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Sammanfattning 
Detta examensarbete har utförts delvis på University of Florida i Gainesville, USA, och delvis på 

KTH i Stockholm, Sverige. Syftet med arbetet har varit att undersöka hur en pneumatiskt driven 

golfswings robot kan modelleras och automatiseras för att kunna konkurrera med existerande 

golfswings robotar som t.ex. Iron Byron. Fördelen med prototypen som byggts av studenter på 

University of Florida är att den har två armar vilket enligt Hunt och Wiens (2003) ger en mer 

realistisk och noggrann avbildning av en människas golfswing. 

 

I denna rapport beskrivs modellering, simulering och reglering av den pneumatiskt drivna 

golfswings robot som utvecklats på University of Florida. En kinematisk och en dynamisk 

modell har härletts enligt trigonometriska funktioner, respektive en metod av Kane och Levinson 

(1983) för härledning av dynamiska modeller. En detaljerad, rörlig 3D modell av roboten har 

gjorts i CAD programmet SolidEdge. Under arbetets gång har även olika lösningar för 

automatisering av roboten undersökts. En lösning vore att implementera elektroniska 

solenoidventiler samt rotationssensorer, för att via en dator kunna styra luftflödet till de olika 

givarna och läsa in sensorernas utslag. Denna lösning har i teorin implementerats genom 

skapandet av en simuleringsmodell i Matlabs Simulink, där även en PID regulator 

implementerats. 

 

Slutsatsen av detta examensarbete är att University of Florida roboten skulle kunna byggas ut 

med elektroniska solenoidventiler och rotationssensorer för att på ett smidigare sätt kunna köra 

roboten samt utföra flera iterationer automatiskt. Först då skulle roboten kunna konkurrera med 

existerande golfswings robotar som t.ex. Iron Byron. För bästa resultat borde även en PID 

regulator implementeras. 
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Abstract 
This master’s thesis has been partly conducted at University of Florida in Gainesville, USA, and 

partly at The Royal Institute of Technology in Stockholm, Sweden. The objective of this project 

has been to examine how a pneumatically driven golf swing robot could be modeled and 

automated, so that it could compete with existing golf swing robots such as the Iron Byron. The 

advantage of the prototype, which was built by students at University of Florida, is that it’s a 

parallel arm robot, which according to Hunt and Wiens (2003), gives a much more realistic and 

accurate reflection of a human’s golf swing. 

  

This report defines modeling, simulation and control of the pneumatically driven golf swing 

robot, developed at University of Florida. A kinematic and a dynamic model have been derived 

according to trigonometric functions and a method by Kane and Levinson (1983) for deriving the 

dynamics, respectively. A detailed, mobile 3D model of the robot has been drawn in the CAD 

software SolidEdge. During the project different solutions for automating the robot has been 

investigated as well. One solution would be to implement electronic solenoid valves and rotary 

encoders, so that with the help of a computer be able to both regulate the air flow and read the 

actual encoder values. This solution has been implemented in theory through creation of a 

simulation model in Matlab’s Simulink, where a PID controller has been implemented as well. 

 

The conclusion of this master’s thesis is that the University of Florida robot could be 

implemented with electronic solenoid valves and rotary encoders so that it could more easily be 

run and several iterations could be conducted automatically. Once the robot is automated it could 

compete with existing golf swing robots such as the Iron Byron. For best results a PID controller 

should be implemented as well. 
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Nomenclature 

 
Symbol  Description 

𝐹𝑖𝑛
𝑘   Inertia force for body k, [N] 

𝐺𝑘   Gravitational force on body k, [N] 

𝐼  Central inertia dyadic for body k, [kgm2] 

𝑇𝑖𝑛
𝑘   Inertia torque for body k, [Nm] 

𝑎𝑘   Linear acceleration of center of mass for body k, [m/s2] 

𝑟𝑘𝑖   Position of center of mass for body k in coordinate system i, [m] 

𝑣𝑘   Linear velocity of center of mass for body k, [m/s] 

𝛼𝑘   Angular acceleration for body k, [rad/s2] 

𝜔𝑘    Angular velocity for body k, [rad/s] 

𝐹𝑟   Generalized active force, [N] 

𝐹𝑟
∗  Generalized inertia force with respect to generalized speed r, [N] 

𝑅𝑘
𝑖   Rotation matrix, Orientation of coordinate system k relative to i, [1] 

𝑇𝑘
𝑖   Transformation matrix from coordinate system k to i, [1] 

𝑝𝑘
𝑖   Position of coordinate system k relative to i, [m] 

𝑚𝑘   Mass of body k, [kg] 

𝑞  Generalized coordinates, q1 = θ1, q2 = θ2, q3 = θ3, [rad] 

𝑢  Generalized speeds, u1 = 𝑞 1, u2 = 𝑞 2, u3 = 𝑞 3, [rad/s] 

FE  Linear elbow actuator force, [N] 

l  Length of imaginary link introduced in the kinematics section, [m] 

 lij  Length of link between joint i and j, [m] 

MA  Driver momentum acting on shoulder link, [Nm] 

MC  Driver momentum acting on the wrist, [Nm] 

θ1  Shoulder link angle, [rad] 

θ2  Angle between left shoulder and left arm, [rad] 
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θ3  Wrist angle, [rad] 

θ4  Angle between coordinate system 2 and 4 (also expressed in terms of θ2), [rad] 

θ5  Constant angle (θ5 = π) between coordinate system 4 and 5, *rad+ 

θT  Club head orientation, [rad] 
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1. Introduction 

1.1 Background 
Golfing robots are used by the golf equipment manufacturing industry for various purposes. They are 

used for testing, evaluation, specification of performance, training, and comparison of both golf clubs 

and golf balls. Automated, one arm, golfing robots, such as the famous Iron Byron robot, already exist 

on the market, but as stated by Hunt and Wiens (2003), the dynamics of a one armed robot differ 

substantially from those of a human’s. According to them a two armed robot, designed with use of 

human biometric data, gives a much more realistic and accurate reflection of a human’s golf swing, 

which makes it more suitable for testing, evaluation, and comparison purposes. 

The University of Florida golfing robot (Figure 2) is a pneumatically driven parallel arm robot built by 

students at the university. The purpose of the robot is to mimic the dynamics of a human’s golf swing, 

with a driver club, for testing, evaluation and comparison of golf clubs and golf balls. The design of the 

UF golfing robot builds upon data from a real human golfer, where the robot’s link geometry, motion, 

club speed, etc. is designed to resemble the human’s as far as it goes, see Hunt (2002). Swing data of a 

2-handicap male of approximately 50th percentile size has been provided by Kim Mitchell from The 

Biomotion Foundation in West Palm Beach, FL. E.g. according to the swing data the club speed of a 2-

handicap male swing reaches above 100 mph. 

A simplified model of the current robot is illustrated in Figure 1. The blue cylinders in the figure illustrate 

the rotatable joints and the red cylinders illustrate the pneumatic actuators. The UF golfing robot has 

three actuators; two linear actuators and one rotary actuator. The shoulder actuator (see actuator 1 in 

Figure 1) is a rotary actuator and rotates the shoulder link. The wrist actuator (see actuator 2 in Figure 1) 

is a linear actuator, but through simple mechanics, it rotates the golf club. Because of the fact that the 

wrist’s revolute joint and the wrist actuator’s linear motion is directly related, in this thesis the robot is 

modeled as if the revolute wrist joint is actuated and that the linear motion of the actuator is depending 

on the angle of the wrist joint. The last actuator is the linear right arm actuator (see actuator 3 in Figure 

1) which represents a straight right arm with variable length. The variation of the length of the right arm 

produces the same motion for the end-effector as if the arm would contain a rotary actuator at the 

elbow instead. The revolute joint’s angle in the left shoulder is directly related (through the law of 

cosine) to the linear motion of the right arm and therefore, in this thesis, the robot is modeled as if the 

revolute joint is actuated and the length of the right arm depends on the actuated revolute joint. The 

only exception is in the Simulink model (section 3) where the linear actuator is actuated. 

The maximum degrees of freedom for a body is six; linear motion along axis x, y and z, and rotational 

motion around axis x, y and z. The UF golfing robot consists of several bodies and the degrees of 

freedom for each body are summarized to give the robot’s overall DOF. In the case of the UF golfing 

robot all degrees of freedom, except linear motion along the x-axis of the right arm, and rotation around 

the z-axis of the shoulder and wrist joint, are locked, in other words, the robot has three degrees of 

freedom, DOF. Specifying the location and orientation of the end effector (club head) requires known 

rotational and linear motion of these degrees of freedom. As stated in the previous paragraph the linear 

motion of the right arm and the rotational motion of the left shoulder are related and one could 

therefore model the robot as if the left shoulder is actuated instead. This would mean that one could 

instead specify the location and orientation of the end effector (club head) if the angle of the shoulders, 

wrist and left shoulder is known. 



15 

 

At current stage the robot is fully functional mechanically, and operates by manually redirecting the air 

pressure through a lever to the three pneumatic actuators. The dynamics of the robot can be changed 

by changing the overall air pressure, changing the speed of each actuator individually, or changing the 

swing angel. The overall air pressure is changed by a turning wheel on the control board. The speed of 

each actuator is changed by adjusting two screws on each actuator. Changing the swing angel requires 

reassembly of the robot design. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.2 Purpose 
At current state, the UF golfing robot is operated manually, and all the desired parameters for the swing 

need to be set manually as well. Testing and evaluation of the performance of golf balls and golf clubs 

usually require a high number of iterations, which can be very cumbersome if manual operation of the 

robot is required. This makes the manually operated UF golfing robot useless for testing and evaluation 

purposes. The purpose of this project is to model the UF golf swing robot and design a motion controller 

so that one could easily implement desired hardware in the future. Once the hardware is implemented 

one could through a computer, or external control unit, control the robot. This would both make it 

possible to perform tests with a high number of iterations, and make the setup process much faster and 

easier. The future goal is to have an automated robot which can compete with existing robots such as 

the one armed Iron Byron. 

The intentions of this thesis project are to sharpen the student’s engineering skills and see how well 

engineering methods relevant for the task is used. 

 

1.3 Requirements 
The design requirements are divided into requirements that must be fulfilled and requirements that 

should be fulfilled. The difference between them is that the “should be fulfilled” requirements could be 

skipped in case of e.g. shortage of time. 

Requirements that must be fulfilled: 

Figure 2. UF golfing robot. Figure 1. UF golfing robot joints. 

2 3 

1 
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 A kinematic and dynamic model of the UF golfing robot must be derived. 

 A 3D CAD model should be drawn. 

 A simulation model of the robot and a motion controller must be developed in MATLAB’s 

Simulink. 

Requirements that should be fulfilled: 

 You should be able to run the robot with parameters from different golfers. 

