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Abstract

We give a general introduction to physics, in particular the physics of the Standard
Model (SM). Next we discuss one of the problems the SM faces, that of accommo-
dating the neutrino masses. We discuss the concept of radiative mechanisms. Then
we study three particular such models in depth.

The first is a model due to Ma which introduces three neutrino singlets and one
scalar doublet on top of the SM particle content. We discuss the different neutrino
masses that this model can hold. It is found that only case of normal hierarchy
among the neutrinos is allowed in this model. We also discuss several observable
quantities currently being searched for in experiments, and their relation to this
model

The second model is due to Zee and Babu, and is commonly known as the
Zee–Babu model. This model adds two electrically charged scalar particles to the
SM. We find that this model can describe both the inverted hierarchy and normal
hierarchy. The previously mentioned observable quantities are once again discussed,
but with this model in mind.

Finally we discuss a model which accounts for the neutrino masses by assuming
that there exists a fourth generation of leptons. It is found that this framework is
insufficient to describe the observed neutrino masses.

Key words: Radiative mechanisms, scotogenic model, Zee–Babu model, fourth
generation of leptons

Sammanfattning

Vi ger en allmän introduktion till fysik, speciellt till fysiken i Standardmodel-
len (SM). Vi fortsätter med att diskutera ett av problemen som SM st̊ar inför,
nämligen att beskriva neutrinomassorna. Vi diskuterar begreppet radiativa meka-
nismer. Därefter studerar vi tre modeller av denna typ ing̊aende.

Den första modellen är en modell av Ma som introducerar tre neutrino singlet-
ter och en skalär dubblett utöver de partiklar SM inneh̊aller. Vi diskuterar de olika
neutrinomassor som denna modell kan beskriva. Vi finner att bara fallet d̊a neutri-
nomassorna följer normal hierarki kan beskrivas av denna modell. Fortsättningsvis
diskuterar vi flera observerbara storheter, som nuvarande experiment undersöker,
och deras relation till denna modell.

Den andra modellen är en modell av Zee och Babu, och kallas vanligen för Zee–
Babu modellen. Denna modell lägger till tv̊a elektriskt laddade skalära partiklar
till SM. Vi finner att denna modell kan beskriva b̊ade fallen inverterad hierarki och
normal hierarki. De tidigare nämnda observerbara storheterna diskuteras återigen,
men nu med denna modell i åtanke.
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iv Sammanfattning

Slutligen diskuteras en modell som beskriver neutrinomassorna genom antagan-
det att det finns en fjärde generation av leptoner. Vi finner att detta ramverk inte
är tillräckligt för att beskriva de observerade neutrinomassorna.

Nyckelord: Radiativa mekanismer, skotogenisk model, Zee–Babu modellen, fjärde
generation av leptoner



Preface

This thesis in the field of theoretical particle physics is the product of my work at
the Department of Theoretical Physics at the Royal Institute of Technology (KTH)
during the period of January 2011 to September 2011. The topic of this thesis is
neutrino physics. In particular, we discuss how one can accommodate for the mass
of the neutrinos within various extensions of the Standard Model (SM). We will
study a class of models known as radiative models in depth. These are models
where the neutrino mass is generated as a small higher-order quantum correction,
unlike the other particles whose masses come from the Higgs mechanism.

Overview of the thesis

This thesis is structured as follows: In Ch. 1 we give a general introduction to
physics, and in particular to particle physics. In Ch. 2 the physics of the SM is
introduced. The problems that the SM faces are briefly reviewed, and we emphasize
the issue that this thesis will tackle: Namely that of incorporating the masses of
the neutrinos in a theoretical framework. The concept of radiative mechanisms is
introduced and discussed.

In Ch. 3 we proceed to investigate our first radiative model. This model is
due to Ma, and provides a relatively minimal extension of the SM while giving a
natural framework for describing the neutrino masses. In addition we discuss the
implications of this model, and how they relate to current and future experiments.

In Ch. 4 we study the Zee–Babu model. We discuss the similarities and dif-
ferences between this model and the model due to Ma. We find that one of the
neutrinos in this model can be massless which pushes the effective mass in neutri-
noless double beta decay far below the corresponding limit in the Ma-model.

In Ch. 5 we discuss a framework where one assumes that the neutrino mass
can be accounted for by adding a fourth generation of leptons. We find that this
framework cannot describe the observed neutrino spectrum.

Finally, the thesis is concluded in Ch. 6 where the thesis is summarized and
conclusions are drawn.
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vi Preface

Notations and conventions

We will in this thesis employ the Einstein summation convention, i.e. repeated
indices are summed over. Natural units will be used unless otherwise stated, i.e.
we shall set ~ = c = 1.

In addition we shall use the following sign convention on the metric tensor (gµν):

(gµν) = diag (1,−1,−1,−1) (1)
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Chapter 1

Introduction

An anecdote, famously retold in Stephen Hawking’s A Brief History of Time [1],
speaks of a famous scientist giving a public lecture on astronomy. The scientist
described the orbit of the Earth around the Sun, and how the Sun in turn moves
around the center of our galaxy and so forth. At the end of the scientists lecture, a
little old lady in the back stands up and speaks. “Everything you have told us so
far is false. The world is in fact flat and is supported on the back of a giant turtle”,
said the lady. The scientist, feeling superior, smiled and quipped “And what, may
I ask, supports the turtle?” “You’re very clever”, said the lady. “But it’s turtles
all the way down!”

We may laugh at the silliness of the old lady’s theory, but still it shines a light
on several central aspects of science and scientific thinking. Among these aspects
are the concepts of model building and falsifiability. We know the above stated
model to be wrong, but how do we know this? We know because it offers us a
falsifiable prediction. We can (at least with current technology) venture out into
space and observe the absence of turtles and the oblate spherical shape of the
Earth. The concept of falsifiability is central to physics, and indeed all science as
was emphasized in the early 1900s by Karl Popper [2].

Another central tenet of modern science is the principle of Occam’s razor. What
this principle states is that among many possible theories describing the same phe-
nomena, we should choose the simplest one. What this means in practice is that
if there are competing theories describing the same data, we should tend to accept
the one that imposes the fewest new assumptions.

These ideas combined give an idea of the work of a physicist, in particular of a
theoretical physicist. The work performed in theoretical physics strives to build and
analyze models of Nature according to these fundamental philosophical principles.
The language of theoretical physics is mathematics. All models are, when it boils
down to absolute fundamentals, really not much more than a few assumptions and
their logical consequences. The fact that mathematics works so well in describing
Nature is nothing that we could possibly expect a priori. The famous theoretical
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2 Chapter 1. Introduction

physicist Eugene Wigner wrote an article on this subject titled The Unreasonable
Effectiveness of Mathematics in the Natural Sciences, in which he concludes [3]:

The miracle of the appropriateness of the language of mathematics for
the formulation of the laws of physics is a wonderful gift which we neither
understand nor deserve. We should be grateful for it and hope that it
will remain valid in future research and that it will extend, for better or
for worse, to our pleasure, even though perhaps also to our bafflement,
to wide branches of learning.

The work performed in physics must of course in the end produce some predic-
tions, and as previously emphasized, these predictions should be falsifiable. This
is where the other important part of fundamental physics enters, namely exper-
imental physics. Experimental physics has a slightly different goal than that of
theoretical physics. Its aim is to test the existing theories against Nature to see
which hold up. In the end it does not matter how beautifully elegant a theory is,
or which wonderful predictions it makes. If it does not match experiments, it must
be wrong.

In relation to this, it is important to realize that a physicist cannot rigorously
prove any universal truths about Nature. The best a physicist can do is to make as-
sumptions, typically called postulates, and to prove statements within a framework
where these postulates are true. Such postulates are often motivated by empirical
evidence. They do, just as everything else in science, have to stand the test of time.
If future experiments prove them wrong, then they have to be modified to fit the
new data. There are several examples in the history of physics where a classical pos-
tulate has been replaced by modern developments. Perhaps the most famous such
instance was the replacement of Newton’s inverse square law of gravitation with
Einstein’s general theory of relativity as the fundamental theory of gravitation.

This does not mean that Newton’s model of gravitation was wrong, however.
It just means that it has a limited range of applicability, as does every model in
physics. Inside the classical range of low velocities (compared to the speed of light)
and small masses (compared to astronomical objects) it was in fact a remarkably
good theory. Even the theory of general relativity is expected to be replaced by a
more fundamental quantum theory of gravitation.

It should be pointed out though that physics offers us no explanation of why
Nature behaves the way it does. It merely gives us a description of how it works.
Questions concerning why Nature looks the way it does are best left to philosophers.

Theoretical physics is a broad subject with many subcategories. This thesis is a
work in a particular subcategory of theoretical physics known as phenomenology of
elementary particle physics. Phenomenology, in this respect, is the act of relating
theory to experiment. What is considered an elementary particle is not set in stone.
It is simply defined as a particle which has no known constituents.

A central problem of theoretical physics has always been to describe matter at
the most fundamental level. This began already in ancient Greece where philoso-
phers for the first time put forward the idea that matter could not be infinitely
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divided into tinier and tinier pieces, but in fact consisted of indivisible “atoms”.
The view that matter consisted of atoms remained controversial until the observa-
tion of phenomena such as Brownian motion, whose simplest descriptions concluded
that matter must consist of atoms.

A natural question would then be “what, if anything, does the atom consist of?”
Today, with great help from classical experiments such as Rutherford’s scattering
experiment and modern particle accelerators such as the Large Hadron Collider
(LHC) at CERN, the Tevatron at Fermilab, and many more, we know that the
atoms consist of a core with the electrically positive protons and neutral neutrons
with an outer “shell” of negatively charged electrons. The protons and neutrons
were once thought of as elementary particles, but we have observed that they in
fact consist of three quarks each. As of today no substructure has been found for
the electron, so it is still considered elementary.

Physics has a history of synthesizing many phenomena into a few theories.
Among the many unifications in history, a particularly important one was the uni-
fication of magnetism and electricity into the theory of electromagnetism in the
late 1800’s by James Clerk Maxwell. This theory was later unified by Glashow,
Weinberg, and Salam with the weak interaction, i.e., the force responsible for ra-
dioactive decay. There is another fundamental interaction in Nature, the so-called
strong interaction. The strong interaction is the force that binds the protons and
neutrons in nuclei to form a stable core, and on a more fundamental level it is the
force that binds the quarks together inside the protons and neutrons.

These three forces, the electroweak, the strong, and the gravitational ones, are
the only known forces in Nature. One of the most ambitious and long standing
goals of physics has been to describe all matter in a single unified theory. Such a
theory is normally given the title of, perhaps somewhat tongue-in-cheek, a Theory
of Everything (ToE). Today we have no such theory although a few yet-to-be-
confirmed candidates such as string theory [4] and loop quantum gravity [5] exist.

