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Stability analysis of channel flow laden with small particles

Joy Klinkenberg

Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
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Abstract

This thesis deals with the stability of particle laden flows. Both modal and
non-modal linear analyses have been performed on two-way coupled particle-
laden flows, where particles are considered spherical, solid and either heavy or
light. When heavy particles are considered, only Stokes drag is used as interac-
tion term. Light particles cannot be modeled with Stokes drag alone, therefore
added mass and fluid acceleration are used as additional interaction forces.
The modal analysis investigates the asymptotic behavior of disturbances on a
base flow, in this thesis a pressure-driven plane channel flow. A critical Rey-
nolds number is found for particle laden flows: heavy particles increase the
critical Reynolds number compared to a clean fluid, when particles are not too
small or too large. Neutrally buoyant particles, on the other hand, have no
influence on the critical Reynolds number.
Non-modal analysis investigates the transient growth of disturbances, before
the subsequent exponential behavior takes over. We investigate the kinetic en-
ergy growth of a disturbance, which can grow two to three orders of magnitude
for clean fluid channel flows. This transient growth is usually the phenomenon
that causes transition to turbulence: the energy can grow such that secondary
instabilities and turbulence occurs. The total kinetic energy of a flow increases
when particles are added to the flow as a function of the particle mass frac-
tion. But instead of only investigating the total energy growth, the non-modal
analysis is expanded such that we can differentiate between fluid and particle
energy growth. When only the fluid is considered in a particle-laden flow, the
transient growth is equal to the transient growth of a clean fluid.
Besides thes Stokes drag, added mass and fluid acceleration, this thesis also
discusses the influence of the Basset history term. This term is often neglected
in stability analyses due to its arguably weak effect, but also due to difficulties
in implementation. To implement the term correctly, the history of the particle
has to be known. To overcome this and obtain a tractable problem, the square
root in the history term is approximated by an exponential. It is found that
the history force as a small effect on the transient growth.
Finally, Direct numerical simulations are performed for flows with heavy par-
ticles to investigate the influence of particles on secondary instabilities. The
threshold energy for two routes to turbulence is considered to investigate whether
the threshold energy changes when particles are included. We show that par-
ticles influence secondary instabilities and particles may delay transition.

Descriptors: Transition, modal analysis, non-modal analysis, direct numerical
simulations, multi-phase flow, particle-laden, heavy particles, light particles
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Preface

This thesis considers particle-laden flows. The first part introduces the particle-
laden flows: which models are used and what are the simplifications made in
the analysis. Furthermore, both modal and non-modal analysis are presented
and their usage with particle-laden flows. Also secondary instabilities are dis-
cussed, using results of direct numerical simulations.
The second part contains the following papers.

Paper 1. Joy Klinkenberg, H.C. de Lange and Luca Brandt, 2011
Modal and non-modal stability of particle-laden channel flow,
Physics of Fluids. 23, 064110 (2011)

Paper 2. Joy Klinkenberg, H.C. de Lange and Luca Brandt, 2011
Modal and non-modal stability analysis of a channel flow seeded with light par-

ticles,
submitted to European Journal of Mechanics B/Fluids

Paper 3. Joy Klinkenberg, G. Sardina, H.C. de Lange and Luca

Brandt, 2011
Numerical Simulations of laminar-turbulent transition in particle-laden chan-

nel flow

Internal report
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CHAPTER 1

Introduction

Particle laden flows are an important type of flow since many flows contain
particles. Examples of such flows are soot in a gas flow or sand in the at-
mosphere. Because such flows are common, many efforts have been made to
better understand the behavior of particles in (turbulent) flow, recent reviews
are written by Toschi & Bodenschatz (2009) and Balachandar & Eaton (2009).
For turbulent flows, it has been found that adding dust to a turbulent pipe flow
reduces drag already in the early ’60s by Sproull (1961). Drag reduction is a
major issue in increasing the efficiency of fluid transport since it helps minimiz-
ing energy losses. Therefore a lot of research is devoted to drag reduction in
turbulent flows. Recently, Zhao et al. (2010) found numerically that inclusion
of small and heavy particles reduces drag. Light particles have been experi-
mentally investigated by McCormick & Bhattacharyya (1973) and Jacob et al.

(2010) to cite only two. They also found drag reduction for particle laden flows
with light particles. Micro bubbles, which can be modeled as rigid spheres when
they are small enough, have been numerically investigated by both Ferrante &
Elghobashi (2003) and Xu et al. (2002) for a turbulent flow. They found that
rigid micro-bubbles reduce the drag as well.

Sproull (1961) explains the drag reduction by a reduction of the viscosity of a
dusty gas with as much as 40%. Saffman (1962) proposed that dust particles
dampens the turbulence structures due to a larger inertia of a dust particle
compared to a fluid particle. He also proposes that drag reduction in particle
laden flows can be investigated by looking at laminar-turbulent transition. An
explanation is that the particle-fluid interaction also dampens the growth of
disturbances which might lead to turbulence. Turbulent flow enhances drag
and thus, if turbulence is delayed, particles reduce drag.
To investigate the onset of turbulence, a transitional flow has to be considered.
To describe such a flow, a laminar flow is considered first. If small, linear, dist-
urbances are added to this laminar flow, these disturbances can either decay
or grow in time and space. When the disturbances are damped, the flow stays
laminar. When disturbances grow in energy, the disturbances can grow such
that secondary (non-linear) effects become important. These secondary effects
in turn can lead to a turbulent flow. The transitional flow is the flow state
which is neither fully laminar, nor turbulent.
The onset of transition is historically investigated using linear stability analysis.
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1. INTRODUCTION 3

