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Abstract

Ni-Mn-Ga and In-Tl are two examples of shape memory alloys. Their shape memory
effect is controlled by the martensitic transformation from the high temperature cu-
bic phase to the low temperature tetragonal phase. Experimentally, it was found that
the martensitic transformation, related to the elastic properties, is highly composition-
dependent. In order to better understand the phase transition and facilitate the design
of new materials with improved shape memory properties, the atomic scale description
of the thermophysical properties of these alloys is needed. Therefore, in the present
thesis, the elastic properties and phase stability of Ni-Mn-Ga and In-Tl shape memory
alloys are investigated by the use of first-principles exact muffin-tin orbitals method in
combination with the coherent-potential approximation.

We present a theoretical description of the equilibrium properties of pure In and stan-
dard stoichiometric Ni2MnGa alloy with both cubic and tetragonal structures. In In-Tl
alloys, all the calculated composition-dependent thermophysical properties: lattice pa-
rameter c/a, tetragonal shear modulus C ′ = (C11 − C12)/2, energy difference between
the austenitic and martensitic phases, as well as electronic structures are shown to be
in line with the experimentally observed lowering of the martensitic transition tem-
perature TM with the addition of Tl. For most of the off-stoichiometric Ni2MnGa, the
excess atoms of the rich component prefer to occupy the sublattice of the deficient one,
except for the Ga-rich alloys, where the excess Ga atoms have strong tendency to take
the Mn sublattice irrespective of the Mn occupation. In Ni-Mn-Ga-X (X=Fe, Co, and
Cu) quarternary alloys, Fe atom prefers to occupy the Mn and Ni sublattices even in
Ga-deficient alloys; Co has strong tendency to occupy the Ni-sublattice in all types of
alloys; Cu atoms always occupy the sublattice of the host elements in deficiency. For
most of the studied Ni-Mn-Ga and Ni-Mn-Ga-X alloys with stable site-occupations, the
shear modulus C ′ can be considered as a predictor of the composition dependence of
TM of the alloys: the alloy with larger C ′ than that of the perfect Ni2MnGa generally
possesses lower TM except for Ni2Mn1+xGa1−x and Ni2Mn1−xGaFex. The failure of C ′

as a factor of TM in these two types of alloys may be ascribed that the composition-
dependent magnetic interactions and the temperature-dependent C ′, which also play
an important role on the martensitic transformation in these alloys. Furthermore, we
demonstrate that a proper account of the temperature and composition dependence of
C ′ gives us reasonable theoretical TM(x) values in Ni2+xMn1−xGa alloys. Also in this
type of Ni-rich and Mn-deficient alloys, by using the Heisenberg model in combination
with the mean-field approximation, the abnormal trend of experimental magnetic tran-
sition temperature TC(x) with respect to the composition x is shown to be well captured
by the theory.



Sammanfattning

Ni-Mn-Ga och In-Tl är två exempel på minnesmetaller. Minneseffekten styrs av en
martensitisk fasomvandling från den kubiska högtemperaturfasen till den tetragonala
lågtemperaturfasen. Experimentellt har det visat sig att martensitomvandlingen, relat-
erat till de elastiska egenskaperna, är starkt sammasättningsberoende. För att bättre
förstå fasomvandlingen och underlätta design av nya material med förbättrade min-
nesegenskaper, behövs en atomär beskrivning av dessa legeringars termofysikaliska
egenskaper. I denna avhandling undersöks därför elastiska egenskaper och fasstabilitet
hos minnesmetaller av Ni-Mn-Ga och In-Tl genom att utnyttja ab-initio metoder baser-
ade på exakta muffin-tin orbitaler kombinerat med coherent-potential approximatio-
nen.

Vi presenterar en teoretisk beskrivning av jämviktsegenskaperna i rent In och stökiometr
isk Ni2MnGa i både kubisk och tetragonal struktur. I legeringar av In-Tl är alla beräknade
sammansättningsberoende termofysikaliska egenskaper: gitterparametern c/a, tetrago-
nala skjuvmodulen C ′ = (C11−C12)/2, energiskillnaden mellan austenit- och martensit-
fasen, samt elektronstrukturen i överenstämmelse med den experimentellt observerade
sänkningen av martensitomvandlingstemperaturen TM med ökning av Tl-halten. För
de flesta icke stökiometriska Ni2MnGa, substituerar extra Ni-atomer Mn och extra Mn-
atomer Ni. Extra Ga-atomer har dock en tendens att besätta Mn-subgittret oavsett Mn-
halten. I kvartenära Ni-Mn-Ga-X (X = Fe, Co och Cu), föredrar Fe-atomomer föredrar
att besätta Mn och Ni platser även i underströkiometriska Ga-legeringar, Co har en
stark tendens att besätta Ni-platser i alla typer av legeringar, Cu-atomer alltid upptar
det subgitter där andra atomer saknas. För de flesta studerade legeringarna av Ni-Mn-
Ga och Ni-Mn-Ga-X med stabil fördelning mellan gitterplatserna, kan skjuvmodulen C ′

ses som en prediktor för sammansättningsberoendet hos legeringarnas TM : en legering
med större C ′ än för Ni2MnGa har i allmänhet lägre TM utom för Ni2Mn1+xGa1−x och
Ni2Mn1−xGaFex. Att C ′ inte kan beskriva TM i dessa två typer av legeringar kan tillskri-
vas sammansättningsberoende magnetisk växelverkan och temperaturberoendet hos
C ′, som båda spelar en viktig roll för martensitomvandlingen i dessa legeringar. Dessu-
tom visar vi att om ordentlig änsyn till temperatur- och sammansättningsberoende hos
C ′ tas så erhålles rimliga teoretiska TM(x) värden i Ni2+xMn1−xGa-legeringar. Med hjälp
av Heisenbergs modell kombinerat med mean-fieldäpproximationen, fångas den exper-
imentellt observerade onormala trenden hos den magnetiska omvandlingstemperetau-
ren TC(x) med avseende på sammansättningen x väl fångas upp av teorin även i denna
typ av Ni-rika och Mn-fattiga legeringar.
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Chapter 1

Introduction

The shape memory alloys (SMAs), being one type of functional materials, have been
studied extensively both experimentally and theoretically because they show two unique
capabilities: shape memory effect (SME) and superelasticity (SE), which are absent in
the traditional materials. Both SME and SE largely depend on the solid-solid, diffusion-
less phase transformation process known as martensitic transformation (MT) from a
crystallographically high symmetric parent phase (austenite) to a crystallographically
less symmetric product phase (martensite) [1, 2, 3]. The MT therefore should be an im-
portant character of the SMAs and closely related to other thermophysical properties. In
the present thesis, we will study the martensitic phase transition and elastic properties
of two kinds of SMAs: Ni-Mn-Ga and In-Tl.

In this chapter, I will briefly introduce our motivation and formulate the main aim of
the thesis and describe its organization.

1.1 Motivation

The ferromagnetic Ni-Mn-Ga alloys have drawn much attention in recent years due to
their attractive properties such as magnetic field induced SME and large magnetocaloric
effect (MCE), resulting from the coupling between the magnetic and structural phase
transitions. The SME generally occurs due to the temperature and stress-dependent
shift in the material’s crystalline structure between two different phases: martensite
(low temperature phase) and austenite (high temperature phase). For the standard sto-
ichiometric Ni2MnGa, the martensitic transformation (MT) occurs at a temperature of
202K (TM ), whereas the Curie temperature (TC) is about 376K [4].

Upon alloying, both critical temperatures TM and TC can be sensitively tuned. Differ-
ent combinations of TM and TC result in different properties of the alloys with various
technological significances. For example, in Ni1+xMn1−xGa alloys TM goes up but TC

1



2 CHAPTER 1. INTRODUCTION

goes down with the composition x increasing [5]. The alloys with x between 0.18 and
0.20 have TM and TC close to each other. Consequently, the structural and the magnetic
transitions may couple to each other. This coupling makes it possible to achieve shape
memory effect by applying magnetic field and may induce some attractive properties
such as giant magnetocaloric effect, magnetostriction, and magnetoresistance which are
important for the application of magnetic refrigeration or magnetostrictive transducers.

The alloying effect by doping a fourth element such as Fe, Co, and Cu, has also been
demonstrated to change drastically the martensitic transformation properties. For ex-
ample, the substitution of Mn with Fe (Ni2Mn1−xGaFex) up to x=0.70 drops the marten-
sitic transition temperature TM from 200K to about 120K [6], whereas the replacement of
Ga by Fe (Ni52.7Mn22.1Ga25.2−xFex, x = 5.3) increases TM from 290K to 440K [7]. For the
Co and Cu-doped Mn or Ga-deficient alloys, TM increases [8, 9, 10, 11], but it decreases
if Co or Cu replaces Ni atoms [7, 12, 13].

To build the connection between the composition and TM as well as TC and to under-
stand the underlying physics are critical for designing new Ni-Mn-Ga-based alloys with
desirable properties.

There are several plausible quantities to connect the composition and TM of Ni-Mn-Ga
based alloys, among which the e/a ratio (the number of valence electrons per atom) is
very well recognized. It has been shown that increasing e/a ratio enhances TM [14, 15,
16]. However, such a connection is coarse-grained, and fails in some situations. For
example, replacing Ga by Al or In and varying the long range atomic order change
TM without altering the e/a ratio [17, 18, 19, 20]. The total energy difference (∆EAM)
between the parent austenite and the tetragonal martensite phases is another quantity
proposed to correlate TM with the composition of the alloys. It was shown that a larger
∆EAM corresponds to a higher TM [21, 22]. Interestingly, such a relationship also works
for other shape memory alloys like TiX with X=Ni, Pd, and Pt [23]. Third, the MT of Ni-
Mn-Ga alloys results from the soft-phonon modes and their accompanying soft tetrag-
onal shear modulus C ′ = 1

2
(C11−C12) of the high-temperature parent phase [24, 25, 26].

For alloys undergoing MT, the composition dependence of TM is generally related to the
composition dependence of C ′: the lower the elastic constant the higher the TM will be
[27, 28, 29]. This relationship has been confirmed in TiNi-based shape memory alloys.
Finally, according to Lanska et al. [14] and Banik et al. [30], the composition depen-
dent tetragonality of the martensite (|c/a− 1|, with a and c being the lattice constants of
the martensite) may also serve as an index of the composition dependence of TM , i.e., a
larger |c/a− 1| corresponds to a higher TM . Thus, at least four physical quantities have
been reported to be relevant to the composition dependence of TM . It is therefore of fun-
damental interests to perform a systematic investigation of these claimed correlations
for a specified alloy and to assess their validity.

Based on the Heisenberg model in combination with the mean-field approximation
[31, 32], the magnetic transition temperature TC of the standard stoichiometric Ni2MnGa
was found to be rather close to the experimental value [33]. However, to our knowledge,
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few theoretical determination of the composition dependence of TC for off-stoichiometric
alloys using the Heisenberg model has yet been performed.

In-Tl alloys are another type of binary paramagnetic SMAs. In the composition range of
16-31 at.% Tl, the alloys undergo a martensitic transition from the high-temperature fcc
phase to the low-temperature fct phase [34, 35]. This transition is of particular interests
since it exhibits distinct first-order transition but nearly second order [34, 36].

1.2 Objectives

In the present thesis, our aim is to find the underlying physics of the composition
dependence of TM in Ni-Mn-Ga and In-Tl shape memory alloys, by means of study-
ing the composition-dependent thermophysical properties. The first-principles exact
muffin-tin orbitals (EMTO) method in combination with coherent potential approxima-
tion (CPA) was found to describe accurately the total energy of a system with chemical
and magnetic disorder. This method has been applied successfully in ab initio studies of
the thermophysical properties of random Fe-based alloys [37, 38], simple and transition
metal alloys [39, 40, 41], and oxide solid solutions [42, 43]. Therefore, here we choose
this method as the basic theoretical tool in all the studies.

In our work, we concentrate ourselves on the investigations of the composition depen-
dence of elastic properties and the correlation between the tetragonal elastic constant
C ′ and TM , then finally try to understand the physics of the composition-dependent
TM . The elastic constants are both composition and temperature-dependent. For Ni-
Mn-Ga alloy, the elastic constants behave abnormally, i.e., they harden with increasing
temperature [44]. Therefore, the physics underlying the abnormal trend of the tempera-
ture dependence of C ′ is explored as well, in order to get a more reasonable correlation
between C ′ and TM in this type of SMAs.

Both TM and TC have been demonstrated to depend on the quenching temperature and
the subsequent heat treatment which changes the degree of the long-range atomic order
of the parent alloy [20]. This indicates that the site preference can be a very important
issue affecting the MT temperature of the random alloys. Therefore, the fundamental
investigations of the site occupancy in Ni-Mn-Ga-based alloys are seen as an important
precursory job in our work.

Besides, the composition dependence of other properties, such as equilibrium struc-
tures, lattice parameters, and electronic structures in Ni-Mn-Ga and In-Tl alloys are also
investigated, and for Ni-rich and Mn-deficient Ni2+xMn1−xGa family, we try to explore
the composition dependence of the Curie temperature using the Heisenberg model and
mean-field approximation.
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1.3 Organization of the thesis

The present thesis includes 8 chapters. They are arranged as follows:

1. Introduction: Introduce briefly the motivation and objective of our work, and de-
scribe the arrangement of the thesis.

2. Shape memory alloys: Introduce the shape memory effect and give an overview
of Ni-Mn-Ga and In-Tl alloys.

3. Elastic properties of solids: Describe the formula of static elastic constants and
isothermal elastic constants of single crystals, and polycrystalline elastic constants.

4. Theoretical methodology: Introduce the density functional theory, exact muffin-
tin obitals method, and Heisenberg model used in this thesis.

5. In-Tl binary alloys: Present the results about the composition dependence of lat-
tice parameters, elastic constants, and electronic structures of In-Tl binary shape
memory alloys in both austenitic and martensitic phases.

6. Ni-Mn-Ga ternary alloys: Present the results about the equilibrium properties
of standard stoichiometric Ni2MnGa and the site occupancy, composition- and
temperature-dependent elastic properties, and Curie temperature of off-stoichiome
tric Ni2MnGa alloys.

