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Abstract

The main function of the power grid is to transfer electric energy from
generating facilities to consumers. To have a reliable and economical supply
of electricity, large amounts of electric energy often have to be transferred
over long distances.

The transmission system has a limited capacity to transfer electric power,
called the transfer capacity. Severe system failures may follow if the transfer
capacity is reached during operation.

Due to uncertainties, such as the random failure of system components,
the transfer capacity for the near future is not readily determinable. Also,
due to market principles, and reaction times and ramp rates of production
facilities, power flow control is not fully flexible. Therefore, a transfer limit,
which is below the transfer capacity, is decided and preventative actions are
taken when the transfer reaches this limit.

In this thesis an approach to deciding an optimal strategy for power flow
control through activation of regulating bids on the regulating power market
is outlined. This approach leads to an optimal definition of transfer limits as
the boundary between the domain where no bid should be activated and the
domains where bids should be activated. The approach is based on weighing
the expected cost from system failures against the production cost. This leads
to a stochastic impulse control problem for a Markov process in continuous
time.

The proposed method is a novel approach to decide transfer limits in
power system operation. The method is tested in a case study on the IEEE
39 bus system, that shows promising results.

In addition to deciding optimal transfer limits, it is also investigated how
the transfer capacity can be enhanced by controlling components in the power
system to increase stability.

Keywords: Frequency control, power regulating market, power system op-
eration, power system security, stochastic impulse control, transfer capacity,
transfer limit.
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Chapter 1

Introduction

This chapter introduces the topic of this thesis, defines the scope and objective and
presents the scientific contributions.

The main function of the power grid is to transfer electric energy from generating
facilities to consumers. To have a reliable and economical supply of electricity
large amounts of electric energy often have to be transferred over long distances.
Examples include when a major part of of the electricity production comes from
renewable energy sources, such as hydro- and wind power, where the generating
facilities often are located at a substantial distance from the regions where the
main consumption is.

The transmission system has a limited capacity to transfer electric power, called
the transfer capacity [12]. Severe system failures may follow if the transfer capacity
is reached during operation.

Due to uncertainties, such as the random failure of system components, the
transfer capacity for the near future is not readily determinable. Instead a transfer
limit, which is below the transfer capacity, is decided and preventative actions are
taken when the transfer reaches this limit.

Transfer limits are important aspects in power system operation. Planners need
to be able to estimate how much energy that can be traded between different areas
of the system and the system operators need to know how to operate the system.

When deciding on adequate transfer limits there is a conflict of interest. On the
one hand it is economically desirable to transfer large amounts of electric power
through the grid. On the other hand it is important to run the system in a safe
and secure manner. The trade-off between transfer and security can be resembled
with the functions sketched in Figure 1.1. Increasing the transfer will reduce the
cost of production, but increase the part of the expected cost for society coming
from system failures.

Above it was mentioned that random failures of system components is one as-
pect that influences the size of the transfer capacity, which in turn influences the

1
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Transfer

Production cost

Expected cost from 
failures

Cost of operation

Optimal transfer

Figure 1.1: The trade-off between transfer and security.

size of adequate transfer limits. Another aspect is the random fluctuation of power
consumption. Since there must at all times be a balance between production and
consumption, production is forced to change to follow the aggregate load fluctu-
ations. This is in part done automatically by letting a number of power plants
in the system have their production depend on the frequency [13]. The fact that
some power plants change their production automatically to maintain the balance
between production and consumption in the system, means that fluctuations are
in general not balanced locally. This will introduce an uncertainty in the flows
through the grid.

To limit the strain on the system, observable system variables, such as the
flows through certain “critical” transmission corridors, are monitored. When these
“observables” reach a pre-decided level, actions are taken to reduce the strain on the
system and maintain secure operation. The actions taken constitute what is known
as the tertiary control [14]. The tertiary control is manually operated in the sense
that the system operator contacts a producer and asks him to change the production
in one of his power plants, or asks a consumer to change his consumption. We call
the spare capacity available for tertiary control tertiary reserves. In a deregulated
market the tertiary reserves are provided through a market called the regulating
market [15]. Bids handed in to the this market are called regulating bids.

The tertiary control is used to balance the system frequency in a cost optimal
way and to handle bottlenecks. When used to balance frequency the cheapest avail-
able bid can be used. However, when used to handle bottlenecks in the transmission
grid the geographic positions of the reserves have to be considered and the cost or-
der of the bids might have to be sidestepped. This will lead to a higher production
cost than if the bottleneck was not present.
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In many systems there is a generation control that acts slower than the primary
control and faster than the tertiary control. This generation control system is
called secondary control. Besides from controlling the balance between production
and consumption, the secondary control can also be used to control the power
transfer on certain tie-lines. It should be emphasized that we in this thesis will not
consider optimization of the secondary control.

1.1 Objectives

The objective of this thesis is to investigate how to manage the operation of the
system to optimally balance the benefit of power transfer against system security.
This objective leads to different questions that have to be answered. The questions
that we will try to answer in this thesis are the following:

Q1 What is the risk of system failure given a certain level of power transfer?

Q2 How do we activate regulating bids in order to minimize the expected cost of
operation?

Q3 How can we increase the transfer capacity by controlling available system equip-
ment?

To provide an answer to Q1 there are certain issues that need to be considered.
First we need to analyze the physical constraints limiting the transfer capacity.
The transfer capacity will depend on, for example, the distribution of the load
amongst the nodes of the system [16], limitations in generating units [17] and the
risk of outages in system equipment [18]. In addition to this we need to analyze
the restrictions caused by the lack of flexibility when controlling the power flows
through the regulating market.

In Q2, when we say expected cost of operation we mean the expected net cost
from the activation of regulating bids, plus the expected cost from system failures.
There is an obvious connection between Q1 and Q2. In order to optimize the
activation of regulating bids we need to know the expected cost at each specific
level of system stress, which is the sum of the costs of each type of disturbance that
can occur times the risk of the disturbance.

One way of optimizing the utilization of the power grid is to use adequate
transfer limits, another way is to try to enhance the transfer capacity by making
better use of the available systems components. Therefor, Q3 is also an important
question in power system operation.

To summarize the objective in terms of the curves in Figure 1.1, the answer to
Q1 provides means of finding the (red) curve representing the expected cost from
system failure, the answer to Q2 is that we should run the system to minimize the
value of the sum of the two curves, and Q3 concerns how to push the expected
operation cost curve to the right.
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1.2 Scientific contributions

Q1–Q3 are fundamental questions in the operation of power systems, and providing
complete answers to all of them is out of the scope of a doctoral thesis. Therefore,
some narrowing of the objectives had to be adopted, when attacking the problems.

The scientific contributions of the work presented in this thesis can be divided
between the three different questions posed in the previous section as follows.

Q1

Here, we have focused on long-term voltage stability [17], rendering the loadability
limit surface as physical limit. We analyze what impact lack of flexibility in the
tertiary control will have on the risk of system failure.

This required development of a stochastic model of the power consumption.
Also, we provide means of analyzing approximations of the loadability limit surface,
i.e. the surface made up of all points of maximal loadability.

Q2

We develop a method for estimating the optimal strategy for activation of regulating
bids. The method is based on transforming the risk of system failure from Q1,
into a monetary value. Then impulse control is used to optimize the activation of
regulating bids in order to minimize the expected cost of operation. Here, each
impulse represents the activation of a regulating bid.

The resulting control will take the form of a partition of the space where the
observables live into a continuation region and a number of activation regions. The
continuation region is defined so that it is optimal to activate a regulating bid once
the observables leave this domain. The boundary of the continuation region can
thus be seen as a type of transfer limit surface.

Important aspects here are the delays in reaction of the actors on the regulating
market and the ramp rates of their power plants. Inclusion of these gives the impulse
control problem delayed reaction. This required development of new numerical
stochastic control schemes.

The developments here are fundamentally different from previous research in
the area of power system operation where the use of a security criteria, for example
the (N −1)–criteria, has been the main tool to define transfer limits [18].

Q3

Another way of using the system in a more efficient way is to use the existing power
system components more efficiently to increase the transfer capacity. Here adaptive
control and coordination of the control of different system components are the main
measures of increasing the transfer capacity.
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The objective of each such control scheme is to improve the stability properties
of the system.

We propose two methods for enhancing the transfer capacity. The first method
is based on optimizing the distribution of the primary control gain to maximize
the distance of the present operating point to the saddle-node bifurcation surface.
This means that we distribute the automatic control resources to avoid steady-state
voltage instability.

The second approach assumes that the system contains several HVDC-links and
tunes the power modulation gain of these links to enhance the small signal stability
properties of the system.

List of main contributions
To summarize, the following are the main contributions of the work presented in
this thesis:

i) A stochastic model of the consumption in a multi-area power system is devel-
oped (Article I).

ii) A method for generating samples of injected power given the power flows
through a number of transmission corridors is developed (Article II).

iii) Two methods for estimating the probability of voltage collapse within a certain
time period is proposed. The first is an analytical method (Article III) while
the second method is based on Monte Carlo simulation (Article V).

iv) A method for investigating the validity of local approximations of the loadabil-
ity limit surface is developed (Article IV)

v) A control strategy for optimizing the activation of one regulating bid, based
on the flow through one transmission corridor is proposed (Article VI).

vi) A Monte Carlo based method for finding the control strategy that optimizes the
activation of several regulating bids, based on a number of system observables,
is proposed (Articles VII and VIII).

vii) A method for optimizing the distribution of the primary control reserve with
respect to the distance to voltage collapse is developed (Article IX).

viii) A method for coordinating the control of several HVDC-links is suggested
(Article X).

1.3 Thesis outline

The outline of the thesis is based on a partition into the three parts. One part for
each question to be answered. First, in the next chapter a deeper background is
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given. Then follows three chapters each dedicated to answering one of the three
different questions Q1, Q2 and Q3. In the last chapter before the appended articles
some conclusions that can be drawn from the work are given and possible future
work is discussed.

The chapters can be summarized as follows:

Chapter 2 In this chapter background to the thesis area is given. We give a short
introduction to how electricity markets work and discuss implications of lack
of flexibility in the generation control. This chapter also contains a summary
of the standard for deciding transmission limits today. As an example we
consider the power system in Sweden which is a part of the Nordic power
system.

Chapter 3 This chapter deals with the evaluation of the risk induced by keeping
a certain transfer level. The main challenge we face here is that, due to lack
of flexibility in the generation control, we have to estimate the risk of system
failure within a short time following any contingency. Short introductions to
Articles I–V are given in this chapter.

Chapter 4 In this chapter we present an overview of our stochastic control based
approach to power system operation which is the main contribution of the the-
sis. We make comparisons and discuss differences to earlier research devoted
to applications in mathematical finance. This chapter serves as a prelude
to Articles VI–VIII. Short introductions and comments to these articles are
given at the end of the chapter.

Chapter 5 In this chapter we discuss how the physical capacity to transfer electric
power can be enhanced. At the end of this chapter we give short introductions
to Articles IX and X.

Chapter 6 In this, the last chapter of the thesis, conclusions are drawn and guide-
lines for future work are outlined. We discuss how the methods presented in
the appended articles can be improved and further developed to meet the
increasing demand on efficient power system operation.

Chapters 3-5 are introductions to the articles.



Chapter 2

Background

In this chapter background to the thesis area is given. We give a short introduction
to how electricity markets work and discuss implications of lack of flexibility in the
generation control. This chapter also contains a summary of the standard for de-
ciding transmission limits today. As an example we consider the power system in
Sweden which is a part of the Nordic power system.

There are several aspects which influence the risk of system failure when keeping
a certain transfer level [19].

First there are the physical constraints, these include steady-state voltage sta-
bility, thermal stability and dynamic stability. In general, serious consequences will
follow if any of these constraints are violated. In addition to these constraints there
are softer constraints such as limits for the allowed voltage levels.

System components will not be functional with 100% certainty at all times.
There may, for example, be an outage in a generating unit or a power line. Such
contingencies tend to reduce the transfer capacity.

Since disturbances are often costly we need to consider the transfer capacity
also for contingency cases when determining adequate transfer limits. Even though
the probability of an outage in system equipment is small.

In addition to the physical transfer capacity of the system, the control actions
that the system operator can use to reduce the strain on the system are not totally
flexible. There are, for example, ramp rates of all generators. The ramp rate
specifies the maximal increment in power output per time unit from the generator.
A power plant with a lower ramp rate is thus less flexible. Using less flexible
generating units to balance the demand will require more planning and better
forecasts from the system operator.