The most fundamental working theory of elementary particle physics we have
found is the Standard Model (SM), which is one of the most successful theories
of all time. This theory combines the electroweak and strong forces into a unified
framework. The accuracy to which Quantum Electrodynamics (QED), which is a
part of the SM, predicts observables is remarkable. The agreement between theory
and experiments in QED is better than one part in one billion, which would be
analogous to measuring the distance from New York to Los Angeles to within the
width of a human hair [6]. In addition, the SM has predicted the existence of
several new particles which at the time were unknown. All of these particles with
the exception of the Higgs boson have been discovered at different experiments,
most recently the tau neutrino in the year 2000 [7].

Successful as though the SM might be, it still has flaws. The most obvious one
is that it makes no reference to gravity. This is because gravity is so many orders of
magnitude weaker than all the other forces at the distances one studies elementary
particles. This makes it nearly impossible to observe which, if any, quantum effects
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gravity has. Because of that the SM cannot be considered a ToE. In addition to
this, there are other problems with the theory.

One of the most famous flaws is the failure of the SM to account for the so-
called Dark Matter (DM) observed in the Universe. It is known today, e.g. from
cosmological observations made by probes such as WMAP, that the baryonic matter
content (i.e. that which is described by the SM) makes up just more than 4 % of
the mass-energy density in the Universe [8]. The rest comes from DM and Dark
Energy, neither of which we have a conventional description of within the SM.

This thesis will focus on one problem in particular. There is a type of particles
known as neutrinos. They are weakly interacting and nearly massless. The problem
lies in the word “nearly” in the previous sentence. When the SM was developed
we did not know that neutrinos had masses, and as such they were embedded
into the model as massless particles. We do know now from neutrino oscillation
experiments [9–11], however, that neutrinos have non-zero masses, and the question
is how to expand the SM to account for this fact. There are many different models
that accomplish the same thing.

At present there is a large number of models collectively known as Beyond-the-
SM models. Among these are the very popular theories of supersymmetry [12] and
the previously mentioned string theory and loop quantum gravity, although any
theory addressing an issue of the SM is technically a beyond-the-SM theory. The
main problem in the construction of these theories today is the lack of experimental
data.

In order to access the incredibly small distance scales necessary to probe these
issues one needs high energies. In fact, just high energies is not enough because we
need to concentrate this energy on colliding particles in particle accelerators. To
give an idea of the energy densities involved, a proton at the LHC at CERN has
roughly the same kinetic energy as a flying mosquito which has a mass on the order
of 1023 proton masses.

In this thesis we will examine a particular class of beyond-the-SM models. This
class deals with the aforementioned issue on how to incorporate the masses of the
neutrinos in the SM. There are many interesting issues pertaining to neutrinos. The
most important one lies in describing the huge (at least five orders of magnitude)
difference in the neutrino masses and the next-to-lightest particle masses in the SM.
Because of this huge discrepancy in mass, it is commonly thought that the origin of
the neutrino masses is different from the origin of the other fermion masses in the
SM. We will in this thesis study properties of beyond-the-SM models that tackle
this problem and offer a framework for resolving the issue.



Chapter 2

The Standard Model

In this chapter we will review some basic properties of the Standard Model. A few
problems of the SM will be discussed, with the primary focus being the problems
concerning the recently discovered mass of the neutrinos [9–11]. We will discuss
different types of extensions to the SM that could potentially solve these problems.
In particular, in this thesis, we will review the idea that the reason the neutrino
masses are so small in comparison with the other massive particles in the SM comes
from them being zero to lowest order in perturbation theory, and only receiving
small higher-order corrections. For a more thorough introduction we direct the
reader to any of the existing reviews on the SM, such as Ref. [13].

2.1 The Standard Model

The Standard Model is at the moment our most fundamental working theory of
Nature. It describes Nature in terms of interacting elementary particles. It pro-
vides a unified description of three fundamental forces of Nature, namely the strong
interaction, the weak interaction, and the electromagnetic interactions. Through-
out the 1970’s and on, there has been an overwhelming amount of experimental
evidence gathered to support the theory. Perhaps the most important predictions
of the theory, later verified by experiments, are the existence of massive W and
Z gauge bosons propagating the weak force. The masses of these particles were
also predicted by the SM and found to be in extremely good agreement with the
measured values.

However, as mentioned in the introduction, not all is well with the SM. These
issues will be further delved into later on, but one can already at this point note that
the SM does not make any reference at all to gravity. Fundamentally, this stems
from the fact that gravity is so many orders of magnitude weaker than all other
forces, which makes it essentially impossible to observe it at the level of fundamental
particles. Other issues of the SM are the existence of DM in the Universe for which
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6 Chapter 2. The Standard Model

we have no conventional description, the hierarchy problem, and the problem of
neutrino masses which will be the focus of this thesis.

The particle content of the Standard Model is organized in three categories.
These are the scalar particles, the fermions, and the gauge/vector bosons. There
is only one scalar particle in the SM – the famous yet-undiscovered Higgs boson,
which has spin 0. The fermions all have spin 1

2 , and can be further subdivided into
two groups. These are the quarks and the leptons. These groups are arranged in
three families, or flavours. The quarks are

(

u
d

) (

c
s

) (

t
b

)

, (2.1)

and the leptons are
(

νe
e

) (

νµ
µ

) (

ντ
τ

)

. (2.2)

In addition to these fermions there are also their corresponding anti-particles, with
the possible exception of the neutrinos which might be their own anti-particles.

The final type of particles included in the SM are the gauge bosons, which have
spin 1. These particles are the force carriers of the SM. They correspond to the
generators of the SM gauge group, i.e. SU(3)C × SU(2)L × U(1)Y. The group
SU(3)C is the gauge group for the strong interaction. It has eight generators, and
as such the strong force has eight force carriers collectively known as the gluons,
all of which are massless.

The part SU(2)L × U(1)Y of the SM gauge group describes the electroweak
interaction, which is the unification of the electromagnetic and weak force into one
unified interaction. The group SU(2)L has three generators and the group U(1)Y
has one generator. Therefore the electroweak force has four force carriers. These
are the three massive gauge bosons that carry the weak force, i.e. the W±- and
Z-bosons. The last force carrier is one of the most well-known particles in all of
the SM – the photon, carrier of the electromagnetic force. The masses of the W±-
and the Z-bosons, along with the masses of all the fermions possibly except for the
neutrinos, come from the Higgs mechanism [14–16].

It should be noted that gravity can be described, in some sense, in terms of
particles. Feynman showed that, within the framework of Quantum Field Theory
(QFT), a hypothetical spin-2 particle known as the graviton would give rise to the
same field equations as Einstein’s theory of general relativity. However, extending
the SM to include the graviton introduces non-renormalizability of the theory, which
is very non-desirable.

2.2 Masses of the fermions

In this section we will review how to generate masses of the fermions within the
framework of the SM. We will show that one can, in principle, use the same mech-
anism to generate masses for the neutrinos but that it is unsatisfactory to do so.
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We will also review the so-called seesaw mechanism which provides a much more
natural framework for describing the size of the neutrino mass.

2.2.1 Quantum Field Theory

In order to better understand how the masses are generated in the SM we will
here briefly review the relevant aspects of QFTs, of which the SM is a paradigm
example.

In a QFT, all particles correspond to excitations of fields; to every particle there
exists a corresponding field. Modern field theories are typically described in terms
of the Lagrangian formalism. The fundamental quantity in such a theory is the
action S which can be written as an integral over the Lagrangian density L:

S =

∫

d4x L. (2.3)

The Lagrangian density (Lagrangian for short) is typically a function of the fields,
their derivatives, and of the spacetime coordinates. In order to make the connection
to physics, one applies the principle of least action. This principle tells us that the
equations of motion governing the system described by a Lagrangian L are obtained
by requiring δS = 0. This leads to the famous set of equations known as the Euler–
Lagrange equations:

∂µ

[

δL
δ (∂µφ)

]

− δL
δφ

= 0, (2.4)

where φ denotes the field in question. If the Lagrangian is a function of more than
one field, then there is a corresponding equation for each field.

There are numerous advantages of using this approach in a field theory. One
of the most important advantages is that, by Noether’s theorem, it is very easy to
identify conserved quantities in a theory described by a Lagrangian obeying some
symmetries. It also provides a very natural setting for quantizing a classical field
theory.

2.2.2 The Dirac mass term

We now turn to the field equation describing the behaviour of fermions, namely the
Dirac equation,

(iγµ∂µ −m)ψ(x) = 0, (2.5)

where m is the mass of the particle, ψ(x) is the spinor field, and γµ are the Dirac
gamma matrices satisfying the following properties:

{γµ, γν} = γµγν + γνγµ = 2gµν1 (Clifford algebra)

(

γ0
)2

= 1,
(

γk
)2

= −1, k = 1, 2, 3, (2.6)
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where 1 is the four-dimensional unit matrix, and the Minkowski metric gµν is chosen
with the sign convention (gµν) = diag(1,−1,−1,−1). The Lagrangian correspond-
ing to the Dirac equation is

L = ψ (iγµ∂µ −m)ψ, (2.7)

where ψ = ψ†γ0 is the Dirac adjoint of the spinor ψ.
We now define three new operators from the gamma matrices. The first one is

γ5 = iγ0γ1γ2γ3, and the second and third ones are the projection operators

PL =
1− γ5

2
, PR =

1+ γ5

2
. (2.8)

These operators project the Dirac spinor ψ on its left- and right-handed chiral
components, i.e. PLψ = ψL and PRψ = ψR. From this it can be easily seen that
ψ = ψL + ψR. Using this fact we can rewrite the mass term of Eq. (2.7) in terms
of the chiral components ψL and ψR,

LDirac
mass = −mψψ = −m

(

ψLψR + ψRψL

)

. (2.9)

This shows that a Dirac mass term couples the left-handed components of the
fermion field to the right-handed counterparts, and vice versa.

