high-strength but it also has to remain in elastic range until relatively high stresses are reached. 
Further, it has to show sufficient ductility and good bonding properties, low relaxation and high 
resistance to fatigue and corrosion. Besides, it must be economical and easy to handle. There are 
three main types of tendons used in pre-stressed concrete: wires, strands (made of several wires), 
and bars. The most common section shapes are showed in Figure 2.1: 
 

 
Figure 2. 1 - Common shapes and diameters of pre-stressing steel, [42]. 
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The high tensile strength and ductility of pre-stressing steel steels are obtained by a production 
process using: 
 

1) High carbon hot rolled alloy steel; 
 
2) Cold drawn or deformed carbon steel (preferably tempered); 

 
3) Hot rolled and heat treated carbon steel; 

 
The main part of the pre-stressing wires are produced with a cold working (drawing or rolling) 
process. There are several kinds of cross-sectional shapes and surface conditions for wires, the most 
common are round or oval, smooth or indented, ribbed, twisted, or crimped. 
The strands are made by several wires. For instance, in the seven-wire strand six spherical wires are 
helically wound over a central wire which has an higher diameter than the others. Because of wires 
are usually produced with small diameters, the strands show superior properties than single bars due 
to better quality control. They are also easier to handle due to a major flexibility than a single bar of 
the same diameter.   
Pre-stressing bars are produced with smooth or ribbed surfaces. The first ones can be mechanically 
end-treated to be used in anchoring systems, while the second ones can be anchored anywhere along 
their length. 
 
2.1.2 Mechanical and Stress-Strain Properties 
 
The mechanical properties of pre-stressing steel must satisfy some requirements, that include the 
tensile strength and the corresponding strain, the yield point and the elasticity modulus. 
Typical stress-strain curves for pre-stressing steel compared with the reinforcing steel’s ones are 
plotted in Figure 2.2. From the figure, it’s possible to see that pre-stressing steels have an higher 
strengths than reinforcing steels, even if with lower corresponding failure strains. Thus, there isn’t a 
clear yielding point. The stress to strain curve can be divided in three portions: an initial linear 
elastic proportion up to the proportional limit, a non-linear portion with gradually decreasing slope 
and a final almost linear strain-hardening portion with a small positive slope leading to failure. 
 

 
Figure 2. 2 - Typical determination of yield strength for a pre-stressing steel, [42]. 
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In pre-stressing steel the yielding point isn’t well defined and because of this, the yield strength is 
determined according to strain criterion. There are different equations according to the building 
codes. Theoretically, the proportional limit is fixed to the point in which the stress-strain curve 
deviates from the linear trend, usually the proportional limit is determined by the stress 
corresponding to a residual of 0.01 %. The elasticity modulus of steel is essentially a constant, 
independent from strength. However, this modulus is smaller for the strands which are made with 
several wires. 
 
2.1.3 Relaxation 
 
The relaxation is the loss of tension with time in a stressed tendon maintained at constant 
temperature and length, and it is a result of the material adaptation to an externally applied 
constraint. The relaxation is usually negligible for stresses smaller than 50% of ultimate strength. 
The dependence from time at several levels of stress and at various temperatures are shown in 
Figures 2.3 and 2.4. It’s possible to see that the temperature’s influence diminishes with time, 
instead the initial stress influence remains the same. Usually the relaxation loss is determined at 
1000 hours and a multiplier is used to find its value at the end of the structure’s life. Not only the 
steel properties influence the stress loss in pre-stressing tendons, in fact the steel stress decreases 
also due to concrete’s creep and shrinkage (see Figure 2.5). Therefore, the relaxation loss is smaller 
than the pure relaxation otherwise obtained on a reference tendon maintained at constant length. 

 
Figure 2. 3 - Typical effect of initial stress on 

relaxation of stabilized pre-stressing steel, [42]. 

 
Figure 2. 4 - Typical effect of temperature on 

relaxation of stabilized pre-stressing steel, [42].

 
Figure 2. 5 - Effect of relaxation and creep on the state of stresses and strains, [42]. 
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2.1.4 Effects of Temperature 
 
The mechanical properties of pre-stressing steel (see [42]) are not so susceptible to variations in 
temperature, as is possible to see for the strength, yield point, proportional limit and elastic 
modulus. A change in temperature from 20°C to 40°C can lead to an increase in relaxation after 
1000 hours of about 50%. Therefore, at higher temperature the pre-stress loss due to relaxation will 
be reached earlier in time. Wide changes in temperature can seriously modify the mechanical 
properties of pre-stressing steel. A sharp decrease in temperature leads to an increase in strength and 
elasticity modulus, but also to a decrease in ductility and impact resistance (see Figure 2.6). If the 
temperature increases, the steel mechanical properties changes in the opposite way. In particular, if 
temperature increases over 200°C, a rapid deterioration is expected. Therefore in the presence of 
fire, a critical temperature may be reached, leading to a premature collapse of the entire structure. 
 

 
Figure 2. 6 - Effect of low temperature on relaxation of pre-stressing steel [42]. 
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2.1.5 Fatigue 
 
Fatigue is the process of deterioration of the mechanical properties of materials under fluctuating 
stresses (see [42]), generally due to repetitive application of live loads on the structure. Pre-stressing 
steel doesn’t suffer so much from fatigue and in design, 2 million cycles are the minimum but 
sometimes 10 million cycles are possible toreach.  
The lifetime of the steel could be shorter in pre-stressed concrete, because of that steel is stressed up 
to 50-60% of its ultimate strength, and this fact modifies its fatigue behaviour. A limit of endurance 
has not been found for pre-stressing steel, but as said above, a fatigue life of 2 million cycles is 
considered sufficient in the main part of the application. ACI Committee 215 (see [42])recommends 
the following equations: 
 

Wires:                                           0.12� �pr puf f  
(2.1) 

Strands:                                         0.10� �pr puf f  
 
To predict the maximum safe stress range at different numbers of cycles and assuming a minimum 
stress under 60% of fpu, it is possible to use: 
 

0.123log 0.87
�

�  �pr
f

pu

f
N

f
 (2.2) 

 
where: 
�fpr = maximum safe stress range for a fatigue life of N cycles; 
fpu = tensile strength of pre-stressing steel; 
Nf  = number of cycles to failure. 
 
The tests from which these relations are derived are done with high frequency cycles of loads, thus 
if the live loads are not continuously applied, the fatigue life is longer. Sometimes the safe stress 
range predicted by the above equations are too optimistic due to the fretting friction which develops 
between adjacent wires or between steel and concrete at a cracked section. In these sections there 
are stress concentrations which may anticipate fatigue fractures of one or more wires leading to a 
premature failure. The design of cracked partially pre-stressed concrete beams should be based on 
limiting both the stress range in the reinforcement and the crack width range in the concrete to 
reduce fretting or abrasion between wires of the same tendon or between the tendon and the 
concrete. The addition of ordinary reinforcing bars to a pre-stressed concrete member should 
improve its fatigue resistance even if this reinforcement is not needed for strengthening. 
 
2.1.6 Corrosion 
 
The pre-stressing steel is much more sensible to corrosion than the reinforcing one (see [42]). This 
is because of the diameter of tendons is relatively small and high-grade steel is more susceptible to 
corrosion. Even a small uniform corrosive layer or a corroded spot can substantially reduce the 
cross sectional area of the steel, induce stress concentrations and eventually lead to premature 
failure. The exposition of unprotected steels to the environments, even for few months, can produce 
a larger reduction of mechanical properties but also in the fatigue life. Pre-stressing steel is 
subjected to both the two major types of corrosion: electrochemical corrosion and stress corrosion. 
The first one is dependent on an aqueous solution and oxygen. Stress corrosion causes brittleness in 
the steel under certain conditions of stresses and environments. 
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The presence of cracks is one of the most important factors that lead to the corrosion. For this 
reason fully pre-stressed concrete beams (un-cracked) have better protected reinforcements than the 
partially pre-stressed concrete beams (cracked). In some design approach this fact is considered, 
and there are some rules to reduce the size of cracks widths. However several studies are leaving 
this approach, pointing out that corrosion depends from many causes and most of them are not 
belonging to cracking. Corrosion is very difficult to predict. When bonded tendons are used, good 
quality grout should be injected, as soon as possible after the tensioning operation, to prevent water 
contaminations. If unbonded tendons are used, they must be protected by anti-corrosive material 
such as asphalt, grease, oil or a combination of grease and plastic tubing. 
 
2.2 Mechanic Properties of FRP Tendons 
 
2.2.1 Constitutive Properties and Test Methods 
 
The use of fiber reinforced polymer (FRP) reinforcement for concrete structures is not yet 
developed because of the lack of information about the material characteristics and design codes 
and specifications. With their research, Gilstrap et al., [23], provide a serious concern regarding the 
use of FRP reinforcement for concrete structures. 
FRP bars are transversely anisotropic with the longitudinal axis being the strong axis. The 
manufacturing process can seriously modify the material properties from one product to another, 
and besides these properties are influenced by the loading history, duration and environmental 
conditions. 
Unlike other materials such as steel and concrete, the design codes throughout the world don’t have 
standard test methods, therefore the loading conditions and material characteristics for civil 
engineering applications must be provide by the manufactures. 
  
Definition of Design Strength 
 
FRP tendons (see [23]) are constituted by thousands of small fibers that are embedded in a polymer 
matrix. The strength of an FRP tendon is depending on the production process, that is different 
between the manufactures, even in the same brand of tendons. Therefore there is a large variety of 
results on the strength capacity of this material.  
A testing standard method has to be developed to determinate longitudinal strength and modulus, 
longitudinal and transverse compressive strength and modulus, and shear strength. Because of the 
wide range of results on strength capacity, after a series of tests that will provide an average 
strength and the standard deviation it’s possible to find a design value for FRP elements. 
It is possible to find a lot of data on strength testing in the Japanese codes, taken from JBRI 
document (see [23]) in which there is a section completely referred on test results, testing machines, 
data acquisition requirements and testing procedure. The Japanese codes set the design strength as 
the average strength less than three standard deviations, which equates 99.87% inclusion of test 
data. The FIP has also a section to investigate mechanical properties of FRP tendons, but there are 
not information about the testing procedure. The Canadian code devotes sections to tensile strength, 
clearly specifying testing procedures and also presenting a method for statistical interpretation of 
test data. The FIP and the Canadian codes suggests a design strength that is the average strength less 
than 1.65 standard deviations, equal to 95% inclusion of test data. 
The Eurocode focuses on FRP applications to concrete, but it has only little information about FRP 
tendon constitutive characteristics.  
The stress-strain curves, as is possible to see from experimental data, are linear up to failure without 
a plastic redistribution of stresses. This inability to yield has a pronounced effect on the flexural 
design rules. The failure of the tendons happens when the stress arrives to the extreme point and its 
strain capacity allows the structure to deflect prior to failure. The tendon strain capacity is allocated 
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for pre-stressing and the remaining strain reserve is for flexural capacity. The Japanese codes have 
some sections on testing methods used to determined the stress-strain curves, but there are not 
information about testing procedures. The FIP report shows stress-strain relationships of several 
commercially available FRP elements. In the Canadian code it is written that the force in the 
tendons has to be calculated from strain compatibility based on a stress-strain curve of an FRP 
reinforcement and multiplied for an appropriate safety factors, but there are not guidance for these 
relationships. The Eurocode does not mention stress-strain relationships.  
 
Creep – Rupture 
 
In FRP reinforcements are long term static stresses present. These stresses, as shown by several 
experiments [23], can lead to a decrease in tensile strength and this must be taken in account during 
the design process because of the reduction in flexural capacity. Creep and shrinkage of the 
concrete as well as creep and relaxation of the FRP must be considered with creep-rupture analysis. 
The Japanese codes have sections on creep rupture, but this document is not available in English. 
The FIP code provides information about creep rupture considering also endurance, strength 
retention, environmental effects, long term strength and a guide to statistical evaluation. The 
Canadian codes and Eurocode do not include discussion on this subject. 
 
Creep and Relaxation 
 
FRP fibers have an excellent resistance to creep, but the same quality is not common to all resin 
systems. The behaviour of FRP elements on creep performance is affected by the orientation and 
volume of the fibers. This can be evaluated by determining the creep ratio, that is the ratio between 
additional long term deformation and the initial elastic deformation. Only the Japanese and FIP 
codes report information about this subject together with relaxation. For a pre-stressing tendon 
relaxation is more important than creep because the first one leads to a reduction in the available 
pre-stress force. Experimental data (see [23])have shown that carbon fibers have practically no 
relaxation, but some relationships for relaxation have to be found to define the service level 
stressing forces. Only the FIP code contains a discussion on this subject while none of the other 
provide significant information to determine testing procedures and results. 
 
Thermal Effects 
 
Usually civil engineering structures have to sustain temperatures within the range of –30°C - +80°C 
during their service life. In case of fire, they can be subjected to extremely high temperatures. The 
FRP mechanical properties dependence on temperature is given by the resin matrix. For structural 
uses, the glass transition temperature, that is the point in which the resin or the fiber goes from solid 
to a viscous liquid, has to be above the maximum service temperature. In FRP-concrete systems, a 
thermal change will lead to thermal restraint stresses because of the differences in mechanical and 
thermal properties of the two materials. The tests referred to in [23] define the glass transition 
temperature and the coefficient of thermal expansion in both transverse and longitudinal directions. 
In the Japanese codes there are not indications for FRP design assuming temperature variations. The 
Eurocode defines the thermal issue by examining the fire provisions. However there are no reports 
of testing data. 
 
Fatigue and Pin Bend Test 
 
Experimental tests and research (see [23]) have showed that FRP elements have a good-to-excellent 
fatigue resistance. In particular aramid and carbon tendons show a fatigue performance superior to 
steel pre-stressing material, while glass rods are inferior. There are not many indications on this 
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subject in the codes, due to the lack of data. Only the Japanese and the Canadian (see [23]) codes 
give information about that, while in FIP and Eurocode (see [23]) have no references. FRP pre-
stressing tendons may occasionally be harped around turning points and from the examination of 
typical harping systems is derived that the tendon must be able to deflect through an angle of 15° 
without a significant change of strength capacity. Some tests should be conducted to investigate 
losses that occur and to find a new tensile capacity or a reduction factor for the tensile capacity of 
the tendon to compensate for the harped condition. The FIP code just handles this subject and the 
Eurocode does not give any references. In the Japanese code, the following equation is used to 
reduce the allowable strength: 

'0.07( / )bu fuf r h f�  (2.3) 
where: 
fbu = Strength in bent region; 
ffu = unconfined tensile strength; 
r = inside radius of bend; 
h’ = depth at section. 
 
The better study of the subject is in the Canadian code, in which reductions factors are included for 
pre-stress in tendons with a radius of curvature less than 1,200db, according to: 
 

0.5 FRP b treduction E d R�  (2.4) 
where: 
EFRP = modulus of elasticity of material; 
db = bar diameter; 
Rt = bend radius. 
 
2.3 Efficiency of Tendons Profiles 
 
In their study Picard et al., [47], examine the efficiency of tendon profile for external and internal 
pre-stressing of statically indeterminate structures. The following sections are summaries of their 
findings. 
 
2.3.1 Effective Eccentricity 
. 
When a beam is pre-stressed, its behaviour is different depending on its restraints: a statically 
determinate beam can follow the deflections due to pre-stress forces without any resulting reaction 
at the supports (see Figure 2.7), instead in a statically indeterminate beam, the deflections lead to 
new actions at the supports. In the last case the pre-stressing force induces also a statically 
indeterminate moment. 

 
Figure 2. 7 - Statically determinate pre-stressed beam, [47]. 
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If the pre-stress is applied to a continuous beam, as in Figure 2.8, a downward reaction is localized 
at the central support and equilibrated by two upward reaction at the external supports. This system 
introduces moments throughout the beam, and the total moment (sum of determinate and 
indeterminate moments) due to the pre-stress in any point of the beam is given by the relations: 
 
 

P sd si siM P e M M Pe M�� � � � �  (2.5) 
 

siMe e
P

� � �  (2.6) 

 

1 siP MM
Pe Pe

� � � �  (2.7) 

 
 
�e = effective eccentricity; 
e = actual eccentricity of the pre-stressing tendon relative to the centroid of the concrete cross 

section; 
Msd = statically determinate moment ( = Pe ); 
Msi = statically indeterminate moment. 
 
 

 
Figure 2. 8 - Statically indeterminate pre-stressed beam [47]. 
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The actual eccentricity e is positive when the tendon is above the centroidal axis in the considered 
section. Even if the actual eccentricity is constant and negative along the beam in Figure 2.8, the 
total moment and the effective eccentricity are positive at the central support. Thus, the total 
moment due to external loads is opposite to the one due to pre-stress force at the central support, 
although the pre-stressing force is above the centroidal axis. The parameter � is a measure of the 
importance of the total pre-stressing moment relative to the determinate moment. For statically 
determinate structures � is always equal to 1, but this parameter may be equal to infinity when  at a 
given section the statically determinate moment is equal to zero ( Pe = 0 ), with a non-zero statically 
indeterminate moment. A first comparison between internal and external tendons can be made 
considering a single-cell box section with external tendons placed inside the box girder (most 
common solution). As it is shown from the Figure 2.9, the actual eccentricity of internal tendons is 
larger than for external tendons. Therefore, the total pre-stressing moment of the latter is smaller if 
compared with the internal tendons. 
 

 
Figure 2. 9 - Actual eccentricity of horizontal external or internal tendons, [47]. 

 
2.3.2  Comparison of Fixed-End Moments Caused by Pre-Stress 
 
To define the pre-stressing effects in a statically indeterminate structure, moment distributions 
method with the following assumptions is used, [47]: 
 

1. The members are assumed to be prismatic with constant stiffness, a variable cross section 
can be divided in more prismatic members. 

 
2. The pre-stress force is the same throughout the tendon or a group of similar tendons. 

 
3. The variations of actual eccentricity can be defined by equations. 

 
4. The principle of superposition is applicable (elastic analysis). 

 
In this way, the total pre-stressing moment at a given section is the sum of each moment caused by 
a tendon. In their study the authors consider two kinds of profiles for the tendons, the parabolic and 
the linear. Considering a parabolic tendon continuous throughout an end span, the end span moment 
can be derived by the equations (Picard 1983): 
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1ps s s sim k Pe Pe m� � �  (2.10) 

 
mps = fixed end-moment at the interior support due to pre-stress; 
k1 , k2 , k3 = dimensionless parameters; 
ee , emin , es , �1 , �2 , �3 = geometric parameters defined in Figure 2.10. 

 

 
Figure 2. 10 - Tendon profile defined by parabolas (End Span) [47]. 

 

 
Figure 2. 11 - Fixed end moment variation (Parabolic profile End Span), [47]. 
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In Figure 2.11, it is possible to see the variation of parameter k1. Using �1 = 0.4, �2 = 0.2, and k2 = -
1.5, which are realistic values, the figure shows that the fixed-end moment is about 50% larger than 
the statically determinate moment (k1 = 1.5), this is an important advantage when using continuous 
beams. 
The effective eccentricity at the interior support may be larger than the actual eccentricity not only 
when computing the fixed-end moments (k1 > 1), but also after the moment redistribution is 
performed (�es > es). Using a tendon profile made of segmental straight lines, the fixed-end moment 
at the interior support caused by pre-stressing forces is given by: 
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Where the parameters k2 and k3 are defined as before, and the geometric parameters are plotted in 
Figure 2.12. The behaviour of the parameter k1 is given by equation (2.11), shown in Figure 2.13: 

 

 
Figure 2. 12 - Tendon Profile defined by three linear segments (End Span) [47]. 

 

 
Figure 2. 13 - Fixed end moment variation (Linear profile, End Span) [47]. 

 26



Comparing the behaviours of the parameter k1 for parabolic and segmental-linear profiles, as shown 
in Figures 2.11 and 2.13, it is possible to see that for segmental-linear profiles the fixed-end 
moment is larger. Using �1 = 0.4, �2 = 0.2, and k2 = -1.5, in fact, k1 = 2.4 compared to 1.5 for the 
parabolic profile. Besides in this case, the variation of k1  with �1 is inverted. In Figure 2.11, k1 
increases when �1 increases while in Figure 2.13, k1 decreases when �1 increases. Considering a 
parabolic tendon profile continuous throughout an interior span and symmetrical respect of the mid-
span, as shown in Figure 2.14, the fixed-end moment is given by the following equation (Picard 
1983), referred to [47]: 

 

 
Figure 2. 14 - Tendon profile defined by parabolas (Interior Span) [47]. 

 

 
Figure 2. 15 - Fixed end moment variation (Parabolic Profile, Interior Span) [47]. 
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where k2 is the same of the previous equations, and � is shown in figure 2.14. The behaviour of k1, 
given by the above equation, is shown in Figure 2.15: 
Considering a tendon profile made of three linear segments continuous throughout an interior span, 
as in Figure 2.16, the fixed end moments at both supports is given by: 
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This equation leads to values larger of k1, about 30% - 50 %, compared to a parabolic tendon profile 
at an interior span. The k1 behaviour is plotted in the Figure 2.17: 
 

 
Figure 2. 16 - Tendon profile defined by three linear segments (Interior Span) [47]. 

 

 
Figure 2. 17 - Fixed end moment variation (Linear Profile, Interior Span) [47]. 

 
As conclusion the authors writes that considering the influence of the statically indeterminate 
moment, it is necessary to optimize the tendon profiles to reduce the require of pre-stressing force. 
For external pre-stress (linear profile), it is difficult to find the right choice in this sense because of 
the influence of the geometric parameters, but a solution could be to combine continuous linear 
tendons with localized horizontal tendons at interior supports. Even if this tendons have an effective 
eccentricity less than the actual eccentricity, they provide negative pre-stressing moments as 
required to oppose the moments of external loads. For internal pre-stressing (parabolic profile) the 
reduction of the negative pre-stressing moment in the spans, usually, has no consequences on the 
required pre-stressing force. Because of the smoother shapes of the parabolic tendon profiles, the 
influence of geometric parameters is less pronounced and these profiles are easier to optimize. 
Friction and pre-stress losses are not taken in account in the above study, but they can be considered 
during the optimisation procedure. 
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2.4  Specifications for Local Tendon Anchorage Zones 
 
Before the research conducted by Roberts-Wollman and Breen [55] for the American Association 
of State Highway and Transport (AASHTO), there was a lack in the study of the stress distribution 
in the anchorage zones in the concrete, and of the maximum load supported by the anchorage. The 
AASHTO specifications (see [55]) distinguishes between two zones behind the anchorage itself. 
The first one, called local zone, is the region that surrounding the anchor plate and it is subjected to 
very high compressive stresses. The second one, called general zone, is more removed from the 
anchor and it is the region in which the compressive stresses inducted by the anchorage spread out 
into the cross-section. The design of the local zone is usually depending on the specifications given 
by the anchorage device supplier. 
In their study, the authors investigate the design of the local zones and divide the post-tensioning 
device into two categories: basic anchorages and special anchorages devices. A basic anchorage 
device is a very simple bearing plate with enough stiffness to generate low and uniform bearing 
pressures. This kind of anchor can be easily designed with simple equations and placed in the 
structure without proof tests. A special anchorage device has a complex shapes, higher bearing 
pressures, and requires confining reinforcing steel. The AASHTO specification propose also a test 
to ensure that the post-tensioning force can be safely transferred to the structure. The maximum 
force that an anchorage must support is about 80% of the specified ultimate strength of the largest 
tendon size for which it is designed That is called maximum jacking force, calculated as: 
 

0.80jack ps puP A f�  (2.14) 
 

where: 
Pjack = maximum jacking force; 
Aps = area of pre-stressing tandon; 
Fpu = specified ultimate strength of pre-stressing steel. 
 
The safety factor is only 1.2 due to the well controlled nature of post-tensioning forces. 
 
2.4.1  Design of Basic Anchorage Devices 
 
The simplest type of anchorage consists of a square or rectangular plate  with a central hole that 
bears on the concrete; a thick normally circular plate to accommodate the wedges and transfer the 
individual strand forces into the bearing plate (the wedge plate) or and a transition trumpet to direct 
the strands from their wide pattern at the wedge plate to a dense bundle at the duct. To be 
considered a basic anchorage, the bearing pressure has to be small and ASSHTO sets the limit to: 
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where: 
Psu = maximum factored tendon load (0.8 Aps 1.2 fpu ); 
Ab = effective net area  of the bearing plate, calculated as the gross area Ag minus the area of the 

opening in the plate; 
A = maximum area of the portion of the supporting surface that is geometrically similar to the 

loaded area and concentric with it. 
 
A basic anchorage device also has to show an appropriate stiffness to ensure a relatively uniform 
stresses distribution, the AASHTO specifications require that the following relation is satisfied: 
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where: 
n = distance from the edge of the wedge plate to the edge of the bearing plate; 
t = thickness of the bearing plate; 
fb = factored bearing pressure under the bearing plate that is equal to � �1.2 0.8 ps pu bA f A$ . 
 
This relation is based on a large study conducted by Hawkins (see [55]), that after experimental 
tests concluded that the stiffness of the plate dictated the deformation of the plate under load and the 
pattern of stress distribution in the concrete beneath the plate. A rigid or semiflexible plate leads to 
an uniform bearing plate. For a flexible plate, only a portion of the bearing plate is effective in 
transferring the force to the concrete. In a basic anchorage device the material has not to be yield, to 
ensure this characteristic is possible to use the simple equation: 
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If the plate satisfies all these three equation, it has not to be tested before its application in the 
structure. 
 
2.4.2  Special Anchorage Devices 
 
All the anchorage devices that don’t satisfy the above three criteria have to be considered as special 
anchorages. This type of device is depending on its confining reinforcing and because there are not 
methods to define the local anchorage zone strength, in this case a test must be applied before their 
application into the structure. The AASHTO test use an anchorage on a concrete block. The side 
dimensions of the block are two times the manufacturers minimum edge distance in each direction, 
or the minimum spacing plus appropriate cover. The confining reinforcement on the top of the 
block is that recommended by the manufacturers, depending on the concrete strength. In addition to 
this primary reinforcement, a supplementary skin reinforcement is placed in the way to be less than 
1% of the volume of the tested block. During the test three load histories are allowed: sustained 
loading, cyclic loading and monotonic loading up to failure. The magnitude of the sustained load 
(0.8 Fpu with Fpu = Aps fpu ) was chosen to simulate the maximum allowable lock-off force in the 
tendon ( 0.7 Fpu ) with an increase to take in account the differences between laboratory conditions 
and field conditions. The second load history is the cyclic loading. In this case the load starting 
from 0.1 Fpu is increased to 0.8 Fpu. At the end of cycling, an investigation of damages (propagation 
and width of cracks) is conducted. After 48h of both the above load histories the load is increased to 
0.9 Fpu for additional cracks reading and then to failure. The third load is the monotonic loading to 
failure. During this test the force is increased to 0.9 Fpu and after a sustained period of 1h, to failure. 
To pass the test, some criteria have to be satisfied. For the cyclic and sustained load tests, the first 
criterion requires that the crack widths must stable. This is defined as to when the crack widths 
increasing no more than 0.025mm over the final three cycles for the cycling test, or over the final 
12h for the sustained test. This first criterion represents a serviceability level at 0.8 Fpu. 
The second crack width criterion is a damage state level at 0.9 Fpu. The crack width limit is set to 
0.40mm. For the monotonic loading test the crack checks are required at 0.9 Fpu and 1.0 Fpu. The 
final criterion represents the ultimate state load and provides a safety factor for the system. The 
required ultimate state is 1.1 Fpu for the cyclic and sustained load, and 1.2 Fpu for the monotonic 
load. Three indentical test blocks have to show  similar results. There are not universally accepted 
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equation or method analysis for a special anchorage, but several proposed relations have the 
following three main parameters: 
 

1. The A/Ab ratio; 
 
2. The lateral confining pressure provided by the reinforcing steel; 

 
3. The area of the confined core. 

 
During the tests, it was seen that blocks with identical anchorage devices and confining 
reinforcement had significantly different ultimate loads depending on the A/Ab ratio so that a larger 
A/Ab ratio allows higher ultimate loads. The lateral confining pressure provided by the reinforcing 
steel leads to an increase of the compressive strength of the concrete as follows: 
 

' 4.1c c latf f� � f  (2.18) 
 

The concrete strength within the confined core is strengthened by the confining reinforcement, 
therefore a larger confined core allows to an higher ultimate load. Based on the results of the tests 
an equation to predict the ultimate loads of concrete prisms reinforced with spirals or ties and 
loaded through a portion of their full cross section is proposed: 
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where: 
flat = lateral confining pressure; 
(1 - s / D2) = takes into account the effectiveness of the confining reinforcement based on its pitch 

and outside diameter. 
 
The equation can be used to extrapolate or interpolate results from tested anchors to other similar 
but un-tested anchors. It is done by comparing the capacities of the tested anchorages are compared 
with the values obtained from the equation. Therefore, it is possible to deduct a calibration factor, 
given by the relation: 
 

test predictionP kP�  (2.20) 
 

The calibration factor can be used with the prediction equation for the ultimate loads to design the 
local zone details for the intermediate size anchors. 
 
2.5 Anchorages for FRP Tendons 
 
Erki and Rizkalla [21] have studied several types of anchorage devices for FRP tendons. 
Commercially available fiber reinforcement is made of carbon, aramid or glass filament fibers 
impregnated in a resin. Because Fiber Reinforced Polymer (FRP) is increasing in use for its 
attractive features compared to pre-stressing steel, such as the high strength-to-weight and stiffness-
to-weight ratios and the high resistance to corrosion, some researches were undertaken to improve 
the anchorage devices for this material. Tensile and bond strength of FRP reinforcement is 
generally equal to or superior to that of steel reinforcement. A well designed anchorage system 
should ensure the full development of the FRP reinforcement strength and uniform contact stresses 
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along the anchored tendon length, avoiding stress singularities either at the entry point or at the end 
of the anchor. There are two main systems for the anchorage devices: grout and wedge-type 
anchors. The wedge-type anchorages were recently introduced for carbon and aramid fiber tendons. 
 
Anchorages for GFRP Tendons 
 
The anchorage devices for GFRP must take in account their weak compressive strength 
perpendicular to the fibers. A practical solution to this problem is to embed the bars into an epoxy 
resin cone or cones that resist the lateral compressive wedging stresses from a restraining steel 
sleeve. Because of the interlaminar shear strength of resin matrix is low, the anchorage length for 
these grouted anchors is longer than the average anchorage length for steel pre-stressing tendons. 
Due to the low strength of the strand normal to the fiber direction, three different gripping systems 
were studied: 
 

1. Bullets of vinyl-ester were cast on the end of the tendon to form a cylindrical shape. The end 
of the strand was inserted into an aluminium mold into which a resin was poured. From 
some tests, it was reported that the bullets of resin experienced some cracking before 
fracture of the strand below the grip. 

