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Direct Numerical Simulation of a particle-laden channel flow is performed, with
particles assumed solid, spherical and heavy. Two-way coupling between fluid
and particles is modeled with Stokes drag. The equations describing the fluid
flow are solved with an Eulerian mesh and those describing particles are solved
in a Lagrangian frame. The numerical code is validated with results from lin-
ear optimal growth from previous studies; the optimal growth of streamwise
vortices resulting in streamwise streaks is still the most efficient mechanism for
disturbance amplification at subcritical conditions as for the case of a single
phase fluid.
We consider transition initiated by two initial disturbances well-known in lit-
erature, streamwise vortices and oblique waves. The threshold energy for tran-
sition is computed for both cases. It is observed that streamwise vortices in
combination with an oblique wave as additional initial disturbance, result in
a small increase of threshold energy compared to a clean fluid. In addition,
the time at which transition occurs clearly increases for disturbances of equal
initial energy. The threshold energy in the case of the so-called oblique sce-
nario, increases by a factor about 4 in the presence of particles. The results
are explained by considering the reduced amplification of oblique modes in the
presence of particles.
The results from these two classical scenarios indicate that, although stabil-
ity analysis shows hardly any effect on optimal growth, particles do influence
secondary instabilities and streak breakdown, thus the non-linear stages of
transition, in two different ways. The presence of particles introduced three-
dimensional, streamwise-dependent modulations, especially at low concentra-
tions, that may trigger and enhance secondary instabilities of streamwise-
independent streaks. On the other hand, particles decrease the amplitude of
oblique modes thus delaying transition initiated by their nonlinear interactions
as in the oblique scenario.
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1. Introduction

Transition from laminar to turbulent flows has been studied extensively in the
past. Linear stability analysis is typically considered a first analysis towards
understanding transition. This allows determination of critical values of the
relevant adimensional parameters above which exponentially growing distur-
bances exist. However, in many configurations, e.g. shear flows, transition is
subcritical and a full nonlinear analysis is needed. In shear flows, it is possible
to show that linear mechanisms are responsible for the instantaneous amplifica-
tion of perturbation energy and therefore a linear non-modal analysis (Schmid
& Henningson 2001) can reveal the mechanisms responsible for transition in
linearly stable cases. This was the case with the linear lift-up process that was
identified as a key process in wall-bounded flows.

Transition leads to an increase of the drag and is therefore often undesir-
able. One way to influence the transition scenario is by adding small, heavy
particles to the flow (Saffman 1962).
Although many fluid flows are seeded with particles, a lot of research still has
to be done to understand the influence of particles on the flow, in particular on
laminar-turbulent transition. Recent reviews of particle laden turbulent flows
are given by Toschi & Bodenschatz (2009) and Balachandar & Eaton (2009).
A particle in a fluid flow is subject to several different interaction forces (Maxey
& Riley 1983). First, there is a drag force between the particle and fluid.
When particle and fluid have different velocities, a shear force on the interface
is present; this interaction can be modeled using Stokes drag. Furthermore,
there are history effects, added mass and fluid correction forces. For larger
particle volume fraction, also particle-particle interactions have to be taken
into account.

In our previous papers (Klinkenberg et al. 2011b,a) stability of flows with
either heavy or light particles were investigated. For a flow with heavy particles
only Stokes drag is taken into account. For a flow with light particles, added
mass and fluid acceleration need also to be included. We found that particles
do not influence the transient growth of disturbances in plane channel flow.
This suggested that the initial linear stages of transition may not be affected
by the presence of particles. However, the numerical simulations by Zhao et al.

(2010) demonstrate that adding heavy particles reduces the drag of a turbulent
channel flow. The latter result indicates that particles have an effect on turbu-
lent structures. Therefore, although particles show no influence in the initial
linear stages of transition, they might have an effect on secondary, non-linear,
instabilities. The aim of the present paper is therefore to investigate the effect
of solid, spherical particles on the evolution of finite-size disturbances leading
to turbulent flow.