There is a problem with this mass term in the context of the SM though. Since it
is not a singlet under the SM gauge group, it is not gauge invariant meaning it would
be forbidden in the SM. This is a problem for all fermion fields. The resolution of
this problem lies in the Higgs mechanism. A way to give masses to the fermions
is through Yukawa couplings to the Higgs field. This field is constructed in such a
way that the Yukawa couplings with this field and the fermions are singlets under
the SM gauge group, and as such are allowed. A typical such singlet term would
look like

LYukawa = −G
(

ψLφψR +H.c
)

, (2.10)

where G is the Yukawa coupling constant and φ is the Higgs field. Through the
mechanism of spontaneous symmetry breaking, in which the electroweak gauge
group SU(2)L ×U(1)Y is broken down to the electromagnetic gauge group U(1)em,
the Higgs field acquires a non-vanishing Vacuum Expectation Value (VEV) v and
produces mass terms for the fermions. For example for the up quark this term looks
like

LYukawa = −Gv (uLuR + uRuL) + interaction terms, (2.11)

where u is the up-quark field. All the SM fermions except for the neutrino obtain
their masses from this mechanism. In the SM there are no right-handed neutrinos,
which means that a term such as this cannot exist for neutrinos. As such, within
the SM, the neutrinos are massless.

One simple way to generate neutrino masses would be to simply insert right-
handed neutrino fields into the SM. This is, however, very unsatisfactory for a
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number of reasons. It is seen most easily by comparing the relative strengths of
the Yukawa couplings, supposing the neutrinos of the SM were supplemented to
have both right- and left-handed fields. Suppose we want to compare the Yukawa
coupling of the electron (the lightest of the SM fermions) to the would-be couplings
of the neutrinos. The electron has a mass of approximately me ≈ 0.5 MeV, while
the current upper bounds on the neutrino masses are of the order ofmν < O(1) eV.
We thus find that the couplings for the neutrinos would have to be at least five orders
of magnitude smaller. The question is whether this really is a problem, because
after all the Yukawa coupling constant for the electron is also small when compared
to the corresponding constant for the top-quark.

The problem is that the masses of all fermions within the respective generations
are all within one or two orders of magnitude of each other. Including neutrinos in
this manner leads to huge differences within each generation.

2.2.3 The Majorana mass term

Apart from the possibility that the neutrinos are Dirac fermions, there exists the
interesting possibility that they might belong to a class of particles known as Ma-
jorana fermions. In order to define this type of particles, we need to define the
particle-antiparticle conjugation operator Ĉ. The action of this operator on a
fermion field is defined by

Ĉ : ψ → ψc = Cψ
T
, C = iγ2γ0, (2.12)

where T denotes the transpose. The matrix C has the properties

C† = CT = C−1 = −C, CγµC
−1 = −γTµ . (2.13)

One can show that, using the commutation relations of the Dirac γ matrices, when
acting on a chiral field the operator Ĉ flips its chirality:

Ĉ : ψL → (ψL)
c
= (ψc)R , ψR → (ψR)

c
= (ψc)L , (2.14)

meaning that the antiparticle of a right-handed fermion is left-handed.
We can now turn to a discussion of the Majorana mass term. We know that

a fermion mass term in the Lagrangian has the general form of Eq. (2.9). The
case of a Dirac mass term occurs when the two components ψL and ψR of the
fermion field ψ = ψL + ψR are independent of each other. However, there is also
the possibility that the right-handed field is just the Ĉ-conjugate of the left-handed
field, i.e. ψR = (ψL)

c
= (ψc)R. We find that

ψ = ψL + η (ψc)R = ψL + η (ψL)
c
, (2.15)

where we have included an arbitrary phase factor η. This is now a Majorana field;
one can construct it with just one so-called Weyl field ψL as opposed to the Dirac
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field which needs two such fields, i.e. ψL and ψR. From Eq. (2.15) we find that the
Ĉ- conjugate field coincides with itself up to the phase factor η:

ψc = η∗ψ. (2.16)

From this equation we can conclude that Majorana particles coincide with their
antiparticles, which in turn means that Majorana particles have only half as many
degrees of freedom as Dirac particles. We are now ready to write down the Majorana
mass term:

L =
1

2

[

(ψL)
c
MψL + ψLM

†(ψL)
c
]

=
1

2

(

ψT
LCMψL +H.c.

)

, (2.17)

where M is an n × n symmetric mass matrix. Note that this term breaks lepton
number. This is not really unexpected. If there are Majorana particles then a
quantum number such as lepton number would not make sense since Majorana
particles are equal to their antiparticles.

An important question remains though: Which particles of the SM can, in
principle, be Majorana? This is most easily answered by looking at Eq. (2.17) and
comparing it to Eq. (2.9). The Dirac mass term ψψ is invariant under any U(1)
transformation, i.e. the transformation

ψ → eiαψ, ψ → ψe−iα (2.18)

leaves the Dirac mass term unchanged. This means that the Dirac mass term
exactly conserves any corresponding charges, such as electric charge, lepton number
etc. It follows from Eq. (2.17) that the Majorana mass term on the other hand
breaks all U(1) charges by two units. In particular this means, since electric charge
is exactly conserved, that no electrically charged particle can have a Majorana
mass. Out of all the fermions in the SM only the neutrinos are electrically neutral,
therefore within the SM only neutrinos can have a Majorana mass.

2.3 Moving beyond the Standard Model

The existence of neutrino masses, verified by neutrino oscillation experiments such
as Super-Kamiokande [9], SNO [10], and KamLAND [11] is the first evidence of
physics beyond the SM. In order to accommodate for this fact, we must somehow
extend the SM. How this is performed is largely unknown, due to the difficulty of
observing neutrinos. We shall in this section briefly present the seesaw mechanism,
which is a very well-known way to generate a small neutrino mass, before in the
next chapters starting our exploration of radiative models. The exact meaning of
this term will be discussed shortly.

2.3.1 The seesaw mechanism

The most well known beyond-the-SM mechanism which generates small neutrino
masses is the so-called seesaw mechanism [17–21]. It provides a very simple and
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attractive framework for describing the smallness of the neutrino masses. It achieves
this by linking the small masses mν to the existence of a very large energy scale
beyond the SM.

We begin by introducing a right-handed neutrino νR. This is an electroweak
singlet, so its mass is not protected by electroweak symmetry. Therefore, there are
natural reasons to assume that it is larger than the electroweak mass scale of order
v = 174 GeV. With the newly added right-handed neutrinos we can have both a
Dirac mass term and a Majorana mass term. The most general expression is then,
with all three generations included:

Lm = −νRmDνL − 1

2
νRmR(νR)

c +H.c., (2.19)

where mD is the Dirac mass matrix and mR is the Majorana mass matrix. There is
no Majorana mass term for the left-handed leptons, since such a term would break
gauge invariance. The Lagrangian in Eq. (2.19) can be recast in the form

Lm = −1

2
ΨcMΨ, (2.20)

where

Ψ =

(

νL
(νR)

c

)

and M =

(

0 mT
D

mD mR

)

. (2.21)

The actual observable masses of this theory are then the eigenvalues of the matrix
M . If we assume, as previously mentioned, that mR ≫ mD, then one finds three
light neutrinos of mass mDm

−1
R mT

D and three heavy neutrinos of approximate mass
mR. These preceding formulas are the central expressions in the seesaw mechanism,
and they also provide a nice explanation for the name seesaw: We can see that
increasing the scale of mR leads to a smaller neutrino mass, while decreasing it
would increase the neutrino mass. It should be mentioned though that there exists
virtually no clue as to what this beyond-the-SM mass scale might be, meaning that
mR is essentially unconstrained.

We shall not go deeper into the standard version of the seesaw mechanism, as
this is not necessary for the rest of this thesis. In the following, we shall focus on
models that put forward the idea that neutrino masses are radiative in origin.

2.4 Why radiative models?

A question that is highly relevant for this work is why it is interesting to study
radiative models and in particular why they are important for neutrinos and not
for other particles.

First of all, what is a radiative model? There is not one defining property, but
it is more of a broad class of beyond-the-SM models. As we have stated in the
introduction, we will in this thesis examine models in which neutrinos are massless
to first order in perturbation theory but obtain small quantum corrections from
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higher orders. What this means technically is that the first contributions to the
masses of the neutrinos come from Feynman diagrams with one or more loops.

The reason that these types of models are interesting for neutrinos and not
so much for other particles comes from the fact that the other particles obtain
their masses from the Higgs mechanism in the SM. The large hierarchy between
the masses of the neutrinos and the other SM particles is typically believed, as
was emphasized earlier, to indicate that neutrino masses have some other origin.
One such origin is precisely radiative models. They typically provide a relatively
minimal extension of the SM while giving a natural framework for describing the
relative smallness of the neutrino masses.

How about the photons and gluons? They are exactly massless in the SM, but
why is the field of “radiative photon or gluon mass” non-existent? The reason for
this is that the gauge symmetry of the SM protects them from obtaining masses,
and this result holds to all orders in perturbation theory. The corresponding result
does not hold for neutrinos so there is no reason to exclude this type of mass
generation for them.

Another reason to examine this class of models is that one would like to find
common and distinguishing features between them. Supposing that we would in
some future experiment detect some observable directly related to the neutrino mass
(one example of such an observable is the effective mass in neutrinoless double beta
decay, which we will discuss in more detail in the following chapter). We would like
to use this observation to rule out models thus narrowing down the field.

In the following we will examine three such models that attempt to answer the
question of the masses of the neutrinos by a radiative generation mechanism.



Chapter 3

Ma’s scotogenic model of

radiative neutrino mass

As of today, two of the outstanding unsolved issues in particle physics and cosmol-
ogy are accounting for the neutrino masses and the existence of DM in the Universe.
Several solutions of these problems have been proposed, such as supersymmetric
extensions of the SM, extra dimensions, and many more. In this chapter we will fo-
cus on one model in particular, namely Ma’s scotogenic model of radiative neutrino
masses, which gives masses to neutrinos at one-loop level and yields two possible
DM candidates [22].

3.1 The model

In 1979, Weinberg showed [23] that in the minimal Standard Model, there only
exists one effective dimension-five operator namely

1

2

(

lLφ
)

κ
(

φT lcL
)

+H.c., (3.1)

where lL is the left-handed lepton doublet, φ is the SM Higgs doublet, and κ is
a 3 × 3 matrix having dimensions of inverse mass. This operator will lead to a
Majorana mass term for the light neutrinos. In some sense different models for
the neutrino masses are just different realizations of this operator. As previously
stated, we shall consider one realization in particular.

We consider the following extension of the SM. We begin by extending the SM
gauge group by a global Z2 symmetry, i.e. SU(2)L×U(1)Y → SU(2)L×U(1)Y×Z2.
We assume that all the SM particles are even under Z2 transformations (i.e. they
have positive Z2 parity), and all new particles have odd (negative) Z2 parity. We

13
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shall add a scalar doublet η and three heavy neutrino singlets Ni. Thus, under
SU(2)L ×U(1)Y × Z2 transformations the particle content is

(νi, li) ∼ (2,−1/2;+), lci ∼ (1, 1;+), Ni ∼ (1, 0;−),

(φ+, φ0) ∼ (2, 1/2;+), (η+, η0) ∼ (2, 1/2;−). (3.2)

Note that the Z2-symmetry is assumed to be exact, so the second scalar doublet
does not acquire a VEV. Because of the exact conservation of Z2, any tree-level
neutrino mass terms will be strictly forbidden. This can be seen if we look at the
usual Yukawa term νLYνvN + H.c., where νL is a left-handed neutrino, and Yν is
its Yukawa coupling to the Higgs VEV v. This would give masses to the neutrinos
at tree-level had it not been for the assumed Z2 symmetry under which this term
is odd, i.e. forbidden. The first allowed terms occur at one-loop level, as illustrated
in Fig. 3.1.