A perturbation in the form q = q̂(y)exp(αx− iωt), with streamwise wavenum-
ber (α) and complex frequency (ω = ωr + iωi) is added to a linearized set
of equations and the eigenvalues are investigated. These eigenvalues indicate
whether perturbations will either grow or decay. A critical Reynolds number
exists, above which a flow is unconditionally unstable. Note that this method
is suitable to investigate whether the flow is stable for an infinite amount of
time, independent of the disturbance amplitude. This method is called modal
stability analysis.
The next step is the non-modal analysis. Non-modal analysis is used to inves-
tigate short-term behavior of disturbances as opposed to the modal analysis.
Some disturbances can grow, before the subsequent exponential behavior be-
comes the dominant feature (Ellingsen & Palm 1975; Trefethen et al. 1993;
Reddy & Henningson 1993; Schmid & Henningson 2001a). It is found that
when modal analysis shows that all eigenmodes are damped, it is possible for
some disturbances to grow in a finite amount of time. For a clean fluid channel
flow some disturbance energies can grow as much as two to three orders of
magnitude. When the initial perturbation is large enough, the energy can grow
such that non-linear effects become important and breakdown of the disturban-
ces might occur, which in turn leads to turbulence. The non-modal analysis is
used to determine the largest possible energy growth of disturbances in particle-
laden flows. The optimal growth of a particle-laden flow is therefore compared
to the results of a clean fluid.
The last step performed is the investigation of transition beyond the initial
linear disturbances, using Direct Numerical Simulations. Two paths to turbu-
lence are analysed, as defined in Reddy et al. (1998a). For these paths, the
threshold energy is investigated. Above this threshold flows becomes turbulent
and below the threshold the flow relaminarizes. We performed numerical simu-
lations with particles and investigated whether this transition threshold shifts.
If the threshold shifts to larger amplitudes, the flow has become more stable
and vice versa.

Saffman (1962) and Michael (1964) found that heavy particles increase the
critical Reynolds number for linear stability, when the particles meet certain
criteria: e.g. the particle should not be too small. The equations used by
Saffman (1962) are the Navier Stokes equations extended with one extra term,
the Stokes drag, which accounts for the coupling between particles and fluid.
A two-way coupling model is defined, with a convection equation for the parti-
cles including the Stokes drag as interaction term, acting as dissipation. This
model is valid for heavy particles only. An extended model for particle laden
flows is given by Maxey & Riley (1983): added mass, fluid acceleration, Bas-
set history term and gravity are also modeled. The added mass (or virtual
mass) term exists because an accelerating or decelerating particle also accel-
erates/decelerates fluid from the surroundings. The added mass is therefore
modeled as extra fluid moving with the particle, as if the particle were a bit
larger, hence the name added mass. The fluid acceleration term, also known
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as the pressure correction force, models the pressure of the undisturbed flow.
The Basset history term takes the history of the particle into account: the
movement of particles depends also on the history of those particles due to the
development of a boundary layer on the particles.
For a particle laden flow with heavy particles, only Stokes drag is used. When
light particles are considered, particles which have almost equal density as the
surrounding fluid, added mass and fluid acceleration term are also considered.
The Basset history term is usually not taken into account, for both heavy and
light particles. This term might be relevant and is therefore also discussed. Be-
cause the history term is not explained in the papers and no results are shown
in any of the papers, the Basset history term is explained and discussed in part
I. Also, the results including the history term are presented in this part of the
thesis.

The aim of the research presented in this thesis is to investigate whether hard,
spherical particles affect transition. Both the initial linear stages using stability
analysis and the secondary instabilities by means of direct numerical simula-
tions are investigated.
In the following chapter the governing equations are presented and the different
interaction terms are shown. An implementation of the the Basset history term
is given as well. Chapter 2 also deals with the stability analysis and the im-
plementation of modal and non-modal analysis. Main results from the papers
are presented in chapter 3, in which also results from the implementation of
the Basset history force are shown. Chapter 4 deals with the numerical simula-
tions. The method is explained and some results are given. In the last chapter
some conclusions are presented and an outlook is given for the work that will
be performed in the final part of the project.



CHAPTER 2

Theoretical Model

2.1. Particle-Fluid Coupling

To model particle-laden flows, a coupling between the particles and fluid is
needed. Three coupling models are used in literature: one-way, two-way and
four-way coupling. Figure 2.1 shows the three regimes for turbulent flows with
the volume fraction of particles on the horizontal axis and the relative timescale
on the vertical axis (Elghobashi 1994). The timescale τp is the particle response
time, τK the Kolmogorov time scale and τe the turnover time of large eddy.
The Kolmogorov timescale is important in turbulent flows, but not in transi-
tional flow, because transitional flow does not have any turbulent timescales.
The turnover time of large eddy is important in transitional flows.
If the particle volume is small, Φ < 10−6, the particles can be modeled through
one-way coupling. Particle motion is influenced by the fluid. When the particle
volume increases, 10−6 < Φ < 10−3, a two-way coupling model is sufficient. In
this model, the particles also influence the fluid. For an even larger particle
volume, Φ > 10−3, a four-way coupling model should be used. In addition
to the particle-fluid and fluid-particle interactions, also particle-particle inter-
actions (collisions) are modeled. One should remember that these results are
valid for turbulent flows and that we work with laminar flows. Laminar flows
might have different bounds on the volume fraction, because the flow is ordered
and less chaotic.
The model used throughout this paper is the two-way coupling model.

2.2. Governing Equations

The equations used to model a particle laden flow are described and we explain
which interaction terms are present between the flow and particles and how
these interaction terms are modeled.

The particle equation described by Maxey & Riley (1983) is the starting point.
In the Lagrangian framework the motion of a particle upi

in a Newtonian fluid
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Figure 2.1: A schematic overview of the coupling models used in turbulent
flows.

with radius r with its centre at Y (t), particle mass mp, fluid mass mf obeys

mp
dupi

dt
= mf

Dui

Dt
|Y (t) +

1

2
mf

(

Dui

Dt
|Y (t) −

dupi

dt

)

+ 6πrµ (ui[Y (t), t]− upi
)

+ 6πr2µ

∫ t

−∞

dτ
d/dτ{upi

(τ)− ui[Y (τ), τ ]}

[πν(t− τ)]1/2
+ (mp −mf )gi.

