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ABSTRACT 

 

Polymer based porous materials largely exhibit viscoelastic properties which is a consequence of the 

viscoelastic nature of the constituent solid. If the constitutive relation for the constituent solid is 

known, then it is of interest to investigate how this constitutive relation of the solid at the micro 

scale influences the macroscopic properties of the porous structure. In the present work porous 

structures are studied with the assumption that the constitutive solid is isotropic and that it also 

exhibits non-proportional damping characteristics. Non-proportional damping here refers to the 

dissimilarity in the frequency dependencies of the different complex elastic moduli of the constituent 

solid.  

Two different kinds of porous structures are investigated: pseudo random periodic microstructure 

and the other a pseudo random non-periodic microstructure. Both the structures are based on the 

implementation of Voronoi tessellations in 2D Euclidean space. A representative volume element 

(RVE) or a unit cell approach is adapted to analyse the properties of the porous structure. Periodic 

boundary conditions are implemented on the RVE in case of the periodic microstructure while a less 

elegant approach of using a large enough element size and measuring the stress strain fields at the 

interior boundaries is adapted for the non-periodic structure. 

A direct homogenisation technique based on the volume averaging of the micro stress and strain 

fields is used to estimate the macro level stress and strain fields. These macro fields are then used for 

determining the complex elastic moduli of the porous frame structures. Finally the results reveal that 

in spite of the assumption of non-proportional damping for the constituent solid, the porous frame 

structure exhibits proportional damping for structures of high porosity, thus possibly justifying the 

assumptions of proportional damping for a porous structure with sufficiently high porosity. 
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1 INTRODUCTION 

Porous materials (also cellular solids) abound in nature. In the recent decades there has been an 

increasing usage of manmade porous materials in a wide array of applications. They have developed 

into being an important class of materials all by themselves. Foaming, one of the important 

techniques for manufacturing of cellular solids dramatically extend the range of properties as 

compared to the properties of the constituent solid (Gibson & Ashby, 1998). The cellular solids have 

reduced density, exhibit reduced stiffness and compression strength and lowering of thermal 

conductivity as well. All these extension in properties of cellular solids find wide applications in the 

engineering sector and thus it is of paramount importance to understand its bulk properties. 

Many of the porous materials have polymeric materials as their constituent solid and thus are 

governed by viscoelastic response. This is directly a consequence of the property of the constituent 

solid. In somewhat similar manner, the geometry of the microstructure too comes to bear an 

influence on the properties of the bulk structure.  

As a subplot to the understanding of the bulk mechanical properties of a cellular solid based on its 

microstructure geometry is also the question of a suitable damping model for the microstructure. As 

we know, modelling damping is non-trivial. Proportional damping (Rayleigh damping) is one of the 

often used damping models. It suggests that the damping is proportional to both the elastic and 

inertial forces. We consider here that the constituent solid of the microstructure exhibits non-

proportional damping and calculate from simulations as to whether the damping is still non-

proportional. 

In the ensuing chapters, we look into the essential features of viscoelastic response and constitutive 

equations. Some important considerations in homogenisation of the unit cell or representative 

volume element to get the bulk properties are presented. The average field theory, one of the basic 

methods of homogenisation is presented. A description is given of the methods adopted for 

modelling the microstructure, the boundary conditions that are used and possible alternatives. 

Finally the simulation results are presented along with non-dimensionalised in-plane bulk properties 

and also frequency dependent damping functions comparison for shear and bulk modulus. 

Finally, some of the shortcomings of the work are outlined along with possible further 

considerations. 
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2 POROUS MATERIALS AND VISCOELASTICITY 

2.1 INTRODUCTION 

Porous materials play a significant role in our everyday lives today. Even though naturally occurring 

porous/cellular material like wood has been used since the advent of man, its adaptation to everyday 

engineering cause has been more recent. This has happened due to the increase demand for light 

weight, strong materials with impressive thermal, chemical and other essential characteristics. The 

use of such porous materials has been extensive in the automotive industry, aircraft industry, 

construction industry, healthcare industry etc. In the following sections we look into some primary 

aspects of porous materials like the quantities used to characterise it, the geometry of its micro 

structure, and qualities that make porous materials so significant in this day and age. 

While the characterisation of a material as being solid, fluid, elastic, viscoelastic, viscoplastic etc. is 

based on the observed macroscopic behaviour, the nature of material deformation is eventually 

governed by atomic level phenomenon. While those solids which we term as Hookean solids or 

elastic solids exhibit a direct proportional relationship between its stress and strain states, it is 

instructive to note that from a microscopic point of view the displacement of atoms in these 

materials are comparable to inter atomic distances. On the other hand in fluids governed by 

Newton’s law of viscosity where the stress state exhibits a direct proportionality to the rate of strain, 

at the microscopic level this indicates a change in the molecular distribution at a given position over 

a period of time. The above two behaviours viz. elastic and viscous while being characteristic of large 

class of solids and fluids respectively, juxtapose in certain materials giving rise to what we term as 

viscoelastic materials. 

It needs to be said that viscoelastic response is quite central to polymers even though not all 

polymers are viscoelastic (Roylance, 2001). The idea of viscoelastic response gains significance owing 

to its sensitivity to the material’s chemistry and microstructure. As noted in (Roylance, 2001), there 

are two fundamental atomic level mechanisms by which viscoelastic polymers deform. One, by the 

distortion of chemical bonds thereby moving atoms to positions of higher internal energy or two, by 

large scale re-arrangement of atoms. In the context of the present work, while molecular or atomic 

level deformation phenomenon is not of interest, it still gives an additional perspective for the need 

of modelling a microstructure accurately. While the modelled microstructure does not reflect the 

molecular level arrangement, it reminds that there are phenomena at much lower scales than the 

microstructural scale itself that influences the material behaviour. In the following sections, we will 

also briefly look into the fundamental governing equations of Viscoelasticity, mechanical analogies 

for viscoelastic behaviour, ideas of frequency dependent moduli etc.  

2.2 POROUS MATERIALS OR CELLULAR SOLIDS 

While I have introduced the section with the word porous materials, (Gibson & Ashby, 1998) perhaps 

more appropriately use the term “cellular solids”. They define the term cellular solids as “one made 

up of an interconnected network of solid struts or plates which form the edges and faces of cells”. 

These kinds of materials are to be found widely in nature and are increasingly being used for 

engineering application, sometimes by bio mimicking as in a honeycomb structure. Two of the most 

common structures or principles behind making a cellular solid are (i) Honeycombs (ii) Foams  
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Honeycombs, so called because of the identical arrangement seen in the honeycomb of a bee, is in 2 

dimensions a tiling of space by hexagonal cells. This structural arrangement is used in building panels, 

sandwich structures etc. and is a very popular structure for cellular solids. In 3 dimensional solids, the 

filling of a space is non-trivial and there are various configurations that can tile the three dimensional 

space. Foams are essentially 3 dimensional polyhedral packing of space and this structure is built up 

by various techniques. Prominent amongst them being introduction gas bubbles into a hot polymer 

and allowing it to solidify, having organic inserts in molten metals and burning off the organic inserts 

after solidification etc. 

2.3 CHARACTERIZATION OF CELLULAR SOLIDS 

A lot of mathematical avenues especially topology, graph theory and plane geometry find its 

applications in understanding and describing the structure of porous materials. Euler’s law for 

example relating the edges, faces and vertices of cells is used in the description of ideas like edge 

connectivity and face connectivity. These ideas become significant in understanding the geometric 

arrangement of unit cells in a porous structure and allow us to make useful observations on the 

properties of such structures. 

2.3.1 CELL SHAPE: 

Apart from a random tessellation of two dimensional spaces, there are six different unit cells which 

can fill the plane. These regular shaped unit cells are mostly used in manmade materials while 

naturally occurring two dimensional materials are much random. The six unit cells are (i) Equilateral 

triangle (ii) Isosceles triangle (iii) Square (iv) Parallelogram (v) Regular Hexagon (vi) Irregular Hexagon 

The possible unit cell shapes that pack the three dimensional space is much larger and this again is 

apart from the random tiling. 

2.3.2 RELATIVE DENSITY: 

This is one of the most important characteristic of a porous material. It is defined as the ratio of the 

density of the material to the density of its constituent solid i.e, 

relative	density = 	�∗��  

Porous materials usually have a relative density of less than 0.3 and sometimes as low as 0.003. 