φ0 φ0

η0η0

Nkνi νj

k k

3

1 2

p-kp p

Figure 3.1. One-loop generation of neutrino mass in the scotogenic model with
external momentum p and internal momentum k.

The leptonic Yukawa interactions induced by the new Higgs doublet are given by

LY = hij
(

NjPLνiη
0 −NjPLliη

+
)

+H.c, (3.3)

where the Yukawa couplings are assumed to be real. In addition, there is a Majorana
mass term for the added neutrinos:

1

2
MiN c

iNi +H.c. (3.4)
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The most general, renormalizable Higgs potential of this model can be written
as

V = m2
1Φ

†Φ+m2
2η

†η +
1

2
λ1(Φ

†Φ)2 +
1

2
λ2(η

†η)2 + λ3(Φ
†Φ)(η†η)

+ λ4(Φ
†η)(η†Φ) +

1

2
λ5[(Φ

†η)2 +H.c.]. (3.5)

For m2
1 < 0 and m2

2 > 0 only φ0 acquires a VEV, which means that Eq. (3.3) does
not induce a tree-level mass term. Instead neutrino masses are generated at one
loop, as illustrated in Fig. 3.1.

We now define η0 = (ηR + iηI)/
√
2, and insert this into Eq. (3.5) to obtain the

masses of the resulting physical bosons (i.e. the mass eigenstates) with the follow-
ing masses:

m2(
√
2Reφ0) = 2λ1v

2 ≡ m2
φ0 , (3.6)

m2(η±) = m2
2 + λ3v

2 ≡ m2
η, (3.7)

m2(
√
2Reη0) = m2

2 + (λ3 + λ4 + λ5)v
2 ≡ m2

R, (3.8)

m2(
√
2Imη0) = m2

2 + (λ3 + λ4 − λ5)v
2 ≡ m2

I . (3.9)

We now demonstrate how the one-loop radiative neutrino mass is obtained from
the Feynman diagram in Fig. 3.1:

• At the first vertex, we have the interaction hikNkPLνiη
0 from Eq. (3.3).

• Similarly at the second vertex, we have the interaction hjk
(

NkPLνjη
0
)T

.

• At the third vertex, we have the quartic interaction 1
2λ5(Φ

†η)2.

• We have an undetermined four-momentum k that has to be integrated over.
There will be partial cancellation between the contribution of ηR and ηI and
it is precisely this cancellation that removes the ultraviolet divergence of the
resulting integral.

We find that the resulting mass matrix of the Feynman diagram in Fig. 3.1 is

(Mν)ij =
1

4

∑

k

hikhjkIk, (3.10)

where Ik is the loop integral. To calculate it, we divide the integral in two parts,
where one contribution is due to the real part of η0 (call it IR) and the other
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contribution is due to the imaginary part of η0 (call it II). The momentum integral
is then simply Ik = IR + II. We begin by calculating IR.

IR =

∫

d4k

(2π)4
i

k2 −m2
R

i(/p− /k) + iMk

(p− k)2 −M2
k

, (3.11)

where Mk are the Majorana masses of the non-SM neutrinos. This integral can be
considerably simplified by noting that we can set the external momentum to zero
and that the part of the integral containing /k will integrate to zero [24]. Keeping
these simplifications in mind, the integral reduces to

IR = −
∫

d4k

(2π)4
1

k2 −m2
R

Mk

k2 −M2
k

. (3.12)

There is just one four-momentum to integrate, so we introduce the Feynman pa-
rameter x, and arrive at the following equalities

1

(k2 −m2
R)

1

(k2 −M2
k )

=

∫ 1

0

dx
1

[xk2 − xm2
R + (1− x)(k2 −M2

k )]
2

=

∫ 1

0

dx

[k2 + (M2
k −m2

R)x −M2
k ]

2 , (3.13)

where the integrand is of the form 1
(k2−∆)n with n = 2 and ∆ = −(M2

k−m2
R)x+M

2
k .

Inserting this in the integral yields

IR = −
∫ 1

0

dx

∫

d4k

(2π)4
1

(k2 −∆)2
. (3.14)

Concentrating on the k-integration, we perform aWick rotation (i.e. we set k0 = ik0E
and k = kE) and introduce four-dimensional polar coordinates to obtain

IR = −
∫ 1

0

dx

∫

d4k

(2π)4
1

(k2 −∆)2
= − i

(2π)4

∫ 1

0

dx

∫

Ω

dΩ

∫ ∞

0

k3E
(k2E −∆)2

dkE

= − i

16π2

∫ 1

0

dx

[

∆

∆+ k2E
+ ln

(

∆+ k2E
)

]∞

0

.

(3.15)

We note that this integral is ultraviolet divergent. However, as promised earlier,
this divergence will cancel due to contributions by the imaginary component of
η0. We note that the integral II will have a relative minus-sign to IR since the
contribution of iηI which when squared will give a relative sign. It is otherwise
obtainable from the above calculations by simply replacing mR by mI. We thus
find that
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Ik = IR + II = − i

16π2

∫ 1

0

dx

[

∆R

∆R + k2E
+ ln

(

∆R + k2E
)

]∞

0

+
i

16π2

∫ 1

0

dx

[

∆I

∆I + k2E
+ ln

(

∆I + k2E
)

]∞

0

= − i

16π2

∫ 1

0

dx ln

(

∆R

∆I

)

, (3.16)

where ∆R,I = −(M2
k −m2

R,I)x +M2
k . The phase factor appearing in front of the

integral can be removed by absorbing it in a redefinition of the SM neutrino fields
at a later time. Since we have this freedom, we can remove it right away without
altering any physics. Doing this we find that

Ik =
1

16π2

∫ 1

0

ln

[

(M2
k −m2

R)x−M2
k

(Mk −m2
I )x −M2

k

]

dx. (3.17)

Evaluating this integral with Mathematica and using Eq. (3.10) we see that the
matrix elements of the mass matrix are given by

(Mν)ij =
∑

k

hikhjkMk

16π2

[

m2
R

m2
R −M2

k

ln
m2

R

M2
k

− m2
I

m2
I −M2

k

ln
m2

I

M2
k

]

. (3.18)

It is well-known in particle physics that the matrix that passes from the mass
eigenstate to the flavour eigenstate for neutrinos is the so-called Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [25–27]. This matrix can be parametrized as
follows:

U =





1 0 0
0 c23 s23
0 −s23 c23









c13 0 s13e
−iδ

0 1 0
−s13eiδ 0 c13









c12 s12 0
−s12 c12 0
0 0 1



 diag
(

eiρ, eiσ, 1
)

=





c12c13e
iρ s12c13e

iσ s13e
−iδ

−s12c23eiρ − c12s23s13e
i(δ+ρ) c12c23e

iσ − s12s23s13e
i(δ+σ) s23c13

s12s23e
iρ − c12c23s13e

i(δ+ρ) −c12s23eiσ − s12c23s13e
i(δ+ρ) c23c13



 ,

(3.19)

where sij = sin θij , cij = cos θij , θ12, θ23, and θ13 are the lepton mixing angles.
The quantity δ is the CP-violating Dirac phase, and the other phases σ and ρ are
CP-violating Majorana phases.

We assume that the matrix diagonalizing the mass matrix in Eq. (3.18) is the
PMNS matrix with the assumption that only the angle θ12 ≡ θ is left unfixed, i.e.
θ13 = 0◦ and θ23 = 45◦, which is motivated by the experimental limits on these



18 Chapter 3. Ma’s scotogenic model of radiative neutrino mass

quantities [28]. If in addition to this, we assume that the parameter λ5 is small, we
find the mass eigenvalues [29]

m1 =
∑

k

[

h2ek cos
2(θ) +

1√
2
sin(2θ)hek(hτk − hµk) +

1

2
sin2(θ)(hτk − hµk)

2

]

Λk,

m2 =
∑

k

[

h2ek sin
2(θ)− 1√

2
sin(2θ)hek(hτk − hµk) +

1

2
cos2(θ)(hτk − hµk)

2

]

Λk,

m3 =
1

2

∑

k

[

(hτk + hµk)
2
]

Λk, (3.20)

where Λk = λ5v
2

8π2Mk
I
(

Mk

m0

)

, I(x) = x2

1−x2 [1+
x2

1−x2 ln(x
2)], andm2

0 = m2
η+(λ3+λ4)v

2.

The angle θ is constrained in global fits as 0.27 < sin2(θ) < 0.36 at 3σ [28].
The assumption that λ5 is small can be motivated by the following argument

[30]: The existence of the Feynman diagram in Fig. 3.1 depends on λ5 6= 0. If it
were zero, we could simply assign an additive exactly conserved lepton number of
−1 to

(

η+, η0
)

and 0 to Ni thus forbidding any term that would generate neutrino
masses, leaving the neutrinos massless. Since the neutrinos are not massless, this
means that λ5 is not zero in this model. However, because we must reproduce the
regular SM in the limit of low energies, it is natural to assume that λ5 is small in
comparison with the other dimensionless couplings of the model.

