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Abstract 

Train-induced bridge vibrations can cause severe damages not only to the bridge 
but also to the track structure such as ballast instability. The dynamic response of 
bridges can be predicted by models. Herein, a single-span steel-concrete composite 
bridge was studied. The bridge was modeled as a simply supported beam to predict the 
vertical acceleration of the bridge deck. The results were compared with a series of in 
situ measurements. Spectra of measured accelerations in the ballast and on the steel 
beam were compared. It is concluded that the ballast transmits all vibration 
frequencies up to at least 70 Hz. During free vibrations, the frequency decreases and 
the damping ratio increases with increasing amplitudes. It is assumed that, because of 
non-linearities, the bearings and the ballast are not mobilized in the same way for low 
and high amplitudes. 

Keywords: Railway Bridge; Dynamics; Vibration; In situ measurements; Ballast 
acceleration.  
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Résumé 

Les vibrations d’un pont induites par le passage d’un train peuvent provoquer de 
lourds dégâts non seulement pour le pont mais aussi pour la voie comme des 
instabilités du ballast. À l’aide de modèles numériques, il est possible de prédire la 
réponse d’une telle structure. Il est étudié ici un pont composite (acier-béton) à une 
seule travée. Ce pont a été modélisé par une poutre sur appuis simples pour prédire 
l’accélération du tablier. Ces résultats ont été comparés avec une série de mesures in 
situ. Les spectres des accélérations mesurées dans le ballast et sur les poutres en acier 
ont été comparés. Il a été conclu que le ballast transmet toutes les fréquences 
vibratoires jusqu'à 70 Hz au moins. Pendant les oscillations libres, la fréquence 
diminue et l’amortissement augmente avec l’amplitude des vibrations. Il est supposé 
qu’à cause de non-linéarités, les appuis et le ballast sont mobilisés différemment dans 
les faibles et les fortes amplitudes. 

 

Mots-clés: Ponts ferroviaires ; Dynamique ; Vibrations ; Mesures in situ ; 
Accélération du ballast 
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1 Introduction 

1.1 Background 

Like air and road transports, the railway transport system must be as 
competitive as possible by increasing the transport capacities, the comfort of 
passengers and reducing the costs. The response of a railway bridge to moving trains is 
crucial for the comfort of passengers and to maintain the structure in good condition. 
With an increase of train speeds and loads, the amplitude of the dynamic behaviour of 
the bridge, and of the track, is increased. 

The track has a non-elastic behaviour. Hence, during vibrations, the 
displacement of ballast particles is often irreversible and the accumulation of small 
displacements induces settlements and deterioration of the track. The deterioration of 
the track reduces the comfort of passengers and the traffic safety. Large amplitude 
vibrations of railway bridges can cause damages such as ballast instability leading to 
changes in the geometry of the track and in the worst case scenario, to train 
derailment.  Thus, the track geometry and the quality of its components must be 
continuously monitored and maintained, inducing high cost for the railway owners.  

Many research projects have been carried out to study and explain the behaviour 
of such structures. Today, some of the most important aims for the research within the 
field of railway bridges are to increase the understanding of the interaction between the 
track superstructure and the bridge, to increase the loading capacities and to reduce 
the deterioration of such structures. 

The complexity of the structure response to a train passage is due, in particular, 
to the complex interactions between the different parts of the bridge-track system: 
rails, sleepers, ballast, concrete slab, beams, and foundations. Each element of the 
bridge has its own behaviour with different characteristics. Due to small non-linearities 
in each of the individual elements, it is difficult to predict the transmission of stresses 
and vibrations between the different elements. 

Different models have been developing for many years. At the beginning, 
researchers focused on a single part or element of the structure. But with the increase 
of power of calculation, numerical models today include more and more interactions 
between different parts. But the experimental study is always crucial to validate 
models or to complete numerical calculations by model updating techniques. 

1.2 Literature review 

The passage of a train on a track induces vibrations in the track and in the 
underlying structures. The dynamic behaviour of the structure and the train are 
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influenced by many factors. The speed of the train is maybe the most important one. 
But we can notice other factors like the characteristics of the load (number of axles, 
spacing and load of axles) and of the vehicles (suspensions, irregularities of wheels, 
defects, damping, etc.) or the dynamic characteristics of the track (rail, sleepers, pads, 
ballast, etc.), the span of the bridge, its mass, its composition, its natural frequency 
and its damping (CEN, 2002).  

The dynamic response of a simply supported, single-span bridge during the 
passage of a train can be modelled by the Euler-Bernoulli beam theory, subjected to 
moving constant loads (Fryba, 2000). This elementary, yet realistic, model often gives 
higher vibration amplitudes than field measurements but it can be refined by taking 
into account different interactions. 

The model can be developed by adding variation of the load. The forces are not 
any more constant but vary in time. Axle loads are composed by harmonic components 
and a constant component (Garinei, 2008). A possible resonance is shown depending on 
the characteristics of the bridge (natural frequency) and of the train (speed, frequencies 
of the variation of the load) and the amplification is greater than in the case of 
constants loads. 

To develop a model which includes the interaction between the train and the 
bridge, the train can be modelled as a rigid body system. The wheels, bogies and wagon 
body can be modelled as separate rigid bodies, linked by dampers and springs 
(Museros, 2002 & Majka, 2008). There are many articles which discuss this subject. 
Majka highlights important parameters like: the speed of the train, train-to-bridge 
frequency ratio, mass and span ratios, bridge damping and distance between axles. 
These parameters influence greatly the dynamic responses of the railway bridge and 
the train. 

Museros et al also introduced the distribution of load in the ballast as a pyramid 
region. This model was developed first by Ahlbeck et al (Ahlbeck, 1975). An equivalent 
stiffness and damping can be calculated for the pyramid region. The ballast can be 
modelled by a series of springs and dampers. With the train-bridge interaction, 
Museros et al noticed considerable reductions in the numerical maximum 
displacements and accelerations of short bridges but the distribution of the load in the 
ballast does not affect significantly the numerical results. 

Some studies of track behaviour (on embankments) developed a complete model 
from the train to the subgrade (Sun, 2002). With such a numerical model, the dynamic 
responses of the train and the track can be predicted. To model the ballast, shear 
stiffness and shear damping was introduced to take into account the continuity of this 
medium. By a similar model of the ballast (distribution of the load in a pyramid region 
and shear stiffness and damping), Zhai et al (Zhai, 2004) studied the vibrations of the 
ballast. He obtained a resonance frequency range of 70-100 Hz, confirmed by field 
measurements. 

European codes (CEN, 2002) recommend using a nonlinear stiffness law to model 
the interaction between the track and the structure. When the train reaches the 
bridge, a sudden change of ballast stiffness occurs, introducing non-linear behaviour of 
the whole structure (Ruge, 2007). Taking into account this phenomenon in a numerical 
model, Ruge found a significant reduction of maximum stresses which are more 
realistic comparing with the usual field measurements. 

Al Shaer et al. (Al Shaer, 2008) studied the dynamic behaviour of a portion of a 
track with a reduced scale experiment. They applied static and moving loads. They 
observed a variation of the elastic modulus with the applied force. Static and dynamic 
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stiffnesses of the track vary with the number of cycles. The variation can reach 88% of 
the initial value. But the rolling speed does not influence the stiffness of the track. 

Rebelo (Rebelo, 2008) studied a number of twin single-span railway bridges. The 
ballast, which was the only link between the two decks, was found to have a coupling 
effect. It is a possible explanation of the high measured damping ratios. Non-linear 
effects were observed and ascribed to the interaction between the track, especially the 
ballast and the bridge. Both stiffness and damping were shown to vary with the 
amplitude of vibrations. It was assumed that the friction in the ballast is mobilized 
differently in the higher amplitudes, increasing the stiffness of the whole structure. 
This effect was found to be more visible in the lower modes. The nonlinear behaviour 
of the ballast due to Coulomb friction damping reduces more the spectral peaks 
compared to the linear viscous damping. The nonlinear stiffness modifies the shape of 
spectral peaks. Strong coupling effects induce an increasing of stiffness with the 
amplitude of the response. 

1.3 Aim and scope of work 

Herein, a single-span composite bridge is studied. The bridge is light and flexible. 
Thus, it vibrates easily when trains pass. A measuring system was installed during one 
year to measure strains and accelerations at different points on the steel beams. An 
additional system was also installed the first day to measure accelerations in the track. 