 Carry out tests to verify that the deviation between the robot’s golf swing and the human’s is in 

the same area as the theoretically calculated deviation of 9.6% (Hunt & Wiens, 2003, p.7). 

 

1.4 Delimitations 
To reduce the risk of spending valuable time and resources on less important parts limits in the design 

must be set. The limits are: 

 

 The motion controllers (one for each actuator) has to be PID controllers. 

 No alterations are going to be made to the robot’s mechanical design. 

 

Because of the limits in time a prioritization of the sub targets need to be specified. The prioritizations 

are as follow: 

1. Kinematic and dynamic model. 

2. The theoretical design of a motion controller that captures the dynamics of a human’s golf 

swing and a simulation model. 

3. 3D CAD model in SolidEdge. 

4. Investigating different hardware solutions for future work. 

 

1.5 Method 
The chosen approach is to first of all study relevant articles, books, and etcetera. The following step is to 

create a kinematic and a dynamic model of the robot and develop a motion controller for it with the 

help of Matlab and its tool Simulink. Next on the schedule is to draw a 3D CAD model of the robot in 

SolidEdge. Although the robot is already built, the 3D CAD model could be used for both animation of 

the robot’s motion (see Figure 3), or imported to Simulink where link lengths, geometry, mass, etc. 

could be taken directly from the CAD model. If there is time left, possible hardware solutions are going 

to be investigated for future work. 
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Figure 3. Swing path illustrated in the SolidEdge. 

 

1.6 Results 
To begin with both a forward and an inverse kinematic model were derived as well as a dynamic model 

derived according to Kane´s method. Later on a simulation model was made in Matlab´s Simulink where 

three PID motion controllers were designed and experimentally tuned. This was followed by the 

creation of a 3D CAD drawing for simulation and illustration. Last but not least, a possible hardware 

solution was investigated. A simple context diagram of the whole system is shown in Figure 4. 

  

PC with e.g. 
Labview 

DAQ  
(Data 
Aquisition 
Card) 

Encoder @ Joint 

Solenoid valve Actuator 

Encoder @ Joint 

Encoder @ Joint 

Solenoid valve 

Solenoid valve 

Actuator 

Actuator 

Air 

compressor 

Figure 4. Context diagram for a possible hardware solution. 
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2. Kinematic and dynamic modeling 

2.1 Introduction 
Coordinate systems and link angles for the UF golfing robot are defined according to Figure 5. 

Coordinate system 0 (x0, y0, z0) is inertial and fixed to ground at the shoulder actuator. From the 

shoulders and on, clockwise, local coordinate systems have been placed at the revolute joints. 

Coordinate system 1, with origo at the center of the shoulder actuator’s axis of rotation, is fixed to the 

shoulder link. Coordinate system 2, with origo at the left shoulder joint, is fixed to the left arm link. 

Coordinate system 3 is fixed to the golf club and has its origo at the wrist joint. Coordinate system T is 

fixed to the golf club as well, but has its origo at the center of the club head. Coordinate system 4 has its 

origo at the same point as coordinate system 3, but it is fixed to the lower right arm (the rod of the right 

arm’s linear actuator). The last coordinate system, coordinate system 5, is fixed to the upper right arm 

(the right arm’s linear actuator) and has its origo at the right shoulder joint. The angles θ1 to θ5 are all 

defined as the angle between the current and the previous coordinate system, e.g. θ2 is the angle 

between coordinate system 1 and coordinate system 2, or in other words, the angle between the 

shoulder link and the left arm link. Angle θ5 is not illustrated in the figure but it is defined the same way 

as the other angles, except that due to the fact that the lower and upper right arm are always in-line 

(linear actuator  linear motion only), θ5 is always constant and equal to π at all time.  

As long as one is consistent with use of the defined coordinate systems and angles, one can define and 

name them as one like. In this report, this type of setup was chosen because it follows the same pattern 

for all joints, i.e. the angles are all defined in the same way. 

 

 
 

yT 

Θ4 Θ3 

Θ2 

Θ1 

x4 

x5 

y5 

y4 

y3 

xT 

x3 

x2 

y2 
x1 

y1 

x0 

y0 

Figure 5. Defined coordinate systems and angles. 
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The UF golfing robot is modeled here as a robot consisting of five moving bodies. In reality the robot has 

more than five moveable bodies, but here body parts with the same moving pattern are grouped 

together. E.g. the left arm consists of one link, one actuator and several smaller parts belonging to the 

actuator and it’s attachment to the link, but all these parts are counted as one. The five bodies, A to E in 

Figure 6, are grouped as: shoulder, left arm, upper right arm, lower right arm and golf club.  

 

 

Link lengths, joints and center of masses are defined according to Figure 7. The link lengths are defined 

as lij, where i stands for the i:th joint, and j stands for the j:th joint. The total length of the right arm 

consists of the length of the actuator cylinder and the length of the piston sticking out of the cylinder, 

therefore, the length of the right arm is variable with a minimum and maximum length of, respectively, 

actuator cylinder length, and actuator cylinder length plus piston length. The joints are numbered 

clockwise, starting from the shoulder joint. The letter preceding the joint number stands for the joint 

type, where P stands for prismatic joint and R for revolute joint. Joint R3 and R4 has the same axis of 

revolution, the difference being that R3 is attached to the golf club (Body C), and R4 being attached to 

the rod of the right arm actuator (Body D). The mass distribution for each body is neglected, and 

therefore the mass center is assumed to be in the middle of each body, as it is illustrated in the figure. 

The only exception is Body C which consists of the golf club and golf club mount. The exact location of 

the center of mass for this body has been determined with help of the parallel axis theorem and 

superposition.  

Body E 

Body D 

Body C 

Body B 

Body A 

Figure 6. The five bodies of the UF golfing robot. 
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2.2 Kinematic Model 

2.2.1 Introduction 

The golfing robot at UF is a parallel manipulator robot. In contrast to a serial link robot, in a parallel 

manipulator the links are arranged in a closed-loop chain. According to Spong, Hutchinson and 

Vidyasagar (2006), the advantages with parallel robots are greater structural rigidity, and hence greater 

accuracy, and larger payload capacity. The kinematics and dynamics for parallel robots are though 

harder to derive and are usually not included in fundamental texts. 

A kinematic model describes the motion of an object without regard to the forces which causes the 

motion. Depending on what is given, there are two kinds of kinematic models.  A forward kinematic 

model describes the position and orientation of the end-effector, with respect to the base frame, for a 

given set of actuator joint angles and displacements. An inverse kinematic model computes the 

required actuator joint angles and displacements for given position and orientation of the end-effector. 

The inverse kinematic model is usually harder to derive because it’s a non-linear problem which may not 

have a solution, or has multiple solutions.  

A forward and inverse kinematic model of the UF golfing robot has been derived according the method 

used in the handout “Kinematics of Planar RRR Manipulator” published by The University of Illinois. In 

accordance with the planar RRR manipulator (manipulator with three parallel revolute joints which lie in 

the same plane) in the handout, the UF golfing robot has three revolute joints and is assumed to be 

planar as well.  

 

T 

l3T 

l23 

l45 

L56 

L61 

l12 

P5 

R3 & R4 

R6 

R2 

R1 

Ecm 

Dcm 

Ccm 

Bcm 

Acm 

Figure 7. Defined link lengths, joints and center of masses. 
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2.2.2 Forward Kinematics 

The forward kinematic model is easily derived once the link angles and transformation matrices are 

defined. For the forward kinematic problem, the link angles are defined, and the end-effector 

orientation and coordinates are calculated. Due to the fact that the revolute joints of the UF golfing 

robot are parallel and in one plane, the orientation of the end-effector is the sum of the angles for link 1 

to link 3, see Equation 1 and Figure 5.  

The coordinates of the end-effector is calculated according to Equation 2, where 𝑇3
0  (see Equation 3) is 

the transformation matrix between coordinate system 3 and 0. 

  

𝑥𝑇

𝑦𝑇
𝑧𝑇

1

 =   
𝑝𝑇

0

1
 =  𝑇3

0  ∙   
𝑝𝑇

3

1
  (2) 

 

 𝑇3
0  =   

𝑅3
0 𝑝3

0

0 0 0 1
  (3) 

2.2.3 Inverse Kinematics 

For the inverse kinematic problem the orientation and coordinates of the end-effector is know, and the 

link angles that yield these parameters is unknown.  

The inverse kinematics described in the handout (see section 2.2.1 Introduction) uses a step by step 

approach for solving the specific planar RRR problem. The first step is to back out the orientation and 

coordinates of the wrist joint, when the orientation and coordinates of the end-effector are known. 

After that, an imaginary link between origo and the wrist is introduced (see Figure 8), which forms a 

closed chain with link 1 and link 2. Note that xW and yW, in the figure below, stands for the x and y 

coordinates of the wrist in the inertial x0, y0 coordinate system. 

 

 

 𝜃𝑇 =  𝜃1 +  𝜃2 +  𝜃3 (1) 

Θ2 

l12 

l23 

l23sinθ2 

l23cosθ2 

yw 

xw 

OUT 

IN 

Θ1 

l 

yo 

xo 

Figure 8. Imaginary link, l, and defined IN and OUT angles for deriving θ1. 
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Now that a closed chain is formed, an expression for cos(θ2) (Equation 4) is derived with the law of 

cosine.  

In order to solve Equation 4 for θ2, one need to use the inverse cosine function, but the problem with 

cosine, sine and tangent functions are that when using the inverse functions, the same inverse value 

give two possible angles from two different quadrants, i.e. cos(θ)=cos(-θ) and sin(θ)=sin(θ+π).  

The solution to the problem is to use the four quadrant inverse tangent function (Equation 5), which 

works for all four quadrants of the unit circle. The setup for Equation 5 is shown in Figure 9. 

 

 

 𝜃2 = 𝑎𝑡𝑎𝑛2(cos(𝜃2), ± 1 − 𝑐𝑜𝑠2(𝜃2)) (5) 

Where 

 𝑎𝑡𝑎𝑛2 X,𝑌 → 𝑋 = cos 𝜃2 , 𝑌 =  ± 1 − 𝑐𝑜𝑠2(𝜃2)   

The physical design of the UF golfing robot constrains the θ2 angle to the 3rd quadrant, which in order, 

leads to negative y-axis values only, and Equation 5 can therefore be rewritten as Equation 6. 

 𝜃2 = 𝑎𝑡𝑎𝑛2(cos(𝜃2),− 1 − 𝑐𝑜𝑠2(𝜃2)) (6) 

Next step is to derive an expression for θ1 (see Equation 9), which is the angle between the inertial 

coordinate system 0 and coordinate system 1. This is done by taking the difference between the defined 

angles IN and OUT (see Figure 8 above). The angles IN and OUT are defined according Equation 7 and 

Equation 8, where xW and yW is the wrist coordinates from Figure 8. 