3.2 Constraints on the model

As a result of the interactions in this model, we have to investigate Lepton Flavor
Violating (LFV) processes. These processes are rare in the SM, but in this model
arise as a consequence of the interactions of the leptons and the scalar doublet as
depicted in Fig. 3.2. Since these processes have been very well studied experimen-
tally, the bounds on most LFV processes are very tight. From the fact that we
need to accomodate these tight bounds in any model, we will find constraints on
the Yukawa couplings related to such interactions. Ref. [31] finds [using me ≪ mµ]
that

Br(µ → eγ) =
α

24πG2
F

|∑k h
∗
ekhµk|2
m4

η

< 2.4 · 10−12, (3.21)

where α is the fine-structure constant, GF is the Fermi constant, and the sum runs
over mass eigenstates. The value on the right-hand side is the current experimental
upper bound on this process at 90 % confidence level [32]. This can then be used
to arrive at

∣

∣

∣

∣

∣

∑

k

h∗ekhµk

∣

∣

∣

∣

∣

< 1.84× 10−5
( mη

100 GeV

)2

. (3.22)

In order to derive similar constraints for other Yukawa couplings, we need to use
the general expression for the partial decay width of lα → lβγ due to the particles
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µ e

γη

Nk

Figure 3.2. Diagram giving rise to the LFV process µ → eγ

η± and Nk:

Γ(lα → lβγ) = 2αm3
α

( mα

96π2

)2

∣

∣

∣

∑

k h
∗
βkhαk

∣

∣

∣

2

m4
η

, (3.23)

where lα and lβ are the incoming and outgoing leptons, respectively. In particular,
we want to study the decays τ → µγ and τ → eγ. The branching ratio for these
decays is defined as

Br(τ → lβγ) =
Γ(τ → lβγ)

Γτ,tot
, (3.24)

The total decay width of the tau is Γτ,tot =
~

t
where t is the lifetime of the tau in

seconds. Taking the latest value of t from the Particle Data Group (PDG) we find

Γτ,tot = 2.265 · 10−12 GeV. (3.25)

Eqs. (3.23) and (3.24) can be combined to give

Br(τ → lβγ) =
1

Γτ,tot






2αm3

τ

( mτ

96π2

)2

∣

∣

∣

∑

k h
∗
βkhτk

∣

∣

∣

2

m4
η






. (3.26)

The current experimental limits on these processes are, at 90 % confidence level:

Br(τ → µγ) < 4.4 · 10−8 (3.27)

and
Br(τ → eγ) < 3.3 · 10−8. (3.28)

Inserting these limits, as well as the values of the constants, gives the following
limits on the Yukawa couplings:

∑

k

∣

∣h∗µkhτk
∣

∣ < 5.9 · 10−3
( mη

100 GeV

)2

, (3.29)

and
∑

k

|h∗ekhτk| < 5.1 · 10−3
( mη

100 GeV

)2

. (3.30)
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Note that these bounds are two orders of magnitude weaker than the bound from
µ → eγ, and not three orders as one might naively expect from looking at the
experimental branching ratios. This comes from the fact that the bounds are not
dependent on the branching ratios linearly, but rather on their square roots. An
explanation for why these bounds are weaker than the µ→ eγ bound is that these
processes are much harder to study experimentally due to the short lifetime of the
tau.

By looking at Eq. (3.20), we see that we still need to constrain more Yukawa
couplings in order to find the range of masses allowed by this model. One of the
required bounds can be found by looking at the anomalous magnetic moment of
the muon, aµ, which is obtained from the Feynman diagram in Fig. 3.3. The SM
prediction for aµ has been found to deviate from the experimentally measured value.
This diagram gives a non-SM contribution that will, in this model, contribute to
the anomalous magnetic moment.

µ Nk µ

η+

γ

Figure 3.3. Diagram giving rise to δaµ

This diagram gives the following contribution to the anomalous magnetic mo-
ment [33]:

δaµ = −
∑

k

h2µk
(4π)2

m2
µ

m2
η

F (sNk
), (3.31)

where F (x) = 1−6x+3x2+2x3−6x2 ln x
6(1−x4) , sNk

=
m2

Nk

m2
η
, and the Yukawa couplings have

been assumed to be real. The function F is typically of O(0.1), except in the case of
extremely degenerate masses. This quantity is negative for real Yukawa couplings,
but the deviation from the SM prediction is [34]

δaµ = 255(63)(49) · 10−11, (3.32)

meaning that this particular model, as it stands, cannot account for the discrepancy
in the predicted and measured anomalous magnetic moment of the muon. This
also means that we will not find any concrete experimentally verified bounds on
this Yukawa coupling from this process. It is, however, natural to assume that the
Yukawa couplings belong to the perturbative regime, i.e.

hµk < 4π. (3.33)
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Exchanging the appearance of the muon in the arguments above for the electron or
the tau, we can find similar constraints on their respective couplings. Because no
significant deviation from the SM prediction of the anomalous magnetic moment of
the electron has been found [34] (within experimental limits), we can choose

∑

k

h2ek ≈ 0. (3.34)

The experimental constraints on the anomalous magnetic moment of the tau are
still very weak [34]. This means that we cannot really draw any concrete conclu-
sions (based on experiments) on the Yukawa couplings involved in this model for
calculating the anomalous magnetic moment of the tau. Constraining these Yukawa
couplings to the perturbative regime is, for the same reason as above, however quite
natural:

hτk < 4π. (3.35)

Looking at the mass eigenvalues of Eqs. (3.20), we see that these constraints
are enough to start drawing conclusions. By itself Eq. (3.34) is not enough to make
simplifications in the Eqs. of (3.20), because only the sum is constrained, not any
individual couplings. However, since the couplings all sum to (approximately) zero,
they should all be small. The case where all the couplings are sizeable yet still
add to zero requires dramatic cancellations, which are unnatural unless there are
some reasons for such cancellations, such as flavour symmetries or some unknown
conservation laws. In the absence of such symmetries or laws, we can expect all
of the couplings to be of roughly equal size. Because of this, we can neglect any
term containing hek in Eqs. (3.20). If we introduce the parametrization m± =
∑

k (hτk ± hµk)
2
Λk, we can recast Eqs. in (3.20) in the form

m1 =
1

2
sin2(θ)m−

m2 =
1

2
cos2(θ)m− (3.36)

m3 =
1

2
m+

From these equations we can draw a few conclusions. To start off, we can look at
the ratio of m1 and m2:

m1

m2
= tan2(θ) ≡ tan2(θ12), (3.37)

which is a highly experimentally verifiable prediction of this model. Note that this
ratio is independent of whether the Yukawa couplings are real or not. We can go
slightly further with this equation, by inserting the current experimental values of
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tan2(θ12) and rewriting. These limits are obtainable from the limits on sin2 θ and
give the interval.

m1 ∈ [0.37m2, 0.56m2] . (3.38)

This relation is also very interesting since it forbids the situation where the neutrinos
have quasi-degenerate mass, which is one of only three scenarios allowed by neutrino
oscillation experiments [35]. The other scenarios are normal hierarchy, where m1 <
m2 ≪ m3 and inverted hierarchy where m1 ≈ m2 ≫ m3. The expressions in
Eq. (3.36) exclude neither the normal hierarchy scenario nor the inverted hierarchy
scenario.

If we suppose that the true hierarchy is the normal hierarchy, then we have
that the mass of the heaviest neutrino is approximately given by the square root of
the mass-squared difference ∆m2

31. This is measured as 2.36 · 10−3 eV < ∆m2
31 <

2.54 · 10−3 eV at 1σ which gives an allowed region of approximately 0.04 eV <
m3 < 0.06 eV.

The scenario of inverted hierarchy is actually also forbidden, by experiments, in
this model. We can see this by looking at the measured mass-squared differences
and fitting the equations of (3.36) to them. The relevant mass-squared differences
are

∆m2
31 = m2

3 −m2
1 =

1

4

[

m2
+ − sin4 (θ)m2

−

]

(3.39)

and

∆m2
21 = m2

2 −m2
1 =

1

4

[

cos4 (θ)− sin4 (θ)
]

m2
−. (3.40)

The current values are ∆m2
21 = 7.60+0.19

−0.19 · 10−5 eV2 at 1σ, while for ∆m2
31 we have

(all at 1σ) ∆m2
31 = (2.45± 0.09) · 10−3 eV2 in the case of normal hierarchy, while

in the case of inverted hierarchy we have ∆m2
31 = (−2.34+0.10

−0.09) · 10−3 eV2. From
these values, we can calculate the parameters m− and m+, and with the help of
these the entire spectrum of neutrino masses in this model will emerge.

One finds by simple insertion that m− ≈ 0.03 eV. This value leads to the very
interesting conclusion that the scenario of inverted hierarchy is excluded in this
model by experimental data. This is easily seen by inserting m− and solving for
m+ in Eq. (3.39) for the case of inverted hierarchy. In the only not-yet excluded
case, i.e. normal hierarchy, one finds that m+ ≈ 0.1 eV.

With the help of the mass-squared differences, we can plot the allowed neutrino
masses by solving Eqs. (3.40) and (3.37) for, e.g., m1 and plot as a function of m2.
Doing this gives the plot in Fig. 3.4. The purple region signifies the allowed region
in the m1 −m2 plane.

The information in this plot can be used to determinem3 from Eq. (3.39), which
as it turns out is approximately 0.05 eV regardless of where in the allowed region
we are.

With these masses, we can make connections to observables in ongoing experi-
ments. A very well-known experimental method of detecting neutrino masses is by
the so-called neutrinoless double beta decay, with experiments such as GERDA [36]
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Figure 3.4. The mass spectrum of m1 and m2 in this model. The blue band
corresponds to Eq. (3.37) and the red band corresponds to the region allowed by
neutrino oscillation experiments.

being underway. In such an experiment, what is measured is the effective mass
|mββ| which is determined by the formula

mββ =
∑

k

mkU
2
ek, (3.41)

where Uek are elements of the PMNS-matrix. The absolute value of this can be
expressed as

|mββ| =
∣

∣c212c
2
13m1 + s212c

2
13m2e

2iα + s213m3e
2iβ

∣

∣ , (3.42)

where cij = cos θij and sij = sin θij . By the triangle inequality we find for this
model the upper bound of

|mββ | < 0.01 eV, (3.43)

which is well below the sensitivity of GERDA phase I and II, but might be within
the reach of GERDA phase III [36]. Another observable, to be probed by the Planck
satellite [37], is the sum of all neutrino masses. We find that in this model, their
sum is

mtot =
∑

k

mk . 0.06 eV, (3.44)

which is below the sensitivity of Planck [37].



24 Chapter 3. Ma’s scotogenic model of radiative neutrino mass

The final observable with which we shall make connection here is the kinematic
neutrino mass mβ , which is measured from single β-decay experiments and will be
searched for in, e.g KATRIN [38]. The quantity mβ is defined as

mβ =

√

∑

k

|Uek|2m2
k, (3.45)

where Uek once again are elements of the PMNS-matrix. The size of this observable
with the neutrino spectrum of this model is very small. The range allowed in this
model is approximately

0.007 eV < mβ < 0.009 eV, (3.46)

which is nearly two orders of magnitude below the limits of KATRIN [38].
In summary, we have found several predictions of Ma’s model of radiative neu-

trino mass. These include forbidding the inverted and quasi-degenerate hierarchies
of neutrinos and prediction of the mass eigenstates leading directly to predictions
of the effective neutrinoless double beta decay mass, the sum of neutrino masses,
and the kinematic neutrino mass. All of these are being searched for at current
experiments. Current limits are, however, too weak to verify the predictions put
forward here, but are strong enough to exclude the model should they get positive
results.