Related to the flexibility of the generating units is the variations in the net
load. A highly varying net load requires more flexible balancing units or even bet-
ter forecasts and more planning from the system operator. Here, net load means
system load minus power produced in variable generating units. An increased use

7
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of variable energy sources such as wind power, wave power and solar power, will
introduce more uncertainty in the net load, and thus raise the requirement on the
control methods used for balancing.

We start by looking what a mathematical model of the power system and the
physical constraints, which define the transfer capacity, may look like.

2.1 Power system modeling

In power system analysis, the main objective is to evaluate how a number of system
variables evolve over time. These variables are typically voltage magnitudes and
angles at system nodes, and state variables for the generators of the system. Let z ∈
R

nz be a vector representing the subset of these power system variables which are
directly governed by the dynamic behavior of machines, such as the state variables of
generators. Let y ∈ R

ny be a vector representing the subset of these power system
variables which are not directly governed by the dynamic behavior of machines,
such as the voltage magnitudes and angles at the system nodes. Additional to the
system variables there are a number of system parameters. These parameters can
be collected into a vector Γ = (u, λ), where u ∈ U ⊂ R

nu is a vector of controllable
parameters such as the set-point of generators, and λ ∈ R

nλ is a vector of variable,
uncontrollable, system parameters such as the loading at each node of the system.

The power system is generally modeled by a set of differential-algebraic equa-
tions [20]:

ż = F (z, y, Γ), (2.1a)
0 = G(z, y, Γ). (2.1b)

Here, F : Rnz ×R
ny ×R

nu+nλ → R
nz is the model of generators and other dynamic

equipment in the system, and G : Rnz ×R
ny ×R

nu+nλ → R
ny represents the power

grid.
It is important that, as the variable system parameters λ evolve over time,

the system operating point x = (z, y) remains within the domain of attraction of
the stable operating point of the system. Additional to this there may be other
constraints such as limits on line flows and voltage level at load nodes.

Crucial events where stability is threatened is when an outage in any system
equipment occurs. This is generally referred to as a contingency and will change
the structure of the functions F and G.

Physical constraints
The ability of a power system to transfer electric power from one node to another
is usually limited by one of the following constraints [17, 19–21]:

Steady-state voltage stability The operating point must always be in the upper
part of the nose curve. The nose curve is the nose-shaped curve showing the
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relationship between the voltage at a system node and a loading parameter
(see Figure 2.1).

Thermal stability To prevent overheating some of the system equipment, such as
power-lines, will be disconnected if the current flowing through them becomes
to large. Therefore, the electric power transfers in the system cannot be
allowed to exceed some maximal value.

Voltage limits The voltages at certain nodes may have to be kept within a pre-
defined interval.

Dynamic stability The system state must always remain within the domain of
attraction of the corresponding stable operating point.

It will be assumed that violation of any of these constraints will lead to what we
call a “system failure”, which is an event that will render a large cost to the society.

λ

U

λ∗

Figure 2.1: A nose curve.

Small signal stability

The system (2.1) is in general of high dimension which makes it hard to analyze its
dynamic stability properties. Therefore, many approximate definitions of system
stability are given [22]. One approach is to only consider the systems response to
small disturbances.

When the algebraic constraints G (in (2.1b)) have an invertible Jacobian Gy

along the system trajectories of interest, the algebraic variables can be eliminated
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(Implicit Function Theorem [23]) and we get:

ż = F (z, H(z), Γ) = φ(z, Γ) (2.2)

In small signal stability analysis we look at the properties of the system obtained
by linearizing (2.2) around the equilibrium point. Let z = z0 + Δz, where z0
corresponds to a equilibrium point so that φ(z0, Γ) = 0. Then a linearized version
of (2.2) is given by

Δż = [Fz + Fy(Gy)−1Gz]Δz = AΔz. (2.3)

Lyapunov’s first stability method, which is the fundamental analytical basis for
power system small-signal stability assessment, says that (2.1) will remain stable
after a small perturbation if the eigenvalues of A = A(Γ) all have negative real
parts [24].

Therefore, when only considering small disturbances and neglecting the cumula-
tive effect of these disturbances, the transfer capacity can be seen as the level where
one (or more) of the eigenvalues of the Jacobian A crosses the imaginary axis. A
point in parameter space where one (or more) of the eigenvalues of the Jacobian A
crosses the imaginary axis is called bifurcation [25], or structural instability. There
are two types of generic local bifurcations that occur in power systems [26]:

Saddle-node bifurcation A Saddle-Node Bifurcation (SNB) is a bifurcation in
which two equilibria of a dynamical system collide and annihilate each other.
At SNB-points one eigenvalue of A is zero.

Hopf bifurcation Hopf bifurcations are characterized by complex eigenvalues of
A crossing the imaginary axis as the system parameters change. Under rea-
sonably generic assumptions about the dynamical system, we can expect to
see a small-amplitude limit cycle branching from the equilibrium point.

Hopf bifurcations have been proven not to exist for simple AC lossless system
models [27]. However, Hopf bifurcations have been observed in more detailed AC
system models that consider transfer conductances and exciter dynamics [28].

Related to the saddle-node bifurcations are switching loadability limits that can
occur when a system variable reaches its design limit. This may lead to that one
of the eigenvalues of A takes a leap across the imaginary axis. More detail on this
phenomenon is given in Section 3.1.

Above it was mentioned that small-signal stability analysis is only valid for small
perturbations of system parameters when neglecting the cumulative effects of the
perturbations. More formally, to use bifurcation boundaries as stability limits it
has to be assumed that the system dynamics acts much faster to dampen oscilla-
tions than the parameters change. This assumption was first introduced in [29], as:
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Assumption 1. (2.1) varies quasi-statically.

That is, it is assumed that Γ(t) varies slowly enough that system (2.1) is well
approximated by keeping Γ constant while the dynamics of the system act.

2.2 Steady-state voltage stability

For normal operating conditions a small increase in consumption at a node of the
system will lead to a small decrease of the voltage at that node. This behavior
will progress until at a certain consumption level the voltage starts slipping. This
phenomenon is often referred to as a voltage collapse and sometimes the more
graphic term voltage avalanche is used [14].

A nose curve is a curve showing the relation between a system variable and
a parameter. The name nose curve comes from the fact that the curve takes the
shape of a nose as depicted in Figure 2.1, where the relation between a loading
parameter λ and the voltage U is plotted.

For each λ < λ∗ the power flow equations have two solutions. For steady-state
voltage stability considerations the upper solution corresponds to a stable operating
point and the lower to an unstable operating point. At the intersection point λ∗

these two solutions meet and the system will become unstable if we try to increase
the parameter further [30].

Hence, letting

f(x, Γ) =
[

F (x, Γ)
G(x, Γ)

]
(2.4)

then the system remains steady-state voltage stable as long as there is a x = x(Γ)
such that following relation is fulfilled:

f(x, Γ) = 0, (2.5a)
g(x, Γ) ≤ 0. (2.5b)

Here, the inequality constraints (2.5b) have been introduced to model limitations in
generators. Also, voltage limits and thermal stability constraints can be included in
the inequality constraints. This is the basis for the SCOPF formulation discussed
below.

In this section we have gone through some of the main mechanisms that limit
the capacity to transfer power from one node of the system to another. To fully
understand the challenges in Q1 and Q2 we also need to understand how the power
flow is controlled. But first we take a look at the general structure of the markets
on which electric energy is traded.
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2.3 Electricity markets

Electrical power is traded in energy per trading period. Usually, trading is per-
formed hourly as on the European Energy Exchange [31], PJM [32], and in the
Nordic system [15]. Also, half-hour periods are used in some systems such as for
example in UK [33]. The market for trading electric energy is divided into different
parts depending on the time left to the actual period of delivery [34]:

• Day-ahead market: This is in general where most of the electric energy is
traded. The day-ahead market normally closes at noon on the day before the
trading period during which the actual exchange of energy will take place,
thus the name day-ahead market. Hence, energy at this market is traded 12
to 36 hours before it is actually delivered.

• Intra-day trading: Intra-day trading offers a possibility to adjust the traded
quantities from the day-ahead market according to updated forecasts. It is
possible to continuously trade power on this market from that the day-ahead
market has closed and the traded quantities and prices have been published,
until some time, for example one hour in the Nordic market, before the start
of the actual operating period.

• The regulating power market: On this market, the system operator can trade
power in order to keep a balance between production and consumption in the
system when necessary. In situations with excess power, the system operator
can accept bids corresponding to decreasing the net production in the system
(downward balancing). In the opposite situation, the system operator calls
bids corresponding to increasing the net production in the system (upward
balancing). Bids to this market can be submitted shortly before the start of
the operational hour. To the Swedish regulating power market bids can be
submitted or changed up till 45 minutes before the start of the operational
hour [35]. These bids are then activated during the operation period in order
to keep the frequency close to the nominal frequency and to handle problems
cased by bottlenecks. Bids are usually activated in order of their cost but to
handle bottlenecks the cost order sometimes has to be sidestepped.

• Imbalance settlement: The difference between the actual energy consumption
/ production and the traded quantity is called an imbalance. At the end of
each hour the system operator (SO) checks the imbalance for each actor on
the electricity market. If a consumer has consumed more energy than he has
bought on the markets he has a negative imbalance that he will have to pay
for, if he on the other hand has consumed less power than he has bought he
will get payed for his positive imbalance.

A time-line displaying the above mentioned trading possibilities is shown in
Figure 2.2. As mentioned above the large quantities are usually traded on the day-
ahead market, while the intra-day market can be used to decrease the imbalance
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Day-ahead market 
closes

Operational hour
Regulating power market 
closes

Intra-day trading

Release of prices and 
quantities

Day before delivery day Delivery day

Imbalance settlement

Figure 2.2: Time-line for physical trading of electricity.

between quantities traded on the day-ahead market and the expected production
according to updated production forecasts.

It should be noted here that what we denote by regulating market is referred to
by different names in different systems; e.g. real-time balancing market in PJM [32],
real-time energy market in New England [36], frequency control ancillary services
(FCAS) market in Australia [37], and regulating market in the Nordic system [15].
A compilation of balance management in Europe can be found in [38].

As mentioned above, bids handed into the regulating market are activated as a
part of the frequency control.

2.4 Frequency control

To maintain a balance between generation and production in the system there
are three different control systems working together, the primary, secondary and
tertiary control [13, 14].

Primary control

In most generators there are large turning masses, which act as storages for energy.
When the demand of electric power in a power system increases, energy is taken
from this rotating reserve and the frequency in the system drops. As a response
to the frequency decrease the power plants with a reserve designated for what is
called the primary control will increase their production.

The primary control thus acts as a fast response both to small disturbances such
as a change in the loading, and to larger disturbances such as an outage in a power
plant.

The power plants that participate in the primary control each have a certain
gain, R [MW/Hz], which indicates how the generation of this plant is changed when
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the frequency changes.

Example 2.1 If a certain power plant has gain R = 100 MW/Hz and the sys-
tem nominal frequency is f0 = 50 Hz, then at the system frequency f = 49.9 Hz
the production G in this power plant will have changed ΔG = −R · (f − f0) =
−100 · (−0.1) = 10 MW.

The distribution of the gain between the plants in the system will have a strong
influence on the risk of system failure. If, for example, a large part of the gain is
located on one side of a bottleneck in the transmission grid, then a failure in a high
producing unit on the other side will lead to a highly increased power flow through
the bottleneck.

Secondary control

In many systems there is a second, slower acting, automatic control. This control
system is called the secondary control and is often administered by having a Auto-
matic Generation Control (AGC) system controlling the production in a subset of
the generators [13]. The AGC is often used to divide the system into smaller con-
trol areas. The transmission lines connecting the different control areas are called
“tie-lines”. These tie-lines are operated with agreed upon transfers. The objective
of the AGC is, additional to keeping the frequency close to nominal, to maintain
the agreed upon transfers on the tie-lines.

Secondary control is mainly used in larger, meshed systems. The Nordic sys-
tem, for example, does not have any secondary control. In this thesis we will not
investigate how to optimize the secondary control. Hence, the main focus will be on
bottlenecks either within control areas or in systems that does not have a secondary
generation control.