 
2. To prevent cracking of the bullets, the second grip configuration included glass 

reinforcement and the mold was modified to include a zone that would provide smooth 
transition of the bond stresses. 

 
3. In the third system, the bars were epoxied into a copper pipe. The rods were sandblasted to 

expose the glass. The gripping forces were transferred from the copper to the epoxy, and 
from the epoxy to the rod, without crushing the rods. 

 
Anchorages for CFRP Tendons 
 
CFRP tendons have a low lateral compressive strength. However anchorages using clamping 
wedges have been developed by giving special attention to the geometry and material properties of 
the wedges. Three anchorage methods are available for the CFRP ropes: the resin casting method, 
the metal die-cast wedge method and the compression method. The selection of anchorage type 
depends on the size of the cable and the nature of the application. In the resin casting method, a 
high performance epoxy-resin is used to bond the rope to a steel tube. In the die-cast wedge and 
compression methods, the steel is attached to the cable by means of a low melting point braze alloy. 
For all anchorage systems, steel wedges are used to clamp individual cables to an anchorage head. 
 
Anchorages for Aramid Fiber Ropes 
 
Aramid fibers have a good lateral compressive strength and therefore is a wedge-type anchorage 
appropriate in this case. These anchorages take the form of a socket and spike and require that the 
fibers are evenly distributed around the spike to attain maximum capacity of the anchored rope. The 
Aramid is subjected to deterioration when in contact with water, so the ends of the sockets have to 
be sealed to keep out moisture. Anchorages using epoxy resin grout and combination wedge-grout-
type anchorages can also be used. 
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2.6  Investigation of a Stainless Steel Anchorage for CFRP Pre-
Stressing Tendons 

 
Al-Mayah et al. [1] the performance of a stainless steel wedge anchorage system for Carbon Fiber 
Reinforced Polymer (CFRP) tendons under static load conditions. In their study, before the 
experimental tests, the authors have examined several types of anchorages that can be used for FRP 
in pre-stressing applications, such as a clamp, plug and cone, resin sleeve, potted resin, expansive 
cement, metal overlay, and split wedge. The split wedge anchors has to be preferred because it does 
not need the use of resins, it is more compact and for the ease of assembly, reusability and 
reliability. The failure modes observed using wedge anchors and FRP tendons can be divided into 
two main categories: the first is the failure of the anchor system, the second is failure of the rod 
outside the anchor. To improve the performance of the stainless steel anchor system, some 
developments were tested, such as the use of different interference angles between the contact 
surfaces at the inner face of the barrel and the wedges. More detailed attention must be directed to 
the gripping mechanism of FRP-wedge anchor systems to provide a better understanding of the 
displacement behaviour in this kind of anchor system under tensile load for different pre-setting 
loads. The anchorage tested by the authors was composed of: a stainless-steel barrel (50.8 mm in 
diameter and 80 mm long) with a conical socket, a four-piece stainless steel conical wedge set, and 
a thin aluminium sleeve (0.64 mm thick) placed between the wedges and the tendon, made of 
Carbon Fiber Reinforced Polymer (CFRP). 
 
Laboratory tests 
 
For the tests, the authors have used an anchor installed at each end of an 800 mm long CFRP 
LeadlineTM rod. One of these was the wedge anchor (test anchor). Four pre-setting load levels were 
investigated: 50, 65, 80 and 100 kN, representing 48, 63, 77 and 96% of the design load capacity of 
the tendon. The equipment used to test the anchor was an electro-hydraulic servo-controlled 
universal testing machine. The most important result of the tests was that as the pre-setting load 
increased, the rod displacement decreased significantly because of the higher grip at the contact 
surface, which is a function of the contact area and pressure. The increase of the pre-setting load 
forces leads to diameters even smaller, therefore the contact pressure increases. At the same time, 
also the wedge-barrel and rod-sleeve interfaces increased with pre-setting load due to a larger 
inserted length of the wedges inside the barrel. The contact surface between the sleeve and rod 
increased by plastically deforming the soft material and forcing it to flow into the spiral 
indentations of the rod. 
 
Finite Element Model (FEM) 
 
In finite element modelling there are three contact elements: gap, slide line and general elements. 
Gap elements are used in finite sliding simulations and slide line contact elements are suitable in 
simulating of large amounts of slip. In their study the authors have used general contact elements 
because they provide the most realistic contact pressure distribution, even if this kind of elements 
are the most difficult to compute. A total of 355 axisymmetric linear quadratic elements were used 
to model the anchor using an ABAQUS finite element package. To simulate any two adjacent parts 
three contact surfaces were used, each one of them having a corresponding coefficient of friction 
resulting from the experimental data. 
Using the model, the authors have seen that the increase of contact area between the wedges and 
barrel, due to the increase in the pre-setting load, led to higher radial pressure at the first contact 
point and a lower radial pressure at the far end of the anchor. It was seen that the radial pressure 
decreased along the core of the anchor where the rod was placed, showing that the wedges 
effectively contributed in transferring the radial pressure of the rod. 
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Another important factor investigated with the model was the distribution of the longitudinal stress 
along the rod. The highest stress was localized at the point where the rod entered the anchor, and the 
stress then decreased in the rod as the distance increased from the loaded end. 
 
Comparison of FEM and Experimental Results 
 
Considering a pre-setting load of 65 kN and comparing the rod displacements measured by tests and 
by FEM, there is a very good correlation between the results. Instead, considering a higher pre-
setting load of 100 kN, the numerical results are lower than the experimental ones. Therefore the 
finite element model underestimates the load for a given displacement. However the difference is 
within 10%, indicating a reasonable agreement. 
 
Parametric study using FEM 
 
The parameters studied include pre-setting load, coefficient of friction between the wedges and 
barrel and between the rod and sleeve. As shown in the experimental tests, an increase in pre-setting 
load led to a decrease in the rod displacement due to a major contact area and higher contact 
pressure. The effects due to a variation in the coefficient of friction between wedges and barrel are 
considered less important than those of the pre-setting load. However, as the coefficient increases, 
the load versus displacement curve shifts down slightly. Therefore, with a lower coefficient of 
friction, less shear occurs, which results in a slightly larger displacement for a given load. The 
increase of the coefficient of friction between rod and sleeve leads to  an increase in shear 
resistance. Therefore occur less rod displacement as the applied tensile force and corresponding 
coefficient of friction at a particular contact surface increase. 
 
Analytical Model 
 
An analytical model, based on thick cylinder analogy, was used by the authors to verify the contact 
pressure on the CFRP rod determined by FEM. For a hollow cylinder with inner and outer 
diameters equal to “a” and “b”, and subjected to an inner pressure “pi” and an outer pressure “po”, 
the radial displacement “u” at any distance “r” can be calculated with the equation proposed by 
Wang (see [1]): 
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E = modulus of elasticity of the material; 
% = Poisson’s ratio of the material. 
 
To apply this equation the anchor is divided into nine sections, each one a disk including four 
cylinders (CFRP rod as shaft, sleeve, wedges and barrel). The contact pressure is determined 
according to the radial displacements of each cylinder that are found using the above equation with 
the modulus of the elasticity and Poisson’s ratio of each material. 
 
Comparison of Analytical and Finite Element Models 
 
The comparison of the pressure distribution on the rod-sleeve interface given by analytical and 
FEM analysis, does not show significant differences. The pressure increases from the loaded end to 
the free end of the anchor. To avoid high normal pressure in the region of high longitudinal tensile 
stress, the difference between the outer diameter of the wedges and the inner diameter of the barrel 
is at the lowest value. There are some slight differences between the results of the two models: the 
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higher contact pressure given by the analytical model around the rod depends on the hypothesis of 
the method itself, which uses elastic material properties, instead of the plastic properties used for 
the sleeve by FEM. The analytical model is not used only to verify the final results of the FEM, but 
it provides an efficient closed-form solution for the radial pressure between the CFRP rod and the 
anchor system. Using the four-wedge stainless steel anchor system modified by the authors, it is 
possible to pre-stress CFRP up to their design load without failure and the radial pressure on the 
surfaces can be verified using the analytical approach that was found to be in good agreement with 
the finite element analysis. 
 
2.7  Performance of FRP Tendon – Anchor Systems 
 
Nanni et al. [46] have conducted a research to provide an evaluation of the mechanical performance 
of ten aramid, glass and carbon FRP tendons with particular attention to the effects of the anchorage 
device recommended by the manufacturer. The differences between tendons made of FRP depend 
not only on the fiber or the matrix, but also on manufacturing, geometry and mechanical properties. 
These differences lead to a very difficult design of anchors with a grip that do not produce damages 
to the tendon. The authors take in account some commercially available tendon that are:  
 

& Arapree: a tendon developed by AKZO Chemicals and Hollandsche Beton Groep, even if 
by now the manufacturing rights are transferred to Sireg S.p.a. an Italian industry. Arapree is 
a tendon made of aramid fibers embedded in epoxy resin. The anchorage device for this 
tendon consist of tapered metal sleeve into which the tendon can be grouted or clamped with 
two wedges. 

 
& FiBRA: is a rod that is produced by Mitsui Construction Company of Japan. It is produced 

by the braiding of fiber tows followed by epoxy resin impregnation and curing. The fiber 
can be different, but commonly aramid fibers are used. It is possible to use two types of 
anchor. The first is a resin-potted anchor for single tendon anchoring and the second a 
wedge anchor for multiple tendon anchoring. 

 
& Carbon Stress: is a tendon produced by Nederlandse Draad Industrie, but the original 

technology for this pre-stressing system was developed by AKZO Chemicals and it is 
similar to Arapree. The rod can be flat or round and both are formed by pultrusion of epoxy-
impregnated carbon fibers. The anchoring systems for Carbon Stress are similar to those of 
Arapree, the only difference is the need of a dry lubricant coating on the exterior surface of 
the plastic wedges to improve the wedge setting. 

 
& Leadline: Mitsubishi Kasei Corporation of Japan produces this pith-based carbon FRP rod, 

that is pultruted and epoxy impregnated. There are several types of Leadline but in their 
research the authors, [1], have used indented rods, that have two shallow helical depressions 
in the surface that spiral in opposite directions. This rod utilizes a particular wedge 
anchoring system. 

 
& Technora: this rod was developed by Sumitomo Construction Company and Teijin 

Corporation, both of Japan. It is a spirally-wound pultruted rod impregnated with a vinyl 
ester resin. Technora tendons can use both wedge and potted anchoring systems, but in the 
research a potted anchor was used. 

 
& CFCC: is the trade name for Carbon Fiber Composite Cable and it is produced by Tokyo 

Rope and Toho Rayon Co., both of Japan. The cable is formed by twisting a number of 
small diameter rods. The materials used for this tendon are PAN-based carbon fiber and 
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epoxy resin developed by Tokio Rope. CFCC anchoring system are classified as resin filling 
and die cast methods. 

 
& Lightline: is a tendon produced by Neptco Inc. and it is composed by seven rods, one 

central rod surrounded by six others. The Lightline tendon is formed by E-glass fiber and 
epoxy resin. Because of at the time the manufacturer had not developed an anchor to utilize 
for this particular rod, in the research the authors have used a resin potted anchor. 

 
& Parafil: This tendon is produced by Linear Composites of England, and it consists of dry 

fibers contained within a protective polymeric sheath. Different kind of fibers can be used 
but for the research the authors [1] have chosen for the Type G ropes (Kevlar 49 aramid 
fibers). Parafil ropes use an anchoring system that consists of a barrel and spike fitting, 
which grips the fibers between a central tapered spike and an external matching barrel. 

 
For the tests, ten specimens for each type of tendon were used. In the first the specimens were 
tensioned up to failure, and the second and final was an high temperature test. Each specimen was 
1200mm long and the anchoring system was installed at one end of the rod.  
After the tests the following conclusion were carried out: 
 
Wedge Anchor Types 
 

& Arapree: The tendon/anchor system supported only 40% of the manufacturers reported 
ultimate load because of continuous slips between tendon and wedges during testing. 

 
& FiBRA: The specimens tested exceeded the ultimate tensile strength by more than 10% and 

the computed E value and ultimate strain were very close to those specified by the 
manufacturer. FiBRA was also subjected to the high temperature test and after that the rod 
had reached the uniform temperature of 60°C, the tendon was tensioned up to failure. The 
differences from the room temperature test were negligible. 

 
& Carbon Stress: The specimens of flat-strip Carbon Stress supported a load that was over 

70% of the ultimate load pointed out by the manufacturer and the computed E value was 
about 85% of the reported one. For the round Carbon Stress a load of 60% of the 
manufacturer ultimate load was reached and a very high correspondence was found between 
the computed and specified E values. 

 
& Leadline: The test results were in very good agreement with the manufacturer’s values. An 

ultimate load, more than 15% higher than the specified was reached during testing and the 
computed E value was greater than reported. 

 
Potted Anchor Types 
 

& Technora: The tested specimens supported a ultimate load that was 6% higher than 
reported, an ultimate strain 15% below the specified and E values of about 15% lower than 
that presented by the manufacturer. Ultimate failure resulted from pull-out of the tendon 
from the grouted anchor. 

 
& CFCC: The failure during testing was reached with a load of 109% of the expected one and 

the corresponding strain was 20% less than the reported. This was due to that the modulus of 
elasticity computed was 16.5% higher than specified by the manufacturer. 
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& Lightline: The ultimate load was about 70% of the reported one and the corresponding 
strain was 45% of the specified value. Instead, a value of the modulus of the elasticity, much 
greater than the reported was computed. 

 
Spike anchor Types 
 

& Parafil: During the tests the maximum load that was reached was about 90% of the reported 
ultimate capacity. From the tests the authors concluded that because the ultimate load was 
usually determined by the anchor and this suggested that the anchor efficiency could be 
improved. The three classes of anchorages offer advantages and disadvantages, the choice 
depends on the application. High temperature did not adversely affect the performance of 
the systems tested. 
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Chapter 3 : Analysis and Models for Pre-Stressing with 
Unbonded Tendons 
 
 
 
3.1  A Numerical Model for Externally Pre-Stressed Beams 
 
An algorithm, based on the Finite Difference Method, to numerically valuate the behaviour of a 
single span beams, pre-stressed by external tendons and symmetrically loaded, is presented by 
Pisani, [48]. This technique is useful both for R.C. (reinforced concrete) beams and P.C. (pre-
stressed concrete) beams rehabilitated or strengthened with external pre-stressing. Many researches 
neglect the changes in relative position of the tendons, due to the absence of bond to the concrete. In 
a condition near to collapse the displacements may be considerable and therefore, may the changes 
in relative position of the tendons be remarkable. With the algorithm, Pisani takes in account second 
order effects, large displacements and the change in length of the beam due to compression, but 
neglects shear deformation. A beam pre-stressed with external tendons can be seen as a system 
composed by two parts, that are: the concrete beam and the external tendons. The interactions 
between the two parts is in fact reduced only to the anchorages and to the deviators. Calling s the 
curvilinear coordinate, measured on the image of the z axis in the deformed shape (see Figure 3.1), 
the displacement of a point P of this image in the y direction is v(s) while h(s) is the position of P on 
the z axis.  
 

 
Figure 3. 1- Undeformed shape of a beam [48]. 

 
Figure 3. 2 - Deformed shape of a beam [48]. 
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The curvature ' of the concrete beam is: 
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The relation between v(s) and h(s) is: 
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From the above equations, it is possible to extract v(s) in a way that is independent from h(s) and its 
value can be found if ' is known and if two boundary conditions are assigned, according to: 
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Due to that Eq. (3.3), it leads to two solutions given by: 
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with ( = 1 and 2. From the assumptions taken in Figures 3.1 and 3.2, v(s) must be positive. 
Therefore, the only acceptable solution is: 
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that can be written also in the following way: 
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In the above equations, it is assumed that the image of the z axis in the deformed shape is a 
continuous function, so that pre-cast segmental beams are excluded from the analysis. The relation 
between the curvilinear coordinate s and the strain �z (tensile strains are negative) on the image of 
the z axis in the deformed shape of the beam is: 
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where z here is the coordinate of the cross section before bending. When h(s) and v(s) are 
determined it is possible to value the increase in strain ��p in the tendons (in this case tensile 
stresses and strains are positive). In the following, Li is the length of a straight segment of the 
tendon in the un-deformed shape: 
 

� � � �2

1 1i pi pi pi piL y y z z� ��   
2

 (3.9) 

 
and li the length of the same segment in the deformed shape: 
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and spi + 1 is the curvilinear coordinate of the concrete cross section where the i-th deviatore is 
located. Neglecting the friction between the tendons and the cement, ��p is uniform on the tendon 
itself and it is: 
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but for each straight segment it is: 
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pi
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Once strain is known, it easy to determine the value of the stress resultant Fpi in the tendon using 
the constitutive laws. If Qj is the concentrated external load in the Figure 3.1, the vertical reaction of 
bearing A is: 
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A j
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h s
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where sQj is determined by setting z = zQj in Eq. (3.8), and h(smax) is evaluated in the section of 
bearing B. Using Eqs. (3.10) and (3.11), and the symbols of Figure 3.3, gives: 
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Figure 3. 3 - Orientation of Rpi [48]. 
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Considering Fp constant along the tendon, the direction i� of the stress resultant Rpi from the i-th 
deviator is: 
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2
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2 cos( )pi p i iR F � ��   (3.18) 

 
and naming the slope of the concrete cross section �(s), gives: 
 

� � � �'arcsins v� � s  (3.19) 
 

The direction of Rpi with respect to the beam axis in the deformed shape is: 
 

� �i i s� � ��   (3.20) 
 

At this point, it is possible to evaluate the internal forces in the concrete cross section: 
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where: 
 

1i, �    if spi +1 �  s 
0i, �    if spi + 1 > s 
1j, �    if sQj   �  s 

  0j, �   if sQj    > s (3.23) 
 
As said before, a beam pre-stressed with external tendons can be seen like a system composed of 
two substructures, interacting in a discrete set of points. To find the deformed shape of the beam it 
is necessary to solve an hyperstatic problem, even when considering a simple span beam. Therefore, 
the geometrically non-linear behaviour of the structure and mechanical non-linear properties of the 
materials lead to an interative process to determine the deformed shape. Because of '(s) is a 
function of the curvilinear coordinate s, the Eqs. (3.3) and (3.4) must be solved with a numerical 
algorithm. In his study Pisani, [48], has used the Finite Difference Method. This means that the 
concrete substructure is divided in r segments, of equal length �z (see Figure 3.4), where external 
concentrated loads and deviator reactions act. 

 

 
Figure 3. 4 - Geometry of the undeformed shape [48]. 
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In this case the the internal forces are given by: 
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The terms ,i and ,j become: 

1i, �    if zpi +1 .  zk  =  k�z 
0i, �    if zpi + 1 < zk      (1�  i �n-2) 

1j, �    if    j      k .

0j, �   if    j     <  k      (1�  j � r) (3.26) 
 
For the entire procedure, it is possible to see the study conducted by Pisani, [48]. At each step q-th 
an iterative solution of equations (3.3) and (3.4) is required. 
 
3.1.1 Application of the Numerical Model 
 
To show the good agreement between numerical and experimental results, Pisani and Nicoli [51] 
simulated twenty-three tests of beams and slabs pre-stressed with unbonded internal tendons. 
 

 
Figure 3. 5 - Shape of the beams and loading arrangement [51]. 
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The first group of nine tests was performed by Du and Tao, (see [51]), with the beams and loading 
arrangements as shown in Figure 3.5(A). In Figure 3.6, it is possible to see the experimental and 
numerical midspan deflections. Figure 3.7 represents the stress increase in the unbonded 
reinforcement. The failure of the beam is always due to concrete crushing, with the tensile stress in 
the tendons lower than the yielding stress. The midspan deflection is directly proportional to the 
decrease in the amount of reinforcing and pre-stressing steel. 
The second group of experimental tests (Figure 3.5B), performed by Mattock et al. (1971), confirms 
the results of the first study, explaining that the collapse is due to concrete crushing. The midspan 
deflection is showed in Figure 3.8, where the T-beams have a final horizontal branch that means a 
remarkable increase in deflection itself. 
Du and Tao stated that the applied load versus deflection diagrams of unbonded pre-stressed beams 
can be divided in three segments, the un-cracked elastic stage, a cracked elastic stage and a third 
stage representing the beam after yielding of un-pre-stressed steel. From experimental data and 
numerical analysis a forth stage was added, that shows a very small slope related to yielding of pre-
stressing tendons. In this final stage the increase of resisting moment is due to steel hardening and 
to small increases in the internal level arm (Figure 3.9). 

 
 

 
Figure 3. 6 - Applied load versus midspan deflection 

diagram [51]. 

 
Figure 3. 7 - Applied load versus stress increase in 

unbonded steel diagrams for A beams [51].

 
 

 
Figure 3. 8 - Applied load versus midspan deflection diagrams for TU and RU beams [51]. 
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Figure 3. 9 - Simplified load-deflection curve for beams with unbonded pre-stressing and additional bonded 

reinforcement [51]. 

 

 
Figure 3. 10 - Applied load versus midspan deflection diagrams for slabs N. 1 to N. 3 [51]. 

 
 

 
Figure 3. 11 - Applied load versus midspan deflection 

for slabs N. 4 to N. 6 [51]. 

 
Figure 3. 12 - Applied load versus midspan 

deflection for slabs N. 7 to N. 9 [51].

 
The last group of nine experimental tests was performed by Cooke et al., (see [51]), and it deals 
with slabs that are cast without un-pre-stressed reinforcement (Figure 3.5C). All the slabs fail for 
concrete crushing, developing one or two cracks at midspan, that is in contrast with the hypothesis 
adopted in the numerical model. Despite of this, the numerical results have a very good precision 
(Figures 3.10 – 3.12). These nine tests confirm that even if un-pre-stressed reinforcement is absent, 
beams with unbonded tendons have good ductility, although it is not a consequence of yielding of 
the reinforcement. The previous analyses were repeated for beams with external tendons whose 
shape is described in Figure 3.13. The results are shown in Figures 3.14 and 3.15: 
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Figure 3. 13 - Shape of external tendons [51]. 

 

 
Figure 3. 14 - Applied load versus midspan deflection diagram for externally pre-stressed A beams [51]. 

 

 
Figure 3. 15 - Applied load versus midspan deflection for externally pre-stressed TU and RU beams [51]. 

 
 
For the first two stages, the behaviour is independent of the pre-stressing technology adopted. From 
the third stage, the beams pre-stressed with external tendons exhibit lower stiffness. In this stage, 
the un-pre-stressed reinforcement is yielded and the increase in loading capacity is due to the 
increase of tensile stress in the tendons. The external tendons are free to move in the vertical 
direction throughout the span except at the deviators. Therefore, under the same midspan deflection, 
the stress in the external tendons is lower than in similar internal ones. In the critical zone, the lever 
arm of the action transferred by deviators decreases. This behaviour does not imply an important 
decrease in the loading carrying capacity of A and RU beams that still fail due to concrete crushing, 
because it is related to the decrease of the sensitivity of the external tendons to second order effects. 
On the contrary, TU beams, whose midspan deflection is more than twice that of RU beams, 
collapse because of instability. In Table 1 are the numerical results for external pre-stressing 
presented. 
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Table 1 - Numerical results related to external pre-stressing [51]. 

 
 
 

3.1.2 Numerical Analyses under Cyclic Loading 
 
An analysis that simulates the behaviour of rehabilitated beams was performed using the numerical 
algorithm by Pisani [49]. This type of analysis has three limitations, that are: cracking is spread over 
a segment of finite length of the beam; shear deformations are neglected; and tensile strength of the 
concrete is neglected. The computer program, using the algorithm, was used on 43 experimental 
tests conducted by: Billet and Appleton, Mattock et al., Cooke et al., Du and Tao, Harajli, and 
Chakrabarti, (see [49]). The differences between numerical and experimental tests are synthetically 
represented in Figure 3.16. The numerical analysis under cyclic loading for RC beams shows that 
there is not significant stress redistribution over the sections of the specimens tested which is in 
agreement with the experimental data, as is possible to see from Figure 3.17: 
 
 

 
Figure 3. 16 - Load-carrying capacity difference between experimental tests and numerical analysis [49]. 
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Figure 3. 17 - Load versus midspan deflection diagrams of RC beams [49]. 

 
Before rehabilitation, the experimental midspan deflection is localized in point A, while after the 
external pre-stressing, it decreases to point B. The beam cracks in point C, during a monotonic 
loading up to failure. In point D the reinforcing bars yield, while in point E the external tendons 
yield. Referring to PPC beams, numerical analysis under cyclic loading shows that there is no 
remarkable stress redistribution over the sections of beams. Their behaviour is similar to RC beams, 
and the both load at ultimate and the midspan deflection diagram agree with experimental data. For 
PC beams, the experimental tests shows a significant increase in midspan deflection under cyclic 
loading (Figure 3.18). The beams collapse because of concrete crushing. If, after strengthening, the 
load raises up to the maximum load applied before that, the maximum stress of the concrete exceeds 
the stability limit related to the residual strength of concrete. This outcome leads to doubts about the 
efficiency of the strengthening. The numerical analyses proves that the load carrying capacity of RC 
and PC beams damaged by cyclic loading does not decrease if the maximum load generates stresses 
lower than yielding (if referring to reinforcement) and lower than stability limit than referring to 
concrete. In these conditions, the beams can be strengthened by means of external pre-stressing, and 
the load carrying capacity of the improved structure will be greater than in the old one. 

 

 
Figure 3. 18 - Load versus midspan deflection diagrams for PPC and PC beams [49]. 
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3.2  Analysis of Beams Pre-Stressed with Unbonded Tendons 
 
Alkhairi and Naaman have studied [2] a non-linear analysis model for the prediction of moment 
versus deformation response of concrete beams containing bonded and unbonded internal pre-
stressing tendons and external tendons in steel or otherwise. The principal difference between 
internal and external pre-stressing is the deformed shape of the beam and the tendon. With internal 
pre-stressing, the tendon follow the beam, during deformation, throughout the span, instead for an 
external tendon, this is true only in some points located at deviators and saddles, and in all the other 
points the deflection is different. The behaviour of a beam pre-stressed with bonded tendons is well 
understood, but for those unbonded (both internal and external) the research has yet to be deeper 
developed. With their research the authors want to investigate, also, the relationship between 
member span to depth ratio and the stress increase in unbonded tendons, and at the same time the 
effect of eccentricity variations with increasing load on the stress increase in unbonded external 
tendons. The assumptions that precede the investigation are: 
 

1. Plane sections remain plane after bending; 
2. Symmetrical loading type and tendon profile geometry exist; 
3. The constitutive relations for steel and concrete are known; 
4. The post-cracking tensile capacity of the concrete is neglected; 
5. The beam is assumed to be cracked when the tensile stress exceeds the modulus of rupture, 

fr; 
6. A cracked beam is composed of  an elastic and / or inelastic cracked region, and of an elastic 

un-cracked region; 
7. Concrete in the cracked region is considered effective in resisting diagonal tensile stresses if 

the applied shear force is less than the cracking shear strength; 
8. The beam is reinforced with vertical stirrups necessary to resist to shear stresses at all 

cracked sections along the beam. 
 
To locate the cracked and un-cracked region (Figure 3.19), the following equations are used: 
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 (3.27) 

 
where: 
Mcr  = cracking moment; 
Mx   = applied moment due to external loading; 
L     = span length between the supports; 
i      = subscript used to decribe the i-th loading stage considered; 
Lxel  = length of elastic un-cracked region; 
Lxcr  = length of elastic or inelastic cracked region. 
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Figure 3. 19 - Idealization of beam deformation after cracking [2]. 

 
Determined Mcr the elastic (and inelastic) region is subdivided in j number of integration points for 
the non-linear analysis, that begins from the midspan section (j = 1) assuming a value for the 
concrete top fiber �ct(i , j). 
The compressive force is: 
 

� � � � � � � � � � � �� �' '  (3.28) , 1 , , 2 , ,c w f ci j i j i j i j i jC bc f b b c h f� ��   

,

 
Similarly the tensile force is: 
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' '

, , , ,psb psub s si j psb i j psub i j s i j s i jT A f A f A f A f� � �   (3.29) 
 
where: 
�1(i , j), �2(i , j) = non-dimensional factors calculated from the concrete constitutive relationship; 
Apsb = area of bonded pre-stressed reinforcement in tension zone; 
Apsub = area of unbonded pre-stressed reinforcement in tension zone; 
As = area of non-pre-stressed tension reinforcement; 
As

’ = area of non-pre-stressed compressive reinforcement; 
b = width of compression face of member; 
bw = web width of flange member; 
c = distance between the extreme compression fiber to neutral axis; 
fc

’ = specified compressive strength of concrete; 
fpsb = calculated stress in bonded pre-stressed reinforcement; 
fpsub = calculated stress in unbonded pre-stressed reinforcement; 
fs = calculated stress in non-pre-stressed tensile reinforcement; 
fs

’ = calculated stress in non-pre-stressed compressive reinforcement; 
h = flange thickness of flanged member. 
 
Achieved the equilibrium, the internal resisting moment, Mn(i , j), can be found.  
The second step of the non-linear analysis consists on finding the moment equilibrium. To begin 
this step is necessary to assume a value for concrete top fiber strain �ct(i , j) corresponding to the 
calculated resisting moment. This internal moment is checked against the sum of the externally 
applied moment at integration point j, and the moment due to diagonal tensile cracking Mx(i , j) + 
�Mshear(i , j). 
If Mn(i , j) is too much different from this sum, the strain �ct(i , j) is adjusted following the relation: 
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Evaluated the stresses and strains in all j integrations points, the average strain increase in the 
concrete at the level of the unbonded tendons between end-anchorages, ��cpsub – avg (i , j), midspan 
deflection, (xcr(i), and end rotations, 0xcr(i), are determined using numerical integration techniques. 
The third step of the non-linear analysis is used to valuate the stress increase in unbonded tendons, 
�fpsub(i). A complete load versus deformation diagram is obtained when the following conditions are 
satisfied: 

1. The nominal midspan moment at loading stage i is 98% of the nominal moment at loading 
stage i – 1; 

2. The tensile strength of the steel exceeds the ultimate specified strength; 
3. the strain on the concrete top fiber reaches the upper limit (in their research the authors have 

chosen ). 37.5 10$
 
In their analysis, Alkhairi and Naaman have taken in account also the shear force and its effect on 
the moment. The resisting mechanism to shear force is the truss mechanism, whose behaviour was 
explained by Morsch (1909). 
 