(2.1)

With ui the fluid velocity, µ the fluid viscosity and gi the gravitational force.
The term d/dt is used for the time derivative following the moving particle,
while D/Dt is used for the time derivative following a fluid element. The terms
on the right hand side are: the fluid acceleration term, added mass, Stokes
drag, the Basset history term and the gravitational force. The fluid accelera-
tion term comes from the undisturbed flow, which is assumed incompressible
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Table 2.1: Definition of the non-dimensional numbers used.

ξ
ρf

ρp
Density ratio

f Φ
ξ =

mp

mf
Mass fraction

R
ρfUL

µ Reynolds number

S ντ
L2 = 2

9
r2

L2

ρp

ρf
Relaxation time

SR Uτ
L Stokes number

Φ
N0

4

3
πr3

L3 Volume fraction

and where the term ν∇2ui is neglected. As for the added mass term, it can
be seen why it is called like this. If the d/dt term is put on the left hand side,

we get:
(

mp +
1
2mf

) dupi

dt . Thus a virtual mass, half the mass of the fluid, has
been added to the system. The Basset history term takes the development of
a boundary layer on the particle into account. The Stokes drag is a drag force
induced by the velocity difference between the particle and the fluid.

Stability analysis cannot be performed in the Lagrangian framework, therefore
equation 2.1 is rewritten into the Eulerian framework. The Eulerian framework
is a valid assumption under the condition that particles are homogeneously
distributed.
We consider plane channel flow with a homogeneous particle distribution. In
the following, every term is made non-dimensional with the channel half-width
L, to be consistent with a clean fluid channel flow, centerline velocity U , fluid
density ρf and the fluid viscosity µ. The dimensionless numbers used in the
equations are defined in Table 2.1, where ρp is the particle density, r the particle
radius and N0 the number of particles present in the flow.

The particle momentum equation rewritten into a Eulerian framework reads:

dupi

dt
= ξ

Dui

Dt
−

1

2
ξ

[

dupi

dt
−

Dui

Dt

]

+
1

SR
(ui − upi

) . (2.2)

The counterpart, the momentum equation for the fluid can be written as

Dui

Dt
= −

∂p

∂xi
+

1

R

∂2ui

∂x2
j

−fξ
Dui

Dt
−

1

2
fξ

[

Dui

Dt
−

dupi

dt

]

+
f

SR
(upi

− ui) . (2.3)

Two forces described by Maxey & Riley (1983) are discarded here: gravity
and the Basset history term. The Basset history term will be discussed later
on in more detail. We assume that sedimentation effects do not occur on the
timescale we are interested in, therefore gravity is neglected.
The Stokes drag describes the drag force between the fluid and particle veloc-
ity, using Stokes number SR. The Stokes drag number consists of two other
dimensionless numbers. The Reynolds number R and the particle relaxation
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time S. The smaller SR becomes, the smaller the relaxation time and the faster
a particle adjusts to the fluid velocity.
Looking closely at these equations one can distinguish two extremes: heavy
particles (ξ ≪ 1) and light particles (ξ ∼ 1). When heavy particles are consid-
ered, the added mass and fluid acceleration terms can be neglected and only
Stokes drag remains.

For a full system of equations, we also need the conservation of mass for particles
and fluid:

∂f

∂t
= −

∂

∂xi
(fupi

) (2.4)

∂ui

∂xi
= 0 (2.5)

Combining these equations with the conservation of momentum and linearizing,
we get the following linearized Navier-Stokes equations:

∂ui

∂t
= −

∂p

∂xi
−Uj

∂ui

∂xj
−uj

∂Ui

∂xj
+

1

SR

∂2ui

∂x2
j

+
f

SR
(upi

− ui)+AMf+FAf (2.6)

∂upi

∂t
= −Uj

∂upi

∂xj
− upj

∂Ui

∂xj
+

1

SR
(ui − upi

) +AMp + FAp (2.7)

∂f ′

∂t
= −

∂

∂xi
(f ′Ui + fupi

) (2.8)

∂ui

∂xi
= 0. (2.9)

With Ui the base velocity and ui the perturbation velocity and AM and FA
the Added Mass and Fluid Acceleration, with subscripts f and p, denoting fluid
and particle respectively:

AMf = −
1

2
fξ

(

∂ui

∂t
+ Uj

∂ui

∂xj
+ uj

∂Ui

∂xj
−

∂upi

∂t
− Uj

∂upi

∂xj
− upj

∂Ui

∂xj

)

=

= −
1

2
fξ

(

∂

∂t
(ui − upi

) + Uj
∂

∂xj
(ui − upi

) + (ui − upi
)
∂Ui

∂xj

)

,

(2.10)

FAf = −fξ

(

∂ui

∂t
+ Uj

∂ui

∂xj
+ uj

∂Ui

∂xj

)

, (2.11)

AMp = −
AMf

f
, (2.12)

FAp = −
FAf

f
. (2.13)

The boundary conditions are assumed ui = upi
= 0 at the walls.

Note that the particle mass conservation is decoupled from the system and can
therefore be computed a posteriori.
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To perform stability analysis the system is rewritten into an Orr-Sommerfeld-
Squire system. The details of the derivations can be found in Part II of this
thesis.

2.2.1. Energy Analysis for Heavy Particles

For heavy particles it can be shown that when the velocities of particles and
fluid are different, this always results in a loss in energy in channel flow. The
energy equation can be derived by multiplying equation 2.6 with ui and 2.7
with upi

and add them using the mass fraction f for the particle momentum
equation:

∂Ev

∂t
= −

∫

V

uiuj
∂Ui

∂xj
dV −

1

Re

∫

V

∂ui

∂xj

∂ui

∂xj
dV

− f

∫

V

upi
upj

∂Ui

∂xj
dV −

f

SR

∫

V

(ui − upi
)
2
dV,

(2.14)

where the divergence terms disappear owing to periodic boundary conditions
and zero velocity at the walls. It is clear from the last term on the right hand
side that a velocity difference always induces a loss in energy.