To investigate the effect of solid spheres, we use Direct Numerical Simu-
lations of a plane Poiseuille flow extended with a model for two-way coupling
between the particles and fluid using Stokes drag as interaction force. By means
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of numerical simulations, we investigate the behavior of a finite energy pertur-
bation, instead of the infinitesimal small perturbations as in the non-modal
analysis. We investigate how the threshold energy for transition, the minimum
initial disturbance energy necessary to reach the turbulent state, varies in the
presence of heavy particles. This provides information about the non-linear
behavior of streaks and it shows whether the secondary instabilities might be
damped by the presence of particles.
In relation to transition thresholds several researchers have considered the ’edge
of chaos’ (Schneider et al. 2007). This is the asymptotic state reached by per-
turbations, neither decaying to a laminar state nor evolving to turbulence.
Near the ’edge of chaos’, exact coherent structures are found (Nagata 1990;
Waleffe 1998, 2001). The ’edge state’ has been investigated more recently by
e.g. Duguet et al. (2010); Schneider et al. (2007); Wang et al. (2007); Kawahara
(2005); Duguet et al. (2008a,b). A review is given by Eckhardt et al. (2007).
The exact coherent structures are also investigated for dilute polymer solutions
by Stone et al. (2002) for a plane Couette flow. They found that for polymer
solutions the exact coherent states are a promising method for capturing the
essential physics of drag reduction.

In this paper we examine two transition scenarios previously analysed,
see e.g. Reddy et al. (1998). First we consider transition initiated by stream-
wise vortices, without any streamwise dependence. Streamwise vortices initiate
largest linear transient growth and they are common in many shear flows (Tre-
fethen et al. 1993; Reddy & Henningson 1993; Schmid & Henningson 2001). The
transition process initiated by these vortices can be summarizes as in (Reddy
et al. 1998):

streamwise vortices ⇒ streamwise streaks ⇒ streak breakdown ⇒ transition.

Because transition cannot take place without streamwise dependent struc-
tures,one needs to consider streamwise-dependent perturbations that trigger
streak breakdown and transition. Schoppa & Hussain (2002); Cossu et al.

(2011) show how simple spanwise modulations of the streak can induce a rapid
breakdown.
In the second route to turbulence as discussed by Reddy et al. (1998), we
consider a pair of oblique optimal waves. Each of these waves grow via the
transient growth mechanism so that they can nonlinearly interact. From this
interaction we get streamwise independent structures, streamwise vortices, that
in turn induce streamwise streaks via the lift-up effect. The scenario is thus
equal to the previously discussed scenario of streamwise vortices, but with one
extra initial step:

oblique waves ⇒ streamwise vortices ⇒

⇒ streamwise streaks ⇒ streak breakdown ⇒ transition.

This scenario has been extensively investigated in the past for a clean fluid
flow, see e.g. Schmid & Henningson (1992); Berlin et al. (1994). Note that
the oblique scenario is found to be the most efficient way to trigger turbulence
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(see also Duguet et al. (2010)) and it is identified also in non-linear optimal
localized initial conditions (Cherubini et al. 2010; Monokrousos et al. 2011)

The paper is set up as follows. First we present the governing equations
and the details of our the numerical implementation. Secondly we report the
results for the two scenarios described above; before that we validate our nu-
merical implementation with the results from linear theory in Klinkenberg et al.
(2011b).

2. Governing equations and implementation

2.1. Governing Equations

The equations of motion for the fluid are modeled in an Eulerian grid, whereas
the particles are evolved in a Lagrangian framework. The particles are assumed
to be solid, spherical and heavy spheres with a diameter smaller than the small-
est flow characteristic length scale. By neglecting the gravity, in the hypothesis
of heavy particles, the only significant force acting on a single particle is the
Stokes drag (Maxey & Riley 1983). The equations in non-dimensional form
are:
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where ui is the fluid velocity and upi
the velocity of one particle. In the equa-

tions above, δ is the Dirac delta function, f the mass fraction of particles and
SR = τp

U
L the Stokes number defined using the convective time scale of the

flow with L the channel half-width and U the laminar centerline velocity. The

particle relaxation is defined as τp = 2
9
r2

ν
ρp

ρf
, with r the radius of the particle ,

ρp the density of the particle , ρf the fluid density and ν the kinematic viscosity.