� � � � � �, ,shear i j x i j v i jM V e� �  (3.31) 
 
ev = eccentricity of horizontal component of shear force in concrete section; 
Vx = applied shear force. 
 
The behaviour of a beam pre-stressed with external tendons is different from that of a beam pre-
stressed with unbonded internal tendons due to the continuous chance in eccentricity between the 
end anchorages. Eccentricity variations can be accounted at any loading i stage, by relating the 
eccentricity at each stage, � �,i je , to a reference eccentricity such as the eccentricity at a deviator. 
Taking in account this characteristic the non-linear analysis is developed in this way: 

1. Initial calculation of fpsub(i) at any loading stage neglecting eccentricity variations; 
2. Compute the deflection at all integration points; 
3. calculate � �,i je ; 
4. Use this eccentricity to calculate the internal moment of resistance, the fictitious tensile 

strain increase in concrete at the level of unbonded tendons and the additional moment due 
to shear. 

 
This procedure has to be repeated until no significant differences are met in the calculated value of 
�fps. This numerical model was used to implement a computer program to develop an extensive 
parametric study on the overall behaviour of beams pre-stressed with unbonded internal and 
external tendons.  
The diagrams of �fps versus deflection including and ignoring the shear deformations, and the 
variation in eccentricity along the span are represented in Figures 3.20 – 3.22. 
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Figure 3. 20 - �fps versus deflection response 

including effect of shear deformations [2]. 

 
Figure 3. 21 - �fps versus deflection response 

ignoring effect of shear deformations [2].

 

 
Figure 3. 22 - Variation of e(x)u / e(x)i along the span (effect of eccentricity variation) [2]. 

 
From this study, as shown in the above figures, it was found that the shear deformations may have a 
significant effect on the stress increase at ultimate in unbonded tendons �fps, for beams having span-
to-depth ratios smaller than about 24. At the same time, neglecting the effect of shear deformations 
causes no significant changes in �fps when the span-to-depth ratio is higher. 
On the other hand the effects of eccentricity variations are most pronounced in beams having span 
to depth ratios greater then 24. 
 
3.3  Analysis and Computer Model of Pre-Stressing with Unbonded 

Tendons 
 
Ariyawardena and Ghali, [10], presents a method of analysis to predict the behaviour of pre-stressed 
concrete structures with internal or external tendons up to the ultimate stress. The model also 
accounts for geometric non-linearities. If a tendon is bonded with concrete, the strains of the tendon 
itself and of the adjacent concrete are equal under load. If instead the beam is pre-stressed with 
unbonded tendons, only the strains at the anchorages and deviators are equal between the pre-
stressing steel and the adjacent concrete. In this case, the axial strain and the curvature are not 
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sufficient to give the strain changes in the unbonded tendons. An external tendon remains straight 
between deviators and anchorages, resulting in a change in tendon eccentricity that leads to a 
geometric non-linearity in the analysis. The change in eccentricity between two deviators becomes 
significant when the deflection of the section is large relative to those at the deviators. 
For the analysis the authors, [10], have used the conventional displacement method, represented by 
the equation: 

1 23 4 3 4S D F�   (3.32) 
 
where: 
3 43 1n
D

$
= nodal displacements of the structure; 

1 23 3n n
S

$
 = the structural stiffness matrix; 

n = number of nodes; 
3 4F =the nodal forces which can artificially restrains nodal displacements. 
 
The solution of the equation needs to be done through an iterative procedure because of material 
and geometric non linearities and cracking. 
The nodal forces vector of the structure is given by the assemblage of individual member end forces 
in global directions. Referring to Figure 3.23, the equation is: 
 

3 4 1 2 3 4*T

m m
F T F�  

 
where: 
3 46 1

F
$

 , 3 4*

6 1
F

$
= member end forces in local and global directions; 

1 2TT = transformation matrix. 
 
The assemblage of 3 4m

F should be in equilibrium with the applied nodal forces at each node in the 
global directions, but due to non-linearities, this equilibrium is not satisfied. An iterative method is 
used to eliminate these out of balance forces. Because of the unbalancing of the nodal forces, 
3 43 1n

F
$

�  exists, therefore should3 4 3 4 1 2, ,D F S  be replaced by 3 4 3 4 1 2, , tD F S� � , where 1 2tS  is the 
tangent stiffness matrix, given by: 

1 2 1 2t e gS S S	 
� � � �  (3.33) 
 

1 2eS = elastic stiffness matricx of the structure; 

gS	 
� � =geometric stiffness matrix of the structure. 
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Figure 3. 23 - Coordinates and degree of freedom: (a) global directions; (b) local member directions; (c) 
cantilever used in derivation of member stiffness matrix [10]. 



 
Figure 3. 24 - Strain and stress distributions in concrete sections; positive sign convention [10]. 

 
 
The contribution by the concrete placed between the cracks to the stiffness of the member is the 
tension stiffening. Referring to Figure 3.24, the equation is: 
 

� � 0c y y� �� � �  (3.34) 
where: 
�0 = strain at the reference point 0; 
� = curvature ( = d dy� ). 
 
For the calculation of the displacements of a cracking member, the tensioning stiffness effect is 
taken into account, giving: 
 

� �0 0 0

1

2

1max

1

1 ctf

� � �
5 5

� � �

5 �
6

� 7 � 7 � 7
� � �! 8 ! 8 ! 8

" 9 " 9 " 9

� �
�  � �

� �

 (3.35) 

 
where: 
fct = tensile strength of the concrete; 
61max = extreme tension fiber stress due to internal forces in an un-cracked section; 
1 and 2 = subscripts for parameters calculated with cracking ignored and with concrete in tension 
ignored respectively; 
� = value depending on the bond properties of reinforcements and type of loading ( commonly = 
0.5 ). 
 
A stiffness matrix of the member can be derived by inverting its flexibility matrix determined by 
treating the member as a cantilever, according to Figure 3.23(c): 
 

� �' ' '

1
1

m
f f f

2
5 5	 
 	 
 	 
�  �� � � � � �  (3.36) 

 
where: 
5  = interpolation coefficient defined above; 

'f	 
� � 1 or 2 = flexibility matrices given by: 
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A, B, and I = area, first and second moment of transformed areas; 
Ec = elastic modulus of concrete; 
l =length of the member; 
1 and 2 = subscripts referred to uncracked or fully cracked cross section. 
 
The mean stiffness of the member, , corresponding to the six coordinates of Figure 3.23(b), 

can be calculed by assuming equilibrium of the forces and then transformation in the global 
directions by: 

*

m
S	 
� �

 
1 2 1 2 1 2*T

m m
S T S T	 
� � �  (3.38) 

 
To account for the materials non linearity, the tangent modulus of elasticity, varying with the stress 
level, is used: 

� � � �tan
EA EA�* c  or  ns

 
� � � �tan
EB EB�* c  or  ns (3.39) 

 
� � � �tan
EI EI�* c  or  ns

 
The flexibility matrix is obtained with the same procedure substituting Ec, A, B and I with 1, (EA)tan, 
(EB)tan, (EI)tan. No changes have to be made to determine the mean stiffness matrix. The geometric 
stiffness matrix of a cantilever can be found with the known member end forces, as in Figure 
3.23(c): 

' '
' 1 2

0 0 0 0 1 0
0 1 0 1 0 0

2 2
0 0 0 0 0 0

g
F FS

� � �
� � �	 
 �  �� � � � �
� � �
� � �

�
�
�
�
�

 (3.40) 

where: 
F’

1 , F’
2 = axial and shear forces at the free end of the cantilever. 

 
The geometric stiffness matrix of the member in global directions can be determined by equilibrium 
and transformation, obtaining . The iterations are repeated until the out of balance nodal 

forces are sufficiently small. A typical iteration cycle i with the Newton – Raphson method is: 
6 6gS
$

	 
� �

 
1. Calculate [St]i accounting for cracking and tension stiffening and updated nodal coordinates 

at the end of the iteration. 
2. Calculate the increment in nodal displacement due to out of balance nodal forces, based on 

the updated [St]i –1. 
3. Update the nodal displacements. 
4. Determine end forces of members corresponding to the deformed member position 

accounting for cracking and tension stiffning. 
5. Calculate the out of balance nodal forces to be used in next iteration. 
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Figure 3. 25 - Coordinate system to detrmine member end forces: (a) initial position and (b) deformed position 

[10]. 

 
The stiffness matrix for a tendon is obtained by insertion of I = B = 0, while the geometric stiffness 
matrix is obtained by setting F’

2 = 0. The six member end forces can be determined from the 
displacements 3 4D showed in Figure 3.25b, that are related to the displacements 3 4*D defined in 

Figure 3.25a by the relations: 
1 inD l l�   (3.41) 

 
� �* *

5 2*
2 3

D D
D D

l


�   (3.42) 

 
� �* *

5 2*
3 6

D D
D D

l


�   (3.43) 

 
The end displacements in local coordinates 3 4*D can be determined from the member 

displacements in global coordinates 3 4member
D : 

 
3 4 1 23 4*

member
D T D�  (3.44) 

 
The axial force 3 41F and two end moments 3 42F and 3 43F are given by: 

 
3 4 3 4F S D	 
� � �  (3.45) 

 
The elastic stiffness matrix of an uncracked member can be generated by: 
 

� �

1

1

2

2 2
2 3 6

2 6 3

I B B
lS f B A A

E AI B B A A




� � �
� �	 
 	 
� �  �

�
��
�� � � � � � � �� �� �� �

 (3.46) 

 
Once 3 4F is determined for an uncracked member, it is possible to find the forces also for a cracked 

members. During deflection, the change in length leads to changes in strain and forces in the 
tendon, that can be calculated using the stress – strain relationship of the tendon material. If the 
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friction at deviators is neglected, the chance in tendon force is determined with Newton – Raphson 
iterative procedure starting with an average tendon force given by: 

1 1

n n

avg i i i
i i

F Fl l
� �

� * *  (3.47) 

 
The difference between the average force and the force at any step of the iteration is progressively 
reduced. A computer program using this analysis has been performed, and the results of the 
program have been compared with some experimental results. In the Figures 3.26 and 3.27, it is 
possible to see the diagrams of the midspan deflections and of the increase in stress of external 
tendon obtained from the non linear analysis and from the experimental data performed by Tan and 
Ng (1997). 
 
 

 
Figure 3. 26 - Variation of midspan deflection with applied load for externally pre-stressed beam with different 

number of deviators: (a) no deviators and (b) two deviators [10]. 

 
 

 
Figure 3. 27 - Increase in tendon stress with applied load for external pre-stressed beams with different number 

of deviators: (a) no deviators and (b) two deviators [10]. 
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3.4 Non-Linear Behaviour of Externally Pre-Stressed Composite 
Beams 

 

 
Figure 3. 28 - System geometry and deformation [17]. 

 
Dell’Asta and Dezi, [17], have presented another method for the analysis and design of composite 
beams pre-stressed by external tendons, considering also the difficulties connected to the cable slip 
at saddle points and to the constructions sequences. The study deals with the description of the 
behaviour of a rectangular beam pre-stressed with an external tendon, with its profile defined by 
some saddle points at which a slip can occur as consequence of a negligible friction, and anchored 
at the two ends (see Figure 3.28). The position of a generic beam point is defined as follows: 

 
P = xi + yj + zk (3.48) 

 
Where (x, y, z) are the coordinates in a reference system and (i, j, k) are three unit vectors, and are 
oriented like the axes X, Y, and Z respectively. The cross sections of the beam are always orthogonal 
respect to the beam axis, so they can not transversally deform. It follows that after deformation, 
cross sections remain plane, undeformed and orthogonal to the axis. After deformation the point P 
will be in the following position: 
 

p = [x + u0(x) – yv’
0(x)]i + [y + v0(x)] j + zk (3.49) 

 
where u0(x) and v0(x) express the axis displacements in the direction of X-axis and Y-axis. Two 
symmetric external cables can be represented as an unique cable with constant cross section area Ac. 
This cable is anchored at the two ends of the beam: 
 

Q0 = x0 i + y0 j 
(3.50) 

QD = xD i + yD j 
 
The saddle points will be in the positions: 
 

Qd = xd i + yd j        (with d = 1,…,D-1) (3.51) 
 
The cable trace defines a rectilinear function: 
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(3.52) 

� � � �1 1
d

d d
d

yH x Q x x i j
x 

	 
�
� �  �� ��� �

 

where: 
�dx = difference xd – xd-1 ; 
�dy = difference yd – yd-1. 
 
During the deformation of the beam the saddle points change their position to qd : 
 

qd = [xd + u0(xd) – yd v’
0(xd)]i + [yd + v0(xd)] j (3.53) 
 

The deformed path is given by: 
 

� � �1
1

1

d
d d

d d

x xh x q q q
x x

 �1d 



� � 


 (3.54) 

 
If the cable strain is homogeneous, it must coincide with its mean value and can be evaluated from 
the ratio between the profile length in the deformed and reference configuration. The strain can be 
provided by the expressions H(x) and h(x). The length of the cable profile in the reference 
configuration is: 
 

� � � �2
1

1 1

D D

d d d d
d d

Q Q x y
� �

: �  � � � �* * 2  (3.55) 

 
After deformation the same length will be: 
 

� � � � 1 2
2 2' '

0 0 0 1 0 0 0
1 1

, ,
D D

d d d d d d d d d d
d d

u v v q q x u yv y v� 
� �

	 
�  � � � � � � � � �� �* *  (3.56) 

 
Writing the Taylor expansion of the above expression, and considering only the first linear term 
leads to the linear equation of the cable profile in the deformed configuration: 
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� � � �

1 1
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� : �



	 
� � � � � �� �� : �
� � �

*

*
v

 (3.57) 

 
Where sd is the displacement vector at the d-th saddle points furnished by the relation: 
 

� � � � � �'
0 0 0d d d d d d ds q Q u x y v x i v x	 
�  �  � � j  (3.58) 

 
The linear strain of the cable is given by: 

 60



� � � �'
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1, ,
D

c d d d d d d d
d

u v v u yv v�� �
�

: 	 
� � � � � �� �: :*
' �  (3.59) 
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d d

d
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�

�

�� � 
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!
 � �
 � � �"

 (3.60) 

 
The slip � at the d-th saddle points is: 
 

� �1d d c� �� : ��  (3.61) 
 

Which will be null for d = 0 and d = D. The behaviour of the materials is described by non-linear 
single valued stress-strain laws. Gb represents the function furnishing the stress from the strain 
measured starting from the natural state of the material, where no stress is present. For the beam is 
used the following relation: 
 

� �0, ,b b b bG y z6 � ��   (3.62) 
 

�b is measured from a reference configuration, that permits the introduction of a stress field 60b 
depending on the initial stress �0b. The cable stress can be obtained in a similar way using the 
relation: 
 

� �0c c c cG6 � ��   (3.63) 
 

The global balance condition is derived from the virtual work principle: 
 

0 0b b

L

b b b c c cA A
dA dx A f udx6 (� 6 (� (� : �) ) ) )

L
 (3.64) 

 
where: 
f = vector field describing a distribution of external forces; 
u = displacement compatible with internal and external constrains. 
 
In the case treated by the authors the relation becomes: 
 

� � � � � � �' '' ' ' '' '' ' '
0 0 0 0 0 0 0 0 0 0 0 00 0

'
0 00

, , , ,
L L

b b c d d d c d d d

L

o

N u v u dx M u v v dx T u v v u v v

n u q v m v dx

( ( (�

( ( (

	 
 	 
� � :� � � �

	 
� � �� �

) )
)

�, ,
 (3.65) 

 
The first two terms are obtained from integration of composite beam stresses on the cross section, 
while the third represents the traction force of the cable. The terms n, q, m are forces and moments 
for unit lengths. Even if the analysis does not specify the particular materials composing the beam, 
the model is mainly developed for the analysis of concrete-steel composite structures which are 
usually constructed by steps. The type of beam used can be distinguished by assigning, for the final 
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stage analysis, the values of �0b. A closed form solution is very difficult to find because of the non-
linear nature of the problem. To solve the equation the displacements u0 and v0 are expressed with 
linear combinations. Incremental analyses are adopted to evaluate the progress of the solution under 
increasing load. 
 
3.5  Second Order Effects for Externally Pre-Stressed Members 
 
Harajli, Khairallah and Nassif, [34], have presented an analytical investigation of the strength and 
structural behaviour at both serviceability and ultimate limit states of concrete members, pre-
stressed with external tendons. The response of the structures originally designed, with or 
strengthened by, external pre-stressing is predicted with a non-linear analysis based on the 
incremental deformation method. The main difference between external and internal unbonded 
tendons is that the last ones don’t change their relative position to the axis of the beam under load. 
The external tendons, instead, are free to move relative to the axis of the beam between two 
anchorages or deviators. This leads to a gradual change in eccentricity, with increasing member 
deformation, that is known as second order effect. The non-linear analysis based on the incremental 
deformation method requires constitutive analytical relationships of the strain-stress curves and an 
iteration procedure. 
The stress-strain ( fc - �c ) curve of concrete in compression, used by authors, is that proposed by 
Scott et al., (see [34]), composed by a parabolic ascending branch and a linear descending branch. A 
bilinear relationship, composed of elastic and strain-hardening portions, is used for reinforcing steel 
bars. The stress-strain ( fps - �ps ) curve of the pre-stressing steel is simulated using the equation 
given by Menegotto and Pinto, (see [34]). For the non-linear analysis the member is divided in 
small beams elements, and at every concrete strain at the critical section, an iteration procedure is 
carried out to satisfy: 
 

1. Compatibility of strains and equilibrium of forces across the depth of all beam elements; 
2. Equilibrium between the externally applied load and the internal resisting moment at each 

beam element; 
3. Compatibility of the average strain and average elongation between the anchorage ends of 

the external tendons. 
 
The analysis takes in account the second order effect. This is done by computing the deflection of 
the beam and the associated downward deformation of the external tendons at each load or 
deformation increment, and adjusting for every beam element the eccentricity. A computer program 
was developed to implement this analysis. When used for strengthening existing concrete members, 
the deflection recovery c( of the beams, immediately after external pre-stressing is calculated by: 
 

p pe pe m
c

c c

K A f e
E I

( �  (3.66) 

where: 
Ec = concrete modulus of elasticity; 
Ic = section moment of inertia; 
Ape = area of external pre-stressing steel; 
fpe = effective stress in pre-stressing steel; 
em = eccentricity of external pre-stressing steel at midspan.  
 
 
Kp is a moment multiplier whose value depends on the moment diagram produced by external pre-
stressing force: 
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� � � �� � � � �� �
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�  (3.67) 

 
where: 
es = eccentricity of external pre-stressing steel at support; 
L = span length; 
Ld = distance between deviators. 
 
The accuracy of the method is verified comparing the analytical results of some experimental tests 
reported in literature, like Tan and Ng and Khairallah and Harajli (see [34]). 
When a new structures is designed with external tendons, the change in eccentricity (or depth) of 
the pre-stressing steel with increasing member deflection is influenced mainly by the configuration 
of deviators along the span.  
The profile of the tendon and the magnitude of the inelastic deflection mobilized at failure load 
depend on the geometry of the applied loads. Tendons with one or two deviators have a very similar 
load-deflection response. Single concentrated loads produce less significant second order effects 
because they mobilize low post-elastic deflection in comparison with two-third point loads or 
uniform load application. 
In this study, it is also demonstrated that external pre-stressing is a very effective technique for 
strengthening concrete flexural members. Using a moderate amount of external pre-stressing steel 
leads to significant deflection recovery, smaller service load deflections and substantial increase in 
the yield strength and ultimate flexural capacity of the members. The strength gain obtained, 
providing external pre-stressing, is accompanied by reduction in the ductility of flexural failure. 
 
 
3.6  Dynamic Behaviour of Externally Pre-Stressed Concrete Beams 
 
To analytically investigate the dynamic behaviour of pre-stressed composite girder bridges, 
strengthened with external tendons, Miyamoto et al., [41], have developed a frequency formula. The 
accuracy was verified with experimental tests on a simply supported pre-stressed composite girder 
with alternative pre-stressing level, eccentricity of attached tendons, and tendon properties. 
Considering the configuration shown in Figure 3.34, the flexural vibration of a girder subjected to 
external pre-stressing force can be expressed in the following way: 
 

� �
2 2 2 2

2 2 2 2 ( ) i i
s vs t p

AyE I P y M
2

2

y
x x x x g t

�� �; ; ; ; ;
�  � � �; ; ; ;� � ;

*  (3.68) 

 
where: 
EsIs = flexural rigidity of the girder; 
�i = unit weight of the girder; 
Ai = cross-sectional area of the girder. 
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Figure 3. 29 - Analysis model of vibration system [41]. 

 
 
The pre-stressing force and the bending moment due to pre-stressing force are given by: 
 

0
tc tc tcP P P� � �  (3.69) 

 
� � � �0 0

p tc tc ts tsM P P e P P� � � � � � a  (3.70) 
 
Substituting the flexural vibration gives: 
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2 2 2 2

0 0 0
2 2 2 2

i i
s vs tc tc tc tc ts ts

Ay yE I P P y P P e P P a
2

2x x x x g t
�� �; ; ; ; ;

� � �  � � � � � � � �; ; ; ;� �

*
;

 (3.71) 

 
Since the maximum value of vibration is ymax<< e , the value of �Ptc y is negligible and therefore 
can the above equation be re-written as follows: 
 

� � � �
4 2 2 2

0
4 2 2 2

i i
s vs tc tc ts

Ay yE I P e P a P
2

2

y
x x x x g

�� 7; ; ; ; ;
�  � � � � ! 8; ; ; ; ;" 9 t

*  (3.72) 

 
where: 
�Pt = is the change in tendon tension due to the flexural vibration, which varies with the vibration 

displacements. 
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The variable �Pt can be evaluated as follows: 
 

� �

� �
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 (3.73) 

 
where: 
P = applied load; 
Et = elastic modulus of the tendon; 
lt = tendon length. 
 
Defining: 

vs s vs t

vs t t

I E I l
A E A l

� � �  (3.74) 

Lead to that �Pt becomes: 
� �
� �3 42

cos sin

8cos cos sin
t

l e a
P P

e a

< <

< < < �

�
� �

� �
 (3.75) 

 
To calculate the increased pre-stressing force due to flexural vibration related with the deflection, a 
concentrated load was applied. The midspan deflection yP due to the applied load P can be 
calculated by: 

3

48P
s vs

ly
E I

� P  (3.76) 

 
and when substituting the value of P, the midspan deflection becomes: 
 

� �3 4
� �

22 cos cos sin

6 cos sinp
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l e a
y

E I e a
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� tP�  (3.77) 

 
The upward movement y�P of the girder due to �Pt , can be evaluated by the equation: 
 

2 cos sin
8 8

t
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P 2
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From the relationship y = yP  -  , the value of y is: 

tPy�
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and therefore �Pt is: 
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� �

� ��

2

24 cos sin
4 cos

4cos 3 cos sin

s vs
t

E I e a
P y

l

e a

< <
� � <

�� < <

�
� �

�

�  � <
 (3.80) 

 
Once �Pt is known, the vibration equation becomes: 
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 (3.81) 

 
According to the general theory of vibration, if X(x) is the basic function of vibration and �n is the 
natural circular frequency, the solution of the above equation is: 
 

� � ni ty X x e ��  (3.82) 
 
substitution gives: 

 

� �
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0 2
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24
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Because of the model is referred to simply supported girder, X(x) is: 
 

� � sin nX x D x
l
+

�     1, 2,3...n �  (3.84) 

 
where: 
D = arbitrary constant. 
 
Substituting in the vibration equation gives:: 
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and solving it for �n leads to: 
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8  (3.86) 

 
The natural frequency fn = �n / 2+ for the nth mode can be expressed as follows: 
 

2
22nf a n%

+ /
�

�  (3.87) 

 
where / represents the influence of the external tendon strengthening effect on the natural 
frequency. As can be seen from the definition of /, the initial pre-stressing force and the 
arrangement of the external tendons are major influences. If / =1, the defined fn is valid for a 
general composite girder. If 1/ = , the influence of the tendon arrangement is greater than that of 
the horizontal component of the pre-stressing force, the strengthening with external tendons 
increases the natural frequency. If 0 1/# # , the influence of the horizontal component of the initial 
pre-stressing force is large and the strengthening decreases the natural frequency. Pre-stressing 
forces inducted by external tendons affect the natural frequency of vibration of the girder and the 
degree of influence depends on some arrangement parameters. These are the ratio of eccentricity 
from the neutral axis of composite girder to the anchored end of the tendon to the distance to the 
bottom of the lower flange e/ysl, the deflection angle to the tendon at the deviator <, and the section 
stiffness ratio k = EtAt / EsAvs. In case of slightly eccentric tendon e/ysl = 0.1, the natural frequency 
decreases because of the dominance of the axial force. In case of more eccentric tendon e/ysl = 1.0, 
the natural frequency of vibration of girder increases because the pre-stressing force is restricted 
and because the major eccentricity increases the apparent flexural rigidity of the girder. Some 
experimental tests have shown the good accuracy of the proposed formula. The impact hammer 
tests carried out on an existing bridge demonstrated that the natural frequency of vibration of the 
girder tended to decrease in all modes of vibration as a result of tensioning. This tendency agrees 
closely with the findings from the laboratory tests conducted by the authors. 

 67



3.7  Residual Strength Model for Deteriorating Concrete Bridges 
 
Cavell and Waldron, [12] have developed an analytical method to assess the residual strength of 
deteriorating post-tensioned bridges. A computer program, written in FORTRAN code, that predicts 
the moment-curvature response of a damaged beam up to failure. The program considers the non-
linear constitutive laws of materials, using the Hognestad’s model for concrete and the tri-linear and 
bi-linear relationships for the pre-stressing and non-pre-stressing steel. The effect of tension 
stiffening is accounted by using the equation proposed by Collins and Mitchell, (see [12]): 
 

1 2

1 500
ct

c
cf

ff � �
�

�
�

 (3.88) 

 
where: 
fc = stress in the concrete; 
fct = tensile strength of the concrete; 

cf� =average concrete strain; 

1� =factor for the bond characteristics of the reinforcement; 

2� = factor accounting for sustained or repeated loading. 
 
The shear force is considered using the CEB-FIP recommendations. The basic analytical model was 
developed to incorporate the contribution of failed tendons after re-anchoring into the grout. To 
estimate the re-anchoring length over which a failed post-tensioned tendon fully re-anchors, an 
analogy was drawn with the transfer length in pre-tensioned concrete. For well grouted ducts, the 
equation proposed by ACI code for the transfer length is used: 
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7 3
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r

fl � td

�

 (3.89) 

where: 
fse = effective pre-stress; 
dt = tendon diameter. 
 
For partially or poorly grouted ducts, since the re-anchoring of failed tendons depend on friction 
between the tendon and the grout/concrete and the wedging action of the tendon due to Poisson’s 
effect, an equation which accounts for these two parameters was adopted. Considering figure 3.35: 
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 (3.90) 

 
where: 
fr = residual pre-stress after corrosion; 
l = length from the free end of the member; 

f� = coefficient of friction steel-concrete; 
,c s� � = Poisson’s ratio of concrete and steel; 

m =  modular ratio. 
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Figure 3. 30 - Strain and stress distribution before loss of tendon area [12]. 

 
The centre of force of an un-damaged tendon group is given by: 
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where: 
fps = stress in the pre-stressing steel; 
Aps =cross-sectional area of the pre-stressing tendon. 
 
The eccentricity of the tendon group is given by: 
 

yt y fte c c�   (3.92) 
 
Before concrete decompression, the original stress in the concrete extreme top and bottom fibres is 
defined by: 
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 (3.93) 

 
where: 
zb , zt = section modulus for bottom and top concrete fibre; 
T = total effective tendon force; 
Ac = cross-sectional area of concrete. 
 
If tendon failure occurs, it is expected that pre-stress force is lost over a finite length. As a first 
estimation, it is assumed that the loss of total tendon force is directly proportional to the loss of total 
tendon area. An iterative procedure is performed until force and moment equilibrium is achieved. If 

0T�  is the residual force, the extreme fibre stresses at jth iterations are: 
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 (3.94) 

 
Referring to Figure 3.36, the concrete strain adjacent to the tendon level i can be defined as: 
 

 
Figure 3. 31 - Strain and stress distribution after the loss of tendon area [12]. 

 
 

i
c cen yi� � ��   (3.95) 

 
where: 

cen�  = strain in the concrete at the centroid of the section. 
 
The change in strain due to the loss in tendon area is given by: 
 

,0
i i
c c

i
c� � �� �   (3.96) 

 
Where the subscript “0” represents conditions before corrosion. To maintain the strain 
compatibility, the following equation must be satisfied: 
 

i
ps c

i� �� � �  (3.97) 
where: 

ps�  = strain in pre-stressing steel. 
 
By the constitutive law of the pre-stressing steel, and using the calculated ps� , it is possible to 
define the total tensile force T from: 
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T f A
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�*  (3.98) 

The total compressive force C is given by: 

c

c c
A

C f dA� )  (3.99) 
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The iteration finishes when C=T within an acceptable error. The program requires that the beam to 
be analysed is discretised into a number of segments to enable analysis at the respective nodal 
sections to be performed. 
An essential part of the program is the modelling of a region of unbonded tendon behaviour due to 
the presence of voids in the ducts. This allows the investigation of the effect of incomplete grouting 
on the ability of failed tendon re-anchor. The approach is based on the analysis proposed by Harajli, 
(see [12]), and it is similar to that used for bonded pre-stressed beams but the assumption of perfect 
bonding is no longer valid. The change in stress in the unbonded tendon for any loading depends on 
the average change in stress in the adjacent concrete. This means that the stress, in this case, is 
member dependent. Considering Figure 3.37: 
 

 

Figure 3. 32 - Length of the beam showing tendon level 2 unbonded over length lu2 and typical strain 
distribution at ultimate due to middle tendon being unbonded [12]. 

 
Because of the presence of a void in the grout, the tendon at level 2 is unbonded over the length lu2 
and tendon 1 and 3 behaves like perfectly bonded tendons throughout their length. The strain 
compatibility assumption is not valid for tendon 2 along lu2 and the average strain increase in pre-
stressing steel is obtaining by integrating the concrete strain increase, which is given at the level 2 
by: 

2 e2� �� �  (3.100) 
 
where: 

cu x� ��  
 
The total elongation  between the ends of the void can be written as: psl�
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where: 

co� = pre-compressive strain in the concrete; 
ln = length of each beam segment. 
 