 𝐼𝑁 = 𝑎𝑡𝑎𝑛2(𝑙12 + 𝑙23 cos 𝜃2 , 𝑙23  sin(𝜃2)) (7) 

 

 𝑂𝑈𝑇 = 𝑎𝑡𝑎𝑛2(𝑥𝑊 ,𝑦𝑊) (8) 

 

 𝜃1 = 𝑂𝑈𝑇 − 𝐼𝑁 (9) 

Now that an expression for both θ1 and θ2 is derived, the only angle left to solve for is θ3, which can be 

done by solving Equation 1 for θ3 instead of θT (see Equation 10). 

 cos 𝜃2 =  
𝑙2 − 𝑙12

2 −  𝑙23
2

2 𝑙12𝑙23
 (4) 

cos(𝜃2) 

−  1 − 𝑐𝑜𝑠2(𝜃2) 

+  1 − 𝑐𝑜𝑠2(𝜃2) 

1 

1 

Θ2 

Θ2 

Figure 9. Setup for deriving θ2. 
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The forward and inverse kinematic models that has been derived in this report, has been verified by 

taking the output (end-effector coordinates or actuator link angles and displacements) of e.g. the 

inverse kinematic model and sending it as input to the forward kinematic solution to see if the output 

corresponds to the initial parameters, and vice versa. This is done by first deciding on e.g. a fixed set of 

actuator joint angles and displacements. After that, these parameters are inputted to the forward 

kinematic model, which outputs the position and orientation of the end-effector. The position and 

orientation of the end-effector are now inputted in the inverse kinematic model, which in turn outputs 

the actuator joint angles and displacements. If this output corresponds to the initial set of actuator joint 

angles and displacements, then it has been verified that the models are derived correctly.  

 

2.3 Dynamic Model 

2.3.1 Introduction 

In mechanics, the relationship between motion of bodies and their causes is known as dynamics. As 

regards robot operations, dynamical equations are used for computing the required forces and torques 

needed to drive manipulators in such ways that the desired end-effector position and orientation is 

achieved, or vice versa. In contrast to a static model, a dynamic model accounts for the element of time, 

i.e. except the generalized coordinates, the velocity and acceleration are taken in consideration in the 

model.  

Several different methods for deriving dynamic models exist, where the most common ones are 

Newton-Euler and Lagrange. Although these methods are well known and frequently employed within 

robot dynamics, according to Kane and Levinson (1983), in some cases they suffer from computational 

weaknesses. The Lagrangian method tends to involve large numbers of unnecessary arithmetic 

operations, and the Newton-Euler method can involve unnecessary calculations associated with the 

elimination of certain forces and torques of interaction between elements of a robot, particularly when 

such elements form closed loops.  

In this thesis an alternative method, by the name Kane´s dynamical equations, has been used for 

deriving the dynamic model. Since the elements of the UF golfing robot partially form a loop, the use of 

Kane´s method eliminates the weaknesses associated with both of the methods described above. 

 

2.3.2 Kane´s Dynamical Equations 

The derivation of Kane´s dynamical equations for the UF golfing robot follows the example given by 

Marghitu (n.d.), and Kane’s original publication, Kane and Levinson (1983). Due to long expressions and 

cumbersome calculations, most of the calculations and numerical values have been carried out with 

Matlab. 

To begin with, the problem has been simplified by neglecting the friction and assuming that the problem 

is planar (see Figure 5), i.e. neglecting the z-axis offset between the links. 

The derivation of Kane´s dynamical equations, in this thesis, follows a cookbook approach, where all the 

ingredients are first defined individually, and finally put together to form the dynamical equations. The 

list of ingredients that need to be defined are: generalized coordinates, coordinate systems, link lengths, 

 𝜃3 =  𝜃𝑇 +  𝜃1 −  𝜃2 (10) 
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joints, mass centers, remaining coordinates, generalized speeds, bodies, angular velocities, angular 

accelerations, position of mass centers, linear velocity of mass centers, linear acceleration of mass 

centers, body masses, moments of inertia, generalized inertia forces and torques, partial derivatives of 

angular and linear velocities, generalized inertia forces associated with the generalized coordinates, 

gravitational forces, and remaining external forces such as e.g. driver momentum. Once all these are 

defined, Kane´s dynamical equations can be set up. 

In our case, three actuators mean that the coordinates and orientation of the club head is determined 

by three separate parameters (see section 1.1 Background), i.e. three generalized coordinates q1, q2 and 

q3 (see Equation 11).  

 𝑞 =   

𝑞1

𝑞2

𝑞3

  =   

𝜃1

𝜃2

𝜃3

  (11) 

Due to the closed chain that the arms form, θ4 (see section 2.1 Introduction) can be expressed in terms 

of θ2 (see Equation 12). The upper and lower right arm are always parallel and in line (see section 2.1 

Introduction), therefore, the angle between these two are always constant and in turn the angle 

between coordinate system 4 and 5 (see Equation 13), θ5, as well. The variables l46, l62 and l23 are the 

length from e.g. joint 4 to joint 6. 

 𝐿𝑎𝑤 𝑜𝑓 𝑠𝑖𝑛𝑒𝑠 →
𝑙46

sin 𝜃2 −  𝜋 
=  

𝑙62

sin 𝜃4 −  𝜋 
  

 

 𝐿𝑎𝑤 𝑜𝑓 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 → 𝑙46
2 = 𝑙62

2 + 𝑙23
2 − 2𝑙62𝑙23 cos 𝜃2 − 𝜋   

 

 𝜃4 =  sin−1  
𝑙62 sin 𝜃2 − 𝜋 

 𝑙62
2 + 𝑙23

2 − 2𝑙62𝑙23 cos 𝜃2 − 𝜋 
 +  𝜋 (12) 

 

 𝜃5 =  𝜋 (13) 

The derivate of the generalized coordinates are the generalized speeds, u1, u2 and u3, which are defined 

according to Equation 14. 

 𝑢 =   

𝑢1

𝑢2

𝑢3

 =   

𝑞 1
𝑞 2
𝑞 3

  (14) 

The next step is to define the angular velocity and angular acceleration for each body, with respect to 

the inertial coordinate system (coordinate system 0). Simple geometrical relationships have been used 

when defining the angular velocities (see Equation 15-19). The angular accelerations (see Equation 20-

23) are acquired by differentiating the angular velocities. 

 Parallel joints  z1 = z2 = z3 = z4 = z5 = z0  
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 𝜔𝐴 =  𝜃 1𝑧0 =  𝑢1𝑧0 (15) 

 

 𝜔𝐵 =  𝜃 1𝑧0 +  𝜃 2𝑧1 =  𝜃 1 + 𝜃 2 𝑧0 =  𝑢1 + 𝑢2 𝑧0 (16) 

 

 𝜔𝐶 =  𝜃 1𝑧0 + 𝜃 2𝑧1 +  𝜃 3𝑧2 =  𝜃 1 +  𝜃 2 + 𝜃 3 𝑧0 =  𝑢1 + 𝑢2 + 𝑢3 𝑧0 (17) 

 

 𝜔𝐷 =  𝜃 1𝑧0 +  𝜃 2𝑧1 +  𝜃 4𝑧2 =  𝜃 1 +  𝜃 2 + 𝜃 4 𝑧0 =  𝑢1 + 𝑢2 + 𝜃 4 𝑧0 (18) 

 

 
𝜔𝐸 = 𝜃 1𝑧0 + 𝜃 2𝑧1 + 𝜃 4𝑧2 + 𝜃 5𝑧2 =  𝜃5 =  𝜋 →  𝜃 5 = 0  

=  𝜃 1 +  𝜃 2 + 𝜃 4 𝑧0 =  𝑢1 + 𝑢2 + 𝜃 4 𝑧0 = 𝜔𝐷 
(19) 

 

 𝛼𝐴 = 𝜃 1𝑧0 = 𝑢 1𝑧0 (20) 

 

 𝛼𝐵 =  𝜃 1 + 𝜃 2 𝑧0 =  𝑢 1 + 𝑢 2 𝑧0 (21) 

 

 𝛼𝐶 =  𝜃 1 + 𝜃 2 + 𝜃 3 𝑧0 =  𝑢 1 + 𝑢 2 + 𝑢 3 𝑧0 (22) 

 

 𝛼𝐷 = 𝛼𝐸 =  𝜃 1 + 𝜃 2 + 𝜃 4 𝑧0 =  𝑢 1 + 𝑢 2 + 𝜃 4 𝑧0 (23) 

Where 

 

𝜃4 = 𝑓 𝜃2 , see Equation 12  

 

𝜃 4 = 𝑓 𝜃2,𝜃 2 , see Appendix A 

 

𝜃 4 = 𝑓 𝜃2 ,𝜃 2 ,𝜃 2 , see Appendix A 

 

After defining the angular velocity and acceleration, one needs to define position, linear velocity and 

linear acceleration, of the center of mass of each body (see Equation 24-26). Due to long expressions, 

the exact definition of each center of mass can be found in Appendix A.  

 𝑟𝑘
𝑙𝑜𝑛𝑔

= 𝑇𝑖
0  

𝑟𝑘𝑖
1

 →  𝑟𝑘 = 𝑟𝑘
𝑙𝑜𝑛𝑔  1: 3; 1  (24) 
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 𝑣𝑘
𝑙𝑜𝑛𝑔

=
𝑑 𝑇𝑖

0

𝑑𝑡
 
𝑟𝑘𝑖
1

 →  𝑣𝑘 = 𝑣𝑘
𝑙𝑜𝑛𝑔  1: 3; 1  (25) 

 

 𝑎𝑘
𝑙𝑜𝑛𝑔

=
𝑑2 𝑇𝑖

0

𝑑𝑡2  
𝑟𝑘𝑖
1

 →  𝑎𝑘 = 𝑎𝑘
𝑙𝑜𝑛𝑔  1: 3; 1  (26) 

Where 

 

𝑘 = 𝑏𝑜𝑑𝑦 𝐴, … , 𝐸 

 

𝑖 = 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑤𝑖𝑐 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑚𝑎𝑠𝑠 𝑓𝑜𝑟  

𝑏𝑜𝑑𝑦 𝑘 𝑖𝑠 𝑓𝑖𝑥𝑒𝑑 𝑡𝑜 = 1, . . . ,5 

 

𝑇𝑖
0 = 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑟𝑜𝑚 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖 𝑡𝑜 

𝑡𝑒 𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 0 

 

𝑟𝑘𝑖 = 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑚𝑎𝑠𝑠 𝑜𝑓  

𝑏𝑜𝑑𝑦 𝑘 𝑖𝑛 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖  

 

The inertia forces and torques are defined, respectively, according to Equation 27 and 28. 