(Gibson & Ashby, 1998) 

2.3.3 POROSITY: 

Porosity is defined as the percentage of empty space or void in the porous material. It is easy to see 

that porosity is simply the difference between one and relative density i.e, 

porosity = 	1 − �∗��  
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2.4 VISCOELASTIC PHENOMENON 

It is known that materials exist whose response behaviour is a combination of behaviours described 

by the theories of linear elasticity and Newtonian fluids. Such materials are termed as being 

viscoelastic. Viscoelastic materials while exhibiting a certain level of rigidity like in an elastic body 

simultaneously flow and dissipate energy by frictional losses as a viscous fluid (Haddad, 1995). A 

viscoelastic material which is subjected to a constant stress does not hold a constant deformation; 

rather it continues to flow with time (creeps). Also on the removal of this constant stress the material 

has a residual strain in it which is dependent on the length of time and the level to which it has been 

loaded. Thus viscoelastic materials can be said to be those for which the relationship between stress 

and strain is a function of time.  

 

Figure 1: Response of materials to applied stress 

Shown in figure 1 is the response of an ideal elastic material, viscous fluid and a viscoelastic material 

for a particular load case shown in its first plot. The elastic material reaches a proportional strain 

level and remains constant and returns to the original state when the loading is removed. For the 

viscous fluid the strain response is proportional to time rate and is a constant and on the removal of 

loading the fluid does not recover. For the viscoelastic material, initially there is a rapid increase in 

the strain response but the slope reduces as time increases. On removal of loading the viscoelastic 

material will recover its elastic deformation, however the retarded part of its response will recover 

only in due time. 

2.5 MECHANICAL MODELS FOR VISCOELASTIC BEHAVIOUR 

A linear differential relation is often used as constitutive equation describing the linear viscoelastic 

behaviour connecting stress to strain. 

����� = ����� 
Here P and Q are linear differential operators with respect to time which are expressed as follows. 
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� = ∑ ���� ! "#
"$#  and � = ∑ %�&� ! "#

"$# 
where the coefficients of the derivatives represent the material constants. Combining the linear 

differential operators with the above mentioned constitutive relation, we have 

�!� ' �( )(�)�( ' �* )
*�)�* ' �+ )

+�)�+ '⋯ =	%!� ' %( )(�)�( ' %* )
*�)�* ' %+ )

+�)�+ '⋯ 

Such a representation for the viscoelastic response can be limited to at the least two or more 

elements on each side of the equation above. It is seen from the above equation that the first term 

on each side represents the Hooke’s law for elastic materials or a mechanical spring obeying Hooke’s 

law and the second term represents a viscous dashpot. Thus it is evident that if we limit the time 

scale and consider two terms from each side of the equation we could in theory represent the 

viscoelastic response by a combination of springs and dashpots. This is the essence of the mechanical 

models for representing viscoelastic behaviour. 

2.5.1 MAXWELL MODEL 

In the idealization of viscoelastic behaviour through a Maxwell model, a linear spring and dashpot are 

in series as shown in figure 2. 

 

Figure 2: Maxwell model 

Under uniaxial tension the spring undergoes an instantaneous extension which is the elastic response 

of the model. Similarly the passage of fluid through the orifice in the piston results in an extension of 

the overall length of the dashpot. Since the two elements are in series, the total strain is the sum of 

elastic and viscous strains. When the loading is removed the spring comes back to its equilibrium 

length simulating the recovery of elastic strain, however there is no force acting on the piston of the 

dashpot and it does not model any strain recovery. Maxwell model also cannot describe creep 

behaviour of real viscoelastic materials. 

2.5.2 KELVIN – VOIGT MODEL 

In the Kelvin-Voigt model the spring and dashpot are in parallel. This means that under a given 

loading the spring can only extend as rapidly as the dashpot. 
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Figure 3: Kelvin-Voigt model 

But on removal of the loading, in an attempt to return to its equilibrium length the spring would end 

up applying a compressive force on the dashpot. This prompts the dashpot to eventually return to its 

original state. This aspect of the Kelvin-Voigt model describes an important aspect known as 

“Viscoelastic contraction”. However, owing to the parallel arrangement of the elements the Kelvin-

Voigt model fails to describe “Stress relaxation” i.e., the stress response when a constant strain is 

applied. 

2.5.3 STANDARD LINEAR SOLID MODEL 

A linear spring in series with the Kelvin-Voigt or Maxwell model is referred to as the standard linear 

solid model. The standard linear solid model overcomes the shortcomings of both the Maxwell and 

Kelvin-Voigt model. It helps to describe both creep behaviour and stress relaxation. Kelvin and 

Maxwell form of the standard linear solid model are depicted in figures 4 and 5 respectively.  

 

Figure 4: Standard Linear Solid model-Kelvin form 

 

Figure 5: Standard Linear Solid model-Maxwell form 

The standard linear solid model, which is a three element model describes is capable of describing 

the general features of viscoelastic relaxation. However its ability to fit the experimental data over 

the full range of relaxation is usually poor. (Roylance, 2001) 

2.6 CONSTITUTIVE RELATIONS FOR VISCOELASTIC MATERIALS AND COMPLEX MODULUS 

It is well known that structures having identical geometry but different constituent solid respond 

differently to identical external stimuli. This is explained by as the characteristic of material and is 
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largely dependent on the atomic and molecular composition of the material which in turn governs 

thermal responses, orientation at microscopic level etc. To uniquely identify these materials and 

characterise its response to any given external stimuli, in a deterministic sense, it is essential that we 

describe all those characteristic constants which define the material. This is not only essential from 

the point of view of describing the material but this relation also provides the additional equations 

for closure apart from the kinematic equations and equilibrium equations. 

Constitutive equation, generally speaking is an equation relating two quantities specific to a material. 

In the general form the constitutive equation is expressed as  

��- = .�- (Hunter, 1976) 

Where the left hand side refers to the stress tensor and the right hand side refers to a second order 

tensor of response. For an elastic material, the stress is related to the current strain and also to the 

thermal condition. Under the assumption of linearity and isothermal condition the above relation can 

be rewritten to relate the stress tensor to the strain state in a material in two ways. 

��- = /�-01�01   
��- = 2�-01�01 
Here /�-01 is called the stiffness tensor while 2�-01 is called the compliance tensor. It is easy to see 

that these two representations are inverse relations of each other. The components of these 

material tensors for elastic materials are constants under linear and isothermal conditions. However 

it is easy to see why the constitutive relations for a viscoelastic material has also to be a function of 

time since the external stimuli and the material response is actually a time dependent characteristic. 

In the context of present work, we calculate the homogenised response of a structure whose 

constituent solid is not only viscoelastic but also isotropic. 

In the mechanics of elastic bodies a modulus is defined as the ratio of stress to strain. For a material 

whose deformation response is delayed, like the viscoelastic materials, it is seen that this ratio of 

stress to strain i.e. modulus is a complex quantity. Physically this amounts to the incorporation of a 

delayed response or the viscous losses in a material. There are two different but equally insightful 

means of introducing this complex modulus. Both these means are briefly looked into below. 

Boltzman in 1876 postulated that there is an elastic delay in solids (Nilsson, 2000). The deformation 

of the solid is delayed in reference to the applied force and does not only depend upon the stress 

applied at one particular instant but also to the stresses applied at previous instances of time. Thus 

the stress strain relationship is explained through a memory or relaxation function as below. 

���� = 3 /�� − 4� 56�4�54
$
78 54 

The memory function /�� − 4� is defined only for �� − 4� ≥ 0 and is 0 otherwise. One can thus 

partially integrate the above equation between −∞ and '∞ to obtain the following relation. 

���� = /�0�6�4� ' 3 <�� − 4�6�4�$
78 54		where	<�� − 4� = 	5/���5�  
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It is experimentally found that the function <��� is a negative monotonically increasing function of 

time. Thus an approximation of <��� and /��� is given as below. 

/��� = ?! ' ?(@7AB$ 
<��� = −C(?(@7AB$ 
Introducing the above two into the earlier equation, differentiating with respect to time and after 

some modifications we get 

���� ' (
AB

5D�$�
5� = E F6�4� ' (

G
5H�$�
5� I	 where 	E = ?!	and	 (G = (JKBKLAB  

This above equation is actually the relation governing the three element standard linear solid model 

and incorporates both the static and time dependent stress and strains. If one assumes that the 

stress and strain are harmonic functions of time, then for this the above equation reduces to this 

particular form. 

� M1 ' iNC(O = E 6 M1 '
iNP O 

From the above equation, we can define the ratio of stress to strain or the complex modulus as  

D
H = E!�1 ' iQ� where E! = R(JM

STUBVO
(JWSUBX

TY	 and Q = ZWBV7 BUBX
(J ST�UBV�

 

Another way of arriving at the complex modulus for viscoelastic materials is to simply start from the 

linear differential equation that was stated under mechanical models for viscoelastic behaviour. 