7. Ni-Mn-Ga-X (X=Fe, Co, and Cu) quarternary alloys: Present the results about
the site occupancy and composition-dependent elastic properties of Ni-Mn-Ga-X
(X=Fe, Co, and Cu) quarternary alloys.

8. Concluding remarks: Summarize the main results of this thesis and suggest the
emphasis of our future work.



Chapter 2

Shape memory alloys (SMAs)

In 1932, a Swedish physicist Arne Olander discovered that gold-cadmium (AuCd) alloy
could be deformed when cooled down and then heated to return to original ”remem-
bered” shape. The metal alloys with such SME are then called SMAs. In 1958, the SME
was first demonstrated at the Brussels World’s Fair, where the SME was used to circu-
larly lift a load mass. Researchers of U.S. Naval Ordnance Laboratory found SME in
nickel-titanium (NiTi) alloy in 1961 by accident, while studying the heat and corrosion
resistance of NiTi. After that, SMAs have been gradually used as actuators, sensors,
robotics, medical use, and so on. Today, the Ni-Mn-Ga-based alloys have become one
of the most broadly studied SMAs due to their particular ”Magnetic Shape Memory
Effect” (MSME). They possess magnetocaloric, magnetostriction effect, and magnetore-
sistance effect. Compared to the ordinary SMAs, magnetism offers faster response and
also bigger deformation.

In the following of this chapter, we will briefly introduce the SME induced by the
martensitic phase transition (Sec. 2.1), and then in Sec. 2.2 we give an overview of
the SMAs in the case of Ni-Mn-Ga and In-Tl.

2.1 Shape memory effect (SME)

The SME means the property that the alloys can remember their original shape during
a process of deformations. This phenomena occurs due to a temperature and stress-
dependent shift in the material’s crystalline structure between two different phases:
martensite (low temperature phase) and austenite (high temperature phase). The tem-
perature, where the phase transformation occurs, is called the transformation temper-
ature. Figure 2.1 is a simplified representation of material’s crystalline arrangement
during different phases.

In austenitic phase, the structure of the material is symmetric; each ”grain” of material

5



6 CHAPTER 2. SHAPE MEMORY ALLOYS (SMAS)

Figure 2.1. Schematic of the crystalline arrangement of shape memory alloys
(SMAs) in different phases.

is a cube with right angles (a). When the alloy cools, it forms the martensitic phase
and collapses to a structure with different shape (b). If an external stress is applied,
the alloy will deform to an alternate state (c). If the alloy is heated again above the
transformation temperature, the austenitic phase will be formed and the structure of
the material returns to the original ”cubic” form (a), generating force/stress.

Some SMAs, usually used as an actuator, can only provide force/displacement in one
direction, which is called one-way SME. For example, a wire that compresses when
heated does not expand without external force, when the alloy cools down. This is
one disadvantage of the SMAs actuators. A bias (return) mechanism must be used, if
actuator has to be returned to the original (cold) shape after the heating phase. On the
other hand, the ability of SMAs to recover a specific shape upon heating and then return
to an alternate shape when cooled (below the transformation temperature) is known as
two-way SME. However, there are limitations that reduce the usability of the two-way
effect, such as smaller strains (2%), extremely low cooling transformation forces and
unknown long-term fatigue and stability. Even slight overheating removes the SME in
two-way devices. Setting shapes in two-way SMAs is a more complex procedure than
the ones used with one-way SMAs.

SMAs also shows a SE behavior if deformed at a temperature which is slightly above
their transformation temperatures. This effect is caused by the stress-induced formation
of some martensite above its normal temperature. Because it has been formed above
its normal temperature, the martensite reverts immediately to undeformed austenite
as soon as the stress is removed. This process provides a very springy, ”rubberlike”
elasticity in these alloys. The superelastic alloys are generally used as eyeglass frames.
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Figure 2.2. Unit cells of standard stoichiometric Ni2MnGa with simple cubic L21

structure and body-centered-tetragonal structure in the [1 1 0] direction.

2.2 An overview of Ni-Mn-Ga and In-Tl alloys

Ni-Mn-Ga alloy is one group of the most studied SMAs due to its MSME induced by
the reversible MT. For the standard stoichiometric Ni2MnGa, the MT occurs at a tem-
perature 202 K (TM ), whereas the Curie temperature (TC) is about 376 K [4]. Numerous
experiments have shown that both TM and TC are very sensitive to the composition of
the alloy. The combination of the magnetic and structural features results in its unique
thermomagnetomechanical properties. In a result, the Ni-Mn-Ga alloys can be used as
actuators, sensors, robotics, magnetic refrigeration, medical use, and so on.

Close to stoichiometric Ni2MnGa, the melt solidifies to the B2’ structure. The alloy trans-
forms to an ordered cubic structure L21 at a temperature depending on the composition,
generally around 1073 K [45]. Annealing to obtain sharp martensitic reactions is usu-
ally carried out in an inert atmosphere or in a vacuum quartz ampoule, at first in the B2’
region (in the range of 1073 K-1273 K) and then close to the B2’-L21 transition [46]. The
thermoelastic martensites transformed from the L21 structure are: (i) non-modulated
tetragonal (abbreviations NM; T or 2M), (ii) orthorhombic (7M or 14M) or (iii) close to
tetragonal structures (5M or 10M) with different lattice modulations [47, 48, 49].

Figure 2.2 shows unit cells of standard stoichiometric Ni2MnGa with simple cubic L21

structure (left in the figure) and body-centered-tetragonal (bct) structure in the [1 1 0]
direction (right in the figure). The L21 structure is comprised of four interpenetrating
face-centered-cubic (fcc) sublattices, which are evenly located on the body-diagonal line.
Ni atoms occupy (1

4
, 1

4
, 1

4
) and (3

4
, 3

4
, 3

4
) sites, Mn atoms (1

2
, 1

2
, 1

2
) site, and Ga (0, 0, 0) site. In

the present thesis, we mainly investigate the Ni-Mn-Ga alloy with these two structures
and do not consider the modulated structures.

A shape memory effect of 2.6% in stoichiometric Ni2MnGa alloy was reported [50]. In
the different off-stoichiometric compounds both in single crystalline and polycrystalline
samples, the NM structures turn out to be more beneficial for the SME, for example, a
SME of 6.1% has been observed in Ni54Mn25Ga21 single crystal and 4.2% in the poly-
crystalline sample of the same alloy [51]. Thus, NM structured Ni-Mn-Ga alloys are
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very promising materials for high temperature applications of the SME. In Ni-Mn-Ga
thin-film actuators, both the shape recovery and the magnetic forces have been used to
control the behavior [52].

In the early studies, the traditional SE in the austenitic phase was observed already in
Ni-Mn-Ga shape memory alloys [18, 53]. This behavior is very beneficial in spring and
damping applications. Recently, there are several new studies of this subject too. Typical
classic SE strain in the austenitic phase can reach 6% at stress levels of 50-300MPa, but
both the stress level and the maximum obtainable strain depend on the temperature
and the composition of the alloy [54]. Ni-Mn-Ga alloys also show SE in the martensitic
phase when the alloy is in a constant magnetic field [55, 56]. This magnetic-field-assisted
superelasticity (MFAS) is based on the change of the martensitic twin variant structure.

Ni-Mn-Ga alloys belong to the class of ferromagnetic materials called magnetic shape
memory alloys, which under certain conditions exhibit giant magnetic-field-induced
strain [57]. The giant strain-induced MSME is due to lattice reorientation in the mag-
netic field. The driving force for the reoriention is the difference of the magnetic energy
of martensitic variants differently oriented in the magnetic field. Ferromagnetic Ni-Mn-
Ga alloys are particularly of significant interest also due to the existence of substantial
magnetic field-induced deformation of martensitic phase [58] and enlarged MCE [59].
Thus, they have been considered as promising materials for solid state refrigerators.

In-Tl is another type of binary SMAs, which has paramagnetic state. The alloys with the
composition range of 16 to 31 atomic percent (at.%) Tl undergo a martensitic transition
from the high temperature fcc phase to the low temperature face-centered-tetragonal
(fct) phase [34, 35]. This transition is of particular interests since it exhibits distinct first
order transition but nearly second order [34, 36]. The MT in In-Tl is also accompanied
by a pronounced softening of the shear modulus C ′ = 1

2
(C11−C12). This unusual soften-

ing behavior was proposed resulting from the combination of reversible twinning and
changes of the unit cell on a very fine scale in the alloy [60]. In this thesis, in order
to test the accuracy and reliability of our theoretical method, we first study the elastic
properties and phase stability of In-Tl binary SMAs.



Chapter 3

Elastic properties of solids

The elastic property is amongst the most important physical properties of materials.
Generally, in ab initio calculations the elasticity of a solid can be described within a
continuous displacement field. The continuum theory of elasticity is derived from the
theory of lattice vibrations [61]. By this way there is a possibility to obtain information
about the phonon normal modes and the Debye temperature. The mechanical (dynam-
ical) stability of a lattice implies that the total energy of the system increases after appli-
cation of a small distortion. Therefore, the structural stability and phase transition may
be expressed in terms of the elastic properties.

For a single-crystal, the bulk modulus (B) can be determined by fitting the equation of
states to the total energies for a set of atomic volumes. The most commonly used equa-
tion of states are the Murnaghan [62], Birch-Murnaghan [63] and the Morse [64] type
ones. In our work, the last one is adopted in the calculations. The other single-crystal
elastic constants are evaluated by straining the lattice and calculating the variation of
the total energy induced by the strain at a fixed volume (V ). Since the elastic constants
depend strongly on the composition of the alloy and the ambient temperature, the al-
loying and temperature effects on the total energy of the system should be taken into
account in the calculations.

A polycrystalline material, on a large scale, can be considered to be isotropic, which
may be completely described by the bulk modulus (B) and the shear modulus (G). De-
pending on the symmetry of the structure, both B and G are expressed in terms of the
single-crystal elastic constants. Then, based on the B and G of the system, the Young’s
modulus (E), Poisson ratio (ν), and Debye temperature (Θ) can be derived directly or
indirectly.

In this chapter, we will give a description about the formula for both static (Sec. 3.1) and
isothermal (Sec. 3.2) single-crystal elastic constants and polycrystalline elastic properties
(Sec. 3.3).

9
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3.1 Static elastic constants

The adiabatic elastic stiffness constants (Cijkl) are defined as the second order derivative
of the internal energy with respect to the strain tensor (ekl, k, l = 1, 2, 3), viz.

Cijkl =
1

V

∂E

∂eij∂ekl

, (3.1)

where E stands for the internal energy and the derivatives are calculated at constant en-
tropy other than eij and ekl. The Cijkl form a fourth-rank tensor, which can be arranged
in a 6 matrix with maximum 21 different elements. In the Voigt notation the pair of
indices ij are replaced by index α according to: α=1, 2, 3 for ij= 11, 22, 33, α= 4 for ij= 23
or 32, α= 5 for ij= 13 or 31, and α= 6 for ij= 12 or 21. Employing the Voigt notation, the
elastic compliances (Sαβ) are related to the elastic stiffness constants (Cαβ) by

∑
γ

CαγSγβ = δαβ, (3.2)

where δαβ is the Kronecker delta. In this section, we will concentrate on describing the
calculations of elastic stiffness constants.

3.1.1 Elastic stiffnesses in cubic structure

In a cubic lattice symmetry, there are three independent elastic stiffness constants: C11 =
C22 = C33, C12 = C13 = C23, and C44 = C55 = C66. C11 and C12 are derived from the bulk
modulus (B)

B =
C11 + 2C12

3
, (3.3)

which is generally obtained from the equation of state. Besides, the tetragonal shear
modulus (C ′) is defined by

C ′ =
C11 − C12

2
. (3.4)

Using the bulk modulus, two different deformations are needed to calculate the three
independent elastic stiffnesses: C11, C12, and C44. We choose the orthorhombic and
monoclinic deformations, namely




1 + δ 0 0
0 1− δ 0
0 0 1

(1−δ)2


 and




1 δ 0
δ 1 0
0 0 1

1−δ2


 , (3.5)

respectively, which yields the energy change of ∆E(δ) = 2V C ′δ2 + O(δ4) and ∆E(δ) =
2V C44δ

2 + O(δ4), respectively.
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The total energy generally changes much more strongly with volume than with a gen-
eral (volume-preserving) strain, in order to eliminate the strong volume-dependent en-
ergy change which could overcome the strain effect to the total energy, for all the re-
ferred lattice deformations volume-conserving are used in our work.

3.1.2 Elastic stiffnesses in tetragonal structure

In a tetragonal lattice symmetry, there are six independent elastic stiffness constants:
C11 = C22, C12, C13 = C23, C33, C44 = C55, and C66. For such systems, the elastic stiff-
nesses can be determined as follows. First, since the tetragonal axial ratio c/a generally
changes with the volume, the volume dependence of its optimized value (c/a)0(V ) can
be related to the difference in the linear compressibilities along the a and c axes. Simi-
larly to the hexagonal case [65], we introduce a dimensionless quantity R as

R = −d ln(c/a)0(V )

d ln V
, (3.6)

which in terms of tetragonal elastic stiffness constants becomes

R =
C33 − C11 − C12 + C13

C11 + C12 + 2C33 − 4C13

. (3.7)

Second, at the optimized c/a ratio, the bulk modulus B for a tetragonal crystal can be
expressed as

B =
C33(C11 + C12)− 2C2

13

C11 + C12 + 2C33 − 4C13

, (3.8)

which, when R is close to zero (the volume dependence of (c/a)0 is very small), reduces
to B = 2

9
(C11 + C12 + 2C13 + C33/2).

Then, in order to calculate the elastic stiffness constants of a tetragonal crystal, we need
to make another four independent volume deformations. Here, we choose the two de-
formations employed for the cubic crystal, i.e., Eq. (3.5) corresponding to the energy
change of ∆E(δ) = 2V C ′δ2 + O(δ4) and ∆E(δ) = 2V C66δ

2 + O(δ4), respectively. For
another two volume-conserving deformations, we choose




1 0 δ
0 1

1−δ2 0

δ 0 1


 and




1 + δ 0 0
0 1 0
0 0 1

1+δ


 , (3.9)

which lead to the energy change of ∆E(δ) = 2V C44δ
2 + O(δ4) and ∆E(δ) = 1

2
V (C11 −

2C13 + C33)δ
2 +O(δ4), respectively.