2.3. Basset History Term

The Basset history term has not been used in any of the papers in part II, be-
cause the implementation is a recent development. The history term is different
than the terms discussed so far. For this term, the total history of the fluid
and particle flow has to be known. For Direct Numerical Simulations this is
expensive and therefore the total history is usually not taken into account, but
only the recent history. Sometimes a model for large times is used(van Hins-
berg et al. 2011). For stability analysis the intergal in the term is also difficult.
Therefore the integral is rewritten into a system which can be implemented in
stability analysis.
The Basset history term can be written as convolution:

q̄(t) =
1

Sb
·

∫ t

−∞

dτ
d/dτ{upi

− ui}

[t− τ ]1/2
=

1

Sb
·

∫ t

−∞

F (t− τ)q(τ)dτ, (2.15)

where we have to approximate
∫ t

−∞
F (t−τ)dτ for implementation of this effect

in the stability analysis.
The approximation is done using an exponential, because if we have an expo-
nential filter:

q̄(t) =

∫ t

−∞

Cexp

(

−
t− τ

∆

)

q(τ)dτ, (2.16)

we can get the differential form:

dq̄(t)

dt
= Cq −

q̄

∆
(2.17)

If we can approximate the history term with an exponential, we are able to
solve an eigenvalue problem similar to the case without Basset history term,
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but extended with three extra equations for q̄i, similar to equation 2.17 but in
all three directions. Sb is a new dimensionless number, similar to the Stokes
number SR, but typically larger.

Now we have to approximate the square root dependence of the Basset term into
an exponential. Figure 2.2 shows the difficulty with the approximation: either
the exponential is more accurate for small times, or for larger times. Several
combinations of C and ∆ should be tried to investigate whether any combi-
nation changes the critical Reynolds number or the transient energy growth.

0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3

3.5

t

 

 

1/(t1/2)
C=3,    ∆=1
C=0.6, ∆=20
C=1,    ∆=10

Figure 2.2: The approximation of a 1/
√

(t) by an exponential in the form
C exp(−t/∆)

2.4. Stability

Both modal and non-modal stability analyses are performed. Modal stability is
classical in hydrodynamic stability, where the critical Reynolds number is com-
puted. Below this Reynolds number all disturbances are exponentially damped.
At larger Reynolds numbers on the other hand, disturbances exist which expo-
nentially grow. Although this is a very useful tool for predicting transition, it is
known that at smaller Reynolds numbers transition to turbulence occurs, due
to transient effects. The growth of a perturbation for a limited time, before the
exponential modal behavior is most dominant, can induce secondary instabili-
ties and transition to turbulence. The initial growth in energy is investigated
using the non-modal analysis.
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2.4.1. Modal analysis

To study linear stability, we assume wave-like perturbations in the following
form:

q = q̂(y)ei(αx+βz−ωt),

Neglecting the Basset history term for now, q = (v, η, up, vp, wp)
T when the

linearized equations are written into an Orr-Sommerfeld-Squire system. In the
expression above, α and β define the streamwise and spanwise wavenumber
of the perturbation respectively, ω = ωr + iωi is a complex frequency. The
temporal problem is considered: when ωi > 0, the perturbation grows expo-
nentially in time. When ωi) < 0, the disturbance decays asymptotically. When
all complex frequencies have an imaginary part smaller than zero, the flow is
stable. The point where ωi = 0, is called neutrally stable. When computing ωi

in a range of wavenumbers α and Reynolds numbers, a neutral stability curve
is obtained. This curve defines the range where exponentially unstable waves
can be found.
The neutral stability curve can be computed assuming two-dimensional pertur-
bations, since a modified version of Squire’s theorem holds for the modified Orr-
Sommerfeld equation (Saffman 1962; Boronin 2008). Squire’s theorem states
that for every three dimensional disturbance an equivalent two dimensional
disturbance exists at smaller Reynolds number (Squire 1933).

2.4.2. Non-modal analysis

Non-modal analysis determines the largest possible growth of a perturbation
in a finite time interval, also called optimal growth. The initial disturbance
yielding optimal growth is called an optimal initial condition.

The governing linear equations can be written in compact form as:

∂q

∂t
= Lq. (2.18)

The largest possible growth at time t is the norm of the evolution operator,
or propagator, T = exp(tL). This propagator takes any initial condition from
t = 0 to a specified final time t. The maximum amplification is defined as:

max
q0

||q||

||q0||
= max

q0

|| exp(tL)q0||

||q0||
= ||exp(tL)|| ≡ G(t). (2.19)

The norm used should be relevant to the problem, therefore the kinetic energy
is used.

Ekin =
1

2

(

mfu
2
i +mpu

2
pi

)

, (2.20)

with mf and mp the mass of the fluid and the particles respectively.
A matrix M can be constructed to compute the kinetic energy. This matrix
M is applied directly to the vector q = [v, η, up, vp, wp]

T when the full system
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is investigated. The kinetic energy integrated over the volume V is

E(t) =
1

2

∫

Ω

qHMqdV. (2.21)

With this definition the optimal growth is defined as the 2-norm of a modified
propagator, see Schmid & Henningson (2001b) and below.
Not only optimisation of the total energy is interesting, but also the investiga-
tion of the optimal growth when perturbing only the fluid or particle velocity.
In this case, we do not consider the total kinetic energy of the system, but only
a part of it, depending on the initial condition and final state chosen. This
separation can be achieved by including either fluid or particle energy when
computing the optimal growth. The optimisation can be written as

G(t) =
||qout(t)||Eout

||qin(0)||Ein

=
||T qin(0)||Eout

||qin(0)||Ein

=
||FoutT qin(0)||2
||Finqin(0)||2

=

=
||FoutT F−1

in Finqin(0)||2
||Finqin(0)||2

= ||FoutT F−1
in ||2. = ||FoutC exp(tL)BF−1

in ||2

(2.22)

where F is the Cholesky factorisation of M = FFH .
Here, propagator T = C exp(tL)B is rewritten to include input and output op-
erators. The input is qin = Bq, while qout = Cq is the output we are interested
in. The energy norm must be separated likewise, Min = FinF

H
in is applied

to qin to measure the input energy while Mout = FoutF
H
out gives the output

energy. In the classic non-modal analysis the following applies: Fin = Fout and
C = B = I.