Tertiary control

As mentioned above, in a deregulated market environment the activation of tertiary
reserves is equivalent to the activation of regulating bids by the system operator.
The tertiary control is thus manually operated in the sense that the system operator
receives bids from producers and consumers before the period of operation. These
bids are then activated either to relieve the burden on the primary and secondary
control, or to keep power flows on acceptable levels.

When a decision is made to activate a regulating bid the system operator con-
tacts the producer (or consumer) responsible for the bid and tells him to change
the generation (consumption) in the unit which the bid concerned. Once the call
has been made some time has to be allowed before an actual change in power pro-
duction takes place. Also, physical limitations in the power producing units dictate
that no sudden changes can take place. Instead a ramping of the produced power
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will occur, which will further delay the execution of the order to activate a bid.

Throughout the work presented in this thesis it is assumed that each regulating
bid can be represented by a vector Ri = (gi, Ki, δi, ΔPi), where:

gi ∈ {1, . . . , Mg} is the generator to which bid i relates,
Ki : [0, T ] → R is such that Ki(t) is the total cost induced by activating bid i at
time t,
δi is the total delay, i.e. the time from activation to execution, of bid i, and
ΔPi : [0, δi] → R is the injected active power ramp function of generator gi con-
nected to the bid.

Once the call has been made to activate bid i at time ηi the actual corresponding
change in production in generator gi at time ηi + t, for t > 0, will be ΔPi(t ∧ δi).
We call ΔPi(δi) the total volume of Bid i. A sketch of a possible shape of ΔPi is
given in Figure 2.3. First, the producer responsible for the bid will have to react
and change the setting of power output. Then, δ′

i time units after the activation of
the bid, a ramping of the injected power will start. This will result in the bid being
executed at δi time units after the activation of the bid. It will be assumed that

i

time

[MW]

0

Pi(t)

t’i

Total volume of Bid i

Figure 2.3: A possible shape of ΔPi.

after activation the bid stays active for the rest of the operation period, so that the
activation of a bid is an irreversible process.

Note that with this model it as also assumed that a regulating bid, if activated,
is always activated to its full extent. In [39], which is the report of a master thesis
project carried out at Vattenfall (energy producer), regulating bids for hydropower
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were modeled by at most two blocks. One block from the base case production level
to the production level with highest relative production equivalent and one block
up to maximal production. This can be modeled as two separate bids by adding
the restriction that one bid cannot be activated before the other.

However, without modification the model can not be used for the situation on a
non-deregulated market where the system operator owns the power plants and can
decide where to change the production and how large the change should be [14].

2.5 Transfer limits

Figure 2.4 depicts an example of what the transfer through one section of the grid,
where the flow is not controlled by AGC, may look like. Here, the transfer reaches

time

Tr
an

sf
er

x∗

τ τ + δτ + δ′

Figure 2.4: The power transfer through a transmission corridor as a function of
time. At t = τ , the transfers reach a predefined level x∗, resulting in the activation
of a regulating bid. The regulation is then initialized at the delayed time t = τ +δ′,
when a ramp-up of a power plant starts. The order to activate the bid is fully
executed at time τ + δ.

the transfer limit, x∗, at time τ which causes the system operator to activate a
regulating bid. If the activated bid was wisely chosen, this will lead to a ramping
of the power flow starting at time τ + δ′ ramping up to its full size at time τ + δ.

Here, we see that due to lack of flexibility in the tertiary control we not only
have to consider the risk of system failure when the transfers are at the level x∗.
We also have to consider the risk of system failure following the activation of a
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reserve up till that the reserve has increased its production to a level which takes
the transfers below x∗ again.

With the introduction of more variable energy sources the uncertainties in future
net load will increase. Due to lack of flexibility this will thus in turn lead to
an increased need for transmission margins and the need for new, more accurate,
methods for assessing adequate security margins.

TTC, TRM and NTC
Historically, the decision of adequate transfer limits have built on calculating a phys-
ical transfer capacity and subtracting a security margin from this capacity. This
approach leads to three different concepts; the Total Transfer Capacity (TTC), the
Transmission Reliability Margin (TRM) and the Net Transfer Capacity (NTC). Ac-
cording to the former association Nordel (now part of ENTSO-E) these are defined
as follows [12]:

TTC: TTC is the maximum exchange program between two areas compatible
with operational security standards applicable at each system if future network con-
ditions, generation and load patterns were perfectly known in advance.

TRM: TRM is a security margin that copes with uncertainties on the computed
TTC values arising from:

a) Unintended deviations of physical flows during operations due to physical func-
tioning of load-frequency regulation,

b) Emergency exchanges between TSOs to cope with unexpected unbalanced situa-
tions in real time,

c) Inaccuracies, e.g. in data collection and measurements.

It is also pointed out in [12] that in the Nordic system consideration is, in prac-
tice, only taken to a).

NTC: The Net Transfer Capacity NTC (trading capacity) is defined as:

NT C = T T C − T RM

NTC is the maximum exchange program between two areas compatible with security
standards applicable in both areas and taking into account the technical uncertain-
ties on future network conditions.

The TTC is thus the transfer capacity when a certain security criterion is ap-
plied.

Other definitions of these concepts are given in for example [40, 41].
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Criterion based transmission limits

When calculating the TTC a security criterion is often used. The most popular
security criterion is the (N −l)–criterion [42] which states that the system should
be able to withstand the loss of any l system components. To evaluate whether an
operating point satisfies the (N −l)–criterion, dynamic simulations are performed
where the simultaneous failure of l different system components is mimicked [43].

Simulating all possible set of l-component contingencies can be very compu-
tationally demanding. However, many contingencies can often be ruled out since
others are more severe [42]. The contingencies which have the largest impact on
the power system, are called dimensioning faults.

2.6 The Swedish system

We take as an example the Swedish power system. The Swedish system is a part of
the Nordic system (see Figure 2.5), which only has DC links tying it together with
the main power system of the European continent.

In the one year period prior to May 10, 2009, out of a total electricity production
of 137.1 TWh in Sweden, electricity from hydropower accounted for 64.1 TWh
(47%), and nuclear power delivered 56.9 TWh (42%). At the same time other
thermal plants in Sweden produced 14.2 TWh (10%) while wind power produced 1.8
TWh (1%). Sweden was a net importer of electricity by a margin of 3.3 TWh [44].

A large part of the power production in the Swedish system comes from hydro
power plants which are located in the northern parts of the system whereas the main
consumption is in the southern part of the country. This means that large amounts
of power have to be transferred over long distances. Such situations usually means
that the physical constraint limiting transmission is voltage stability.

Frequency control

The Swedish power system is part of the Nordic system and the frequency control
reserve is divided between the different countries as shown in Tables 2.1 and 2.2.

Table 2.1: The Nordel agreement on the minimum gain in the frequency-interval
50 ± 0.1Hz. [45]

Area Gain [MW/Hz] Reserve [MW]
Sweden 2370 237
Norway 2030 203
Finland 1370 137
Eastern Denmark 230 23
Synchronous System 6000 600
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Figure 2.5: The Nordic power system.

The main part of the primary frequency control in the Nordic system is in the
hydro power plants which are located in northern Sweden and in Norway. This
means that an increase in load or an outage in a power plant in the south of Swe-
den is balanced in the north.
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Table 2.2: The Nordel agreement on the minimum gain in the frequency-interval
(49.5, 49.9)Hz. [45]

Area Gain [MW/Hz] Reserve [MW]
Sweden 805 322
Norway 792.5 317
Finland 570 228
Eastern Denmark 382.5 153
Synchronous System 2550 1020

The Nordic system does not have any secondary frequency control.

The tertiary control reserves are provided through a regulating power market.
Bids to this market can be handed in or updated continuously from 14 days up till
45 minutes before the operational hour in question. After this all bids handed in
to the market are financially binding [35].

All bids handed in to the regulating market should specify a volume (MW), a
price (€/MWh), a total delay δ (min) and the unit which the bid concern [35].

The volume of a bid can only be divided if a special agreement is made between
the actor responsible for the bid and Svenska Kraftnät. The agreement of pur-
chase of regulating power ends at the end of each operational hour, unless special
agreements have been made [35].

Transfer limits

The system operator of the Swedish power system, Svenska Kraftnät, monitors the
transmission through three chosen transmission corridors (bottlenecks) as depicted
in Figure 2.6. The TTC through each transmission corridor is set using the (N −1)–
criterion [47]. For each corridor, a number of nodes where the load is assumed to
increase are chosen. Each of these nodes are then given a load increase factor. By
stepwise increasing each load according to its load increase factor and simulating
the dimensioning faults the TTC through the specific corridor is calculated. Then
a reserve margin (TRM) is subtracted from the TTC to get the NTC [47].

To make sure that the transfers do not violate the TTC, Svenska Kraftnät acti-
vates bids on the regulating market when the flows approach the NTC. In the Nordic
system, which can be considered to be a non-meshed net, choosing an appropriate
regulating bid is simpler. If, for example, the transfers through the southern bot-
tleneck approaches the NTC, Svenska Kraftnät will activate the cheapest bid south
of the bottleneck. This will lead to a decrease in production north of the bottle-
neck and thus reduce the southward flow through several bottlenecks including the
southern one. Another option is to simultaneously activate a downward-regulating
bid in Elområde Stockholm (SE3) (see Figure 2.6). In this way the flow through
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Figure 2.6: The three bottlenecks dividing the Swedish system into four areas [46].

the southern bottleneck can be controlled without interfering too much with the
other flows or the frequency.

2.7 State-of-the art in power system operation

As described above, power system operation is closely related to congestion manage-
ment, i.e. management of system bottlenecks. In the previous section we discussed
how this can be performed in the Swedish system.

If the areas of the power system are aligned in a straight line it is easy to realize
how a rescheduling of the production will influence the flows through the critical
transmission corridors. In large meshed networks it may be hard to determine how
flows will change when the generation in one plant is increased.

One option here is to approximate the change in flows by the Generator Shift
Factors (GSFs). The GSFs approximate the change in flow on a particular trans-
mission corridor that results from increasing generation at a node [48]. Using the
GSFs it is thus possible to estimate which regulating bid is most appropriate to
activate.

Another way of maintaining secure operation is by rescheduling production ac-
cording to the solution to a Security-Constrained Optimal Power Flow (SCOPF).
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SCOPF
The state-of-the-art when including security constraints in power system planning is
Security-Constrained Optimal Power Flow (SCOPF) [49]. In SCOPF some security
criterion, for example the (N−l)–criterion, is selected. The optimal distribution of
generation is then found by solving a large optimization problem with fulfillment
of the security criterion as constraints. The SCOPF problem can be formulated as:

min
x0,...,xnc ,u

C(x0, u) (2.6a)

s.t. fj(xj , u, λ) = 0 j = 0, . . . , nc (2.6b)
gj(xj , u, λ) ≤ 0 j = 0, . . . , nc (2.6c)

where C : Rnx,0+nu → R is the objective function, in most cases representing the
total production cost, f0 : Rnx,0+nu+nλ → R

ne,0 and g0 : Rnx,0+nu+nλ → R
ni,0 are

the equality and inequality constraints for the base case, fj : Rnx,j+nu+nλ → R
ne,j

and gj : Rnx,j+nu+nλ → R
ni,j are the equality and inequality constraints for post-

contingency state j, for j = 1, . . . , nc, with nc the number of contingencies con-
sidered, xj ∈ R

nx,j is a vector of state variables post contingency j, u ∈ R
nu is a

vector of control variables, e.g. the output of certain generators, and λ ∈ R
nλ is a

vector of parameters, for example the system loading.

In the SCOPF problem it is also possible to allow post-contingency corrective
rescheduling as described in [50].

In [13] the following suggestion of how SCOPF can be used in power system
operation is given:

Using either the current state of the power system or a short-term load
forecast, the OPF can be set up to provide a ”preventative dispatch“ if
security constraints are incorporated.

Here, incorporating security constraints in the optimal power flow (OPF) means
that we get a SCOPF. By choosing the time frame of the short-term load forecasting
to correspond with the reaction times of the tertiary control we can thus account
for the lack of flexibility in the generation control.

From the SCOPF formulation we can get a more stringent definition of the
TTC. The parameter space equivalent of TTC is the boundary of the domain given
by the constraints (2.6b) and (2.6c).

When choosing the list of contingencies one should consider the following argu-
ment from [51]:

It is almost a folk theorem that major failures in complex engineering
systems, such as power grids, result from the simultaneous occurrence
of several rare events, or unusual operating conditions, the combination
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of which would not have been identified as a plausible subject for study
a priori.