Chapter 4

The Zee–Babu model

In this chapter, we will review another model that generates neutrino mass as a
radiative correction. This model however, as we will see, has rather significant dif-
ferences from the previously considered scotogenic model, perhaps the most obvious
one being that this model does not produce a DM candidate. This model is the
so-called Zee–Babu model [39–41].

To construct the Zee–Babu model, we shall add two electrically charged scalar
Higgs fields to the SM particle content. One field, h+, carries one unit of electric
charge, and the other field, k++, carries two units. Note that we do not add any
right-handed neutrinos. The new scalars will not acquire a VEV, since the vacuum
is electrically neutral.

The SM gauge group remains unaltered, and we note that without the right-
handed neutrinos we cannot have any Dirac masses for neutrinos in this model.
The Yukawa interactions of the charged scalars with fermions are, in this model,
given by

LY = fab
(

ψc
aLψbL

)

ǫijh
+ + hab

(

lcaRlbR
)

k++ +H.c, (4.1)

where ψL is the left-handed lepton doublet, lR is the right-handed charged lepton
singlet, a and b are generation indices. The coupling fab must be anti-symmetric
due to the appearance of the quantities ǫij in Eq. (4.1), whereas the quantities hab
must be symmetric. For three flavours of leptons, the above equation becomes

LY = 2
[

feµ
(

νceµL − νcµeL
)

+ feτ (νceτL − νcτeL) + fµτ
(

νcµτL − νcτµL

)]

h+

+ [heeeceR + hµµµcµR + hτττcτR + 2heµecµR + 2heτecτR + 2hµτµcτR] k
++

+ H.c. (4.2)

In this model the neutrinos are Majorana, meaning that lepton number cannot be
conserved. The above equation, however, conserves lepton number once it has been
assigned to h+ and k++, meaning that this equation alone cannot produce a mass

25
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for the neutrinos. This is the reason that at tree-level the neutrinos of this model
are massless. To go further we must study the Higgs potential of the model:

V (φ) = µ2
1φ

†φ+ µ2
2k

++k−− + µ2
3h

+h− + λ1
(

φ†φ
)2
λ2

(

k++k−−
)2

+ λ3
(

h+h−
)2

+ λ4 (φ†φ)
(

k++k−−
)

+ λ5
(

φ†φ
) (

h+h−
)

+ λ6
(

k++k−−
) (

h+h−
)

+ µ
(

k++h−h− + k−−h+h+
)

. (4.3)

The resulting physical particles of this theory are the usual SM Higgs boson, h±,
and k±± with masses given by

m2
φ = 4λ1v

2, (4.4)

m2
h = µ2

2 + λ4v
2, (4.5)

m2
k = µ2

3 + λ5v
2. (4.6)

The last term in Eq. (4.3) violates lepton number by two units since it is the only
term where the fields do not show up in particle-antiparticle pairs. This will lead
to neutrino masses at two-loop level as shown in Fig. 4.1.

νi νjlca lb

k++
h+

h+

p pp-k

k q

p-q

k-q

1 3

2

4

Figure 4.1. Two-loop generation of neutrino mass in the Zee–Babu model.

We can at this point list several important features that separate this model
from the scotogenic model of Ma discussed in the previous chapter:
(i) This model does not introduce right-handed neutrinos, meaning that the neu-
trinos of this model are necessarily Majorana 1.
(ii) This model does not produce any DM candidate. The reason for this is that the
particles added are electrically charged, so even if they would, for some unknown
reason, be stable they would not be dark. Hence, they cannot be DM candidates.
(iii) The neutrino masses are not generated until the two-loop level in this model.

To proceed further with our studies of the Zee–Babu model, it is crucial to
investigate the diagram of Fig. 4.1. We do this in a similar fashion as when we
discussed the previous model. The diagram can be characterized by the following:

1Note that the neutrinos in the Ma-model are also Majorana.
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• The interaction at the first vertex is 2fiaνi (l
c
a)

† h−.

• At the second vertex, we have the lepton number violating interaction µk++h−h−.

• The third vertex gives the interaction h∗ab (l
c
a)

T
lbk

−−.

• There are two undetermined loop-momenta, k and q, we have to integrate
over.

• And finally at the fourth vertex, we have the interaction 2fjb (νj)
†
lbh

−.

The diagram will lead to a Majorana mass term

Lmass = −1

2
χiMijχj , (4.7)

where
χi = νi + νci . (4.8)

This leads us to conclude that the general mass matrix element Mij is

Mij = 8µfiafjbh
∗
abmambIab, (4.9)

where ma,b are the charged lepton masses and

Iab =

∫

d4k

(2π)4

∫

d4q

(2π)4
1

k2 −m2
a

1

k2 −m2
h

1

q2 −m2
b

1

q2 −m2
h

1

(k − q)2 −m2
k

. (4.10)

The integral has been simplified by setting the external momentum p to zero and
by removing any integration containing either /k or /q, since they will integrate to
zero anyway. It should also be noted that there exists, in principle, a cross-term /k/q,
but that will vanish because it projects to zero. Before diving in and analyzing this
integral we can make a few observations about the structure of the mass matrix of
Eq. (4.9). We define

Kab = 8µh∗abmambIab, (4.11)

so that we can rewrite Eq. (4.9) as

Mij = fiaKabfjb, (4.12)

or more suggestively in matrix form:

Mij =
(

fKfT
)

ij
. (4.13)

The determinant of this equation is

detM = detf · detK · detfT = (detf)
2 · detK (4.14)

As previously stated, the matrix f must be anti-symmetric. We note that in Nature
we have observed an odd number of generations of leptons (three, to be precise),
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meaning that the matrix must be of dimension three. From standard linear algebra
we know that the determinant of any anti-symmetric matrix of odd dimension is
zero. Thus it follows from Eq. (4.14) that

detM = 0. (4.15)

The determinant is known to be invariant under a change of basis; in particular it is
invariant under the change of basis that diagonalizes this matrix. Hence the product
of the eigenvalues must be zero. This leads to the conclusion that at least one of
the neutrinos must be nearly massless in this model2. This is another significant
difference from Ma’s model where all neutrinos were predicted to be massive.

This immediately leads to the exclusion of quasi-degenerate neutrino masses.
The inverted and normal hierarchies, however, remain unexcluded. In the nor-
mal hierarchy scenario, the mass of the heaviest neutrino is fixed by the atmo-
spheric mass-squared difference ∆m2

31 ≈
∣

∣2.5 · 10−3 eV2
∣

∣, thus the heaviest neu-
trino eigenstate is m3 ≈ 0.05 eV. Similarly in the inverted hierarchy scenario, we
have two eigenstates with masses approximately given by the same expression, i.e.
m1,2 ≈ 0.05 eV.

These masses can then be used to arrive at predictions for several interesting
observables, just as in the previously considered model. These observables are the
kinematic neutrino mass as defined in Eq. (3.45), the effective mass in neutrinoless
double beta decay from Eq. (3.41), and the sum of all neutrino mass eigenval-
ues from Eq. (3.44). Unlike the previously considered Ma-model where only the
normal hierarchy was allowed, we will here arrive at different predictions of these
observables depending on the hierarchy. For the kinematic neutrino mass we find

mβ .

{

0.05 eV for inverted hierarchy,
0.007 eV for normal hierarchy.

(4.16)

The normal hierarchy prediction is of the same order as the corresponding pre-
diction from the Ma-model, and is as such nearly two orders of magnitude below
the sensitivity of current experiments, such as KATRIN. While the expected kine-
matic neutrino mass for the inverted hierarchy scenario is significantly higher in
this model, it is still out of reach for KATRIN.

The effective mass in neutrinoless double beta decay in this model is

|mββ | .
{

0.05 eV for inverted hierarchy,
0.001 eV for normal hierarchy,

(4.17)

where once again the prediction for normal hierarchy is well below the sensitivity
of current experiments such as GERDA. The inverted hierarchy scenario, however,
is very interesting, because that prediction is high enough to be within the range
of GERDA phase III.

2It is exactly massless at two-loop level, but this does not imply that it is massless at higher
orders. Such corrections are negligible, though.
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Finally, the sum of the neutrino masses in this model is

∑

k

mk .

{

0.1 eV for inverted hierarchy,
0.05 eV for normal hierarchy,

(4.18)

where the normal hierarchy prediction is once more below the sensitivity of current
experiments such as the Planck satellite. The inverted hierarchy prediction might
be within the reach of Planck, however.

To learn more about the neutrino masses in this model, it is essential to investi-
gate Eq. (4.9) further. In particular we need to investigate the integral Iab defined
in Eq. (4.10). This integral can be evaluated exactly [42], however the exact result
is a rather complicated expression involving multiple dilogarithms. It is much more
instructive to consider a simplification of the integral.

We know that the charged scalars must be heavier than approximately 100 GeV,
which is the typical LEP limit on charged scalar masses [34]. This mass scale is
much larger than the scale of the charged lepton masses, which are of O(1) GeV
and less. Thus we can neglect the charged lepton masses in the integral to obtain
the relatively simple form

Iab ≈
1

(16π2)
2

1

M2

π2

3
I(r), M ≡ max(mh,mk), (4.19)

where r =
m2

k

m2

h

and I(r) is a dimensionless integral defined as

I(r) = −
∫ 1

0

dx

∫ 1−x

0

dy
1− y

x+ (r − 1) y + y2
log

y(1− y)

x+ ry
. (4.20)

This integral can be evaluated in principle, but we are only interested in the asymp-
totic behaviour [43]:

I(r) =

{

log2 r + π2

3 − 1 for r ≫ 1,
π2

3 for r → 0.

This expression is of O(1), except in the case of extremely hierarchical scalar masses
[43].