2.4.3. Numerical method

For the stability computations presented here, the discretization in y-direction
of the equations is done using the Chebyshev collocation method. (Reddy et al.

1998b) Most computations are performed using ny = 37, with ny the number
of collocation points.
For the transient growth computation, we make use of the following energy
matrix M (excluding the Basset history term):

M =















(

−D2

k2 + 1
)

Iw 0 0 0 0

0 1
k2 Iw 0 0 0

0 0 fIw 0 0
0 0 0 fIw 0
0 0 0 0 fIw















. (2.23)

In the expression above, Iw is the diagonal matrix performing spectral integra-
tion in y direction. This matrix can be easily factorized using a singular value
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decomposition (SVD): M = UΣUH = FFH .

When implementing the Basset history term in addition to all other terms,
the system is a bit more complicated. The total system then consists of not
only fluid and particle velocities, ui, upi

, but it includes q̄i, extra terms for the
inclusion of the Basset history. The energy computation needed for non-modal
analysis is done using the same method of separation as explained previously
where only fluid or particles are perturbed.



CHAPTER 3

Stability analysis results

Some results are given in this chapter. More results are reported in Part II,
the papers. In part II, the Basset history term is not discussed, therefore the
last section in this chapter presents new results using the Basset history term.

3.1. Modal analysis

The modal analysis for heavy particles was already performed by Rudyak et al.

(1997). For light particles on the other hand, where added mass and fluid
acceleration are also important, no results could be found in literature. The
main results are the critical Reynolds number as a function of Stokes number
and are given in Figure 3.1(a) for several density ratios and a mass fraction of
f = 0.1. Three regimes can be identified in the figure: small Stokes number,
large Stokes number and intermediate values. When the Stokes number is
small, particles are also small and have a small relaxation time. The particles
react very fast to flow changes. This means that the particles only act as passive
tracers in the flow and we call this limit the Lagrangian limit. When the Stokes
number is very large, particles are big; too big even to have an influence on the
fluid. The relaxation time is such that it takes long time to adjust to the flow.
We call this limit the ballistic limit. These limits can be seen in Figure 3.1(a)
on the left (Lagrangian limit) and on the right (Ballistic limit). The particles
have no influence on the flow stability in these regions. They only result in an
effective increase in density of the total flow, for which a modified Reynolds
number Rm can be defined:

Rm =
(1 + f) ρUL

µ
.

In between the two limits, at moderate Stokes numbers, the particles do have
an influence on the stability.
The results for heavy particles are obtained using Stokes drag only as interac-
tion term and are equal to results obtained by Rudyak et al. (1997). What is
apparent in Figure 3.1(a) is that the lighter the particle, the lower the critical
Reynolds number is. Heavy particles obtain the largest critical Reynolds num-
ber and this Reynolds number is larger than the critical Reynolds number of
a clean fluid flow. When the particles are lighter than the fluid (ξ > 1), the
critical Reynolds number decreases compared to clean fluid. Neutrally buoyant

14
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particles have no influence, except for a factor of (1 + f), corresponding to an
increase in density of the total system. The results show that for a density
ratio of ξ < 1, the critical Reynolds number increases and therefore the flow is
stabilized.
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Figure 3.1: Modal analysis for heavy particles (Stokes drag only) and for light
particles. Critical Reynolds number as a function of S (left) and SRωr (right)

Instead of investigating the critical Reynolds number as a function of Stokes
number, another dimensionless number can be introduced. The Stokes number
is a dimensionless scale for the particle relaxation time, which can be related
to the time scale of a perturbation. For modal analysis, the time scale of the
perturbation is the period of the wave, so we multiply the Stokes number with
the frequency of the perturbation. We call this number the stability Stokes
number, SRωr. Around SRωr = 1 the critical Reynolds number is influenced
most, Figure 3.1(b). Thus, the particles influence the flow most when the dis-
turbance time is of the same order as the relaxation time.
In the analysis it is important to check the assumptions which have been made.
For turbulent flows the two-way coupling model is valid for volume fractions
smaller than Φ = 10−3 (Elghobashi 1994). The volume fraction can be written
as Φ = fξ, thus fξ < 10−3. This means that, if we want a valid two-way cou-
pling assumption when we have neutrally buoyant particles, the largest mass
fraction with a valid assumption is f = 0.001. This is clearly a much smaller
mass fraction than the value of f used. But, the assumption by Elghobashi
(1994) is true for a turbulent flow and we consider a laminar flow. Because par-
ticles have the same base velocity as the fluid and particles are homogeneously
distributed, the limit for Φ might be stretched to larger volume fractions.

3.2. Non-modal analysis

A non-modal analysis has been carried out and the optimal growth as a function
of spanwise wavenumber β is given in Figure 3.2(a). Here, fluid → fluid
denotes the system where the fluid has been perturbed and the energy of the
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fluid is optimised. all → all is the case where the total system is perturbed
and the energy of the total system is optimised.
It can be seen that no matter whether added mass and fluid acceleration are
taken into account, the growth stays basically the same. For the total system,
the energy is increased by (1 + f)2. This is, again, the result of an increase in
density as shown in the modal analysis. The only difference now, is that this
is also valid for larger Stokes numbers and not only at small Stokes numbers.
This indicates that the time needed to adjust to the flow (defined using the
Stokes number) is less than the time needed for the energy to grow, i.e. the
particles still basically act as passive tracers in non-modal analysis.
This finding can also be analyzed using the stability Stokes number. Now, we
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Figure 3.2: Non-modal analysis of a flow with light particles. (a) fluid → fluid
equals the clean fluid flow, while all → all is larger than a clean fluid flow with
a factor of (1 + f)2. (b) Optimal growth of fluid → fluid as function of SR
for heavy (ξ = 0.001) and light particles.

do not have a frequency as timescale for the perturbation, but we do have the
time needed to reach optimal growth. The time to reach maximum growth is
in the order of 100. Thus, the non-modal growth is too slow to be influenced
by the particles. This can also be seen in Figure 3.2(b), where we see that at
large values of SR the optimal growth is influenced most at SR in the order
of 100. But, as already explained in the modal analysis, the volume fraction
of light particles can be such that the two-way coupling model is not valid,
because particle collisions become more important.