 𝐹𝑖𝑛
𝑘 = −𝑚𝑘𝑎𝑘  (27) 

 

 𝑇𝑖𝑛
𝑘 = −𝛼𝑘 ∙ 𝐼 − 𝜔𝑘 ×  𝐼 ∙ 𝜔𝑘  (28) 

Where 

 𝑚𝑘 = 𝑚𝑎𝑠𝑠 𝑜𝑓 𝑏𝑜𝑑𝑦 𝑘  

 

 
𝐼 =  𝐼𝑥𝑥0 𝑥0 +  𝐼𝑦𝑦0 𝑦0 +  𝐼𝑧𝑧0 𝑧0

= 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑖𝑛𝑒𝑟𝑡𝑖𝑎 𝑑𝑦𝑎𝑑𝑖𝑐  𝑓𝑜𝑟 𝑏𝑜𝑑𝑦 𝑘 
 

One can see that defining the inertia moment Iz is sufficient, since all the other terms of the inertia 

dyadic are eliminated throughout the derivation process, and the inertia torque can be written as 

Equation 29, where the eliminated terms are crossed out with a strikethrough. 
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𝑇𝑖𝑛
𝑘 = −𝑔 𝑢 1 ,𝑢 2 ,𝑢 3 ,𝜃 4 𝑧0 ∙   𝐼𝑥𝑥0 𝑥0 +  𝐼𝑦𝑦0 𝑦0 +  𝐼𝑧𝑧0 𝑧0 

− 𝑓 𝑢1 ,𝑢2 ,𝑢3 ,𝜃 4 𝑧0

×    𝐼𝑥𝑥0 𝑥0 +  𝐼𝑦𝑦0 𝑦0 +  𝐼𝑧𝑧0 𝑧0 

∙ 𝑓 𝑢1 ,𝑢2 ,𝑢3 ,𝜃 4 𝑧0  

 

 

=  −𝑔 𝑢 1 ,𝑢 2 ,𝑢 3 ,𝜃 4 𝑧0 ∙  𝐼𝑥𝑥0 𝑥0 − 𝑔 𝑢 1 ,𝑢 2 ,𝑢 3 ,𝜃 4 𝑧0 ∙  𝐼𝑦𝑦0 𝑦0

− 𝑔 𝑢 1 ,𝑢 2 ,𝑢 3 ,𝜃 4 𝑧0 ∙  𝐼𝑧𝑧0 𝑧0 − 𝑓 𝑢1 ,𝑢2 ,𝑢3 ,𝜃 4 𝑧0

×    𝐼𝑥𝑥0 𝑥0 ∙ 𝑓 𝑢1, 𝑢2 ,𝑢3 ,𝜃 4 𝑧0 +  𝐼𝑦𝑦0 𝑦0

∙ 𝑓 𝑢1 ,𝑢2 ,𝑢3 ,𝜃 4 𝑧0 +  𝐼𝑧𝑧0 𝑧0 ∙ 𝑓 𝑢1 ,𝑢2 ,𝑢3 ,𝜃 4 𝑧0   

 

 
= −𝑔 𝑢 1, 𝑢 2 ,𝑢 3 ,𝜃 4 𝑧0 ∙  𝐼𝑧𝑧0 𝑧0 − 𝑓 𝑢1 ,𝑢2 ,𝑢3 ,𝜃 4 𝑧0

×   𝐼𝑧𝑧0 𝑧0 ∙ 𝑓 𝑢1 ,𝑢2 ,𝑢3 ,𝜃 4 𝑧0  
 

 = −𝑔 𝑢 1 ,𝑢 2 ,𝑢 3 ,𝜃 4 𝑧0 ∙  𝐼𝑧𝑧0 𝑧0  

 = −𝐼𝑧𝑔 𝑢 1 ,𝑢 2 ,𝑢 3 ,𝜃 4 𝑧0 (29) 

 When defining the moment of inertia, for the five bodies, simplified geometry has been used, i.e. the 

mass distribution has been assumed to be the same throughout the body. The only exception is body C, 

the golf club and golf club mount, where the parallel axis theorem and superposition has been used to 

determine the exact location of center of mass (see also section 2.1 Introduction). The moment of 

inertia is defined according to Equation 30-34. 

 𝐼𝑧
𝐴 =

𝑚𝐴 𝑙𝐴
2 + 𝑤𝐴

2 

12
 (30) 

 

 𝐼𝑧
𝐵 =

𝑚𝐵 𝑙𝐵 𝑙𝑖𝑛𝑘
2 + 𝑤𝐵 𝑙𝑖𝑛𝑘

2  

12
 (31) 

 

 

𝐼𝑧
𝐶 =  𝑚𝐶 𝑚𝑜𝑢𝑛𝑡  

𝑙𝐶 𝑚𝐶 𝑟𝑜𝑑 + 2𝑚𝐶 𝑒𝑎𝑑  

2 𝑚𝐴 + 𝑚𝐵 + 𝑚𝐶 
 

2

 

+  𝑚𝐶 𝑟𝑜𝑑  
 3𝑟𝐶 𝑟𝑜𝑑

2 + 𝑙𝐶 𝑟𝑜𝑑
2  

12

+  
𝑙𝐶
2

−
𝑙𝐶 𝑚𝐶 𝑟𝑜𝑑 + 2𝑚𝐶 𝑒𝑎𝑑  

2 𝑚𝐴 + 𝑚𝐵 + 𝑚𝐶 
 

2

  

+  𝑚𝐶 𝑒𝑎𝑑  𝑙𝐶 −
𝑙𝐶 𝑚𝐶 𝑟𝑜𝑑 + 2𝑚𝐶 𝑒𝑎𝑑  

2 𝑚𝐴 + 𝑚𝐵 + 𝑚𝐶 
 

2

  

(32) 
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 𝐼𝑧
𝐷 =

𝑚𝐷𝑙𝐷
2

12
 (33) 

 

 𝐼𝑧
𝐸 =

𝑚𝐸 𝑙𝐸
2 + 𝑤𝐸

2 

12
 (34) 

 

Now that the inertia forces and torques are defined, one can define the generalized inertia forces in the 

form of Equation 35. 

 𝐹𝑟
∗ =  

𝜕𝑣𝑘

𝜕𝑢𝑟
∙ 𝐹𝑖𝑛

𝑘 +
𝜕𝜔𝑘

𝜕𝑢𝑟
∙ 𝑇𝑖𝑛

𝑘

𝐸

𝑘=𝐴

 (35) 

Where 

 𝑟 = 1, . . ,3  

In order to be able to define the generalized active forces, one first need to define the external forces 

and torques acting on the system. In our case the external forces consist of gravitational forces, driver 

momentums and linear actuator forces. The angle between the swing plane and horizontal plane, often 

called in golf lingo the “lie angle”, is fixed to approximately 53° for the UF golfing robot, which means 

that the gravitational force (Equation 36) on each body is not perpendicular to the swing plane and 

therefore doesn´t contribute, as a force, as much as it would otherwise. The gravitational forces act at 

the center of mass, of each body. 

 𝐺𝑘 = 𝑚𝑘𝑔 𝑐𝑜𝑠 𝑙𝑖𝑒 𝑎𝑛𝑔𝑙𝑒 𝑧0 (36) 

The remaining external forces acting on the system is: 

Driver momentum, MA, acting on the shoulder link by the rotary shoulder actuator, see Figure 10. Linear 

wrist actuator force, translated to driver momentum, MC, acting on the wrist, see Figure 10 and Figure 

11. Linear elbow actuator force and counter-force, FE and -FE, acting on bodies D and E, see Figure 10. 

 MC 

MA 

FE 

Figure 10. External forces acting on UF golfing robot. 
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The generalized active forces can now be defined as Equation 37. 

 𝐹𝑟 =
𝜕𝜔𝐴

𝜕𝑢𝑟
∙ 𝑀𝐴 +

𝜕𝜔𝐶

𝜕𝑢𝑟
∙ 𝑀𝐶 +

𝜕𝑣𝐷

𝜕𝑢𝑟
∙ 𝐹𝐸 +

𝜕𝑣𝐸

𝜕𝑢𝑟
∙  −𝐹𝐸 +  

𝜕𝑣𝑘

𝜕𝑢𝑟
∙ 𝐺𝑘

𝐸

𝑘=𝐴

 (37) 

Kane´s dynamical equations can finally be set up according to Equation 38. 

 𝐹𝑟
∗ + 𝐹𝑟 = 0,    𝑟 = 1, . . ,3. (38) 

Verifying the dynamic model, derived in this report, has been a problem. The symbolic equations (three 

3-dimensional equations = 9 equations) that constitute Kane’s dynamical equations for the UF golfing 

robot, are so long that some of them exceed Matlab’s maximum line length of 25.000 characters and 

can’t be entirely displayed. The initial idea was to import the dynamic equations into Simulink and run 

the simulation model (see section 3. Simulation and controls) with both the imported dynamic 

equations and the dynamic model (built in Simulink, see Golf Robot block in section 3. Simulation and 

controls) side by side, with the same input, to see if the output is the same. To be able to do this one 

would need to solve the symbolic equations for the forces and torques, in other words, so that the 

forces and torques are on the left side of the equal sign and the rest of the terms on the right side. This 

idea was discarded once it turned out that it takes the (already extremely slow) Matlab file several hours 

to do this. Doing this will also require additional, performance decreasing, computations, like e.g. 

substitution of the symbolic expressions to numerical values, which will make the Matlab file impossible 

to run. The second idea was to use Matlab’s built-in function for solving differential equations, ode45. 

This idea was discarded as well because using this function requires the symbolic equations to be in the 

same form as the first idea, which is forces and torques on the left side of the equal sign, in our case. 

The derived Kane´s dynamical equations for the UF golfing robot could be verified and used if one would 

edit the existing Matlab file and making it more computationally effective. The symbolic expressions, 

that has been used, requires a lot of computations by Matlab, which makes it slow. If one would find 

another solution, that would replace the symbolic expressions, the Matlab file would become much 

faster and could thereof be used. An alternative to this is to use the derive Kane’s dynamical equations 

by hand and then compare with the version derived in Matlab, to see if they correspond. A 

𝛽 = 𝜃3 −
3𝜋

2
 

𝑟 = 𝑑  
cos 𝛽 

sin 𝛽 
0

  

𝐹𝑊𝑅𝐼𝑆𝑇 = 𝐹𝑊𝑅𝐼𝑆𝑇  
1
0
0
  

𝑀𝐶 = 𝑟 × 𝐹𝑊𝑅𝐼𝑆𝑇

= 𝑑𝐹𝑊𝑅𝐼𝑆𝑇  
0
0

− sin 𝛽 
  

R3, R4  

FWRIST 
MC 

β y3 

x3 

x2 

y2 
r 

Wrist 

Actuator 

d 

T 

Figure 11. Wrist actuator force translated to wrist driver momentum. 
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recommendation is to try the Newton-Euler and Lagrange methods for deriving the dynamics to see if 

the methods generate the same output. This would be a good way to verify the dynamical equations, 

derived by Kane’s method, in this thesis. 
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3. Simulation and controls 

According to Glad and Ljung (2006), motion controllers are used in various technical systems such as e.g. 

a car’s cruise or traction control, an airplane’s autopilot, or an industrial robot’s path generation. The 

purpose of a motion controller is to keep the system on a stable and desired level, e.g. the traction 

control’s (which basically is a motion controller) task is to keep the wheels from loosing grip and 

eventually spinning, which it does by regulating the torque applied on the wheel. When it comes to 

robotics, motion controllers are frequently used to keep the robot on e.g. the desired path of motion, 

with desired velocity and acceleration.  