The tetragonal lattice structure can be described either as a fct or as a bct, i.e., fct and bct
possess the equivalent symmetries. Between the two structures, the six elastic stiffness
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constants transform according to the following relationships [66]

C11|fct = 1
2
(C11 + C12 + 2C66)|bct,

C12|fct = 1
2
(C11 + C12 − 2C66)|bct,

C13|fct = C13|bct,
C33|fct = C33|bct,
C44|fct = C44|bct,
C66|fct = 1

2
(C11 − C12)|bct.

(3.10)

3.2 Isothermal elastic stiffness constants

The isothermal elastic stiffness constants are derived from the second-order strain deriva-
tive of Helmholtz free energy F . For practical reasons, F is decomposed as

F = Eel − T (See + Sps) + Fvib + Fmag, (3.11)

where Eel is the electronic total energy, See the electronic entropy of a rigid lattice, Sps the
electronic entropy due to the phonon smearing effect, Fvib the vibrational free energy,
and Fmag the magnetic free energy. According to Eq. (3.11), the temperature-dependent
part of elastic stiffness constants C(T ) may be separated into four contributions, viz.

C(T ) = Cee + Cps + Cvib + Cmag, (3.12)

where the individual terms from the r.h.s. are due to electronic entropy, phonon-smearing,
thermal expansion, and magnetism, respectively.

The total electronic entropy S∗el(= See +Sps) may be calculated from the smeared density
of states N∗(E) according to

S∗el = −kB

∫ ∞

∞
{f(E)[ln f(E)] + [1− f(E)] ln[1− f(E)]}N∗(E)dE. (3.13)

For phonon limited lifetime, N∗(E) is formulated as a Lorentz type smearing [67]

N∗(E) =

∫ ∞

∞
N(ε)

(Γ/π)

(E − ε)2 + Γ2
dε, (3.14)

where Γ = πλel−phkBT , is inverse proportional with the electron lifetime. λel−ph is the
electron-phonon parameter (here we assume a constant λel−ph = 0.6) and kB the Boltz-
mann constant. Obviously, for Γ → 0, S∗el reduces to the electronic entropy See of static
lattice.

The expression for the electronic entropy picks states around the Fermi level (EF ) within
an energy window EF ± kBT . When there are degenerated states at EF (e.g. d states in
cubic environment), a lattice distortion involved in elastic stiffness constant calculation
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can split these state. In such situation, the −TSee term in the electronic free energy
will strongly depend on the degree of distortion and thus give a large temperature-
dependent contribution to the elastic stiffness constant. Moreover, the electron-phonon
many-body term −TSps becomes important only when there is a strongly nonlinear
density of states around the Fermi level.

The magnetic excitations gradually transform the ferromagnetic (FM) elastic stiffness
constants into the paramagnetic (PM, modeled by the so-called disordered local mag-
netic moment [68], DLM) elastic stiffness constants over a temperature interval propor-
tional to the magnetic transition temperature TC . For sake of simplicity, we assume that
this transformation is linear, viz. C ′

mag(T ) ≈ C′DLM−C′FM

TC
T , where C ′DLM and C ′FM stand

for C ′ calculated for the DLM and FM states, respectively, at their equilibrium volumes.

3.3 Polycrystalline elastic constants

In a polycrystalline material, the monocrystalline grains are randomly oriented. On a
large scale, such materials can be considered to be quasi-isotropic or isotropic in a sta-
tistical sense. An isotropic system is completely described by the bulk modulus B and
the shear modulus G, which may be obtained by averaging the single-crystal elastic
constants. The most widely used averaging methods are the Voigt and Reuss bounds,
the Hashin-Shtrikman bounds, Hershey average and Hill average. In the following of
this section, a short overview of the Voigt and Reuss bounds, Hill average, and poly-
crystalline Debye temperature is given.

3.3.1 The Voigt and Reuss bounds, Hill average

The Voigt and Reuss bounds are two kinds of different averaging methods: the former
one is based on a uniform strain, and formulated using the elastic stiffness constants,
whereas the latter one assumes a uniform stress and is formulated using the elastic
compliances. Using Eq. (3.2) and the general expressions [69] these bounds are given in
terms of single-crystal elastic stiffness constants as

BV =
C11 + 2C12

3
; GV =

C11 − C12 + 3C44

5
; BR = BV ; GR =

5(C11 − C12)C44

4C44 + 3(C11 − C12)
(3.15)

for a cubic solid and

BV =
2(C11 + C12) + 4C13 + C33

9
; GV =

12C44 + 12C66 + C11 + C12 + 2C33 − 4C13

30
;

BR =
C33(C11 + C12)− 2C2

13

C11 + C12 + 2C33 − 4C13

; GR =
5(C11 − C12)C44

4C44 + 3(C11 − C12)
(3.16)
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for a tetragonal solid.

Hill [70] has shown that the Voigt and Reuss bounds are rigorous upper and lower
bounds. The average bulk and shear moduli can be estimated from these bounds, e.g.,
as BH = 1/2(BV + BR) and GH = 1/2(GV + GR), respectively. Alternatively, instead
of the arithmetic average one might prefer to use the geometric or harmonic means. In
weakly anisotropic materials, of course, all these averages lead to similar mean B and
G.

3.3.2 Isotropic polycrystalline aggregates

An isotropic polycrystalline material may be completely described by the bulk modu-
lus B and the shear modulus G. The Young’s modulus (E) and Poisson ratio (ν) are
connected to B and G by relations

E =
9BG

3B + G
; ν =

3B − 2G

6B + 2G
. (3.17)

The longitudinal (vL) and transversal (vT) sound velocities are given by

ρv2
L = B +

4

3
G ; ρv2

T = G, (3.18)

where ρ is the density. Then the average sound velocity (vm) becomes

3

v3
m

=
1

v3
L

+
2

v3
T

, (3.19)

which is used to calculate the polycrystalline Debye temperature Θ with the following
equation

Θ =
~
kB

(
6π2

V

)1/3

vm, (3.20)

where V is the average atomic volume, ~ and kB are Planck’s and Boltzmann’s constants,
respectively.



Chapter 4

Theoretical methodology

There are many theoretical ways to investigate the properties of solid materials. Some of
them are based on empirical parameters, whereas there are also some ones need input
parameter only the nuclear charges. The latter one is the so-called first-principles or ab
initio calculation, which is often based on density functional theory.

In this thesis, we choose ab initio method as the theoretical tool in our studies and all
the calculations are carried out with the exact muffin-tin orbitals (EMTO) method. The
EMTO theory, developed in the 1990s by Andersen and co-workers [71], is an accurate
and at the same time efficient tool for solving the Kohn-Sham equations. Recently, it
has been implemented by many researchers, especially by Vitos’s group [69]. In the
following sections, we will mainly introduce the density functional and EMTO theorem
in detail.

4.1 Density functional theory (DFT)

Density functional theory (DFT) is one of the most popular and successful quantum me-
chanical approaches to study the properties of materials. The main idea behind DFT is
to accomplish the electronic structure calculations by using the electronic density as the
basic quantity instead of the complex many-body electronic wavefunctions. By reduc-
ing the many-body equations into Hartree-type single-particle equations, DFT offers
a powerful and elegant way for calculating the ground state properties of interacting
electrons.

4.1.1 The many-body problem

According to quantum mechanics, all information of a system of interacting electrons
and nuclei is contained in the many-body wavefunction Ψ, which can be obtained by

15
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solving the many-body Schrödinger equation

HΨ = EΨ, (4.1)

where H is the Hamiltonian operator and E the total energy of the system. The Hamil-
tonian operator contains the motion of each individual electron and nucleus for every
atom in the system and it has the form (in atomic units)

H = −
∑

i

∇2
Ri

2Mi

−
∑

i

∇2
ri
−

∑
i,j

2Zi

|ri −Rj| +
∑

i6=j

1

|ri − rj| +
∑

i6=j

ZiZj

|Ri −Rj| , (4.2)

where r and R are the coordinates for each electron and nucleus, and Z denotes the
atomic number. The first two terms in the Hamiltonian are kinetic operators acting
on nuclei and electrons, respectively. The last three terms are Coulomb interactions
between electrons and nuclei, electrons and electrons, and nuclei and nuclei.

A macroscopic solid consists of N ≈ 1023 electrons and nuclei, which makes Eq. (4.1)
impossible to solve in realistic cases. Therefore several approximations need to be in-
troduced. In solid state physics, the very important Born-Oppenheimer approximation
[72] is commonly used and allows us to decouple the Hamiltonian into an electronic
and a nuclear part and treat them separately, namely it allows us to solve the electronic
part in a fixed external potential generated by the nuclei. Then the first term in Eq. (4.2)
is removed and the last term is replaced by a constant. In practice, a lot of information
of the many-body system can be obtained from the total energy E and the electron den-
sity n(r). That is exactly what the Hohenberg-Kohn theorem [73] states within the DFT.
Kohn and coworkers showed rigorously that the total energy is an unique functional
of the electron density n(r) and it has its minimum at the ground-state density. This
simplifies the many-body problem enormously since the theorem lets us focus on the
electron density consisting of 3 space vaiables instead of the many-body wavefunction
consisting of 3N space variables (spin excluded). It is then possible to construct a total
energy functional E[n(r)] of the electron density for the many-body system. Usually,
this functional for the interacting electrons in the fixed external potential is written as

E[n(r)] = F [n(r)] +

∫
d3rνext(r)n(r), (4.3)

where F [n(r)] is an universal functional that does not depend on νext(r).

To get a practical scheme using the ideas above, Kohn and Sham [74] have shown that
instead of solving the many-body equation, Eq. (4.1), it suffices to solve an effective
one-particle equation

[−∇2 + νeff (r)]Ψi(r) = εiΨi(r). (4.4)

The effective potential νeff (r) has the form

νeff (r) = νext(r) + 2

∫
d3r′

n(r′)
|r− r′| + νxc(r), (4.5)
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where the first part is the external potential generated by the nuclei, the second part
is the Hartree term originating from electron-electron interactions and the last part is
the exchange-correlation potential containing all many-body effects. The density is con-
structed using

n(r) =
N∑

i=1

|Ψi(r)|2. (4.6)

The set of Equations ((4.4)-(4.6)) represents the Kohn-Sham equations. The Kohn-Sham
equation, Eq. (4.4), can be viewed as a Schödinger equation in which the external po-
tential is replaced by the effective potential, Eq. (4.5), which depends on the electron
density. The density itself depends on the one-particle states Ψi. The Kohn-Sham equa-
tion therefore needs to be solved in a self-consistent manner. The functional F [n] in
Eq. (4.3) has the form

F [n] = Ts[n] +

∫ ∫
d3rd3r′

n(r)n(r)

|r− r′| + Exc[n], (4.7)

where the kinetic energy functional Ts[n] has the form

Ts[n] =
∑

i

εi −
∫

d3rνeff (r)n(r). (4.8)

The whole total energy functional is then obtained by combining Eqs. (4.3), (4.5), (4.7)
and (4.8) and has the form

E[n] =
∑

i

εi −
∫ ∫

d3rd3r′
n(r)n(r′)
|r− r′| −

∫
d3rνxc(r)n(r) + Exc[n]. (4.9)

The exact exchange-correlation potential νxc and functional Exc[n] are however not known
and further approximations are needed. If they were, all many-body effects are included
in the total energy functional and the whole treatise is exact.

4.1.2 Exchange correlation approximation

In order to make any real calculations based on the Kohn-Sham equations, an approx-
imation of the exchange-correlation functional has to be made. The most common and
widely used approximation is the local density approximation (LDA) [75, 76], where the
exchange-correlation energy density is assumed to be the same as in a homogeneous
electron gas with that density,

ELDA
xc [n] =

∫
d3rn(r)εhom

xc (n(r)), (4.10)
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where εhom
xc (n(r)) is the sum of the exchange and the correlation energy of the homo-

geneous electron gas of density n(r). The exchange correlation potential νLDA
xc (r) is the

functional derivative of ELDA
xc , which can be written as

νLDA
xc (r) = εhom

xc (n(r)) + n(r)
δεhom

xc ([n], r)

δn(r)
. (4.11)

LDA is rather simple and it usually works remarkably well even for inhomogeneous
cases. However, for solids LDA very often gives too small equilibrium volumes ( 3%)
due to overbinding. An improvement to LDA is in many cases the generalized gradient
approximation (GGA) [77], where not only the density itself enters in the exchange-
correlation energy but also its local gradient

EGGA
xc [n] =

∫
d3rn(r)εhom

xc (n(r), |∇n|). (4.12)

However, there does not exist a unique GGA functional and many different forms have
been suggested. Perhaps the most successful ones are those suggested by Perdew and
Wang (PW91) [78] and its simpler form by Perdew, Burke and Ernzerhof (PBE) [77].
Recently, Perdew and co-workers [79] introduced a revised PBE functional, referred to
as PBEsol, which is expected to perform well for densely-packed solids and surfaces. In
addition to GGA, some other different concepts for improving the exchange-correlation
functional approximations were also put forward in the past decade, such as the Local
Airy Gas approximation (LAG) by Vitos and co-workers [80] and AM05 by Armiento
and Mattsson [81]. In the present thesis, the exchange-correlation functional of PBE is
adopted for Ni-Mn-Ga and that of AM05 for In-Tl alloys.

4.2 Exact muffin-tin orbitals (EMTO) method

The Exact Muffin-Tin Orbitals (EMTO) is a cellular method, where the single-electron
Kohn-Sham equations are solved separately within the Wigner-Seitz cells or Voronoy
polyhedra defined around the lattice sites. The Kohn-Sham potential is approximated
by the optimized overlapping muffin-tin wells and the total energy is calculated via the
so-called Full Charge Density (FCD) technique [69]. In the case of alloys, the problem
of chemical and magnetic disorder is easily treated by combining the EMTO method
with the Coherent Potential Approximation (CPA) [82, 83, 84]. In such situation, the
EMTO-CPA method is expected to be more convenient than the most commonly used
first-principles full potential (FP) and pseudopotential (PP) methods. In the present
EMTO implementation, the total energy is computed by LDA plus four gradient-level
functionals: PBE, PBEsol, AM05, and LAG.