3.3. Basset history term

For heavy particles, only a small difference is found when the history term is
used, Figure 3.3(a): The critical Reynolds number is decreased a few percent
using C = 3,∆ = 1. In non-modal analysis, Figure 3.3(b), hardly anything
changes for all filter parameters investigated. This could be expected due to
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the definition of SR and Sb. Sb is Lπ1/2

rR1/2 times larger than the Stokes number,
thus 1/Sb is much smaller than 1/SR when ξ = 0.001. If we consider SR = 1
and R = 2000, the size is fixed at r/L = 0.0015 and Sb is about 30 times larger
than SR; thus the Basset history term is much less important than Stokes drag
in this regime.
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Figure 3.3: Basset History with heavy particle approximation (only Stokes
drag as interaction term apart from the Basset History term). Left: critical
Reynolds number as a function of S. Right: Maximum transient growth as a
function of S.

When light particles are considered, the Basset history term might have an
effect because the density ratio changes to ξ ∼ 1. Indeed, when we investigate
at the critical Reynolds number in Figure 3.4(a), one can see that the history
term has an effect. For neutrally buoyant particles, the results are the same,
while for the ξ = 2 and ξ = 0.5, the critical Reynolds number shifts. In both
cases, the particles have less influence on the critical Reynolds number com-
pared to the case when light particles without Basset History are considered.
The model used for the Basset history in this case is ∆ = 1 and C = 3.
At a certain relaxation time, our method in finding the eigenmodes fails. Al-
though we only have a model up to a certain value of S, we can see the trend
in critical Reynolds number. We see that the history term makes the particles
less relevant. The history term increases the critical Reynolds number for ξ = 2
and it decreases the critical Reynolds number for ξ = 0.5.
Figure 3.4(b) shows the transient growth for light particles both with and
without the Basset history term. A small decrease in maximal growth at small
values of SR is present, although this is hardly visible on this scale. In the
figure only one set of filter parameters is used (∆ = 1, C = 3), more data
with different filters is given in Table 3.1 for three density ratios. The value
given is the optimal growth at a Stokes number SR = 1 · 10−3 compared to
the optimal growth of a clean fluid. We see that all filters reduce the optimal
growth, although only up to 2% for neutrally buoyant particles. The effect of
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the history term is more profound when the filter for long times is used. This
indicates that when the original square root is used, the optimal growth might
be reduced even more, because the square root is effective for even larger times.
All exponential filters and the square root reach zero asymptotically, however
the exponential filters approach zero faster than the original square root.
These results imply that the Basset history does affect both modal and non-
modal stability for light particles, but the effects are small. For heavy particles,
the Basset history term has no significant influence on flow stability.
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Figure 3.4: Basset History with light particles. Left: critical Reynolds number
as a function of S. Right: Maximum transient growth as a function of SR.

Table 3.1: Normalized transient growth for different filter parameters C and ∆
at Stokes number SR = 1 · 10−3 and a mass fraction of f = 0.1. The value 1
represents the growth of a clean fluid

ξ = 0.5 ξ = 1 ξ = 2
∆ = 1, C = 3 0.997 0.995 0.990
∆ = 10, C = 1 0.991 0.983 0.967
∆ = 20, C = 0.6 0.990 0.980 0.963



CHAPTER 4

Direct Numerical Simulations

In the previous chapters, the linear stability of particle-laden flows is discussed.
The linear stability analysis provides information about the initial, linear stages
of transition, but not about breakdown of the perturbations and non-linear ef-
fects. To investigate transition beyond the initial stages, we performed direct
numerical simulations of a flow laden with heavy particles, i.e. only Stokes drag
is accounted for as interaction term. By means of numerical simulations, we
investigate the behavior of a finite energy perturbation. We investigate how
the threshold energy for transition, the minimum initial disturbance energy
necessary to reach the turbulent state, varies in the presence of heavy parti-
cles. This provides information about the non-linear behavior of streaks and it
shows whether the secondary instabilities might be damped by the presence of
particles.
In relation to transition thresholds several researchers have considered the idea
of ’edge of chaos’ (Schneider et al. 2007); this is the asymptotic state reached
by perturbations neither decaying or evolving into the turbulent regime. It is
charachterized by a complex dynamics where unstable solutions (such as trav-
elling waves, periodic orbits) may play a relevant role. A review about this
edge state is given by Eckhardt et al. (2007).

We examine the two transition scenarios previously analysed by Reddy
et al. (1998a). First transition initiated by streamwise vortices is considered,
without streamwise dependence. The streamwise vortices initiate largest linear
transient growth and they are common in many shear flows (Trefethen et al.

1993; Reddy & Henningson 1993; Schmid & Henningson 2001a). Schematically
the transition process as given by Reddy et al. (1998a) reads:

streamwise vortices ⇒ streamwise streaks ⇒ streak breakdown ⇒ transition.

Transition cannot take place without streamwise dependent structures, there-
fore an extra streamwise perturbations is added to get streak breakdown and
transition. The extra perturbation can be either random noise, or a well-
defined disturbance. We have chosen for one perturbation, an oblique mode
with streamwise wavenumber α = 1 and spanwise wavenumber β = 1.
In the second route to turbulence as discussed by Reddy et al. (1998a), a pair
of symmetrical oblique optimal waves is considered. Each of these waves grows
via the transient growth mechanism. The nonlinear interaction of these modes
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forces streamwise independent structures which, in turn, induce streamwise
streaks by the lift-up effect. The scenario is thus similar to the previously
discussed scenario of streamwise vortices, but with one extra step:

oblique waves ⇒ streamwise vortices ⇒ streamwise streaks ⇒

⇒ streak breakdown ⇒ transition.