While we already know relatively much about the mass spectra allowed in this
model from phenomenology, we want to compare the mass eigenvalues of this model
to the previously considered model by Ma. There we found, for example, that
m1

m2

= tan2 θ12, where m1,2 are the masses of the corresponding neutrino mass
eigenstates and θ12 is the usual PMNS mixing angle. To see if this model allows for
a similar prediction, we need to diagonalize the mass matrix M in Eq. (4.9). This
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is done by going from the flavour basis to the mass basis with the PMNS matrix
U :

Mdiag = UTMU, (4.21)

where we will use the following approximation which is motivated by experiments,
i.e. we let θ12 = θ be unfixed, and set θ13 = 0◦ and θ23 = 45◦. Performing this
calculation gives the following eigenvalues of Mdiag:

m1 =
1

2
Kab

{

cos θ
[

2 cos θfeb +
√
2 sin θ (−fµb + fτb)

]

fea

− sin θ
[√

2 cos θfeb + sin θ (−fµb + fτb)
]

(fµa − fτa)
}

, (4.22)

m2 =
1

2
Kab

{

sin θ
[

2 sin θfeb +
√
2 cos θ (fµb − fτb)

]

fea

+cos θ
[√

2 sin θfeb + cos θ (fµb − fτb)
]

(fµa − fτa)
}

, (4.23)

m3 =
1

2
(fµb + fτb)Kab (fµa + fτa) . (4.24)

Note the implied summation over the indices a and b. In the previous chapter
when studying Ma’s model of radiative neutrino mass, we found that m1

m2

= tan2 θ.
We want to investigate whether this prediction might be unique to that particular
model or if it might be a common prediction for several radiative models. Since
this model allows both the inverted and normal hierarchies, we already know that
this particular prediction will not hold for both hierarchies (because in the inverted
hierarchy scenario we have two masses nearly equal and one nearly zero, which
is incompatible with m1

m2

= tan2 θ). To do this, we begin by rewriting the above

equations slightly. Dividing both m1 and m2 with cos2 θ allows us to write

m1

cos2 θ
=
1

2
Kab

{[

2feb +
√
2 tan θ (−fµb + fτb)

]

fea

− tan θ
[√

2feb + tan θ (−fµb + fτb)
]

(fµa − fτa)
}

, (4.25)

m2

cos2 θ
=
1

2
Kab

{

tan θfeb

[

2 tan θ +
√
2 (fµb − fτb)

]

fea

+
[√

2 tan θfeb + (fµb − fτb)
]

(fµa − fτa)
}

. (4.26)

This can be made simpler by introducing the following parametrization (once again,
keep in mind that the indices are summed over):
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a = 2Kabfebfea, (4.27)

b =
√
2Kab (−fµb + fτb) fea, (4.28)

c =
√
2Kabfeb (fµa − fτa) , (4.29)

d = Kab (−fµb + fτb) (fµa − fτa) . (4.30)

This allows us to write the ratio m1

m2

as

m1

m2
=
a+ b tan θ − c tan θ − d tan2 θ

a tan2 θ − b tan θ + c tan θ − d
. (4.31)

We also note that

b =
√
2Kab (−fµb + fτb) fea =

√
2Kabfeb (−fµa + fτa) = −c, (4.32)

where we renamed the indices between the first and second equalities, and used the
fact that Kab is symmetric, which allows us to write the desired ratio as

m1

m2
=
a+ 2b tan θ − d tan2 θ

a tan2 θ − 2b tan θ − d
. (4.33)

We now want to study the cases in which this expression can be made to equal the
corresponding expression in the model due to Ma, i.e., cases where m1

m2
= tan2 θ.

First of all, we note that if d → ∞ we have reproduced the Ma-model prediction.
In practice this means that all of the parameters would have to be negligible in
comparison to d.

For further comparisons, we can solve the equation m1

m2

= tan2 θ in this model.
Solving the equation for a, we find

m1

m2
=
a+ 2b tan θ − d tan2 θ

a tan2 θ − 2b tan θ − d
= tan2 θ ⇒ a =

2b tan θ
(

1− tan2 θ
)

1 + tan4 θ
. (4.34)

In general this expression contains four parameters, i.e. the complex parts of a
and b respectively. By making the simplifying assumption that the Yukawa cou-
plings of this model are real together with the experimental uncertainty of tan2 θ
the above expression produces a band in the a-b–plane where the prediction of this
model agrees with the prediction of the Ma-model. This is shown in Fig. 4.2.

To further examine the mass ratio, we need to look at the experimental con-
straints on this model. Before doing this though, it will be helpful to explicitly
write out the Yukawa couplings that we are interested in. The only parameters
that enter into the ratio m1

m2

are those in Eq. (4.34). Using the definition of Kab in
Eq. (4.11) we find

a = 16µh∗abmambIabfebfea, (4.35)

b = 8
√
2µh∗abmambIab (−fµb + fτb) fea. (4.36)

We see from these expressions that the relevant combinations of Yukawa couplings
that need to be constrained are combinations of the form gf2. Phenomenological
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Figure 4.2. The band represents the values of the parameters a and b where
the Ma-model prediction of m1

m2
= tan2 θ12 matches the prediction of the Zee–Babu

model.

studies on this model have been conducted in, for instance, Refs. [43, 44], where
bounds on the Yukawa couplings can be found.

However, as it turns out we cannot find precisely the bounds we need. This
comes partly from the fact that the different couplings g and f are intimately con-
nected with different scalar masses, as can be seen from the Zee–Babu Lagrangian
Eq. (4.1). While we know that the mass scale of these charged scalar particles must
be larger than O(100) GeV (because otherwise they would have been observed at
LEP), we do not know their relative masses. The second difficulty comes from the
fact, as can be seen in Refs. [43,44], that most of the interesting processes result in
bounds mixing both g and f in sums rendering them inseparable.

Because of this there are several interesting limits we can consider, none of
which are excluded by experiments. These limits are when one of the parameters
in Eq. (4.33) is much larger than the rest. There are three parameters in that
expression, and as such we will examine three limiting cases. These cases are

a ≫ b, d, (4.37)

b ≫ a, d, (4.38)

d ≫ a, b. (4.39)

We see that in the first limiting case, i.e. a≫ c, d, we obtain the prediction

m1

m2
=

1

tan2 θ
, (4.40)
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Figure 4.3. The regions allowed by the different limiting cases discussed in the
main text. The inside of the dotted rectangle corresponds to the approximate region
allowed by assuming a relatively large higher-order contribution to the mass of m3,
while keeping the normal hierarchy in the Zee–Babu model. The leftmost band
corresponds to a ≫ c, d, the line in the middle to b ≫ a, d and finally the rightmost
band corresponds to d ≫ a, b. The blue region represents the region that is allowed
in the Ma-model, and the green region is the one allowed by experiments. The
picture on the right provides a more detailed view of the dotted rectangle in the left
picture.

which is interesting as it is precisely the inverse of what was found in the Ma-model.
The second case, b≫ a, d, gives the relation

m1

m2
= −1. (4.41)

This does not mean that one mass must be negative, which would be nonsense, but
rather serves as a reminder that it is the absolute values we are interested in. This
relation means that in this limiting case, the two masses m1 and m2 are equal. The
third and final limiting case is d≫ a, b. We previously found that this limit mimics
the prediction of the Ma-model, i.e.

m1

m2
= tan2 θ. (4.42)

These hierarchies are illustrated in Fig. 4.3, together with the region allowed by the
values of the mass-squared differences. It is notable that all but the final limiting
case, where the Zee–Babu model prediction matches the Ma-model prediction, are
excluded. This case being the only one where the allowed masses intersect the
experimentally allowed ones.

In conclusion, we have found several predictions of this model of radiative neu-
trino masses. Among these predictions are the exclusion of the quasi-degenerate
neutrino masses. Other predictions vary, depending on which hierarchy we consider.
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In general it was found that the predictions from the normal hierarchy scenario were
below experimental limits, while the predictions of the inverted hierarchy scenario
might be within reach.

In particular, we have found several distinguishing features of this model from
the Ma-model previously discussed. One such feature is that the Zee–Babu model
allows for both the inverted and normal hierarchy for neutrino masses. Another
difference is that the Zee–Babu model allows for one or two of the neutrino masses
to be zero or very close to zero, while in the Ma-model all neutrinos were massive.

Since the Ma-model only allowed for the normal hierarchy, it only makes sense to
compare the predictions of observables in the normal hierarchy between the models.
The principal difference in these can be found in the effective mass in neutrinoless
double beta decay, where the Ma-model has the upper bound |mββ| = 0.01 eV,
while the Zee–Babu model has an upper bound one order of magnitude tighter:
|mββ| = 0.001 eV, which comes from the fact that the lightest neutrino in this
model is (nearly) massless. All other observables have too much overlap to make a
clear distinction between the models from just those observables alone.



Chapter 5

New leptonic generations

and neutrino masses

One natural extension of the SM that we have not considered yet is the addition of
one or more generations of leptons. This is a natural consideration for a number of
reasons. Perhaps the most compelling reason is the fact that there are no theoretical
arguments against more than three generations, apart from simplicity. It is a well-
established fact that within the SM we have anomaly cancellation within each
generation, so that the number of generations is in principle free.

The first question that arises when discussing additional generations of leptons
is why we have not observed them yet. They should be present in the invisible
Z-boson decay width, commonly denoted Γinv. The decay width is named invisible
because it comes from the decay of the Z-boson into νν pairs. A neutrino pair
cannot be observed in collider experiments, and it is therefore invisible. In essence
this process measures the number of leptonic degrees of freedom coupled to the
Z-boson. This number has been measured and found to be very close to three.

There remains, however, the option that the higher-generation leptons are too
heavy to couple to the Z-boson in this fashion. While they would not contribute to
Γinv, they would contribute to other electroweak observables. Global fits for models
with additional generations of fermions have been performed and they do not seem
to favour more than five generations of leptons [45].

From this discussion it is apparent that the nature of the neutrinos from the
new generations must be different from the ones known today. The simplest model
that could, in principle, accommodate this is to consider the SM with four gen-
erations of left-handed neutrinos and four generations of right-handed neutrinos.
This is, however, unnatural for a number of reasons the most obvious being the
need to describe why the fourth-generation neutrino would be approximately 1011

times more massive than the next-to-heaviest. This framework is therefore very
unsatisfactory.

35
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The right-handed neutrinos are singlets under transformations of the SM gauge
group, so they are not needed to cancel anomalies. Therefore their number is
not necessarily linked to the number of leptonic generations. This means that we
can consider models with different numbers of lepton generations and right-handed
neutrinos. In the following we will investigate a framework with three and four
lepton generations and just one right-handed neutrino.

5.1 Framework

The model considered in this chapter was first described by Ma and Babu in Ref. [46]
and was recently discussed in Ref. [47]. This, as it turns out, will be our first
example of a radiative model that is excluded by current data.

We begin by considering the three-generation case with one right-handed neu-
trino and no imposed lepton number conservation. This means that there is a
Majorana mass term for the right-handed neutrino. Then there is a particular lin-
ear combination of νe, νµ, and ντ that will couple to the right-handed neutrino νR
and get mass at tree-level. The two other linear combinations will be massless at
tree-level, but because we do not have lepton number conservation they will get
mass from the two-loop diagram shown in Fig. 5.1 but with ν3 and ν3̄ running
in the loop, where ν3̄ is the neutrino corresponding to ν4̄ (which will be defined
shortly) for only three generations.

This model cannot account for the experimentally allowed hierarchies. This
comes from the fact that while we have two small neutrino masses at two-loop
level, the hierarchy to the third mass which is already at tree-level is too huge.
There is no way to account for the observed spectrum within this simple extension
of the SM.