Hence, a large number of contingencies have to be considered which will make the
number of contingencies to be analyzed online when solving (2.6) huge. To be able
to handle this contingency filtering techniques such as the ones proposed in [49,52]
can be used.

If using SCOPF to set rules for operation it is possible to, for a large number
of different system parameter settings, find the cost-optimal way of running the
system. However, when using SCOPF to decide a strategy for the activation of
regulating bids the method has some shortcomings.

i) It is hard to consider the structure of the market at which regulating power
is traded. This structure will make it impossible to exactly follow the path of
the optimal u(t) when random fluctuations act on the system parameters λ(t).

ii) Also, we only use a forecast of the future demand which will be less accurate
with the inclusion of more variable generating sources.

iii) By using a security criteria no efficient balancing of risk of failure versus oper-
ation cost is performed. The constraint imposed by any contingency included
in the analysis is never allowed to be violated.

Probabilistic power flow

In a regular power flow calculation, system parameters, such as loads at load buses
and generator set-points, are given by a vector Γ ∈ R

nu+nλ , and the corresponding
values of system variables x ∈ R

nx are given by solving a system of nx equations,
f(x, Γ) = 0. In probabilistic power flow a subset of the parameters is assumed to
be stochastic and have a known multivariate probability distribution. Then a series
expansion of the power flow equations is used to approximate the distribution of
system variables.

One interesting application here is to try to approximate the probability dis-
tribution of power flows through transmission corridors. We start with a base
case operating point. Then the Power Transfer Distribution Factors (PTDFs) [48],
which give the linearized relation between injected power in one node and power
flow through transmission corridors, can be obtained through the power flow equa-
tions. If we denote by A the matrix of PTDFs of interest, this can be written

ΔPTr = AΔΓ, (2.7)

where ΔPTr is the change in power flows, corresponding to the change in parameters
ΔΓ. Now, the probability that the power flow through transmission corridor j

exceed a certain threshold bj can be written P[P (j)
Tr,0 + ΔP

(j)
Tr > bj ] = P[ajΔΓ >
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bj − P
(j)
Tr,0], where aj is the jth row of A and PTr,0 are the base case flows. By

using the cumulants [53] to represent ajΔΓ, as in [54], the sought probability can
be computed through the Cornish-Fisher expansion [55] (see [48] and references
therein for details).

P-OPF

In Probabilistic Optimal Power Flow (P-OPF) some parameters are considered to
be random and the distribution of system variables corresponding to the optimal
generation dispatch is sought. Assume that (x∗

0(λ), u∗(λ)) is the optimal solution
to (2.6) corresponding to λ. The objective of P-OPF is to find the probability
distributions of x∗

0(λ) and u∗(λ) given the probability distribution of λ.
The solution to the P-OPF will, thus, provide means of finding confidence

bounds for the system variables over long time periods. This makes P-OPF suitable
for long-term planning.

P-OPF was introduced in the beginning of the 1980’s [56]. Since then P-OPF
has attracted much interest from researchers [57–61].

S-OPF
At almost the same time as P-OPF was introduced, so was Stochastic Optimal
Power Flow (S-OPF) [62]. S-OPF was introduced to be able to account for un-
certainties in system parameters in the OPF problem. S-OPF is thus, as opposed
to P-OPF, a stochastic programming problem. Examples of papers dealing with
S-OPF include [63–65].

In [48, 62] the uncertainties enter the constraints only and we get the situation
described below.

Assume that Γ0 = (u0, λ0) ∈ R
nu+nλ is a base case (forecasted) parameter

vector and that the actual parameter vector is given by Γ = Γ0 + ΔΓ, where
ΔΓ = (Δu, Δλ) ∈ R

nu+nλ is such that Δu ∈ R
nu is the change of controllable

system parameters, such as set-points of generators, and Δλ ∈ R
nλ is the difference

between the base case and the actual case (i.e. the forecast error). When trying to
optimize the choice of Δu to minimize production cost while maintaining a certain
degree of security for each congested transmission corridor we get a S-OPF problem.
The S-OPF problem can thus be defined as:

min
Δu∈U−u0

CG(u0 + Δu) (2.8a)

s.t. P[P (j)
Tr,0 + ajΔΓ > bj ] ≤ αj , j = 0, . . . , nT C (2.8b)

where CG : U → R is the net cost (¤/h) of production dispatch, P
(j)
Tr,0 is the trans-

fers corresponding to the base case, the αj are small numbers, the bj are calculated
transfer capacities and nT C is the number of congested transmission corridors.
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In [65] the random parameters also enter the objective function.

By solving a S-OPF problem we can thus obtain the optimal dispatch needed
to keep transfers on acceptable levels, with a certain probability for each corridor,
for a future system state.

This is an improvement over the SCOPF method where no regard is taken to
uncertainties in future injected power from load and variable generating sources.
Hence, shortcoming ii) of the SCOPF is taken care of with the S-OPF. However,
the task of deciding b = (b1 · · · bnTC ) and choosing the αj arise instead.

One problem with S-OPF is that the problem formulation does not give the prob-
ability that the transfers through all corridors stay below their respective transfer
capacity. All we know is that this probability does not exceed 1 − ∑nTC

j=1 αj . What
we would like is to replace the constraint (2.8b) with

P[PTr > b] ≤ α, (2.8b’)

for some α > 0. Unfortunately, finding an analytical solution to this problem seems
to be out of reach.

2.8 Power system operation approach in this thesis

The power system operation strategy presented in this thesis is not based on a
security criterion. Instead it is suggested that contingencies should be evaluated in
a Monte Carlo simulation. This Monte Carlo simulation will, by assigning a cost to
each type of system failure, estimate the expected cost of operation from failures
as a function of the setting of the nu controllable system parameters and a set of k
observable system variables. The observable system variables will be referred to as
the observables. This Monte Carlo simulation should be performed as a pre-study
and the resulting cost function can be seen as specific to the system.

Close to the period of operation, a stochastic model of the observables should
be estimated and stochastic control methods are to be applied in order to find the
strategy for activation of regulating bids that minimize the expected operation cost
for the operation period [0, T ]. Here, operation cost will include both net cost from
rescheduling production and expected cost to the society from system failures.

A schematic sketch of the proposed method is given in Figure 2.7. First a list of
contingencies to be evaluated is chosen and a load pattern type is decided. The load
pattern type should reflect aspects such as time of day, day of week and seasonality.
Then the values of the controllable system parameters u and the observable system
parameters θ are chosen. Given (u, θ) the full parameter vector λ is randomized.
To obtain the expected cost from system failures the result of every contingency in
the contingency list is evaluated. Then, by assigning a specific cost to each type
of system failure and multiplying the cost by the probability of the contingency
leading to the system failure, the expected cost of failures is obtained.
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Figure 2.7: Schematic sketch of the approach outlined in this thesis.

After that no more bids can be handed in to the regulating market we chose
a stochastic process to model the observables and optimize the activation of regu-
lating bids during the operation period. It is preferable that this is done close to
the actual period of operation so that the best possible stochastic model can be used.

With the proposed method it is possible to obtain an adequate balance between
transmission and security. Also, the tertiary control can be modeled in an accurate
way, including reaction times and ramp rates for all participating power plants.
The trade-off is that due to the necessity of numerical tractability the number of
observables is limited.

Relation to existing methods
To end this background chapter we summarize the stochastic control approach
described in this thesis, SCOPF and S-OPF.

SCOPF
Aim Given a parameter vector, find a generation dispatch that minimizes the ex-

pected cost of production such that the corresponding operating point satisfy
a given security criterion.

Physical constraints In general only load flow feasibility and voltage limits are
included, but crude estimates of dynamic stability can be included as limits
on line transfers [49].

Contingencies The contingencies considered are given by a contingency list. The
solution has to be able to manage all contingencies in the list.

Operation boundary Incorporated contingencies together with physical constraints
define a strict operation boundary in parameter space.
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Time-frame One single point.

Load model Deterministic.

Comment The deterministic load model and the time frame considered makes
SCOPF more useful for controlling AGC, since AGC provides a continuous
and fast control of the power generation as opposed to the more impulse like
control provided by the tertiary control. SCOPF gives a clear definition of
TTC, but fails to include a risk based TRM.

S-OPF
Aim Given the probability distribution of the parameter vector, find a generation

dispatch that minimize expected cost of production such that a given set of
system variables does not violate given constraints with a certain probability
for each constraint.

Physical constraints In general only limits on line flows and voltage limits are
included, but crude estimates of dynamic stability can be included as limits
on line transfers [49].

Contingencies Can use a full probabilistic network model but this will make
solution very difficult [48]. More reasonable is to calculate a TTC and operate
the system so that the TTC is not violated with a certain probability.

Operation boundary Each of the physical constraints included have to be sat-
isfied with a certain given probability. Hence, no strict operation boundary
exists.

Time-frame One single point.

Load model Multi-dimensional random variable representing the nodal loading.

Comment Makes up for the lack of handling randomness in the SCOPF. Fairly
easy to implement. Only restricts the probability of violating the constraints
one at a time (compare (2.8b) to (2.8b’)). Can be used to calculate a risk
based NTC.

New stochastic control approach
Aim Calculate a strategy for activating regulating bids that minimize the expected

cost of operation. Here, operation costs are production costs plus costs from
failures. The strategy should be based on the values of a set of observable
system variables.

Physical constraints Monte Carlo simulation is used to estimate the cost of fail-
ure given a set of transfers. This means that any physical constraints can
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be incorporated. However, we will focus on situations when the load satisfies
Assumption 1 of Section 2.1, and only saddle-node bifurcations exists.

Contingencies Contingencies will be included in the Monte Carlo simulation. As
with SCOPF, a list of contingencies will be analyzed. However, an economical
balancing of security versus transfer will be made so that the operating point
does not have to survive all analyzed contingencies. This means that more
contingencies can be added to the list without interfering to much with the
transfer limit.

Operation boundary The economical balancing renders that the contingencies
analyzed will not define a strict operation boundary. However, the non-
contingency state load flow feasibility will be used to define a strict operation
boundary for the observables.

Time-frame Considers entire trading period.

Load model Multi-dimensional Markov process models the observables.

Comment With this method we more accurately model the controllability limi-
tations of the tertiary control, including the fact that any decision made now
will influence the future. The power system is reduced to a cost function
in the controllable system parameters and the observable system variables.
This means that we do not have to assume that the entire system state is
known to the operator. To obtain the cost function, an extensive pre-study
(the Monte Carlo simulation to estimate the expected cost from failure) has
to be performed. The method cannot, without modification, be applied to
optimize the secondary control. It is currently unknown how well the method
scales to systems with a large number of observables.



Chapter 3

Estimating the risk of system
failure

This chapter deals with the evaluation of the risk induced by keeping a certain trans-
fer level. The main challenge we face here is that, due to lack of flexibility in the
generation control, we have to estimate the risk of system failure within a short
time following any contingency. Short introductions to Articles I–V are given in
this chapter.

In the discussion of state-of-the-art methods for power system operation in Sec-
tion 2.7 two interesting methods were investigated, Security Constrained Optimal
Power Flow (SCOPF) and Stochastic Optimal Power Flow (S-OPF). It was also
pointed out that (as proposed in [13]) to use SCOPF for operational purpose a
forecast of the system parameters could be used as input to the SCOPF when
optimizing the generation dispatch. This approach fails to take into account the
uncertainty in future operating states due to uncertainty in demand and genera-
tion from variable generating sources, such as wind power. A better method that
considers also the uncertainty in future parameter values is given by the S-OPF.

What gives the S-OPF the ability to handle uncertainties is the probabilistic
power flow formulation which approximates probability distributions for flows by
linearizing the relation between injected power and transfer through transmission
corridors. This gives the constraints (2.8b) to the S-OPF problem.

As mentioned in the previous chapter there are several different constraints
that may define the physical transfer capacity. In this chapter we will focus on
steady-state voltage stability [17].

In articles III and V (and [7]) we try to find a way of estimating the risk of
voltage instability within a certain time-frame. This can be seen as a more accurate
voltage stability equivalent of the power flow constraint (2.8b). The idea to our
problem formulation came from the pioneering work in [16], which unfortunately
suffers from some inconsistencies (see [7] for more details). In order to estimate the
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risk of voltage instability we need to develop a stochastic model for the consumption,
which is done in Article I.