[�0
�

0 !
)0�)�0 =[%1

&

1 !
)16)�1  

If the viscoelastic material is now subjected to an oscillatory strain of the form 6 = 6!@\Z$ resulting in 

a stress of the form � = �!@\Z$ where N is the frequency and � is the time, then the above 

differential equation reduces to 

�![�0
�

0 !
�iN�0@\Z$ = 6![%1�iN�1

&

1 !
@\Z$ 

DLHL = ∑ ]^�\Z�^_̂̀ L∑ abcb`L �\Z�b	 where  
∑ ]^�\Z�^_̂̀ L∑ abcb`L �\Z�b = E∗�iN� the complex modulus 

For the 3 element standard linear solid model, this expression will reduce to an identical definition as 

arrived at from the consideration of the memory or the relaxation function. 

For the complex modulus, 

E∗�iN� = 	E(�N� ' iE*�N� 
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This complex modulus relates the stress and strain and subsequently the stress and strain too will be 

complex valued because the delay in elastic and viscous flow of material forces the stress and strain 

to be out of phase. The significance of a complex modulus is in its characterization of the losses in a 

material. In its frequency dependent form, 

Re�E∗�iN�� = 	E(�N� is called as the “storage modulus” or quite simply the “dynamic modulus”. This 

refers to the part of strain that is in phase with the stress or vice versa. It is associated with the 

energy stored in the specimen due to applied strain. 

Im�E∗�iN�� = 	E*�N� is called as the “loss modulus” or “internal friction modulus” This is the part 

which is out of phase in its response and corresponds to the energy dissipated per cycle. 

2.7 THE CORRESPONDENCE PRINCIPLE FOR SINUSOIDAL OSCILLATIONS 

Looking at the stress strain relation in the above section, one notices that the difference between the 

relations for elastic and viscoelastic material is the modulus. While the Hookean relation for elastic 

material is governed by a real valued modulus, for a viscoelastic material it is governed by the 

complex modulus. But one has to note that we have assumed sinusoidal oscillations. The 

correspondence principle is a statement of how a solution can be obtained for a viscoelastic problem 

with reasonable restrictions by just replacing the real modulus by a complex modulus. It states: “If 

the elastic solution for any dependent variable in a particular problem is of the form . =
realg.hijklm\n@\Z$o and if the elastic moduli in .hijklm\n are replaced by the corresponding complex 

moduli to give .hp\lnqijklm\n then the viscoelastic solution for that variable in the corresponding 

problem is given by . = realg.hp\lnqijklm\n@\Z$o “ (Bland, 1960). The “corresponding problem” refers 

to the identical problem except that the body concerned is viscoelastic instead of elastic. There are 

reasonable restrictions to this statement that arises out of the mathematical treatment. A rigorous 

exposition of this is to be found in (Bland, 1960). 

2.8 PROPORTIONAL DAMPING 

Proportional damping is an often used damping model. While there is no strict physical 

interpretation of this, it can be seen as attributing damping effects to both inertial and elastic forces 

within the material. In literature, one often comes across the proportional damping assumption 

introduced into the discretised form of the Navier’s equation and in the time harmonic case, showing 

that this equates to both the shear modulus and damping being complex parameters (McGarry & 

Van Houten, 2008). A formulation much more convenient to the present work is given by (Dovstam, 

1997). 

We have already noted that the losses in the material can be expressed through a complex modulus. 

Borrowing from the work of (Dovstam, 1997) the moduli can be expressed as complex valued 

functions of frequency. 

rs�N� = r!�1 ' 5t�N�� 
uv�N� = u!�1 ' 5w�N�� 
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where rs and μv  are the Lame’s constants, r! and μ! corresponds to the values of the Lame’s 

constants at 0 Hz and N is the circular frequency in rad/s. We identify 5t�N� and 5z�N� to be the 

complex damping functions corresponding to the respective Lame’s constants. It is to be noted that 

the second Lame’s constant μ is equivalent to the shear modulus. Considering the augmented 

Hooke’s law (Dovstam, 1995) in the frequency domain 

� = {|}~  
where {| =	{|��,N� is a complex, position and frequency dependent, symmetric, constitutive 6X6 

material matrix (Dovstam, 1997) representation of the Hooke’s material tensor /�-01. 
The constitutive material matrix is obtained as 

{| = 	r| 	 ∙ {� ' μv ∙ {� 

The Poisson’s ratio (in general frequency dependent) is given by 

�v�N� = rs�N�
2�rs�N� ' μv�N�� =

��1 ' 5t�N��
�1 ' r ∙ 5t�N� ' u ∙ 5z�N�r ' u � 

From the above it is seen that, if the damping functions are equal the Poisson’s ratio will become 

real, independent of frequency and equal to the elastic Poisson’s ratio. Further quoting (Dovstam, 

1997), “A case with proportional damping may be defined by any, isotropic or anisotropic, elastic 

Hooke’s law matrix {��� and an augmented Hooke’s law matrix defined as {| = �1 ' 5�N��{��� 
where 5�N� is a complex analytical function approaching zero for small |N|. This corresponds to a 

damping model with only one uniform damping function. It should be noted that at least two 

damping functions, each associated with a modulus in the elastic Hooke’s law matrix are needed in 

the general isotropic case.”  “Generally, proportional damping can occur in a frequency range only if 

all elastic moduli in { have corresponding damping functions which are identical in that range.”  

The above statements can be understood with further clarity by considering the undamped Navier’s 

equation, 

∇ ∙ μv∇uv ' ∇gλ� ' μvo∇ ∙ uv = ρ ∂*uv∂t*  

Assuming harmonic solution of the form ����@\Z$ and also introducing the frequency dependence 

for the Lame’s constants by rs�N� = r!�1 ' 5t�N�� and  uv�N� = u!�1 ' 5w�N�� 
� ∙ �u!�1 ' 5w�N���������� ' �g�r!�1 ' 5t�N��� ' �u!�1 ' 5w�N���o� ∙ ������ = −�N*���� 
If the damping functions are equal i.e., 5z�N� = 5t�N� = 	5�N�, then the above equation reduces to 

� ∙ u!������� ' ��r! ' u!�� ∙ ������ = − �N*�����1 ' 5�N�� 
The left hand side is identical to the elastic undamped case, without any frequency dependence of 

the material. This is equivalent to what is mentioned by (Dovstam, 1997) i.e., the case of proportional 
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damping can be realised through any elastic Hooke’s matrix and an augmented Hooke’s matrix as 

defined. 

2.9 CONCLUSION 

We have seen, albeit briefly, the important parameters that characterise a porous material. The 

primary concern of this work being with porous materials which have viscoelastic constituent solid, 

the primary notions of modelling a viscoelastic response has been presented. This by no means is 

detailed but in my opinion suffices to have a reasonable picture of why we do what we are doing. 

One of the primary questions that arise is how appropriate is the assumption of proportional 

damping for porous structures. Thus, during simulations we consider that the damping functions of 

shear and bulk modulus are not identical for the constituent solid, in an attempt to veer away from 

proportional damping. Using homogenisation procedures, we measure the bulk properties and 

retrieve the damping functions to see if proportional damping holds. In this perspective, we have 

noted the significance of complex moduli and how proportional damping gets introduced into the 

discretised Navier’s equation leading to complex density and complex shear modulus. Armed with 

this understanding one can proceed to draw inferences on the bulk properties and damping model of 

a porous structure.  
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3 HOMOGENIZATION 

3.1 INTRODUCTION 

The necessity of determining the constitutive relation for a material cannot be emphasized enough. 

In the simplest of material testing experiments of inhomogeneous materials wherein the uniaxial 

deformation of a specimen is studied to ascertain the Young’s modulus, it is commonly assumed that 

the material is homogeneous while taking that the obtained results are effective properties of the 

material. In reality though there exists no such material which is completely homogeneous. That 

brings us to the question of how to account for the inherent heterogeneities in materials, whether 

they could be accounted for and how does one determine the macroscopic material properties or 

constitutive relations for materials displaying heterogeneities at different scales. Examples of such 

materials could be composite materials with small scale inclusions, porous structures and so on.  