The Stokes number is a dimensionless relaxation time multiplied by the
Reynolds number. The dimensionless relaxation time based on the flow viscous

time scale is defined as S =
ντp
L2 =

2r2ρp

9L2ρf
and is only a function of particle size

and density ratio. When we set the density ratio at ξ = ρf/ρp = 0.001, particles
are considered heavy and we can directly relate the size of the particles to the
relaxation time. The size of the particles can then be related to the number of
particles (N) using the volume fraction (Φ):

Φ = fξ,
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N =
Φ

4/3πr3
.

2.2. Implementation

The numerical code is a pseudo-spectral solver in which a plane Poiseuille
flow is given as base velocity by imposing a constant mass flux. The velocity
components are expanded in both x (streamwise) and z (spanwise) direction
with Fourier modes and with Chebyshev polynomials in the wall-normal, or y-
direction. To advance Equation 2 in time, we use a fourth order Runge-Kutta
algorithm. Boundary conditions in x and z are periodic and no-slip is assumed
at both walls, y = ±1. More details about this code are given in Chevalier
et al. (2007).
The particles are evolved by means of a Lagrangian Solver and are coupled to
the Eulerian grid of the fluid flow. The fluid velocities are interpolated from the
Eulerian grid onto the particle positions using a tri-linear interpolation. The
time advancement of the particle uses the same Runge-Kutta algorithm as the
time-advancement of the fluid. The Stokes drag, forcing also the momentum
equation, can be extrapolated back onto the Eulerian grid using the same tri-
linear scheme of the interpolation. The particle back reaction is calculated in
physical space and added to the nonlinear term, before Fourier transformation
back into spectral space.
The streamwise and spanwise dimensions of the domain are Lx = 2π and
Lz = 2π. The Reynolds number used in all computations is 2000. The reso-
lution used is typically 64× 65× 64 for streamwise, wall-normal and spanwise
directions respectively. Several resolutions have been used to investigate the
convergence of the solution.

A bisection algorithm is used to find the energy threshold (Toh & Itano
2003; Duguet et al. 2008b, 2010). The criterion for convergence of the energy
threshold is the following:

2
Au −Al

Au +Al
< 1 · 10−5,

withAu andAl the amplitude at which turbulent and laminar flow are observed.

3. Results

In section 3.1 the numerical implementation is validated against the linear
stability results in Klinkenberg et al. (2011b), obtained under the continuum
assumption. Second, transition initiated by streamwise-independent counter-
rotating streamwise vortices and a weak three-dimensional disturbance is an-
alyzed in section 3.2. We aim to identify the threshold energy of the initial
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condition: a lower amplitude will results in laminar flow, while a larger ampli-
tude in a turbulent flow. Finally, results for the oblique scenario are presented
in section 3.3.

3.1. Linear Evolution

We consider as initial condition a Poiseuille flow with one low-amplitude dis-
turbance of spanwise wavenumber β = 2 and streamwise wavenumber α = 0.
This consists of the optimal initial condition yielding the largest energy growth
from linear stability theory (this is also the maximum possible amplification
over disturbances of different wavenumber). Particles are assumed to have the
same initial velocity as the undisturbed base flow and to be uniformly dis-
tributed. For low initial amplitude, the disturbance energy goes to zero after a
significant transient growth. The linear stability analysis in Klinkenberg et al.