This scenario has been extensively investigated in the past for a single phase
fluid, see e.g. Schmid & Henningson (1992); Berlin et al. (1994).

4.1. Numerical implementation

The equations of motion for the fluid and particles are the same as used previ-
ously for the heavy particle approximation. One difference is that the particles
are now solved in a Lagrangian framework and the fluid in an Eulerian grid.
In stability analysis both were solved in a Eulerian framework. The numeri-
cal code is a pseudo-spectral solver where we used a plane Poiseuille flow as
base velocity, u = 1 − y2. The velocity perturbations are expanded in both x
(streamwise) and z (spanwise) direction with Fourier modes and with Cheby-
shev polynomials in the wall-normal, or y-direction. For time-advancement, we
use a fourth order Runge-Kutta algorithm. Boundary conditions in x and z
are periodic and no-slip is assumed at both walls, y = ±1. More details about
this code are given in Chevalier et al. (2007).
The coupling from the Eulerian grid to the Lagrangian particles, to compute
the Stokes drag, is implemented using tri-linear interpolation. The time ad-
vancement of the particle uses the same Runge-Kutta algorithm as the time-
advancement of the fluid. Because a two-way coupling model is used, the Stokes
drag has to be extrapolated back onto the Eulerian grid. For this the same tri-
linear scheme of the interpolation step is used.
The streamwise and spanwise dimensions of the domain are Lx = 2π and
Lz = 2π. The Reynolds number used in all computations is Re = 2000 and
Stokes number SR = 5. The resolution used is 64 × 65 × 64 for streamwise,
wall-normal and spanwise directions respectively. More resolutions have been
used to investigate the convergence of the solution.

A bisection algorithm is used to find the energy threshold (Toh & Itano
2003; Duguet et al. 2008, 2010). In this algorithm, a lower and upper bound
of initial amplitudes are specified of which we are certain they evolve into a
laminar state and into a turbulent state respectively. The algorithm starts with
an amplitude in between these bounds. We investigate whether this amplitude
triggers turbulence or evolves into a laminar state. In the following step either
the lower or upper bound is replaced with the amplitude from the previous step,
depending on the result. This process is repeated, until the energy threshold
is reached. Convergence of the energy threshold is assumed when

2
Au −Al

Au +Al
< 1 · 10−5,
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Figure 4.1: Initial conditions of streamwise vortices (top), streamwise vortices
with an additional oblique mode (middle) and two oblique modes (bottom). On
the left, v-velocity and on the right w-velocity. Horizontal axis is the streamwise
direction, vertical axis the spanwise direction at the channel center. Positive
velocities are colored in red and negative velocities in blue.

with Au the amplitude of the upper bound and Al the amplitude of the lower
bound.

4.2. Results

The bisection results for both the streamwise vortices and the oblique waves
are presented in this section. The initial conditions of these cases are given
in Figure 4.1, consisting of a slice of the domain in streamwise (horizontal
axis) and spanwise (vertical axis) direction at the center of the channel. On
the left, wall-normal velocity v is given and on the right spanwise velocity w.
The top figure presents the initial condition when only streamwise vortices are
implemented, no streamwise dependence is present. The perturbation in the
middle consists of the same streamwise vortices, but with an added stream-
wise dependence, an oblique mode. This streamwise dependency is necessary
for turbulence as explained in the introduction. The bottom figure shows the
initial perturbation of two oblique modes. The ’checkerboard’ is clearly visible.
The bisection algorithm is used with the latter two initial conditions.

The results of the bisection algorithm for the first case, with streamwise
vortices as initial condition (α = 0, β = 2), are given in Figure 4.2. Here, the
initial condition is perturbed with an extra oblique wave (α = 1, β = 1) with
as initial energy 1/9 of the initial energy of the streamwise vortices. The figure
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shows that the threshold energy for small particle mass fractions slightly de-
creases. This decay can be attributed to the forcing from the particles on the
fluid. There are few particles present and they act locally and induce stream-
wise modulations. Large particle mass fractions result in a small increase in
threshold energy, compared to a clean fluid. All changes to threshold energy
are small, indicating that particles do not have a significant influence on this
transition scenario.
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Figure 4.2: The critical threshold energy as a function of mass fraction particles
f .

For the second case, with two symmetrical oblique waves (α = 1, β = ±1)
both given the same energy initially, the bisection results are given in Figure
4.3. What can be seen here, is that again for small particle mass fractions,
the threshold energy decreases. At large particle mass fractions on the other
hand, particles significantly increase the threshold energy, with a factor up to
4, compared to the clean fluid.
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Figure 4.3: The critical threshold energy of two symmetrical oblique waves
(α = 1, β = ±1) as a function of mass fraction particles f .



CHAPTER 5

Summary of the papers

Paper 1

Modal and non-modal stability of particle-laden channel flow

Both modal and non-modal analyses of flows laden with heavy particles are
performed. The non-modal analysis is expanded such that the fluid and parti-
cle energies can be separated.
Modal analysis confirms what was already known in literature: particles with
moderate Stokes number increase the critical Reynolds number. For a small
Stokes number, the critical Reynolds number is decreased with a factor of
(1 + f), with f the mass fraction particles. For large Stokes numbers, the par-
ticles are so large that they have no influence on the fluid anymore. We show
that the energy production in the system is equal for all Stokes numbers, but
that Stokes drag dissipates energy, causing stabilization.
In non-modal analysis mostly spanwise waves are considered, as these cause
the largest growth. When the total system is considered, the energy growth
increases with (1+f)2. When only the fluid is investigated, the growth rates of
clean fluid flow and particle laden flow are equal. The explanation for (1+ f)2

in the total system is that particles increase the density of the total flow with
(1 + f). The transient growth is a function of Reynolds squared, hence the
square dependence on the mass fraction.
Instead of the Stokes number another dimensionless number is defined, the Sta-
bility Stokes number. The stability Stokes number is the ratio of the dimen-
sionless relaxation time to the timescale of the disturbance, for modal analysis
the period of the wave. The most stabilizing effect can be seen when the sta-
bility Stokes number is in the order of one. The timescale of transient growth
is large, the process is slow. Therefore, particles have ample time to adapt to
the flow and thus, the particles have hardly an effect on the transient growth.
Overall, this paper shows that although modal analysis shows an increase in
critical Reynolds number, non-modal shows that heavy particles hardly have
an effect on stability.
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Paper 2