Expanding this idea, however, we can add a fourth generation of leptons to the
SM in addition to the right-handed neutrino. Denote the new lepton E and the
corresponding neutrino νE . Once again we assume that there is no lepton number
conservation, meaning that νR has a Majorana mass mR. The relevant parts of the
Lagrangian are then

LY = −lYeeRφ− lYννRφ̃− 1

2
νcRmRνR +H.c, (5.1)

where l represents the left-handed lepton doublets, eR the right-handed charged
leptons, νR the right-handed neutrino singlet and φ is the Higgs boson field. We
can use the available phase invariance to choose Ye diagonal and positive and mR

positive [47]. This leaves us with an arbitrary Yν . However, we can remove all
phases from it by absorbing them in a redefinition of l.

The mass matrix for the neutrinos after spontaneous symmetry breaking will
have the standard see-saw structure we first saw in Eq. (2.21), with one right-handed
Majorana mass term. This model will therefore lead to two massive neutrinos at
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tree-level, because in addition to the Majorana mass of νR we have one particular
linear combination of left-handed neutrinos

ν
′

4 ∝ yeνe + yµνµ + yτντ + yEνE , (5.2)

which will pair up with νR to form a Dirac mass.
Let V be the matrix that passes from the flavour basis (that is, the basis

of νe, νµ, ντ , νE) to a new basis with ν
′

1, ν
′

2, ν
′

3, ν
′

4. At tree-level, we know that

ν
′

1, ν
′

2, ν
′

3 are massless. This means that we can choose them in any combination
of νe, νµ, ντ , νE we desire, but we must keep it orthogonal to ν

′

4. This gives the
condition

∑

α

VαiNα = 0, (5.3)

where Nα = Vα4 and i = 1, 2, 3. This still leaves us with the freedom to set three
elements of the matrix equal to zero. For convenience we choose Vτ1 = VE1 =
VE2 = 0. After this change of basis, one is left with a mass matrix for ν

′

4 and νR
which can be diagonalized to give the eigenvalues [47]

m4,4̄ =
1

2

(

√

m2
R + 4m2

D ∓mR

)

(5.4)

with two corresponding Majorana neutrinos [47]:

ν4 = i cos θ
(

−ν′

4 + ν
′c
4

)

+ i sin θ (νR − νcR) , (5.5)

ν4̄ = − sin θ
(

ν
′

4 + ν
′c
4

)

+ cos θ (νR + νcR) , (5.6)

where tan2 θ = m4

m4̄

and mD = v
√
∑

i y
2
i .

This may appear to produce only two massive neutrinos, and three massless
ones. However, since lepton number is broken by the Majorana mass term, there is
no symmetry which protects ν

′

1, ν
′

2, and ν
′

3 from acquiring masses at higher orders.
Indeed, by the mechanism of two-W exchange as depicted in Fig. 5.1, they will
acquire a two-loop Majorana mass.

The diagram can be evaluated to give the mass matrix of the three light neu-
trinos:

Mij = − g4

m4
W

mRm
2
D

∑

α

VαiNαm
2
α

∑

β

VβjNβm
2
βIαβ , (5.7)

where mW is the W -boson mass, g is the weak coupling constant, the sum runs
over α, β = e, µ, τ, E and i, j = 1, 2, 3. The quantity Iαβ is the loop integral.
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νi eα

ν4, ν4
eβ νj

W

W

Figure 5.1. Two-loop generation of neutrino mass in the four-generation model.

To study this expression further, we need to make approximations. First of all,
for mE ≫ m4,4̄ ≫ mW , the loop integral can be approximated as such [47]:

IEE ≈ −1

(4π4) 2m2
E

ln

(

mE

m4̄

)

, (5.8)

and

Iττ ≈ −1

(4π4) 2m2
4̄

ln

(

m4̄

m4

)

, (5.9)

leading to the ratio between the masses of ν1 and ν2:

m1

m2
.

1

4N2
E

(

mτ

mE

)(

mτ

m4̄

)

.
10−7

N2
E

, (5.10)

where we used ln m4̄

m4
≈ ln mE

m4̄

≈ 1 and that mE ,m4̄ & 100 GeV. This expression
produces a very huge hierarchy between the two masses except for very small values
of NE . Fig. 5.2 shows the experimentally allowed band for this ratio. It only shows
this band for the normal hierarchy scenario, since all the other allowed bands would
be even higher on the same plot (thus requiring even smaller NE).

This would imply that the heavy neutrinos are primarily some combination of
the three SM neutrinos, but this cannot be because if that were the case it would
yield observable consequences in processes such as π → µν [47]. Therefore, this
framework is not sufficient to account for the observed neutrino masses.
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Figure 5.2. The green region represents the experimentally allowed values of m2

m3
.

We can see from the plot that for the value of NE to be within this region (and thus
consistent with experiments), we would require an NE which is smaller than 10−5.

One can go one step further, and study five-generation models. These are not
yet excluded, but suffer from a loss of predictability due to the fact that the number
of parameters is very high. An example of a five-generation version of the model
discussed in this chapter can be found in Ref. [47].
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Chapter 6

Summary and conclusions

In this thesis we have studied the problem of how to expand the SM to account
for the masses of the neutrinos. The focal point of this work has been centred on
a class of models whose common feature has been that they all generate neutrino
mass only at higher orders in perturbation theory. It has been found, among the
three models studied in this thesis, that there exist several distinguishing features
between different radiative models.

In Ch. 1 we gave a short introduction to the philosophy and phenomenology of
theoretical physics. In Ch. 2 we discussed the SM of particle physics with the focus
being concentrated on the neutrino and its mass. We discussed how the SM fails to
account for the existence of neutrino masses, and briefly mentioned other aspects of
the theory which are considered unaesthetic. We also introduced the concept of a
radiative model and explained why this class of models are of particular interest for
neutrino physics. In Ch. 3 we discussed in detail our first example of such a model,
namely Ma’s radiative model for neutrino mass. It was found that this model is
not yet excluded by experimental data. Several observables central to neutrino
physics were discussed, and it was found that this model gives predictions for some
of these that may be within reach of current or future experiments. Of particular
interest is the fact that this model does not allow for neither the inverted hierarchy
of neutrino masses nor them being degenerate. We continued our study of radiative
models in Ch. 4, where we discussed the Zee–Babu-model. It was found that this
model is also still allowed by experimental data, and allows for both the inverted
and normal hierarchy. The same observables that were discussed in the Ma-model
were discussed, and differences in the predictions were found. In Ch. 5 we studied
our final model, in which it was assumed that the neutrino mass is connected to a
fourth generation of leptons and one right-handed Majorana neutrino. We found
that this model cannot account for the observed neutrino spectrum.

The main results in this thesis hinge on the observables in the Eqs. (3.43),
(3.44), (3.46), (4.16), (4.17) and (4.18), and Figs. 3.4 and 4.3. Central to this
thesis is also the observation that the structure of the mass-generating Feynman
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diagrams is enough to arrive at predictions of the models. Essentially what this
means is that once the Feynman diagram from which the neutrino mass is generated
is constructed, the entire model is right in front of you. One does not need to impose
further structure on the model in order to arrive at predictions.

Several differences between the models studied were found. The Ma-model gives
a natural DM candidate, and introduces right-handed neutrinos. The Zee–Babu
model on the other hand does not introduce neither right-handed neutrinos nor has
it a natural DM candidate. The four-generation model was found to be the only
one of the three models studied that disagrees with experimental data.

Of interest for the future is the fact that there are experiments either planned
or under way that might be within the reach of several of the measurable quantities
discussed in this thesis. These experiments, such as KATRIN [38], GERDA phase
III [36], and the Planck satellite [37], could then possibly give results that do not
fit within these models, thus narrowing the field of possible radiative models.



Bibliography

[1] S. W. Hawking, R. Miller and C. Sagan, A brief history of time (Bantam,
1988).

[2] K. R. Popper, The logic of scientific discovery (Hutchinson, 1934).

[3] E. Wigner, The unreasonable effectiveness of mathematics in the natural sci-
ences, Communications in Pure and Applied Mathematics 13, 1 (1960).

[4] P. Horava and E. Witten, Eleven-dimensional supergravity on a manifold with
boundary, Nucl. Phys. B475, 94 (1996), hep-th/9603142.

[5] A. Corichi, Loop quantum geometry: A primer, J. Phys. Conf. Ser. 24, 1
(2005), gr-qc/0507038.

[6] R. Feynman, QED: The strange theory of light and matter (Penguin, 1990).

[7] DONUT Collaboration, K. Kodama et al., Observation of tau neutrino inter-
actions, Phys. Lett. B504, 218 (2001), hep-ex/0012035.

[8] WMAP Collaboration, E. Komatsu et al., Seven-year Wilkinson Microwave
Anisotropy Probe (WMAP) observations: Cosmological interpretation, Astro-
phys. J. Suppl. 192, 18 (2011), 1001.4538.

[9] Super-Kamiokande Collaboration, Y. Ashie et al., A measurement of atmo-
spheric neutrino oscillation parameters by Super-Kamiokande I, Phys. Rev.
D71, 112005 (2005), hep-ex/0501064.

[10] SNO Collaboration, B. Aharmim et al., Electron energy spectra, fluxes, and
day-night asymmetries of B-8 solar neutrinos from measurements with NaCl
dissolved in the heavy-water detector at the Sudbury Neutrino Observatory,
Phys. Rev. C72, 055502 (2005), nucl-ex/0502021.

[11] KamLAND Collaboration, S. Abe et al., Precision measurement of neutrino
oscillation parameters with KamLAND, Phys. Rev. Lett. 100, 221803 (2008),
0801.4589.

[12] S. P. Martin, A supersymmetry primer, (1997), hep-ph/9709356.

43



44 Bibliography

[13] S. Novaes, Standard model: An introduction, (1999), hep-ph/0001283.

[14] F. Englert and R. Brout, Broken symmetry and the mass of gauge vector
mesons, Phys. Rev. Lett. 13, 321 (1964).

[15] G. Guralnik, C. Hagen and T. Kibble, Global conservation laws and massless
particles, Phys. Rev. Lett. 13, 585 (1964).

[16] P. W. Higgs, Broken symmetries and the masses of gauge bosons, Phys. Rev.
Lett. 13, 508 (1964).

[17] P. Minkowski, µ→ eγ at a rate of one out of 109 muon decays, Phys. Lett. B
67, 421 (1977).

[18] T. Yanagida, Horizontal symmetry and masses of neutrinos, Progress of The-
oretical Physics 64, 1103 (1980).

[19] R. N. Mohapatra and G. Senjanović, Neutrino mass and spontaneous parity
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