A dynamic simulation model of the UF golfing robot has been made with the purpose of designing a 

motion controller to keep the robot on the desired path of motion and with the right speed, and at the 

same time simulating the robot movement for the purpose of evaluating the motion controller. The 

model was made in Matlab’s Simulink. The model (Figure 12) mainly consists of three subsystem blocks, 

Trajectory, Controller and Golf Robot. The time for the entire swing is approximately 0.87 seconds 

(backswing 0.68 seconds, downswing 0.19 seconds). 

 

Figure 12. Simulink model of UF golfing robot. 

The Trajectory block (Figure 13) outputs the desired generalized coordinates in form of the angles 

reftheta1, reftheta2 and reftheta3 (θ1, θ2 and θ3 in section 2. Kinematic and dynamic modeling). Hunt 

(2003) claims that the back and downswing motion for a male 50th percentile golfer could be each 

divided into three independent motion functions (see Table 1and Table 2) for, shoulder turn, interior 

arm angle, and wrist cock angle. Note that step is an ADAMS (software for multibody dynamics and 

motion analysis) function. The function corresponds to the trigonometric tangent hyperbolic function. 

Joint name Angle influenced Motion function 

Spine Shoulder turn α = 2.639 * time *rad+ 

Right Elbow Interior arm angle L =  step(time, 0.2, 0, .686, -0.2035) – 0.03032 [m] 

Wrist Wrist cock angle γ = step(time, 0.05, 0, 0.4, 0.515) + 

step(time, 0.4, 0, 0.686, 1.254) [rad] 

Table 1. Hunt's motion functions for backswing. 

Joint name Angle influenced Motion function 

Spine Shoulder turn α = -11.8028 * time [rad] 



32 

 

Right Elbow Interior arm angle L =  step(time, 0, 0, .1667, 0.2035) – 0.23382 [m] 

Wrist Wrist cock angle Free joint Falls free 

Table 2. Hunt's motion functions for downswing. 

Hunt’s functions have been modified to correspond with the constraints of the UF golfing robot; e.g. the 

range of the wrist cock angle for the robot is approximately 0° to 80° instead of -5° to 105°, which is the 

given range for the human golfer. The modified functions have been plotted in Matlab (see Appendix B) 

and imported to the simulation model. A plot of the modified motion functions can be seen in Figure 14. 

 

Figure 13. The Trajectory subsystem. 

 
Figure 14. Plot of modified motion functions. 

 
The Controller block (Figure 15) is the motion controllers for the UF golfing robot. The motion 

controllers input the desired thetas, the actual thetas and the actual angular velocities, and they output 

the required actuator torques and forces. The motion controllers are PID controllers, which are the most 

commonly used controller type in the industry. Thus we lack a transfer function for the robot the 

controller parameters had to be tuned experimentally. The motion controllers have been tuned 

according to the following method: 

1. Increase the P parameter until overshoot is achieved. 
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2. Increase the D parameter until the overshoot is eliminated. 

3. Increase the I parameter until the static error is eliminated. 

All three motion controllers use the same P, I and D parameters (P = 1000, I = 0.92, D = 1) which has 

been tuned by following the method above for theta 1. The three motion controllers can be tuned 

individually, but the same parameters for all three showed to be a good solution as well, and are 

therefore used in this case. A more optimal motion controller could be achieved by tuning them 

separately, but finding an optimal controller experimentally can be very time consuming.  

The Controller block also contains three saturation blocks which prevents outputs larger than what the 

actuators can output. 

 

Figure 15. The Controller subsystem. 

The Golf Robot block (Figure 16) contains the dynamics of the UF golfing robot. Mostly blocks from the 

SimMechanics toolbox in Simulink has been used in the Golfing Robot block. Instead of deriving and 

programming equations, the multibody simulation tool, SimMechanics, lets one build the model with 

body blocks, joint blocks, etc. The rigid bodies of the robot are modeled as body blocks with related 

parameters such as mass, inertia, coordinate systems, position and orientation. The simulation model is 

a simplified model of the actual robot and contains five different body blocks (see also section 2.1 

Introduction). The body blocks are connected through revolute and prismatic joints. The revolute joints 
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R1 and R3 are actuated, as well as, the prismatic joint P5 (see section 2.1 Introduction). R1 corresponds 

with the shoulder actuator and is grounded on one side of it, R3 corresponds with the wrist actuator, 

and P5 corresponds with the elbow actuator. The encoders (see section 5. Recommendations and future 

work) which are supposed to measure the joint angles are connected to the revolute joints R1, R2 and R3. 

The encoders in joint R1 and R3, respectively measures the shoulder (theta 1) and wrist angle (theta 3). 

The encoder in joint R2 is a rotational encoder as well, but it measures the length of the right arm 

through simple kinematics (law of sine and cosine, see section 2.1 Introduction). 

 

Figure 16. The Golf Robot subsystem. 

Although no data on the friction coefficient of the joints has been at disposal, a friction coefficient for 

each joint has been experimentally derived. The joint friction is proportional to the velocity and is fed 

back to the joint actuator. 

The forces and torques required for the desired swing motion is shown in Figure 17. A lot of saturation 

occurs because the motion requires larger force and torques than what can be provided by the 

actuators. The actuators performance limits the accuracy of the swing motion. Because of the fact that 

the golf swing of a 2-handicap golfer is very fast and powerful, the desired swing motion requires 

actuators with higher performance which can meet the requirements. More powerful actuators in 

combination with better P, I and D parameters for the motion controller would result in a much more 

accurate trajectory following (decrease of the error), see Figure 18 for the current error between the 

trajectory and robot. The largest error occurs for Theta 3, which is driven by the Wrist Actuator. This can 

be confirmed by comparing the force and torques required for the actuators in Figure 17, where it can 

be seen that torque for the wrist actuator is the one which has the highest level of saturation. Changing 

the parameters of the motion controllers could improve the performance and decrease the saturation, if 

the new parameters would result in less error. The larger the error, the harder the actuators have to 

work in order to eliminate the difference between the reference and actual value. E.g. one can see that 

the area where the error is the largest for the wrist angle (see third graph in Figure 18), is the same area 

where the wrist actuator has the largest portion of saturation (see third graph in Figure 17). 
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Figure 17. Force and torques required for the desired motion. 

 

 

Figure 18. Error between the desired generalized angles and the actual generalized angles. 

Figure 19 shows the coordinate of the end-effector (club head) in the inertial coordinate system 

(coordinate system 0, [x0, y0, z0]). One can see that the start point and the end point doesn’t overlap, 

this is because of the error presented in Figure 18, the difference in y value at the moment of ball 

contact is approximately 3 centimeters. This could be fixed by aligning the club so that it is 3 centimeters 

above the golf ball at the start point. 



36 

 

 

Figure 19.End-effector (club head) coordinates. 

The reference theta angles (reference θ1, θ2 and θ3), reftheta, and the actual theta angles (θ1, θ2 and θ3), 

theta, are shown side by side in Figure 20. 

 

Figure 20.Reference thetas and actual thetas. 

When defining the dynamics of the robot, with blocks from the SimMechanics toolbox, one can choose 

to let Simulink animate the robot. Figure 21 shows frozen photos from the animation of the UF golfing 

robot in Simulink, with coordinate systems and center of masses illustrated as well. The time for each 

frozen photo is illustrated above the photo and the time is in seconds. The animation verifies that the 

robot performs the swing as desired. 
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Figure 21. Simulink generated animation. 

  



38 

 

4. Computer-aided design 

Computer aided design, or CAD, is a tool for drawing two- and three-dimensional models. A three-

dimensional model of the UF golfing robot was designed with the computer aided design software Solid 

Edge V20.  

The actuators, beams, screws etc. was either designed individually or downloaded from the 

manufacturers’ website. The wrist and elbow actuators, along with their accessories were downloaded 

from FESTO (www.festo.com). The shoulder actuator was manufactured by the German company 

Specken-Drumag (www.specken-drumag.com), which didn’t have a 3D model in Solid Edge format. 

Instead a 3D model in STEP was downloaded, which easily could be converted to Solid Edge format by 

Solid Edge´s built-in data migration tool. Most of the screws, nuts and washers were imported from 

Solid Edge´s built-in standard parts library. The rest of the parts, e.g. links, were “custom made” in Solid 

Edge. When all the robot´s individual parts were collected, related parts were assembled in smaller 

assembly files and later on put together in one single assembly file. Figure 22, Figure 23 and Figure 24 

shows the real UF golfing robot to the left and the 3D model to the right. The path of the UF golfing 

robot, from backswing to downswing, is shown in Figure 25. 

 

 

Figure 22. Overall view of the real UF golfing robot to the left, versus the 3D model to the right. 
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Figure 23. Zoomed view of the UF golfing robot to the left, versus the 3D model to the right. 

 

 

 

Figure 24. Wrist actuator view of the UF golfing robot to the left, versus the 3D model to the right. 

 

 

 

Figure 25. The path of movement for the UF golfing robot. 

  



40 

 

5. Recommendations and future work 

During the time of the project, various hardware solutions have been investigated. In this master’s 

thesis a hardware solution with three 4-way proportional solenoid valves and three rotary encoders is 

recommended. This solution may not be the optimal solution but it is the best solution that could be 

found during the time span of this project. The reason why this solution is recommended is that it is 

relatively cost efficient (total cost under 1000 USD) and easy to implement (no change to existing 

hardware is required). A context diagram over this possible hardware solution is illustrated in section 

1.6. However, this is only one possible solution, for future work one could examine other possible 

solutions. A very closely related solution (to the solution given in this report) is achieved if one would 

use only one solenoid for all three actuators. This solution would be cheaper, but would restrict the 

possibility of having controller feedback because one wouldn’t be able to regulate the air flow to one 

specific actuator. In this case, the cross-section of the air tube would entirely decide what portion of the 

total air pressure that reaches the actuator. The only difference between this solution and the existing, 

manually driven, solution would be that one could regulate the total air pressure and direction from a 

computer. One could even find other hardware solutions, with different hardware.  

If one have the desire to derive the kinematic or dynamic model once again, one could derive the 

dynamic model according to a different method such as i.e. Newton-Euler or Lagrange, which both are 

much more common than Kane’s method which is used here. 