The first aim of this study is to model the bridge and the heavy so-called Steel 
Arrow train to obtain a simulation of the response of the bridge. The Swedish Steel 
Arrow train is a very specific type of train which often cross this bridge. 

The second aim is to study the evolution of the frequency and the damping ratio 
during free vibrations. The free decay leads to a diminution of the amplitude of 
vibrations. The properties of the bridge might change with the amplitude and so the 
frequency and the damping ratio. 

The third aim is to study the behaviour of the ballast and its impact of the 
vibrations of the bridge. Because of the friction between particles, the ballast might 
filter high frequencies induced by the train passages. 

This study has the followings limitations: 
 Some of the measured signals had a low sampling rate and thus a low filter 

cut-off frequency of 20 Hz. The studied frequency band is reduced to 0-20 
Hz for some measures train passages. 

 The bridge model used is a 2-D model which does not take into account 
the interaction between the train and the bridge or the load distribution of 
the ballast. Only the Steel Arrow train is modelled. 
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2 Description of the bridge and the 
monitoring system 

2.1 The bridge 

 
The studied bridge is situated over the small river Skidträsk in the North of 

Sweden. This bridge is used by freight trains and passenger trains. In particular, many 
so-called Steel Arrow trains pass across this bridge. These trains carry material (iron-
ore) for the steel industry and the load is very specific and always distributed in the 
same way. 

 

    

Figure 2.1: Location of the bridge in Sweden and track layout around the bridge 

 
The bridge (see Figure 2.2) is a single-span steel-concrete composite bridge 

spanning 36 meters. It carries one ballasted track. The rails are supported by concrete 
sleepers separated with a regular distance usually about 65 cm in Sweden (The Swedish 
National Rail Administration, 2008). These sleepers lie on ballast composed by rock 
particles with a diameter around 5 cm. The depth of the ballast layer is approximately 
50 cm. The sub-ballast, composed by particles with a diameter around 10 cm, has a 
depth of 50 cm. A reinforced concrete slab transfers the load from the track to two 
main steel beams. Its total width is 6.7 m and its height varies between 30 and 40 cm 
(see Figure 2.4). 

The steel beams are simply supported with respect to vertical bending moments, 
and free with respect to torsional moments. The line of supports is skewed relative to 
the longitudinal axis of the track.  
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Figure 2.2: The Bridge over Skidträsk. 

2.2 Monitoring system 

To acquire data from this bridge, two systems were installed: one temporary 
system and one permanent system. The data acquisition system is connected with a 
computer on site. A first treatment is made on site by this computer and only 
interesting data are transferred to KTH. The CATMAN based BRAVE software 
(BRidge Automatic Vibration Evaluation) developed by Raid Karoumi (KTH) for real 
time data acquisition is used. 

2.2.1 Temporary system 

The temporary system was constituted by six sensors. The data were gathered by 
an MGCplus data logger from Hottinger Baldwin Messtechnik (HBM). Four Si-flex 
SF1500S accelerometers were installed around the track at mid-span of the bridge (see 
also Figure 2.3 & Figure 2.4): 

 
• Midpoint of the central sleeper (T-1) 
• End point of the central sleeper (T-2) 
• On the rail placed at the level of the central sleeper (T-3) 
• In the ballast between two sleepers (T-4). 
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Two optical laser sensors were installed on the rail to measure the speed of the train. 
From these signals, the number of wagons of the train and the distance between two 
axles could be determined, enabling the calculation of train speed and the 
determination of train type by the distance between axles, bogies and wagons. The 
distance between the two optical sensors was 26.05 meters.  

The sampling rate was 1200 Hz except for the first train for which a sampling rate 
of 600 Hz was used. A Bessel filter was applied, in order to handle aliasing, with a filter 
cut-off frequency of 200 Hz (respectively, 100 Hz for the first train).  

The accelerometer (T-3) on the rail did not function during measurements 
because it gave constant values. In the following study, we do not take into account the 
rail signal. 

 

 

Figure 2.3: The temporary system installed on the track at the bridge midspan. 

2.2.2 Permanent system 

The permanent system was constituted by ten sensors which were installed 
beneath the concrete slab. This system was used to take measurements during one 
year. The instrumentation on the bridge was distributed as follows (see also Figures 
2.4, 2.5 & 2.6): 

 
• Four strain gauges situated on the east beam, at midpoint and quarter-point, on 

the upper and the bottom flanges (P-1 to P-4).  

T-1 

T-2 

T-3 

T-4 
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• Three Si-flex SF1500S accelerometers for vertical deck accelerations were 
installed: two of them are on the east beam at midpoint and quarter-point (P-5 
& P-7); and the third, on the west beam at midpoint (P-6).  

• Two strain transducers (B-WIM sensors) on the concrete slab at midpoint and 
quarter-point (S-1 & S-2), to measure transversal strain. These two last sensors 
were not installed the first day. They were used in a “Bridge Weight-in-Motion” 
application (Liljencrantz, 2007). Axle passages can be distinguished (see Figure 
B.1) 

• A temperature gauge.  
 

The data were gathered by a SPIDER 8 data logger also from HBM. During the 
first day, the sampling rate was 150 Hz and a Bessel (anti-aliasing) filter was applied 
with a filter cut-off frequency of 20 Hz. During the rest of the year in which the system 
was in use, the sampling rate was increased to 600 Hz and the filter cut-off frequency of 
the anti-aliasing filter to 75 Hz. 

With the acceleration at midpoint, vertical and torsional accelerations of the 
bridge can be obtained by the following relations: 

5 6

6 5

2vert

tors

a aa

a aa
l

+
=

−
=

 (2.1)  

where l is the distance between the two sensors. 
 

 

Figure 2.4: Section of the bridge (left) and part of the track (right) at midspan with 
the location of sensors (accelerometers in red and strain gauges in green) 



2.2. MONITORING SYSTEM 

 9 

     

Figure 2.5: The temporary and permanent data acquisition systems (left) and an 
accelerometer and a strain gauge on one of the steel beams (right). 

 

Figure 2.6: The positioning of the sensors at midspan: accelerometers and strain 
gauges on the steel top flanges and the strain transducer in the centre on the concrete 
slab. 

 

Strain gauge 

Accelerometer 

Strain transducer 

Strain gauges and accelerometers 
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3 Analysis 

3.1 Natural frequencies 

The overall structure of the bridge can be modelled as a simply supported beam 
(Fryba, 2000). The beam has different natural modes of vibration (see Figure 3.1). The 
frequencies of the different bending modes are given by:  

2

22j
j EIf
L
π

μ
=  (3.1)  

with the following notation: fj is the frequency of the jth mode; L, the span of the 
bridge; E, the modulus of elasticity; I, the constant moment of inertia of the cross 
section of the beam; μ , the constant linear mass of the beam. 

First bending 
mode 

 
f1=2,69 Hz 

 

Second 
bending mode 

 
f2=10,78 Hz 

 

Figure 3.1: The two first natural bending modes of vibration of a simply supported 
beam and the corresponding calculated frequencies. 
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3.2 Modelling the response of the bridge under moving 
loads 

An elementary model for the bridge is to consider it as a simply supported beam 
with a span L as has been done by Fryba (Fryba, 2000).  In this model, the trains 
passing the bridge are modelled as moving point forces. Each axle is represented by a 
force applied on the beam and moving with constant speed c from the left to the right. 
Thus, the beam is subjected to a row of forces Fn, n=1, 2...N where N is the number of 
axle (see Figure 3.2 and Appendix A). 

 

 

Figure 3.2: Model of the bridge and the moving forces from Fryba (Fryba, 2000) 

 
The behaviour of the beam is described by the Bernoulli-Euler equation: 

4 2

4 2
1

( , ) ( , ) ( , )2 ( ) ( )
N

d n n n
n

v x t v x t v x tEI t x x F
x t t

μ μω ε δ
=

∂ ∂ ∂
+ + = −

∂ ∂ ∂ ∑  (3.2)  

where ( , )v x t is the vertical deflection of the beam at the point x and time t; dω is a 
damping parameter, ( ) ( )n n nH t t H t Tε = − − − , H is the Heaviside unit function and δ is 
the Dirac function representing the concentrated force. 

n
n

dt
c

= is the time when the nth axle enters the bridge and n
n

L dT
c
+

= is the time when 

it leaves the bridge. n nx ct d= − is the position of the nth axle on the bridge. 
By applying a Fourier integral transformation and Laplace-Carson integral 

transformation, it is possible to calculate the vertical deflection and thereby, other 
quantities such as the acceleration of the beam as a function of position and time (see 
Appendix A). This solution was implemented with the Matlab software (see Appendix 
C.2). 