In the following subsections, the EMTO formalism will be introduced in detail.
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4.2.1 Exact muffin-tin potential

Within the overlapping muffin-tin approximation, the effective single-electron potential
is approximated by spherical potential wells υR(rR)− υ0 centered on lattice sites R plus
a constant potential υ0, i.e.,

υ(r) ≈ υmt(r) ≡ υ0 +
∑

R

[υR(rR)− υ0]. (4.13)

The spherical and the constant potentials (υR(rR) and υ0, respectively) from the r.h.s are
determined by optimizing the mean of the squared deviation between the muffin-tin
potential (υmt(r)) and υ(r), which leads to the so-called optimized overlapping muffin-
tin (OOMT) potential.

Described in the case of the so-called spherical cell approximation (SCA) [69], the spher-
ical part of the single-electron potential can be expressed in ordered system by four parts

υR(rR) = υI
R(rR) + υM

R + ∆υSCA
R + µxcR(rR), (4.14)

where υI
R(rR) is the intra-cell electrostatic potential, υM

R the so-called Madelung poten-
tial, contributed by the charges from the outside of the potential sphere, ∆υSCA

R a con-
stant potential, produced by the missing charge inside the spherical cell compared with
the Wigner-Seitz cell, µxcR(rR) the exchange-correlation potential.

4.2.2 Exact muffin-tin orbitals wave function

The single-electron Kohn-Sham Eq. (4.4), with the effective potential νeff (r) approxi-
mated by the muffin-tin potential (Eq. (4.13)), is solved by expanding the Kohn-Sham
orbital in terms of the exact muffin-tin orbitals (ψ

a

RL), viz.

Ψj(r) =
∑
RL

ψ
a

RL(εj, rR)υa
RL,j. (4.15)

The expansion coefficients, υa
RL,j , are determined in a way that Ψj(r) is a solution for

Eq. (4.4) in the entire space.

The exact muffin-tin orbitals, ψ
a

RL(εj, rR), are constructed using different basis functions
inside the potential sphere (rR < sR) and in the interstitial region (rR > sR). The sR is
the radius of the potential sphere centered at site R.

Inside the potential sphere (rR < sR) the basis functions, so-called partial waves (φa
RL),

are constructed from solutions of the scalar-relativistic, radial Dirac equation for the
spherical potential (φRl) and the real harmonics (YL(r̂R))

φa
RL(ε, rR) = Na

Rl(ε)φRl(ε, rR)YL(r̂R). (4.16)
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The normalization factor Na
Rl(ε) assures a proper matching at the potential sphere bound-

ary to the basis function outside of the potential sphere.

In the interstitial region the basis functions are solutions of the free electron Schrödinger
equation, called screened spherical waves (ψa

RL(ε − υ0, rR)). The boundary conditions for
the free electron Schrödinger equation are given in conjunction with non-overlapping
spheres, called hard spheres, centered at lattice site R with radius aR. The screened spher-
ical waves are just defined as being free electron solutions which behave as real harmon-
ics on their own a-spheres centered at site R and vanish on all the other sites.

The partial waves and the screened spherical waves must join continuously and be dif-
ferentiable at aR. This is implemented using additional free electron wave functions
(ϕa

Rl(ε, rR)), by which the connection between the screened spherical waves and the par-
tial waves is obtained. It joins continuously and differentiable to the partial wave at
sR and continuously to the screened spherical wave at aR. Since aR < sR the additional
free-electron wave functions should be removed, which is realized by the so-called kink-
cancelation equation.

4.2.3 The full charge density (FCD) total energy

Within the present EMTO method, to obtain the total charge density, the total number
of states and the total energy, the Green’s function formalism is employed, instead of
calculating all possible wave functions and single electron energies. This is because
both self-consistent single electron energies and the electron density can be expressed
within Green’s function formalism [69].

The total charge density is obtained by summations of one-center densities, which may
be expanded in terms of real harmonics around each lattice site

n(r) =
∑

R

nR(rR) =
∑
RL

nRL(rR)YL(r̂R). (4.17)

The total energy of the system is obtained using the total charge density via full charge
density (FCD) technique, where the space integrals over the Wigner-Seitz cells in Eq. (4.9)
are solved via the shape function technique, the interaction energy between remote
Wigner-Seitz cells is taken into account through the Madelung term, a particularly deli-
cate contribution arising from Wigner-Seitz cells with overlapping bounding spheres is
calculated by the so-called displaced cell technique [69].

The FCD total energy is decomposed in following terms

Etot = Ts[n] +
∑
R

(FintraR[nR] + ExcR[nR]) + Finter[n] (4.18)

where Ts[n] is the kinetic energy, FintraR the electrostatic energy due to the charges inside
the Wigner-Seitz cell, Finter the electrostatic interaction between the cells (Madelung
energy), and ExcR the exchange-correlation energy.
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4.2.4 Coherent potential approximation (CPA)

The coherent potential approximation (CPA) is implemented using two main approxi-
mations. First, it is assumed that the local potentials (Pi) around a certain type of atom
from the alloy are the same, i.e., the effect of local environments is neglected. Second, the
system is replaced by a monoatomic set-up described by the site-independent coherent
potential (P̃ ). In terms of the Green function, the real Green function is approximated by
a coherent Green function (g̃ = [S − P̃ ]−1, S denotes the structure constant matrix.). For
each alloy component, a single-site Green function (gi) is introduced, which is expressed
mathematically via the real-space Dyson equation

gi = g̃ + g̃(Pi − P̃ )gi, i = A,B, C · · · . (4.19)

The average of the individual Green functions should reproduce the single-site part of
the coherent Green function, viz.

g̃ = agA + bgB + cgc + · · · . (4.20)

After iterative solution, the output of g̃ and gi’s equations are used to determine the
electronic structure, charge density and total energy of the random alloy.

Within the EMTO-CPA method, the total charge density for the alloy component i still
can be obtained by summations of one-center densities and described using Eq. (4.17).
Since the impurity problem is treated within the single-site approximation, the Coulomb
system of a particular alloy component may contain a non-zero net charge. Treating the
charge misfit with the screened impurity model (SIM) [85, 86], an additional shift of
spherical potential (∆υSIM,i

R ) and total energy (∆ESIM,i) are thus added to Eq. (4.14) and
(4.18), respectively, for the alloy component i.

4.3 Heisenberg model

In Heusler alloys with localized magnetic moments, the Curie temperature (TC) may be
estimated using the well-established Heisenberg model in combination with the mean-
field approximation. Within the Heisenberg model, the interatomic exchange interac-
tions are described in terms of the classical Heisenberg Hamiltonian

Heff = −
∑
µ,ν

∑
R,R′

Jµν
RR′s

µ
Rsν

R′ , µR 6= νR′, (4.21)

where Jµν
RR′ are the intrasite exchange integrals, the indices µ and ν represent different

sublattices, R and R′ are the lattice vectors specifying the atoms within sublattices, and
sµ
R and sν

R′ are the unit vector pointing in the direction of the magnetic moment at site (µ,
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R) and (ν, R′), respectively. In Eq. (4.21) the size of the magnetic moments is included
in the exchange interaction parameters.

Within the mean-field solution of the Heisenberg model, TC is obtained by solving the
system of coupled equations [33, 87]

〈sµ〉 =
2

3kBT

∑
ν

Jµν
0 〈sν〉, (4.22)

where Jµν
0 ≡ ΣRJµν

0R is the effective exchange parameter, and 〈sµ〉 and 〈sν〉 are the av-
erage z component of sµ

R and sν
R, respectively. Eq. (4.22) has non-trivial solutions if the

corresponding determinant is zero, viz.

Det{J−TI} = 0, (4.23)

where the matrix elements are Jµν = (2/3kB)Jµν
0 and Iµν = δµν (Kronecker delta). The

largest eigenvalue of Eq. (4.23) gives the magnetic transition temperature [33, 87]. In the
present application, the exchange interactions were calculated using the magnetic force
theorem [88] implemented in the EMTO method [69].



Chapter 5

In-Tl binary alloys

Indium-Thallium alloys are one type of binary paramagnetic shape memory alloys. In
the composition range of 16-31 at.% Tl, the alloys undergo a martensitic transition from
the high-temperature fcc phase to the low-temperature fct phase [34, 35]. This transition
is of particular interests since it exhibits distinct first-order transition but nearly second
order [34, 36].

The knowledge of the elastic constants in general is crucial for understanding the struc-
tural transition. The MT in In-Tl is accompanied by a pronounced softening of the shear
modulus C ′ = 1

2
(C11 − C12). In order to establish the accuracy and reliability of our cal-

culational method for the elastic constants both in cubic and tetragonal structures, the
static elastic properties of In1−xTlx (0 ≤ x ≤ 0.4) random shape memory alloys are first
investigated in this chapter. Furthermore, using both the calculated elastic constants
and the electronic density of states (DOS), the alloying effect on the relative stability of
the fcc and fct phases is discussed.

The rest of the chapter is arranged as follows: in Sec. 5.1, the elastic properties of pure
In are presented; in Sec. 5.2, the composition-dependent lattice parameters and elastic
constants are shown and their correlation with the martensitic transformation temper-
ature TM are discussed; in Sec. 5.3, the calculated composition dependence of DOS is
analyzed with respect to the phase stability.

This chapter is contributed by supplement I.

5.1 Elastic properties of pure In

Table 5.1 presents the calculated static elastic constants and Debye temperature (Θ) of
the fct and fcc In in comparison with those from other theoretical calculations and exper-
imental measurements [89, 90, 91, 92]. For both fct and fcc phases, the elastic constants
from exchange correlation functional AM05 are in between those from LDA and PBE.

23
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Table 5.1. Theoretical elastic constants (in GPa) and Debye temperature Θ (in K) for
pure fct and fcc In, respectively, in comparison with the available theoretical
results and experimental data.

Phase Method C11 C12 C13 C33 C44 C66 C ′ Θ
fct LDA 57.8 44.2 42.9 53.6 11.2 25.1 6.8 136.5

PBE 38.1 28.3 30.7 39.6 7.2 14.9 4.9 111.1
AM05 49.1 37.3 38.8 46.6 6.6 15.7 5.9 113.1
Exp.(298 K) [91] 44.4 39.4 40.4 44.3 6.5 12.2 2.5
Exp.(300 K) [92] 45.4 40.1 41.5 45.2 6.5 12.1 2.7
Exp.(77 K) [92] 52.6 40.6 44.6 50.8 7.6 16.0 6.0
Exp.(4.2 K) [92] 53.9 38.7 45.1 51.6 8.0 16.8 7.6
Exp.(0 K) [92] - - - - - - - 111.3
PAW-LDA [89] 69.6 36.2 46.2 57.5 13.7 17.6 16.7
PAW-PW91 [89] 44.6 25.8 33.9 41.4 5.6 13.3 9.4
TB [90] - - - - 13.4 22.6 4.2

fcc LDA 40.9 49.1 - - 14.9 - -4.1
PBE 30.6 33.4 - - 11.7 - -1.4
AM05 35.9 43.1 - - 13.0 - -3.6
PAW-LDA [89] 42.4 52.5 - - 10.2 - -5.1
PAW-PW91 [89] 35.1 36.0 - - 5.5 - -0.5

PBE underestimates most of the elastic constants except C44 and C66 whereas LDA over-
estimates seriously C66. In general, AM05 elastic constants are in better agreement with
those from experimental measurements at low temperature (77 K) [92] than those cor-
responding to the LDA and PBE approximations. The largest error is only about 14%
for C13. Besides, the AM05 Debye temperature Θ for a polycrystalline In is about 113.1
K, which is very close to the experimental value of 111.3 K [92]. Thus, for the alloys we
will present results obtained using AM05 only.

For fcc In, we get negative C ′ from the three approximations since C11 is smaller than
C12, which is in line with the first-principles projector augmented wave (PAW) calculatio
ns [89].

The dynamical or mechanical stability condition of a lattice implies that the energy
change ∆E ∼ V Cijeiej upon any small deformation is positive. This condition can be
formulated in terms of elastic constants. The stability criteria for cubic crystals requires
that C11 > |C12|, C11 + 2C12 > 0, C44 > 0, and for tetragonal crystals is that C11 > |C12|,
C33 > 0, C44 > 0, C66 > 0, (C11 + C33 − 2C13) > 0, (2C11 + C33 + 2C12 + 4C13) > 0. From
our calculations, the theoretical elastic constants of fct In satisfy all of the conditions,
whereas those of fcc In do not meet the condition C11 > |C12| since C ′ is minus. There-
fore, at 0 K, fcc In is not thermodynamically stable and the pure In is stabilized by fct
structure.
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Figure 5.1. Lattice parameters (a in Å and c/a) of fct In1−xTlx (0 ≤ x ≤ 0.4) alloys
as a function of x. The experimental data are from Refs. [34, 93].

5.2 Elastic properties of In1−xTlx alloys

In this section, we first calculate the equilibrium lattice parameters of both fct and fcc
In1−xTlx (0 ≤ x ≤ 0.4) random alloys as a function of the composition x, then investigate
in detail about the composition dependence of elastic properties.

5.2.1 Equilibrium lattice parameters of In1−xTlx

Figure 5.1 displays the equilibrium a and c/a ratio of the fct phase, in comparison with
those from experimental measurements [34, 93]. It is seen that with increasing x, a
increases whereas c/a ratio decreases almost linearly. The trends of both a and c/a ratio
are in accordance with the experimental measurements. The calculated a values are
in perfect agreement with the experimental data whereas the theoretical c/a ratios are
slightly larger than those from experiments.