There’s also the possibility to continue this project from a controls perspective, where one could do a 

comparison of different controllers, to see what type of controller that would be optimum for this 

application. In this thesis a PID controller is recommended simply because it is the most commonly used 

in the industry not because it is the optimum solution, see also section 3. Simulation and controls. 

As future work one could also take the researches made here one step further and actually implement 

it. The future possibilities are almost endless. 
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6. Conclusions 

The following conclusions could be drawn from this master´s thesis: 

 The University of Florida robot could be implemented with hardware in form of e.g. electronic 

solenoid valves and rotary encoders so that it could more easily be run and several iterations 

could be conducted automatically. Once the robot is automated it could compete with existing 

golf swing robots such as the Iron Byron. 

 A simulation model of the robot has been made in Matlab’s Simulink. The bodies, joints, 

actuators and encoders have been modeled with blocks from Simulink’s SimMechanics toolbox. 

The joints where modeled without friction, which has shown to give an instable system during 

simulation, no matter what type of motion controller. The reason for this is that we have an 

applied gravitational force on the system, and even if the applied actuator force is zero, the 

system will accelerate until infinity. 

 A PID motion controller, with P = 1000, I = 0.92 and D = 1, give a stable simulation model. The 

motion controller can be tuned further to achieve an optimal solution. 

 In Matlab’s Simulink one can model the dynamics of e.g. a robot in various ways. The dynamics 

can be set up by: 

-  either importing the design from a 3D CAD model 

-  defining inertias, masses and such in SimMechanics blocks 

- importing existing transfer functions from Matlab 

 More powerful actuators in combination with better P, I and D parameters for the motion 

controller would result in a much more accurate trajectory following. 
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Appendix A: Kane´s Equations in Matlab 

%% Kane´s Equations 

  
close all 
clear all 
clc 

  
% Lenghts 
l12 = 0.25; 
l16 = 0.09; 
l23 = 0.56; 
l3T = 1.09; 
l62 = l12 + l16; 
l24 = l23; 

  
% Z axis vector, z = z1 = z2 = z3 = ... 
z = [0; 0; 1]; 

  
syms d2theta2_dt 

  
% q = [theta1; theta2; theta3] 
syms 'theta1', syms 'theta2', syms 'theta3';  

  
% dq_dt = [dtheta1_dt; dtheta2_dt; dtheta3_dt] 
syms 'dtheta1_dt', syms 'dtheta2_dt', syms 'dtheta3_dt'; 

  
% u = [u1; u2; u3] = [dtheta1_dt; dtheta2_dt; dtheta3_dt]; 
% du_dt = [du1_dt; du2_dt; du3_dt] = [d2theta1_dt2; d2theta2_dt2; 
% d2theta3_dt2]; 
syms 'd2theta1_dt2', syms 'd2theta2_dt2', syms 'd2theta3_dt2'; 

  
%% Inertia and masses 
conv1 = 0.45359237/0.00001639; % Convert lbs/cu.in. to kg/m^3 
conv2 = 0.0254; % Convert inches to meters ... 1 in = 0.0254 meters 

  
% Body A 
h_A = 3/8 * conv2; % Height of link A 
w_A = 2 * conv2; % Width of link A 
l_A = 17 * conv2; % Lenght of link A 
V_A = h_A * w_A * l_A; % Volume of body A 
rho_A = 0.283 * conv1; % Density of 4142 Steel Alloy 
mA = rho_A * V_A; % Mass of body A 
Iz_A = mA * (l_A^2 + w_A^2)/12; % Inertia for CoM of body A, Z axis 

  
% Body B 
% Taking the contribution of the masses for the wrist actuator and plate 
% in account, but not the geometry  
h_B_link = 5/8 * conv2; 
w_B_link = 1.5 * conv2; 
l_B_link = 24.5 * conv2; 
V_B_link = h_B_link * w_B_link * l_B_link; % Volume of link B 
h_B_plate =  0.006; 
w_B_plate = 0.075; 
l_B_plate = 0.21; 
V_B_plate = h_B_plate * w_B_plate * l_B_plate; % Volume of plate B 
rho_B = 0.098 * conv1; % Density of Alloy 6061 Aluminum 
mB = rho_B * V_B_link + 0.524 + rho_B * V_B_plate; % Mass of body B 
Iz_B = mB * (l_B_link^2 + w_B_link^2)/12; % Inertia for CoM of ... 



ii 

 

% body B, Z axis 

  
% Body C 
radius_C_shaft = 0.0075; % Average radius of club shaft  
lenght_C_shaft = 42 * conv2; % Lenght of club shaft 
mC_shaft = 0.1; % Mass of club shaft 
% Inertia for CoM of club shaft, Z axis 
I_z_shaft = mC_shaft * (3*radius_C_shaft^2 + lenght_C_shaft^2)/12;    
mC_head = 0.1; % Mass of club head, modeled as a lump mass 
mC_mount = 0.4; % Estimated mass of club mounting plate, modeled ... 
% as a lump mass 
r_x_mount = 0; % Distance to CoM of mount from a coordinate system... 
% located in the same place  
r_x_shaft = lenght_C_shaft / 2; % Distance to CoM of shaft 
r_x_head = lenght_C_shaft; % Distance to CoM of club head   
mC = mC_shaft + mC_head + mC_mount; % Total mass for body C 
r_x_C = (mC_mount*r_x_mount + mC_shaft*r_x_shaft + ... 
    mC_head*r_x_head)/mC; % Location of CoM for body C 
Iz_C = mC_mount*(r_x_C - r_x_mount)^2 + I_z_shaft + ... 
    mC_shaft*(r_x_shaft - r_x_C)^2 + ... 
    mC_head*(r_x_head - r_x_C)^2; % Inertia for CoM of body C, Z axis 

  
% Body D 
mD = 0.6; 
l_D = 0.2; 
Iz_D = (mD*l_D^2)/12; 

  
% Body E 
mE = 0.517; 
b = 0.045; 
c = 0.340; 
Iz_E = (mE*(b^2+c^2))/12; 

  
%% Right arm lenght 
l45 = 0.20; % l45 = x_rod MAX, Distance from wrist to rod end, right arm 
l56 = 0.340; % Distance from right shoulder to actuator end, rod excluded 
x_rod = sqrt(l62^2 + l24^2 - 2*l62*l24*cos(theta2 - pi)) - l56; 
% d_dt_x_E = diff(x_E, 't'); 
% d2_dt2_x_E = diff(d_dt_x_E, 't'); 
l46 = l56 + x_rod; 
syms 'dl46_dt', syms 'd2l46_dt2' 

  
%% Theta 4 & Theta 5 
theta4 = asin((l62*sin(theta2 - pi))/sqrt(l62^2 + l24^2 -... 
    2*l62*l24*cos(theta2 - pi))) + pi; 

  
theta5 = pi; % Constant angle between coordinate system 4 and 5 

  
% Matlab derivation 
dtheta4_dtheta2 = diff(theta4, 'theta2'); 
dtheta4_dt = dtheta4_dtheta2 * dtheta2_dt; 

  
% Matlab derivation 
d2theta4_dtheta2 = diff(dtheta4_dt, 'theta2'); 
d2theta4_d2theta2 = diff(dtheta4_dt, 'dtheta2_dt'); 
d2theta4_dt2 = d2theta4_dtheta2 * dtheta2_dt + d2theta4_d2theta2 * 

d2theta2_dt; 

  
% isequal(dtheta4_dtheta2, d2theta4_d2theta2); 
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%% Angular velocities 
omegaA = dtheta1_dt*z; 
omegaB = (dtheta1_dt + dtheta2_dt)*z; 
omegaC = (dtheta1_dt + dtheta2_dt + dtheta3_dt)*z; 
omegaD = (dtheta1_dt + dtheta2_dt + dtheta4_dt)*z; 
omegaE = omegaD; 

  
%% Angular acceleration 
alfaA = d2theta1_dt2*z; 
alfaB = (d2theta1_dt2 + d2theta2_dt2)*z; 
alfaC = (d2theta1_dt2 + d2theta2_dt2 + d2theta3_dt2)*z; 
alfaD = (d2theta1_dt2 + d2theta2_dt2 + d2theta4_dt2)*z; 
alfaE = alfaD; 

  
%% Position vectors, Coordinate system origin 
r01 = [0; 0; 0]; 
r12 = [l12; 0; 0]; 
r23 = [l23; 0; 0]; 
r3T = [l3T; 0; 0]; 
r24 = [l24; 0; 0]; 
r45 = [l46; 0; 0]; 

  
%% Local center of mass position vectors 
rA1 = [l62/2 - l16; 0; 0]; % CoM for body A in coordinate system 1 
rB2 = [l23/2; 0; 0]; % CoM for body B in coordinate system 2 
rC3 = [r_x_C; 0; 0]; % CoM for body C in coordinate system 3 
rD4 = [l45/2; 0; 0]; % CoM for body D in coordinate system 4 
rE5 = [l56/2; 0; 0]; % CoM for body E in coordinate system 5 

  
%% Rotation matrices 
R01 = [cos(theta1) -sin(theta1) 0; sin(theta1) cos(theta1) 0; 0 0 1]; 
R12 = [cos(theta2) -sin(theta2) 0; sin(theta2) cos(theta2) 0; 0 0 1]; 
R23 = [cos(theta3) -sin(theta3) 0; sin(theta3) cos(theta3) 0; 0 0 1]; 
R34 = [1 0 0; 0 1 0; 0 0 1]; 
R24 = [cos(theta4) -sin(theta4) 0; sin(theta4) cos(theta4) 0; 0 0 1]; 
R45 = [cos(theta5) -sin(theta5) 0; sin(theta5) cos(theta5) 0; 0 0 1]; 

  
%% Transformation matrices 
T12 = [R12 r12; 0 0 0 1]; 
T23 = [R23 r23; 0 0 0 1]; 
T24 = [R24 r24; 0 0 0 1]; 
T45 = [R45 r45; 0 0 0 1]; 
T01 = [R01 r01; 0 0 0 1]; 
T02 = T01*T12; 
T03 = T01*T12*T23; 
T04 = T01*T12*T24; 
T05 = T01*T12*T24*T45; 