The frequency obtained theoretically does not correspond to that obtained 
experimentally. The model was therefore calibrated by changing the stiffness 
parameters (the bending stiffness EI) to match the first vertical bending frequency of 
the model and the real bridge. The parameters of the model are gathered in Table 3.1. 

This model was used with a Steel Arrow train which consists of two locomotives 
and 26 wagons with a total length of 388 meters. Both locomotives and wagons have a 

Fn F1 F2 

dn 
d2 

L 
ct 
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length of 10.4 meters. They are composed by two bogies separated respectively by 7.7 
meters and 8.6 meters. The wheels, in a same bogie are separated by a distance of 2.7 
meters for the locomotives and 1.8 meters for the wagons. The locomotives have a total 
mass per axle of 19.5 tons and the wagons, 22.5 tons. A theoretical resonance peak, for 
the calibrated model, was observed at the speed 97 km/h (see Figure 3.3). 

The displacement of the beam, at resonance, oscillates around a value of 8 mm 
(see Figure 3.4). Adding more modes does not change the general shape of the beam 
response but just the amplitude. The amplitude depends on the number of modes N 
but does not increase always with N (see Figure 3.5). 
 

Parameters Non-calibrated model Calibrated model 
L (m) 36 36 
E (N/m2) 2,1.1011 2,1.1011 
I (m4) 0.2 (x2) 0.41 (x2) 
μ (kg/m) 8500 (x2) 8500 (x2) 
f1 (Hz) 2,69 3,86 

Table 3.1: Parameters used for the non-calibrated and calibrated models. I and μ 
were multiply by two to simulate the two steel beams 

 

Figure 3.3: Maximal vertical acceleration obtained with Fryba’s model with 6 modes 
included, Steel Arrow train. 
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Figure 3.4: Vertical acceleration (top) and vertical displacement (bottom) of the beam 
at midspan obtained with the calibrated model with 6 modes and a damping ratio of 
1.5%. Steel Arrow train (100 km/h). 

 
Figure 3.5: Maximal vertical acceleration at midspan depending on the number of 
included modes of the calibrated model (damping ratio of 1.5%) with a Steel Arrow 
train (100 km/h). 
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3.3 Sleeper frequency 

Along the rail, the stiffness changes because it is supported by sleepers separated 
by a distance around 65 cm (see Figure 3.6). The stiffness is higher when the wheel 
passes at the level of a concrete sleeper (Fryba, 1996). These vibrations induced by the 
sleeper distance have a frequency f given by Equation (3.3) where V is the speed of the 
train and D is the distance between two sleepers. 

Vf
D

=  (3.3) 

 

Figure 3.6: Deformation of the rail during wheel passages: the stiffness is higher at 
sleeper level. 

3.4 The behaviour of the ballast 

Ballast is a complex medium because of its granular properties. The ballast is 
constituted by stone particles. The behaviour of the ballast is not well-known because 
of the complexity of the interactions between particles. A granular media can have 
behaviour like solids: the ballast support sleepers; but also like liquids: the liquefaction 
of ballast is a dangerous problem which can cause derailment. Without any trains, 
internal forces in the ballast are low. During train passages, the friction between 
particles increases. The ballast is compressed by the train. To provide safety against 
ballast instability, the European and Swedish codes specified a limit of 3.5 m/s2, for the 
maximal vertical deck acceleration (CEN, 2002 and The Swedish National Rail 
Administration, 2008). During the measurements, it was checked if any particles move 
during train passages by painting lines on the ballast (see Figure B.2). 

The effect of the ballast is to distribute the loads from the sleepers to the soil or 
in this context, to the concrete slab. Usually, a layer of sub-ballast prevents the 
penetration of ballast particles into the soil. That is why sub-ballast particles are 
larger. In our case, only the distribution of loads is relevant because of the concrete 
slab.  
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Ahlbeck (Ahlbeck, 1975) developed the theory of the ballast pyramid model. In 
this model, the pressure distribution is assumed to be uniform in a pyramid under 
sleepers and independent of the depth. The friction between particles transmits the 
loading from the top layer to the bottom of the ballast. Thus, the ballast is divided in 
one block for each sleeper (see Figure 3.7). Each ballast block can be modelled by a 
single degree-of-freedom system with a mass M, a stiffness K and a damping C. 
Alhbeck suggests an internal friction angle for the ballast of 20° and 35° for the sub-
ballast. To model the continuity of the ballast, shear stiffness and damping, connecting 
the different blocks of the ballast, can be added (Sun, 2000 & Zhai, 2004). 
 

 

Figure 3.7: Distribution of the load from wheels to sub-ballast or bridge deck. 

3.5 Evaluation of the parameters of the bridge 

Many parameters are relevant for the dynamic response of a bridge but the most 
important are the first natural frequency and the damping ratio. By studying the 
spectrum during free vibrations after a train passage, it is easy to determine the 
natural frequency of the bridge. It is more complicated to determine the damping ratio 
of the bridge. Here, two methods to calculate the damping ratio are described: the 
logarithmic decrement method and a least-squares method. 

3.5.1 The logarithmic decrement method 

The bridge can be modelled by a single degree-of-freedom system (SDOF) 
constituted by a spring (with stiffness k) and a damper (with damping coefficient c). 
This system can be also characterized by a natural frequency ω  and a damping ratioξ . 
After an excitation, the system has a free decay response (see Figure 3.8). 

The envelope of the curve is directly linked to the damping ratio. The local 
maxima decrease during each period depending on the damping ratio. We denote the 
amplitude of the ith peak by ia . The logarithmic decrement between two peaks 
separated by m cycles permits the assessment of the damping ratio of the system by 
using Equation (3.4). 
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Figure 3.8: Free decay of a SDOF System 

 
The bridge is not exactly a linear SDOF system and the damping ratio is not 

constant during the vibrations. If a global damping ratio is only needed, a high number 
of separated cycles m is more accurate. If we need to see the evolution of the damping 
ratio, a minimum of five cycles is necessary. 

1 ln
2

n

n m

a
m a

ξ
π +

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 (3.4) 

 

3.5.2 The least-squares method 

The least-squares method used in this report consists of minimizing the squared 
differences between the measurements and a fitting function in the time domain. The 
free vibrations are modelled by a linear oscillator governed by the equation of motion 
(v is the deflection of the beam at midpoint): 

22 0v v vξω ω+ + =&& &  (3.5) 

Solving this equation leads to the following expression for the acceleration of the 
beam at midpoint: 

( ) ( ) ( )2 2( ) 1 cos 2 sin tv t A t t e ξωω ξ ω φ ξ ω φ −⎡ ⎤= − − + −⎣ ⎦&&  (3.6)  

where A is the amplitude and φ  the phase. 

te ξω−  

sin( )tω  
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The least-squares method finds approximations of the four parameters , , ,A ω ξ φ  
by minimizing the sum of the squared differences between the fitting function and the 
data at each point of measurement. The coefficient of determination R2 is calculated 
with Equation (3.7). Without noise in the measurements, it tends to 1 when the 
function fits very well. 

( )2

2
21 meas fit

meas

y y
R

y
−

= −∑
∑

 (3.7)  
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4 Results 

4.1 Description of the loading trains 

During the first day of measurements (3rd November 2005), six trains passed the 
bridge over Skidträskån. They were freight trains and Steel Arrow trains. Their speed 
was around 100 km/h except the last one which was slower. Their descriptions are 
gathered in Table 4.1. Moreover, measurements from other days (with only the 
permanent system) gathered data from freight, Steel Arrow and passenger trains with 
many different speeds and loads. 

 
Name of train Time Type of train Speed (km/h) Total length (m) 
F-1 13h59 Freight train 98.72 424 
S-2 14h30 Steel Arrow train 101.38 408 
F-3 15h17 Freight train 93.78 602 
F-4 15h54 Freight train 97.69 261 
F-5 16h20 Freight train 100.84 421 
F-6 16h37 Empty Steel Arrow train 57.53 630 

Table 4.1: Description of trains during the first day of measurements 

 
The root-mean-square (RMS) acceleration gives an indication of the acceleration 

which really affects the bridge. The RMS acceleration is defined by:  

2

1

1 N

i
i

RMS a
N =

= ∑  (4.1)  

where N is the number of points of measurement. The RMS acceleration is always 
calculated on the whole signal in this study.  