The average strain increase in this tendon, over its unbonded length, is: 
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from which the total strain ,2ps�  is: 
 

,2 ,2 ,2ps pe ps� � �� � �  (3.103) 
 
where: 

,2pe� = effective pre-strain in the unbonded tendon. 
 
The corresponding stress is evaluated from the constitutive laws of the materials. Once the stresses 
in both the bonded and the unbonded tendons are determined, the force equilibrium can be checked 
and if it is not satisfied, then the neutral axis depth is adjusted and the procedure is repeated. When 
the force equilibrium is achieved, the section is checked for the moment equilibrium. If it is not 
satisfied, the top fibre strain �ct is re-estimated and the above procedure is repeated.  
The re-anchoring length of a failed tendon is evaluated neglecting the length over which the tendon 
is unbonded. Two main situations are possible: a void coincides with the position of tendon failure 
or limited voids are present within the range of the re-anchoring length. In the first case it is 
assumed that the tendon cannot start re-anchoring until the end of the void. In the second case, the 
re-anchoring length assuming full bond is first estimated, and when a void is reached, it is assumed 
that no further tendon re-anchoring is possible until the end of the void. The additional length 
required is then estimated. To start the analysis with the residual strength model, the program 
requires data describing the beam cross section and tendon location, material, loading, location of 
tendon failure, and extent of grout voids. Initially the program considers the case where there is no 
loss of tendon area, and all tendons are bonded to the concrete. Then it considers the tendon failure 
locations and the positions of the grout voids. At this point, the re-anchoring length and distribution 
of residual pre-stress is estimated. The load is incrementally increased, and the loads to cause 
decompression in the concrete and cracking are noted. When the section has cracked, the 
contribution of uncracked concrete is estimated by dicretising the section into layers to estimate the 
total compressive force. This is seen in Figure 3.38: 
 

 
Figure 3. 33 - Determining sectional forces using layer-by-layer evaluation [12]. 

 
At a distance y from the top of the beam, the strain in the concrete is given by: 
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The strain in the tendon i is given by: 
 

� � ,
i i i
ps ps ps decd x� ��  ��  (3.105) 

 
and for the un-tensioned steel: 
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where: 

,ps dec� = pre-stressing steel strain at concrete decompression. 
 
The total tensile force is: 
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and the total compressive force in the concrete is given by: 
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where: 
k = number of layers in which is divided the cross section of concrete. 
 
At this point it is possible to evaluate the corresponding moment of resistance: 
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The iterative procedure for the analysis of a cracked section can be summarized as follows: 
 

1. Assume a top fibre strain in the concrete ct� ; 
2. Assume a neutral axis depth x; 
3. Substitute x into the compatibility equation to obtain the strain in the concrete and in each 

steel in the section; 
4. Determine the concrete and steel stresses from the constitutive laws; 
5. Calculate the net compressive C and tensile T forces at the section and check the force 

equilibrium; 
6. Determine the moment of resistance Mr, and if it is not equal to the applied bending 

moment, repeat the entire procedure. 

 73



 

 74



 
 

Chapter 4 : Externally Pre–Stressed Beams with Steel 
Tendons 
 

 
4.1  Equations for the Predictions of fps in the Tendons 
 
Several studies have been undertaken to find an equation to predict the stress in the pre-stressing 
steel fps. Harajli and Kanj, [33], have studied the effects of some parameters, such as the reinforcing 
index, the area of ordinary reinforcing steel, the type of load application, and member span to depth 
ratio, on the magnitude of  fps. 
Fully pre-stressed beams (P-beams) loaded both with two third point loads and with single 
concentrated load have showed a similar cracking behaviour, developing simultaneous cracks 
spread mainly inside the flexural span. However, only one or two cracks were observed to 
significantly increase in width and to propagate upward the compression zone, leading to a tied arch 
behaviour. The same cracking behaviour was observed in partially pre-stressed specimens (PP-
beams). 
The response of midspan moment versus deflection is shown in Figure 4.1. Despite the formation of 
a single major crack, fully pre-stressed members have demonstrated a remarkable amount of post-
elastic deformation prior to failure. The trend of decreasing ductility with increasing amount of 
tensile reinforcement, known in flexural concrete members, was not so obvious in the fully pre-
stressed concrete beams compared to partially pre-stressed ones (Figure 4.1). 
Before cracking, the stress in the tendons have showed a slightly increase with applied load, instead, 
after cracking, the stress increases significantly at a level depending on the amount of tension 
reinforcement. The level increases as the reinforcement index decreases. The variation of the stress 
in pre-stressing steel versus midspan moment is shown in Figure 4.2. 
One of the primary objectives of this research was to determine the effects of load application on 
the magnitude of fps. The experimental results have showed that the load application has not 
remarkable effects on fps. From the experimental results, and basing on the Canadian code 
(CANA3-A23.3-M77) equation for fps, the authors have proposed another relation. 
 
 

 
 

Figure 4. 1 - Experimentally observed applied midspan moment versus deflection [33]. 
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Figure 4. 2 - Observed variation of �fps with applied midspan moment [33]. 

 
The mentioned relation is written as follows: 
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where: 
fc

’ = concrete compressive strength; 
fpe = effective pre-stress; 
fpu = ultimate strength of pre-stressing steel; 
fps = stress in pre-stressing steel at nominal flexural strength; 
fy = yield strength of ordinary reinforcing steel; 
b = width of the section; 
dp = depth to center of pre-stressing steel; 
n = length of tendons between the anchorage ends; 
n0 = length of loaded span(s); 
As = area of ordinary reinforcing steel; 
Aps = area of pre-stressing steel; 
S = span length from anchorage to anchorage of simply supported member / length of the span 

under consideration for continuous member. 
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The influence of the span to depth ratio is shown in Figure 4.3. The increasing of the span to depth 
ratio from 8 to 20 leads to a reduction in �fps, �fps = fps - fpe, of about 35%. A comparison of the 
proposed equation, the ACI Building Code equation, (see [33]), and the equation proposed by Tam 
and Pannel is given in Figure 4.4. 
 
 

 
Figure 4. 3 - Variation of combined experimental �fps results versus span to depth ratio [33]. 

 
 

 
Figure 4. 4 - Comparison of combined �fps results with the analytical predictions of the ACI Building Code, Tam 

and Pannell, and proposed equation [33]. 
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Naaman and Alkhairi, [43], have provided (as seen in Chapter 1 of this thesis) a simplified 
methodology to predict the stress in pre-stressed unbonded internal or external tendons in case of 
elastic un-cracked section and elastic cracked section. This approach was based to reduce the 
analysis of beams with pre-stressing unbonded steel to that of beams with bonded pre-stressing steel 
using strain reduction coefficients. In a following research [44] they have explained the concept of 
bond reduction coefficient and a new equation to predict fps is proposed. During the elastic un-
cracked section analysis the bond reduction coefficient is defined in this way: 
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where: 
(��psu)m = maximum strain increase in pre-stressing steel beyond �pe; 
(��psb)m = maximum strain increase in equivalent amount of bonded pre-stressing steel beyond �pe; 
(��psu)av = average strain increase in pre-stressing steel beyond �pe; 
(��cps)m = maximum strain increase in concrete at the level of an equivalent amount of bonded pre-

stressing steel beyond effective pre-stress. 
 
For the analysis of a member in the elastic cracked state the bond reduction factor is introduced 
assuming that a single crack occurs at the section of maximum moment. For a simply supported 
beam this value is defined by: 
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where: 
e0(x) = eccentricity of pre-stressing steel at any section x along the beam; 
eomax = eccentricity of pre-stressing steel at critical section; 
L = span length; 
Lc = width of the crack of the cracked region; 
Icr = moment of inertia of cracked cross section; 
Ig = moment of inertia of gross cross section; 
�M(x) = change in bending moment at any section x along the beam; 
�Mmax = change in bending moment at critical section. 
 
For the ultimate state analysis the bond reduction coefficient is defined as: 
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where the terms are presented in Figure 4.5: 
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Figure 4. 5 - Strain distribution along section of maximum moment [44]. 

 
The strain increase in the bonded tendon is given by: 
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If the value of is given, the strain increase in the unbonded tendon could be determined from the 
strain increase in the bonded tendon: 

u,
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Assuming that the stress in the unbonded tendon remains in the elastic range, the stress change at 
nominal moment resistance in the tendons themselves is: 
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The value of �ce is negligible compared to the other terms and therefore the expression for fps is: 
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where: 
c = depth from concrete extreme compressive fiber to neutral axis; 
dps = depth from concrete extreme compressive fiber to centroid of pre-stressing steel; 
fps = ultimate stress in pre-stressing steel; 
fpe = effective stress in pre-stressing steel; 
�ce = strain in concrete at the level of pre-stressing steel due to effective pre-stress; 
�cu = strain in concrete top fiber at ultimate; 
Eps = modulus of elasticity of pre-stressing steel. 
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Figure 4. 6 - fps predicted versus experimental 

results [44]. 

Figure 4. 7 - �fps predicted versus experimental 
results [44]. 

 
The value of the bond reduction coefficient at ultimate can be found with experimental tests, the 
best correlation with experimental data is given by: 
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The comparison between experimental and predicted results are shown in Figures 4.6 and 4.7. 
Naaman et al., [45], have subsequently modified the prediction equation for fps. In fact, the 
precedent equation is valid only when the stress in pre-stressing steel is in the elastic range and only 
for simple span beams where the tendons length between the anchorages is the same as the span 
length. When continuous tendons are used over several spans, the loading of one span creates 
deformations in the span leading to a strain increment in the tendons that is averaged between the 
anchorages over several spans. To account for this effect the equation is modified as: 
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where: 
L1 = sum of the lengths of the loaded spans containing or crossed by tendon(s); 
L2 = length of the tendon between the anchorages; 
 
Because of that the above equation is valid in the elastic-linear range, it also can be applied for FRP 
tendons which are known to have a linear-elastic stress-strain response up to failure. 
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In this last case the equation becomes: 
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The above equations provide a very high correlation with experimental data, and they are based on 
an analysis in which equilibrium equations, stress-strain relations, and compatibility deformations 
are satisfied. The equations take in account the most important parameters, also of the influence of 
loaded span versus non-loaded span or spans, and they are proposed to replace the ACI code 
equation for the prediction of fps for several key reasons: 
 

1. To accommodate partial pre-stressing (combined presence of reinforcing and pre-stressing 
steel); 

2. To accommodate both pre-stressing steel and FRP tendons; 
3. To account for the effect of the elastic modulus of the pre-stressing tendons used; 
4. To provide a more accurate formulation based on deflection compatibility; 
5. To incorporate the span-to-depth ratio, the tendon profile, and the loading conditions in a 

more rational way; 
6. To account for the effect of loaded spans versus length of tendons between the anchorages. 

 
In externally pre-stressed concrete beams the presence of secondary moments due to pre-stressing, 
the formation of plastic hinges and the redistribution of moments after yielding are some structural 
behaviours that must be clearly investigated.  
Aravinthan et al., [7], have studied the moment redistribution phenomena that occurs due to 
yielding at critical sections. In their study they have used one monolithic, and three precast 
segmental two spans beams, with a span length of 4.05m and a T-cross section (except at deviators, 
mid supports and end blocks). The monolithic beam is provided of mid-span and mid-support 
confinements, instead the segmental beams, namely Seg-NC, Seg-SC, and Seg-AC, are without 
confinements, with only mid-support confinements and with both confinements respectively. The 
specimens and the loading pattern are shown Figure 4.8: 
 
 

 
Figure 4. 8 - Layout diagram of 2-span continuous beam [7]. 
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Figure 4. 9 - Comparison of load-displacement characteristics [7]. 

 
The load-displacement behaviour for the left and the right  spans is represented in Figure 4.9. It is 
possible to see that the right span has a larger deflection than the left one in all specimens but the 
ultimate load is almost the same for both the spans and also that the monolithic beam has an higher 
load carrying capacity then precast beams. In continuous span beams the moment redistribution is 
expected after yielding, from the yielded section to an un-yielded section. To study this phenomena, 
the supports reactions are studied, and from their variation with the applied load, the moment 
redistribution is calculated. The largest redistribution was found in the mid support for pre-cast 
beams, while the monolithic one showed considerable redistribution values in both mid-supports 
and mid-span locations. The experimental investigation of the authors has shown that: 
 

1. Comparing the monolithic beam and pre-cast segmental beam, the first one has an higher 
load capacity and ductility. 

2. The strength and ductility of pre-cast beams could be improved by providing confinement 
reinforcement in the compression zone of the critical sections. 

3. The monolithic and pre-cast beams without any confinement showed larger moment 
redistribution. 

 
This study was then continued by Aravinthan et al., [8], to examine the flexural behaviour of three 
pre-cast segmental two spans beams with external pre-stressing under unsymmetrical loading. The 
pre-cast beams are the same of the previous research. The observed load displacement behaviour for 
the left and the right span is shown in Figure 4.10(a), while in Figure 4.10(b) the displacement 
along the beam with increasing loading is represented: 
 

 
Figure 4. 10 - Variation of displacement with applied load [8]. 
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Figure 4. 11 - Variation of stress in external tendons [8]. 

 

 
Figure 4. 12 - Effect of moment redistribution in continuous beam [8]. 

 
The increase of the stress in the external tendons with applied load is shown in Figure 4.11(a) and 
4.11(b) respectively. The support reactions and the moment distribution along the beams with 
increasing load are shown in Figure 4.12. The experimental investigation leads to the following 
conclusions: 
 

1. A beam containing a combined pre-stressing has an higher load carrying capacity than fully 
externally pre-stressed beams. 

2. The ductility of pre-cast segmental beams could be improved further by providing 
confinement reinforcement and some internal bonded tendons together with external 
tendons. 

3. All the beams showed moment redistribution. 
 
In a following study [9] the same author have investigated the influence of important factors on the 
flexural strength of an externally pre-stressed beam, and basing on the tests results, they have 
proposed an equation to predict the ultimate behaviour of such beams. 
The general form of the ultimate tendon stress for unbonded tendons is given by: 
 

ps pe psf f f� � �  (4.12) 
 

The applicability of the equations, proposed by Naaman, [45], to beams with external pre-stressing 
was carried out by Mutsuyoshi, (see [8]), and was found that is necessary to take in account the 
change of tendon position at ultimate state. The concept of depth reduction factor Rd was introduced 
for the prediction of the ultimate flexural strength. The following equation was proposed: 
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where dpu is given by: 
 

pu d psd R d�  (4.14) 
 

In the above equation ,u and Rd are function of span-to-depth ratio L / dps, deviator distance-to-span 
ratio Sd / L, and loading span-to-span ratio Lp / L. 
A parametric evaluation considering the span-to-depth ratio L / dps, loading span-to-span ratio Lp/L, 
bonded-to-total tendon area ratio Aps,in / Aps, deviator distance-to-span ratio Sd / L, pre-stressing steel 
ratio �p, and reinforcing steel ratio �s is carried out by the authors on a multi level iterative 
procedure. The effects of the considered parameters are illustrated in Figure 4.13. From Figure 
4.13(a) it is possible to see that with increasing L / dps , the value of??,u reduces drastically in a 
hyperbolic manner. From Figure 4.13(b), it is shown that ,u increases with Aps,in/Aps in an almost 
linear manner and Figure 4.13(c) shows that ,u is almost constant while changing Sd/L, and 
similarly the effect of �p and �s are negligible. From Figure 4.13(d) it is observed that the value of 
,u for one point loading is considerably smaller than two point loading. The influence of some 
parameters on the depth reduction factor Rd are illustrated in figure 4.14(a-b). 
 
 

 
Figure 4. 13 - Influence of various parameters on strain reduction coefficient [9]. 
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Figure 4. 14 - Influence of some parameters on depth reduction factor [9]. 

 
 
In both cases Rd factor reduces with increasing of L / dps and Sd / L. From Figure 4.14(b) it is 
possible to see that the reduction factor for one point loading is considerably different from the two 
point loading. From the parametric evaluation, a multiple linear regression analysis was carried out, 
considering various combinations of parameters. The analysis was done separately for the strain 
reduction factor ,u and the depth reduction factor Rd, and for the one point loading case and two 
point loading case. For the strain reduction factor the following equation were found: 
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Two-point loading case:                � �
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The following two equations were given for the depth reduction factor: 
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Two point loading case:                 1.25 0.010 0.38 1.0d
d
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Solving this relation, it is possible to evaluate fps with the proposed equation. The conclusions of 
this study were: 
 

1. The span to depth ratio is the most important factor that affect the ultimate tendon stress in 
beams with external or unbonded internal tendons. 

2. The ultimate position of the external tendon is greatly influenced by the deviator distance to 
span ratio, thus affecting the ultimate flexural strength of the beam. 

3. The proposed equation can be used for member with external as well as combined pre-
stressing. 
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Figure 4. 15 - Dowel action in internal tendon and unrestrained movement of external tendon [15]. 

 
A study based on experimental tests was carried out by Chee-Khoon Ng, [15], on tendon stress and 
flexural strength of externally pre-stressed concrete beams. The pseudo-analysis based on bond 
reduction coefficient is a simple and convenient method to evaluate such beams. Previous works 
[9], [44], [45] have found that the bound reduction and the tendon stress increase for the ultimate 
limit state as a function of the span-to-depth ratio. This is true only when shear deformation due to 
diagonal tensile cracking is effective in increasing external tendon stress, but because of the 
unbonded nature and unrestrained movement of external steel, diagonal  cracking cannot induce 
dowel action on the tendons, as shown in Figure 4.15. 
Therefore, basing on the bending theory and considering that second order effect can be minimized 
by sufficient provision of deviators, it can be shown that the span-to-depth ratio is not much 
significant on tendon stress. Defining ps�� as the strain increase in the pre-stressing steel at ultimate 
state: 

ps
l

L
� �

� �  (4.19) 

 
where: 

l� = total elongation of external tendon; 
L = span length. 
 
The stress in the external tendon can be written as: 
 

ps pe ps ps pyf f E f�� � � �  (4.20) 
 
An experimental study on seven prototype T-beams was carried out by the author to investigate the 
effect of the span-to-depth ratio on the stress increase in external tendon. 
It was found that for beams with one deviator and L / dps ranging from 7.5 to 22.5 the stress increase 
�fps is proportional to the concrete strength fc

’.  
Normalizing �fps to fc

’ in each beam, the span-to-depth ratio L / dps had no effect on the stress 
increase.  
When two or three deviators were provided, �fps in external tendons was observed to be 
independent of the beam span. 
Considering the Figure 4.16(c): 
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Figure 4. 16 - Strain and stress distributions at critical section of externally pre-stressed beam at ultimate flexure 

limit state [15]. 
 

 
The equilibrium equation of the cross section can be written as: 
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where: 
Aps , fps = area and stress at ultimate of external tendons; 
As , fy = area and yield strength of internal tension reinforcement; 
As

’, fy
’ = area and yield strength of internal compressive reinforcement; 

b , bw = beam width and beam-web width; 
c = neutral axis depth; 

1� = compression stress block factor ( = � �'0.85 0.05 30 7cf  ); 
 
Substituting fps in the equation given by Naaman and Alkhairi [44] and solving for fc

’ ( if fc
’ and c 

are the only two variables, that is true in this case), gives: 
 

'
2

1
cf f f

c c
� � � �� �� � � �
� � � �

1  (4.22) 

 
Considering an intermediate case, with: 

'
3 2

1
cf c
@  (4.23) 

Naaman and Alkhairi, [44], had found that: 
 

0 1ps
ps u ps cu

d
f E

c
�

� �
� � , �

� �
�  (4.24) 

By substituting fc
’, it is obtained that: 

� �2 3'
ps cf f� @  (4.25) 
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Figure 4. 17 - Comparison of experimental results with predicted values [15]. 

 
Therefore the theoretical prediction of stress increase in the external tendon using bond reduction 
coefficient is independent from span-to-depth ratio. The comparison between experimental results 
and predicted values is shown in Figure 4.17. 
The author have also found an expression for the bond reduction coefficient. This was done using 
the correlation of average strains in the external tendons obtained through the rational analysis 
based on strain compatibility and force equilibrium, on externally pre-stressed beams tested in the 
literature. Considering the parameter Sd/dps0 the bond reduction factor is given by: 
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where: 
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for
0

15d

ps

S
d

=                                                   0.144sk �  (4.28) 

 
After the relation for the stress increase, the author have also evaluated an equation for the ultimate 
flexural strength of externally pre-stressed beams. 
The external tendons at the critical section move due to second order effects. Therefore, to find the 
ultimate flexural strength it is necessary to evaluate the tendon depth at ultimate dps,u. Referring to 
Figure 3.51, the following equation ig given 
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For                  dL L. s
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Where the curvature at the ultimate state is given by: 
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u
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where: 
Mu = ultimate moment of resistance; 
eu = eccentricity of external tendons at ultimate: 
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The effective moment of inertia is given by: 
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� � � �
� �� � � � � �
� �� � � �� �

I I�  (4.34) 

 
where: 
Itr , Icr = moment of inertia for transformed and cracked cross section taken about the neutral axis; 
Mcr = cracking moment. 
 
Assuming a starting ultimate moment, the effective moment of inertia and the tendon eccentricity at 
ultimate can be calculated, and with these values it is possible to evaluate the ultimate moment of 
resistance by the following equation: 
 

� � � � � �' ' '
, 1 1u ps ps ps u s y s s y s 1M A f d k c A f d k c A f d k c� ��  �  �  �  (4.35) 

 
where: 
ds = effective depth of internal tension reinforcement; 
ds

’ = effective depth of internal compression reinforcement; 
k�1c = depth of centroid of the concrete compression zone. 
 
The calculated ultimate moment is checked against the supposed one, if the predetermined accuracy 
has not been attained, the iteration process is repeated until the value of Mu has converged. 
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The author concludes the study attesting that the span-to-depth ratio effect on the tendon stress at 
ultimate of externally pre-stressed beams should be less pronounced than usually assumed in 
literature, as shown in research. The ultimate behaviour of an externally pre-stressed beam was also 
investigated by Aparicio et al., [6], with laboratory tests on five monolithic and three segmental 
beams to verify the accuracy of a their previous parametric analysis. The authors have studied both 
the flexural and shear behaviour of such beams. The variables studied are directly involved in the 
evaluation of the nominal flexural resistance, among them the most important is the deflection 
profile of the beam itself, because it depends on: 
 

1. The support scheme of the beam: simply supported or continuous beam; 
2. The span-to-depth ratio; 
3. The load scheme; 
4. The erection of the beam: monolithic or segmental; 
5. The amount of pre-stressing. 

 
Other variables considered are: the slip of the tendons at deviators, and the total length of the 
tendons. The conclusions of the authors after the flexural, and flexural-shear tests on the beams 
were: 

& The interaction of bending and shear: the failure was not due only to shear force, but it was 
produced by a combination of shear and bending. 

& The transmission of shear through friction and key contact of the compressed portions of the 
webs and flanges. 

& The behaviour of closed joints similar to a monolithic beam. 
 
Reducing the length of the tendons increases the ultimate capacity of the beam. In the studied case, 
up to 5%. In practice it is important to determine if this major capacity is economically viable 
considering the cost of additional anchorage devices.  
Another programme of experimental and analytical research was undertaken by Cairns and 
Rafeequi, [20], to investigate the flexural performance and behaviour with the variation of three 
parameters, namely loading arrangement, effective depth of external reinforcement and geometric 
ratio of bonded reinforcement. The experimental tests included 21 beams, with only 6 loaded up to 
failure. When compared to beams with bonded reinforcement only, crack formation  in those with 
additional unbonded reinforcement did not show marked differences at 65% of the ultimate load 
except for formation of one or two fine vertical cracks at the top (compressive) part of the beam 
near the support. At ultimate the mid-span cracks were significantly wider in beams with external 
reinforcement. Those also extended higher up the face of the beam within the constant moment 
region at failure, indicating a reduced neutral axis depth. Under service load, the shorter the 
constant moment zone, the greater will be the increase in curvature. From the tests at ultimate, a 
lower ductility was observed for beam with external reinforcement compared to that of the beam 
with only ordinary steel. On the other hand, the presence of external pre-stressing leads to a larger 
carrying load capacity. As conclusions from their research, the authors have noticed: 

1. Strengthening with external unbonded reinforcement provide an appreciable increase in the 
flexural capacity. 

2. The increase in strength is higher for lightly reinforced beams. 
3. Although ductility was reduced by strengthening with external tendons, structural cracking 

gave ample warning of structural distress. 
4. The enhancement in serviceability performance by use of external pre-stressing is less than 

the improvement at the ultimate limit state. 
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Tan and Chee Ng, [62], have undertaken a research on the effects of deviators and tendon 
configuration on behaviour of externally pre-stressed concrete beams. The study provides 
information on the second-order effects due to displacements of external tendons under load and the 
effect of tendon area, force and eccentricity on the flexural behaviour of externally pre-stressed 
beams. The tests are on simply supported beams, and they show that the provision of a deviator at 
the section of maximum deflection resulted in satisfactory service load behaviour and enhanced 
flexural strength. Providing a smaller pre-stressing force leads to larger internal steel stress, crack 
widths, and service load deflection, but a more ductile behaviour near to failure. Using larger 
tendons gives a similar service load behaviour but a higher ultimate strength and a lower ductility. 
In externally pre-stressed beams, the tendons are not bonded to the concrete and therefore the stress 
depends on the deformation of the whole structure and it is assumed to be uniform at all sections. 
For the stress in the unbonded pre-stressing steel several equations are available. Considering the 
cracking behaviour of the beams it is possible to write: 
 
Linear elastic un-cracked regime ( 0 crM M� � ): 
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Linear elastic cracked regime ( cr eclM M M� � ): 
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Ultimate flexural strength limit state ( uM M� ): 
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From Figure 4.18, it is possible to see that, under load, the eccentricity of external tendons is 
reduced by an amount equal to the relative upward displacement � of the tendons with respect to 
the beam at the section under consideration. 
 

 
Figure 4. 18 - Second order effects in externally pre-stressed beams [62]. 
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The values of e and dps are given by: 
0e e� �  (4.39) 

 
0ps psd d�  �  (4.40) 

 
The value of � can be estimated by the following equation, valid from the midspan moment, using 
elastic theory: 
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The effective moment of inertia is given by: 
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where: 
Icr , Itr = moment of inertia of midspan section based on cracked transformed section and un-

cracked transformed section, taken about the neutral axis. 
 
In the ultimate flexural strength limit state is: 
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The values of the two factors k1 and k2 depend on the number of deviators along the span of the 
beam. During their study the authors have tested six beams, whose length, cross section and 
reinforcement details are shown in Figure 4.19. The results of the tests about the variation in 
effective depth due to second order effects, and the effect of deviators on moment-curvature and 
load-deflection curves are shown in Figures 4.20 and 4.21. The effect of deviators on stress increase 
in reinforcement is shown in Figure 4.22, while the effects of tendon configuration on moment-
curvature curve and load-deflection curve are presented in Figure 4.23. The relationship between 
the stress in reinforcement and the different tendon configuration is shown in Figure 4.24. A 
comparison of test results and predicted results from an analytical analysis are presented in Figures 
4.25. 
 

 
Figure 4. 19 - Test setup and reinforcement details of test beams [62]. 
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Figure 4. 20 - Variation in the effective depth due to second order effects [62]. 

 
 
 

 

Figure 4. 21 - Effect of deviators on moment curvature and load-deflection curves [62]. 

 
 
 

  
Figure 4. 22 - Effect of deviators on stress increase in reinforcement: (a) internal (non-pre-stressed) 

reinforcement; (b) external tendons [62]. 
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Figure 4. 23 - Effect of tendon configuration on moment-curvature and load-deflection curves [62]. 

 
 

 
Figure 4. 24 - Effect of tendon configuration on stress increase in reinforcement: (a) internal (non-pre-stressed) 

reinforcement; (b) external reinforcement [62]. 

 
 

  
Figure 4. 25 - Comparison with theoretical predictions: (a) moment-curvature curves; (b) load-deflection 

curves[62].  
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Figure 4. 25- Comparison with theoretical predictions: (c) stress increase in internal reinforcement; (d) stress 

increase in external tendons [62]. 

 
In a following research Tan et al., [61], investigated the behaviour of simple span concrete beams 
locally strengthened with external tendons. In this study they have found that external tendons can 
be anchored at intraspan locations, within a critical distance depending on the loading pattern and 
the desired strength enhancement  from the beam end without compromising the service and 
ultimate load. In this case (see figure 4.26(a)) the beam is strengthened in flexure only for a certain 
length of its span, and it should fail within the strengthened region under the application of external 
loads.  

 
Figure 4. 26 - Moment and strain increase in locally strengthened beams: (a) beam locally strengthened by 

external tendons; (b) applied and resistant moment diagram; (c) strain increase in concrete at tendon level; (d) 
strain increase in external tendons [61]. 
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In the considered case this happens when: 
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where: 
Ms ,M0 = maximum applied moments in the strengthened and un-strengthened portions of the beam; 
Mu,s ,Mu,0 = moment of resistance in the strengthened and un-strengthened portions of the beam. 
  
From the equation it is possible to find the critical distance �c for the different loading patterns and 
desired strength enhancement, that is quantified by: 
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The bond reduction factor, as defined by Naaman [44], is used considering a modification due to the 
fact that the beam is locally strengthened: 
 

- Pre-stressed concrete beams:               
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where: 
(��psu)m = strain increase in the unbonded tendon; 
(��psb)m = strain increase in the tendon if it was bonded to the concrete; 
(��psu)av = average strain, considered constant between the anchorages, in the external tendons; 
(��cps)m = strain increase in the concrete considering the perfect bond. 

 

- Locally pre-stressed concrete beam:     
� �
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where: 
(��psu,p)av = strain increase in the unbonded tendons is equal to the average increase in concrete 
strain within the strengthened portion of the beam. 
 
Using the above equations, gives: 
 
- Elastic un-cracked regime:                                  p r, � $,  (4.48) 
 
where: 
r = bond reduction coefficient modifier. 
 
For a simple span beams with a constant cross section and symmetrical tendon profile, r is: 
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where: 
�M(x) = change in bending moment at any section x of the span due to external applied load; 
e0(x) = change in tendon eccentricity at any section x of the span due to external applied load; 
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For the elastic cracked regime                                         pcr crr, � $,  (4.50) 
 
For the ultimate state                                                        pu ur, � $,  (4.51) 
 
where ,cr and ,u are the bond reduction factors corresponding to the elastic cracked regime and 
ultimate state limit. The tendon stress at each stress level is given by: 
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,pi = refers to the modified bond reduction coefficient for that stage (,p, ,pr, ,pu). 
 