  
%% First derivative of transformation matrices 
dT01_dt = [-sin(theta1) -cos(theta1) 0 0; 
            cos(theta1) -sin(theta1) 0 0; 
            0 0 0 0; 
            0 0 0 0]*dtheta1_dt; 

  
dT12_dt = [-sin(theta2) -cos(theta2) 0 0; 
            cos(theta2) -sin(theta2) 0 0; 
            0 0 0 0; 
            0 0 0 0]*dtheta2_dt; 

  
dT23_dt = [-sin(theta3) -cos(theta3) 0 0; 
            cos(theta3) -sin(theta3) 0 0; 
            0 0 0 0; 
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            0 0 0 0]*dtheta3_dt; 

  
dT24_dt = [-sin(theta4) -cos(theta4) 0 0; 
            cos(theta4) -sin(theta4) 0 0; 
            0 0 0 0; 
            0 0 0 0]*dtheta4_dt; 

  
dT45_dt = [0 0 0 dl46_dt; 
            0 0 0 0; 
            0 0 0 0; 
            0 0 0 0]; 

         
dT02_dt = dT01_dt*T12 + T01*dT12_dt; 

  
dT03_dt = dT01_dt*T12*T23 + T01*dT12_dt*T23 + T01*T12*dT23_dt; 

  
dT04_dt = dT01_dt*T12*T24 + T01*dT12_dt*T24 + T01*T12*dT24_dt; 

  
dT05_dt = dT01_dt*T12*T24*T45 + T01*dT12_dt*T24*T45 + ... 
            T01*T12*dT24_dt*T45 + T01*T12*T24*dT45_dt; 

  
%% Second derivative of transformation matrices 
d2T01_dt2 = [-cos(theta1) sin(theta1) 0 0; 
                -sin(theta1) -cos(theta1) 0 0; 
                0 0 0 0; 
                0 0 0 0]*dtheta1_dt^2 + ... 
              [-sin(theta1) -cos(theta1) 0 0; 
                cos(theta1) -sin(theta1) 0 0; 
                0 0 0 0; 
                0 0 0 0]*d2theta1_dt2; 

  
d2T12_dt2 = [-cos(theta2) sin(theta2) 0 0; 
                -sin(theta2) -cos(theta2) 0 0; 
                0 0 0 0; 
                0 0 0 0]*dtheta2_dt^2 + ... 
              [-sin(theta2) -cos(theta2) 0 0; 
                cos(theta2) -sin(theta2) 0 0; 
                0 0 0 0; 
                0 0 0 0]*d2theta2_dt2; 

  
d2T23_dt2 = [-cos(theta3) sin(theta3) 0 0; 
                -sin(theta3) -cos(theta3) 0 0; 
                0 0 0 0; 
                0 0 0 0]*dtheta3_dt^2 + ... 
              [-sin(theta3) -cos(theta3) 0 0; 
                cos(theta3) -sin(theta3) 0 0; 
                0 0 0 0; 
                0 0 0 0]*d2theta3_dt2; 

  
d2T24_dt2 = [-cos(theta4) sin(theta4) 0 0; 
                -sin(theta4) -cos(theta4) 0 0; 
                0 0 0 0; 
                0 0 0 0]*dtheta4_dt^2 + ... 
              [-sin(theta4) -cos(theta4) 0 0; 
                cos(theta4) -sin(theta4) 0 0; 
                0 0 0 0; 
                0 0 0 0]*d2theta4_dt2; 

  
d2T45_dt2 = [0 0 0 d2l46_dt2; 
                0 0 0 0; 
                0 0 0 0; 
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                0 0 0 0]; 

             
d2T02_dt2 = d2T01_dt2*T12 + dT01_dt*dT12_dt + ... 
                dT01_dt*dT12_dt + T01*d2T12_dt2;  

  
d2T03_dt2 = d2T01_dt2*T12*T23 + dT01_dt*dT12_dt*T23 + ... 
                dT01_dt*T12*dT23_dt + dT01_dt*dT12_dt*T23 + ... 
                T01*d2T12_dt2*T23 + T01*dT12_dt*dT23_dt + ... 
                dT01_dt*T12*dT23_dt + T01*dT12_dt*dT23_dt + ... 
                T01*T12*d2T23_dt2; 

             
d2T04_dt2 = d2T01_dt2*T12*T24 + dT01_dt*dT12_dt*T24 + ... 
                dT01_dt*T12*dT24_dt + dT01_dt*dT12_dt*T24 + ... 
                T01*d2T12_dt2*T24 + T01*dT12_dt*dT24_dt + ... 
                dT01_dt*T12*dT24_dt + T01*dT12_dt*dT24_dt + ... 
                T01*T12*d2T24_dt2; 

             
d2T05_dt2 = d2T01_dt2*T12*T24*T45 + dT01_dt*dT12_dt*T24*T45... 
         + dT01_dt*T12*dT24_dt*T45 + dT01_dt*T12*T24*dT45_dt... 
         + dT01_dt*dT12_dt*T24*T45 + T01*d2T12_dt2*T24*T45... 
         + T01*dT12_dt*dT24_dt*T45 + T01*dT12_dt*T24*dT45_dt... 
         + dT01_dt*T12*dT24_dt*T45 + T01*dT12_dt*dT24_dt*T45... 
         + T01*T12*d2T24_dt2*T45    + T01*T12*dT24_dt*dT45_dt... 
         + dT01_dt*T12*T24*dT45_dt + T01*dT12_dt*T24*dT45_dt... 
         + T01*T12*dT24_dt*dT45_dt + T01*T12*T24*d2T45_dt2; 

  
%% CoM positions with respect to fixed coordinate system 0 
rA0 = T01*[rA1; 1]; 
rA0 = rA0(1:3, :); % Position of CoM for body A, in coordinate system 0 
rB0 = T02*[rB2; 1]; 
rB0 = rB0(1:3, :); % Position of CoM for body B, in coordinate system 0 
rC0 = T03*[rC3; 1]; 
rC0 = rC0(1:3, :); % Position of CoM for body C, in coordinate system 0 
rD0 = T04*[rD4; 1]; 
rD0 = rD0(1:3, :); % Position of CoM for body D, in coordinate system 0 
rE0 = T05*[rE5; 1]; 
rE0 = rE0(1:3, :); % Position of CoM for body E, in coordinate system 0 

  
%% Velocity of center of masses relative to coordinate system 0 
vA0 = dT01_dt*[rA1; 1]; 
vA0 = vA0(1:3, :);   % Velocity of C of M for body 1 
vB0 = dT02_dt*[rB2; 1]; 
vB0 = vB0(1:3, :);   % Velocity of C of M for body 2 
vC0 = dT03_dt*[rC3; 1]; 
vC0 = vC0(1:3, :);   % Velocity of C of M for body 3 
vD0 = dT04_dt*[rD4; 1]; 
vD0 = vD0(1:3, :);   % Velocity of C of M for body 4 
vE0 = dT05_dt*[rE5; 1]; 
vE0 = vE0(1:3, :);   % Velocity of C of M for body 5 

  
%% Acceleration of center of masses relative to coordinate system 0 
aA0 = d2T01_dt2*[rA1; 1]; 
aA0 = aA0(1:3, :);   % Acceleration of C of M for body 1 
aB0 = d2T02_dt2*[rB2; 1]; 
aB0 = aB0(1:3, :);   % Acceleration of C of M for body 2 
aC0 = d2T03_dt2*[rC3; 1]; 
aC0 = aC0(1:3, :);   % Acceleration of C of M for body 3 
aD0 = d2T04_dt2*[rD4; 1]; 
aD0 = aD0(1:3, :);   % Acceleration of C of M for body 4 
aE0 = d2T05_dt2*[rE5; 1]; 
aE0 = aE0(1:3, :);   % Acceleration of C of M for body 5 
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%% Inertia force, FinRB = -mRB*aRB  
FinA = -mA*aA0; 
FinB = -mB*aB0; 
FinC = -mC*aC0; 
FinD = -mD*aD0; 
FinE = -mE*aE0; 

  
%% Inertia torque, TinRB = -alfaRB.I_RB - omegaRB x (I_RB.omegaRB) ... 
% (in our case) --> -alfaRB*Iz_RB, (. = dotproduct, x = crossproduct)  
TinA = -alfaA*Iz_A;  
TinB = -alfaB*Iz_B; 
TinC = -alfaC*Iz_C; 
TinD = -alfaD*Iz_D; 
TinE = -alfaE*Iz_E; 

  
%% Partial derivatives 
% u = [u1; u2; u3] = [dtheta1_dt; dtheta2_dt; dtheta3_dt]; 
dvA0_du1 = diff(vA0, 'dtheta1_dt'); 
dvB0_du1 = diff(vB0, 'dtheta1_dt'); 
dvC0_du1 = diff(vC0, 'dtheta1_dt'); 
dvD0_du1 = diff(vD0, 'dtheta1_dt'); 
dvE0_du1 = diff(vE0, 'dtheta1_dt'); 

  
dvA0_du2 = diff(vA0, 'dtheta2_dt'); 
dvB0_du2 = diff(vB0, 'dtheta2_dt'); 
dvC0_du2 = diff(vC0, 'dtheta2_dt'); 
dvD0_du2 = diff(vD0, 'dtheta2_dt'); 
dvE0_du2 = diff(vE0, 'dtheta2_dt'); 

  
dvA0_du3 = diff(vA0, 'dtheta3_dt'); 
dvB0_du3 = diff(vB0, 'dtheta3_dt'); 
dvC0_du3 = diff(vC0, 'dtheta3_dt'); 
dvD0_du3 = diff(vD0, 'dtheta3_dt'); 
dvE0_du3 = diff(vE0, 'dtheta3_dt'); 

  
domegaA_du1 = diff(omegaA, 'dtheta1_dt'); 
domegaB_du1 = diff(omegaB, 'dtheta1_dt'); 
domegaC_du1 = diff(omegaC, 'dtheta1_dt'); 
domegaD_du1 = diff(omegaD, 'dtheta1_dt'); 
domegaE_du1 = diff(omegaE, 'dtheta1_dt'); 

  
domegaA_du2 = diff(omegaA, 'dtheta2_dt'); 
domegaB_du2 = diff(omegaB, 'dtheta2_dt'); 
domegaC_du2 = diff(omegaC, 'dtheta2_dt'); 
domegaD_du2 = diff(omegaD, 'dtheta2_dt'); 
domegaE_du2 = diff(omegaE, 'dtheta2_dt'); 

  
domegaA_du3 = diff(omegaA, 'dtheta3_dt'); 
domegaB_du3 = diff(omegaB, 'dtheta3_dt'); 
domegaC_du3 = diff(omegaC, 'dtheta3_dt'); 
domegaD_du3 = diff(omegaD, 'dtheta3_dt'); 
domegaE_du3 = diff(omegaE, 'dtheta3_dt'); 

  
%% Generalized inertia forces 
Fin_u1 = dvA0_du1.*FinA + domegaA_du1.*TinA + ... 
    dvB0_du1.*FinB + domegaB_du1.*TinB + ... 
    dvC0_du1.*FinC + domegaC_du1.*TinC + ... 
    dvD0_du1.*FinD + domegaD_du1.*TinD + ... 
    dvE0_du1.*FinE + domegaE_du1.*TinE; 

  
Fin_u2 = dvA0_du2.*FinA + domegaA_du2.*TinA + ... 
    dvB0_du2.*FinB + domegaB_du2.*TinB + ... 
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    dvC0_du2.*FinC + domegaC_du2.*TinC + ... 
    dvD0_du2.*FinD + domegaD_du2.*TinD + ... 
    dvE0_du2.*FinE + domegaE_du2.*TinE; 