In our method, decisions will be based on the values of a number of observable
system variables, which will in general represent the flows through certain “critical”
transmission corridors. A method for generating parameter values that give certain
transfers were developed in Article II.

In this chapter brief introductions to the above mentioned articles will be given
along with an introduction to voltage stability in Section 3.1 and a discussion on how
the probability of system failure can be calculated in Section 3.2. In Section 3.4 we
summarize how the operation cost function and the operation boundary are built.

3.1 Loadability limits

Steady-state (or long-term) voltage stability is closely connected to power system
loadability in the sense that the steady-state voltage stability limits equal the power
system loadability limits in parameter space.

The following equality-inequality constraint representation of the steady-state
of a power system was introduced in [17]:

ψ(x, u, λ) = 0, (3.1a)
fa,i(x) · f b,i(x) = 0, i = 1, . . . , ns, (3.1b)

fa,i(x) ≥ 0, i = 1, . . . , ns, (3.1c)
f b,i(x) ≥ 0, i = 1, . . . , ns. (3.1d)

Here, ψ is a smooth function representing the power system. The fa,i and the
f b,i are called switching functions and are also smooth. The switching constraints
are introduced in order to take account of controller limits imposing constraints on
the power system control parameters. One such limiting constraint is due to the
overexcitation limiters in the generators of the system. In unconstrained operation
the generator excitation EMF Ef is in equilibrium given by

0 = −Ei
f + Ki

A

(
Vref − V i

)
= fa,i(x). (3.2)

However, limits on the generator excitation EMF dictate that

−Ef + Elim
f = f b,i(x) ≥ 0. (3.3)

A point in parameter space where, for some i ∈ {1, . . . , ns}, fa,i(x) = f b,i(x) = 0,
is referred to as a breaking point [66] due to the shape that the PV-curve takes at
such points, or a constraint switching point [67]. At such points the limit of the
control variable, in this case Ef , is reached and the set of active constraints change.

From an initial operating point (xp, up, λp) satisfying the feasibility constraints
(3.1a)-(3.1d) the loadability limit in the direction of stress d ∈ R

nλ is the solution
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to the equality-inequality constrained optimization problem

max
x∈Rn,s∈R+

{s : (3.1a) − (3.1d) holds with u = up and λ = λp + sd}. (3.4)

Solution methods to this optimization problem have been intensively investigated
and include continuation methods [68–70]. In the continuation method first the
parameters are increased along the direction d as λ = λp + sd. Then a critical
state, such as the voltage at a critical bus, is detected and this state is chosen as
the continuation parameter. We then continue to seek for the largest possible s by
changing the continuation parameter. This will avoid problems caused by the fact
that the jacobian matrix of the power flow equations at the loadability limit may
be a singular point of the system.

There are two possible scenarios. Either the maximum is obtained at a point
without a breaking point, as in Figure 3.1. This is called a Saddle-Node Bifurcation
(SNB). At such points the system Jacobian is singular. The other possible scenario

s

V
c

smax

SNB

breaking point

breaking point

Figure 3.1: A nose-curve with a SNB point.

is that the maximum is reached at a point where we have a breaking point. This is
referred to as a Switching Loadability Limit (SLL). An example of a SLL is given
in Figure 3.2.

3.2 The risk of system failure

The risk of system failure is related to the distribution of the generation, the loading
level and the probability of having different contingencies. An estimate of the risk
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Figure 3.2: A nose-curve with a SLL point.

of system failure, per time unit, is given by

rfail(t, u, λ) =
nc∑

j=1
rjpfail,j(t, u, λ), (3.5)

where nc is the number of contingencies to be analyzed, rj is the failure rate con-
nected to contingency j and pfail,j(t, u, λ) is the probability of system failure in case
of contingency j at time t when the controllable parameters are u and the uncertain
parameters are λ. What contingencies that should be analyzed is something that
has to be decided individually for each system and is often chosen using a criterion
such as the (N −l)–criterion or in a more heuristic way based on knowledge of the
system. The failure rate, rj , connected to each contingency is something specific
to system components. What remains is to decide pfail,j(t, u, λ).

For any type of physical limitations and any contingency to be analyzed, the
system failures can be split into two groups depending on when the failure occurs.

i) We get an immediate system failure at the time of the contingency.

ii) No immediate system failure occurs, but the stability margin is so deteriorated
by the contingency that a system failure occurs before any emergency response
to the contingency have time to take place.

In point i) when we say immediate instability we mean that the operating point
in the post-contingency state is not in the domain of attraction of any stable oper-
ating point, or the thermal stability limits, for one or more power-lines, are violated
which lead to cascading failure [71].
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An important factor in ii) is the emergency response time δER (unfortunately,
denoted by T in the articles of this section) after which we assume that the risk of
system failure is reduced enough that the chance of having a future system failure
can be neglected.

Let (λt)t≥0 be a path in uncertain parameter space representing, for example,
the loads at all nodes as a function of time. Let us consider the non-contingency
case, where all system components are fully functional. The surface of loadability
limits, Σ0 = Σ0(u) ⊂ R

nλ , will then be the outer boundary of a domain D0 =
D0(u) ⊂ R

nλ in injected-power space in which each point corresponds to a feasible
operating point.

Now let j ∈ {1, . . . , nc} represent a specific contingency that occurs at time
t = tc. For every j there is a subset Dj

0 ⊂ D0 such that the system will remain
stable in case contingency j occurs if and only if λtc ∈ Dj

0. Hence, i) corresponds
to the case when λtc /∈ Dj

0.
After a contingency the system will in general be weakened and have a new

loadability domain Dj , which is in some sense smaller than D0. We denote by Σj ,
the boundary to Dj . Hence, Σj is the loadability surface after contingency j. Part
ii) above corresponds to having a λt outside of Dj , within the emergency response
time, i.e. in the time interval [tc, tc + δER].

In Figure 3.3 the two different situations are depicted for a two-parameter sys-
tem. When contingency c1 occurs, then either the parameters are such that im-

λ(1)

λ
(2

)

Σ0

Σc1

c1

λtc

λtc+ξ

ii)

Σc1
0

i) λtc

Figure 3.3: Analyzing a contingency. In the figure the dashed line represents the
boundary Σc1

0 to the domain Dc1
0 .

mediate instability occurs. This is the case labeled i). If the parameter values are
such that the system remains stable after the contingency, then the parameters may
still drift towards the set of unstable points. In the figure, the case labeled ii) rep-
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resents a case where the system becomes unstable ξ time units after the contingency.

Remark The two different types of system failures listed above are not the only
types of possible system failures. For example, the system can lose dynamic voltage
stability due to the small random perturbations on the system driven by changing
loads as investigated in, for example [72,73]. Although inclusion of such events into
the failure rate is an interesting topic it has been left as a future work.

3.3 Articles

Article I
In Article I a stochastic model of the power demand in the different areas of
a multi-area power system is developed. The demand is modeled by a multi-
dimensional Ornstein-Uhlenbeck process. It is shown how the parameters in the
Ornstein-Uhlenbeck process can be estimated from hourly measurements of the en-
ergy consumption in the different areas. In a case study data from the Swedish,
the Norwegian and the Finnish system is used to estimate the parameters of a
three-area model.

Article II
One of the difficulties encountered when estimating the risk of voltage instability
given a specific set of transfers is the distribution of the load amongst the nodes of
the system. Given transfers PTr we want to be able to generate samples of λtc . In
Article II we propose a sampling technique that can solve this task. The sampling
technique is based on Markov Chain Monte Carlo (MCMC).

Remark Although the presentation in this article is focused on the case when the
transfers through k transmission corridors are observed, the method is applicable
to any type of observables which depend smoothly on the system parameters.

Article III
If the initial uncertain parameter vector λtc is inside Dj

0, we need to estimate the
probability that we leave Dj in the coming δER time units. This probability can be
expressed as

Fξ(δER; tc, u, y) = P [{inf{t > tc : λt /∈ Dj(u)}|λtc = y} ≤ tc + δER] . (3.6)

In Article III we show how Fξ(δER; tc, u, y) can be estimated for a class of stochastic
processes. Here, a hyperplane approximation of Σj is used to estimate Fξ(δER; tc, u, y).
This estimate is then improved using a second order approximation of Σj .

In this article we also consider estimation of the distance from λtc to the point
of collapse, which is the point of Σj where λt leave the domain Dj .
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Article III is a further development of [7] which is why [7] was not included in
the thesis.

Article IV

The method outlined in Article III is dependent on local approximations of the
loadability surface Σj . At most points Σj is smooth. However, there are certain
parts of codimension one in Σj where the surface is non-smooth. In Article IV
we compute the distance from a point of Σj to the closest non-smooth part. This
distance is connected to the validity of local approximations of Σj .

Article V

In Article V we focus on the same problem as in Article III. However, the proposed
solution is instead by Monte Carlo simulation and the efficiency of using importance
sampling on this problem is investigated.

The importance sampling change of measure also provides a severity index for
the different contingencies.

Remark Although the focus in the articles of this section is on loadability limits
the theory presented can easily be generalized to consider also the Hopf bifurcation
surface. The expression for the normal vector to a Hopf bifurcation surface is given
in [74]. From this the second fundamental form can be obtained by using equations
(5) and (11) from [75].

3.4 The operation cost and the operation boundary

In this chapter we have investigated how to estimate the risk of system failure. This
gives us the rate, rfail : [0, T ] × R

nu × R
nλ → R+, at which system failures occur.

This failure rate can be divided into rates for the different types of failures i) and
ii).

We can estimate the cost rate from failures as

Cu.p.
f (t, u, λ) =

nc∑
j=1

rj

(
�λ/∈Dj

0
C

i)
f (t, u, λ) + �λ∈Dj

0
Cf,2(t, u, λ)

)
, (3.7)

where C
i)
f : [0, T ] × R

nu × R
nλ → R+ is the expected cost to society when having

a system failure of type i) and

Cf,2(t, u, λ) = C
ii)
f Fξ(δER; t, u, λ) + CER(t, u, λ)(1 − Fξ(δER; t, u, λ)) (3.8)

where C
ii)
f > 0 is the expected cost to society when having a system failure of

type ii) and CER : [0, T ] × R
nu × R

nλ → R+ is the expected cost of the emergency
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response action and for the remainder of the period.

A failure of type i) may lead to events ranging from system separation to a
total system blackout. In case of a failure of type ii) the system may be saved by
disconnecting some of the load. The cost of disconnecting load will in general be
much smaller than the cost of a total system blackout. For more information on
interruption costs and customer damage functions see [76] and references therein.
An example of a previous work which includes cost of emergency response actions
and load disconnection is [77] where a SCOPF problem including costs for security
measures in case of contingencies is solved.

In the setting above Cu.p.
f is a function of the uncertain parameter vector λ.

However, as mentioned in the previous chapter, decisions will be based on the
values of a vector θ ∈ R

k of observable system variables, which can be calculated
from the controllable parameters u and the uncertain parameters λ, i.e. θ = h(u, λ)
for some h : Rnu+nλ → R

k. Hence, to evaluate the operation cost we need to go
from the observables to the uncertain parameters.

One problem that arises here is that the system state is not completely deter-
mined by the observables θ (in general nλ � k). This means that h(u, ·) is not
invertible so some extra information has to be used when going from (u, θ) to λ.
In Article II this was solved by assuming a known probability distribution of the
nodal loading. With this method a grid of points for θ can be examined. Another
possibility is to let the uncertain parameter vector be a function of k new param-
eters λ = λ(ζ1, . . . , ζk) such that a relation can be found between ζ = (ζ1, . . . , ζk)
and the observables. Assume for example that the we have a two area system where
the observables are the transfer between the two areas, Area A and Area B, and
the system frequency. Let λ = (λA, λB), where λi is a vector of the nodal loadings
in Area i. If we assume that λi = λi

0 + ζiλ
i
d then there is a one-to-one relation

between ζ and θ.
The resulting function which will be denoted Cf : [0, T ] × R

k × R
nu → R+ is

allowed to be a function of time, the observables θ, and the controllable system
parameters.

To be able to decide whether to activate a regulating bid or not, we need to add
the cost of the primary control to the expected cost from failures. After adding the
(expected) cost of the primary control, per time unit, to Cf we get the cost rate
function f : [0, T ] × R

k × R
nu → R.

Remark As discussed in Section 6.2 the above outlined approach has some serious
drawbacks for large k. The solution to this problem, which is outlined in Section 6.2,
is to use regression to approximate f as the sum of a sequence of representative
functions.