Homogenization is a technique which comes in handy in making this transition from micro scale to 

the macro scale so as to allow us to reasonably predict the macroscopic constitutive relations. There 

has been extensive work on the subject of homogenization after the 1960’s. However, interests in 

macroscopic properties of materials with heterogeneities have held the attention of people since 

much earlier. As mentioned by (Hashin, 1983), some of the earliest works on determination of 

properties of composite materials have the imprints of men as illustrious as James C. Maxwell (1873) 

and Lord Rayleigh (1892). Further on the works of Voigt, Reuss and others on the aggregate 

properties of crystalline structures laid foundations for the study of macroscopic properties of 

microscopically heterogeneous media. The works of (Hill, 1952), (Hill, 1963) and (Hashin & 

Shtrikman, 1963) are significant in the development of the theory. 

There exist two early, basic and useful approaches namely, the average field theory or direct 

homogenization and asymptotic homogenization. (Stadler & Schanz, 2009) The approach adopted 

here is the direct homogenization which will be elucidated upon in detail further. These two 

homogenization methods are not always sufficient especially in dealing with multi-phase micro 

structures, large macro deformations (non-linearity), nonlinearities of the geometry etc. In order to 

tackle such problems methods like the effective medium approximation, self-consistent approach 

and more lately multi-scale computational homogenization etc. have been developed. A brief 

summary of available methods for multi-phase micro structures have been documented by 

(Kouznetsova, 2002) in her dissertation. 

In the following sections some of the fundamental notions which are central to homogenization 

theory like separation of scales, Representative Volume Element, Hill condition etc. will be presented 

along with a description of the average field theory. 

3.2 SCALE SEPARATION 

While periodicity of the micro structure plays an important role in many of the techniques associated 

with homogenization, it is not a necessary condition in some of the mathematical techniques 

available. However the principle of separation of scales is crucial to the process. This is in fact the 

physical idea upon which the idea of homogenization rests. It defines the comparative length scales 
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between a microscopic structure and an assumed macroscopic homogeneous deterministic 

continuum that would allow for the constitutive relation of the macroscopic structure to be valid. 

(Ostoja-Stazewski, 2008) defines three distinct scales of separation. 

�	�	 ≪ 	��kn�q�≪��   

where “d” is called the microscale, “L” the mesoscale and “Lmacro” the macroscale. The minor 

inequality between “d” and “L” is said to be sufficient for micro structures with weak geometric 

disorder and weak mismatch in properties whereas the stronger inequality would hold otherwise.  

The most instructive statement of this assumption comes from (Geers, Kouznetsova, & Brekelmans, 

2007); “The microscopic length scale is assumed to be much smaller than the characteristic length 

over which the macroscopic loading varies in space”.   

 

Figure 6: Scaling in materials 

Also (Stadler & Schanz, 2009) defines scale separation as an assumption that the microscopic size of 

heterogeneities is much smaller than the macroscopic size of the whole material sample. Both the 

above definitions are equivalent and suggest that if the choice of the representative volume element 

(RVE) agrees with above scale separation assumption, the macroscopic constitutive relations could 

be determined in an average sense by knowing the constitutive relations for microscopic structure. 

3.3 REPRESENTATIVE VOLUME ELEMENT (RVE) 

The idea of RVE is central to continuum mechanics and as suggested by (Ostoja-Stazewski, 2008) it 

plays the role of a mathematical point of a continuum field approximating the true material 

microstructure. Further on, they suggest two conditions in which a RVE is defined: As a unit cell in a 

periodic microstructure and as a volume containing a very large (mathematically infinite) set of 

microscale elements possessing statistically homogeneous and ergodic properties.  

(Hill, 1963) most instructively defines the phrase “Representative Volume Element” as being 

applicable to a sample that (a) is structurally entirely typical of the whole mixture on average, and (b) 

contains a sufficient number of inclusions for the apparent overall moduli to be effectively 

independent of the surface values of traction and displacement, so long as these values are 

“macroscopically uniform”. (a) clearly is a statement about the statistics of the material while (b) 

suggests the independence of the constitutive response with respect to the boundary conditions. It 

must be noted here that the mesoscale “L” defined in the previous section is the domain of concern 

for the above two conditions as this is our choice of RVE over which we would be carrying out the 
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process of homogenization. (Drugan & Willis, 1996) suggest that a RVE must be a sample of the 

microstructure which would statistically represent all possible variations of a microstructure.  

For the micro structures that are considered for the analysis here, one does not have to worry about 

phase representations since the microstructural phase is clearly unique with no phase interactions at 

the micro scale. The choice of RVE in the present context is purely motivated by the need to 

represent the single phase microstructure.  Thus as long as the length scale of the micro structure in 

comparison to the size of RVE (mesoscale) and the macroscales are sufficiently small enough, the 

macroscopic constitutive response should be reasonably accurate. 

3.4 DIRECT HOMOGENIZATION OR THE AVERAGE FIELD THEORY 

Direct homogenization is the direct averaging of microscopic field quantities in order to obtain the 

macroscopic field quantities. From the thus calculated macroscopic field quantities, one can calculate 

the material tensor. In a very fundamental sense this method is based on the rule of mixtures. Thus 

one averages a microscopic field quantity on the basis of a phase’s volume fraction (surface fraction 

in 2D) in order to obtain the macroscopic field quantity. However in the present context, where there 

is just a single phase of a viscoelastic constituent solid, the macroscopic field properties are just a 

simple average over surface or volume of the RVE or the unit cell. However there are a few 

considerations to be made for such an averaging. Interpreting the average field theory (Hori & 

Nemat-Nasser, 1999) have this to say; “This theory is based on the fact that the effective mechanical 

properties measured in experiments are relations between the volume average of the strain and 

stress of microscopically heterogeneous samples. Hence, macro fields are defined as the volume 

averages of the corresponding micro fields, and the effective properties are determined as relations 

between the averaged micro fields.” It needs to be mentioned that Hori & Nemat-Nasser call the 

average-field theory just that without using the word homogenization alongside it. The word 

homogenization is reserved by them for the theory of asymptotic homogenisation which is based on 

method of multiple scales. A brief description of the average field theory based on the paper by Hori 

& Nemat-Nasser is given below. 

Let us consider a linear elastic body � as shown in figure 7 consisting of heterogeneous materials. 

 

Figure 7: Homogenization 

Let �	and 5	be the macro and micro length scales respectively. � is regarded as the dimension of the 

sample of the heterogeneous material which is used in the experiments, and 5 is the size of typical 

micro constituents of this sample. The length scale of the body � is orders of magnitude higher than 

the macro scale. A relative length scale parameter is defined as follows. 
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� = 5� ≪ 1 

Let  � 	 = � �¡� be the elasticity tensor, a variable tensor where X denotes a continuum point in B. 

The superscript on the material tensor suggests that it is measured at the relative length scale of � 

The displacement, strain and stress fields are respectively defined as below. 

¢£ = ¢£�¡� 
¤£ = ¤£�¡� 
¥£ = ¥£�¡� 
The above fields satisfy the following equations. 

¤£�¡� = ¦§¨{ª⨂¢£�¡�} 
ª.¥£�¡� =  

¥£�¡� = �£�¡�: ¤£�¡�  
where sym stands for the symmetric part of the tensor product i.e., sym¯�	��-° = ��	��- + �	�-��/2, ⨂	 
is the outer product.  

If the body � is subjected to surface displacement � = �! on	)�, the above set of three field 

equations yield the following boundary value problem for	� . 

ª. ��£�¡�: �ª⨂¢£�¡��� = 	in	B 

¢£�¡� = ¢�¡�	in	 ∂B		 
The boundary value problem cannot be solved in the above form because � 	changes within a micro 

length scale 5, while the dimensions of B is orders of magnitude greater than 5 requiring 

unreasonable numerical effort. 

Since ¤£ and ¥£ vary within the micro scale	5, the micromechanics theory introduces the stress and 

strain fields which change with scale	�. The fields varying at scale � are denoted the macro fields 

and those varying at scales 5 are denoted as micro fields.  

The average field theory starts by introducing a RVE whose volume is denoted by ² as a body which 

models the microstructure of a given heterogeneous material. The RVE is regarded as a model of the 

sample of the material to be used to determine the corresponding effective properties 

experimentally. The effective properties are given as relations between the stresses and strains of 

the sample. From the averaging theorem, these stresses and strains are shown to be the volume 

average of the corresponding field variables within the RVE. Thus we have, 

〈¥〉µ =	¶µ3 ·⨂�¸¹º»  

〈£〉µ =	 ¶µ¼ ¦§¨{½⨂¢}¸¹º»   
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where ¢ is the displacement vector, · is the traction vector, � is the position vector, µ is the RVE 

volume, ¾∙¿µ denotes the volume or spatial average and ½ is the outward unit normal from the 

boundary of 	∂V . These equations hold for any arbitrary material with any constitutive properties.  