The c/a ratio of the tetragonal phase has been related to the martensitic transition tem-
perature TM of the alloy such as Ni2MnGa undergoing the cubic to tetragonal phase
transition with lowering temperature [14, 30]. According to this correlation, a larger
|c/a− 1| corresponds to a higher TM . From our calculations, the |c/a− 1| ratio of In1−xTlx
alloys decreases with increasing x, indicating that TM should decrease accordingly. This
is in line with the experiments showing that TM of In1−xTlx decreases from about 400 K
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Figure 5.2. Lattice parameter (a in Å) of fcc In1−xTlx (0 ≤ x ≤ 0.4) alloys as a
function of x. The experimental data are from Refs. [34, 93].

to 0 K with x increasing from about 0.2 to 0.3 [94, 95, 96].

Figure 5.2 shows the composition-dependent lattice parameter a of the fcc In1−xTlx. As
seen from the figure, a increases almost linearly with increasing x. For x > 0.2, the
calculated a values are in perfect agreement with those from experiments [34, 93]. The
experimental a of fcc In1−xTlx with x <∼ 0.2 is not available since in this composition
range the fcc phase is not stable.

5.2.2 Static elastic constants of In1−xTlx

Figures 5.3 and 5.4 show the elastic constants relative to those of the pure In for both
fct and fcc phases of In1−xTlx (0 ≤ x ≤ 0.4) random alloys, as function of x. As shown
in Figure 5.3, for the tetragonal phase, C11, C33, and C66 decrease significantly with
increasing x: for x = 0.4, C11 is 20% smaller than that of pure In whereas C33 and C66

reduce about 15%. C13 also decreases linearly with increasing x but the decreasing is
moderate compared to C11, C33, and C66: with x up to 0.4, C13 decreases about 5%. The
variation of C12 and C44 with x is quite small and non-linear. C12 decreases slightly with
increasing x and remains almost constant with x >∼ 0.25. C44 increases slightly with x
up to x = 0.25 and then decreases with increasing x for x >∼ 0.25.

Figure 5.4 shows the variation of the elastic constants of fcc In1−xTlx against x. It is seen
that C11 increases whereas C12 decreases with increasing x. C44 first increases with x
and then remains almost unchanged for x >∼ 0.25.

The MT of In-Tl alloys results from the soft-phonon modes and their accompanying
tetragonal shear modulus C ′ = 1

2
(C11 − C12) tends to zero either from the cubic or the

tetragonal side [98, 99]. In order to correlate the elastic stability with the MT, we cal-
culated the tetragonal shear moduli C ′ of both fct and fcc In1−xTlx alloys as shown in
Figure 5.5. C ′ of the fct phase is larger whereas C ′ of the fcc phase is slightly smaller
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Figure 5.3. The relative change of the elastic constants of fct In1−xTlx (0 ≤ x ≤ 0.4)
alloys as a function of x. The experimental results are from Ref. [97].
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Figure 5.5. The composition dependence of shear modulus C ′ of In1−xTlx (0 ≤
x ≤ 0.4) alloys with fct (upper panel) and fcc (lower panel) structures. The
experimental data are from Refs. [97, 100, 101].

than the experimental value. The reason is that our elastic constants are calculated at 0
K but the experimental values were measured at finite temperature. A typical feature
of the In-Tl alloys is that C ′ of the fct martensitic phase decreases and that of the fcc
austenite increases with increasing temperature [60, 92], such as shown in the Table 5.1,
for pure In in fct phase, C ′ = 7.6GPa at 4.2 K, whereas around room temperature (298
K), C ′ turns out to be 2.5GPa, only about one third of that value corresponding to 4.2 K.

The present calculations reproduce well the experimental trends of C ′ against the com-
positions for both phases: C ′ of fct decreases but that of the fcc phase increases with in-
creasing x. The fcc phase becomes mechanically stable for x >∼ 0.30, where C ′ becomes
positive. These trends indicate that the low temperature fct phase becomes mechan-
ically soft (less stable) whereas the high temperature fcc phase becomes more stable,
corresponding to lowering MT temperature. This is in accordance with experimental
measurements showing that the MT temperature decreases from about 400 K to 0 K
with x increasing from about 0.2 to 0.3 [94, 95, 96].

5.3 Electronic structure

In order to investigate the electronic origin of the composition dependence of phase
stability of In-Tl binary alloy, we calculate the DOS for pure In and In1−xTlx (x = 0.15
and x = 0.30) alloys. The components of s, p, and d states of the total DOS are shown in
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Figure 5.6. The density of states (DOS) of In1−xTlx (x=0, 0.15, and 0.30) alloys for
fcc (a) and fct (b) crystallographic phases. s, p, and d denote the three
decomposed states of the total DOS. The vertical line indicates the Fermi
level.

Figure 5.6. The DOS around the Fermi level is mainly governed by the p states of In/Tl
with a small contribution from the s state. For the fcc phase of pure In (x = 0), there
exists a strong peak right at the Fermi level, which is ascribed to the degenerated non-
bonding p-states of the In atoms. The degenerated states split in the fct phase (Peierls
distortion). Therefore, the Fermi level of fct In locates in a wide pseudogap from -0.05
to 0.05 Ry, indicating further hybridization between the p states of fct In atoms and
stronger bonding between the In atoms than those in fcc phase. This is why the fct
phase is more stable than the fcc phase of pure In at 0 K.

With increasing x, the number of p states at the Fermi level of the fcc phase remains al-
most unchanged. For the fct phase, however, the pseudogap becomes narrower, indicat-
ing weaker hybridization between the electronic orbitals. On the other hand, the Fermi
level shifts away from the bottom of the pseudogap and the DOS at the Fermi level in-
creases. Therefore, the fct phase becomes less stable (the kinetic energy increases). We
conclude that the trend of DOS against the composition of the In1−xTlx alloy explains
satisfactorily the decreasing stability of fct phase relative to that of the fcc one with Tl
composition x increasing.



Chapter 6

Ni-Mn-Ga ternary alloys

The ternary intermetallic compound Ni-Mn-Ga has attracted a lot of attention among
researchers due to its ferromagnetism and SME controlled by the reversible MT. Upon
alloying, both the structural transition temperature TM and magnetic transition temper-
ature TC can be sensitively tuned. The TM and TC have been found dependent on the
quenching temperature and the subsequent heat treatment which changes the degree of
the L21 long-range atomic order (site occupancy) of the alloy. This result demonstrated
that the site occupancy can be a very important issue affecting the structural and mag-
netic transitions. Besides, for the structural stability, it has been recognized closely re-
lated to the single-crystal elastic modulus: the softer is the shear modulus (mainly C ′),
the higher the TM . However, this established correlation between C ′ and TM is based
on the lack of the temperature effect on C ′ and the critical C ′(x, TM(x)) at which the MT
occurs is assumed keeping almost constant at the different compositions. On the other
hand, within the mean-field approximation, the magnetic transition temperature TC of
Ni2MnGa from the Heisenberg model was found to be rather close to the experimental
value [33].

In this chapter, we will investigate in detail the site occupancy (Sec. 6.2), both the
composition (Sec. 6.3) and temperature-dependent elastic properties (Sec. 6.4), and
the Curie temperature (Sec. 6.5) of Ni-Mn-Ga-based alloys. The site occupancy and
the composition-dependent elastic properties are studied by using nine types of off-
stoichiometric Ni2MnGa alloys with 12 different compositions, whereas for the inves-
tigations of the temperature-dependent elastic properties and the Curie temperature,
the Ni-rich and Mn-deficient Ni2+xMn1−xGa family is chosen because generally this
type of alloys is ferromagnetic SMAs with attractive properties such as giant magne-
tocaloric effect, magnetostriction, and magnetoresistance due to the coupling between
the structural and magnetic transitions, and the MT temperature is highly sensitive to
the composition of the alloy.

The investigations of site occupancy and composition-dependent elastic properties come
from the supplements II and III; the study of the Curie temperature from supplement

30
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Table 6.1. Theoretical equilibrium lattice parameters a (in Å) or c/a, bulk modu-
lus B (in GPa), and total magnetic moment µtot (in µB) of cubic L21 and
non-modulated β′′′-Ni2MnGa alloy. For comparison the available theoreti-
cal results and experimental data are also included.

Phase Method a c/a B µtot

L21 EMTO 5.8226 156.7 3.98
Exps. [44, 4, 102, 103] 5.8250 146, 106 4.17, 3.21
PP [104, 105] 5.773, 5.812 170, 155 4.23, 4.07
US-PP [24, 106] 5.834, 5.805 155, 149 4.27, 4.26
FLAPW [107, 108, 109] 5.810, 5.820 156 4.09, 4.13, 4.11

β′′′ EMTO 5.8166 1.2490 157.4 4.04
Exps [102, 53] 5.52 1.18 3.49
PP [104, 105, 110] 5.37 1.26, 1.25, 1.20 155.6 4.09
US-PP [106] 1.20
FLAPW [107, 108, 109] 5.88 0.97, 1.25, 1.16 4.16, 4.19

IV; the examination of temperature-dependent elastic properties from supplement V
and VI.

6.1 Properties of Ni2MnGa

We first test the equilibrium properties of standard stoichiometric Ni2MnGa alloy. Ta-
ble 6.1 lists the equilibrium lattice parameters (a and c/a), bulk modulus (B), and total
magnetic moment (µtot) of cubic L21 and non-modulated β′′′-Ni2MnGa alloy, in com-
parison with the experimental and other theoretical results. It is shown that calculated
with the exchange correlation functional PBE, our data for the two phases are agree-
ment with those of the experiments and first-principles pseudopotential (PP), ultrasoft-
pseudopotential (US-PP), and full-potential linearized augmented plane-wave (FPLAPW)
calculations. For the non-modulated β′′′ phase, the present equilibrium tetragonal ratio
c/a (1.2490) is much closer to the experimental (1.18) and other theoretical dada (∼ 1.25),
which indicates again that the EMTO program is also applicable very well in tetragonal
crystals.

Table 6.2 lists the 0 K elastic constants of cubic L21 and non-modulated β′′′-Ni2MnGa
alloy, in comparison with the available experimental and theoretical data. The present
theoretical data are shown to be especially in agreement with those of PP calculations
[105]. Only C66 in β′′′ phase seems to have a relatively large difference: the present value
is 37.3GPa, whereas in PP calculations it is 56GPa. This may be ascribed to the volume-
conserving lattice deformation not adopted for the calculation of C66 in Ref. [105].

From the calculation of the equilibrium structures, we have found that at 0 K, the
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Table 6.2. At 0 K the elastic constants (in GPa) of both cubic L21 and non-
modulated β′′′-Ni2MnGa, in comparison with the available theoretical re-
sults and experimental data.

Phase Method C11 C12 C13 C33 C44 C66

L21 EMTO 166.7 151.7 113.4
Exps [44, 103, 111] 152, 136 143 103, 102, 98
PP [105, 112] 163 151 110, 102
US-PP [24, 106] 153, 138 148, 143 100, 101.7
FLAPW [107]

β′′′ EMTO 250.4 68.0 146.6 193.0 96.5 37.3
PP [105] 249 71 141 193 101 56

non-modulated β′′′ is the thermodynamically stable phase, whereas the cubic L21 is
metastable at the static conditions. On the other hand, from the dynamical or mechan-
ical stability condition for both cubic and tetragonal crystals (see in Chapter 5.1), the
present elastic constants of both L21 and β′′′-Ni2MnGa satisfy all the criteria. Thus, it is
interesting that at 0 K, the thermodynamically metastable L21 is proved to be mechani-
cally stable as well as the β′′′ phase.

6.2 Site occupancy of off-stoichiometric alloys

The stable site occupancy is determined by comparing the free energies per atom of
the alloy with different site occupations. In this calculations, the free energy takes into
account the chemical mixing entropy but neglects the lattice vibrations and electronic
temperature effects since their contribution is typically two orders of magnitude smaller
than that from the electronic energy. Thus, the free energy is expressed as

F = E +
1

4
kBT

4∑
i=1

[xi ln xi + (1− xi) ln(1− xi)], (6.1)

where E is the electronic energy per atom, xi the concentration of the sublattice i, kB the
Boltzmann constant, and T the temperature.

We consider nine types of off-stoichiometric Ni2MnGa alloys with 12 different compo-
sitions as shown in the Table 6.3. In this table, the electronic energy (E) and free energy
(F ) of these alloys with different site occupations relative to that with the normal site
occupation (the excess atoms of the rich component simply occupy the sublattice of the
deficient one) are listed. It is clear that the relative stability of the site occupations de-
termined in this work is reasonable since the stability sequences for Ni2+2xMn1−xGa1−x

(type 1), Ni2−2xMn1+3xGa1−x (type 2), and Ni2−2xMn1−xGa1+3x (type 3) alloys are shown
not to change by varying the composition (x =0.05 and 0.10). Besides, the difference
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Table 6.3. Relative electronic energy ∆E and ∆E′ (in mRy), and free energy ∆F (in
mRy) of the off-stoichiometric L21-Ni2MnGa to that of the alloy with ‘nor-
mal’ site-occupancy configuration, at temperature of 300 K. ∆E′ is the rel-
ative electronic energy from non-spin-polarized calculations with the spin-
polarized equilibrium lattice constants. Boldface indicates the most stable
configuration.