A resonance peak, for the calibrated model with the Steel Arrow train, is 
observed at the speed 97 km/h (see also Chapter 3.2). The resonance is observed only 
for the maximal acceleration with the measurements of Steel Arrow trains passages as 
shown in Figure 4.1. With the RMS acceleration, any resonance is noticed (see Figure 
4.2). 

The European and Swedish codes specify a maximal acceleration of the deck of 
3.5 m/s2 after filtering the data at 30 Hz (see CEN, 2002 and The Swedish National 
Rail Administration, 2008). For all measured trains, the maximal vertical acceleration 
was under this limit (see Figure 4.1) and the RMS acceleration was less than 0.4 m/s2 
(see Figure 4.2). This signifies that high amplitudes of acceleration correspond to high 
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frequencies. These high accelerations are often due to defects or wheel flats. In such 
cases, their duration is very short so they do not affect the bridge and the ballast. The 
model does not take into account these defects and therefore the maximal acceleration 
is lower than those measured. Otherwise, the model overestimates the RMS 
acceleration. 

 
Figure 4.1: Measured and calculated maximal vertical bridge deck accelerations as 
function of the speed for different trains. Measured data (A low-pass filter of 30 Hz is 
applied) from several months with the permanent system. The model is calculated with 
a Steel Arrow train.  

 
Figure 4.2: RMS vertical acceleration in function of the speed for different trains. 
Same methods as the previous figure. 

 

To calculate the speed of the random passing trains, the time between the two 
passages of a same axle at the level of the two strain transducers was measured (see 
Figure B.1). The final speed is the average of these measured times divided by the 
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distance between the two sensors. When the algorithm gave a high standard deviation 
(above 3 m/s), the speed was calculated manually with a similar method (see 
Appendix C.1). 

4.2 Strains and accelerations in the time domain 

4.2.1 Strain measured during passages of trains 

The strain at the upper flange of the steel main beam during train passage is very 
low. The strain in the steel beam varies linearly with the distance from the neutral 
point. Because of the lower level of the strain and the change of sign between the two 
sensors (see Figure 4.3), the neutral point must be just under the upper sensor. This 
corresponds to the will of designers who want to minimize the deformation at the 
intersection between the two steel beams and the concrete slab. 

 

Upper flange 
(P3) 

 

Bottom 
flange (P4) 

Figure 4.3: Strain of the east beam at quarter-point for the train S-2 (see Table 4.1). 

4.2.2 Accelerations of track and beams during passages of trains 

Different accelerations on the track were recorded. The vertical accelerations in 
sleeper, ballast and beam are plotted in Figure 4.4. The maximal acceleration was 
found in the sleeper and reached 35 m/s2 (the filter cut-off frequency was 200 Hz). 
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Position of the 
4th wagon 

In Figure 4.4, small vibrations are visible before the arrival of the first wheel of 
the train at the point of measurement. These vibrations begin when the train reaches 
the bridge. It is difficult to determine the exact time of arrival of the train because of 
the noise in the data but also because vibrations are transmitted by ballast and rails 
before the train actually reaches the bridge. In sleeper graphs, we can clearly 
distinguish the different passages of wheels. One observation which can be made is that 
the fourth wagon (70-80 m) seems to be empty because the average acceleration is 
lower. In the ballast, it is harder to identify the passage of individual wheels. The 
ballast attenuates the passage of the train and smoothes the signal because of friction 
between ballast particles.  

 

 

 
 
 

 
 

Acceleration in sleeper  
(T2, end) 

 

Acceleration in ballast 
(T4) 

 

Acceleration  
in steel beam 

(P5, midpoint, east) 

Figure 4.4: Vertical accelerations in track and bridge for a part of the train S-2 (see 
also Table 4.1). The vertical scales are different in the different graphs. The filter cut-
off frequency of the two top plots is 150 Hz (sampling rate of 1200 Hz) and the one for 
the lower plot is 20 Hz (sampling rate of 150 Hz) 
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4.3 Accelerations in the frequency domain 

Because of the different sampling rates between the temporary system and the 
permanent one, widths of the frequency band are 600 Hz and 75 Hz, respectively. First 
we study the measurements in the beams and secondly in the track. Then, after 
resampling the data, we can compare the signals from the two systems in the smaller 
frequency band (0 – 75 Hz). 

4.3.1 First natural frequencies during free vibrations 

After the passage of the train, the bridge keeps vibrating freely. Around 4 Hz, two 
peaks are often visible: one about 3.9 Hz and one about 4.7 Hz. The amplitude of the 
first is always the largest except for the fourth train (see Figure 4.5). According to 
Equation (2.1), the calculation of the vertical and the torsional accelerations shows 
that the first peak corresponds to the frequency of the first natural bending mode and 
the second, to the one of the first torsional mode (see Figure 4.6). 

 

  

Figure 4.5: Spectrum of measured beam free vibrations (sensor P-5) after passages of 
trains F-3 and F-4 (see also Table 4.1). 

  

Figure 4.6: Spectrum of vertical acceleration (left) and torsional acceleration (right), 
calculated according to Equation (2.1), during free vibrations after the passage of the 
train F-3. 
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The fourth train may have a large roll movement before arriving on the bridge 
and this fact changes the initial conditions of excitation. So the vibrating response of 
the bridge is influenced. The bridge is more excited in the torsional mode than in the 
bending one. It is assumed that the roll movement of the train induced a torsional 
movement to the bridge. For the third train, both torsional and bending modes are 
excited. It should be noted that not only the first bending mode is important for the 
response of the bridge but also the first torsional mode.  

The results for the both first natural frequencies (bending and torsion) are 
gathered in Table 4.2. The second vertical bending mode is not visible because the 
damping ratio is higher and vibrations die rapidly. According to Equation (3.1), the 
theoretical natural frequency for the first bending mode is 2.69 Hz (see Chapter 3.1) 
which is much lower than the experimentally determined first frequency. However, this 
simple model does not take into account factors like the effects of the track or the links 
between the steel beams and the concrete for instance. 
 

Train Speed (m/s) First bending 
mode (Hz) 

First torsional 
mode (Hz) 

F-1 27.42 3.86 4.66 
S-2 28.16 3.85 4.66 
F-3 26.05 3.89 4.67 
F-4 27.14 3.89 4.66 
F-5 28.01 3.85 4.65 
F-6 15.98 3.90 4.66 
Mean – Std. dev. 3.87 – 0.02 4.66 – 0.01 

Table 4.2: Measured frequencies for first natural bending and torsional modes during 
free vibrations (see also Table 4.1). 

4.3.2 Eigenfrequencies during trains passages 

The bridge is excited by the train and vibrations occur at many different 
frequencies. The bridge vibrates with its own modes but there are other vibrations due 
to defects or change of stiffness. Frequencies which have been identified during the first 
day of measurements have been gathered in Table 4.3. Standard deviations are higher 
because peaks are not well-marked as in the free vibrations. 

 
Train Speed 

(m/s) 
First bending 
mode 

First torsional 
mode 

Second 
mode 

Sleeper 
frequency 

F-1 27,42 3.27 4.67 11.27 40.53 
S-2 28,16 2.90 4.90 11.35 41.14 
F-3 26,05 3.50 4.77 10.09 41.56 
F-4 27,14 3.46 4.58 12.23 39.69 
F-5 28,01 3.29 4.71 11.48 41.14 
F-6 15,98 3.56 4.76 12.36 24.75 
Mean – Std. dev. 3.09 – 0,26  4.76 – 0.16  11.46 – 0.82  

Table 4.3: Important frequencies during the vibrations of the bridge when trains 
passed (frequencies in Hz) 



4.3. ACCELERATIONS IN THE FREQUENCY DOMAIN 

 25 

The first bending mode has an average frequency of 3.09 Hz which is much lower 
than during free vibrations. Taking the mass of the train into account, the bridge-train 
system is heavier than the bridge alone. According to equation (3.1), the frequency 
decreases when the mass increases. The standard deviation of the results is much 
higher because the trains have different weights. Also, the mass of the system varies as 
the train passes over the bridge. The Steel Arrow train is the heaviest and that is why 
the bridge has the lower frequency during its passage.  

The first torsional mode had an average frequency of 4.76 Hz. This result 
contradicts the explanation in the previous paragraph. The frequency should be lower 
than 4.66 Hz. But the torsional mode was not clearly excited except for the fourth 
train. For this train, the frequency of the first torsional mode was lower. 