Macro fields of the average field theory: 

Based on the above volume averaged equations, the average field theory describes the macro field 

variables as weighted averages of the corresponding micro field variables in the RVE. A weighted 

function defined by ÁÂ = ÁÂ��� satisfies ¼ÁÂ 5Ã = 1 and takes on a constant value of 
(
Ä within the ² 

except for a thin layer near )² where it decays smoothly from 
(
Ä to 0 on	)². The size of ² is of the 

order of	�. The macro fields are now expressed in terms of this weighting function and the micro 

fields as 

Å£�¡� = 	3ÆÇ�¡ − È�¢£�È�É ¸µÈ 

Ê£�¡� = 	3ÆÇ�¡ − È�¥£�È�É ¸µÈ 

Ë£�¡� = 	¼ ÆÇ�¡ − È�¤£�È�É ¸µÈ  

where ¡ as noted earlier is a continuum point in �, È refers to the continuum point in the in µ which 

is of scale �,  Å£�¡�  is the macro displacement field, Ê£�¡� is the macro stress field and Ë£�¡� is the 

macro strain field. The averaging with ÁÂ cancels possible high oscillations of the field variable which 

may occur within a micro scale 

As long as ÁÂ is a smooth function the above defined macro fields will satisfy equations identical to 

micro fields and is given by 

Ë£�¡� = ¦§¨{ª⨂Å£�¡�} 
ª ∙ Ê£�¡� =  

Therefore, if a constitutive relation between Ë£ and Ê£ is given, a governing equation which 

determines the variation of Å£ of � can be obtained from the above equations. Inversely, given the 

macro stress and strain fields, the constitutive equation can be defined as below. 

Thus one obtains a macroscopic constitutive equation relating the macroscopic stress and strain 

fields as 

Ê£�¡� = �Ë£�¡� 
Ë£�¡� = ¹	Ê£�¡�  
where �  and ¹  are the macroscopic material stiffness and material compliance tensors respectively 

which actually relates the volume averages of the microscopic stress and microscopic strain fields. 

The above relationship is true for a single phase micro structure or composite materials whereas for 

a multi-phase material different averaging techniques have to be used to determine the material 

tensors. 
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3.5 HILL CONDITION OR THE HILL-MANDEL MACROHOMOGENEITY CONDITION 

For the above expressions of the macroscopic stiffness and compliance tensors which relates the 

volume averages of the macroscopic stress and strain fields to be valid within the body B, it is 

required that the heterogeneous material be statistically homogeneous (Hori & Nemat-Nasser, 

1999). It means that the probability of finding a phase at a point does not depend on the point. The 

above consideration leads to the Hill condition in volume average form, sometimes also referred to 

as the Hill-Mandel macrohomogeneity condition which is stated in the following manner. 

¥: ¤ÌÌÌÌÌ = 	¥Í: £Ì  

It states that the average of the scalar product of stress and strain fields have to equal the product of 

their averages. In a more explicit form the Hill condition suggests the equality of the microscopic 

stored strain energy density to the macroscopic stored strain energy density. The above condition is 

satisfied provided the average of the product of fluctuating stress and strain fields is zero. A more 

detailed treatment of this topic is to be found in (Ostoja-Stazewski, 2008) 

3.6 CONCLUSION 

The method of asymptotic homogenization which is not described here is a more rigorous approach 

and bases itself upon the asymptotic expansion (perturbation series) of the displacement field 

variable. While being a more mathematically intense approach, it differs from the average field 

approach in two important ways (Hori & Nemat-Nasser, 1999). The average field approach uses a 

RVE of a statistically homogeneous body while the asymptotic homogenization method uses the unit 

cell of a periodic structure. Secondly, the asymptotic approach provides for a rigorous treatment of 

macro-micro relations through higher order perturbation expansions.  

(Kouznetsova, 2002) lists some of the short comings of average field approach. For multiphase 

microstructures, while the method will account for volume fractions it remains insensitive to the 

absolute size of the microstructure. This however is not of major concern in the present context as 

we are dealing with a single phase microstructure. She also suggests that the method is unsuited for 

critical regions of intense deformation where the macroscopic deformation fields and scale of 

microstructure are of the same order. Again, the concentration of the present work being to study 

the viscoelastic behaviour of the homogenized macroscopic solid, one is not keen on the critical 

analysis of the deformation fields. 

In conclusion, it remains to be said that the average field approach remains well suited for the 

problem at hand and the more critical factor would be the choice of boundary conditions. It is the 

boundary conditions that one imposes on the RVE that would critically affect the calculation of the 

macroscopic material tensor. Thus the choice of the average field approach for homogenization is 

justified in the present context.  
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4 THE MODELLING OF MICROSTRUCTURES 

4.1 INTRODUCTION 

The determination of homogenised viscoelastic properties based on micro structure geometry 

requires a careful modelling of the microstructure, such that it mirrors the often encountered porous 

structures. These porous structures could be both naturally occurring and manmade. Honeycomb of 

a bee, wood, retina of the eye, bones, biological tissues are examples of naturally occurring porous 

structures. Foams, ceramic particulate filters in automotive applications, adsorbents are some 

examples where manmade porous structures are to be seen.  

The defining feature of a porous material is its porosity. Porosity determines the fraction of free 

space in a structure in comparison to the space occupied by the constituent solid structure. Thus 

while modelling a microstructure it is imperative that we be in a position to control the porosity of 

the structure. This is accomplished by developing parameter dependent models with parameters like 

cell wall thickness. 

4.2 2-D MODELLING 

In 2 dimensions a unit cell is expected to pack or strictly speaking tessellate or tile the entire space. It 

is noted that any triangle, quadrilateral or hexagon with a centre of symmetry will tile the plane 

(Gibson & Ashby, 1998, p. 21). While this is to be mostly seen in manmade materials, naturally 

occurring two dimensional materials are much less regular with unit cells having five, seven or even 

eight edges (Gibson & Ashby, 1998, p. 20). Thus it is understood that porous materials will have 

variations in the cell wall geometry, thereby altering the tiling in space. Silva et al. have reviewed the 

various methods that have been adopted for the inclusion of such variations in micro structures that 

affect the properties of the structure. In conclusion they adopt the Voronoi diagrams for the 

generation of non-periodic honeycomb structures. The justification being that cellular solids are 

often formed by the nucleation and growth of bubbles. If these bubbles nucleate randomly in space 

at the same time, and grow at the same linear rate, then the resulting structure is a Voronoi 

honeycomb in two dimensions or Voronoi foam in three (Silva, hayes, & Gibson, 1995) Such 

nucleation models are also referred to as growth models and the underlying assumptions for such a 

growth model resulting in Voronoi diagrams are detailed by (Okabe, Boots, & Sugihara, 1995, p. 381) 

Voronoi diagrams have a rich mathematical history and have been studied by mathematicians like 

Descartes (1644) and Dirichlet (1850). In fact the polygons that are formed in the Voronoi diagrams 

are sometimes alluded to as Dirichlet polygons. Given a finite set of distinct (no two or more points 

are spatially coincident), isolated points in a continuous space, we associate all locations in that 

space with the closest member of the point set. The result is a partitioning of the space into a set of 

regions (Okabe, Boots, & Sugihara, 1995, p. 1). In two dimensional Euclidean spaces, the plane is 

partitioned into convex polygons such that each polygon contains exactly one generating point and 

every point in a given polygon is closer to its generating point than any other. Thus it is easy to note 

that if the generating points, also referred to as tessellation points are symmetrically distributed it 

would result in a hexagonal tiling of space as shown in figures 8 & 9. Equivalently a random 

distribution of tessellation points would result in a tiling as shown in figures 10 & 11. 
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 Figure 8: Symmetric tessellation points

 

 Figure 9: Voronoi diagram of symmetric tessellation points

 

 

 Figure 10: Random tessellation points

 

 Figure 11: Voronoi diagram of random tessellation points

 

What we now have with the Voronoi diagrams is the skeletal frame of the microstructure. The cell 

walls in the context of the current work are not to be treated as beams and thus we need to devise a 

means of having finite thickness for these micro structures. One of the means to achieve this is to 

draw parallel lines at a distance equal to half the required thickness to all the polygon edges. These 

result in interior polygons (figure 13), having the same centroid as the earlier polygons but with 

reduced areas corresponding to the thickness. It now just remains to carry out a binary operation of 

subtracting these internal polygons from a square space such that we are just left with the 

microstructure geometry (figure 14). 
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 Figure 12: Voronoi diagram of random tessellation points

 

 Figure 13: Interior polygons for the Voronoi polygons

 

 

Figure 14: Finite element model of the microstructure in Comsol 

4.3 2-D MODELLING OF PERIODIC MICRO STRUCTURE 

In the context of the present work there is a need to model not just a pseudo random micro 

structure but also a microstructure which is periodic in space. That is, if one is to consider a unit 

space of the microstructure, the complete cellular solid is to be built up of a periodic tiling in space of 

this unit space. Okabe et al. suggest that if the unit space is a rectangle, one could create additional 

points outside of each edge of this space which are translations of the points inside the opposite 

edge of the space (Okabe, Boots, & Sugihara, 1995, p. 281). This method is adopted to generate 

periodic unit spaces. 