Type Composition Site-occupancy ∆E ∆F ∆E ′

1 Ni2+2xMn1−xGa1−x (x = 0.05) (Mn0.95Ni0.05)(Ga0.95Ni0.05) 0 0 0
(Mn0.95Ga0.05)(Ga0.90Ni0.10) 0.12 0.06 0.01
(Mn0.90Ni0.10)(Ga0.95Mn0.05) 0.32 0.26 -0.26

Ni2+2xMn1−xGa1−x (x = 0.10) (Mn0.90Ni0.10)(Ga0.90Ni0.10) 0 0 0
(Mn0.80Ni0.20)(Ga0.90Mn0.10) 0.67 0.59 -0.50

2 Ni2−2xMn1+3xGa1−x (x = 0.05) (Ni1.90Mn0.10)(Ga0.95Mn0.05) 0 0 0
(Ni1.85Mn0.15)(Ga0.95Ni0.05) 0.28 0.22 -0.59
(Ni1.90Ga0.10)(Ga0.85Mn0.15) 1.67 1.56 2.71

Ni2−2xMn1+3xGa1−x (x = 0.10) (Ni1.80Mn0.20)(Ga0.90Mn0.10) 0 0 0
(Ni1.70Mn0.30)(Ga0.90Ni0.10) 0.42 0.33 -1.07
(Ni1.80Ga0.20)(Ga0.70Mn0.30) 2.59 2.46 5.14

3 Ni2−2xMn1−xGa1+3x (x = 0.05) (Ni1.90Ga0.10)(Mn0.95Ga0.05) 0 0 0
(Ni1.90Mn0.10)(Mn0.85Ga0.15) -0.67 -0.78 -3.25
(Ni1.85Ga0.15)(Mn0.95Ni0.05) 0.93 0.87 0.63

Ni2−2xMn1−xGa1+3x (x = 0.10) (Ni1.80Ga0.20)(Mn0.90Ga0.10) 0 0 0
(Ni1.80Mn0.20)(Mn0.70Ga0.30) -1.53 -1.66 -6.53
(Ni1.70Ga0.30)(Mn0.90Ni0.10) 1.69 1.60 1.08

4 Ni2+xMnGa1−x (x = 0.10) (Ga0.90Ni0.10) 0 0 0
(Mn0.90Ni0.10)(Ga0.90Mn0.10) 0.65 0.49 -0.52

5 Ni2+xMn1−xGa (x = 0.10) (Mn0.90Ni0.10) 0 0 0
(Mn0.90Ga0.10)(Ga0.90Ni0.10) 0.59 0.44 0.05

6 Ni2−xMnGa1+x (x = 0.10) (Ni1.90Ga0.10) 0 0 0
(Ni1.90Mn0.10)(Mn0.90Ga0.10) -0.62 -0.77 -3.02

7 Ni2−xMn1+xGa (x = 0.10) (Ni1.90Mn0.10) 0 0 0
(Ni1.90Ga0.10)(Ga0.90Mn0.10) 1.86 1.71 2.70

8 Ni2Mn1+xGa1−x (x = 0.10) (Ga0.90Mn0.10) 0 0 0
(Ni1.90Mn0.10)(Ga0.90Ni0.10) 0.59 0.40 -1.28

9 Ni2Mn1−xGa1+x (x = 0.10) (Mn0.90Ga0.10) 0 0 0
(Ni1.90Ga0.10)(Mn0.90Ni0.10) 1.96 1.78 1.44
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between relative electronic energy (∆E) and free energy (∆F ) for an alloy with the
same site-occupation configuration is very small at 300 K. Therefore, in the temperature
range of interest, the mixing entropy cannot change the relative stability of the site oc-
cupations, which means that the electronic energy comparison is actually sufficient to
determine the stable site occupancy.

As shown in Table 6.3, the normal site occupation for most of the off-stoichiometric
alloys is more stable than the abnormal one (the excess atoms of the rich component
occupy the sublattice of the component at standard composition instead of the sublattice
of the component in deficiency) except for the case of Ni2−2xMn1−xGa1+3x (type 3) and
Ni2−xMnGa1+x (x =0.10, type 6). In the Ni2−2xMn1−xGa1+3x alloy, the excess Ga atoms
do not occupy evenly the two Ni sublattices and the Mn sublattice but occupy solely the
Mn sublattice whereas some of the Mn atoms move to the Ni sublattices. Similarly, in
the Ni2−xMnGa1+x (x =0.10) alloy, the excess Ga atoms again prefer the Mn sublattice
although it is Ni instead of Mn that is in deficiency, which is line with the most recently
determined site occupancy of Ni2−xMnGa1+x by Sánchez-Alarcos et al. [20].

In this work, it is confirmed that the site occupancy of the off-stoichiometric Ni2MnGa
is strongly controlled by the complex interaction between the chemical and magnetic
effects. Comparing the relative electronic energies ∆E and ∆E ′ calculated, respec-
tively, with and without spin polarization, it is seen that, for the same alloy, if there
exist Mn atoms occupying different sublattices in different site-occupation configura-
tions, ∆E differs dramatically from ∆E ′, indicating that the magnetic effect on the site
occupancy is very strong. For some of the alloys, the magnetic effect even alters the
stability sequence of the site occupations. For example, the abnormal site occupation
of the Ni2+xMnGa1−x (x =0.10, type 4) and Ni2Mn1+xGa1−x (x =0.10, type 8) is more
stable than the normal one from non-spin-polarized calculations but the latter becomes
more stable from spin-polarized calculations. However, for the alloy in which there
is no Mn atom changing its sublattice in different site-occupation configurations (e.g.,
Ni2Mn1−xGa1+x, x =0.10, and Ni2+xMn1−xGa, x =0.10), the difference between ∆E and
∆E ′ is much smaller than that in the case discussed above. The magnetic effect is com-
plicated and composition-dependent. For most of these alloys involved in this study,
∆E is larger than ∆E ′, which means that the magnetic effect tends to stabilize the nor-
mal site-occupation configuration.

6.3 Composition-dependent elastic properties

Based on the determined site occupancy in the above section, the elastic moduli of the
nine types of off-stoichiometric Ni2MnGa alloys with 12 different compositions are in-
vestigated in this section. Here, the composition dependence of elastic constants are
described with the curve of elastic constants versus the electron to atom ratio (e/a).
Furthermore, by means of the obtained theoretical results, we collect the experimental
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Figure 6.1. Bulk (left panel) and shear (right panel) moduli of off-stoichiometric
Ni2MnGa alloys with respect to e/a ratio. The horizontal and vertical lines
within the figures refer to the elastic moduli and e/a ratio of the standard
stoichiometric Ni2MnGa. The crossed symbols refer to the data points of
the Ni2Mn1+xGa1−x (x =0.10) alloy with antiparallel MnGa-MnMn mag-
netic coupling and the half-filled symbols for those with parallel MnGa-
MnMn magnetic coupling.

TM of some off-stoichiometric Ni2MnGa alloys and then try to explore the relationship
between the tetragonal elastic constant C ′ with the MT temperature TM . The collected
off-stoichiometric alloys match roughly the studied nine types although their composi-
tions may not be exactly the same.

6.3.1 Composition dependence

Figure 6.1 shows the relationship between the e/a ratio and the bulk modulus (B) as
well as the shear moduli (C ′ and C44) of the studied off-stoichiometric alloys. We see
that the general trend is that B increases with the e/a. The C ′ and C44 change oppositely
with increasing e/a: C ′ decreases but C44 increases. The bulk modulus is changed more
significantly at the low e/a side than at the high e/a side, which is an opposite behavior
to the one shown by the C ′ and C44. The result that B, C ′, and C44 are found highly
dependent on the e/a ratio may be due to the fact that both elastic constants and e/a
are believed to be related to the MT behavior of the Ni2MnGa, and consequently there
should also be certain intrinsic connection between them.

It is noted that there are three data points (the red symbols in figure) heavily deviating
from the general trend of the elastic moduli with respect to the e/a ratio. This is true
especially for B. These three data points correspond to Ni2−2xMn1+3xGa1−x (x =0.05
and 0.10, type 2) and Ni2Mn1+xGa1−x (x =0.10, type 8). We suggest that the deviation
might be due to the magnetic interaction between the Mn atoms on the Ga sublattice and
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Figure 6.2. Experimental martensitic transformation temperature (TM ) with re-
spect to the shear modulus C ′ (left panel) and e/a ratio (right panel) of
the off-stoichiometric Ni2MnGa alloys. The vertical lines within the fig-
ures refer to the C ′ and e/a ratio and the horizontal lines refer to the TM

of the standard stoichiometric Ni2MnGa. The crossed symbol refers to the
data point of the Ni2Mn1+xGa1−x (x =0.10) alloy with antiparallel MnGa-
MnMn magnetic coupling and the half-filled symbols for that with parallel
MnGa-MnMn magnetic coupling.

those on the Mn sublattice since all the three alloys have their excess Mn atoms located
on the Ga sublattice. A direct confirmation of this point is a difficult task. However, we
note that the deviation disappears if the nonspin-polarized calculations are performed.
The bulk modulus increases monotonously if spin-polarization is neglected, with in-
creasing e/a ratio, showing values of 184.5GPa (Ni2−xMnGa1+x (x =0.10)), 186.3GPa
(Ni2MnGa), and 190.0GPa (Ni2Mn1+xGa1−x (x =0.10)). Besides, the crossed symbols
refer to the data point of the Ni2Mn1+xGa1−x (x =0.10) alloy with antiparallel (AP)
MnGa-MnMn magnetic coupling and the half-filled symbols for those with parallel (P)
MnGa-MnMn magnetic coupling. We have tested that the AP and P states are almost
degenerated in Ni2Mn1+xGa1−x (x =0.10) alloy at 0 K. In this figure, it is shown that
the B of Ni2Mn1+xGa1−x (x =0.10) with AP state is still smaller than that of the ideal
Ni2MnGa, deviating significantly from the general e/a ∼ B relationship. However, the
data points of the shear moduli, C44 and C ′, versus e/a for Ni2Mn1+xGa1−x (x =0.10)
with AP state are getting closer to the fitting curves, matching better to the general
C44 ∼ e/a and C ′ ∼ e/a relationships than those with P state. The effect of magnetic in-
teractions is complicated, further investigations are still needed to confirm its influence
on the elastic properties.



6.4. TEMPERATURE-DEPENDENT ELASTIC PROPERTIES 37

6.3.2 Correlation between C ′ and TM

In the present work, the phase stability of the Ni-Mn-Ga-based alloys is mainly investi-
gated through the correlation between the composition dependence of C ′ and TM . We
collect the experimental TM values of some off-stoichiometric Ni2MnGa alloys [4, 113,
114, 115, 116, 117, 118, 119, 120]. These alloys match roughly the studied nine types
of off-stoichiometric Ni2MnGa although their compositions may slightly deviate from
those studied in our work. In Figure 6.2, the experimental TM data are shown along
with the C ′ and e/a ratio of these alloys. The C ′ of the alloys not included in the present
calculations are obtained through linear interpolation or extrapolation from the calcu-
lated ones. In the right panel of the figure, TM goes up with increasing e/a ratio as
it has been noted previously in literature. From the left panel of the Figure, it is seen
that the alloy with larger C ′ generally possesses lower TM with the only exception for
Ni2Mn1+xGa1−x (x =0.20, the half-filled red square in the figure). However, calculated
with AP state, the C ′ corresponding to this alloy (the crossed blue square in the figure)
tends to follow the general trend between C ′ and TM . Therefore, besides the e/a ratio,
the C ′ generally can also be taken as a measure for the composition-dependent TM : the
larger C ′ is, the lower TM generally is.

6.4 Temperature-dependent elastic properties

Among Ni-Mn-Ga-based alloys, Ni2+xMn1−xGa family has drawn much attention in
recent years due to their attractive properties resulted from the coupling between the
structural and magnetic transitions. Similar to other shape memory alloys such as TiNi
and CuZn [28, 121], the high-temperature cubic austenitic phase of Ni2+xMn1−xGa pos-
sesses abnormal temperature-dependent elastic modulus, i.e., the elastic modulus corre-
sponding to the soft tetragonal vibration mode softens upon lowering the temperature
[44]. This is the well-known precursor effect of the MT.

Using EMTO method, we have calculated C ′ of Ni2+xMn1−xGa at temperature of 0 K
and demonstrated that TM(x)/K ≈ 366 − 21.14C ′(x)/GPa works well for this family
of alloys. However, the above correlation is based on the assumption that the critical
C ′(TM(x), x) at which the MT occurs, keeps almost constant regardless the composition
of the alloy [29]. In order to rationalize the usage of the 0 K elastic modulus in the
evaluation of the correlation between C ′(x) and TM(x), we have to make sure that the
composition dependence of the 0 K elastic modulus remains unchanged upon elevating
the temperature, i.e., the C ′(x) ∼ T curves for different x do not cross below TM(x).
In this section, theoretical investigations of the temperature dependence of C ′ of cubic
L21-Ni2+xMn1−xGa (x = 0.0, 0.1, and 0.2) alloys are presented. We will try to find the
physics underlying the elastic softening, and convince that the critical C ′(TM(x), x) is
composition independent.
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Figure 6.3. Theoretical tetragonal elastic modulus C ′(T, x) (with error bars indi-
cated) of cubic L21-Ni2+xMn1−xGa (x = 0.0, 0.1, and 0.2) as a function of
temperature T . The experimental TM (x) values (Ref. [5]) and the corre-
sponding theoretical C ′(TM (x), x) are also shown.

6.4.1 Temperature dependence

Figure 6.3 shows the theoretical shear modulus C ′ of cubic L21-Ni2+xMn1−xGa against
the composition x and temperature T . For all three compositions, C ′ decreases with
decreasing T , reproducing well the experimental observation of elastic softening [44,
122]. The C ′ ∼ T lines for different compositions are nearly parallel to each other, which
explains why the composition-dependent C ′(0K, x) can be used to evaluate the C ′ ∼ TM

correlation. At fixed temperature, C ′ decreases with increasing x. The experimentally
measured MT temperatures TM(x) for x=0.0, 0.1, and 0.2 are around 200 K, 269 K, and
339 K, respectively [5]. With these TM(x) values, for the critical C ′(TM(x), x) we find
12.8±0.3GPa, 12.4±0.4GPa, and 12.1±0.5GPa for x=0.0, 0.1, and 0.2, respectively, which
may be considered to be constant within the present theoretical error bars. Hence, our
calculations provide the first theoretical evidence for the assumption that the critical C ′

at TM is almost independent of the composition of the alloy [29].