  
Fin_u3 = dvA0_du3.*FinA + domegaA_du3.*TinA + ... 
    dvB0_du3.*FinB + domegaB_du3.*TinB + ... 
    dvC0_du3.*FinC + domegaC_du3.*TinC + ... 
    dvD0_du3.*FinD + domegaD_du3.*TinD + ... 
    dvE0_du3.*FinE + domegaE_du3.*TinE; 

  
%% Gravitational forces 
g = -9.82; % Gravitational acceleration [m/s^2] 
lieAngle = 53*(2*pi/360); % Angle between swing and ground plane [rad] 

  
G_A0 = mA*g*cos(lieAngle)*z; 
G_B0 = mB*g*cos(lieAngle)*z; 
G_C0 = mC*g*cos(lieAngle)*z; 
G_D0 = mD*g*cos(lieAngle)*z; 
G_E0 = mE*g*cos(lieAngle)*z; 

  
%% Generalized active forces 
syms 'M_A'; % M_Avec = M_A*z, driver moment acting on O  
syms 'M_C'; % M_Cvec = M_C*z, driver moment acting at center of z3 
syms 'F_E';  
M_Avec = M_A*z; 
M_Cvec = M_C*z; 
F_Evec = F_E*[cos(theta1+theta2+theta3+theta4+pi); ... 
    sin(theta1+theta2+theta3+theta4+pi); 0]; 

  
Fac_u1 = domegaA_du1.*M_Avec + domegaC_du1.*M_Cvec + dvA0_du1.*G_A0 + ... 
    dvB0_du1.*G_B0 + dvC0_du1.*G_C0 + dvD0_du1.*G_D0 + dvD0_du1.*F_Evec ... 
    + dvE0_du1.*G_E0 + dvE0_du1.*(-F_Evec); 

  
Fac_u2 = domegaA_du2.*M_Avec + domegaC_du2.*M_Cvec + dvA0_du2.*G_A0 + ... 
    dvB0_du2.*G_B0 + dvC0_du2.*G_C0 + dvD0_du2.*G_D0 + dvD0_du2.*F_Evec ... 
    + dvE0_du2.*G_E0 + dvE0_du2.*(-F_Evec); 

  
Fac_u3 = domegaA_du3.*M_Avec + domegaC_du3.*M_Cvec + dvA0_du3.*G_A0 + ... 
    dvB0_du3.*G_B0 + dvC0_du3.*G_C0 + dvD0_du3.*G_D0 + dvD0_du3.*F_Evec ... 
    + dvE0_du3.*G_E0 + dvE0_du3.*(-F_Evec); 

  
% All contributions from gravitational forces are zero. A.*B 
% = |A||B|cos(alfa). In our case alfa is 90 degrees -> cos(90)=0. 

  
%% Kane´s Dynamical Equations 
eq1 = Fin_u1 + Fac_u1; 
eq2 = Fin_u2 + Fac_u2; 
eq3 = Fin_u3 + Fac_u3; 
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Appendix B: Simulink parameter init in Matlab 

%% UF golfing robot init Simulink model 

  
close all  
clear all  
clc 

  
% Gravity Vetor 
g = [0 -7.84 -5.91]; 

  
%% Controller parameters 
% Theta 1 
Kp1 = 1000; Kd1 = 1; Ki1 = 0.92; 
% Theta 2 
Kp2 = 1000; Kd2 = 1; Ki2 = 0.92; 
% Theta 3 
Kp3 = 1000; Kd3 = 1; Ki3 = 0.92; 

  
%% Link lengths 
l12 = 0.25; 
l16 = 0.09; 
l23 = 0.56; 
l3T = 1.09; 
l62 = l12 + l16; 
l24 = l23; 
l56 = 0.34; 
l45 = 0.22; 

  
%% Shoulder actuator trajectory 
t_SB = 0:0.01:0.686; 
t_SD = 0.686:0.01:0.686+0.1667; 

  
y_SB = -2.639*t_SB; 
y_SD = 11.80*(t_SD-t_SB(end))+y_SB(end); 

  
tS = [t_SB, t_SD]; 
yS = [y_SB, y_SD]; 

  
% figure(1) 
% plot(tS, yS) 

  
%% Elbow actuator trajectory 
t_EB = 0:0.01:0.686; 
t_ED = 0.686:0.01:0.686+0.1667; 

  
t2_EB = t_EB(1)-3:0.088:t_EB(end)+(3-t_EB(end)); 
t2_ED = t_ED(1)-3:0.33:t_ED(end)+(3-t_ED(end)); 

  
y_EB = -(tanh(t2_EB) + 1)*0.10175; 
y_ED = (-1 + tanh(t2_ED))*0.1025; 

  
tE = [t_EB, t_ED]; 
yE = [y_EB, y_ED]; 

  
% figure(2) 
% plot(tE, yE) 

  
%% Wrist actuator trajectory 
t_WB1 = 0:0.01:0.4; 
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t_WB2 = 0.4:0.01:0.686; 
t_WD = 0.686:0.01:0.686+0.1667; 

  
t2_WB1 = t_WB1(1)-3:0.15:t_WB1(end)+(3-t_WB1(end)); 
t2_WB2 = t_WB2(1)-3:0.2:t_WB2(end)+(3-t_WB2(end)); 
t2_WD = t_WD(1)-3:0.33:t_WD(end)+(3-t_WD(end)); 

  
y_WB1 = -(tanh(t2_WB1) - 35)*0.3491/2; 
y_WB2 = -(tanh(t2_WB2) - 10.233)*1.058/2; 
y_WD = (7.976 + tanh(t2_WD))*1.4/2; 

  
tW = [t_WB1, t_WB2, t_WD]; 
yW = [y_WB1, y_WB2, y_WD]; 

  
% figure(3) 
% plot(tW, yW) 

  
%% Inertia and masses 
conv1 = 0.45359237/0.00001639; % Convert lbs/cu.in. to kg/m^3 
conv2 = 0.0254; % Convert inches to meters ... 1 in = 0.0254 meters 

  
% Body A 
hA = 3/8 * conv2; % Height of link A 
wA = 2 * conv2; % Width of link A 
lA = 17 * conv2; % Lenght of link A 
VA = hA * wA * lA; % Volume of body A 
rhoA = 0.283 * conv1; % Density of 4142 Steel Alloy 
mA = rhoA * VA; % Mass of body A 
Iz_A = mA * (lA^2 + wA^2)/12; % Inertia for CoM of body A, Z axis 
Iy_A = mA * (hA^2 + lA^2)/12; % Inertia for CoM of body A, Y axis 
Ix_A = mA * (hA^2 + wA^2)/12; % Inertia for CoM of body A, X axis 
I_A = [Ix_A 0 0; 0 Iy_A 0; 0 0 Iz_A]; % Inertia tensor 

  
% Body B 
% Taking the contribution of the masses for the wrist actuator and plate 
% in account, but not the geometry  
hB_link = 5/8 * conv2; 
wB_link = 1.5 * conv2; 
lB_link = 24.5 * conv2; 
VB_link = hB_link * wB_link * lB_link; % Volume of link B 
hB_plate =  0.006; 
wB_plate = 0.075; 
lB_plate = 0.21; 
VB_plate = hB_plate * wB_plate * lB_plate; % Volume of plate B 
rhoB = 0.098 * conv1; % Density of Alloy 6061 Aluminum 
mB = rhoB * VB_link + 0.524 + rhoB * VB_plate; % Mass of body B 
Iz_B = mB * (lB_link^2 + wB_link^2)/12; % Inertia for CoM of ... 
% body B, Z axis 
Iy_B = mB * (hB_link^2 + lB_link^2)/12; % Inertia for CoM of ... 
% body B, Y axis 
Ix_B = mB * (hB_link^2 + wB_link^2)/12; % Inertia for CoM of ... 
% body B, X axis 
I_B = [Ix_B 0 0; 0 Iy_B 0; 0 0 Iz_B]; 

  
% Body C 
rC_shaft = 0.0075; % Average radius of club shaft  
lC_shaft = 42 * conv2; % Lenght of club shaft 
mC_shaft = 0.1; % Mass of club shaft 

  
% Inertia for CoM of club shaft 
Iz_shaft = mC_shaft * (3*rC_shaft^2 + lC_shaft^2)/12;    
Iy_shaft = Iz_shaft; 
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Ix_shaft = mC_shaft * rC_shaft^2 * 1/2; 

  
mC_head = 0.1; % Mass of club head, modeled as a lump mass 
mC_mount = 0.4; % Estimated mass of club mounting plate, modeled ... 
% as a lump mass 

  
rx_mount = 0; % Distance to CoM of mount from a coordinate system... 
% located in the same place  
ry_mount = 0; 
rz_mount = 0; 

  
rx_shaft = lC_shaft / 2; % Distance to CoM of shaft 
ry_shaft = 0; 
rz_shaft = 0; 

  
rx_head = lC_shaft; % Distance to CoM of club head   
ry_head = 0;   
rz_head = 0; 

  
mC = mC_shaft + mC_head + mC_mount; % Total mass for body C 

  
rx_C = (mC_mount*rx_mount + mC_shaft*rx_shaft + ... 
    mC_head*rx_head)/mC; % Location of CoM for body C 
ry_C = (mC_mount*ry_mount + mC_shaft*ry_shaft + ... 
    mC_head*ry_head)/mC; 
rz_C = (mC_mount*rz_mount + mC_shaft*rz_shaft + ... 
    mC_head*rz_head)/mC; 

  
Iz_C = mC_mount*(rx_C - rx_mount)^2 + Iz_shaft + ... 
    mC_shaft*(rx_shaft - rx_C)^2 + ... 
    mC_head*(rx_head - rx_C)^2; % Inertia for CoM of body C, Z axis 
Iy_C = Iz_C; 
Ix_C = 0; 

  
I_C = [Ix_C 0 0; 0 Iy_C 0; 0 0 Iz_C]; 

  
% Body D 
mD = 0.6; 
rD = 0.10/2; 
lD = 0.2; 
Iz_D = mD * (3*rD^2 + lD^2)/12; 
Iy_D = Iz_D; 
Ix_D = mD * rD^2 * 1/2; 
I_D = [Ix_D 0 0; 0 Iy_D 0; 0 0 Iz_D]; % Inertia tensor for cylinder 

  
% Body E 
mE = 0.517; 
wE = 0.045; 
hE = wE; 
lE = 0.340; 
Iz_E = mE * (lE^2 + wE^2)/12; 
Iy_E = mE * (lE^2 + hE^2)/12; 
Ix_E = mE * (wE^2 + hE^2)/12; 
I_E = [Ix_E 0 0; 0 Iy_E 0; 0 0 Iz_E]; 

 

 