As can be seen in figure 15, the tessellation points inside the unit square at the centre are translated 

all around it. Subsequently Voronoi diagram is drawn for all the points, including the translated ones 

as is shown in figure 16. Choosing the structure in the central unit square provides us with a periodic 

unit space. As can be seen by a careful observation in figure 17 & 18, tiling of this unit space in 

horizontal and vertical directions will provide us with a cellular solid which is periodic in unit space. 
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 Figure 15: Translation of random points in unit space

 

 Figure 16: Voronoi diagram inclusive of translated points

 

 

 Figure 17: Voronoi diagram from the central unit square

 

 Figure 18: Interior polygons for the central unit square

4.4 CENTROIDAL TESSELLATIONS 

An evident shortcoming of the microstructure in figure 17 is the non-uniformity of the cell size. This 

does not accurately picture the reality and thus we are led to adopt what is known as “centroidal 

tessellations” to further improve the micro structure geometry. Numerous algorithms are known for 

achieving centroidal tessellations and a detailing of these methods with mathematical rigour is to be 

seen in the work of (Du, Faber, & Gunzburger, 1999) 

 Here we adopt the much simple algorithm known as Lloyd’s method. This iterative procedure is 

briefly explained below. 

� Select a set of distinct points in a given space. (Random points in two dimensional Euclidean 

space in our case) 

� Construct the Voronoi diagram for these points 

� Compute the mass centroids of these points and these points will be the new generator 

points for the Voronoi tessellations. 

� If these new set of points meet the convergence criterion, terminate the iteration. 
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Two considerations were made for the convergence criterion in our case. Convergence was assumed 

if the distance between points in successive iterations was less than 10e-6 for all the points in the 

set. Another consideration was the Matlab floating point relative accuracy, but this becomes 

significant only if the value of first convergence criterion is further reduced. The effect of adopting 

centroidal tessellations is shown in the figures 19 & 20. 

 

 Figure 19: Voronoi diagram of random tessellation points

 

Figure 20: Centroidal tessellations 

4.5 CONCLUSION 

The two dimensional microstructures thus generated could be said to represent reasonably well the 

actual microstructures spanning a two dimensional Euclidean space. However a few concerns 

remain. 

The vertices of every interior polygon is sharp, i.e. it does not have filleted corners as would be 

expected with materials owing to nature’s preference for a state of minimum free energy. Another 

important feature missing from the generated micro structure is the lack of variability in terms of cell 

wall thickness within a given unit space. All cell walls are of uniform thickness and this may not 

necessarily be representative of reality. There have been methods proposed for the introduction of 

variability for the strut thickness, the implementation of which is non-trivial. In conclusion, it remains 

to be said that in spite of the above mentioned two shortcomings, the models still serve as a 

reasonably good representation of a porous frame structure. 
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5 BOUNDARY CONDITIONS 

5.1 INTRODUCTION 

In the section on the modelling of microstructures we have noted the relevance, need and 

importance of choosing a representative volume element (RVE) or a unit cell for the purpose of 

analysing the properties of a macrostructure and also the influence of microstructure on it. It thus 

becomes evident that, by choosing a RVE or unit cell we are necessitated to replicate the simulation 

of the whole structure by appropriate choice of boundary conditions. One of the most commonly 

used set of boundary conditions to realize this is the periodic boundary conditions. An even simpler 

boundary condition called rigid boundary conditions too has been used but periodic boundary 

conditions have been by far the most frequent choice. Some other boundary conditions labelled 

minimal kinematic boundary conditions (Mesarovic & Padbidri, 2005) too have been proposed which 

claim superiority over periodic boundary conditions. These boundary conditions also make 

requirements on meshing less rigorous as compared to the periodic boundary conditions. In the 

following section we look at the commonly used boundary conditions especially from the point of 

view of carrying out three independent test cases to measure material properties, method of 

implementation, its advantages and disadvantages etc. 

5.2 RIGID BOUNDARY CONDITION 

If we are to consider a continuum of a porous material, for example made with regular shaped unit 

cells, it is easy to imagine that the edges of the this unit cell will not undergo any distortion, other 

than those at the boundary.  

 

Figure 21: Hexagonal honeycomb 
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Figure 22: Hexagonal honeycomb in compression along horizontal direction 

In the figures 21 and 22 of a hexagonal honeycomb structure in two dimensions, it can be noticed 

that the edges of the hexagons other than those at the boundary continue to remain straight under 

compressive loading in the horizontal direction. This is in essence, the idea of a rigid boundary 

condition. It states that the boundary planes of a unit cell or a representative volume element will 

continue to remain plane or flat even after deformation.  Figure 23 shows the application of rigid 

boundary conditions to a square RVE and its deformation while in compression in y and x directions 

and shear in the x-y plane. 

 

Figure 23: Rigid boundary conditions 

The implementation of this rigid boundary condition in finite element simulation software requires 

that one constrains all the nodal displacements along a particular edge or face to remain in the same 

straight line or plane respectively. It remains to be said about this boundary condition that it is most 

likely to be true only for regular shaped unit cells or well-ordered microstructure. (Mesarovic & 

Padbidri, 2005) criticise the usage of rigid boundary conditions for the case of disordered 

microstructures saying that there is no reason to assume that a RVE with a disordered microstructure 

will remain flat after deformation. They also state that this boundary condition imposes undesirable 

constraints along with the desirable constraints. 

5.3 PERIODIC BOUNDARY CONDITIONS 

It is imperative by our choice of a unit cell or a representative volume element that we need to apply 
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boundary conditions on the edges or faces of this unit cell. If it is assumed that the chosen RVE 

repeats itself in space, it is evident that each such RVE that makes up the entire structure is to have 

the same deformation mode and also that there be no overlap between the neighbouring RVE’s. The 

periodic boundary conditions imply that there is continuity in deformation and this is achieved by 

different means. One of the ways of doing it is to impose identical displacements on opposite 

boundary edges or faces. It could also be implemented by imposing an equality of the strain fields on 

opposing edges or faces. This would essentially provide us with a continuous strain field for any 

external boundary condition. 

 

 

Figure 24: Cubic unit cell 

Consider a unit cell as shown in the figure 24. As stated by (Xia, Yunfa, & Ellyin, 2003) 

�� = �̅ÏÐ�0 + ��∗ 
where �� is the displacement, ��̅0 is the average strain, �0 the co-ordinate vector and ��∗ is the 

periodic part of the displacements. 

Now consider any two opposite faces of the unit cell in the figure shown above. The displacements 

for these opposite faces can be written from the above equation as  

��-J = �̅ÏÐ�0-J + ��∗ 
��-7 = �̅ÏÐ�0-7 + ��∗ 
where ‘+’ and ‘-‘ are used to distinguish the two opposing faces. Taking the difference of the above 

two equations, we have 

��-J − ��-7 = �̅ÏÐ��0-J − �0-7� 
The above equation can be utilized to impose a displacement based periodic boundary condition on a 

periodic unit cell or a representative volume element. To illustrate the implementation of the above 
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boundary condition, we consider a simple two dimensional square RVE whose edge dimensions are 

‘l’ and state the boundary conditions for the three independent test cases that are required to 

completely determine the material tensor. 