The camber at the critical section is given by: 
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where: 
l = pre-stressed length of the beam; 
� = distance of anchorage from support; 
e = tendon eccentricity; 
Ie = effective moment of inertia. 
 
The maximum total deflection due to external load and pre-stressing is given by: 
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where: 
k = coefficient depending on the loading pattern; 
M = midspan moment; 
L = span length. 
 
At the critical midspan section the tendon eccentricity e and the effective tendon depth dps are: 
 

0e e� �  (4.55) 
 

0ps psd d�  �  (4.56) 
where: 
e0 = initial tendon eccentricity; 
dps0 = initial effective tendon depth. 
 
If � is the upward displacement of the external tendons at the critical section due to applied vertical 
load, it is given from: 
 

total a� � � �  (4.57) 
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�a = deflection at anchorage locations (its value depends on the loading pattern). 
 
The ultimate moment of resistance can be evaluated from equilibrium: 
 

� � � � � �' ' '
1 1u ps ps ps s y s s y s 1M A f d k c A f d k c A f d k c� ��  �  �  �  (4.58) 

 
k�1c = depth of centroid of concrete compression zone; 
�1 = compression stress block depth factor. 
c, k = geometrical factors of the considered cross section. 
 
To evaluate the accuracy of the analytical analysis, the authors have undertaken two series of tests 
on simple-span T-beams. The first series is with external steel tendon reinforcements, consisting of 
4 beams (SA-1 with one deviator, SA-0 without deviators, SB and SC locally strengthened), and the 
second with external carbon FRP tendon reinforcements, consists of 3 beams (CA-1 with one 
deviator, CA-0 without deviators and CB locally strengthened), as shown in Figure 4.27.  
For the tests with steel tendon strengthened beam tests, the deflection versus load, the maximum 
crack width versus load and the stress versus load graphs are shown in Figures 4.28 – 4.30. The 
comparison with the analytical predictions is shown in Figures 4.31 and 4.32. For the carbon FRP 
tendon strengthened beam tests the deflection versus load and the reinforcement stress versus load 
are shown in Figures 4.33 and 4.34. 
 

 
Figure 4. 27 - Details of beams under investigation [61]. 
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Figure 4. 28 - Effect of anchorage location on 

deformation characteristics of beams with external 
steel tendons [61]. 

 

 
Figure 4. 29 - Effect of anchorage location on 

maximum crack widths in beams with external steel 
tendons [61].

 

 
Figure 4. 30 - Effect of anchorage location on reinforcement stress in beams with external steel tendons: (a) 

internal steel reinforcement; (b) external tendon [61]. 

 
 

 
Figure 4. 31 - Comparison of observed tendon stress with theoretical predictions [61]. 
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Figure 4. 32 - Comparison of observed load-deflection curves with theoretical predictions [61]. 

 

 
Figure 4. 33 - Effect of anchorage location on deformation characteristics of beams with external carbon FRP 

tendons [61]. 

 

 
Figure 4. 34 - Effect of anchorage location on reinforcement stress in beams with external carbon FRP tendons 

[61]. 
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From these tests, the authors have found that intraspan tendons have no adverse effect on the 
service load behaviour of strengthened beams if the critical distance of the anchorages from the 
ends of the beams is provided. This also leads to savings in tendon length and minimization of the 
second order effects. Beams locally strengthened with carbon FRP tendon have exhibited similar 
behaviour as those are strengthened with steel tendons. 
An analytical method to predict the behaviour of externally pre-stressed concrete beams up to 
failure was presented by Rao and Mathew, [54]. This method takes in account all important factors, 
such as material non-linearity, shift of cable eccentricity and the friction at deviators for external 
cables. The hypothesis used in this analysis are: plane sections remain plane after bending and that 
the beam is symmetrical about its midspan. Therefore, only half the span is considered in the 
analysis; two end nodes of the cable do not slip (boundary conditions); the cable profile is of a 
general polygonal shape and shear deformations are not considered. Depending on the difference in 
the tendon force on either side of the deviator, friction between the cable and deviator can be: 
 

1. slip; 
2. no slip; 
3. no early slip, but slip occurring later; 
4. early slip, but no slip occurring later. 

 
All these cases should be considered in one formula. The configuration of a general tendon profile 
with n number of deviation points is shown in Figure 4.35. For any deviator i it is possible to write: 
 

Driving Force � �1 cosi iF F i<�   (4.59) 
 

Friction Force = 1 21 sini i i i i niF F F� <� � �  (4.60) 
 

A step by step procedure is used to find the slip at all deviators. Typical curves showing the 
correlation between theoretical and experimental results for the load versus stress and load versus 
deflection are given in Figures 4.36 and 4.37, respectively. 
 

 
Figure 4. 35 - General configuration of cable profile [54]. 
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Figure 4. 36 - Load stress curve of un-tensioned 

steel at midspan [54]. 

 

 
Figure 4. 37 - Typical load-deflection curve at 

midspan [54].

 
 
 
 
 

 
Figure 4. 38 - Typical moment curvature relation at midspan [54]. 
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Figure 4. 39 - Typical load slip plot at deviator [54]. 

 
Figure 4. 40 - Load-stress curve of pre-stressing 

steel at midspan [54].

 
The accuracy of the method in the prediction of  the moment-curvature relation, load-slip plot at 
deviator and load-stress curve of pre-stressing steel at midspan are shown in Figures 4.38-4.40. 
Following the analytical method used by the authors, it is possible to completely predict the flexural 
behaviour of beams with unbonded tendons, both internal unbonded and external, and the slip at 
deviators as well.  
 
4.1.1 Flexural Behaviour of Externally Pre-Stressed Beam with Large 

Eccentricity 
 
Witchukreangkrai et al., [65],have made a research on the behaviour of externally pre-stressed 
concrete beams with large eccentricities. The studies on external tendon have shown that the stress 
increase is member-dependent and that it can be evaluated by considering the compatibility of 
concrete strain at the tendon level. The applicability of this method may be limited when using 
externally PC beams with large eccentricities in which the major part of the tendon is below the 
concrete section. It was found that the ultimate flexural strength of externally pre-stressed concrete 
beams could be improved by using large eccentricities for the tendons. The analytical studies are 
based on the assumption that the stress is determined in the tendon and that the total elongation of 
the tendon itself is equal to the total deformation of concrete section at its level. This was verified to 
be in good agreement with test results for internal unbonded pre-stressed concrete beams and was 
adapted in the analysis of external pre-stressing. Recently this type of analysis was used, [40], also 
for tendons with large eccentricity, adopting an additional assumption regarding the imaginary 
concrete strain at tendon level (see Figure 4.41): 
 

 
Figure 4. 41 - Imaginary concrete strain at tendon level [65]. 
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Figure 4. 42 - The strain and internal forces of cracked section [18]. 

 
The hypothesis of this method can be summarized as follows: plane sections remain plane after 
bending; non linear behaviour of material and geometry are considered; shear deformations are 
neglected; and friction at deviators and external tendon is neglected. Because of the main part of the 
flexural strength is due to the large eccentricity of the tendon, an accurate constitutive model that 
can predict the non linear behaviour of the pre-stressing steel is needed. In their research the authors 
made a comparison of the results of the analytical analysis with those obtained from experimental 
test on a two span segmental beam, finding a very good agreement. So they concluded that the 
concept of deformation compatibility can be applied to the flexural analysis of externally PC beams 
with large eccentricity. The authors have found that the application of the method can be done also 
adopting a geometrical compatibility, by considering the strut deviator as a rigid member implying 
that there is no relative deformation at the connection between concrete structure and deviators. The 
strain of the tendon is assumed to be uniformly distributed over the entire length of beam. 
Therefore, it is possible to determine the elongation of external tendon directly from the known 
deformations (<, () of two consecutive deviators, the total elongation of the tendon along the entire 
beam length and the strain increase in external tendon respectively. The advantage of this second 
method is that it can be utilized without the assumption of the imaginary concrete strain at tendon 
level. 
Deping et al.,[18], have investigated the M-N-� relationship for a beam section and the calculation 
of deformation for externally pre-stressed tendons with large eccentricities. In their research, the 
following assumptions are made: plane sections remain plane after bending; bonded tendon, steel 
and concrete are completely bonded together; the beam is in the elastic linear range during pre-
stressing and before cracking; the stress-strain curves of concrete, steel and tendon are taken from 
Japanese society for Civil Engineering Standard (see [18]); the tensile strength of concrete after 
cracking is neglected; and the friction between external tendon and deviator is neglected. 
The tendons are replaced by their equivalent action on the beam. The M-N-� relationship of a 
rectangular cracked is shown in Figure 4.42, all the forces and the moment can be evaluated by 
using the constitutive laws of the materials if the geometry of the section is known. Once M and N 
are defined, an iterative method is used to calculate x and �. After concrete cracking, the stiffness 
changes along the beam, so that it must be divided into enough elements to ensure accurate results, 
especially in the area with high shear force. For the analysis of the structure an iterative procedure is 
used: 
 

1. Calculate the equivalent loads of external tendon pre-stress force at deviators and anchorage 
ends; calculate the displacements of deviators and anchorage ends duet to this equivalent 
loads by elastic method; 

2. Calculate M, N and the displacements of each element due to the applied loads and 
equivalent concentrated load of external tendon pre-stress force and its increment using the 
stiffness given by step 3. 

3. Calculate the curvature �? the M-N-� relationship. The new stiffness is given by M / �. 
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4. Calculate the strain of external tendon by comparing the displacements of deviators and 
anchorage ends calculate in steps 1 and 2. 

5. Calculate the axial forces and bending moments and nodal displacements of the structure. 
 
The procedure is then compared to experimental tests made by the authors; the calculations results 
agree well to the experiments showing this method is valid and accurate. 
 
4.1.2  Measurements of Pre-Stress Losses in External Tendons 
 
An important aspect in the design of any pre-stressed structure is an accurate calculation of 
immediate and time dependent pre-stress losses. Roberts-Wollman et al., [56], have developed an 
innovative measurement system to verify strains in external tendon bundles. From the experimental 
tests on 16 external tendon for a project of an urban viaduct near downtown San Antonio, Texas. 
The measured friction losses across deviators were larger than expected. The equation for 
calculating the force in a tendon at any points is: 
 

0xF F e ���  (4.61) 
 
where: 
Fx = force in tendon at location x; 
F0 = force in tendon at ram; 
� = friction coefficient; 
� = cumulative angle deviation between ram and location x. 
 
The increase in pre-stress friction losses was probably due to misalignments of the deviator pipes. 
In this case the above equation can be written as: 
 

� �
0xF F e � � � ��  (4.62) 

 
where: 
� = parasitic deviation angle to account for the effects of duct misalignment. 
 
The effect of duct misalignment on total deviation angle is shown in Figure 4.43. The measured 
seating losses were as expected, except for two observations: 
 

1. The friction across the deviators was smaller after seating than during stressing; 
2. There was a slight stress increase in the dead-end section of all tendon after seating. 

 

 
Figure 4. 43 - Effect of duct misalignment on total deviation angle [56]. 
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The first tendon stressed has the greatest loss and the middle portion of each tendon, which is low in 
the cross section, has greater losses than the draped portions. The average loss was 0.9 percent of 
the initial force. The ACI-ASCE recommendation (see [56]) for the calculation of elastic shortening 
in post-tensioning tendons is: 

0.5 s
cir

ci

EES f
E

�  (4.63) 

 
where: 
fcir = stress in concrete due to total pre-stress and dead load at level of tendon; 
ES = elastic shortening loss; 
Es = modulus of steel; 
Eci = modulus of concrete at time of stressing. 
 
The strains in the external tendons were monitored for many months . Based on measured creep and 
shrinkage from the companion specimens and the actual construction schedules, a step-wise time-
dependent analysis of each span was performed. A loss of 2 to 3 percent was measured across the 
anchorage device and stressing hardware at the live end of an external tendon. This should be 
mentioned in the Segmental Guide Specification (see [56]). There is no mention of elastic 
shortening losses in the same specification, but the methods for calculating long term losses are 
reasonably accurate. 
 
4.1.3 Loss of Tendon’s Eccentricity 
 
A study conducted by Matupayont et al., [39], treats of the variation of tendon eccentricity when 
externally PC beams subjects to bending. In this situation the tendon would not follow the concrete 
deflection, except at deviator point. The large deflection of PC beams, particularly when they are 
close to failure, could induce the secondary effect on flexural strength, namely “loss of tendon’s 
eccentricity”. This effect is influenced by the location and arrangement of the deviators. The authors 
have tested four beams, three of them had external tendons the other one internal unbonded tendons. 
A symmetrical two-point loading was applied to the beams up to failure. The larger loss of tendon 
eccentricity was shown by the beam with more distance between the deviators, and to make clear 
the effect of this variation in eccentricity a comparison the beam pre-stressed with unbonded 
internal tendon, that does not have variation in eccentricity of the tendon, was made. It was noticed 
that the flexural strength of externally pre-stressed concrete beams was reduced due to the effect of 
loss in tendon’s eccentricity, but by providing an additional deviator at midspan it is possible to 
eliminate this effect. An analytical analysis was developed by the authors to obtain an accurate 
flexural strength of internal unbonded and externally pre-stressed beams, based on the following 
assumptions: compatibility of deformations, the total deformation of the tendon is equal to that of 
the concrete at the same level; and use of the bond reduction factor to estimate the stress in the 
tendons. The experimental tests were used to verify the accuracy of the analytical analysis, and then 
to predict the behaviour of the beams varying some parameters such the span-to-depth ratio and the 
distance between the deviators. The conclusions were: 
 

1. In comparison with an unbonded internal PC beam which has no loss of tendon’s 
eccentricity, the externally PC beam with large distance between deviators gives a 
remarkable lower flexural strength; 

2. Using a proper arrangement of deviators it is possible to eliminate the loss of eccentricity; 
3. The analytical approach using the concept of deformation compatibility and bond reduction 

coefficient gives acceptable agreement with the test results. 
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In a following study [40] the same authors have extended the analytical approach to two span 
continuous PC beams with external tendons. The non linear analysis model is based on the 
following hypothesis: plane sections remain plane after bending ; non linearity of materials are 
considered; compatibility of deformation; only flexural deformation is considered; and the ultimate 
limit stage is defined when the concrete strain at extreme compression fiber reaches 0.0035, or 
when the tensile stress of reinforcement or pre-stressing steel exceed the nominal strength of each 
material. The change in tendon eccentricity is taken in account in the analytical model to provide an 
accurate prediction of flexural strength of externally PC beam. Referring to Figure 4.44, the 
effective depth of the tendons dps can be evaluated as: 
 
a)  for Lx(i)<L1L: 
 

� �
1
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b)  for L1L<Lx(i)<L1L+L2: 
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c)  for Lx(i)>L1L+L2: 
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� � �  (4.66) 

 
 

 
Figure 4. 44 - Evaluation of effective depth of external tendon [40]. 
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Figure 4. 45 - Discreting section and stress-strain distribution of section [40]. 

 
The value of dps is calculated for every step of the iterative procedure, in which it is subdivided the 
analytical method. Once the beam is divided in enough number of points of integration, the internal 
forces of the section can be found by using the constitutive laws of the materials and equilibrium 
equations. Using the symbols of the Figure 4.45. 
 
The compressive force in concrete: 
 

� � � �� �
0

n n

n n f

x c x c

n nconc c c w
x x h

C x b x x b b6 6
� �

� �

� �  * * x�  (4.67) 

 
and the tensile force in reinforcements and pre-stressing tendons: 

 
' '

s s s s s ps psT A A A6 6 6�  �  (4.68) 
 

Once the internal equilibrium is achieved, the internal moment can be evaluated by summing 
moments from all the force components. Then, the moment equilibrium must be satisfied at any 
integration point. After the equilibrium of forces and moments are achieved for all the integration 
points, it is possible to calculate the average strain in the concrete at the level of the tendons by 
summing the average strain increase in concrete at tendon level. The total elongation of the tendons 
can be obtained by multiplying the strain increase of the tendon for the span length. The first 
integration point is placed at midspan. The analytical results are compared with those obtained from 
experimental tests carried out by the authors. The accuracy of the method is shown in Figure 4.46. 
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Figure 4. 46 - Comparison of test results and analytical predictions [40]. 

 
4.1.4  Effects of the Shear Force on the Flexural Behaviour 
 
The strengthening of a beam with external pre-stressing leads to a new structural system that is 
more susceptible to shear type failure, especially if straight external tendons are provided. This is 
because, under load, external tendons are free to move relative to the concrete section between the 
anchorage and deviator points and thus, while contributing to improve flexural strength of the beam, 
they may not exhibit the dowel action that helps to resist shear. Tan and Naaman, [60], have 
proposed a strut-and-tie model for externally pre-stressed concrete beams. The strut-and-tie model 
does not account for concrete contribution to shear resistance, and for this reason, most codes 
include a concrete contribution term in the design formula for shear. For a simply supported, the 
proposed method is shown in Figure 4.47: 
 

 
Figure 4. 47 - Beam under midspan concetrated load [60]. 

 
In the B-regions the strain distribution is reasonably linear across the depth of the beam section, and 
the classical bending theory is applicable. The D-regions are generally located within a length equal 
to the beam depth h from the supports and from the loading points, in these regions the strain 
distribution along the section is non linear and the classical bending theory is not applicable. In their 
research, the authors have investigated the failure in the D-regions; the compressive strut, subjected 
to the force C0 at the top of the beam, is assumed to have a width varying from c0 , at the edge of the 
loading platen, to a value of 2c0 at a section distant h from the loading point (see Figure 4.48): 
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Figure 4. 48 - Width of diagonal compressive strut [60]. 

 
At the upper node, the width of diagonal compressive strut (45° to the horinzontal): 

2
wc �  (4.69) 

where: 
w = width of the loading platen. 
 
The geometrical width of the strut varies along the section depth and is given by ( 2c c(� ), where 
at mid-depth: 
 

� �0 2 2 4 2 tan15ec d c c( 	 
�  � � A  (4.70) 

 
where: 
de = effective depth to the centroid of the tensile force in the internal reinforcement. 
 
The compressive stresses of the diagonal compressive strut vary along the width of the strut, with 
the outer fibers being less stressed than the inner ones. The inclination of the tendon on each side of 
the deviator point � produces an upward force equal to 2Fsin� so that the resultant downward force 
on the beam is P - 2Fsin�. The equilibrium equations (referring to Figure 4.48) are: 
 

2 sin
2

P FC �
�  (4.71) 

 
2 sis ciT P V F n��    (4.72) 
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2
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The value of Vci is given by the ACI Building Code (see [60]). An additional equation is used to 
represent the moment equilibrium at the section distant h from the loading point: 
 

� � � � � � � �� �'0 0 02 2 sine peT d c P a h F d c P F h h�	 
 �    �  � �  (4.74) 

from which: 
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where: 
dpe = effective depth to the external pre-stressing depth; 

� �'
0eh d c�   

 
The force in each tension strut is limited by the yield force of the reinforcement forming the strut. 
The vertical force Ts is provided by the stirrups spaced within a distance of ' 2h h� from the applied 
concentrated load. The following inequality can be written: 
 

' 0.8cC c b f c6� � ' '
c b  (4.76) 

 
s sv yvT A f�  (4.77) 

 
s y ps pT A f A f y� �  (4.78) 

 
0 s y ps pT A f A f y� �  (4.79) 

 
where: 
fyv , Asv = yield strength and area of the vertical stirrups; 
fy , As = yield strength and area of non-pre-stressed longitudinal reinforcement; 
fpy , Aps = yield strength and area of internal pre-stressing tendons. 
 
The force F is limited by the total force provided by external pre-stressing: 
 

, ,ps e py eF A f�  (4.80) 
where: 
fpy,e , Aps,e = yield strength and area of external tendons. 
 
Defining the following non-dimensional variables, gives: 
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p P bhf� � c  (4.81) 
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'
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The limitation for the force F can be written as: 
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Considering the definitions of C, Ts, T, and T0,  substituting the above non-dimensional parameters, 
and referring to the Figure 4.48, it is obtained the following limitations for the mentioned forces 
respectively: 
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Assuming  the above limitations can be re-written as follows; 0 0.1 0.1ec d d� B
 
a. Failure of diagonal compressive strut: 
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b. Yielding of web reinforcement: 
 

2 sin 1.8 1 2e
p f v c

d
h i� � � � �� � � � �� �

� �
 (4.93) 

 
c. Yielding of internal longitudinal reinforcement due to T: 
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d. Yielding of internal longitudinal reinforcement due to T0: 
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e. Yielding of external tendons: 
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Figure 4. 49 - Modes of failure for externally pre-stressed beams [60]. 

 
 
The above inequality define a safe domain for the beam (see Figure 4.49(a)), and the actual mode of 
failure of the beam can be obtained by considering a loading path. The behaviour of a beam up to 
failure is shown in Figure 4.49(b). Using the relations given by Naaman and Alkhairi [44], it is 
possible to plot the loading path shown in Figure 4.49(a) in which (a), (b), and (c) indicate 
respectively the linear elastic uncracked, linear elastic cracked and non-linear inelastic range of the 
behaviour of the beam. The range (c) is obtained by joining the point corresponding to the ultimate 
flexural strength limit state point to the last point on the linear elastic cracked range. The failure of 
the beam can occur when the loading path cross one of the lines defined by the inequality. The strut 
and tie model considers four possible modes of failure and by comparison with experimental 
observations available in literature, the model shows reasonably accuracy on the prediction of the 
ultimate strength of pre-stressed concrete beams with internal or external pre-stressing tendons. 
Seven T-beams were tested [63] by Tan and Ng, [63] to investigate the effect of concrete strength, 
shear reinforcement, and shear span on the failure mode of externally pre-stressed beams. The test 
results were also compared with the predictions obtained for the same beams using the strut-and-tie 
model developed by Naaman and Tan, [60]. Dimensions and reinforcement details of the tested 
beams are shown in Figure 4.50. The observed maximum applied moment-curvature and load 
deflections curves are shown in Figure 4.51. The responses were similar except near the ultimate, 
where the tests indicated that reducing the concrete strength or the amount of shear reinforcement 
would result in the beam failing in the shear mode. The stress increase in the internal steel 
reinforcement and external tendons with applied load are shown in Figures 4.52 (a) and (b). Before 
cracking, there is no significant difference in the rate of change of stress in the internal steel 
reinforcement and external tendons. The stress increase in the tendon at ultimate was smaller for 
beams with lower concrete strength. In Figure 4.53(a) is shown the principal compressive and 
tensile strains, and in Figure 4.53(b) the direction of the principal compressive strain. 
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Figure 4. 50 - Dimensions and reinforcement details of test beams [63]. 

 
 

 
Figure 4. 51 - Effect of concrete strength on moment curvature and load deflection curves [63]. 
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Figure 4. 52 - Effect of concrete strength on stress increase in reinforcement [63]. 

 
 
 

 
Figure 4. 53 - Effect of concrete strength on principal strains and directions [63]. 

 
 
 
The beams that contained enough shear reinforcements failed in flexure, which was preceded by 
yielding of internal steel reinforcement. Insufficient amount of shear reinforcement leads to the 
yielding of the vertical stirrups upon the opening of web shear cracks, followed by yielding of 
internal steel reinforcement and finally shear-compression type of failure with web crushing in the 
beam. Comparing the test results with predicted results by the strut-and-tie model, the accuracy of 
the model was demonstrated to be very high, as is possible to see from Figure 4.54. It was 
concluded that decreasing the concrete strength or the amount of shear reinforcement leads to shear 
type failure and a correspondingly lower external tendon stress at ultimate and lower ultimate 
strength of the beams. However, when an appropriate concrete strength and amount of shear 
reinforcement are provided, the beam would fail in flexure. 
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Figure 4. 54 - Comparison with theoretical predictions of strut-and-tie model [63]. 

 
 
 
4.2  Effect of External Pre-Stressing on Shear Behaviour 
 
Kondo et al., [37], have conducted experiments to investigate the effects of external pre-stressing 
cables on the shear strengthening. The tested specimens consisted of four T-shaped cross section 
RC (No.1) and PPC (No.2, No.3 and No.4) beams with different shear reinforcements and material 
properties with two point symmetrical loading, as shown in Figure 4.55. The cracking developing in 
all specimens is shown in Figure 4.56. 
 
 

 
Figure 4. 55 - Details of test specimens [37]. 
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Figure 4. 56 - Crack pattern and location of failure [37]. 

 
It is possible to see that an increase in cracking load up to 68% is obtained for the PPC beams 
compared to the RC ones. With reference to the crack pattern (Figure 4.56), the inclination of shear 
cracks in beam No. 2 is smaller than that of No. 1, which suggest that the pre-stressing cables has 
influenced the direction of the principal stress. Although the loads at yielding of stirrups in No 1 
and No. 2 were practically the same, the process of yielding was different. This may be due to the 
fact that the load at which the shear cracks developed in No. 2 was much greater than that in No. 1. 
In the practice, existing structure may exhibit cracks before the strengthening work is executed. To 
investigate such behaviour the specimen No. 1 is compared to specimen No. 3, that was pre-stressed 
after cracks were produced. Compared to No.1, beam No.3 showed an increase in cracking load of 
55%, which suggests that sufficient shear strength can be achieved with pre-stressing external 
cables, even where cracks exist. 
A comparison of experimental and analytical results is made using the shear strength calculated 
with the equation provided in the Standard Specifications for Design and Construction of Concrete 
Structure, JSCE 1991 (see [37]). The calculated load at which shear cracks appear show good 
agreement with the experimental results, but the shear strength was found to under-estimate the test 
values, may due to the assumptions made in the equation. 
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4.3  Strengthening of Externally Pre-Stressed Concrete Beams 
 
The discovery of a variety of defects during the inspection of post-tensioned concrete bridges with 
internally grouted tendons has raised up doubts over the structural capacity of existing bridges of 
this type. The defects include regions of incomplete grouting (voids) within the tendon ducts and 
tendon corrosion resulting in loss of tendon area and fractures. The main cause of tendon corrosion 
is due to the ingress of chlorides from de-icing salts through inadequately sealed ducts, mainly at 
the anchorages. Localised corrosion resulting in tendon failure is possible, particularly where the 
ducts contains grout voids. 
Bhaskara et al., [11], have presented a number of methods to strength in RC beams. The first 
method presented by the authors is the Enlargement of Cross Section. Some RC structures 
deteriorate due to corrosion of reinforcement which results in cracking and spailing of cover 
concrete. The common method of rehabilitation consists of exposure of corroded reinforcement by 
chipping delaminated concrete, removal of loose material by sand blasting and shotcreting to 
produce the required dimensions of the member. The new section can also be reinforced and made 
self-sustaining by providing extra-reinforcement to cater for additional bending or shear due to 
increase in load-carrying capacity. The new and existing sections are bonded by providing hooked 
expansion bolts to prevent the separation of the interface. The connection between the two sections 
can also be made by providing holes from the bottom of the beam, thread dowels in the holes and 
grout them. The RC beams are strengthened also by jacketing, wherein a thin layer of reinforced 
concrete envelopes all the sides of the member. Another method of strengthening is the use of 
Externally-Bonded Plates, with which the steel plates are epoxy-bonded to the beam. The steel 
strips are glued to the concrete surface by means of a two component epoxy adhesive producing a 
concrete-glue-steel composite element. This technique leads to an increased shear-bending capacity 
and reduced deformability due to enhanced stiffness. The steel and concrete surfaces are prepared 
by sand blasting, and after the cleaning of these surfaces the epoxy adhesive is applied. The 
thickness of the adhesive layer varies from 1 mm to 3 mm. The last technique presented by the 
authors is the External Pre-Stressing. This method, developed in East-Europe, is used mainly to 
strength bridge beams by using pairs of pre-stressing tendons attached to either face of the beam in 
the required configuration by post-tensioning. The bending-moment, produced by the pre-stress 
inducted by tendons, depends on the profile of the cables. The counteracting moment is the extra 
bending moment that can be carried by the beam due to an increase in live load. The ratio between 
the counteracting moment to the original moment of resistance of the member can be termed as 
degree of strengthening. In practical considerations, the maximum degree of strengthening is 
restricted for counteracting the dead load effect. 
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Chapter 5 :Beams Pre-Stressed with FRP Tendons 
 

 
5.1  Analytical Model for Pre-Stressed Beams 
 
Pisani, [50], has developed a study on the behaviour of PC structures utilizing fibre reinforced 
polymer (FRP) pre-stressing tendons. The investigation of this type of beams is conducted with the 
same algorithm utilized for externally pre-stressed members with steel cables [48] (see Chapter 3), 
with which it is possible to investigate, with two different iterative processes, the non-linear 
problem related to the behaviour of each section of the discretized model. This is done by 
comprising the all behaviour of the concrete structure, the shape of the cables, their stress, the 
forces they pass to the concrete and finally the internal actions in the concrete substructure. This 
analysis can be applied to both external pre-stressing and internal unbonded one, and it is based on 
the following assumptions: 
 

1. Cracking is spread over a segment of finite length in the concrete substructure; 
2. Shear deformation is neglected both before and after cracking; 
3. Tensile strength of concrete is neglected 

 
It was shown that under service loads there is no differences between the beams pre-stressed with 
external glass fibre reinforced polymer (GFRP) cables or bonded steel cables, because the stiffness 
of the beams is mainly due to the concrete, so that the cable characteristics do not influence the 
overall behaviour. The distinctions arise at concrete cracking and increase together with the external 
load. In fact, beams with GFRP cables bend more than those utilizing steel cables, the pre-stressing 
technique being equal. The brittle behaviour of some tested beams is due to the pre-stressing 
technique, to the shape of the concrete cross section and to the size of the initial pre-stressing force, 
but proved to be almost independent of the material used in the cables. The non-linear stress-strain 
relationship of concrete and the elastic modulus of aramid fibre reinforced polymer (AFRP) or 
GFRP tendons, that is much smaller than that of steel can prevent brittle behaviour of the beam. The 
load carrying capacity does not significantly change substituting steel with the aramid or glass fibre 
materials (see Figure 5.1): 
 

 
Figure 5. 1 - Beams pre-stressed with bonded cables: comparison of midspan deflections [50]. 
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The GFRP tendons seems to be the most economic alternative to steel strands, but some peculiar 
properties must be taken in account. The glass fibres utilized to cast such cables have a poor 
resistance to alkaline environment, but the actual trend in research on concrete is to increase its 
alkalinity to prevent corrosion of steel bars. The AFRP shows instead a good behaviour when 
embedded in concrete, but are sensitive to ultra-violet rays, while GFRP and carbon fibre reinforced 
polymer (CFRP) tendons are not. From these results together with their mechanical characteristics, 
it is possible to say that AFRP and GFRP tendons can satisfactorily replace steel strands to pre-
stress beams in an unfavourable environment. GFRP tendons are reliable when dealing with 
external pre-stressing, while AFRP cables are suitable in bonded pre-stressing. 
 