In order to examine the contributions from different temperature effects to C ′, in Table
6.4, we list the C ′ ∼ T slopes for the electronic entropy (dC′ee

dT
), phonon-smearing (dC′ps

dT
),

thermal expansion (dC′vib

dT
), magnetism (dC′mag

dT
), and the total slope (dC′

dT
). For the stan-

dard stoichiometric Ni2MnGa, the theoretical total slope dC′
dT

amounts to (279.8± 13.1)×
10−4GPa/K, which is in reasonable agreement with the experimental values ranging
from 208.8×10−4GPa/K to 320.0×10−4GPa/K [44, 122]. For each alloy, the thermal ex-
pansion presents a negative contribution whereas the others provide positive contri-
butions to the slope of C ′ versus T . The softening of C ′ with decreasing T is mainly
determined by the phonon-smearing effect that accounts for more than 70% of the total
decrement of C ′. With increasing x, the contributions from the electronic entropy, ther-
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Table 6.4. Resolved C ′ ∼ T slopes: electronic entropy (dC′ee
dT ), phonon-smearing

(dC′ps

dT ), thermal expansion (dC′vib
dT ), and magnetism (dC′mag

dT ) together with the
total one (dC′

dT ) of cubic L21-Ni2+xMn1−xGa (x = 0.0, 0.1, and 0.2) alloys. All
in unit of 10−4GPa/K.

x Method dC′ee
dT

dC′ps

dT

dC′vib

dT

dC′mag

dT
dC′
dT

0.0 EMTO 4.7±1.5 284.0±9.8 -24.2±1.8 15.3 279.8±13.1
Exps [44, 122] ∼208.8, ∼320.0

0.1 EMTO 14.3±2.5 240.4±8.7 -8.3±2.1 56.7 303.1±13.3
0.2 EMTO 25.0±3.7 215.2±8.8 -5.7±1.0 70.2 304.7±13.5

mal expansion, and magnetism increase, whereas that of the phonon-smearing effect
decreases. The total slope increases slightly.

6.4.2 Prediction of TM

With the calculated elastic constants, we can evaluate the Debye temperature Θ of
the austenite and martensite, which gives us the opportunity to estimate directly the
MT temperature by comparing the free energies of the two phases. The temperature
corresponding to vanishing free energy difference (∆F ≈ ∆Eel + ∆(TS∗el) + ∆Fvib +
∆Fmag) between the austenite and martensite determines the MT temperature TM . Since
Ni2+xMn1−xGa with x ≤ 0.2 for both crystallographic phases is ferromagnetic and the
magnetic moments do not change very much with lattice distortion, the magnetic free
energy difference may be neglected. Furthermore, the difference between the electronic
entropy contributions to ∆F is also negligible. The vibrational free energy difference,
on the other hand, can be estimated from the high temperature expansion of the phonon
free energy [67], ∆Fvib ≈ 3kBT ΘA−ΘM

ΘA , with ΘA and ΘM being the Debye temperatures
of the austenite and martensite, respectively, derived from our theoretical elastic con-
stants. We find that, if we derive ΘA using C ′(0K, x) the critical temperatures are about
97 K, 90 K, and 71 K for x=0.0, 0.1, and 0.2, respectively, as shown in Figure 6.4 (a).
These figures deviate significantly from the experimental values. However, if we calcu-
late ΘA using the critical C ′(TM(x), x) values (shown in Figure 6.4 (b)), the theoretical
TM(x) become 219 K, 285 K, and 342 K for x=0.0, 0.1, and 0.2, respectively, in good agree-
ment with the experimental data [5]. This finding may confirm the dominant role of the
temperature dependence of C ′ around the MT.
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Figure 6.4. Free energy difference ∆F between cubic L21 and non-modulated β′′′-
Ni2+xMn1−xGa (x = 0.0, 0.1, and 0.2) as a function of temperature T . In
figure (a), ΘA is calculated with C ′(0K, x), whereas in figure (b) ΘA is cal-
culated with C ′(TM (x), x).
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6.5 Curie temperature

In this section, we investigate in detail the effect of Ni excess on the magnetic transition
temperature TC of L21 and non-modulated β′′′-Ni2+xMn1−xGa (0 ≤ x ≤ 0.36) using the
Heisenberg model in combination with the mean-field approximation. We first calcu-
late the effective exchange parameters between Mn-Mn (JMn−Mn

0 ) and between Mn-Ni
(JMn−Ni

0 ) as a function of the excess Ni concentration in the two phases. The interaction
parameters with Ni atoms on Mn site (NiMn) are small and thus they are not considered
here. After that, we get the composition dependence of the theoretical TC .

Figure 6.5 shows our theoretical TC of L21 and β′′′-Ni2+xMn1−xGa (0 ≤ x ≤ 0.36) as
a function of the composition x, in comparison with the experimental results [5]. It
is shown that for both phases, TC decreases with increasing x. TC of the β′′′ phase is
higher than that of the L21 phase. For the experimental data shown in the figure, when
x < 0.18, the experimental transition temperature decreases almost linearly with in-
creasing x. However, for x > 0.18, the experimental TC value increases suddenly with
increasing x. After reaching a maximum at about x = 0.25, it decreases again with
x. This interesting experimental trend of TC can be understood qualitatively from the
present results. For x < 0.18, the TM is well below the TC so that the magnetic tran-
sition occurs in the L21 phase. Therefore, the TC of the system corresponds to that of
the L21 phase and decreases with increasing x, in line with the present finding. Since
TM increases whereas TC decreases with increasing x, they become close to each other
for x ≈ 0.18. Around this composition, the austenitic and martensitic phases may co-
exist and thus the measured TC corresponds to a mixed rather than to a single phase.
Since according to the present study the TC of the martensite is higher than that of the
austenitic L21 phase, it is understandable that the measured TC goes up with increasing
x, i.e., with increasing content of the β′′′ phase in the system. When x exceeds 0.25, TM

becomes higher than the TC and the magnetic transition occurs within the β′′′ phase.
Therefore, the measured TC corresponds solely to that of the martensite and decreases
again with increasing x, in line with the present theory. In our work, we would like to
point out the excellent agreement between the theoretical and experimental ”jump” in
the TC around x ≈0.18 [5].



Chapter 7

Ni-Mn-Ga-X (X=Fe, Co, and Cu)
quarternary alloys

The martensitic transformation behavior of Ni-Mn-Ga alloy may change drastically by
doping of a fourth element such as Fe, Co, and Cu. For example, the substitution
of Mn with Fe (Ni2Mn1−xGaFex) up to x=0.70 drops the martensitic transition tem-
perature TM from 200 K to about 120 K [6], whereas the replacement of Ga by Fe
(Ni52.7Mn22.1Ga25.2−xFex, x = 5.3) increases TM from 290 K to 440 K [7]. For the Co
and Cu-doped Mn or Ga-deficient alloys, TM increases [8, 9, 10, 11], but it decreases if
Co or Cu replaces Ni atoms [7, 12, 13].

According to the report in the above chapter, the site occupancy of the alloying ele-
ments should be an important factor affecting the composition dependence of TM in
the quarternary shape memory alloys. Besides, it deserves to examine if the correla-
tion C ′ ∼ TM found in most of the off-stoichiometric Ni2MnGa alloys is also satisfied
in Fe, Co, and Cu-doped alloys. In this chapter we will first investigate the site oc-
cupancy of the three alloying elements in Sec. 7.1, and then with the stable site oc-
cupancy, we study in detail about the composition dependence of elastic constants,
electronic structures, and the correlation between C ′ and TM in Sec. 7.2. In our work,
for each alloying element X (X=Fe, Co, and Cu), we consider 3 types of compositions:
Ni-deficient (Ni2−xMnGaXx) (type 1), Mn-deficient (Ni2Mn1−xGaXx) (type 2), and Ga-
deficient (Ni2MnGa1−xXx) (type 3).

This chapter is based on supplement VII.

7.1 Site occupancy

We consider 5 different site-occupation configurations for each type of Fe/Co/Cu-doped
alloys with the composition x = 0.05. Taking the Ni-deficient alloy as example, the 5
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site-occupation configurations are: (A) the “normal” site-occupation with x X atoms oc-
cupying Ni-sublattice (denoted as XNi); (B) x X atoms occupying Mn-sublattice (XMn)
and x Mn atoms moving to Ni-sublattice (MnNi); (C) x X occupying Ga-sublattice (XGa)
and x Ga atoms moving to Ni-sublattice (GaNi); (D) x X occupying Mn-sublattice (XMn),
and x Mn atoms moving to Ga-sublattice (MnGa) and x Ga atoms moving to Ni-sublattice;
(E) x X occupying Ga-sublattice, and x Ga atoms moving to Mn-sublattice (GaMn) and x
Mn atoms moving to Ni-sublattice. The stable site-occupation is determined by compar-
ing the 5 different site-occupation configurations’ free energies F , which is calculated
with Eq. (6.1). To observe the effects of temperature and magnetism, we also present
the electronic energies E and E ′, calculated with and without spin-polarization, respec-
tively. The relative energies are presented as ∆F , ∆E, and ∆E ′, where the energy of the
“normal” site-occupation configuration is taken as reference. ∆F measures the relative
stability of various site-occupations at temperature T = 300 K, which is around the crit-
ical temperature of the martensitic transition, whereas ∆E and ∆E ′ correspond to the
relative stability at 0 K in magnetic and non-magnetic states, respectively.

Listed in Table 7.1 are the relative electronic energy (∆E and ∆E ′) and relative free
energy (∆F ) of the three types of Fe/Co/Cu-doped Ni2MnGa alloys. Note that ∆E and
∆F have similar trends against the site-occupation configurations at the temperature of
300 K. Therefore, in the temperature range of interest, the mixing entropy cannot change
the relative stability of the site occupations such that comparing the relative electronic
energy is actually sufficient to determine the stable site occupancy.

For the Fe-doped Ni and Mn-deficient alloys, the “normal” site-occupation configura-
tion A with Fe occupying Ni or Mn sublattice is lower in energy than the “abnormal”
site-occupation configurations. However, for the Ga-deficient alloy, the energy differ-
ence between the site-occupation configurations A (“normal”), B (with Fe atoms occu-
pying the Ni-sublattice while some of Ni atoms moving to the Ga-sublattice), and C
(with Fe atoms occupying the Mn-sublattice in meantime some of Mn atoms moving to
the Ga-sublattice) are close to the numerical accuracy of our first-principles calculation.
Furthermore, for these systems due to the neglected temperature effects our approach
is not sufficient to resolve the site preference. At the same time, the small energy dif-
ferences suggest that these configurations are almost degenerated in energy and may
occur simultaneously in the alloys.

For the Co-doped alloys, regardless of the composition of the alloys, the configuration
of Co occupying Ni-sublattice has the lowest energy among all configurations investi-
gated, indicating Co atoms prefer strongly the Ni-sublattice. That is, the “normal” site-
occupation configuration A is the most stable for Ni-deficient alloy whereas for both
Mn- and Ga-deficient alloys, the “abnormal” site-occupation configurations (B) with Ni
antisites on Mn or Ga sublattice is more stable.

In the Cu-doped alloy, Cu atoms always take the sublattice of the deficient component,
i.e., the “normal” site-occupation configuration is the most stable one for all 3 types of
Cu-doped alloys.
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Table 7.1. Relative electronic energy ∆E and ∆E′ (in mRy/atom) and relative
free energy ∆F (in mRy/atom) of Fe/Co/Cu-doped Ni2MnGa alloys at
temperature of 300 K, taking the electronic/free energy of the “normal”
site-occupation configuration as reference. A∼E denote different site-
occupation configurations (see the text). ∆E and ∆E′ are the relative elec-
tronic energies from spin-polarized and non-spin-polarized calculations, re-
spectively. Boldface indicates the most stable configuration.

Composition Site occupancy ∆E ∆E ′ ∆F
Fe-doped

Ni1.95MnGaFe0.05 A: (Ni0.975Fe0.025)2MnGa 0 0 0
B: (Ni0.975Mn0.025)2(Mn0.95Fe0.05)Ga 0.41 -0.11 0.31
C: (Ni0.975Ga0.025)2Mn(Ga0.95Fe0.05) 1.48 1.34 1.38
D: (Ni0.975Ga0.025)2(Mn0.95Fe0.05)(Ga0.95Mn0.05) 1.57 1.27 1.38
E: (Ni0.975Mn0.025)2(Mn0.95Ga0.05)(Ga0.95Fe0.05) 1.11 -0.38 0.92

Ni2Mn0.95GaFe0.05 A: Ni2(Mn0.95Fe0.05)Ga 0 0 0
B: (Ni0.975Fe0.025)2(Mn0.95Ni0.05)Ga 0.38 -0.77 0.26
C: Ni2(Mn0.95Ga0.05)(Ga0.95Fe0.05) 0.74 -0.26 0.64
D: (Ni0.975Fe0.025)2(Mn0.95Ga0.05)(Ga0.95Ni0.05) 0.71 -0.74 0.50
E: (Ni0.975Ga0.025)2(Mn0.95Ni0.05)(Ga0.95Fe0.05) 1.81 0.53 1.60

Ni2MnGa0.95Fe0.05 A: Ni2Mn(Ga0.95Fe0.05) 0 0 0
B: (Ni0.975Fe0.025)2Mn(Ga0.95Ni0.05) -0.01 -0.49 -0.13
C: Ni2(Mn0.95Fe0.05)(Ga0.95Mn0.05) -0.06 -0.07 -0.16
D: (Ni0.975Fe0.025)2(Mn0.95Ni0.05)(Ga0.95Mn0.05) 0.31 -0.84 0.1
E: (Ni0.975Mn0.025)2(Mn0.95Fe0.05)(Ga0.95Ni0.05) 0.37 -0.59 0.16
Co-doped

Ni1.95MnGaCo0.05 A: (Ni0.975Co0.025)2MnGa 0 0 0
B: (Ni0.975Mn0.025)2(Mn0.95Co0.05)Ga 1.00 -0.50 0.90
C: (Ni0.975Ga0.025)2Mn(Ga0.95Co0.05) 2.00 0.92 1.90
D: (Ni0.975Ga0.025)2(Mn0.95Co0.05)(Ga0.95Mn0.05) 1.98 0.85 1.79
E: (Ni0.975Mn0.025)2(Mn0.95Ga0.05)(Ga0.95Co0.05) 1.64 -0.65 1.45

Ni2Mn0.95GaCo0.05 A: Ni2(Mn0.95Co0.05)Ga 0 0 0
B: (Ni0.975Co0.025)2(Mn0.95Ni0.05)Ga -0.21 -0.40 -0.33
C: Ni2(Mn0.95Ga0.05)(Ga0.95Co0.05) 0.71 -0.33 0.61
D: (Ni0.975Co0.025)2(Mn0.95Ga0.05)(Ga0.95Ni0.05) 0.12 -0.53 -0.09
E: (Ni0.975Ga0.025)2(Mn0.95Ni0.05)(Ga0.95Co0.05) 1.83 0.62 1.62