(2011b) shows that particles only affect the time needed to get to the maximum
growth, the growth itself is hardly affected. Figure 1(a) shows the results for
SR = 5 and different values of the mass fraction f . These results shows that
we correctly reproduce the linear results in Klinkenberg et al. (2011b) by direct
numerical simulation. The time at which the energy maximum is observed is
delayed in time with a factor of (1 + f). This is shown more clearly in Figure
1 (b), where we divided the time by (1 + f).
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Figure 1: Transient growth of the perturbation energy with SR = 5 and R =
2000 versus time. (a) Energy growth for several values of f .(b) Same data with
time divided by (1 + f)

3.2. Streak Scenario

The same perturbation considered above (streamwise-independent vortices) is
used here with an additional streamwise-dependent disturbance (α = 1, β =
1). This is necessary in a monophase fluid to trigger transition and introduce
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a three-dimensional velocity field. This oblique mode has an initial energy
equal to 1/9 of that pertaining to the (α = 0, β = 2)-mode. The energy
threshold for transition is shown in Figure 2 where we report data for four
different numerical resolutions. The thresholds from the different simulations
approximately match, just the lowest one 48× 65× 48 gives a slightly different
result. Therefore results obtained with the mesh-size of 64 × 65 × 64 will be
used in the figures presented next. We notice that the energy threshold is
not significantly affected by the presence of particles. At small mass fractions
the threshold energy is smaller than in a clean fluid flow, whereas larger mass
fractions result in a slight increased of the threshold energy.
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Figure 2: The critical threshold energy as a function of mass fraction particles f ,
SR = 5 and R = 2000. Four different resolutions are used to test convergence.

Although the threshold energy is not significantly affected, Figure 3 shows
that the time at which transition occurs is altered by the presence of heavy
particles. Figure 3 shows the evolution of the integrated wall-normal v- (a)
and streamwise u- (b) velocity perturbations for flows with different particle
mass fractions. In all cases we kept constant the initial disturbance energy at
6.25 · 10−5.

Transition follows a similar path in all cases displayed, although the time
at which transition is observed (sharp increase of the wall-normal velocity per-
turbation) is increasing by a factor of 3 or more in the presence of particles;
the flow relaminarizes for a mass fraction f = 0.39. The particles affect the
instability such that at this amplitude the flow does not become turbulent. It is
also clear from the figure that the transient growth of the streaks is not affected
by the presence of particles, as predicted by linear theory (see Figure 3(b)).

The initial increase of the wall-normal velocity disturbance in Figure 3(a)
accounts for the initial weak transient growth of the oblique modes since the
in-plane disturbance associated to the (α = 0, β = 2) streaky mode is monoton-
ically decreasing. The data clearly indicate that the amplitude of the oblique
mode decreases for increasing mass fraction f . This indicates that particles
influence the oblique mode such that transition is delayed. To confirm this, we
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Figure 3: The v-velocity (a) and u-velocity (b) as a function of time for several
mass fractions at SR = 5 and R = 2000 with an initial perturbation energy of
6.25 · 10−5.

examine the linear behavior of the oblique mode (α = 1, β = 1). The linear
optimal growth is given in Figure 4 where the largest possible transient energy
growth, maximized over the final time at which the disturbance is measured, is
displayed versus the particle mass fraction. It is seen that a larger mass fraction
decreases the optimal growth significantly. Considering the singular values of
the system as representative of the behavior of the system for the evolution of
the oblique mode, we can therefore conclude that particles stabilize the oblique
mode and this induces a delay of the time at which transition is observed. This
is associated to a less effective start of the streak disruption.

In the light of the above discussion, we can now interpret the energy thresh-
old reported in Figure 2. The initial decay of the energy reported for low values
of the concentration can be attributed to the forcing from the particles to the
fluid. Particles act at isolated locations and therefore induce streamwise mod-
ulations of the streaks. This forcing contribute and interact with the oblique
mode to induce the streak breakdown. At larger values of f we observe a weak
stabilizing effect. On one hand, the amplitude of the oblique mode introduced



Numerical Simulations of transition in particle-laden channel flow 95

initially decreases faster, on the other hand more particles are acting in the
flow and their action on the fluid can be assumed to be more homogeneous.