 
5.2  Behaviour of Beams Pre-Stressed by FRP Reinforcement 
 
5.2.1 Flexural Behaviour and CFRP/CFCC Reinforcement 
 
Abdelrahman and Rizkalla, [4], have undertaken a study to investigate the flexural behaviour of 
concrete beams partially pre-stressed, using low-jacking stresses to reduce the cost and improve 
their deformability, by CFRP reinforcements. Because of the elasticity modulus of CFRP is lower 
than that of steel, the deformation of beams pre-stressed with this type of cables, after initiation of 
cracks, are expected to be greater than that of similar members pre-stressed with steel cables. 
Therefore the main features considered in design of pre-stressed beams with carbon fibres 
reinforcements are the crack width and deflection under full service load. The cracking behaviour is 
mainly affected by the bond and the type of CFRP cables used (strands or bars, surface texture 
indented or smooth).In their research the authors have used eight concrete beams pre-stressed by 
CFRP Leadline reinforcement and, in addition, two similar beams pre-stressed with steel strands. 
Due to the lower elastic modulus, the carbon fibres bars have more longitudinal deformation and 
consequently more transverse deformation than steel for the same load level, as Poisson’s ratio for 
CFRP and steel is approximately the same. The higher transverse deformations improve the bond 
strength at the transfer zone due to lateral expansion of the bar, which creates the wedge action 
known by Hoyer effect. The concrete beams pre-stressed with CFRP bars behaved linearly up to 
cracking and linearly after cracking with reduced stiffness up to failure, because of the mechanical 
characteristics of the bars. Two failure modes were recognized: rupture of the farthest bottom bar 
and crushing of concrete at the top surface within the constant moment zone. No slip of the bars 
was observed in any of the beams. The beams pre-stressed with steel failed with similar modes, but 
showing much more ductility in comparison to the beams with CFRP bars. The number of flexural 
cracks at failure in the members with steel pre-stressing reinforcement was almost double the 
number of cracks showed by members pre-stressed by CFRP. A comparison of between the load-
deflection of  the tested beams is given in Figure 5.2. As it is possible to see from the figure the 
deflection of the beams at the second and third cycles was identical and higher than the deflection at 
he initial cycle at a given applied load. The stiffness of the beam in the second and third cycles were 
higher than those of the beams in the initial cycle after cracking but lower than the initial stiffness 
based on gross section properties. Members pre-stressed by steel reinforcements showed higher 
strain in the tension zone, resulting in larger curvature at ultimate and less compression zone depth 
than for CFRP pre-stressed beams. From Figure 5.3 it can be seen that the neutral axis depth shifts 
towards the compression zone with increasing applied loads, and for CFRP pre-stressed beams, it 
decreases more rapidly. This is attributed to the lower elastic modulus of CFRP. 
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Figure 5. 2 - Load-deflection of beams pre-stressed by CFRP and steel [4]. 

 

 
Figure 5. 3 - Neutral axis depth of beams pre-stressed by CFRP and steel [4]. 

 
The authors concluded that: 
 

1. Bond characteristics of the CFRP bars at the pre-stress transfer zone is comparable to that of 
steel strands, but the flexural bond strength of the CFRP bars is less than that of steel 
strands. 

2. Deflection of beams pre-stressed by CFRP is equivalent to the deflection of beams pre-
stressed by steel if failure depend on concrete crushing in compression zone, otherwise, if 
the failure is due to rupture of the CFRP bars, the deflection is considerably smaller in 
comparison to similar beams pre-stressed by conventional steel strands. 

3. The stabilized crack pattern for beams partially pre-stressed by CFRP bars occurs at a much 
lower strain level than for beams partially pre-stressed by steel strands. 

4. The number of cracks of beams partially pre-stressed by CFRP is less than that of 
comparable beams partially pre-stressed by steel strands due to the lower flexural bond 
strength of the CFRP bars. Consequently, the crack width and spacing are typically larger 
for a given load level. 
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With a following study, [3], the same authors have introduced simplified methods to evaluate the 
deflection of beams pre-stressed by CFRP tendons under short term and repeated loading. The 
procedure includes also the calculation of the location of the centroidal axis of the cracked pre-
stressed sections. The research, based on the tests of eight concrete beams pre-stressed with CFRP 
reinforcement and two beams pre-stressed with steel strands, examines the applicability of the 
American Concrete Institute (ACI) and European approaches to calculate the deflection of such 
beams. The short term deflection � can be evaluated using an effective moment of inertia Ie given 
by ACI Committee 435, 1995, (see [3]), but the calculation can also be made by integration of 
curvature of section that can be numerically performed at many or specific sections Ghali, 1993, 
(see [3]). Before cracking, the deflection is based on the properties of the uncracked section, but 
after cracking the calculation becomes ambiguous due to the change in stiffness of the beam and 
due to the change of the location of the pre-stressing force within the cross section. The centroid of 
the effective transformed section is calculated at different load levels based on the value of the 
neutral axis  depth and consequently the effective centroidal distance ye is calculated. This distance, 
which is referred to the length between the effective centroid of the section and the extreme 
compression fibre, can be determined for given service moment Ms , taking in account of the 
decompression moment Mdc , for beams pre-stressed by CFRP with the following equation: 
 

� �2 21e g cry y y� �� �  � gy  (5.1) 
 

where: 
 

cr dc

s dc

M M
M M

�
� �

� � � �
� ,                             Ms > Mdc (5.2) 

 
and where: 
yg = un-cracked centroidal distance; 
ycr = cracked centroidal distance ; 
Mcr = cracking moment. 
 
The deflection can be determined using a simplified method deriving from test results. Considering 
the effective moment of inertia given by ACI: 
 

� �3 31e g cr gI I I� �� �  � I  (5.3) 
where: 
Ig = gross moment of inertia; 
Icr = cracked moment of inertia. 
 
The proposed expression for deflection is: 
 

� � 2 2
e p e s

p
c e c e

P d y L
s

M Lk
E I E I


� �  � k  (5.4) 

where: 
Pe = pre-stressing force; 
dp = depth of pre-stressing reinforcement; 
L = span of beam; 
Ec = elastic modulus of concrete; 
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kp = factor for calculation of deflection due to pre-stressing reinforcement, depends on shape of     
strand; 

ks = factor for calculation of deflection due to applied loads, depends on shape of loading and 
boundary conditions. 

 
The predicted deflection and experimental one are shown in Figure 5.4. The European approach 
suggests the calculation of deflection using the integration of curvature at many sections of the 
span, taking in account of tension stiffening depending on the bond the bond characteristics of the 
reinforcement. The CEB-FIP Code 1990 (CEB-FIP 1993) suggests the following relations: 
 

� �1e g cr� C � C��  �  (5.5) 
 

1 21 cr dc

s dc

M M
M M

C � �
� �

�  .� �� �
0.4 ,  Ms > Mcr (5.6) 

where: 
�cr = curvature of section based on cracked section analysis; 
�e = curvature of section accounting for tension stiffening; 
�g = curvature of section based on gross section analysis; 
�1 = factor depends on bond condition of reinforcement; 
�2 = factor depends on type of the applied load. 
 
The effective curvature can also be calculated considering the slope of the strain profile of cracked 
sections and solving the strain compatibility and equilibrium of internal forces. Ignoring the tension 
stiffening significantly reduces the accuracy of the deflection prediction. Because partially pre-
stressed beams are designed to crack under superimposed loads, the behaviour of the beams under 
service load cannot be considered elastic. Therefore it is required to evaluate the deflection due to 
repeated loading. After cracking the load-deflection behaviour under repeated loading is not 
perfectly elastic even if CFRP reinforcement is elastic up to failure, in fact during unloading of the 
beams the deflection does not follow the same path of the initial cycle because of cracking and non-
recoverable creep of concrete. The deflection after reloading follows, instead, the same path as the 
initial cycle. The typical behaviour of concrete beams pre-stressed by CFRP bars under repeated 
load is shown in Figure 5.5. 
 

 
Figure 5. 4 - Predicted deflection of beam pre-stressed by CFRP bars using proposed simplified method [3]. 
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Figure 5. 5 - Proposed model to calculate deflection of beams pre-stressed by CFRP under repeated load [3]. 

 
The behaviour is illustrated from the zero load (point O) to cracking point A and point B, which is 
higher than the cracking load. The line OB is proportional to Ie and to the eccentricity of the pre-
stressing force in B. If the beam is unloaded at B and its behaviour elastic, the beam will follow the 
path BAO. At the contrary if the behaviour of the beam was inelastic, the beam will follow the path 
BE, which is parallel to OA and the residual deformation will be equal to OE. The actual behaviour 
of beam is between the two cases and it is represented by the path BCD. The beam will have a 
residual deformation �r proportional to the load at which the beam is unloaded and its value can be 
predicted by: 
 

� � 2 2 1 1e p e rep
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c e c e e rep
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� �2.5 2.51rep g cr gI I I� �� �  � I  (5.8) 

where: 
Mrep = moment due to repeated load; 
Irep = moment of inertia for repeated loading. 
 
The experimental data were in good agreement with the analytical results. 
Burke and Dolan, [13], present a unified approach for the flexural design of beams with FRP 
tendons, followed by a test program to validate it. 
At first, the tendon strength is defined. Due to the lack in strain-hardening capacities of FRP the 
designer must ensure that the design strength is not exceeded in service. The 95% inclusion of the 
reported mean strength is equal to 1.65 standard deviation less than the mean strength. The design 
value for the tensile strength is taken equal to the mean break strength reduced of three times the 
standard deviation. The balanced ratio �b is the reinforcement ratio at which simultaneous concrete 
compression and tendon rupture failure occurs, and it is based on strain compatibility in the cross 
section. Taken as ultimate concrete compression strain �cu = 0.003, using the equivalent rectangular 
stress block for concrete and considering the pre-stressing tendons placed in a single layer. With �pu 
as the ultimate tensile strain, the balanced ratio can be written as: 
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where: 
�1 = factor defined as the ratio of the equivalent rectangular stress block depth to the distance from 

the extreme compression fibre to the neutral axis depth; 
fc

’ = specified compressive strength of concrete; 
ffu = ultimate tensile strength of concrete; 
�pi = initial pre-stressing strain. 
 
Beams with a reinforcement ratio � less than the balanced one may be divided into two different  
conditions: very under-reinforced beams ( 0.5 b� �� ) and under-reinforced beams 
( 0.5 b b� � �# # ). The nominal moment capacity Mn is, in the first case, based on the tendon 
strength and the internal moment arm for an elastic section. The tendon strength is: 
 

n p fu fT A f bdf u�� �  (5.10) 
where: 
b = width of the compression face; 
d = distance from centroid of outermost reinforcement to extreme compression fibre; 
Ap = area of FRP tendon. 
 
Summing the moment of the forces around the compression centroid gives Mn: 
 

� �2 1 3n fuM bd f k��   (5.11) 
 

� �2 2k n n n� � �� �   (5.12) 
where: 
n = modular ratio = f cE E . 
 
For under reinforced beams with a reinforcement ratio of 0.5 b b� � �# # , the tensile strength of the 
tendon is the same of the precedent case but the nominal moment capacity is: 
 

2n fu
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These equations must be modified when using multiple layers of reinforcements. In over-reinforced 
beams, the moment capacity is found by equilibrium and compatibility, but in this case the strain in 
the tendon is unknown. The depth from the extreme compression fibre to the neutral axis is defined 
as: 

uc k d�  (5.15) 
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The depth to the compression block is: 
 

1 1 ua c k d� �� �  (5.18) 
 

and the nominal moment capacity becomes: 
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The test results lead the authors to the following conclusions: 
 

1. The balanced ratio �b is effective in defining the transition between the under and over-
reinforced failure modes. 

2. The design equations provide an effective method of predicting the flexural strength of 
bonded FRP pre-stressed members. 

3. The tendon design strength, equal to mean strength minus three standard deviations, is 
recommended for the design. 

4. The strength reduction factor for flexural design is a function of the tendon type and it can 
be assumed as � = 0.85 for carbon tendons, and � = 0.70 for aramid tendons. 

 
Dolan and Swanson, [14], have extend the design equations to FRP pre-stressed beams with 
vertically distributed tendons. If the beam was pre-stressed with steel tendons, the ductility of the 
material makes the strain gradient to not significantly affect the strength. This is not the case with 
carbon fibres that are elastic up to failure. During section deflection, the farthest tendon from 
neutral axis is subjected to a higher strain than reinforcement higher in the section. Therefore, the 
strength may be limited by the strain capacity of the most highly stressed tendon, typically at the 
bottom of section itself. 
All tendons are not at their full capacity simultaneously. With the assumption of strain 
compatibility, elastic behaviour and that plane sections remain plane, the compression resultant is: 
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and the tensile force is given by: 
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m

i i
i

T b�
�

�*  (5.21) 

where: 
fi = tendon stress at each layer; 
m = number of layers of tendons. 
 
The flexural failure stress of the bottom tendon that remains after the initial pre-stress, is defined as: 
 

m puf f f�   (5.22) 
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The stress in each layer can be written using the ratio of the strain at any level to the strain in the 
bottom tendon, as: 

1
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� �

�  (5.23) 

where: 
di = depth of each tendon; 
d = depth of the bottom tendon; 
kd = location of the neutral axis. 
 
The tensile force becomes: 
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Using the force equilibrium C = T and defining pi puf f/ � as the pre-stressing ratio, the neutral 
axis location is given by: 
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Naming i id d� � the final form of the nominal moment capacity is given by: 
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Maissen, [38] has tested three two span beams pre-stressed with bonded steel strands, bonded CFRP 
wires and unbonded CFRP wires, respectively, to make a comparison on their cracking behaviour. 
The first test beam with steel strands served as control specimen for the other two beams with 
CFRP parallel-wire cables. The beam showed the usual failure behaviour of steel-pre-stressed 
concrete beam: the first plastic hinge appeared over the centre support, and finally, increasing the 
applied load, the beam failed when a second plastic hinge formed in the right span. With two 
hinges, the pre-stressed member becomes unstable. The two beams pre-stressed with CFRP wires 
showed the same cracking behaviour due to the relatively low post-tensioning level of 50%, which 
resulted in a large strain reserve for the CFRP cables. There was no sign of brittle behaviour, 
therefore for serviceability checks, the same design methods can be used for CFRP as for steel. 
However for ultimate limit checks, the linear elastic deformation behaviour of the carbon fibre 
reinforcement must be taken in account. 
Grace and Abdel-Sayed, [29], have undertaken a study to find a solution to replace deteriorated 
bridge structures by steel corrosion. They have found that an effective system is constituted by a 
double T (DT) girder cross section bridge, reinforced with GFRP bars and internally and externally 
pre-stressed with CFRP strands. The construction of this type of bridge consists on four phases: 
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1) As first, the DT girders are pre-cast and internally post-tensioned in the factory, GFRP or 
CFRP and CFRP rods are utilized as reinforcing bars and internal pre-stressing strands. Pre-
stressing forces in the internal strands are designed to support the dead weight of the bridge 
and the deck slab, which is added later on site. The longitudinal internal pre-stressing forces 
place the entire cross section of the girder in compression, making it safer to transport. 

2) During the second phase the girders are transported to the site and placed side by side on the 
supports, the connection between two adjacent girders is ensured by the transverse post-
tensioning with internal CFRP strands without inducing any moments. 

3) In this phase the deck slab is placed over the bridge, the GFRP or CFRP stirrups in the DT 
girder are extended into the concrete deck slab to transmit the horizontal shear force and 
eliminate any sleep between girder and deck slab. The total connection is finally realized 
spraying sikadur epoxy resin between the two parts. 

4) Once DT-girders and deck slab are placed, the externally draped CFRP strands are placed 
and post-tensioned. In this way, the upward camber is restored and the top of the deck slab 
results tensioned while the bottom of the webs compressed at middle span. The stresses are 
designed to counteract the live load forces so that the bottom of the webs will never be 
allowed to experience any tension, eliminating any possibility of developing of tension 
cracks. 

 
The addition of the deck slab causes a downward deflection and a shift from compression to tension 
at the bottom of the DT, which lead to cracks in the transverse direction at the midspan. During 
post-tensioning of the externally draped CFCC strands the effects due to the addition of the deck 
were reversed. The ductility of such bridges was studied by the same authors in a following 
research, [28]. The ductility of a concrete structure pre-stressed by steel strands is defined by their 
ability to sustain inelastic deformation without loss in their load carrying capacity prior to failure, 
and to measure this ability a ductility index, given by the ratio of deflection at ultimate to deflection 
at yield, is introduced. A comparison between steel strand and CFRP strand is made in Figure 5.6. 
 

 
Figure 5. 6 - Percentage of stored and absorbed energies of steel and CFRP tendons [28]. 

 
Increasing the energy ratio of a CFRP pre-stressed concrete structure requires a design based on the 
crushing of concrete rather than tensile failure of strands. In fact, the cracking and accompanying 
inelastic deformation allow the concrete to become fully strained through a series of cracks which 
dissipate a significant amount of energy. In this way adequate warnings are provided and noticeable 
signals before failure take place. Four concrete bridge models were tested. The first (DT-1) was a 
single DT girder pre-stressed internally and externally by CFCC strands. The second (DT-2) was 
constituted by two DT girders internally pre-stressed in both directions by CFRP strands. The third 
model (DT-30°) had a 30 degree skew angle and CFRP rods were used as internal pre-stressing in 
both directions. Finally, the fourth model (DT-15°) had a 15 degree skew angle, it was constituted 
by three DT girders with CFRP pre-stressing rods.  
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Figure 5. 7 - Energy ratios of the four tested bridge models [26]. 

 
Each bridge model was subjected to loading and unloading cycles near to 90% of its ultimate load 
carrying capacity. This was done to identify the absorbed inelastic energy and elastic stored energy 
and to determine its energy ratio, defined as the ratio of absorbed energy to total energy (Figure 
5.7). As it is possible to see a combination of externally draped rods and longitudinally bonded and 
transversally unbonded rods leads to an increase in ductility. Using the same models [26,30], the 
authors have examined the effects of some parameters that are: 
 

a) draping angle; 
b) deviator diameter; 
c) number of attached die-cast used to anchor the tendons; 
d) presence of cushioning material between the deviator and the tendon; 
e) twist angle on the strength of tendon; 

 
on the behaviour of the models under static, repeated ( 7 million cycles), and ultimate loads. It was 
concluded that the strength of CFCC/CFRP tendons is adversely affected by the magnitude of the 
draping angle as well as deviator diameter: reducing the draping angle, increasing the deviator 
diameter, and cushioning the tendon at the deviator minimize the reduction in the tendon breaking 
force. The losses in pre-stressing force are about 5-7%, insignificant losses are due to repeated lods 
(about 3%), and no distress was observed due to the application of 7 million cycles of repeated 
loads within the working load limit of the bridge. Externally draped tendons are unlikely to 
experience rupture under ultimate loading conditions. To fully utilize the advantages of these new 
materials the authors add some recommendations: 
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1. Cushioning material should be utilized between the tendon and the deviator, and its 
corners must be rounded of at least 508mm, so that the draping angle can be as large 
as 10 degrees without reduction of the tendon strength. 

2. The attachment of two die-casts at one end of a CFCC tendon should be avoid to 
eliminate the potential reduction in the tendon breaking force. 

3. Efforts should be made to avoid twisting the tendons during post-tensioning, 
however designer can reduce of 10% the tendon strength to account this 
inconvenient. 

4. Designers must combine internally bonded and externally unbonded tendons to 
obtain a greater ductility and to force the structure to fail by concrete crushing. 

5. A 10% of total long term loss in the pre-stressing force is allowed to include the 
effect of repeated traffic loads. 

 
Grace et al., [31], have also proposed a mathematical solution for concrete bridges pre-stressed 
using CFRP tendons. The proposed approach is realized by the superposition of a three parts 
solution. The first considers an orthotropic plate under bending with equivalent lateral loads 
simulating the effects of eccentricities of pre-stressing forces. The second part addresses the 
membrane response under axial forces resulting from internally bonded and externally draped 
tendons in the longitudinal direction. The third part deals with the membrane effect due to the axial 
forces resulting from internal pre-stressing tendons in the transverse direction. The effect of the 
longitudinal pre-stressing is simulated with an in-plane force P, and with a moment M = Pe, where 
e is the eccentricity of the pre-stressing force. The DT bridge is treated as a membrane under an in-
plane force applied to the centroid of the cross section. Therefore the stress due to P is given by: 
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In the flange, the stresses are amplified due to the plate action: 
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where: 
� = Poisson’s ratio; 
A = modified cross sectional area of the bridge. 
 
Considering the moment due to pre-stressing force the total stress in the deck slab is given by: 
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where: 
6b = stress due to bending. 
 
The orthotropic plate, with which the bridge is simulated, has two different rigidities in the two 
oblique directions u and v, as shown in Figure 5.8: 
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Figure 5. 8 - Coordinate system used in mathematical solution [31]. 

 
The differential equation governing the problem is: 
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where: 
Dx , Dy = orthotropic flexural rigidities per unit width and length; 
 

12 xy yxH D D D D� � � �  (5.31) 
and: 
Dxy , Dyx = transverse and longitudinal torsional rigidities per unit of width and length; 
D1 , D2 = equal the coupling rigidities arising from Poisson’s ratio. 
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 (5.32) 

 
The flexural and torsional rigidities are calculated considering the combined thickness of the DT 
flange and deck slab, the dimensions of the DT webs and cross beams and the spacing of the DT 
webs and tendon deviator/cross beams inn the x and y directions. For calculation of the rigidities see 
[31]. The solution of the above differential equation is composed by two parts, the complementary 
solution wc of the associated homogenous equation and the particular solution wp. The wc is given 
by: 
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where: 
n n b� +�  

�n , Pn , Qn = basic functions of the geometric and elastic properties of the plate. 
 
Considering q(u,v) = 0 and separating and equating the coefficients of sin�nv and cos�nv, the 
following equation for �n is obtained as: 
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Three possible cases can be considered: 
 

1. H2 > DxDy which is the case for a torsionally stiff and flexurally weak girder such as box 
girder. 

2. H2 = DxDy which is the case for an isotropic plate such as a solid slab. 
3. H2 < DxDy which is the case for torsionally weak and flexurally stiff plate. 

 
The third case is of particular interest because a DT bridge is relatively flexurally stiff and 
torsionally weak. In this case, �n is given by: 
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The solution for wc is given by the sum of three parts: 
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and: 
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The boundary conditions are eight, two for each edge of the plate. Therefore, it is necessary to 
expand the functions of u and v into Fourier series, yielding three equations for each boundary 
condition: 
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The particular solution to be added to the homogenous solution depend on the load function q. To 
improve the efficiency, the load is divided into two components, symmetric and antisymmetric. The 
third part of the mathematical method introduces the transverse pre-stressing applied to the centroid 
of the tendon deviators/cross beams. The DT bridge is assumed as a right-angle isotropic plate 
under in-plane loading. The pre-stressing forces in the tendon deviators are given by the following 
Fourier series: 
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The stress function is: 
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and where: 
l = length of the total span; 
t = thickness of the slab. 
 
The constants E1 and E2 are found from the boundary conditions: 
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To verify the mathematical solution numerically, the ABAQUS finite element computer program 
was used to model each of the tested bridge models. It was shown that the mathematical method is 
capable of predicting deflections, induced stresses and stresses during various stages of the 
construction with fairly good agreement with the finite element and experimental results. 
Grace and Abdel-Sayed, [32], have tested two bridge models with 30 and 15 degrees skew angles 
and with CFRP reinforcing rods and stirrups. The tests were conducted under static, repeated, 
dynamic, eccentric and ultimate loads to examine the static and dynamic responses of the bridges. 
During the static test, both models experienced increases in compressive strain at the top of their 
cross sections, and decreases in compressive strain at the bottom due to the positive moment 
applied. No tensile stresses and cracks were noticed in the bottom of bridges at any moment. During 
the dynamic loading test an impact force of 22 kN was applied and the natural frequencies 
registered by six accelerometers that were positioned identically for both the models. The repeated 
loading tests showed insignificant changes of these frequencies, in both the bridges which is 
possible to see in Figure 5.9. After the repeating loading test, an eccentric loading test was 
performed to determine any changes in load distribution. The loading positions and results of the 
tests are showed in Figure 5.10. From the figure it is possible to see that after 7 million cycles 
minimal changes occurred in the load distribution. The deflection at midspan obtained during the 
ultimate loading test for both the models is showed in Figure 5.11. 
 
 
 
 

 
Figure 5. 9 - Changes in first two natural frequencies due to repeated load [32]. 

 
 
 

 134



 
Figure 5. 10 - Load distribution in transverse direction [32]. 

 
 
 
 
 

 
Figure 5. 11 - Deflection response during ultimate test loading [32]. 
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After each cycle residual deflections were measured and it was found that the cracking was uniform 
and widely distributed throughout the span for both bridges, even if the DT-15 model showed less 
cracking than DT-30 model. It was observed that the tendon deviators caused cracks to grow near 
their inner edges where they intersected the sides of the DT webs. This was due to the fact that no 
corner reinforcement was provided to address the development of such cracks.  
A detailed experimental investigation of a continuous DT bridge, internally and externally pre-
stressed by CFRP tendons was conducted by Grace, [25]. The tests were performed under static, 
repeated and ultimate loads. It was concluded that: 
 

1. There is no significant effects of repeated loading on forces in the post-tensioned externally 
draped tendons, even with a repeated load of twice the service load. Besides no rupture or 
changes in the surface texture of the CFRP rods occurred after 15 million cycles of repeated 
loading, both in the positive and negative moment regions. 

2. The effects of repeated loading on deflection and strain depend on the amplitude of the 
repeated load and the load history of the bridge. These effects are more remarkable for 
greater repeated loads. 

3. The overall stiffness of the bridge is reduced with an increase in the number of repeated load 
cycles at a load of twice the service load before the post-tensioning adjustment that reduces 
this effect. 

4. There is no appreciable variation in the amplitude or the mean of the cyclic concrete strains 
in the webs with number of cycles of repeated load, both before and after the post-tensioning 
adjustment. 

5. The mean of the cyclic deck slab strains is affected by the number of repeated load cycles 
before the post-tensioning adjustment. This is in contrary to that of the mean of the web 
strains. 

6. As seen in the precedent research, there is no appreciable effect of repeated loading on the 
transverse load distribution. 

7. The presence of continuous CFRP tendons and CFRP grids on both sides of the webs and in 
continuous deck slabs, together with an increase of the external pre-stressing forces, resulted 
in a ductile bridge system. 

8. The ultimate load carrying capacity of the two-span continuous bridge is about 1.5 times 
that of a simply supported bridge using the same construction components.  

 
A design approach for carbon fibre-reinforced polymer pre-stressed concrete bridge beams was 
proposed by Grace and Singh, [24]. The proposed equations lead to the prediction of the flexural 
capacity, the stresses and strains in tendons and concrete. Considering the parabolic stress-strain 
relationship for concrete, and linear stress-strain relationship for tendons, a computer program was 
also developed to compute the overall response of the beams. The design equation and computer 
program accuracy was then verified with experimental results on DT-test beams. Naming MD and 
ML the moment due to dead and live loads, respectively, the required moment capacity of the beam 
is given, following ACI 318 and AASHTO (see [24]), by 1.4 MD + 1.7 ML. Once the dimension of 
the beam cross section and the number and arrangement of tendons is decided, and adopting the 
following assumptions: 
 

a) The ultimate concrete compression strain is �cu = 0.003. 
b) The non-linear behaviour of concrete is modeled using an equivalent rectangular stress 

block; 
c) Tendon failure occurs at the ultimate tensile strain of tendon �fu. 
d) An equivalent pre-stressing tendon is located at the centroid of multiple layers of pre-

stressing tendon of the same material properties. 
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It is possible to evaluate the balanced ratio of pre-stressing steel through: 
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 (5.47) 

 
where: 
fc

’ = compressive strength of concrete; 
ffu = tensile strength of bonded pre-stressing tendons; 
�1 = factor defined as the ratio of the depth of equivalent rectangular stress block to the distance 
from the extreme compressive fibre to the neutral axis; 
�pbmi = initial pre-stressing strain in bonded pre-stressing tendon of m-th row (bottom row). 
 
It must be noted that unlike the balanced ratio for steel, the balanced ratio for FRP does not signify 
yielding, but rather the failure and rupture of tendons and bars. 
The weighting factor is �i. It is defined as the ratio of the stress in a particular equivalent tendon at 
the balanced condition to the specified ultimate strength of pre-tensioning tendons. The equivalent 
tendon is defined as the tendon located at the centroid of tendons of the same material and it has a 
cross sectional area equal to the total cross-sectional area of corresponding tendons. The 
reinforcement ratio is given by: 
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where: 
�i = fbi / ffu ; 
Afi = cross sectional area of reinforcement of a particular material (positive for tensile 

reinforcement and negative for compression reinforcement); 
Afu = Total cross sectional area of post-tensioning tendons; 
Apb = Total cross sectional area of pre-tensioning bonded tendons; 
Apm = total cross sectional area of non-pre-stressing tendons located in webs; 
Apnf = total cross sectional area of non-pre-stressing tendons in flange; 
b = flange width of the beam; 
dm = distance of centroid of bottom pre-stressing tendons from the extreme compression fibre; 
fbi = total stress in the equivalent tendon at the balanced condition; 
fbb = flexural stress in the equivalent bonded pre-tensioning tendons at the balanced condition; 
fpnbb = flexural stress in the equivalent non-pre-stressing tendons of the webs at the balanced 

condition; 
fpnfb = flexural stress in the equivalent non-pre-stressing tendons of flange at the balanced 

condition; 
fpub = flexural stress in the equivalent unbonded tendons at the balanced condition; 
m = total number of layers of bonded pre-tensioning; 
p = total number of reinforcing materials. 

1

m

pi
j

F
�
* = resultant initial effective pre-tensioning force; 

Fpui = resultant initial effective post-tensioning force. 
 