5.3.1 COMPRESSION IN X-DIRECTION 

 

Figure 25: Compression in horizontal direction 

 

�Ñ] − �Ña = �ÑÑÌÌÌÌ�2Ò�;	�Ô]  �Ôa 	; 	�Ñ�  �ÑÕ 	; 	�Ô�  �ÔÕ  

5.3.2 COMPRESSION IN Y-DIRECTION 

 

Figure 26: Compression in vertical direction 

�Ñ]  �Ña 	; �Ô]  �Ôa 	; �Ñ�  �ÑÕ 	; �Ô� � �ÔÕ  �ÔÔÌÌÌÌ�2Ò� 
5.3.3 PURE SHEAR IN THE X-Y PLANE 
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Figure 27: In plane shear 

�Ñ]  �Ña; 	�Ô] � �Ôa  �ÑÔÌÌÌÌ�2Ò�;	�Ñ� � �ÑÕ  �ÑÔÌÌÌÌ�2Ò�; �Ô�  �ÔÕ  

5.4 DETERMINING THE MACRO STRESS AND STRAIN 

In the chapter on homogenisation we have noted that the macroscopic field properties of the 

structure are given by the average of the field variables of the RVE. In order to facilitate the 

calculation of these values in terms of the post processing values got from finite element analysis we 

make the following simplifications. The below mentioned formulations follow from the work of (Xia, 

2002) 

5.4.1 MACROSCOPIC STRAIN 

��̅-  1²3�ÏÖ5²²  

where ��̅- and �Ì�- are the average strain and stress and V is the volume of the periodic representative 

volume element. Using Gauss’s theorem the volume integral is converted into integration over the 

boundary surface. Thus 

��̅-  12²¼ ��Ï×Ö ' �Ö×Ï�522   where ×�, ×-	are unit normal vectors. 

The boundary surfaces as shown in figure 24 are perpendicular to the co-ordinate axis and thus the 

unit normal vector will have only one non-zero component with a value of unity over these surfaces. 

Thus this surface integral can now be reduced to  

��̅-  12² R3 ��ÏÖ' � �ÏÖ��×Ö52 '3 ��ÖÏ' � �ÖÏ��×Ï522Ï2Ö Y 

��̅-  12² R3 �ÏÐÌÌÌÌ��ÐÖ' � �ÐÖ��52 '3 �ÖÐÌÌÌÌ��ÐÏ' � �ÐÏ��522Ï2Ö Y 

��̅-  12² F<ÏÖ2Ö ' <ÖÏ2ÏI  
��̅-=Õ#Ø∆Ñ#∆ÑbJÕØ#∆ÑØ∆Ñb*∆Ñ#∆ÑØ∆Ñb  
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��̅-  <ÏÖ∆�Ï + <ÖÏ∆�Ö2∆�Ï∆�Ö  

where <�- =	��-J��, Ú, Û� − ��-7��, Ú, Û�				Ï, Ö = 1,2,3   

The above expression for average strain can be used in the equations for imposing the periodic 

boundary condition. 

5.4.2 MACROSCOPIC STRESS 

�Ì�- = 1²3��-5²Ä  

Identical to the calculation indicated in the previous section, one can use Gauss’s theorem and the 

equilibrium equation ��-,- = 0 to express the above equation as 

�Ì�- = 1²3��-�-×052Ý  

Assuming that the stress distributions at the boundaries also should satisfy the periodicity boundary 

condition 

�Ì�- = 1² Þ3 ��ßJ �-J52Ýàá
−3 ��ß7 �-752Ýàâ

ã 
�Ì�- = (

Ä F¼ ��ßJ ��-JÝàá − �-7�52I  where m is a dummy suffix 

ä ≠ Ö, �-J = �-7 

ä = Ö, �-J−�-7 

Therefore, 

�Ì�- = �-J−�-7² R3 ��-ÝØ
52Y 

�Ì�- = �ÑØá7ÑØâ�Ä ��-  where ��- is the resultant traction. 

Thus the task of calculation of average stress reduces to the obtaining of resultant tractions on 

boundaries and dividing by the surface areas of those boundaries. 

5.5 CONCLUSION 

If the average strain �æçÌÌÌ is assumed to be the same for cases with different boundary conditions, then 

the strain energies predicted by these various conditions should obey the following inequality 

(Hollister & Kikuchi, 1992) 

èé ≤ èë ≤ èì 
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Where èé , èë and èì are homogeneous traction, periodic and homogenous displacement boundary 

conditions. It is clear from the above inequality that the homogeneous traction boundary conditions 

greatly underestimate the effective moduli whereas the homogeneous displacement boundary 

condition overestimates it. Furthermore, the homogeneous displacement boundary conditions do 

not ensure periodic boundary traction and similarly homogeneous traction boundary conditions do 

not guarantee periodic displacements across boundaries. Thus the choice of periodic boundary 

conditions is well justified. It is important though to remember that the application of periodic 

boundary condition demands the existence of matching nodes at opposite boundaries. Thus periodic 

boundary condition is adopted only for periodic microstructures whereas homogeneous 

displacement boundary conditions are adopted for the case of non-periodic microstructure. 
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6 RESULTS FROM SIMULATIONS 

6.1 INTRODUCTION 

In order to determine the in-plane homogenised viscoelastic properties of the porous frame 

structure, simulations of the independent loading conditions were carried out. The in plane 

properties of the material have been determined; by axial loading for Young’s modulus, loading in 

shear for the shear modulus and hydrostatic loading for the determination of the bulk modulus. 

Having assumed non-proportional damping for the constituent solid, the damping functions of the 

complex moduli of the macro structure have been compared to investigate whether the damping at 

the macro scale is proportional or not. The simulations have been carried out using the finite 

element software Comsol 3.5a. The simulation results from two different kinds of porous structures 

are presented: pseudo random periodic microstructure and the other a pseudo random non-periodic 

microstructure. 

6.2 DATA FOR THE CONSTITUENT SOLID 

Summarised below is the data used during simulations for the constituent solid. As mentioned 

previously, the constituent solid is assumed to be isotropic. The shear modulus and bulk modulus 

have been described as complex functions of frequency. This is consistent with the idea that 

viscoelastic problems can be solved by representing the moduli as being complex in the constitutive 

equation as stated in the “Correspondence principle”.  

Shear modulus:  

íÕ�N�  	í! Þ1 + �iN�A?�iN�A + Pã 		where	C = 0.9; 	? = 1.2; P = 2ï. 10* 	�rads � 
Bulk modulus: 

ðÕ�N� = 	ð! Þ1 + ñ �iN�A?�iN�A + Pãwhere	C = 0.9; 	? = 1.2; 	P = 2ï ∙ 10* �rads � ; 	ñ = 0.1 

Young’s modulus: 

EÕ�N� = 9 ∙ ðÕ�N� ∙ íÕ�N�3 ∙ ðÕ�N� + íÕ�N� 	where	í! =
E!2�1 + ò!�	; ð! =

E!3�1 − 2 ∙ ò!�	; E! = 4.10ô � Nm*� 
Poisson’s ratio: 

	òÕ�N� = 3 ∙ ðÕ�N� − 2 ∙ íÕ�N�2�3 ∙ ðÕ�N� + íÕ�N��	where	í! =
E!2�1 + ò!�	; ð! =

E!3�1 − 2 ∙ ò!�	; ò! = 0.4 

For the purpose of simulations, one requires that Young’s modulus and Poisson’s ratio be defined for 

the constituent solid. Since the constituent solid is assumed to be isotropic, this can be easily 

obtained from the standard relations between engineering constants for isotropic materials. It has to 

be noted that, both Young’s modulus and Poisson’s ratio will be complex functions of frequency. 

Given in figure 28 are the plots of the mentioned engineering constants as a function of frequency. 
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 (a)  Shear modulus

 

 (b)  Bulk  modulus

 

 (c)  Young’s  modulus

 

 (d)  Poisson’s rat io

Figure 28: Frequency dependent constituent solid moduli and Poisson’s ratio 

6.3 PSEUDO RANDOM PERIODIC MICRO STRUCTURE 

 

Figure 29: Pseudo random periodic microstructure with 94.43% porosity 
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The simulations have been carried out under plane stress assumptions. This is quite an unlikely 

assumption; however the results of this assumption compared with results from plane strain 

assumptions yielded a marginal difference in property values. 

 

 

 (a) Deformation under shear loading

 

(b) Ratio of homogenised shear modulus to constituent solid shear 
 modulus

Figure 30: Periodic microstructure under pure shear 

Figure 30 shows the deformation of the periodic microstructure for loading under pure shear. While 

at the outset it appears that the deformation pattern is fairly representative of a body in shear, 

mention must be made that the results have not been completely in pure shear. While the applied 

boundary conditions do represent pure shear, the results do not justify these. One of the reasons 

might be the strut thickness. The strut thickness in the geometry is defined to be a constant at 30 

microns. However, at the boundary edges there are slight deviations in thickness. This results in 

application of non-uniform shear deformation across boundaries. The plot of complex moduli shown 

alongside is non-dimensionalised with respect to the constituent solid modulus. 