Remark In this section f is allowed to be a function of time. However, assuming
that (λt)t≥0 is a stationary Markov process, for example a scaled Brownian motion
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with drift, it would be possible to drop the time dependence. Instead, one can
estimate a few different f : Rk × R

nu → R depending on season, day of week and
time of day.

The operation boundary

We denote by S ⊂ R
nu+k the feasible operation domain of the non-contingency

system (S ⊂ [0, T ]×R
nu+k if the operation domain depends explicitly on time). We

assume that reaching the boundary ∂S to the operation domain is something that
should at all times be avoided since this renders the system operator a large expected
cost. For example, reaching the saddle-node bifurcation boundary is something that
may lead to voltage collapse.

When building the operation boundary the same problem as before arises. One
possible approach here is to define the inverse, h−1

u , of h(u, ·) as a selection of
hI(u, θ) ∈ Argmax

y∈R
nλ

{fλ(y) : θ = h(u, y)}, where fλ : Rnλ → R+ is the probability

density of λ. Hence, h−1
u (θ) is the most probable λ given that the controllable

parameters are u and the observables are θ. Then we can build an approximation
of the operation boundary ∂S by choosing different directions (ud, θd) in the space
where (u, θ) lives starting at some (u0, θ0), and following the path Γ(s) = (u0 +
sud, h−1

u0+sud
(θ0 + sθd)) until the loadability limit is reached. This can be compared

to the method to build the security region suggested in [78].
An alternative is to, for each direction (ud, λd), let s solve

min
s∈R+, λ∈R

nλ
s, (3.9a)

s.t. λ ∈ Σ0(u0 + sud), (3.9b)
h(u0 + sud, λ) = θ0 + sθd. (3.9c)

Hence, choosing the smallest increase in a given direction in controllable parameter–
observables space that may correspond to a uncertain parameter vector on the
loadability limit surface.

The cost of operation

Assume that the observables during the operation period [0, T ] are modeled by a
stochastic process X = (Xt)0≤t≤T . The expected cost of operation during [0, T ],
when the controllable system parameters follow the function u : [0, T ] → U ⊂ R

nu ,
can be approximated by the operation cost functional

J(u(·)) = E

⎡
⎣

T ∧τS∫
0

{f(t, Xu
t , u(t)) + CG(u(t))} dt + �{τS≤T }g(τS , Xu

τS , u(τS))

⎤
⎦ ,

(3.10)
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where (Xu
t )0≤t≤T is the result of applying the control u to X , τS = inf{t > 0 :

(u(t), Xu
t ) /∈ S} is the first time that the observables reach the operation boundary,

g : [0, T ]×R
k ×R

nu → R+ is the expected cost when this happens and CG : U → R

is the cost, per time unit, of the control.
In the next chapter we consider finding the u that minimizes J(u(·)) when X is

a Markov process and u is only allowed to take a specific form that corresponds to
controlling the power flow through the regulating market.

Remark Note that we distinguish between the cost of reaching the operation
boundary after a contingency and in non-contingency state. While the former
induces a cost in f through Cf,2, the latter is represented by the function g.



Chapter 4

The stochastic control approach to
optimal activation of regulating
bids

In this chapter we present an overview of our stochastic control based approach
to power system operation which is the main contribution of the thesis. We make
comparisons and discuss differences to earlier research devoted to applications in
mathematical finance. This chapter serves as a prelude to Articles VI–VIII. Short
introductions and comments to these articles are given at the end of the chapter.

At the end of the previous chapter we saw how the operation cost for the time
period [0, T ] can be approximated by an integral including a control u and a stochas-
tic process X . To optimize operation we would like to choose u to minimize the
operation cost functional J(u(·)) as defined by (3.10). To satisfy the limitations in
the way generation is controlled we have to put some restrictions on the control u.
When optimizing operation of the tertiary control by optimizing the activation of
regulating bids, u can be seen as the result of a sequence of impulses, where each
impulse corresponds to the activation of a bid. This restriction of u leads to an im-
pulse control problem with delayed reaction [79]. Using dynamic programming we
will transform our impulse control problem to a sequence of interconnected optimal
stopping problems.

In the first section of this chapter we give an introduction to optimal stopping
of Markov processes. Then in Section 4.2 an informal definition of impulse control
problems is given along with a description of how an impulse control problem is
transformed into an iterated sequence of optimal stopping problems. The reason for
starting with optimal stopping is that this gives a natural introduction to stochastic
control which will make it easier to understand the impulse control problem later.
In Section 4.3 we describe how our problem can be interpreted as an impulse control
problem. One of the main challenges with our problem is that after the activation
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ACTIVATION OF REGULATING BIDS

of a bid the following reaction is delayed. Impulse control problems with delayed
reaction are known to be technically cumbersome. In Section 4.4, we discuss impli-
cations of delayed reaction in stochastic control problems and how delayed reaction
can be approximated.

4.1 Optimal stopping of Markov processes

The theory of optimal stopping is concerned with the problem of choosing a time to
take a particular action in order to maximize an expected reward, or minimize an
expected cost. We start by giving a simple example of an optimal stopping problem.

Example 4.1 On Thursday morning on the second last week of summer Kalle is
just about to lose one of his front teeth. For each lost tooth Kalle’s father pays
him 15 SEK. For 15 SEK Kalle can buy three ice-creams for 5 SEK a piece from
the ice-cream truck that comes every Thursday afternoon. However, the ice-cream
truck only comes in the summer and after that Kalle has to go to the kiosk where
15 SEK only gives him one ice-cream.

Now, Kalle’s father gives Kalle the option to sell his tooth while it is still in his
mouth, for 10 SEK. When should Kalle exercise the option and how much is the
option worth if the probability is 0 that he loses the tooth that Thursday, 0.5 that
he loses the tooth before the ice-cream truck comes next Thursday and 0.5 that it
will come loose after that?

In this example Kalle has three choices. He can take 10 SEK today and buy
two ice-creams. He can wait until next week and exercise the option if the tooth is
still in his mouth by then or he can chose not to exercise the option at all.

If the tooth is not out by next Thursday the last option will give one ice-cream,
while the second will give him two ice-creams.

Hence, if the tooth is not out by next Thursday he should exercise the option.
The expected number of ice-creams when using the option optimally next Thurs-

day is thus 3 · 0.5 + 2 · 0.5 = 2.5.
If he exercises today he will get two ice-creams. Hence, the optimal strategy

is to wait until next Thursday and sell the tooth then (independent of weather it
is in his mouth or not) as this gives an average of 2.5 ice-creams. Since the ex-
pected number of ice-creams without the option equals 2, the option is worth 0.5
ice-creams. Figure 4.1 gives a schematic sketch of the optimal control.

Example 4.1 is an example of a discrete time optimal stopping problem. The
approach of starting at the last exercise date (next Thursday) and computing the
optimal value there and then comparing that value to the value of exercising the
next to last date (this Thursday) is called the dynamic programming approach.
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Figure 4.1: A sketch of the optimal control in Example 4.1.

Let X = (Xj)N
j=0 be a Markov process taking values in R

k and let f : {0, . . . , N−
1} × R

k → R and g : {0, . . . , N} × R
k → R be two functions. An optimal stopping

problem for the process X is to find a stopping time τ∗ (called an optimal stopping
time) taking values in {0, . . . , N} and the corresponding value function

V ∗(x) = E

⎡
⎣τ ∗−1∑

j=0
f(j, Xj) + g(τ∗, Xτ ∗)

∣∣∣X0 = x

⎤
⎦ , (4.1)

for which

V ∗(x) ≥ E

⎡
⎣τ−1∑

j=0
f(j, Xj) + g(τ, Xτ )

∣∣∣X0 = x

⎤
⎦ , (4.2)

for all other stopping times τ . A stopping time for X is a finite random variable
that does not depend on information from the future. Hence, for a stopping time
the event {τ ≤ t} only depends on the information available at time t, i.e. the
path of X up to time t in this case. This is referred to as stopping times being
non-anticipative [80].

There are two main approaches to solving optimal stopping problems, the max-
imum principle [80], and the dynamic programming approach [81].

The dynamic programming approach is based on starting at time N , and defin-
ing SN = g(N, XN). We then move backward in time by letting

Sn = max
{

g(n, Xn), f(n, Xn) + E
[
Sn+1

∣∣Xn

]}
. (4.3)

This gives a solution to the optimal stopping problems with V ∗(x) = S0
∣∣{X0 =x}

and
τ∗ = inf{0 ≤ k ≤ N : Sk = g(k, Xk)}. (4.4)

The sequence (
∑n−1

j=0 f(j, Xj)+Sn)N
n=0 is often referred to as the Snell envelope for

the optimal stopping problem.
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Numerical solution
The dynamic programming principle provides a straightforward way to obtain nu-
merical solutions to optimal stopping problems. The main challenge when imple-
menting the dynamic programming approach is to compute the conditional expec-
tations in (4.3). One way of doing this that seems to work particularly well for
problems of high dimension is the least-squares Monte Carlo method proposed by
Longstaff and Schwartz in [82]. In their algorithm, which we will refer to as the
LS-algorithm, a large number of paths (xi)Np

i=1 are generated from the distribution
of X . Using this sequence the authors start from the back and use least-squares to
approximate the coefficients cn

j so that, for each n,

E
[
Sn+1

∣∣Xn

] ≈
M#∑
j=1

cn
j χj(Xn), (4.5)

where {χj}M#

j=1 is a sequence of basis functions. The great insight of [82], compared
to the earlier method of Tsitsiklis and van Roy [83,84], was that it is better to keep
track of the optimal strategy of stopping after time n, rather than to use the already
computed approximation of E

[
Sn+2

∣∣Xn+1
]

when approximating cn
j , as this could

induce an error that accumulates over iterations. We will refer to the method by
Tsitsiklis and van Roy as the TvR-algorithm.

Example 4.2 Assume that (Xt, 0 ≤ t ≤ T ) is a continuous time Markov process
representing the time fluctuation of the price of some commodity. An American put
option for this commodity with strike price K and expiry date T gives the holder
the opportunity to at any time in the interval [0, T ] obtain the difference between
the strike price and the value of the commodity, i.e. K − Xt. To value the option
we need to find the exercise strategy (optimal stopping time) that maximizes the
income for the holder of the option. We will do this by moving to discrete time and
approximating the optimal stopping time with a stopping time taking values in the
discrete time set.

Assume that T = 3, the initial price of the commodity is X0 = 1, the risk-less
interest rate is 5% and the strike price is K = 1.10. To price the option we will use
a discretization with four time-points {0, 1, 2, 3} and try to find the stopping time
taking values in {0, 1, 2, 3} that maximize

E
[
e−rτ (K − Xτ )+]

, (4.6)

where r = 0.05 is the risk-less interest rate. Hence, we have an optimal stopping
problem with f ≡ 0 and g(t, x) = e−rt(K − x)+. Here, a+ = max(a, 0).

Assume that we wish to estimate the value of the option using the seven paths
of Xt given in Table 4.1.

The corresponding discounted payoffs when exercising at the different times are
given in Table 4.2.
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Table 4.1: Price of the commodity.

Path t=0 t=1 t=2 t=3
1 1.00 1.02 0.97 1.03
2 1.00 0.99 0.96 0.98
3 1.00 1.06 1.08 1.07
4 1.00 0.96 0.94 0.92
5 1.00 1.08 1.10 1.14
6 1.00 1.01 0.98 1.00
7 1.00 0.98 0.92 0.97

Table 4.2: The discounted payoffs.

Path t=0 t=1 t=2 t=3

1 0.1000 0.0761 0.1176 0.0602
2 0.1000 0.1046 0.1267 0.1033
3 0.1000 0.0380 0.0181 0.0258
4 0.1000 0.1332 0.1448 0.1549
5 0.1000 0.0190 0 0
6 0.1000 0.0856 0.1086 0.0861
7 0.1000 0.1141 0.1629 0.1119

If not already exercised at time t = 3, the holder of the option will obtain the
payoff for t = 3. Hence, the last column in Table 4.2 represents S3.

To find S2 we need to compute E
[
S3

∣∣X2
]
. Table 4.3 shows the data for X2

and S3 on which regression is to be applied. Here, the fifth path has been omitted

Table 4.3: Data for computing V2.