The terms for typical sections are showed in Figure 5.12. 
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Figure 5. 12 - Typical cross sections for bridge beams with bonded and unbonded tendons [24]. 

 
The cracking moment can be determined considering the concrete stress at the extreme tensile fibre 
equal to the modulus of rupture fr of concrete, following: 
 

� �cr r bp bM f 6� � S*  (5.49) 
 
where: 

'6.0r cf f�  (ACI 318); 

bp6* = resultant stress at extreme tension fibre of the beam due to effective pre-tensioning and 
pos-tensioning forces; 

Sb = section modulus corresponding to the extreme tension fibre. 
 

For significantly under-reinforced beams ( 0.5 b� �� ), the failure is due to tendon rupture and the 
strain and stress distribution in the concrete cross-sectional area is in the linear elastic range, as it is 
shown in Figure 5.13. 
 
 

 
Figure 5. 13 - Strain and stress distributions for over-reinforced beam at ultimate [24]. 
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Assuming that there are m rows of pre-tensioning tendons, k rows of non-pre-stressing tendons, the 
depth of the neutral axis n = kudm. The coefficient ku is derived considering compatibility and 
equilibrium equations and the bond reduction factor introduced by Naaman and Alkhairi, [44], to 
take into account the lower strain in unbonded tendons with respect to equivalent bonded tendons. 
To evaluate the moment carrying capacity of the beam, it is first necessary to calculate the strains in 
bonded and unbonded tendons and concret.: 
 
1. Strain in pre-stressing tendons of an individual row: 
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   (for j = 1,…m) (5.50) 

 
2. Strain in non-pre-stressing tendons of an individual row: 
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   (for j=1,…k) (5.51) 

 
3. Strain in non-pre-stressing tendons of flange top: 
 

� � � �
� �

t
pnt fu pbmi

m

n d
d n

� � �


� 


 (5.52) 

 
4. Strain in non-pre-stressing tendons of flange bottom: 
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5. Strain in concrete at the extreme compression fibre: 
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6. Strain in the unbonded post-tensioning tendons: 
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dj = depth from the extreme compression fibre to the centroid of pre-stressing tendons of an 

individual row; 
hj = depth from the extreme compression fibre to the centroid of non-pre-stressing tendons of an 

individual row; 
hk = depth from the extreme compression fibre to the centroid of bottom non-pre-stressing tendons; 
db = depth from the extreme compression fibre to the centroid of non-pre-stressing tendons at the 

bottom of flange; 
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dt = depth from the extreme compression fibre to the centroid of non-pre-stressing tendons at the 
top of flange; 

c, =bond reduction factor for cracked elastic sections. 
 
Once the strains are known, it is possible to evaluate the stresses and then multiplying the resultant 
forces for the respective areas. If the centroid of the resultant FR of tensile forces in bonded pre-
stressing tendons Fpbj ( j=1,…m ), non-pre-stressing tendons Fpnj ( j=1,…k ) and unbonded pre-
stressing tendons Fpu lies at a distance d and the centroid of the compressive force CR lies at a 
distance d from the extreme compression fibre, the nominal moment of resistance is given by: 
 

� �n RM F d d�   (5.56) 

where: 
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The design moment capacity Mu is expressed by: 
 

u nM M��  (5.58) 
where: 
� = strength reduction factor. 
 
It must result that: 
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For under reinforced beams ( 0.5 b� � �# � ), the failure of the beam is due to rupture of the bottom 
pre-stressing tendons. Unlike the precedent case, the stress in the concrete at failure will be within 
the non-linear range. The coefficient ku must be recalculated considering the new strain and stress 
distribution in the section, but after that, the strains, stresses, forces in bonded tendons and moment 
capacities are obtained with the same equations. For over reinforced beams ( b� �= ) the failure is 
governed by crushing of the concrete in the compression zone. The concrete stress will be nonlinear 
and the coefficient ku must be calculated using equilibrium and compatibility equations. In this case 
the strains are given by: 
 
1. Strain in bonded pre-stressing tendons: 
 

� �� �0.003pbj j pbjin d n� ��  �  (for j=1,…m) (5.60) 
 

2. Strain in non-pre-stressing tendons: 
 

� �� �0.003pnj jn h n� �     (for j=1,…k) (5.61) 
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3. Strain in non-pre-stressing tendons at flange top: 
 

� �� �0.003pnt tn n d� �   (5.62) 
 

4. Strain in non-pre-stressing tendons at flange bottom: 
 

� �� �0.003pnb bn n d� �   (5.63) 
 

5. Strain in unbonded tendons: 
 

� �� �0.003pu pu pu pui u un d n� � � �� � � � �,   (5.64) 
 

The stresses and forces in the tendons and concrete can be calculated with the same equation 
defined for the case of significantly under reinforced beams. Assuming that the service live load is 
applied through two-points loading system, the maximum deflection can be calculated with the 
following equations: 
 
1. Deflection due to applied load: 
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2. Deflection due to dead load: 
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3. Deflection due to pre-stressing forces: 
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4. The net downward deflection is given by: 
 

: a b p( ( ( (F � �   (5.68) 
 
where: 
L1 = distance between support and nearest load point; 
L2 = longitudinal distance between two load points; 
L = effective span of the beam; 
Lu = horizontal distance between ends of post-tensioning strands; 
eb = eccentricity of resultant pre-tensioning force from the centroid of pre-cast section; 
euc = eccentricity of unbonded tendons from the centroid of composite section. 
G  = upward deflection; 
F  = downward deflection. 
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Figure 5. 14 - Midspan deflection response of full-scale DT beam [24]. 

 
To verify the accuracy of results predicted by the analytical model used in a non linear computer 
program, experimental tests on DT girder bridges were carried out by the authors. The results of the 
deflection versus load comparison are shown in Figure 5.14. The authors also studied the effect of 
the reinforcement ratio on the deflection, moment capacity and forces in unbonded post-tensioning 
strands. It was found that for a specific load, the deflection is higher for the lower reinforcement 
ratio and for the lower pre-stressing force level in comparison to that for the higher reinforcement 
ratio, and higher force level. The load-deflection curves can be utilized to obtain the deflection of 
the beam corresponding to the service load, cracking load, and ultimate load of the beam, to ensure 
serviceability condition of the beam. The ductility of the beam was improved due to the increase in 
the level of pre-stressing force. The combination of bonded and unbonded tendons can significantly 
increase the moment carrying capacity and the ductility of the over-reinforced beams. 
A test program on two full-scale concrete bridge with FRP pre-stressing tendons was conducted by 
Stoll et al., [59]. The test beams had the same geometric tendon configuration, but they were tested 
with different concrete formulations and different pre-tension levels. The composite pre-stressing 
material was Leadline cable with unidirectional carbon fibres in an epoxy matrix. The beam 1 was 
designed considering the nominal strength of the cables, the beam 2 was fabricated using a lower 
target pre-tension value for the tendons. The beams were tested up to failure in a four point bending, 
both of them failed due to tension in the cables. Before failure, the beams showed extensive 
cracking and large deflection, but the cracking tension occurred at a lower value than predicted one.  
This may be due to: 
 

1. Pre-stress losses were greater that the assumed values; 
2. The modulus of rupture of the concrete was lower than the value predicted by the AASHTO 

equations. 
 
Tjandra and Tan, [64], tested three two span continuous beams that were locally strengthened with 
CFRP tendons. The first beam, named MCBC-1, was strengthened only over the positive moment 
region, the second beam, MCBC-2, was strengthened over the negative moment region, while the 
third beam, MCBC-3, was strengthened at both the positive and negative moment regions. The tests 
were performed with a four point load to simulate a uniformly distributed load. The load-deflection 
responses are shown in Figure 5.15 in which is also represented the behaviour of an un-strengthened 
beam for comparison: 
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Figure 5. 15 - Deflection at section of max. positive moment (mm) [59]. 

 
The provision of external tendons over the negative moment region, as in the case of MCBC-2, 
increased the ultimate load with 37% and with a ductility comparable to the un-strengthened beam. 
Strengthening the positive moment region, like in beams MCBC-1 and MCBC-3, resulted in an 
improved ultimate load and stiffer response compared to the un-strengthened and MCBC-2 beams. 
The stress increase in the external tendons was negligible before beam cracking, but after both the 
critical negative and positive moment regions had cracked, this stress was larger.  
When comparing the cracks widths at the interior support, it was observed that beam MCBC-1 had 
wider cracks, because the interior support was not strengthened. Similarly, the beam MCBC-2 had 
wider cracks at the midspan regions. Considering the three beams pre-stressed with steel tendons 
(MCBS-1; MCBS-2 and MCBS –3) and with the same construction characteristics of those with 
CFRP cables, a very similar load-deflection response was found(see Figures 5.16 and 5.17). 
 
 

 
 
Figure 5. 16 - Comparison of load-deflection response of  beams strengthened using CFRP and steel tendons [59]. 
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Figure 5. 17 - Comparison of load-deflection response of  beams strengthened using CFRP and steel tendons [59]. 

 
Svecova and Razaqpur, [16], have studied the construction of carbon fibre reinforced polymer pre-
stressed concrete prisms (PCP) and their use as flexural reinforcement in beams for the purpose of 
limiting deflection and crack width under service load. The main variable of their research was the 
level of pre-stress in the PCP. The low elastic modulus of FRP reinforcement creates serviceability 
problems, such as un-acceptable deflection and crack width. To overcome this problem, 
conventional design methods require reinforcement ratio at least two times the balanced ratio. The 
high cost of FRP can lead to great increases in the overall cost of the structure and render FRP 
concrete structure non-competitive. With their test program the authors have demonstrated that the 
use of CFRP prisms, instead of CFRP bars, can solve serviceability problems created by the low 
modulus of elasticity of the polymer. A comparison between the stress-strain relationship of 
polymer concrete and grout is made in Figure 5.18. The tested prisms were made with the same 
dimensions and pre-stressed with a single CFRP bar. During their research the authors have used 11 
beams, their details are shown in Figure 5.19, and the load deflection curves are essentially bilinear 
as shown in Figure 5.20. 
 

 
Figure 5. 18 - Comparison of stress-strain relationship for polymer concrete and grout [16]. 
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Figure 5. 19 - Typical dimensions, geometry and reinforcement details of tested beams [16]. 

 

 
Figure 5. 20 - Comparison of load-deflection curves of tested beams reinforced with PCP [16]. 

 
 
The change in stiffness occurs once the embedded prisms crack while the initial cracking at the 
bottom fibre of the beam has negligible effect on the stiffness of the beam. From the Figure 5.20 it 
is possible to see that the reduction in beam deflection is not directly proportional to the increase in 
the level of the stress. Using PCP as reinforcement for concrete beams introduces compressive 
stresses in the tensile zone of the beam, therefore, only hairline cracks appear at first cracking and 
they have negligible effect on stiffness. This behaviour is remarkably different from FRP and steel 
reinforced concrete. The cracks in PCP beams widen only after the cracking of the prism and it was 
observed that the increased level of pre-stress in the prisms reduced the maximum width. The crack 
spacing is indicative of the stresses carried by the flexural reinforcement and of its bond 
characteristics. If the stresses are high, so is the crack spacing. 
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5.2.2  Flexural Behaviour and AFRP Reinforcement 
 
Many reinforced concrete structures are vulnerable to corrosion of the reinforcement, especially in 
presence of chloride ions. One possible solution is the use of fibre reinforced polymer 
reinforcement that shows light weight, high strength and high corrosion resistance. Saafi and 
Toutanji, [36], have undertaken a study on beams with bonded and/or unbonded rectangular rebars, 
or with additional non-pre-stressing rebars, in order to improve the ductility . Test results showed 
that the ultimate deformation in the beam with unbonded reinforcement was 250% that of the beam 
with bonded reinforcement, while the load capacity was 85%. The additional  placement of 
reinforced rectangular rebars produced a 450% higher ultimate deformation. The conclusion of the 
study were: 
 

1. The ultimate flexural strength of unbonded pre-stressed concrete beams was 10-20% lower 
than that of bonded beams. 

2. Using unbonded pre-stressed AFRP tendons with the addition of reinforced tendons, the 
ductility of the pre-stressed beams can be significantly improved. 

3. Members with the combination of bonded and unbonded pre-stressed tendons produced 
higher ductility than members with bonded pre-stressed only. 

4. Pre-stressed bonded beams and reinforced bonded beams exhibited higher number of cracks 
than those of pre-stressed bonded/unbonded or only reinforced unbonded. 

 
In a following study [35] the same authors tested other beams with different combination of bonded 
and/or unbonded pre-stressing AFRP reinforcement, or with the addition of non-pre-stressed 
reinforcement. The aim was to investigate the ductility of such members. All specimens failed with 
flexural tensile failure mode due to rupture of the AFRP tendons. The beams had a linear load-
deflection behaviour before cracking, and it was shown that the ductility was improved by a 
combination of bonded and unbonded tendons. From the tests, it was noticed that the stabilization 
of flexural cracks of beams pre-stressed with aramid fibre reinforced polymer occurred at a 
significantly lower strain than beams pre-stressed with steel tendons. It was also observed that the 
crack spacing was larger in the beam with only bonded pre-stressing reinforcement. In terms of 
energy based index that takes in account the elastic energy released at failure, the most common 
ductility measurement was proposed by Naaman and Jeong (see [36]): 
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where: 
Etot = total observed energy equal to the toughness of the specimen; 
Eel = elastic energy released at failure. 
 
This equation underestimates the ductility of beams pre-stressed with aramid tendons. The ductility  
index used by the authors is defined as the ratio of the entire area of load deflection response to the 
area of load deflection response, up to the deflection corresponding to the maximum load. It was 
shown that this index was significantly enhanced by using a combination of bonded and unbonded 
tendons or by the addition of non-tensioned reinforcement. The beam with bonded tendons was 
characterized by uniform crack distribution and the failure was brittle with limited deflection 
capacity. 
An experimental study on a rehabilitation method to strengthen the damaged concrete beams by 
external pre-stressing with aramid fibre cables was undertaken by Horiguchi et al., [58]. Statical as 
well as fatigue tests were conducted on T-cross sectional artificially damaged concrete beams, 
considering also the effect of temperature on the fatigue properties of the members. By varying the 
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temperature from +20°C (ordinary condition) to –20°C (low temperature) under statical test, it was 
shown that at lower temperatures the carrying load capacity of beams increased but at the same time 
the ultimate deflection was about half of that under ordinary temperature. The failure mode at 
+20°C was a combination of compressive failure of concrete and tensile yield fracture of the 
reinforcement. At –20°C the failure was due only to tension failure of the bars. The flexural fatigue 
test leads to two major modes of failure. The first is the compression crushing of concrete, the 
second the tension yield of reinforcing bars. From the tests, it was shown that the experimental 
fatigue strength under low temperatures was very low if compared to the value obtained at ordinary 
temperatures. This implies that the compressive strength of concrete is improved at –20°C, but 
brittleness progresses in the same time. Because of the bond rigidity between concrete and bars 
increases at low temperatures, the concentrated tensile stress of reinforcing bars leads to lower 
fatigue strength. A second finding was that the difference in reinforcement percentage affect the 
fatigue strength but because of  few beams were tested, it is not clearly concluded if this effect 
could be significant. 
In a following study [57], the same authors have tested rectangular and T-cross sectional beams 
externally pre-stressed by aramid cables. The aim was to evaluate the ultimate strength and 
deformation. They found that the plastic deformation of the beam could be ductile when the initial 
pre-stress is under a value that they called allowable stress level for the effective pre-stressing of 
external cables. The ultimate bending moment can be obtained on the base of Pannell’s analysis, in 
modifying the coefficient � for plastic hinge length and an effective depth of external cables. The 
ultimate strength can be written as follows: 
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b = width of beam; 
d = effective depth; 
l = effective span; 
lp = length of external rope between 

anchorages; 
d�e = length from primary reinforcement to 

rope; 
Sl = length between deviators; 
As = area of tension reinforcement; 
Ap = area of a rope; 
Ps = As / bd; 

Pp = Ap / bd; 
fpu = ultimate stress of rope; 
/fpu = stress of rope at failure; 
fpe = effective stress of rope; 
fCB = crushing strength of concrete; 
�cu = ultimate strain of concrete; 
� = plastic hinge length / kd; 
kd = depth of neutral axis; 
� = 0.8 is adopted; 
� = 0.4 is adopted.
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The coefficient � is unknown, therefore it can be estimated as follows: 
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The value of � is assumed to be a lower average value for safety, as follows: 
 

� �*

120
2 s uq q

� � �
�

 (5.77) 

 
* p pu
u

CB

p f
q

f
�  (5.78) 

 
The ultimate strength of external pre-stressing beams can have comparatively larger variation than 
that of reinforced concrete beam due to sensitive plastic behaviour. 
In determining the allowable effective pre-stress, the coefficient � should be inserted as the upper 
value of � for maintaining the ductile failure without cable breaking, according to: 
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If critical pre-stress is defined as c pufH , it is obtained: 
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5.3  Pre-Stressed FRP Beams Subjected to Shear and Torsion 

 
The behaviour of six I-girders exclusively reinforced for shear and pre-stressing by CFRP and 
CFCC reinforcements is described by Fam et al., [3]. In their study test results are compared to the 
ACI Building Code (see [3]). The effect of CFRP stirrups configuration and size on shear behaviour 
and their performance in providing the dowel action between the girder and top slab are discussed.  
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Figure 5. 21 - Proposed reduction in the concrete contribution in shear [3]. 

 
The research also examines the feasibility and efficiency of draping the pre-stressing CFRP 
tendons. The shear reinforcement in all the beams were spaced at 110 mm, varying the diameter (6-
7 mm) and the shape. Single wire stirrups, double and single legged stirrups, and steel stirrups were 
tested for comparison. The flexural behaviour indicated slight differences in the stiffness due to the 
changing of shear reinforcement, but all the beams showed almost the same crack patterns at the 
maximum moment zone and the spacing of cracks was mainly controlled by the location of the 
stirrups rather than the type of pre-stressing tendons. The design of the tested beams was done to 
avoid shear failure and they exhibited a considerable number of diagonal cracks within the 
maximum shear span. The developing pattern of such cracks was very similar for all beams, 
neglecting the different ultimate strength depending on the type of shear reinforcement. The web 
reinforcement ratio affected the induced tress level in stirrups and the diagonal crack width, but the 
effect was not directly proportional to the web reinforcement ratio. Instead, the effect of the 
different elastic modulus of CFRP, CFCC and steel on the induced strain in stirrups and diagonal 
crack width was insignificant. The ACI Code assumes the shear reistance consists of two 
components, concrete contribution Vc and web reinforcement contribution Vs. The ACI relations 
predicted the shear cracking well, even if they underestimated the stirrups strain after diagonal 
cracking. This suggests that the concrete contribution is gradually reduced after cracking, as is 
possible to see from Figure 5.21. The tests have also showed that draping of tendons is practical and 
does not influence the flexural capacity, however, flexural failure could occur at the bent point 
locations. 
Wafa et al., [22], have tested 18 rectangular axially pre-stressed and non-pre-stressed concrete 
beams with and without fibre reinforcement subjected to torsion. The variables of the tests were the 
volume fraction of steel fibres and the pre-stressing level. The authors have also introduced a 
variable reduction factor in the existing skew-equations. This was done in order to estimate the 
torsional strength of pre-stressed concrete beams containing steel fibres, and then they verified the 
new relations with the experimental results. The skew bending theory has been proposed to predict 
the torsional strength of plain concrete members, that can be expressed by: 
 

�
2

0.85
3n

x yT � �rf  (5.84) 

 
where: 
Tn = nominal torsional strength of plane concrete beams; 
fr =modulus of rupture of concrete; 
x, y = shorter and longer size of the rectangular section. 
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Hasnat and Akhtaruzzaman, [22], have demonstrated that a better prediction is obtained substituting 
the splitting tensile strength of concrete '

spf  instead of 0.85 fr . Pre-stressing a plain concrete beam 
increases its cracking strength when subjected to torsion, and the nominal torsional strength is given 
by: 

np nT T��  (5.85) 
 

with the pre-stressing factor tha can be expressed in terms of  fr or '
spf  as follows: 
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 (5.86) 

 
where: 
fp = uniform stress in the concrete section due to pre-stressing. 
 
The concrete strength depends on the variation of the volumes of fibre content, but the average 
increase was about 10% for an increase of steel fibre from 0.0 to 2.0%. Therefore the compressive 
strength can be predicted by: 

' ' 2.23cf c ff f� � V  (5.87) 
 
where: 

'
cff = compressive strength of fibre reinforced concrete; 

Vf = percent of steel fibre reinforcement. 
 
The tests showed that beams without fibre have practically no ductility and failure is sudden and 
violent. Addition of fibre beyond 1% increases ductility and the torsional strength, the gradual 
progress of cracks provided a warning before failure. The torque twist curves for the tested beams 
are represented in Figure 5.22: 
 

 
Figure 5. 22 - Torque-twist relationship [22]. 
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The beams are designated by two groups of numbers. The first group indicates the steel fibre 
content as percent of total concrete volume Vf and the second group indicates the pre-stressing level 
as a fraction of the compressive strength of concrete. For istance, B1.5-2 denotes a beam containing 
steel fibre volume Vf =1.5 and with a pre-stressing force that causes an uniform stress on the section 
equal to 0.2fc

’. The experimental results have also showed that there is no increase in the torsional 
strength when the fibre volume content is 1% or less. The maximum increase of the torsional 
strength of FRC beams is about 29% of that of a beam without fibres. The existing equations in 
literature to predict torsional strength of FRC beams overestimate this value for beams with high 
dosage of steel fibres. Using a variable reduction factor for the splitting tensile strength dependent 
on the fibre volume content, the torsional strength of beams using large as well as small fibre 
contents can be closely predicted, as follows: 
 
1. Non-pre-stressed beams 

2
'

3n
x yT �� spff  (5.88) 

 
2. Pre-stressed beams 
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where: 

'
spff = splitting tensile strength of FRC concrete. 

 
The reduction factor is given by: 
 
a) 0. : 0% 0.5%fV# #

1.0� �  (5.90) 
b) : 0.5% 1.0%fV# #

0.78� �  (5.91) 
c) : 1.0%fV =

0.65� �  (5.92) 
 

5.4  Testing of FRP Bars 
 
Castro and Carino, [52], have undertaken a research for the development of standard test methods 
for fibre reinforced plastic bars (FRP) for use as concrete reinforcement. Compared with steel, FRP 
offers reduced mass, high tensile strength and absence of rusting in the presence of chloride ions or 
carbonated concrete, but on the other hand, the stress strain behaviour is linearly elastic up to 
failure. Therefore, the design equations for steel based on its elastic-plastic behaviour are no longer 
valid. Besides that the brittleness of FRP bars make it impossible to bend after they have been 
manufactured, and the low elastic modulus may lead to large service load deflections and crack 
widths. The lack of standard specifications and test methods also make it difficult for engineers to 
specify FRP bars in project document. The main objectives of the research was to develop a simple, 
economical, and effective system to permit the measurement of the tensile strength of FRP bars in a 
universal machine. FRP bars cannot be tested in tension using the same techniques as for steel, in 
fact the combination of high compressive stresses and mechanical damages, due to the use of the 
traditional wedge-shaped frictional grips, leads to premature failure to the grip zone. After a review 
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of precedent literature on the argument, the authors have proposed a new test system using 
inexpensive steel tubes and high-strength gypsum cement mortar to provide an end assembly that 
can be grabbed by ordinary wedge grips of the testing machine. Tensile test were then carried out, 
before which a pressure transducer was added to the hydraulic weighting system to record data, and 
a displacement sensor was connected to monitor movements of the testing machine table and a clip-
on extensometer was positioned to measure bar elongation. The system was successfully used to 
test not only deformed bars but also smooth bars with round and square sections. The elastic 
modulus obtained from the tensile stress-strain curves was then compared with the values resulting 
from tests based on stress-wave propagation. Performing an ultrasonic pulse velocity test, the pulse 
velocity is given by: 
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where: 
D = distance between transducers; 
�t = travel time; 
E = ,odulus of elasticity; 
� = density of the material; 
% = Poisson’s ratio; 
k = factor in wave speed dependent on Poisson’s ratio. 
 
By combining the two equations, it is possible to find the dynamic modulus of elasticity: 
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 (5.94) 

 
The dynamic elastic modulus can also be determined from measuring the longitudinal resonant 
frequency of a bar: 
 

2 24dyn LE l f ��  (5.95) 
where: 
l = length of the bar; 
fL = fundamental resonant frequency of the longitudinal mode. 
 
From the tests, it was found a closer agreement between Estatic and Eupv than between Estatic and Edyn 
was found. 
 
5.5  Transfer Length of FRP Tendons 
 
The transfer length for fibre reinforced polymer (FRP) was studied by Zou et al.,[66], by 
performing experimental tests with carbon fibre based rods (CFRP), known as Leadline with double 
spiral indentation on the surface, and aramid fibre based rods (AFRP), known as Arapree with a 
sand surface. The experimental results were finally compared with the transfer length calculated 
using current code method. The transfer length depends on several factors such as the size and 
surface of the tendon, the pre-stressing level, the method of releasing the tendons, the compressive 
strength of concrete and the degree of compaction of concrete; all these factors influence bond and 
its components, including adhesion, friction and mechanical interlock. There is no unique method 
yet available for calculating the transfer length of FRP, due to the lack in research and to the large 
variation in material properties. The existing codes such as ACI 318 (1995), BS 8110 (1985) and 
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AS 3600 (1994) (see [66]) deal with the transfer length of steel tendons. In ACI 318 the length is 
given by: 

20
pe

tl
6

��  (5.96) 

� = tendon diameter; 
6pe = effective pre-stress of steel after losses. 
 
In the above equation the pre-stress level is considered but the concrete strength is neglected. On 
the other hand BS 8110 considers the concrete strength but not the pre-stress level: 
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Kt = coefficient depending on the tendon type; 
fci = concrete cube strength at transfer. 
 
AS 3600 does not consider neither the pre-stress level nor concrete strength, for tendons consisting 
of steel wire and strand, the transfer length is given respectively by: 
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The authors have tested 18 beams with different concrete strengths, pre-stressing level and types of 
tendons (CFRP, AFRP and steel). Considering the beam with CFRP rods, the calculated transfer 
length, following the current codes, varied between 300 mm to 800 mm depending on concrete 
strength and pre-stressing level. It was seen that the values obtained with ACI underestimates the 
transfer length while the BS 8110 equation overestimates it, as does AS 3600. An increase of 30% 
in the length is required when the pre-stressing force increases 20%, on the other hand, it decreases 
as the concrete strength increases. If compared with the effect of the level of pre-stress, the concrete 
strength is more significant. A linear relationship between transfer length and the inverse of the 
square root of concrete strength is established from the experimental research conducted by the 
authors (Figure 5.23). 
 

 

Figure 5. 23 - Transfer length vs inverse of square root of concrete strength of beams pre-tensioned with 8mm 
diameter CFRP rod [66]. 

 
From the regression line shown in Figure 5.23 the factor Kt can be taken as 480. A formula to 
evaluate the transfer length of CFRP Leadline rod having a fibre spiral indented surface is given by: 
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The variation with the time in concrete strains at the tendon level are shown in Figure 5.24.  

 

Figure 5. 24 - Change of concrete strain with time with CFRP rod [66]. 

 
It is evident that the transfer length does not change with time. Also no slip were found between 
tendon and concrete. The measured transfer length for AFRP Arapree tendons was comparable to 
that of 7-wire steel tendons with the same diameter. This behaviour is due to the low elastic 
modulus of AFRP which causes high longitudinal and transverse deformations. The transverse 
deformation improve the bond strength and increases the lateral expansion. This creates a wedging 
action known as Hoyer’s effect. The sand coated surface contributes for the shorter transfer length 
of AFRP tendons, because it increases the friction and mechanical interlocking to concrete. The AS 
3600 and BS 8110 give a considerably high estimate of the transfer length, while ACI predict it 
with good agreement with the experimental results. In the case of AFRP tendons, the transfer length 
is not significantly affected by concrete strength and it remains constant with time. 

 
5.6  Durability of Carbon Elements in a Marine Environment 
 
A 3-year exposure study to evaluate the durability of CFRP pre-tensioned elements used as piles in 
a marine environment was undertaken by Sen et al., [53]. Ten CFRP pre-tensioned beams, designed 
to fail in flexure by rupture of the rods, were pre-cracked and then exposed to wet/dry cycles in salt 
water to simulate tide change. The behaviour of the specimens was then compared to that of un-
exposed control beams to compare the service and ultimate response. The tidal simulation test 
program is shown in Figure 5.25. 

 

Figure 5. 25 - Wet/dry cycle setup [53]. 

Prior to the study three un-exposed control beams were tested up to failure. The ten exposed beams 
were tested every 6 months: after 6 months, 12 months, 18 months, 24 months and the final test was 
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delayed of 12 months to allow 36 months of exposure. The authors have studied the concrete 
strength, maximum concrete strain, midspan deflection, theoretical and observed failure loads and 
failure mode of each beam. Unlike the control specimens, only 6 of the 10 exposed specimens failed 
in flexure. The remaining four failed in modes dominated by bond: flexural-bond and bond-shear. 
The bond-dominated failure modes occurred in specimens after 6 months of exposure, but were 
already observed in the first four tests conducted over the 24 months. No bond degradation was 
found after 36 months. In Figure 5.26 is presented the plot of the failure load P

u

 (normalized to the 
failure load of un-exposed specimens Pu0) versus exposure. 

 

 

Figure 5. 26 - Ultimate load variation with exposure [53]. 

 
From the study it was concluded that: 
 

1. Concrete alkaline environment has a very little effect on CFRP material. After 3 years of 
exposure only 4% of the ultimate capacity was lost. 

2. The bond between CFRP and concrete in wet/dry cycles appears to be affected by the 
damage sustained prior to exposure. This leads to increased brittleness and reduced ultimate 
capacity. 

3. Moisture absorption by an epoxy matrix was the main reason for the degradation of bond, as 
it was seen in a scanning electron microscope examination. 

4. Microstructure defects, such as voids, may have played a beneficial role in the long term 
performance of CFRP rods. Bond degradation, was absent after 3 years. It is believed that 
this was due to the dispersal of moisture, initially absorbed by the resin, to void areas in the 
matrix. 

 
Pre-cracking of the specimens to simulate damage during the pile driving, greatly facilitated the 
bond degradation by allowing the moisture to directly reach the CFRP rods. This damage can be 
avoided in practice. Therefore, moisture penetration to the CFRP rods will take a very long time, 
specially if low-permeability concrete is used. 
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Chapter 6 : Discussion and Conclusion 
 
 
 
6.1  Summary 
 
The following four sections, each summarizes Chapters 2 to 5. The most important findings from 
each chapter is discussed and commented. 
 