For the second vertical mode of vibration, sensors P5 and P6 are situated at a 
node (midspan) but the sensor P7 is situated at quarter-point of the beam where the 
amplitude is maximal (see Figure 3.1). Although the amplitude is very low, the second 
mode is visible during the passage of a train and was found around 11.5 Hz (see Figure 
4.7).  
 

 

Figure 4.7: Spectrum of vertical accelerations (sensors P5 to P-7) in the steel beams 
for the train F-4 (Filter cut-off frequency of 20 Hz). 

The sleeper passage frequency is well-marked on graphs of beam acceleration even 
if this part of the signal is affected by the applied filter. In the measurements with a 
higher filter cut-off frequency (75 Hz), it can be observed that the amplitude of the 
sleeper frequency is larger than the first natural frequency of the bridge. With the 
sleeper passage frequency and the train speed, the distance between two sleepers is 
calculated using equation (3.3): 66 cm with a standard deviation of 2 cm. This value 
corresponds to the usual distance around 65 cm on Swedish railway tracks (The 
Swedish National Rail Administration, 2008). 
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4.3.3 Accelerations in the track: sleeper and ballast 

In the sleeper, before a flat graph, we can distinguish different frequencies (see 
Figure 4.8). First, three frequencies (2.07, 4.13, 6.27 Hz) are well-marked. These peaks 
appear also in the graphs for acceleration of the beams and the ballast but are not as 
visible as in the sleeper. The integer factor between these frequencies is striking, 
however, any explanation has been found. There is a peak at  
17 Hz which seems to correspond at the electrical (power line) frequency of 16.77 Hz. 
We can distinguish a little peak around 40 Hz corresponding to the sleeper passage 
frequency. Above 40 Hz, the amplitude is very flat. If we filter the measurements, the 
signal does not change except for the attenuation. The signal does not seem to be a 
noise but rather the accumulation of vibrations due to track and wheel irregularities. 
The amplitude of noise of such sensors is lower as we can see with the ballast signal 
(see Figure 4.9). Some experimentation highlights the frequency band between 600 and 
2400 Hz where the amplitude of accelerations is higher (Kjörling, 1995). 

 

Figure 4.8: Spectrum of vertical acceleration in sleeper (T2) for the train S-2. 

In the ballast, the amplitude increases until about 175 Hz and it is preceded by a 
slow decrease (see Figure 4.9). The fundamental frequency of the bridge (about 4 Hz) 
and the sleeper passage frequency (about 40 Hz) give two clearly visible peaks. A third 
peak appears at 94.1 Hz but only for the train S-2. For this frequency, no explanation 
has been found. 

For the measurements except the first one, the range of the resonance peak is 
160-190 Hz. It is rather a dynamic amplification due to the non-linearities of the 
ballast. Zhai found a range of 80-110 Hz with measured results on embankments (Zhai, 
2004). Such a resonance depends on the properties of the ballast like thickness, density, 
size of particles, compaction level, etc. The sleeper spacing, the type of the subgrade 
are also important factors. Herein, the measurements are made on a bridge track that 
must influence the behaviour of the ballast and also the range of the resonance 
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frequency. This result must be verified because the found range is very close from the 
filter cut-off frequency of 200 Hz. 

 

Figure 4.9: Spectrum of vertical acceleration in ballast (T4) for the train S-2 (filter 
cut-off frequency of 200 Hz). 

4.4 Evaluation of the properties of the bridge 

4.4.1 Results from the least-squares method 

The least-squares method was applied on the free vibrations of the bridge. The 
fitted curves were in good agreement with those measured (see Figure 4.10). The 
frequency obtained with this method corresponds to the one obtained with the 
spectrum. To obtain a global frequency and damping ratio, the minimization was 
applied on the whole signal. The results from this method are gathered in Table 4.4. 
Because of the signal, this method is applied on torsional vibrations for the third and 
the fourth trains by calculating the torsional acceleration according to Equation (2.1). 
European codes (CEN, 2002) specify for this type of bridge a minimal damping ratio of 
0.5%. This specification is met except for the fourth train F-4. 

After a few cycles, the gap increases between the data and the fitting function 
(see Figure 4.10). The frequency of the data increases. The amplitude of the data is 
higher, because the damping ratio decreases. That is why the first part of the free 
vibrations is important and should be used to calculate the parameters as is also 
pointed by Rebelo et al (Rebelo, 2008). 



Chapter 4. Results 

 28

 
Train Speed 

(m/s) 
Frequency 
(Hz) 

Damping 
Ratio (%) 

Coefficient of 
determination R2 

F-1 27.42 3.82 1.24 0.92 
S-2 28.16 3.83 1.10 0.91 
F-3 26.05 3.87 0.63 0.96 
  4.64 0.70 0.91 
F-4 27.14 4.65 0.46 0.95 
F-5 28.01 3.81 1.29 0.90 
F-6 15.98 3.90 0.58 0.98 

Table 4.4: Calculated parameters with the least-squares method for the first bending 
mode (all trains except F-4) and the first torsional mode (trains F-3 & F-4 in italic). 

 

Figure 4.10: The fitting function (red) and the measured data (blue) for the free 
vibrations after the passage of the first train F-1. The determination coefficient is  
R2 = 0.91. 

4.4.2 Evolution of the frequency 

The frequency depends on the time when the calculation begins in the free 
vibration, part of the signal. The amplitude decreases with time so the evolution of the 
frequency with the amplitude can be studied (see Figure 4.11 for the first bending 
mode and Figure 4.13 for the first torsional mode). By shifting the beginning of the 
time domain, the amplitude of vibrations varies. The frequency increases when the 
amplitude decreases. 

The frequency was calculated for each five cycles of the signal by shifting the 
beginning of the window. Two methods are used to calculate the frequency. The first 
one is with the least-squares method explained in Chapter 3.5.2 (see Appendix C.5). 
The second one calculates the spectrum of the windowed signal (see Appendix C.3). 
The zero-padding method is also used to refine the step of the spectrum calculation. In 
high amplitudes, both methods are in good agreement but they are moving from each 
other in lower amplitudes (see Figure 4.12). 

In low amplitudes, the signal reaches the resolution of the measuring system. The 
signal is not anymore smooth and consecutive peaks can have the same value (see 
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Figure 4.14). This does not have great influence on the frequency estimates, but the 
errors in the estimates of the damping ratio can be large. This occurs for amplitudes 
lower than 0.015 m/s2. This limit is marked by a vertical dashed blue line in the 
following graphs. 

 
 
Figure 4.11: Evolution of the frequency of the bridge first bending mode with the 
amplitude of vibrations (Least-squares method). A zoom of the band 0-0.05 m/s2 is 
plotted in Figure B.3. 

 
 
Figure 4.12: Evolution of the frequency of the bridge first bending mode after the 
passage of the train F-1 (see also Table 4.1) comparing two different methods. 
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Figure 4.13: Evolution of the frequency of the bridge first torsional mode after the 
passage of the train F-4 (see also Table 4.1) comparing two different methods. 
 

 

Figure 4.14: Vertical acceleration during free vibrations in lower amplitudes. 

4.4.3 Evolution of the damping ratio 

Both methods (logarithmic decrement and least-squares method) were used to 
calculate the damping ratio (see Appendix C.4 & C.5). Its evolution with amplitude is 
plotted in Figure 4.15 and Figure 4.16 for the first bending mode and in Figure 4.17 for 
the first torsional mode. The damping ratio increases with the amplitude. The linear 
trend is less clear for the lower amplitudes. Johnson (Johnson, 1999) obtained similar 
graphs for a torsional mode in a suspension bridge, with a damping ratio which reaches 
zero in lower amplitudes.  



4.4. EVALUATION OF THE PROPERTIES OF THE BRIDGE 

 31 

 
 
Figure 4.15: Evolution of the damping ratio of the bridge first bending mode for 
different train passages (Least-squares method). 
 

 
 
Figure 4.16: Evolution of the damping ratio of the bridge first bending mode after the 
passage of the train F-1 (see also Table 4.1) comparing two different methods. 
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Figure 4.17: Evolution of the damping ratio of the bridge first torsional mode after the 
passage of the train F-4 (see also Table 4.1) comparing two different methods.   