For the scenario considered here, streaks need to reach a sufficient high
amplitude so that secondary instabilities can initiate; this may explain the
weak dependence of the threshold curves on the mass fraction. The time for
transition, however, does depend on the amplitude of the streamwise dependent
forcing induced by particles and oblique mode since this determines the initial
amplitude of the growing secondary instability mode. Note finally that the
threshold curves for transition have usually a fractal or complicated behavior;
they are very sensitive to the specific initial condition.
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Figure 4: The optimal growth of the oblique mode (α = 1, β = 1) as a function
of mass fraction f using R = 2000 and SR = 5. The optimal energy gain is
maximized over all possible final times

3.3. Oblique Scenario

The oblique scenario is initiated by a pair of symmetric oblique waves, (α =
1, β = ±1). These waves interact non-linearly and intiate streaks in the flow
with (α = 0, β = 2) as in the scenario above (Reddy et al. 1998). The two
oblique waves are both given the same initial energy and again particles are
initialized uniformly distributed and with zero disturbance velocity (note that
tests where particles have initially the local fluid velocity gave no significant
differences in the results).

The threshold energy for transition is displayed in Figure 5 versus the par-
ticle mass fraction, where we also compare results obtained with three different
resolutions.

As in the previous scenario, the energy initially decreases at low mass
fraction and then increases with f , in this case by a factor approximatively 4
for the largest mass fractions considered. As before, we attribute the initial
decrease of the energy required to transition to the modulation introduced in
the system by the few particles present. Indeed, large scale forcing may be
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Figure 5: The critical threshold energy of two oblique waves (α = 1, β = ±1)as
a function of mass fraction particles f , with SR = 5 and R = 2000. Three
different resolutions are used to test convergence.

more effective than small scale forcing due to lower viscous dissipation at this
relatively low value of the Reynolds number. The largest increase observed
at large f is related to the decreased amplitude of the oblique modes in the
presence of particles, as also discussed above.

The time evolution of the perturbation velocities is reported in Figures
6 and 7, where the initial energy is kept constant at 8 · 10−6 and 1.8 · 10−5

respectively. Unlike transition initiated by a pair of counter-rotating streamwise
vortices, there is no significant time-delay in the transition. If the particles
maintain the energy below the threshold, the flow stays laminar. Figure 6
reveals that for f ≤ 0.36, transition is induced in spite of the lower amplitude
of the oblique modes compared to the single phase flow. This clearly points to
the importance of the additional forcing induced by the inertial particles.

In the figures, one can also appreciate the steps involved in the oblique
transition: first the amplification of the oblique modes, v perturbation at t ≈ 10
in Figure 7(a), and later, u perturbation at t ≈ 30 in Figure 7(b), the emergence
of streaky structures. For the case of laminar flow, f = 0.39 in Figure 7, the
transient growth of the streaks is significantly delayed by the low amplitude of
the interacting oblique modes.

4. Discussion and Conclusion

Direct Numerical Simulations of a particle-laden channel flow are performed,
with particles assumed heavy, spherical and solid. The interaction between the
particles and the fluid is therefore modeled by the Stokes drag as the only inter-
action term. The fluid flow is computed on a Eulerian mesh with Lagrangian
tracking of particles. The interpolation of the fluid velocity at the particle posi-
tion and of the Stokes drag back to the Eulerian mesh uses a tri-linear scheme.
The results are shown to be independent of the numerical resolution.
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Figure 6: The v-velocity (a) and u-velocity (b) as a function of time for several
mass fractions at SR = 5 and R = 2000 with an initial perturbation energy of
8 · 10−6.