6.1.1 Tendon’s Characteristics 
 
In Chapter 2, the principal mechanic characteristics of the tendon’s materials are presented. An 
ideal tendon material should not only be high-strength but it also has to remain in the elastic range 
until relatively high stresses are reached. Further, it has to show sufficient ductility and good 
bonding properties, low relaxation and high resistance to fatigue and corrosion.  
The stress to strain curve of a steel tendon can be divided in three portions: an initial linear elastic 
proportion up to the proportional limit, a non-linear portion with gradually decreasing slope and a 
final almost linear strain-hardening portion with a small positive slope leading to failure. The 
mechanical properties of pre-stressing steel are not so susceptible to variations in temperature. The 
lifetime of the steel could be shorter in pre-stressed concrete, because of that steel is stressed up to 
50-60% of its ultimate strength. A fatigue life of 2 million cycles is considered sufficient in the 
main part of the applications. The pre-stressing steel is much more sensible to corrosion than the 
reinforcing one. The exposion of unprotected steels to the environments, even for a few months, can 
produce a large reduction of mechanical properties but also in the fatigue life.  
FRP tendons are constituted by thousands of small fibers that are embedded in a polymer matrix. 
The strength of an FRP tendon depends on the production process. The stress-strain curves are 
linear up to failure without a plastic redistribution of stresses. In FRP reinforcements are long term 
static stresses that can lead to a decrease in tensile strength. FRP fibers have an excellent resistance 
to creep, but the same quality is not common to all resin systems. The FRP mechanical properties 
dependence on temperature is given by the resin matrix. For structural uses, the glass transition 
temperature, that is the point in which the resin or the fiber goes from solid to a viscous liquid, has 
to be above the maximum service temperature. Experimental tests and research (see [23]) have 
showed that FRP elements have a good-to-excellent fatigue resistance. 
Besides of the material properties, the efficiency of the tendon’s profiles is also discussed. When a 
beam is pre-stressed, its behaviour is different depending on its restraints: a statically determinate 
beam can follow the deflections due to pre-stress forces without any resulting reaction at the 
supports. Instead in a statically indeterminate beam, the deflections lead to new actions at the 
supports. In the last case, the pre-stressing force induces also a statically indeterminate moment. It 
is necessary to optimize the tendon profiles to reduce the require of pre-stressing force. For external 
pre-stress (linear profile), a solution could be to combine continuous linear tendons with localized 
horizontal tendons at interior supports.  
At the end of Chapter 2, some design specifications for the local anchorage zones are discussed to 
avoid stress concentrations and, in case of FRP tendons, to consider the weak in compressive 
strength of the glass fibres. Considering the commercially available FRP tendons different types of 
anchor systems are presented, such as wedge, potted and spike anchor types. 
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6.1.2 Analysis and Models 
 
Several authors have studied numerical models to predict the behaviour of beams pre-stressed with 
unbonded tendons up to failure. The findings, obtained from these calculations were then compared 
with experimental results to show the good agreement between them. The principal difference 
between internal and external pre-stressing is the deformed shape of the beam and the tendon. With 
internal pre-stressing, the tendon follow the beam throughout the span during deformation. For an 
external tendon, this is true only in some points located at deviators and saddles, and in all the other 
points the deflection is different than for that of the beam. 
The behaviour of a beam pre-stressed with bonded tendons is well understood, but for those 
unbonded (both internal and external) the research has yet to be deeper developed. Some presented 
studies deal with the relationship between the span to depth ratio and the stress increase in 
unbonded tendons and, at the same time, the effect of eccentricity variations with increasing load on 
the stress increase in unbonded external tendons. Methods that consider the difficulties connected to 
the cable slip at saddle points and to the constructions sequences and numerical investigations on 
the dynamic behaviour of externally pre-stressed concrete beams and on the residual strength for 
deteriorating concrete bridges are also reviewed. 
It is also demonstrated that external pre-stressing is a very effective technique for strengthening 
concrete flexural members. Using a moderate amount of external pre-stressing steel leads to 
significant deflection recovery, smaller service load deflections and substantial increase in the yield 
strength and ultimate flexural capacity of the members. The strength gain obtained, providing 
external pre-stressing, is accompanied by reduction in the ductility of flexural failure. 
 
6.1.3 Beams with Steel Tendons 
 
A large part of the work deals with the researches conducted to investigate the influence of some 
parameters, such as the span-to-depth ratio and the tendon’s eccentricity, on the value of the stress 
in the unbonded steel tendons both internal and external. Before cracking, the stress in the tendons 
shows a slightly increase with applied load. Instead, after cracking, the stress increases significantly 
at a level depending on the amount of tension reinforcement. The level increases as the 
reinforcement index decreases. The increasing of the span to depth ratio leads to a reduction in 
stress in the tendons. The equation proposed by Naaman, [45], (used in section 6.3 for the tested 
Matlab routine) provides a very high correlation with experimental data and it is based on an 
analysis in which equilibrium equations, stress-strain relations, and compatibility deformations are 
satisfied. The equation takes in account the most important parameters, also of the influence of 
loaded span versus non-loaded span or spans. Besides, it accommodates partial pre-stressing 
(combined presence of reinforcing and pre-stressing steel) and it is valid for both pre-stressing steel 
and FRP tendons because it accounts for the effect of the elastic modulus of the pre-stressing 
tendons used. The equation, also provides a more accurate formulation based on deflection 
compatibility and it incorporates the span-to-depth ratio, the tendon profile, and the loading 
conditions in a more rational way. To use the equations proposed by Naaman, [45], for beams with 
external pre-stressing, it is necessary to take in account the change of tendon position at ultimate 
state. The concept of depth reduction factor Rd was introduced for the prediction of the ultimate 
flexural strength. A parametric evaluation of this factor, considering the span-to-depth ratio L / dps, 
loading span-to-span ratio Lp/L, bonded-to-total tendon area ratio Aps,in / Aps, deviator distance-to-
span ratio Sd / L, pre-stressing steel ratio �p and reinforcing steel ratio �s is carried out on a multi 
level iterative procedure.  
In externally pre-stressed concrete beams the presence of secondary moments due to pre-stressing, 
the formation of plastic hinges and the redistribution of moments after yielding are some structural 
behaviours that must be clearly investigated. A beam containing a combined pre-stressing has 
higher load carrying capacity than fully externally pre-stressed beams. The ductility of beams pre-
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stressed with unbonded tendons could be improved by providing confinement reinforcement and 
some internal bonded tendons together with external tendons. Although ductility was reduced by 
strengthening with external tendons, structural cracking gave ample warning of structural distress. 
The enhancement in serviceability performance by use of external pre-stressing is less than the 
improvement at the ultimate limit state. Providing a smaller pre-stressing force leads to larger 
internal steel stress, larger crack widths and service load deflection, but a more ductile behaviour 
near to failure. Using larger tendons gives a similar service load behaviour but a higher ultimate 
strength and a lower ductility.  
Other studies regard the change in eccentricity of the cables. The large deflection of PC beams, 
particularly when they are close to failure, could induce the secondary effect on flexural strength, 
namely “loss of tendon’s eccentricity”. This effect is influenced by the location and arrangement of 
the deviators. The larger loss of tendon eccentricity was shown by the beam with larger distance 
between the deviators. In comparison with an unbonded internal PC beam which has no loss of 
tendon’s eccentricity, the externally PC beam with large distance between deviators gives a 
remarkable lower flexural strength, but it is possible to eliminate the loss of eccentricity by using a 
proper arrangement of deviators. 
Some research that considers the shear force are reviewed. The strengthening of a beam with 
external pre-stressing leads to a new structural system that is more susceptible to shear type failure, 
especially if straight external tendons are provided. This is because, external tendons under load are 
free to move relative to the concrete section between the anchorage and deviator points and thus, 
while contributing to improve flexural strength of the beam, they may not exhibit the dowel action 
that helps to resist shear. At the end of the chapter, some strengthening methods commonly used are 
presented. 
 
6.1.4 Beams with FRP Tendons 
 
In Chapter 5, the same characteristics are studied considering FRP tendons, such as aramid fibre 
reinforced polymer (AFRP), glass fibre reinforced polymer (GFRP) and carbon fibre reinforced 
polymer (CFRP). It was shown that under service loads, there are no differences between the beams 
pre-stressed with external GFRP cables or bonded steel cables. This is because the stiffnesses of the 
beams are mainly due to the concrete, so that the cable characteristics do not influence the overall 
behaviour. In fact, beams with GFRP cables bend more than those utilizing steel cables, the pre-
stressing technique being equal. The brittle behaviour of some tested beams is due to the pre-
stressing technique, to the shape of the concrete cross section and to the size of the initial pre-
stressing force, but has proved to be almost independent of the material used in the cables. In this 
case, particular attention is focused on the ductility behaviour of beams pre-stressed with fibre 
reinforced tendons. The GFRP tendons seems to be the most economic alternative to steel strands, 
but some peculiar properties must be taken in account. The glass fibres utilized to cast such cables 
have a poor resistance to alkaline environment but the actual trend in research on concrete is to 
increase its alkalinity to prevent corrosion of steel bars. The AFRP shows a good behaviour when 
embedded in concrete, but are sensitive to ultra-violet rays, while GFRP and CFRP tendons are not. 
From these results together with their mechanical characteristics, it is possible to say that AFRP and 
GFRP tendons can satisfactorily replace steel strands to pre-stress beams in an unfavourable 
environment. GFRP tendons are reliable when dealing with external pre-stressing, while AFRP 
cables are suitable in bonded pre-stressing. 
The cracking behaviour is mainly affected by the bond and the type of FRP cables used. Due to the 
lower elastic modulus, the carbon fibres bars have more longitudinal deformation and consequently 
more transverse deformation than steel for the same load level. The higher transverse deformations 
improve the bond strength at the transfer zone due to lateral expansion of the bar, which creates the 
wedge action known by Hoyer effect. 
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The beams pre-stressed with steel failed with similar modes, but showing much more ductility in 
comparison to the beams with CFRP bars. The number of flexural cracks at failure in the members 
with steel pre-stressing reinforcement was almost double the number of cracks showed by members 
pre-stressed by CFRP. The provision of external tendons over the negative moment region 
increased the ultimate load, with a ductility comparable to the un-strengthened beam. Strengthening 
of the positive moment region resulted in an improved ultimate load and stiffer response compared 
to the un-strengthened beams. 
Using unbonded pre-stressed AFRP tendons with the addition of reinforced tendons, can 
significantly improve the ductility of the pre-stressed beams. Members with the combination of 
bonded and unbonded pre-stressed tendons produced higher ductility than members with only 
bonded pre-stressed ones. Pre-stressed bonded beams and reinforced bonded beams exhibited 
higher number of cracks than those of pre-stressed bonded/unbonded or only reinforced unbonded. 
Some investigations on the transfer length and on the durability of carbon elements in a marine 
environment are reviewed. Concrete alkaline environment has a very little effect on CFRP material. 
After 3 years of exposure only 4% of the ultimate capacity was lost. The bond between CFRP and 
concrete in wet/dry cycles appears to be affected by the damage sustained prior to exposure. This 
leads to increased brittleness and reduced ultimate capacity. Moisture absorption by an epoxy 
matrix was the main reason for the degradation of bond. Microstructure defects, such as voids, may 
play a beneficial role in the long term performance of CFRP rods. Bond degradation, was absent 
after 3 years. It is believed that this was due to the dispersal of moisture, initially absorbed by the 
resin, to void areas in the matrix. 
 
6.2  An Numerical Routine for Pre-Stress Analysis 
 
The algorithm, made using Matlab, is used to evaluate the stress in the pre-stressing tendons fps. The 
calculations take in account the effects of some parameters that affects the final result of fps, such as 
the span-to-depth ratio L / dp, the effective pre-stress fse, and the area of non-pre-stressing steel As. 
The algorithm is used in different cases that are: a simple supported beam with uniform or one point 
loading patterns, and a three continuous spans beam, with different span lengths and loading 
distributions. The stress in the unbonded tendons is found before with the 1999 ACI Code (see 
[45]), and then with the equation proposed by Naaman, [45], for comparison. The pre-stressing 
reinforcements used in the following examples are made with steel, glass FRP and carbon FRP. The 
1999 ACI Code does not apply to FRP tendons, therefore, if used it will lead to the same results as 
those for steel tendons. The equations used in the Matlab program can be summarized as follows: 
 
- In the 1999 ACI Code: 
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and where: 
Aps = area of pre-stressing steel; 
b = width of the section; 
dp = depth from concrete extreme compressive fibre to centroid of pre-stressing steel; 
fc

’ = concrete compressive strength; 
fse = effective stress in pre-stressing steel; 
L = span length; 
�ps = pre-stressing steel reinforcing ratio. 
 
- For the equation proposed by Naaman, [45]: 
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and where: 
Aps = area of pre-stressing reinforcement; 
As = area of non- pre-stressing steel; 
b = width of the section; 
c = depth from concrete extreme compressive fibre to neutral axis; 
dp = depth from concrete extreme compressive fibre to centroid of pre-stressing steel; 
Ep = modulus of elasticity of pre-stressing reinforcement; 
fc

’ = concrete compressive strength; 
fse = effective stress in pre-stressing steel; 
fy = yield strength of non-pre-stressed steel; 
L = length of span for which the computation is carried out; 
L1 = sum of lengths of loaded spans containing tendon(s) considered; 
L2 = total length of tendon(s) between anchorages; 
�1 = ACI concrete compression block reduction factor; 
�cu = strain in concrete top fibre at ultimate; 
,u = bond reduction coefficient at ultimate. 
 
To obtain the value of fps, the equilibrium in the section at ultimate and Eq. (6.4) must be solved 
simultaneously for c and then fps. This procedure leads to a quadratic equation for c. The algorithm, 
used in Matlab, solves the quadratic equation by an iteration such as that in the following steps: 
 

1) fps is set equal to 0.80fpu, and this value is used to obtain a first result for c with Eq. (6.7); 
2) With the depth of neutral axis c, just found, a new value of fps is obtained using Eq. (6.4); 
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3) The steps 1 and 2 are repeated until the difference between two consecutive values of fps is 
less than 0.1. 

 
6.3  Examples 
 
6.3.1  Simply Supported Beam 
 
Uniform Loading pattern 
 
The beam under consideration is the simply supported beam with the cross sectional dimensions 
and materials properties shown in Figure 6.1. The span length is L = 12.2 m, and the stress in the 
unbonded tendons is computed before using the 1999 ACI Code, and then with the equation 
proposed by Naaman [45]. The value of fps is found for steel, glass and carbon tendons. The first 
analysis is conducted considering a uniform loading over the span. The Matlab procedure to 
evaluate fps is given in Figures 6.2-6.6. 
 

                                                

As
Aps

610 mm

10
2 

m
m

dp
 =

 4
57

 m
m

ds
 =

 5
46

 m
m

203 mm

 
Figure 6. 1 - Cross sectional dimensions of the beam. 

 
 
The material and mechanical properties used for the examples are: 
 
fc

’ = 7 ksi = 48 N/mm2; 
�1 = 0.70; 
�cu = 0.003; 
fpu_steel = 270 ksi = 1862 N/mm2; 
fpy_steel = 230 ksi = 1586 N/mm2; 
fpu_glass = 300 ksi = 2068 N/mm2; 
fpu_carbon = 315 ksi = 2172 N/mm2; 
fy = 60 ksi = 413 N/mm2; 
Ep_steel = 27000 ksi = 186158 N/mm2; 
Ep_glass = 8000 ksi = 55158 N/mm2; 
Ep_carbon = 21000 ksi = 144790 N/mm2; 
Es = 29000 ksi = 199948 N/mm2; 
Aps = 0.612 in2 = 395 mm2; 
ds = 21.5 in = 457 mm; 
dp = 18 in = 546 mm. 
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% Geometry %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
b=24 
L=(10:52)*12 
L1=L 
L2=L 
 
% Input – Steel %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
fc=7 
beta1=0.7 
epsiloncu=0.003 
fpu_steel=270 
fpu_glass=300 
fpu_carbon=315 
fpy=230 
fse=150 
Aps=0.612 
dp=18 
Ep_steel=27000 
Ep_glass=8000 
Ep_carbon=21000 
As=2 
ds=21.5 
Es=29000 
fy=60 
 
% Prestress %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
P=fse*Aps 

Figure 6. 2 – Matlab procedure for input of data. 

 
 
 
 
 
 
 
 
% 1999 ACI Code %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
disp('1999 ACI Code') 
rhop=Aps/b/dp 
fps=fse+10+fc/100/rhop 
ok1=fse+60 
ok2=fpy 
 
fps_aci=fps*ones(1,length(L))*6.89476; 
Ldp_aci=L./dp; 

Figure 6. 3 – Matlab procedure for calculations according to ACI. 
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% Naaman - steel %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
disp('Naaman - steel') 
Ep=Ep_steel 
fpu=fpu_steel 
 
omegau=3./(L./dp) 
fps=0.8*fpu 
fps0=2*fps 
 
while abs(fps-fps0)>0.1 
    c=(Aps.*fps+As.*fy)./(0.85.*fc.*b.*beta1) 
    fps0=fps 
    fps=fse+omegau.*Ep.*epsiloncu.*(dp./c-1).*L1./L2 
end 
fps_steel=fps*6.89476; 
Ldp_steel=L./dp; 

Figure 6. 4 – Matlab procedure for steel tendons according to Naaman equation. 

 
 
% Naaman - glass %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
disp('Naaman - glass') 
Ep=Ep_glass 
fpu=fpu_glass 
 
omegau=3./(L./dp) 
fps=0.8*fpu 
fps0=2*fps 
 
while abs(fps-fps0)>0.1 
    c=(Aps.*fps+As.*fy)./(0.85.*fc.*b.*beta1) 
    fps0=fps 
    fps=fse+omegau.*Ep.*epsiloncu.*(dp./c-1).*L1./L2 
end 
fps_glass=fps*6.89476; 
Ldp_glass=L./dp; 

Figure 6. 5 – Matlab procedure for fibre glass tendons, according to Naaman equation. 
 
 
% Naaman - carbon %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
disp('Naaman - carbon') 
Ep=Ep_carbon 
fpu=fpu_carbon 
 
omegau=3./(L./dp) 
fps=0.8*fpu 
fps0=2*fps 
 
while abs(fps-fps0)>0.1 
    c=(Aps.*fps+As.*fy)./(0.85.*fc.*b.*beta1) 
    fps0=fps 
    fps=fse+omegau.*Ep.*epsiloncu.*(dp./c-1).*L1./L2 
end 
fps_carbon=fps*6.89476; 
Ldp_carbon=L./dp; 

Figure 6. 6 – Matlab procedure for carbon fibre tendons, according to Naaman equation. 
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L = L1 = L2
 

Figure 6. 7 - Scheme of the beam and loading pattern. 

 
Initially, fps is calculated using as the pL d ratio as a variable. The scheme of beam and the results 
of the analysis are shown in Figures 6.7 and 6.8, respectively. In the second step, the effective pre-
stress fse is taken as variable to evaluate the stress in the unbonded tendons, while pL d is fixed. The 
relationship between fps and fse is shown in Figure 6.9. Finally, fps is related to the amount of non-
pre-stressing steel of the beam. The graph, showing the relation fps vs As, is given in Figure 6.10. 

 

 
Figure 6. 8 - Variation of fps in function of the span-to-depth ratio L/dp. 

 
Figure 6. 9 - Relationship between fps and fse. 
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Figure 6. 10 - Variation of fps with the amount of non-pre-stressing steel As. 

 
 
One Point Loading Pattern 

 
 
The simply supported beam is in this example studied considering a one point load placed at the 
midspan (Figure 6.11). The algorithm is the same used for the uniform load, but the bond reduction 
factor ,u is changed in the Naaman Eq. (6.4), to account for the new loading pattern, as it is 
possible to see from Eqs. (6.5) and (6.6). Also in this case, are the relations  fps vs L/dp, fps vs fse, and 
fps vs As, used and for each variable is also the same range considered as in the uniform loading 
pattern case. All the results are given in Figures 6.12-6.14. 

 
 

L = L1 = L2
 

Figure 6. 11 - Scheme of the beam and loading pattern. 
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Figure 6. 12 - Variation of fps in function of the span-to-depth ratio L/dp. 

 
Figure 6. 13 - Relationship between fps and fse. 

 
Figure 6. 14 - Variation of fps with the amount of non-pre-stressing steel As. 
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6.3.2  Three Spans Continuous Beam 
 
In the following examples, a continuous beam with different spans and with pre-stressing tendons 
running throughout the total length is assumed. Because fps depends on the level of loading, as it is 
possible to see from Eq. (6.4), the pattern of the applied load will influence the value obtained. The 
algorithm, used in this case, is the same as for the simply supported beam, but the parameters L1, L2 
and L are different. Therefore, L2 is equal to the sum of the span lengths while L1 represents the sum 
of the lengths of the loaded spans and L the length of the span for which the calculation of fps is 
carried out. The three span continuous beam under consideration has two lateral spans la with a 
length of 7.5 m and the central span lb, with a length of 21.6 m. The cross section and material 
properties are the same used for the simple supported beam, see Figure 6.1. 
 
Uniform Load All Over the Beam 
 
As is possible to see from Figure 6.15, in this case the load is distributed all over the length of the 
beam, therefore L1 = L2 = 36.6 m. The stress in the unbonded tendons is found for both the lateral 
span and the central one, changing the value of L from la to lb. The calculation of fps is made using 
as variables first fse and then As. The results are obtained considering steel, glass FRP and carbon 
FRP tendons. The final graphs are represented in Figures 6.16-6.19. 
 

 
 

L1 = L2

la lb la

 
Figure 6. 15 - Scheme of the beam and loading pattern. 

 
 
 

 
Figure 6. 16 - Relationship between fps and fse in the lateral span la. 
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Figure 6. 17 - Variation of fps with the amount of non-pre-stressing steel As in the lateral span la. 

 
Figure 6. 18 - Relationship between fps and fse in the central span lb. 

 
Figure 6. 19 - Variation of fps with the amount of non-pre-stressing steel As in the central span lb. 
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Uniform Load on the  Lateral and Central Spans 
 
All the calculations made for the previous case are repeated for the loading pattern shown in Figure 
6.20, setting L1 = 29.1 m and L2 = 36.6 m. The resulting graphs of fps vs fse and fps vs As for the 
lateral and central spans are given in Figures 6.20-6.23. 
 

L1

la lb la

L2  
Figure 6. 20 - Scheme of the beam and loading pattern. 

 

 
Figure 6. 21 - Relationship between fps and fse in the lateral span la. 

 
Figure 6. 22 - Variation of fps with the amount of non-pre-stressing steel As in the lateral span la. 
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Figure 6. 23 - Relationship between fps and fse in the central span lb. 

 
Figure 6. 24 - Variation of fps with the amount of non-pre-stressing steel As  in the central span lb. 

 
 
Uniform Load on the Central Span 
 
The same procedure as of the previous loading patterns is repeated in this case, but for the beam 
seen in Figure 6.25, set with L1 = 21.6 m and L2 = 36.6 m. The resulting graphs of fps vs fse and fps vs 
As for the lateral and central spans are given in Figures 6.26-6.29. 
 

L1

la lb la

L2  
Figure 6. 25 - Scheme of the beam and loading pattern. 
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Figure 6. 26 - Relationship between fps and fse in the lateral span la. 

 
Figure 6. 27 - Variation of fps with the amount of non-pre-stressing steel As in the lateral span la. 

 
Figure 6. 28 - Relationship between fps and fse in the central span lb. 

 172



 
Figure 6. 29 - Variation of fps with the amount of non-pre-stressing steel As in the central span lb. 

 
Uniform Load in Both the Lateral Spans 
 
Setting L1 = 15 m and L2 = 36.6 m, the load is considered over the two lateral spans, as is shown in 
Figure 6.30. Also in this case is the stress in the unbonded tendons investigated using fse and As. The 
results are showed in Figures 6.31-6.34. 
 

0.5L1

la lb la

L2

0.5L1

 
Figure 6. 30 - Scheme of the beam and loading pattern. 

 

 
Figure 6. 31 - Relationship between fps and fse in the lateral span la. 
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Figure 6. 32 - Variation of fps with the amount of non-pre-stressing steel As in the lateral span la. 

 
Figure 6. 33 - Relationship between fps and fse in the central span lb. 

 
Figure 6. 34 - Variation of fps with the amount of non-pre-stressing steel As in the central span lb. 
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Uniform Load in One Lateral Span 
 
The last loading pattern considered is a uniform load placed in one of the two lateral spans. The 
scheme of this case is presented in Figure 6.35. To obtain this loading distribution, it is necessary to 
set L1 = 7.5 m and L2 = 36.6 m in the Matlab procedure. The resulting graphs of fps vs fse and fps vs 
As are given for the lateral and central spans in Figures 6.36-6.39. 
 

L1

la lb la

L2  
Figure 6. 35 - Scheme of the beam and loading pattern. 

 
Figure 6. 36 - Relationship between fps and fse in the lateral span la. 

 
Figure 6. 37 - Variation of fps with the amount of non-pre-stressing steel As in the lateral span la. 
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Figure 6. 38 - Relationship between fps and fse in the central span lb. 

 
Figure 6. 39 - Variation of fps with the amount of non-pre-stressing steel As in the central span lb. 

 
 
6.4  Conclusions 
 
The researches reviewed in this thesis have shown that before cracking, the stress in the unbonded 
tendons slightly increases with applied load while after cracking, the stress increases significantly. 
This increase in the stress level depends on the amount of tension reinforcement. Higher the 
reinforcement index, lower the magnitude of the stresses. Besides, it was demonstrated that the span 
to depth ratio is one of the more important parameters that affects the trend of the stresses in the 
unbonded tendons. An increase of L/dp leads to a reduction in stress in the tendons. The equation 
proposed by Naaman, Eq. (6.4) used in this chapter for the Matlab routine, was shown to have a 
very high correlation with experimental data, as seen in the reported studies in Chapter 4. It is based 
on an analysis in which equilibrium equations, stress-strain relations and compatibility 
deformations are satisfied. The Eq. (6.4) takes in account the most important parameters that can 
affect fps, also of the influence of loaded span versus non-loaded span or spans through the ratio 
L1/L2. Besides, it accommodates partial pre-stressing (combined presence of reinforcing and pre-
stressing steel), it is valid for both pre-stressing steel and FRP tendons because it accounts for the 
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effect of the elastic modulus of the pre-stressing tendons used. This is while the ACI Code equation 
leads to the same results for different materials. The equation also provides a more accurate 
formulation based on deflection compatibility and it incorporates the span-to-depth ratio, the tendon 
profile and the loading conditions in a more rational way. 
The study in sections 6.2-3 deals with the prediction of the stresses in the unbonded tendons fps in a 
simply supported beam, and a three spans continuous beam. The attention was mainly focused on 
the influence of some parameters, such as the span-to-depth ratio L/dp, the effective pre-stress fse, 
and the area of non-pre-stressing steel As, these were seen, in the reviewed literature, to be the main 
factors on which fps depends. The most important parameter influencing the stress in the unbonded 
tendons, as shown in many researches, is the span-to-depth ratio. The prediction of fps, considering 
as variable L/dp, is undertaken only for the simply supported beam, because the length of the spans 
in the three spans continuous beam was considered to be constant in the algorithm. As shown from 
the results, the value of fps decreases in a non-linear way with increasing span-to-depth ratio. In the 
ACI Code 1999 Eq. (6.1), L/dp appears through the parameter k, that changes from 100 to 300 when 
the ratio is greater than 35, but along the two interspaces is fps constant. Eq. (6.4), proposed by 
Naaman, takes into consideration the span-to-depth ratio through the bond reduction factor ,u. As it 
is possible to see from the Figures 6.8 and 6.12, the ACI Code 1999 Eq. (6.1) underestimates fps for 
low values of L/dp, but overestimates it for high values of L/dp. The effective pre-stress fse is 
assumed as a reference state of stress, providing a rational procedure to predict fps and it represents 
the state of stress under the combined effect of the final or effective pre-stress force (after all pre-
stress losses have occurred) and the dead load moment. Using both the ACI Code equation and 
Naaman equation, fps increases in a linear way with fse in all the studied cases. The Eq. (6.4) also 
takes into consideration, through the depth of the neutral axis c, the presence of non-pre-stressed 
reinforcements (both tensile and compression) and satisfies the equilibrium at ultimate for 
rectangular and T-shaped sections. The increasing presence of non-pre-stressing steel leads to lower 
values of fps, as it is possible to see from the results obtained from Matlab, specially in the case of 
the three spans continuous beam when the load is placed in the lateral spans (see Figures 6.27, 6.29, 
6.32 and 6.34). Equation (6.1) doesn’t account for this parameter, and it gives a conservative and 
constant value of fps. 
 
 
6.5  Further Research 
 
In a Swedish test project, initiated at the end of 2003, the reinforcement of buildings and civil 
engineering constructions using external pre-stressing are investigated through laboratory tests. The 
project aims at investigating the reinforcing effects on existing buildings and structures from 
external, free cables of steel and carbon fibres. A series of simply supported concrete beams with T-
shaped cross sections are to be tested. The test setup and dimensions are similar to those of the tests 
described in section 4.1, see e.g. Figure 4.19. An overview of the test set-up is shown in Figure 6.40 
with details shown in Figures 6.41 and 6.42. The tests are performed at the Luleå University of 
Technology, in the northern of Sweden, in cooperation with the Royal Institute of Technology in 
Stockholm. The project is sponsored jointly by the Development Fund of the Swedish Construction 
Industry, SBUF and Skanska Teknik AB. 
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Figure 6. 40 – Overview of the test set up. Pre-stressed simply supported beam. 

 

 
Figure 6. 41 – T-shaped beam of the test. Cracks close to the deviator. 
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Figure 6. 42 – Detail of tested beam: anchorage of steel tendons. 

 
From the reviewed literature, it is evident that testing is vital for the understanding of the 
performance of concrete bridges that are prestressed by external unbonded tendons. Tests must be 
performed both in laboratory environment and in the field. Laboratory tests in ideal laboratory 
conditions are important as they make it possible to study the variation of key factors, such as 
effective pre-stressing force. The study of the behaviour of full size bridges is important as it gives 
an overall view of the externally pre-stressed bridge as a system exposed to real loads and 
environmental effects. 
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