Path X2 S3

1 0.97 0.0602
2 0.96 0.1033
3 1.08 0.0258
4 0.94 0.1549
5 — —
6 0.98 0.0861
7 0.92 0.1119

since it is never optimal to exercise a path that is not “in the money”. We will use
three basis functions χ1(x) = 1, χ2(x) = x and χ3(x) = x2. Using least-squares
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regression on the data with this basis gives

E
[
S3

∣∣X2
]

= 2.4736 − 4.1315 · X2 + 1.7257 · (X2)2 =: V2(X2). (4.7)

A graphical illustration of the estimate is given in Figure 4.2.

0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 1.1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

x

g(2, x)

V2(x)

Figure 4.2: Comparing g(2, ·) and V2(·).

Assume that the holder has not yet exercised the option at time t = 2. If
V2(X2) > g(2, X2) the regression estimate of the expected payoff when not exercis-
ing at time t = 2 is greater than the payoff when exercising. Hence, in this case the
holder should not exercise the option. If, on the other hand, V2(X2) ≤ g(2, X2) she
should exercise the option at time t = 2.

As pointed out earlier, to create samples of S2 it is better to take S2 = S3 for the
samples with V2(X2) > g(2, X2) and let S2 = g(2, X2) otherwise (LS-algorithm),
rather than to set S2 = max(V2(X2), g(2, X2))) (as in the TvR-algorithm). Hence,
for paths 1,2,4,6 and 7 the holder should exercise the option at time t = 2 and we
set S2 = g(2, X2). For paths 3 and 5 the holder should not exercise the option at
time t = 2 and instead we get S2 = S3.

We thus obtain the values for S2 of Table 4.4. Proceeding as above we get

E
[
S2

∣∣X1
]

= −7.9835 + 17.1848 · X1 − 9.0731 · (X1)2 =: V1(X1). (4.8)

Now, we just repeat the same procedure to get the samples of S1 in Table 4.5.
Since we always start with X0 = 1.00 the holder either immediately exercises the
option and gets 0.10 or she waits at least until time t = 1 and get on average
E[S1] = 0.1025. Since the expected value of waiting is larger, the holder should not
exercise the option at time t = 0, and the value of the option is 0.1025.

From (4.4) we get the following discrete time approximation of τ∗,

τ̄∗ = inf{j ∈ {1, 2, 3} : Vj(Xj) ≤ e−rj(K − Xj)+}, (4.9)

which is the earliest optimal stopping time for the problem.
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Table 4.4: Data for computing V1.

Path X1 S2

1 1.02 0.1176
2 0.99 0.1267
3 1.06 0.0258
4 0.96 0.1448
5 1.08 0
6 1.01 0.1086
7 0.98 0.1629

Table 4.5: Our seven samples of S1.

Path S1

1 0.1176
2 0.1267
3 0.0380
4 0.1448
5 0.0190
6 0.1086
7 0.1629

4.2 Impulse control

An impulse control is a sequence v = (τ1, τ2, . . . ; ξ1, ξ2, . . .), where τ1 ≤ τ2 ≤ · · ·
are stopping times (called intervention times), and ξ1, ξ2 . . . are the corresponding
impulses (called interventions). Here, for obvious reasons, the ξi are only allowed
to be decided using information available at the corresponding intervention times
τi. The interventions are often in some way limited, e.g. we cannot sell more
stocks than we own, so that ξj ∈ I for some interval I. Impulse control problems
have many applications such as natural resource extraction [85], optimal investment
policies [86] and optimal portfolio selection [87].

An impulse control problem for the Markov process Xt, taking values in R
k,

can be to find the strategy v∗ that maximize

E

⎡
⎣

τS∫
0

f(s, Xv
s ) ds + g(τS , Xv

τS ) +
∑

τj<τS

K(τj , ξj)

⎤
⎦ (4.10)

and calculate the corresponding optimal value. Here, Xv
t is a stochastic process,

that depends on the control v. For example, we can set Xv
t = Xt − ∑∞

j=1 �τj≤tξj .
The terminal time τS is typically of the form

τS = T ∧ inf{t > 0 : Xv
t /∈ S}, (4.11)
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for some domain S ⊂ R
k and some given time T > 0. If T < ∞ the problem is said

to be of finite horizon.
An example is if Xv

t is the value of our share of a stock and we want to optimize
selling for a specific time period [0, T ] or until bankruptcy at Xv

t = 0, i.e. S =
(0, ∞]. The rate function f : [0, T ] ×R

k → R will then represent the dividends and
g : [0, T ] × R

k → R the discounted terminal value of our share of the stock. The
implied gain of an impulse K : [0, T ] ×R → R will in this case be the revenue from
selling stocks and ξj ∈ (0, Xv

τj
].

Impulse control as iterated optimal stopping

If we limit the number of interventions to be no more than N < ∞ it is possible
to write the impulse control problem as a sequence of iterated optimal stopping
problems. Let Φj(t, x) be the optimal value when starting the problem afresh at
time t with Xt = x and j interventions remaining. Then

Φj(t, x) = sup
τ

E

⎡
⎣

τ∫
t

f(s, Xv
s ) ds + sup

ξ∈I

{
K(τ, ξ) + Φj−1(τ, Xτ − ξ)

} ∣∣Xt = x

⎤
⎦ .

Hence, by exploiting the Markovian nature of the problem we can, by solving an
iterated sequence of optimal stopping problems, find the value function with any
finite number of interventions remaining. Using the Snell envelope formulation of
optimal stopping times we get the intervention times as,

τi = inf{t ≥ τi−1 : ΦN−i(t, Xt) = MN−i(t, Xt)},

where
Mj(t, x) = sup

ξ∈I

{
K(t, x) + Φj−1(t, x − ξ)

}
.

The corresponding interventions are given as measurable selections of

ξi ∈ Argmax
ξ∈I

{
K(τi, Xτi) + ΦN−i(τi, Xτi − ξ)

}
.

The idea of formulating impulse control problems as iterated optimal stopping
problems goes back to the 1980s, see e.g. [88].

Optimal switching

Optimal switching problems are a special type of impulse control problems where
the impulses are confined to taking values in a finite set. Optimal switching prob-
lems generally arise when trying to optimize the production in some production
facility where production can only be run at a finite number of different levels and
the profitability of production depends on the price of a number of commodities.
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One example that was brought forward in [89–91] is that of an electricity pro-
ducer trying to optimize production. It is assumed that the production in a power
plant can be run at a finite number of production levels and that a cost is induced
by switching between the levels. Hence, in order to optimize production in the time
period [t, T ] starting with Xt = x in state i, the power plant manager has to solve
the following impulse control problem

V i(t, x) = sup
u

E

⎡
⎣

T∫
t

ϕus(s, Xs) ds −
∑

t<τj<T

Cuτj −,uτj

∣∣Xt = x, ut = i

⎤
⎦ , (4.12)

where u = (τ1, τ2, . . . ; ξ1, ξ2, . . .) is the impulse control, where the ξi takes values
in the set of production states, and the supremum is taken over all such controls.
Here, Xt is a k–dimensional stochastic process representing, for example, the price
of electricity and the market price of uranium, ut =

∑
τj<T ξj�[τj,τj+1)(t) is the

production state at time t, ϕξ(t, x) : [0, T ] × R
k → R is the profit rate when

running the power plant in state ξ at time t when the electricity price and the fuel
prices are given by the vector x and Ci,j > 0 is the cost of switching from state i
to state j.

In [89] the authors propose an efficient modification of the LS-algorithm to
obtain a numerical solution to this problem. It is this approach that we have built
on to obtain a numerical solution scheme for optimizing the activation of regulating
bids.

4.3 Impulse control and activation of regulating bids

There are some obvious similarities between the power plant managers problem of
maximizing the profit by switching between different production levels and the sys-
tem operator’s problem of optimally activating the regulating bids. The activation
of a regulating bid can be considered synonymous to switching to a new produc-
tion level and will induce a cost (positive for upward balancing and negative for
downward balancing) to the system operator.

Assume that N bids have been handed in to the regulating market and the
system operator wants to optimize the activation of regulating bids in the time
interval [0, T ]. The system operator’s decisions will be based on observations of k
observable system variables modeled by the k–dimensional Markov process (Xt, 0 ≤
t ≤ T ).

We assume that the activation of a regulating bid is an irreversible process so
that no bid can be deactivated. As mentioned in Section 2, this is in general the case
on the Nordic market [35]. The control taken by the system operator can then be
represented by a sequence v = (τ1, . . . , τN ; α1, . . . , αN ). The physical interpretation
of v is that bid αj is activated at time τj .

We let vt = {(τ1, . . . , τn; α1, . . . , αn) : n = max{k : τk ≤ t}} and define for all
(t, x) ∈ [0, T ] × R

k, fvt(t, x) = f(t, x, uv(t)) and gvt(t, x) = g(t, x, uv(t)), where
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uv(t) is the controllable parameter values at time t corresponding to the control vt.
The minimal operation cost problem of (3.10) now takes the form

Jv = E

⎡
⎣

T ∧τS∫
0

fvt(t, Xv
t ) dt + �{τS ≤T }gvτS (τS , Xv

τS ) +
∑

τk<T ∧τS

Kαk
(τk)

⎤
⎦ , (4.13)

where Xv = Xuv and (Ki : [0, T ] → R)N
i=1 is as defined in Section 2.4. With our

assumptions the system operator’s problem is thus a switching problem for which
switches are only allowed to go in the direction of more activated bids.

Remark In the appended articles each term of (4.13) has been multiplied by a
factor eλt to account for removal of cases when contingencies occur.

Remark If we assume that there is always a positive cost for an activation directly
followed by a deactivation of the same bid, then it is quite straightforward to gen-
eralize the impulse control problem to also allow for deactivation of bids (see [89]
and references therein).

We must have that αj ∈ {1, . . . , N} \ {α1, . . . , αj−1} since no bid can be acti-
vated more than once. The sequence of interventions α1, . . . , αN will thus make up
the edges of a directed graph as shown in Figure 4.3. Here, each vertex represents

1 1 ( 1)

0 12 ( 1)

23

Figure 4.3: The directed graph representing the activation of regulating bids.

a set of activated bids, and each edge in the graph represents the activation of a
new bid. In the nth column of the graph in Figure 4.3, there are

(
N
n

)
vertices, and

the total number of vertices in the graph is 2N .

Unfortunately, the reaction times of the actors on the regulating market and the
ramp rates of their power plants are important aspects that need to be considered.
This will introduce a delay in the reaction of switches.
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4.4 Delayed reaction

Impulse control problems with delayed reaction are known to be technically cumber-
some [92]. What allowed us to formulate an impulse control problem as a sequence
of iterated optimal stopping problems was the fact that the value function was
Markovian. When introducing delays this is no longer the case.

j j+ at

time

Production

Plant ga

Plant gb

t+ ’
b

Figure 4.4: The result of delays.

Consider the situation depicted in Figure 4.4. At time τj the system operator
activates Bid a, i.e. αj = a, which is connected to the production in power Plant
ga. The order to activate the bid is followed by a reaction time and a ramping
giving a total delay between activation and execution of δa. A moment later, at
time t < τj + δa the system operator is considering to activate also Bid b connected
to the output of Plant gb. If activation of this bid is performed at this time, the
production will ramp up starting at time t + δ′

b < τj + δa. When making the deci-
sion the system operator has to consider the cost of operation in the time interval
[t, τj +δa], where the production in Plant ga is a function of t−τj and thus depends
on the activation time τj of Bid a.

In the literature a few different ways of approximating delays have been pro-
posed.

In [89] it is proposed that time separation can be used to approximate switching
delays. Time separation is given by prohibiting any further switches in a time period
[0, δ) following every switching, i.e. τj+1 ≥ τj + δa in the case described above. In
Figure 4.5 we show how time separation works. With time separation ramp rates
are not modeled since switches are instantaneous. Instead, at time t we have to
wait until time τj + δa before activating Bid b (which will lead to an instantaneous
switch of the production in Plant gb).
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j j+ at

time

Production

Plant ga

Plant gb

Figure 4.5: Approximated by time separation.

For obvious reasons, time separation is not a suitable approximation for the
system operator’s problem. We take away the reaction times and the ramp rates
which are important parts of the problem and substitute these with preventing ac-
tivation during some periods. Since the main goal of the system operator is to find
the optimal control (and not the corresponding value function), time separation is
not an appropriate choice for approximating delays in our case.