We study sub-critical transition in plane channel flow and quantify the
effect of particles on the initial energy needed to reach the turbulent regime.
Previous studies (Klinkenberg et al. 2011b) indicate that the linear non-modal
lift-up mechanism, responsible for the amplification of streamwise-independent
streaks induced by counter-rotating streamwise vortices, is the dominant in-
stability mechanism at sub-critical conditions as for single phase channel flow.
This is hardly affected by the presence of particles, unlike modal stability; this
was explained by the disparity between the particle relaxation time and the time
scales typical of transient growth, at least for values of particle size and density
consistent with our model. The aim of the present paper is therefore to assess
whether particles influence the nonlinear stages of transition and whether this
may have a relation to drag reduction observed in turbulent particle-laden shear
flows. It is relevant to recall here that secondary instabilities compete against
viscous diffusion of the streak (Schoppa & Hussain 2002), so that streaks need
to have sufficiently high amplitudes but also streamwise-dependent modes need
time to reach amplitudes at which turbulent breakdown can occur. The time
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Figure 7: The v-velocity (a) and u-velocity (b) as a function of time for several
mass fractions at SR = 5 and R = 2000 with an initial perturbation energy of
1.8 · 10−5.

needed to reach high-enough amplitudes is related to their initial amplitude as
well as to the streak amplitude, driving the instability.

We consider two classic transition scenarios: the streak scenario, induced
by streamwise vortices and a relatively weak streamwise dependent mode, and
oblique transition, induced by a pair of symmetric oblique waves. In the latter,
the non-modal growth of streaks is induced by the nonlinear interaction of
the two streamwise-dependent modes. This oblique scenario is known to be
more effective and require lower initial disturbance energy (Reddy et al. 1998;
Duguet et al. 2010). To appreciate the differences between the two scenarios,
the energy threshold for transition is reported in Figure 8, normalized with the
value for the corresponding single phase fluid. In both cases, we see a decrease
of the energy threshold at very low particle concentrations. This is explained
by the fact that in this case streaks and oblique modes are weakly affected by
the particles, while these induce additional forcing in the flow that is able to
trigger streak secondary instabilities faster. For larger particle mass fraction,
we observe an increase of the energy threshold, most pronounced for the oblique
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scenario. This is attributed to the stabilizing effect particles have on the oblique
modes, an effect quantified by the non-modal analysis of the evolution of these
modes reported in Figure 4. This stabilization is more effective in case of
oblique transition since it acts directly to hinder the generation of streamwise
vortices by nonlinear interactions of these oblique modes. The streak generation
is delayed and weakened when the oblique modes decay faster.

In the case of the streak scenario, the streak evolution is basically unaf-
fected by the presence of the particles. Particles act to weaken the oblique
mode and therefore delay the transition process. Results obtained for the same
initial disturbance amplitude, above the critical threshold, reveal that tran-
sition occurs at later times: the secondary instability is initiated with lower
amplitudes and requires more time to develop.

One can speculate that the results presented here can have implications
for turbulent flows where drag reduction is observed for relatively large mass
fraction. In Hamilton et al. (1995); Waleffe (1997), a regeneration cycle is pro-
posed to underlie wall-bounded turbulent flows. This consists of three steps: i)
generation of streaks induced by streamwise vortices, ii) streak breakdown via
secondary instabilities, iii) regeneration of elongated vortices by nonlinear in-
teractions between oblique modes originating at the streak breakdown. In this
respect, the present investigation indicates that particles can affect this cycle in
two ways. They may be particularly active in the last of these three processes,
namely the regeneration of streamwise vortices by nonlinear interactions. In-
deed, the first step of the oblique scenario is the most affected in the presence
of heavy particles. However, particles also induce a significant time delay on
the streak breakdown (stage ii). This time-delay can break the regeneration
cycle. As shown in Klinkenberg et al. (2011b), the streak generation occurs on
a time scale too long for particles to have an effect.
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Figure 8: Comparison between the threshold energies for the streamwise vor-
tices and the oblique waves, both normalised with their energy threshold of a
clean fluid.
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