Ni2MnGa0.95Co0.05 A: Ni2Mn(Ga0.95Co0.05) 0 0 0
B: (Ni0.975Co0.025)2Mn(Ga0.95Ni0.05) -0.53 -0.25 -0.65
C: Ni2(Mn0.95Co0.05)(Ga0.95Mn0.05) 0.01 -0.22 -0.09
D: (Ni0.975Co0.025)2(Mn0.95Ni0.05)(Ga0.95Mn0.05) -0.20 -0.60 -0.41
E: (Ni0.975Mn0.025)2(Mn0.95Co0.05)(Ga0.95Ni0.05) 0.43 -0.74 0.22
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Composition Site occupancy ∆E ∆E ′ ∆F
Cu-doped

Ni1.95MnGaCu0.05 A: (Ni0.975Cu0.025)2MnGa 0 0 0
B: (Ni0.975Mn0.025)2(Mn0.95Cu0.05)Ga 0.43 -1.28 0.33
C: (Ni0.975Ga0.025)2Mn(Ga0.95Cu0.05) 1.02 0.63 0.92
D: (Ni0.975Ga0.025)2(Mn0.95Cu0.05)(Ga0.95Mn0.05) 1.41 0.08 1.22
E: (Ni0.975Mn0.025)2(Mn0.95Ga0.05)(Ga0.95Cu0.05) 0.71 -1.05 0.52

Ni2Mn0.95GaCu0.05 A: Ni2(Mn0.95Cu0.05)Ga 0 0 0
B: (Ni0.975Cu0.025)2(Mn0.95Ni0.05)Ga 0.36 0.39 0.24
C: Ni2(Mn0.95Ga0.05)(Ga0.95Cu0.05) 0.28 0.24 0.18
D: (Ni0.975Cu0.025)2(Mn0.95Ga0.05)(Ga0.95Ni0.05) 0.69 0.43 0.48
E: (Ni0.975Ga0.025)2(Mn0.95Ni0.05)(Ga0.95Cu0.05) 1.36 1.04 1.15

Ni2MnGa0.95Cu0.05 A: Ni2Mn(Ga0.95Cu0.05) 0 0 0
B: (Ni0.975Cu0.025)2Mn(Ga0.95Ni0.05) 0.40 0.19 0.28
C: Ni2(Mn0.95Cu0.05)(Ga0.95Mn0.05) 0.38 -0.55 0.28
D: (Ni0.975Cu0.025)2(Mn0.95Ni0.05)(Ga0.95Mn0.05) 0.73 -0.18 0.52
E: (Ni0.975Mn0.025)2(Mn0.95Cu0.05)(Ga0.95Ni0.05) 0.81 -1.06 0.60

For all the alloys involved in this study, configurations D and E are not stable. The
reason is that two kinds of antisites have to be generated in order to achieve the compo-
sition balance for these configurations, which cost a lot of energy.

7.2 Composition-dependent elastic properties

With the theoretically determined site occupancy, in this section we first present the
composition dependence of elastic constants in Sec. 7.2.1, and then based on the results
and the collected experimental TM data, the correlation between C ′ and TM in the three
types of Fe/Co/Cu-doped alloys is discussed in Sec. 7.2.2. In Sec. 7.2.3, we try to find
the physics underlying the alloying effect on C ′ using the calculated DOS.

7.2.1 Composition dependence

Figure 7.1, 7.2, and 7.3 show the bulk modulus (B) and shear elastic constants (C44 and
C ′), respectively, as a function of the composition x (0 ≤ x ≤ 0.2) in each of the three
types of Fe/Co/Cu-doped alloys. As compared to the calculated equilibrium volume
V0, for most of the alloys, the bulk modulus B (Figure 7.1) follows the general trend:
a larger B corresponds to a smaller V0. However, both V0 and B of Ni2MnGa1−xFex

decrease with increasing x, and B of Ni2−xMnGaFe1−x keeps almost constant whereas
V0 decreases. Our above investigations in Chapter 6.3 have shown that C ′ and C44 of
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Figure 7.1. The bulk modulus B (in GPa) of Fe (a), Co (b), and Cu (c)-doped
Ni2MnGa alloys.

the off-stoichiometric Ni2MnGa alloys change oppositely with the composition. Never-
theless, for the Fe/Co/Cu-doped alloys, this is not always true. The trend of C ′ (Fig-
ure 7.3) is the same as that of C44 (Figure 7.2) for Ni2−xMnGaXx (X=Fe and Co) and
Ni2Mn1−xGaXx (X=Fe and Cu) alloys.

7.2.2 Correlation between C ′ and TM

As demonstrated by our above investigations, for the off-stoichiometric Ni2MnGa al-
loys, besides of e/a, C ′ could also be considered as an index of the composition depen-
dence of TM : a smaller C ′ indicates a higher TM . Moreover, for Ni2Mn(GaAl) where the
TM ∼ e/a relationship fails, TM ∼ C ′ relationship still works [123]. In order to examine
the TM ∼ C ′ of the Fe/Co/Cu-doped alloys, in Figure 7.4, we present the experimental
TM as functions of the theoretical C ′ for some alloys which match roughly the stud-
ied three types of alloys. The C ′ of these alloys are obtained through interpolation of
the C ′ ∼ x relationship as shown in Figure 7.3. For most of the alloys, TM decreases
with increasing C ′, following the general trend as for the off-stoichiometric Ni2MnGa
alloys. However, for Ni2Mn1−xGaFex, TM increases with increasing C ′, against the gen-
eral trend of C ′ versus TM , and a sharp change of TM with respect to the composition x
is found in Ni2−xMnGaCox.

As shown in Figure 7.4 (a), for Ni2Mn1−xGaFex there is an inverse behavior of the
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Figure 7.2. The shear modulus C44 (in GPa) of Fe (a), Co (b), and Cu (c)-doped
Ni2MnGa alloys.
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Figure 7.3. The shear modulus C ′ (in GPa) of Fe (a), Co (b), and Cu (c)-doped
Ni2MnGa alloys.
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Figure 7.4. The experimental martensitic transformation temperature TM with re-
spect to the theoretical shear modulus C ′ (= 1

2(C11 − C12)) for the three
types of Fe (a), Co (b), and Cu (c)-doped Ni2MnGa alloys. The experimen-
tal TM values are from Refs. [4, 6, 7, 8, 9, 10, 11, 12, 13, 124, 125, 126, 127].

TM ∼ C ′ correlation although C ′ is expected to be a better predictor of the composition-
dependent TM . The reason could be that we are using the 0 K C ′ to assess the TM ∼ C ′

correlation. However, in principle, one should use C ′ around TM for the TM ∼ C ′ corre-
lation. The C ′ ∼ x slope for Ni2Mn1−xGaFex at finite temperature might be opposite to
that at 0 K which makes this alloy follow the general TM ∼ C ′ correlation. The strong
Co-doping effect for Ni2−xMnGaCox (in Figure 7.4 (b)) might have similar origin: the
C ′ ∼ x slope may increase upon elevating the temperature. Our recent investigations on
the temperature-dependent C ′ of Ni2+xMn1−xGa show that the density of state smear-
ing, induced by temperature, change C ′ significantly. In hope to clarify the violation
of the general TM ∼ C ′ correlation for these alloys, first-principles calculations of the
temperature-dependent C ′ of these alloys are now on-going.

7.2.3 Electronic structure

It has been demonstrated that the stability of the L21-Ni2MnGa is closely related to the
minority (spin-down) DOS around the Fermi level [107, 128, 129]. In order to under-
stand the physics underlying the composition-dependent C ′, in Figure 7.5, we plot the
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Figure 7.5. The total density of state (TDOS) per cell of Fe (a), Co(b), and Cu (c)-
doped Ni2MnGa alloys, in comparison with that of standard stoichiomet-
ric alloy. The vertical lines indicate the Fermi level.

minority DOS of the Fe/Co/Cu-doped Ni2MnGa alloys, in comparison with that of the
undoped Ni2MnGa.

For the undoped Ni2MnGa, there exists a pseudogap at about -0.05 Ry below the Fermi
level. This pseudogap forms mainly due to the hybridization between the Ni-3d and
Ga-4p states and represents the covalent bonding between Ni and Ga. On the other
hand, a peak occurs at about -0.02 Ry below the Fermi level, resulting in the Jahn-Teller
instability of the cubic Ni2MnGa [102, 104, 108, 128, 129]. Upon tetragonal distortion,
this peak splits, leading to a more stable martensite phase.

As seen from Figure 7.5 (a), (b), and (c), for the Ni2−xMnGaXx (X=Fe, Co, Cu) alloys,
the pseudogap at about -0.05 Ry becomes somehow shallower and narrower as com-
pared to that of the Ni2MnGa, indicating a weaker covalent bonding between the atoms
in the alloys. This may contribute to the softening of the C ′ of Ni2−xMnGaXx alloys.
However, the peak at about -0.02 Ry is much lower than that of Ni2MnGa. This means
that the Jahn-Teller instability of Ni2MnGa is significantly relieved by the alloying el-
ements X, which results in the hardening of C ′. The calculated weak C ′ hardening of
Ni2−xMnGaXx with increasing x may be explained as that the C ′ hardening induced by
the Jahn-Teller effect overcomes the softening induced by the covalent bond strength
effect.
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For the Ni2Mn1−xGaFex alloy, the depth and width of the pseudogap around -0.05 Ry
remains almost unchanged whereas the height of the peak at -0.02 Ry increases as com-
pared to that of Ni2MnGa (see Figure 7.5 (a)). Therefore, the contribution of the covalent
bond strength effect to the variation of C ′ is negligible, and the increasing Jahn-Teller
instability may account for the softening of C ′ with increasing x as seen in Figure 7.3
(a). For the Ni2MnGa1−xFex alloy, the pseudogap at about -0.05 Ry becomes much shal-
lower and the height of the peak at -0.02 Ry increases, indicating that the covalent bond-
ing becomes weaker and the Jahn-Teller instability increases. Therefore, both the bond
strength and Jahn-Teller effects contribute to the softening of C ′. This is why the al-
loying induced C ′ softening of Ni2MnGa1−xFex is much more significant than that of
Ni2Mn1−xGaFex (Figure 7.5 (a)).

For the Ni2Mn1−xGaCox and Ni2MnGa1−xCox alloys, the pseudogap around -0.05 Ry
almost disappears (Figure 7.5 (b)), indicating much weaker covalent bonding in these
alloys than that in Ni2MnGa. The strong weakening of the covalent bonding induced
by Co in these alloys results in softening of C ′ (Figure 7.3 (b)), although the decrease
in the height of the peak at -0.02 Ry (weaker Jahn-Teller effect) may have a positive
contribution to the C ′. Similar discussion applies to the cases of Ni2Mn1−xGaCux and
Ni2MnGa1−xCux alloys where the covalent bonding becomes weaker and the Jahn-
Teller instability is slightly relieved upon Cu-doping.



Chapter 8

Concluding remarks

The martensitic transformation of Ni-Mn-Ga and In-Tl shape memory alloys is affected
significantly by alloying elements, which has been recognized to be related to the elastic
properties. Using the first-principles EMTO-CPA method, we investigated in detail the
elastic properties of these two kinds of shape memory alloys, and try to understand the
physics underlying the composition dependence of TM .

In In-Tl alloys, we found that all the composition-dependent thermophysical proper-
ties: lattice parameter c/a, shear elastic constant C ′ = 1/2(C11 − C12), energy difference
between the austenitic and martensitic phases, as well as electronic structures are in line
with the experimentally observed lowering of TM with the addition of Tl.

For Ni-Mn-Ga-based alloys, we first investigated the site occupancy of the doping ele-
ments. In most of the off-stoichiometric Ni2MnGa, the excess atoms of the rich compo-
nent prefer to occupy the sublattice of the deficient one, except for the Ga-rich alloys,
where the excess Ga atoms have strong tendency to take the Mn sublattice irrespec-
tive of the Mn occupation. In Ni-Mn-Ga-X (X=Fe, Co, and Cu) quarternary alloys, Fe
atom prefers to occupy the Mn and Ni-sublattice even in Ga-deficient alloys; Co has
strong tendency to occupy the Ni-sublattice in all types of alloys; Cu atoms always oc-
cupy the sublattice of the host elements in deficiency. For most of the studied alloys
with the stable site-occupations, the shear modulus C ′ can be considered as a predictor
of the composition dependence of TM of the alloys: the alloy with larger C ′ than that
of the perfect Ni2MnGa generally possesses lower TM except for Ni2Mn1+xGa1−x and
Ni2Mn1−xGaFex.

The failure of C ′ as a factor of TM in Ni2Mn1+xGa1−x and Ni2Mn1−xGaFex may be
ascribed that the composition-dependent magnetic interactions and the temperature-
dependent C ′ also play an important role on the MT in these alloys. We have demon-
strated that a proper account of the temperature and composition dependence of C ′ give
us a reasonable theoretical TM(x) values in Ni2+xMn1−xGa alloys (x = 0.0, 0.1, and 0.2).
Detailed investigations of the phonon effect (including the temperature effect) on the

51
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thermophysical properties of other Ni-Mn-Ga alloys are part of my ongoing projects.
Parallel to this subject, I will try to explore the composition dependence of magnetic
properties (magnetic exchange energy, Curie temperature, and so on) and their effects
on the MT of Ni-Mn-Ga-based alloys.



Acknowledgements

First and foremost, I would like to express my sincere gratitude and appreciation to my
supervisors, Prof. Levente Vitos and Prof. Qing-Miao Hu, for giving me the opportu-
nity to join the AMP group at KTH, for leading me into the scientific research of calcula-
tional materials science, for their great patience, professional guidance and continuous
support during my studies, and for giving me strong confidence to do everything best.

I am also deeply indebted to Prof. Rui Yang, my co-supervisor, in the Institute of Metal
Research, Chinese Academy of Sciences, and Prof. Börje Johasson, the leader of the
AMP group. Thank you for helping me go into an interesting and promising research
world.

The Swedish Research Council, the Swedish Steel Producers’ Association, the Carl Tryg-
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