4.4.4 Discussion about these evolutions 

The different methods tested are not in good agreement in lower amplitudes. The 
least-squares method gives a little increase and a discontinuity for the frequency. The 
determination coefficient is always up to 0.85 for these points. The calculated 
minimum could be sometimes a local one and not the global minimum. In the 
spectrum-based method, we refine the spectrum artificially (by zero-padding) to see 
the evolution. In the results from the logarithmic decrement method, values of two 
consecutive peaks can be the same and in some cases, the second peak is higher than 
the first. This phenomenon appears more in lower amplitudes. Hence, it must be 
concluded that the spectrum-based and the logarithmic decrement methods can give 
erroneous results. 

However, two important tendencies can be noticed: when the amplitude 
increases, (i) the frequency decreases and (ii) the damping ratio increases. These 
results confirm Rebelo’s measurements (Rebelo, 2008). The decrease of the frequency 
should be linked with the decrease of the stiffness of the whole structure according to 
equation (3.1). This conclusion differs from Rebelo. Similar conclusions can be drawn 
for both bending and torsional modes. For this evolution of both frequency and 
damping ratio, two explanations are assumed. 

 
Explanation 1: 

For the lower amplitudes, there is static friction on supports of beams (bearings). 
Both ends can be considered as fixed. But with higher amplitudes, bearings and beams 
rather slide and dynamic friction appears. The case with the both ends fixed has a 
different damping ratio from the case of a simply supported beam (one end fixed and a 
roller end). When the amplitude reaches a limit value, the friction in bearings should 
dissipate more energy and so the damping ratio should increase. Some form of 
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discontinuity should be observed if this mechanism gave any significant contributions 
to the total damping. However, this theory can not explain the variation in 
eigenfrequency. According to Equation (3.1), a 5% change in the fundamental 
frequency would correspond to a change in length of approximately 

%4.2)05.1/11(100 =− , that is approximately 0.9 m. 
 

Explanation 2: 
In the ballast, contact forces between particles are supposed to be mobilized in 

different ways in lower and higher amplitudes (see Figure 4.18). A simple model of the 
track superstructure is to assume that it may be regarded as a (rather strange) solid 
when being deformed in vibrations of low amplitude. Under these conditions, the 
longitudinal stresses in this layer of the beam are not large enough to overcome the 
static friction between the ballast particles and the ballast layer behaves like a solid 
and hence, stores elastic energy. In vibrations of larger amplitudes however, the 
longitudinal stresses may be large enough to overcome the static friction. Particles 
rather slide and can not be deformed to the same extent, decreasing their ability to 
store elastic energy and at the same time increasing the dissipation of energy from the 
system. If the continuity of the track superstructure is taken into consideration one 
may very well have zones in which the relative motion between ballast particles occurs 
and other zones in which it does not occur, leading to continuous relations between the 
amplitude of vibration and the dynamic properties of the bridge-track system. 
Accordingly, large vibrations amplitude lead to the decrease of the stiffness and the 
increasing of the damping ratio of the ballast and so on of the whole structure. 

 

 
Figure 4.18: Deformation of the bridge in lower (dash line) and higher amplitudes. 

 
 

It is assumed that both phenomena are mixed in the behaviour of the structure. 
But the behaviour of the ballast might contribute in a larger scale than the bearings. 
Indeed bearings are small in relation to the size of the ballast and the effects of friction 
seem to be larger in the ballast. That may explain the fact that no discontinuity is 
observed. 

Unfortunately, this study was done only for a few trains. To confirm these results, 
further researches should be carried to explore larger amplitudes and possible 
dependencies on the type of train for instance. It would be interesting to model both 
behaviours and determine their different contributions. With the transversal strain 
gauge (see Figure B.1), it is possible to know the load on the bridge (Liljencrantz, 
2007). So it might be possible to find a relation between axle load and the evolution of 
the frequency during train passages. 
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4.5 Ballast transmission 

4.5.1 Ballast accelerations from the first day of measurements  

With measured acceleration in the different layers of the bridge, it is interesting 
to plot accelerations of the beam and the ballast in a same graph (see Figure 4.19 & 
Figure B.4). In doing so, one must remember that the sampling rate for the 
measurements in the ballast is higher than that in the measurements on the beam. So 
the filter cut-off frequency of the first filter is higher too. The filter cut-off frequency 
for the beam filter is 20 Hz. Hence, the available frequency band of this study is limited 
to 0-20 Hz. 

 

Figure 4.19: Spectra of accelerations of the ballast and the beam for the train F-5. Both 
signals have the same sampling rate of 150 Hz. (A zoom of the band 0-20 Hz is shown 
in Figure B.4). 

In this frequency band (0-20 Hz), the accelerations of the ballast and of the beam 
have exactly the same shape and the same amplitude (see Figure B.4). Curves are in 
good agreement: peaks, increases and decreases are situated at the same frequencies. 
Thus, vibrations with frequencies up to 20 Hz pass through the ballast and the 
concrete slab without any filtering. 

The most important frequency in this band is the one of the first mode of the 
whole structure. All parts of the bridge vibrate with the same frequency and the same 
amplitude. Above 20 Hz, accelerations spectra are moving away from each other. But 
this is due to the effect of the measurements filter. 
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4.5.2 Comparison with the same type of train 

The filter cut-off frequency of the permanent system was increased later to 75 Hz 
during the period of measurements. So, this made it possible to study a larger 
frequency band than described in the previous section. However the temporary system 
was not available anymore and so, a direct comparison between the ballast and the 
beam signals is not possible.  

However, Steel Arrow trains have always the same characteristics because their 
load is very specific. So, with same speed, two different Steel Arrow trains have almost 
the same properties and thus apply the same excitation to the bridge. It is easy to 
recognize this type of train by studying the measured signals. 

In the series of trains measured during one year with the permanent system, a 
second Steel Arrow train (2), with same characteristics as the Steel Arrow train (1) of 
the first day, is chosen. The spectrum of the ballast signal was obtained with the first 
train (1) and the spectrum of the beam, with the second train (2). Both spectra are 
shown in Figure 4.20.  

 

Figure 4.20: Amplitudes in the frequency domain for accelerometers in the ballast and 
on the beam for two different Steel Arrow trains. Both signals have the same sampling 
rate of 600 Hz. 

 
The amplitudes rather agree and the graphs have the same shape until the 

frequency of about 70 Hz. After this frequency, a discrepancy is observed which can 
have two different sources. The first one is that the ballast has attenuated vibrations of 
frequency greater than 70 Hz. The second explanation, which is more relevant, is this is 
again the effect of the filter applied on the measurements.  

To summarize, it is clear that the ballast transmits vibrations completely without 
any filtering for frequencies between 0-20 Hz. It even seems like, up to at least 70 Hz, 
the ballast does not filter out any frequencies. For further research, it would be 
interesting to measure accelerations at several points like ballast, concrete slab and 
steel beams with a higher filter cut-off frequency to confirm these results. 
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5 Conclusions 

5.1 Concluding remarks 

The following are the main conclusions of this study: 

• To estimate accurately the bridge properties and its dynamic behaviour, 
measurements are essential. Indeed, the theoretical parameters give different 
results compared to measurements. In particular it gives a lower first natural 
frequency (lower stiffness). A comparison with previous known bridges should be 
done to predict the behaviour of the future bridge. By interpolating the different 
parameters, the future behaviour might be predicted. 

• The ballast does not filter out any frequencies between 0-20 Hz. It seems to 
transmit vibrations, at least, up to 70 Hz.  

• During free vibrations, an evolution of both frequency and damping ratio was 
noticed. The frequency decreases as the stiffness of the whole structure with 
increasing amplitudes. The damping is found to increase with amplitude. It is 
assumed that supports and ballast mobilize different mechanisms in lower and 
higher amplitudes. The relative motion between ballast particles increases with the 
amplitude of vibration which leads to a higher damping and a lower stiffness. In 
higher amplitudes, the friction in bearings induces also a higher damping. 

5.2 Suggestions for further research 

• The frequency band of study is restricted to 0-20 Hz, for the first day of 
measurements. To deepen the transmission from the rail to the steel beams, other 
measurements should be done with a higher sampling rate. 

• A model of supports and ballast might explain the exact contribution of both 
element to the evolution of damping and stiffness. 

• The study was carried out with a few trains. A study of the random passing trains 
might confirm the evolution of both frequency and stiffness during free vibrations. 
Some factors might influence this trend like the type of train (load) and the 
temperature for instance. The evolution of the frequency could be studied during 
train passages and linked to the axle load obtain with the strain transducers. 
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A Equations of Fryba’s model 

The deflection and the acceleration of the beam described by Fryba’s model are 
(Fryba, 2000): 
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B Additional figures 

 

Figure B.1: Transversal strain measured by B-WIM sensors during a Steel Arrow train 
passage. 