Modal and non-modal stability analysis of a channel flow seeded with light par-

ticles

The same method for modal and non-modal analysis is used as in Paper 1, but
with added mass and fluid acceleration terms included in the system. Neutrally
buoyant particles do not affect the critical Reynolds number, except a decrease
by (1 + f), which can be seen as an increase in density due to the particles.
When particles are lighter than the fluid, the critical Reynolds number even
decreases. The conclusion is that particles lighter than the fluid decrease the
critical Reynolds number and particles heavier than the fluid increase the crit-
ical Reynolds number.
Non-modal analysis shows the same behavior for light particles as for heavy
particles: there is no change in transient growth. With light particles one has
to be careful about the size and number of particles. For neutrally buoyant
particles and a mass fraction of f = 0.1, the volume fraction Φ = 0.1. When
we have such a volume fraction, the model might not be valid anymore: particle
collisions become important and the particles get too big to use the Eulerian
framework. This is discussed in the paper.

Paper 3

Numerical Simulations of laminar-turbulent transition in particle-laden chan-

nel flow

Direct numerical simulations of particle-laden channel flow laden with heavy
particles are performed. Two scenarios have been examined: streamwise vor-
tices and two symmetric oblique waves.
First, streamwise vortices have been implemented as disturbance with a small
initial amplitude. The amplitude is small such that streaks are formed after
which the flow relaminarizes. It is shown that the energy gain of a particle
laden flow is similar to the optimal growth shown in paper 1.
The next step was adding an extra oblique wave with small initial energy com-
pared to the streamwise vortices. With this set-up an analysis of the threshold
energy is performed. The influence of particles on the threshold energy is in-
vestigated and particles are found to have a small influence on the secondary
instabilities. Large particle mass fractions slightly increase the threshold en-
ergy. Also, at a certain initial disturbance energy, the time needed to reach the
turbulent state is investigated. Also shown is that particles increase the time
for transition for disturbances of equal initial energy.
The second scenario consisted of two symmetric oblique waves as disturbance.
The oblique waves interact non-linearly and form streamwise vortices which
leads to streaks and, depending on amplitude, streak breakdown. It is found
that particles enhance the transition threshold for this scenario at large particle
mass fractions.
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The results from these two classical scenarios indicate that, although linear
stability analysis predicts that particles hardly have an influence on optimal
growth, particles do influence the secondary instabilities and streak breakdown.



Conclusions & Outlook

The first conclusion that can be drawn from the work done is that although
modal analysis shows that flows laden with heavy particles are more stable,
non-modal shows particles hardly have any effect. For neutrally buoyant parti-
cles, both the modal and non-modal analysis shows that particles have a small
influence. When the Basset history term is taken into account, small changes
to the optimal growth are present at small particle relaxation times.
When investigating the energy gain of the fluid with initial condition a fluid
perturbation, small differences can be found only at large Stokes number. At
these values, the stability Stokes number is of order one, as is the case when
most stabilization is seen in modal analysis. The Stokes number is that large
though, that some assumptions for the particles are not valid anymore: parti-
cles become too large and particle collisions should be taken into account.
Direct Numerical Simulations show that particles do influence the secondary
instabilities. For the case with two symmetrical oblique waves, small parti-
cle mass fractions reduce the energy threshold and large particle mass fractions
enhance the energy threshold. Streamwise vortices show the same behavior, ex-
cept that the increase in threshold energy is less than with the oblique waves.
The results of the Direct Numerical Simulations shows that, although particles
hardly have an effect on the initial linear stages of transition, particles influence
secondary instabilities and streak breakdown.

Outlook

The project will continue for another two years, in which two major paths will
be explored: DNS with finite sized particles as well as experiments in a water
channel.
The DNS computations will be performed with a code developed by Breugem
(2010) from Delft university, based on a code by Uhlmann (2005). With this
numerical model we are able to investigate channel flows with the inclusion of
neutrally buoyant particles. The stability analysis for neutrally buoyant parti-
cles showed that particles affect the flow most when the stability Stokes number
is of order one. To reach this number, the particles have to have a diameter of
1-10% of the channel height. The numerical code by Breugem (2010) models
such particles using the Immersed Boundary Method. Because both the parti-
cles and the volume fraction of particles is large, a collision model is present to
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account for the particle-particle and particle-wall interactions.
Experiments will be performed in the same set-up as Mans (2007) has per-
formed stability experiments several years ago. Instead of channel flow inves-
tigated in this thesis, a boundary layer flow is considered where we investigate
bypass transition. Two examples of breakdown scenarios as observed by Mans
(2007) are given in Figure 5.1. To investigate the effect on transition of a
boundary layer flow, we will insert (almost) neutrally buoyant particles into
the flow with size of 1-10% of the boundary layer thickness. One might think
of changes to the distance from the leading edge where such breakdown occurs,
or how particles influence the transition scenario: do particles change some-
thing to the sinuous and varicose modes? Some difficulties that we have to
overcome are the injection of the particles into the flow to have a homogeneous
distribution in the boundary layer.
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Figure 5.1: Examples of two breakdown scenarios as observed by Mans (2007).
A sinuous instability mode and a varicose mode.
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