In [79] a technique similar to time separation for approximating delays in gen-
eral impulse control problems is proposed. Here, the authors design an operator
taking care of the delay period. This means that we can model reaction times and
ramp rates accurately. However, we still have the same drawback as with time
separation. With this approach we can activate several bids simultaneously, but no
activation is allowed during the period between that Bid a is activated at time τj

and executed at time τj + δa. This situation is shown in Figure 4.6. Either Bid b
is activated at time τj , so that τj+1 = τj (dashed red line) or after the execution
of Bid a, so that τj+1 ≥ τj + δa (dotted red line). Since, the activation times of
regulating bids can sometimes be quite long (for example, up to 15 minutes in the
Swedish system [35]) this approximation technique is also very limited.

It seems like there is no available method for approximating delays that pro-
vides sufficient accuracy in our case. Instead we have focused on making the value
function Markovian by increasing the dimension of the state space and designing
an efficient numerical solution scheme for the resulting problem. It turns out that
in this case the TvR-algorithm is superior to the LS-algorithm for problems with
several bids.
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Figure 4.6: Approximated by non-overlapping interventions.

4.5 Articles

Article VI
In the first article on optimal activation of regulating bids we consider a system
with one observable that is model by Brownian motion with drift. This gives us
the opportunity to use analytical methods to derive the solution of the problem as
the solution to a system of equations.

Article VII
In this article we focus on the power system side of the problem. The general formu-
lation of the system operator’s problem of optimizing the activation of regulating
bids is presented. A solution technique based on the LS-algorithm is outlined and
in a numerical example a simple two bid, two observables problem is investigated.
We also numerically investigate the effect of delays on the problem by considering
what will happen if delays are neglected.

Remark To make presentation more general, regulating bids are referred to as
tertiary reserves in Article VII.

Article VIII
In Article VIII we consider the same problem as in the previous article but more
details are provided. In this article we propose numerical solution schemes based
on both the LS-algorithm and the TvR-algorithm for solving the system opera-
tor’s problem. It turns out that for solving impulse control problems with delayed
reaction the TvR-scheme can give much more computationally efficient results.
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Article VIII is concluded with a numerical example. In this numerical example
we consider the same system as in Article VII. However, here we compare the two
numerical schemes to one another.



Chapter 5

Increasing Transfer Capacity

In this chapter we discuss how the physical capacity to transfer electric power can
be enhanced. At the end of this chapter we give short introductions to Articles IX
and X.

So far in this thesis we have only considered how to minimize operation costs by
optimizing the activation of regulating bids. This optimization only concerns the
risk-taking and results in an efficient NTC. The longer the system operator waits
before activating a bid, the higher the risk of having a system failure will be.

Another way of making operation more efficient is to use the available system
components better, and thus increase the TTC. A huge part of the literature on
power system operation is concerned with this issue.

By tuning controllers in High Voltage Direct Current (HVDC) and Flexible AC
Transmission System (FACTS) devises more efficiently it is possible to improve the
transient stability properties of the system [93] as well as the small signal stability
properties [94].

5.1 Articles

Article IX

As pointed out in Section 2.4, the distribution of the primary control gain between
the plants in the system will have a strong influence on the risk of system failure. In
Article IX we propose an algorithm for computing the distribution of the primary
control gain that maximizes the distance from the operating point to the power
flow feasibility boundary. The algorithm is based on an iterated gradient decent
technique.

53
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Article X
In Article X we consider a system that has multiple HVDC-links and compute the
power modulation gain of the HVDC-links to maximize the small signal stability
limit along a given load path. The computation is based on Particle Swarm Opti-
mization (PSO). To test the method we make dynamical simulations on a system
where the load follows a stochastic process.

Remark It seems that during the publication process some references to equations
in this article have been redirected. Therefore, the published version of this article
is not used in the thesis.



Chapter 6

Conclusions and Future Work

In this, the last chapter of the thesis, conclusions are drawn and guidelines for
future work are outlined. We discuss how the methods presented in the appended
articles can be improved and further developed to meet the increasing demand on
efficient power system operation.

6.1 Conclusions

This thesis treats transmission limits in power system operation. The aim of the
thesis is to find a method for deciding a Net Transfer Capacity (NTC) that mini-
mizes the expected operation cost. Previous research in the area has mainly been
focused at developing and investigating different methods of applying a security cri-
terion to get the Total Transfer Capacity (TTC). From the TTC a security margin
has then been subtracted to get the NTC. A security criterion typically says that
the power system should always maintain stability if any l system components fail
simultaneously, for some given l ≥ 1.

In this thesis, a new way of finding operation strategies that incorporates trans-
mission limits is proposed. The new method is not based on a security criterion.
Instead we propose that a database of expected costs, with entries corresponding
to different values of the controllable system parameters u ∈ R

nu and a vector of
observable system parameters x ∈ R

k, is built. This database is preferably built us-
ing Monte Carlo simulation where contingencies can be chosen using a contingency
selection technique, such as the one proposed in [43].

To build the database we propose a Markov Chain Monte Carlo technique to
generate outcomes of the full set of system parameters λ ∈ R

nλ given values of the
controllable system parameters u and the observable system parameters x. Then a
contingency can be chosen using a contingency selection technique, such as the one
proposed in [43]. For each contingency not leading to immediate system failure we
analyze the probability that post-contingency corrective rescheduling can be used

55
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to keep the system from losing stability. For this both a deterministic and a Monte
Carlo scheme were developed.

Once the database of expected costs is built we propose a numerical scheme for
estimating the optimal strategy for activation of regulating bids on the regulating
power market. The numerical scheme is based on the least-squares Monte Carlo
method developed by Tsitsiklis and van Roy [83, 84].

Another way of improving the efficiency of the system is by increasing the phys-
ical transfer capacity of the system. Two methods for this are proposed in this
thesis. First we propose an adaptive rescheduling technique for the primary con-
trol. Then we investigate how coordination of HVDC devices can improve the small
signal stability properties of the system.

6.2 Future work

The work presented in this thesis is a novel approach to include transfer limits
in power system operation. When trying to answer the questions posed in the
introduction we only scrape the surface on some issues. There are, therefore, many
possible steps for future research some of which are listed below:

Net consumption model
Using a Gaussian process to model power consumption provides a reasonable ap-
proximation to the aggregate behavior of power consumption. Wind power produc-
tion, however, is known to have a typically non-Gaussian behavior. With a large
penetration of wind power the Ornstein-Uhlenbeck process proposed in the thesis
is thus not an appropriate model of the net power consumption.

The Alberta Electric System Operator (AESO) publishes both wind power pro-
duction and power consumption data from the Alberta power system sampled with
10-minute intervals [95]. This data can be used both to estimate parameters for
a consumption model and when developing a stochastic model of wind power pro-
duction.

Estimating the probability of system failure
The approach to estimate the probability, and indirectly the cost, of system failure
proposed in this thesis suffers from one main weakness. No variance reduction
technique is proposed for the injected powers in the MCMC simulation. Using
crude Monte Carlo may be very inefficient here. Including, for example, importance
sampling in the MCMC simulation would thus be preferable.

Database for expected costs
One disadvantage of using a database to store the expected costs is that as the
number of observables increases the size of the database will grow out of proportion.
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Assume for example that k = 10 and that every dimension should be partitioned
into a grid of 30 elements. Then the number of entries in the database is 3010 ≈
6 · 1014. If the estimates of the expected costs are stored in floating-point precision,
this will lead to a database with a size of approximately 2360 Tb (Terabyte).

The above calculation is only for the base case generation, when planned pro-
duction is constant throughout the entire time period. For a large number of
observables the method will thus be impossible to implement.

Hence, some type of approximation is necessary. What seems best here is to
use a series expansion to approximate the estimates of the expected costs (as in the
LS- and the TvR-algorithms). We can put

f(u, x) =
NB∑
j=0

cjχf
j (u, x),

where χf
j : R

nu × R
k → R are basis functions and NB is the number of basis

functions.
This was how Example 2 in Article VII was solved. However, before we are

ready to accept such an approximation we first need to test, on a smaller system, if
the method is robust to approximation errors in the cost rate function and analyze
what shape the functions χf

j should take.
Another advantage of using a series expansion to represent the expected cost

from failures is that we do not need to take the detour around MCMC. Instead we
can generate outcomes of the injected powers, calculate the corresponding values
of the observables and estimate the corresponding probability of failure, and cost
of failure. When this have been repeated enough times we simply use least-squares
to approximate the coefficients cj in the above formulation. This will make it more
simple to use importance sampling to generate samples of the loads.

Absolute operation boundaries

By the same reasons as above, approximating the absolute operations boundary
becomes necessary when the number of observables increases. Here, as with the
loadability limit surface in parameter space, using a local approximation seem suit-
able.

Including AGC in the optimization

To include AGC in the problem to minimize the operation cost (3.10) we need
to add to uv a control corresponding to the continuously changing output of the
nAGC power plants where the generation is controlled by the AGC system. If we
let u(t, v, w) = uw

2 (t) + uv
3(t), where uv

3 = uv is the tertiary control as defined in
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Section 4.3 and

u̇w
2 (t) = b(t, uw

2 (t), w(t)), ∀t ∈ [0, T ]
uw

2 (0) = uw
0 .

with the control constraint

w(t) ∈ W ⊂ R
nAGC , ∀t ∈ [0, T ]

and the state constraint

uw
2 (t) ∈ Uw ⊂ R

nu , ∀t ∈ [0, T ].

Here, b : [0, T ] × R
nAGC × W → R

nAGC is a smooth function representing, for
example, the rate at which the power plants in the AGC change their production.

The control constraint is included so that maximal ramp rates of power plants
are not violated by the control, and the state constraints are there to limit the
total production so that it does not exceed the installed capacity and to limit the
minimal production in the different power plants.

The system operators cost minimization problem is now to minimize J(u(·, v, w))
by choosing an optimal pair (v, w) where v is an impulse control of the type de-
scribed in Section 4.3 and w is a (Ft–measurable) control which fulfills the con-
straints listed above.

Solution by stochastic maximum principle
The methods used to solve the impulse control problems in the articles appended to
this thesis are all based on the dynamic programming principle. Another approach
for solving stochastic control problems is to use the stochastic maximum principle.
With the stochastic maximum principle the solution to the stochastic control prob-
lem for a diffusion process is obtained as a system of forward-backward stochastic
differential equations (FBSDEs) [80, 96]. This approach could make computation
much more efficient.

Assume that we have a control u : [0, T ] → U ∈ R
nu , which controls the

stochastic process Xu defined by a stochastic differential equation (SDE) driven by
a m–dimensional Brownian motion W as

dXu
t = b(t, Xu

t , ut) dt + σ(t, Xu
t ) dWt, t ∈ [0, T ];

X0 = x0.

Assume now that we wish to find the non-anticipative control u that minimizes

J(u) = E

⎡
⎣

T∫
0

f(t, Xu
t , ut) dt + g(Xu

T )

⎤
⎦ .
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In this problem it is assumed that b : [0, T ]×R
k ×U → R

k, σ : [0, T ]×R
k → R

k×m,
f : [0, T ] × R

k × U → R and g : R
k → R all satisfy some given conditions on

regularity (see S0-S3 on page 114 of [80]).
Let û be the optimal control to this problem and set X̂ = X û. The adjoint

equation to the problem is

dYt = −[
bx(t, X̂t, ût)Yt +

m∑
j=1

σj
x(t, X̂t)	(Zt)j − fx(t, X̂t, ût)

]
dt + Zt dWt,

t ∈ [0, T ];
YT = −gx(X̂T ),

which is a backward stochastic differential equation (BSDE) with a pair of un-
knowns (Y, Z). Here, Yt takes values in R

k and Zt takes values in R
k×m. The

Hamiltonian of the problem is defined as

H(t, x, u, y, z) = 〈y, b(t, x, u)〉 + tr
[
z	σ(t, x)

] − f(t, x, u).

From the Hamiltonian the optimal control û can be calculated as

H(t, X̂t, ût, Yt, Zt) = max
u∈U

H(t, X̂t, u, Yt, Zt).

The adjoint variable Yt is the marginal value of the asset Xt, and is some times
also referred to as the shadow price. The maximum principle can be described as
“minimizing the total cost amounts to maximizing the total contribution of the
marginal values” [80].

In [97] a stochastic maximum principle for a problem involving a continuous
control combined with an impulse control is derived, and in [98] a duality relation
between delayed SDEs and something they call anticipated BSDEs is found. Com-
bining the theories developed in these two articles it may be possible to solve also
our problem, with AGC, using the stochastic maximum principle.
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