 

Figure B.2: A painting line on the ballast during measurements. Any particle 
displacement has been observed. 
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Figure B.3: Evolution of the frequency of the bridge first bending mode with the 
amplitude of vibrations (zoom of Figure 4.11). 
 

 

Figure B.4: Spectra of accelerations of the ballast and the beam for the train F-5 
(zoom of Figure 4.19). Both signals have the same sampling rate of 150 Hz. 
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C Matlab codes 

C.1 Calculation of the speed for the random passing trains 

 
files=dir('M_DATA_2006_*.bin'); 
  
SRP = 600;                                              % Sampling Rate 
Sc = 1569.9;                                            % Scale for strain gauges 
Sc5 = 0.2595;                                           % Scales for accelerometers 
Sc6 = 0.2546; 
Sc7 = 0.2521; 
  
for i=1:size(files,1)                                   % Explore all files 
     
    filedate=files(i).datenum;                          % Take the date of the train passage 
    %yy=datestr(filedate); 
    S(i,1)=filedate; 
  
    [a1,a2] = catman_read(files(i).name); 
    Time = a2(1).data;                                  % Time in seconds 
    P5 = (a2(6).data)/Sc5;                              % Accelerometer P5 Midpoint East Beam 
    P6 = (a2(7).data)/Sc6;                              % Accelerometer P6 Midpoint West Beam 
     
    S1 = a2(10).data;                                   % Transversal strain Midpoint 
    S2 = a2(12).data;                                   % Transversal strain 1/4point 
     
    Av = 0.5*(P5+P6);                                   % Vertical acceleration of the deck      
(m/s2) 
    At = (P6-P5)/2.8;                                   % Torsional acceleration of the deck     
(rad/s2) 
     
    [b,a] = butter(1,60/SRP,'low');                     % Bessel filter - Cut-off frequency of 
30 Hz 
    AAv=filter(b,a,Av); 
    S(i,14) = max (AAv);                                % Maximal vertical acceleration 
    S(i,15) = sqrt(mean(AAv.^2));                       % RMS vertical acceleration 
  
     
    %---  SPEED  ---% 
     
    S1f = filter(b,a,S1); 
    S2f = filter(b,a,S2); 
    x1 = [Time;S1f]'; 
    x2 = [Time;S2f]'; 
    TC1 = dat2tc(x1);                                   % Find troughs and crests of the 
signal 
    TC2 = dat2tc(x2); 
    if ~(isempty(TC1)) && ~(isempty(TC2)),              % Check that dat2tc found values 
        t1 = TC1(:,1);                                  % Time of each trough and each crest 
        t2 = TC2(:,1); 
        y1 = TC1(:,2);                                  % Value of each trough and each crest 
        y2 = TC2(:,2); 
        d1=diff(t1);                                    % Difference of time between two 
extrema 
        d2=diff(t2); 
         
        %%% Check that throughs and crests correspond to the same axles %%% 
         
        tolerance=0.2;                                  % Tolerance of time differences 
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        k=1; 
        while k<length(d1) && k<length(d2), 
            dd=d2(k)-d1(k);                             % Calculate the difference 
            if abs(dd)/d1(k)>tolerance, 
                if dd>0, 
                    t1=[t1(1:k);t1(k+2:end)];           % Suppression of the element which 
does not match 
                    y1=[y1(1:k);y1(k+2:end)]; 
                    d1(k)=d1(k)+d1(k+1);                % Substitution of differences 
                    for j=k+1:length(d1)-1, 
                        d1(j)=d1(j+1); 
                    end 
                    d1=d1(1:j);                         % Suppression of the last element 
                else 
                    t2=[t2(1:k);t2(k+2:end)]; 
                    y2=[y2(1:k);y2(k+2:end)]; 
                    d2(k)=d2(k)+d2(k+1); 
                    for j=k+1:length(d2)-1, 
                        d2(j)=d2(j+1); 
                    end 
                    d2=d2(1:j); 
                end 
                k=k-1; 
            end 
            k=k+1; 
        end 
         
        %%% Check that the number of axles of the both signal are the same %%% 
         
        if length(t2)>length(t1),                       % Check that dat2tc find the same 
number of extrema 
            t2=t2(1:length(t1)); 
        elseif length(t2)<length(t1), 
            t1=t1(1:length(t2)); 
        end 
         
            delta = t2-t1;                              % Time for a same axle to cover the 
distance between the two sensors 
            speed = 9./delta; 
            speed_avg = mean(speed); 
            speed_std = std(speed); 
             
            S(i,2) = speed_avg;                         % Memorize speed 
            S(i,3) = speed_std;                         % Memorize standard deviation of speed 
measurements 
    end 
end 
 

C.2 Fryba’s model 

Thanks to Mahir Ülter who wrote this Matlab code. A similar algorithm calculates the 
deflection. 
 
% AF2011 Structural dynamics for civil engineers 2008 
% Frýba's solution for the response of a simply supported beam subjected 
% to a pulse train of arbitrary load amplitudes and distances between loads 
  
% Frýba, L. (2001), A rough assessment of railway bridges for high speed 
% trains, Engineering Structures 23 (2001) 548-556. Available on BILDA. 
  
% This function calculates the beam acceleration 
  
function a = aPT(N,t,x,L,d,Fn,c,mu,E,I,xsi) 
  
% Input 
  
% N  :   number of modes 
% t  :   time vector 
% x  :   spatial coordinate of the beam 
% L  :   beam length 
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% d  :   distance between load nr. 1 och load nr. m 
% Fn :   load vector 
% c  :   train speed 
% mu :   beam mass [kg/m] 
% E  :   beam modulus of elasticity 
% I  :   beam area moment of inertia  
% xsi:   beam damping ratio 
  
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% w  :   loading frequency (pi*c/L) 
% w1 :   fundamental frequency of the beam 
% wd :   damping parameter 
% v0 :   static displacement for point load F = 1N at x = L/2m 
  
w = pi*c/L; 
w1 = sqrt((pi/L)^4*E*I/mu);  
wd = xsi*w1; 
v0 = 2/(mu*L*w1^2); % (for F = 1N) 
  
tm = d/c;        % time at which load m reaches the beam 
Tm = (L + d)/c;  % time at which load m leaves the beam 
  
a = zeros(length(x),length(t))'; % instantiate the result matrix 
m = length(Fn); 
for i = 1:m % for each point load 
     
    an = zeros(length(x),length(t))'; 
     
    htm = zeros(1,length(t))'; 
    hTm = zeros(1,length(t))'; 
  
    htm(t>=tm(i)) = ones(1,length(max(t>=tm(i))))'; % Heavisides function 
    hTm(t>=Tm(i)) = ones(1,length(max(t>=Tm(i))))'; % Heavisides function 
     
    for j = 1:N % for each mode 
  
        wj = sqrt((j*pi/L)^4*E*I/mu);   % undamped eigenfrequency 
        wjp = sqrt(wj^2 - wd^2);        % damped eigenfrequency 
        D = sqrt((wj^2 - (j*w)^2)^2 + 4*(j*w*wd)^2); 
  
        lambda = atan(-2*j*w*wd/(wj^2 - (j*w)^2)); 
        gamma  = atan(2*wd*wjp/(wd^2 - wjp^2 + (j*w)^2)); 
        gammap = gamma + atan(2*wd*wjp/(wjp^2 - wd^2)); 
  
        ftm = -(wjp^2 - wd^2)/(wjp*D)*(j*w*wjp/(wjp^2 - wd^2) ... 
                *sin(j*w*(t-tm(i))+lambda) - ...  
                exp(-wd*(t-tm(i))).*sin(wjp*(t-tm(i)) + gammap)); 
        fTm = -(wjp^2 - wd^2)/(wjp*D)*(j*w*wjp/(wjp^2 - wd^2) ... 
                *sin(j*w*(t-Tm(i))+lambda) - ...  
                exp(-wd*(t-Tm(i))).*sin(wjp*(t-Tm(i)) + gammap)); 
  
        aj = v0*Fn(i)*j*w*w1^2*(ftm'.*htm-(-1)^j*fTm'.*hTm)*sin(j*pi*x/L);      
        an = an + aj; 
  
    end 
     
    a = a + an; 
  
end 
  
a = a'; 