 

 

 (a) Deformation under hydrostatic loading

 

(b) Ratio of homogenised bulk modulus to constituent solid bulk 

 modulus

Figure 31: Periodic microstructure under hydrostatic loading 
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Figure 31 shows the deformation of periodic microstructure under hydrostatic loading. This has been 

done in order to estimate the bulk modulus of the periodic microstructure. The behaviour of the bulk 

modulus as a function of frequency is quite typical and it is seen that the bulk modulus of the 

structure drops by three orders of magnitude as compared to the constituent solid. This is typical of 

porous structures which make them useful for energy-absorbing applications. 

 

(b) Ratio of homogenised Young’s modulus to the constituent solid 
 Young’s modulus

 

(c) Ratio of homogenised Poisson’s ratio to the constituent solid 
 Poisson’s ratio

Figure 32: Periodic microstructure loaded in the normal x-direction 
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 (a) Deformation on loading in the normal x-direction
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 (a) Deformation on loading in the normal y-direction

 

(b) Ratio of homogenised Young’s modulus to the constituent solid 

 Young’s modulus

 

(c) Ratio of homogenised Poisson’s ratio to the constituent solid 

 Poisson’s ratio

Figure 33: Periodic microstructure loaded in the normal y-direction 

Figure 32 & 33 correspond to loading in axial directions in the plane and the corresponding plots 

show the in-plane Young’s moduli and the corresponding Poisson’s ratio. While the order of 

magnitude drop in the Young’s moduli for the porous structure in comparison to the constituent 

solid is fairly typical, the frequency trend does not look appropriate. The value of the Poisson’s ratio 

is high and could possibly be put down to the anisotropy of the structure.   
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6.4 PSEUDO RANDOM NON-PERIODIC MICROSTRUCTURE 

 

Figure 34: Pseudo random non-periodic microstructure with 94.94% porosity 

The simulations for the pseudo random non-periodic microstructure have been carried out under 

plane strain conditions as opposed the periodic microstructure. The structure has been constructed 

by mirroring the unit cell of the non-periodic microstructure in both horizontal and vertical direction. 

As this is not a periodic microstructure, application of periodic boundary condition is not possible. 

Thus displacement boundary conditions have been used during simulations. 

 

 (a) Deformation under shear loading

 

(b) Ratio of homogenised shear modulus to the constituent solid 
 shear modulus

Figure 35:Non-periodic microstructure under pure shear 

Figure 35 shows the deformation pattern under shear loading. A look at figure 34 reveals that there 

are unequal numbers of strut endings on the opposing faces of the structure. This makes it extremely 

hard to implement the pure shear conditions. For a structure under pure shear, ideally, the normal 

tractions at the boundary need to be zero and the tangential tractions on the opposing faces must be 

equal but with opposite signs. In the present cases, there are small non-zero values for the normal 

tractions indicating that the structure is not exactly in pure shear. Here again, the accompanying plot 

of shear modulus is non-dimensionalised with respect to the constituent solid shear modulus. 
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 (a) Deformation under hydrostatic loading

 

(b) Ratio of homogenised bulk modulus to the constituent solid bulk 

 modulus

Figure 36: Non-periodic microstructure under hydrostatic loading 

The deformation pattern under hydrostatic loading shown in figure 36 is obtained by applying equal 

inward displacements on all the four faces. Even though the homogeneous displacements are to 

overestimate the predicted bulk modulus, it must be noted that the mirroring operation has resulted 

in large cells in the internal boundaries which are rather weak. This would most likely affect the 

calculated bulk modulus. Thus one notices that the drop in bulk modulus is much larger as compared 

to the one for periodic microstructure. 

 

 (a) Deformation on loading in the normal x-direction
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(b) Ratio of homogenised Young’s modulus to the constituent solid 

 Young’s modulus

 

(c) Ratio of homogenised Poisson’s ratio to the constituent solid 

 Poisson’s ratio

Figure 37: Non-periodic microstructure loaded in the normal x-direction 

 

 (a) Deformation on loading in the normal y-direction

 

(b) Ratio of homogenised Young’s modulus to the constituent solid 

 Young’s modulus

 

 (c) Ratio of Poisson’s ratio to the constituent solid Poisson’s ratio

Figure 38: Non-periodic microstructure loaded in the normal y-direction 
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Figure 37 & 38 correspond to the axial loading of the microstructure. The trend of frequency 

dependence for the Young’s modulus is along the expected lines. The trend for Poisson’s ratio while 

being inappropriate suggests that the structure is anisotropic. 

6.5 DAMPING FUNCTIONS AND THE RESULT OF NON-PROPORTIONAL DAMPING 

ASSUMPTION  

 

Figure 39: Damping functions of the constituent solid shear and bulk moduli 

Shown in figure 39 is the respective damping functions of the shear and bulk modulus for the 

constituent solid. It is clear that there is a difference in them and that is due to the fact that we have 

introduced a multiplicative factor of 0.1 into the damping function of the bulk modulus. One of the 

interesting aspects is to investigate how this assumption for the constituent solid affects the 

structure as a whole. 

 

   (a) Damping functions 

 

 (b) Ratio of damping functions

Figure 40: Shear and bulk moduli damping functions for the periodic microstructure 
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  (a) Damping functions

 

 (b) Ratio of damping functions

Figure 41: Shear and bulk moduli damping functions for the non-periodic microstructure 

Shown in the figures 40 and 41 are the damping functions of the shear and bulk moduli which are 

extracted from the calculated complex moduli obtained from simulation. The case of both periodic 

and non-periodic microstructure is presented. Also seen alongside each of these plots is the factor ñ 

plotted as a function of frequency. 

It is worthwhile to note that we assumed for the constituent solid that it had the factor ñ equal to 

0.1. The results indicate that the factor for the structure is closer to 1. In the plot of ñ versus 

frequency, we note that the imaginary part is nearly 0 and the real part is very close to 1. This 

suggests proportional damping at the structural level. Both the structures investigated have 

porosities of about 95% which is quite close to those of porous materials used in many applications. 

The result obtained above seems to suggest that the assumption of proportional damping is a valid 

one for structures with high porosity. One is just hypothesising about high porosities because 

intuitionally one is led to think that there would clearly be non-proportional damping if we were to 

have a solid block of the constituent solid. And as one keeps increasing the porosity, somewhere 

down the line, there must be a transition from non-proportional to proportional damping. It would 

perhaps be interesting to see where such a transition would occur. What however can be concluded 

from the results above is that at high porosities, the damping is in fact proportional. 
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7 CONCLUSION 

The present work aimed at trying to determine the homogenised viscoelastic properties of porous 

frame structure assuming that that the constituent solid was viscoelastic and isotropic. The porous 

structures were modelled as Voronoi tessellation in two dimensional Euclidean space. Centroidal 

tessellations were implemented on the non-periodic structure. Simulations were carried out under 

independent loading conditions to determine the in-plane bulk properties of the structure. It was 

shown that for porous structures with porosities of about 95%, the assumption of proportional 

damping was justified. All this notwithstanding, it is important that we look into some of the 

limitations and possible shortcomings of the work. 

The shortcomings of the models for the microstructure in terms of sharp corners for the interiors of 

the polygons and fixed strut thickness have been mentioned before. It is also to be remembered that 

centroidal tessellations were implemented only on the non-periodic microstructure. The periodic 

microstructure has great variability in the cell sizes. Even though polydisperisty is the nature of many 

types of foam, the structure that one realises through a simple implementation of Voronoi 

tessellation is not an accurate representation of reality. 

The structures have been modelled in two dimensions. It is not logically clear how an analysis carried 

out for the two dimensional case can be said to be true for a three dimensional case. One of the 

situations in which it can be true is when the microstructure is independent of the neglected 

dimension. This would mean that the microstructure is identical in all directions suggesting isotropy. 

The in-plane results however suggest anisotropy. Thus one would perhaps need to carry out three 

dimensional modelling for more clarity. 

Given the choice between homogeneous displacement, periodic and homogeneous traction 

boundary conditions the choice of periodic boundary conditions is well justified. However they have 

not been free of criticisms. One of them is that there is not enough reason to assume that a 

representative volume element with a disordered microstructure will behave as a periodic unit cell 

(Mesarovic & Padbidri, 2005). The periodic boundary conditions are said to impose additional 

constraints than what is true, thus making the response comparatively stiffer. An alternative has 

been proposed by (Mesarovic & Padbidri, 2005) and it would be worthwhile investigating the 

response of these structures to the proposed boundary conditions. 

It would be no doubt useful to be in a position to validate the bulk properties against actual material 

data. The constituent solid data considered here for simulations is generic. And thus, it is to the 

question of validity of proportional damping assumption that the work eventually provides a 

convincing answer to. 
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