C.3 Spectrum study 

function Z = AF(Time,Y,SR,w,delta) 
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%{ 
  
Calculate the evolution of the frequency in the signal 
  
SR = Sampling Rate 
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w = Width of the window 
delta = Shifting time 
  
Z = Results 
    1- Time of beginning 
    2- Amplitude of the spectrum peak 
    3- Frequency 
    4- Maximal vertical acceleration 
  
%} 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
  
  
  
[Idelta,Iw] = indices(Time,delta,w); 
Win = tukeywin(Iw,0.5); 
N=length(Time); 
  
l=1; 
i=1; 
j=i+Iw-1; 
  
while j<=N, 
 %--- Zero-padding and windowing ---% 
    for k=1000:1000+i-1; 
        YY(k) = 0; 
    end 
    for k=100000+i:1000+j, 
        YY(k)=Y(k-1000)*Win(k-i+1-1000); 
    end 
    for k=1000+j+1:1000+N; 
        YY(k) = 0; 
    end 
     
     
     
    S=fft(YY); 
    n=length(S); 
    n2=floor(n/2); 
    f = SR/n*(0:n2-1); 
    [indf1,indf2] = indices(f,1,10); 
    Spectrum = (1/n)*abs(S(1:n2)); 
    [A,I] = max(Spectrum(indf1:indf2)); 
     
    Z(l,1) = Time(i); 
    Z(l,2) = A; 
    Z(l,3) = f(indf1+I-1); 
    Z(l,4) = max(abs(Y(i:end))); 
     
    l = l+1; 
    i=i+Idelta; 
    j=i+Iw-1; 
end 
  
end 

C.4 Logarithmic decrement method 

function Z = Free_DR(Time,Y,SR,T_end) 
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%{ 
  
Measure the Damping Ratio with the logarithmic decrement method 
Shift the beginning 
  
Y = Measurements (Free vibrations) 
SR = Sampling Rate 
T_end = Time to end the calculations because of the poor signal 
  
Z = Results with 
        1-Amplitude A 
    Damping Ratio DR 
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        2-From the positive part DR1 
        3-From the negative part DR2 
        4-Frequency f 
  
%} 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
i=1; 
[tp indtp] = dat2tp(Y);                 % Find troughs and crests 
% Take away first to make sure it is a real turning point and take only the 
% five first cycles 
tp = tp(2:13); indtp = indtp(2:13);     
tppos = tp(find(tp>0));                 % Take the positive crests 
tpneg = tp(find(tp<0));                 % Take the negative troughs 
indtppos = indtp(find(tp>0));           % Indices of the positive crests 
  
%--- Damping from logarithmic decrement ---% 
m1 = length(tppos)-1; 
if m1 > 0, 
    DR1 = 1/(2*(m1)*pi)*log(tppos(1)/tppos(end)); 
    freq = (m1)/(indtppos(end)-indtppos(1)-1)*SR; 
else 
    DR1 = 0; 
end 
m2 = length(tpneg)-1; 
if m2 > 0, 
    DR2 = 1/(2*(m2)*pi)*log(tpneg(1)/tpneg(end));     
else 
    DR2 = 0; 
end 
  
    Z(i,1) = max(abs(tp)); 
    Z(i,2) = DR1; 
    Z(i,3) = DR2; 
    Z(i,4) = freq; 
    Z(i,6) = m1; 
    Z(i,7) = m2; 
     
Period = indices(Time,1/freq,2/freq); 
Y_temp = Y(Period:end);                     % Shift the beginning 
Time_temp = Time(Period:end); 
i=2; 
  
while 6*Period < length(Time_temp) && Time_temp(6*Period) < T_end, 
    [tp indtp] = dat2tp(Y_temp); 
    tp = tp(2:13); indtp = indtp(2:13); 
    tppos = tp(find(tp>0)); 
    tpneg = tp(find(tp<0)); 
    indtppos = indtp(find(tp>0)); 
    m1 = length(tppos)-1; 
     
    if m1 > 0, 
        DR1 = 1/(2*(m1)*pi)*log(tppos(1)/tppos(end)); 
        freq = (m1)/(indtppos(end)-indtppos(1)-1)*SR; 
    else 
        DR1 = 0; 
    end 
     
    m2 = length(tpneg)-1; 
    if m2 > 0, 
        DR2 = 1/(2*(m2)*pi)*log(tpneg(1)/tpneg(end));     
    else 
        DR2 = 0; 
    end 
     
    Z(i,1) = max(abs(tp)); 
    Z(i,2) = DR1; 
    Z(i,3) = DR2; 
    Z(i,4) = freq; 
    Z(i,5) = Time_temp(1); 
    Z(i,6) = m1; 
    Z(i,7) = m2; 
     
    Y_temp = Y_temp(Period:end); 
    Time_temp = Time_temp(Period:end); 
    i=i+1; 
end  
end 
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C.5 Least-squares method 

function Z = fit_shiftbis(Y_meas,Time,SR) 
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%{ 
  
Measure the four factors of the fitting function  
    during free vibrations shifting the beginning time 
  
Y_meas = Measurements 
ST = Sampling Rate 
  
Z = Results with 
        1-Time of beginning 
        2-Amplitude A 
        3-Frequency f 
        4-Damping Ratio zeta 
        5-Phase phi 
        6-Fitting coefficient R5 
        7-Maximal vertical acceleration of the current windowed data 
%} 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
L = indices(Time,1.25,2); 
LTime = length(Time); 
T = Time(1:L); 
Y = Y_meas(1:L); 
  
lb=[0;3;0;-2*pi];           % Low boundary conditions for the 4 parameters 
ub=[1;5;0.1;2*pi];          % High boudary conditions for the 4 parameters 
  
Yf = fft(Y); 
n = length(Yf); 
n2 = floor(n/2); 
ff = SR/n*(0:n2-1); 
power = (1/n)*abs(Yf(1:n2)); 
[C,I] = max(power); 
f_eval = ff(I); 
     
C = max(abs(Y)); 
A_eval = C/(pi*f_eval^2); 
  
Z(1,1) = T(1); 
[X,res] = lsqcurvefit(@function_fit,[A_eval,f_eval,0.01,0],T,Y... 
    ,lb,ub,optimset('MaxFunEvals',1E15,'TolFun',1E-10,'TolX',1E-10)); 
  
Z(1,2) = X(1); 
Z(1,3) = X(2); 
Z(1,4) = X(3); 
Z(1,5) = X(4); 
i=1; 
  
y_fit = function_fit(X,T); 
S=sum(Y.^2); 
s=0; 
for j=1:length(T), 
    s=s+(y_fit(j)-Y(j))^2; 
end 
Z(i,6) = 1-res/S; 
  
tp = dat2tp(Y); 
Z(1,7)=max(abs(tp)); 
  
Ts = 1/X(2); 
delta = indices(Time,0.5*Ts,4*Ts);      % Number of indices for the shift (Shift of one 
period) 
  
i = 2; 
Shift = (i-1)*delta;  
while Z(i-1,2)>0 && L+Shift < LTime,    % Check that the previous step was well calculated and 
    T = Time(Shift:L+Shift);            % there are at least four cycles (two for shifting and 
two minimal ones for the calculation) 
    Y = Y_meas(Shift:L+Shift); 
    Yf = fft(Y); 
    n = length(Yf); 
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    n2 = floor(n/2); 
    ff = SR/n*(0:n2-1); 
    power = (1/n)*abs(Yf(1:n2)); 
    [C,I] = max(power); 
    f_eval = ff(I); 
     
    C = max(abs(Y)); 
    A_eval = C/(pi*f_eval^2); 
  
    Z(i,1) = T(1); 
    [X,res] = lsqcurvefit(@function_fit,[A_eval,f_eval,0.01,0],T,Y... 
        ,lb,ub,optimset('MaxFunEvals',1E15,'TolFun',1E-10,'TolX',1E-10)); 
  
    Z(i,2) = X(1); 
    Z(i,3) = X(2); 
    Z(i,4) = X(3); 
    Z(i,5) = X(4); 
     
    y_fit = function_fit(X,T); 
  
    S=sum(Y.^2); 
    s=0; 
    for j=1:length(T), 
        s=s+(y_fit(j)-Y(j))^2; 
    end 
    Z(i,6) = 1-res/S; 
    tp = dat2tp(Y); 
    if ~isempty(tp), 
    Z(i,7)=max(abs(tp)); 
    end 
    i = i+1; 
    Shift = (i-1)*delta;  
end 
end 


