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Abstract—We analyze a multi-user MISO system employing
zero-forcing precoding and user scheduling with an adjustable
amount of fairness at the transmitter. The system shows a
significant gain in sum-rate from multi-user diversity, even for a
small number of users. Furthermore, a large fraction of this gain
is attained even if the system is constraint to be as fair as the
Round-Robin scheduler. The performance of the fair scheduler
shows to be unaffected by partial channel state information at
the transmitter in the slow fading regime.

I. INTRODUCTION

Multi-antenna systems have the potential to greatly in-
crease spectral efficiency [1]–[3] and are therefore capable
of satisfying the growing demand on data rate of wireless
radios. Several strategies to utilize multi-antenna diversity have
been proposed. On the one hand dirty paper precoding [4]
has been shown to achieve the same scaling as the single-
antenna channel, i.e. the rate is unaffected by interference.
However, this information theoretic results turns out to be
difficult to achieve by practical schemes [5]. On the other
hand, zero-forcing (ZF) precoding [6] is a simple straight
forward approach canceling interference at the transmitter by
multiplying the channel inverse. The main drawback of ZF,
noise enhancement, can be overcome if multi-user diversity
is inherent in the system, i.e., if the base station can select
certain users out of a pool of users. It has been shown that
user selection for ZF scales equal to optimal dirty paper
coding for large pool sizes [7]. The same scaling can be
achieved by greedy user selection [8]. But selecting users
opportunistically to maximize sum-rate will result in very
much unequal rates provided to the single user. This gives
rise to user scheduling under a fairness constraint. Fair user
selection has been analyzed for CDMA and OFDM systems
in [9] and [10], respectively.

In this paper we analyze a greedy user selection scheme
that maximizes the sum-rate of ZF under an adjustable fair-
ness constraint. Therefore, the scheme exploits the trade-off
between rate and fairness. The fairness is measured using
two different fairness metrics. The objective is to find the
sum-rate of a system that is equally fair as the Round-Robin
scheduler [11]. Furthermore we analyze the system in the
realistic scenario, where the base station obtains channel state
information (CSI) only from those users that were selected.
The resulting sum-rate is found for different fading conditions.

The remainder of the paper is organized as follows. In
section II we present the system and channel model as well
as the precoding strategy. The throughput of the system is
derived. Section III introduces the scheduler with adjustable
fairness constraint. In section IV we present and discuss the
simulation results, and section V concludes the paper.

II. FUNDAMENTALS

A. System Model

We consider the downlink transmission from a base station
equipped with M antennas to K mobile stations (users) each
equipped with one antenna. The transmission over the wireless
medium is modeled as

yi(t) = hT
i (t)s(t) + ni(t), i ∈ {1, . . . ,K}.

Subsequently, we drop the time index t for ease of notation.
The vector of transmitted signals and the i-th user’s received
signal are denoted as s ∈ CM and yi ∈ C, respectively.
The noise ni ∼ CN (0, 1) is complex Gaussian, and the
power of transmitted signal is constrained to ‖s‖2 = ρ. The
user’s channel vectors hi ∈ CM form the channel matrix
H = [hT

1 . . .h
T
K ]T , that yields the equivalent channel model

y = Hs + n, (1)

with y = [y1 . . . yK ] and n = [n1 . . . nK ]. The entries
of H are i.i.d zero-mean unit-variance complex Gaussian
hi,j ∼ CN (0, 1), j ∈ {1, . . . ,M} and are time correlated.
The correlation is modeled by Rayleigh fading with maximum
Doppler shift fD, and the channel is assumed to stay constant
for transmission blocks of length Tb.

B. Precoding

Since the users cannot decode the received signals jointly,
the interference caused by the channel must be compensated at
the transmitter. One simple way of achieving this is linear ZF
precoding, that is multiplication by the Moore-Penrose pseudo
inverse

P = HH
(
HHH

)−1

at the transmitter, i.e.

s =
√
ρ

Pa

‖Pa‖
.



The vector a ∈ CK contains the symbols intended for the
users. Plugging into (1) yields

y =
√
ρ

‖Pa‖
a + n.

We observe that each user’s received symbol yi is a scaled
and noisy version of the intended symbol ai.

C. Sum-rate

According to [12] the sum-rate of a system using ZF is

Rwf =
K∑

i=1

[ log2(µbi)]
+
,

with the coefficients

bi =
1[(

HHH
)−1

]
i,i

. (2)

The water-level µ is obtained from the water-filling formula-
tion

ρ =
K∑

i=1

ρi =
K∑

i=1

[
µ− 1

bi

]+
(3)

with power constraint ρ and [x]+ = max(0, x).
The procedure of water-filling will be omitted in this paper,

because it conflicts with fairness constraints. Fairness requires
selecting users with low channel gain, but water-filling will
possibly assign no transmit power to those users. Having no
constant water-level we get µi = ρi + 1

bi
and therefore

R =
K∑

i=1

log2(1 + ρibi) = K log2(1 + ϑ) .

The second relation follows from the fact that without water-
filling all users experience the same signal-to-noise ratio
(SNR) ϑ. From (3) and (2) we find

ϑ =
ρ∑K

i=1
1
bi

=
ρ

tr
((

HHH
)−1

) =
ρ∥∥∥H†∥∥∥2

F

,

where the last relation is due to the definition of pseudo-inverse
and of Frobenius-norm. Now the sum-rate becomes

R = K log2

(
1 +

ρ

‖P ‖2F

)
. (4)

In fact we have a channel dependent SNR degradation ‖P ‖2F.
The degradation depends on the condition of the channel
matrix H . An ill-conditioned matrix results in an inverse
with large entries. Multi-user diversity enables the scheduler
to choose a subset of users that possesses a channel matrix
with better condition and hence increased sum-rate.
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Fig. 1. Block diagram of communication system.

III. FAIR USER SELECTION

We focus on greedy user selection due to its low complexity
and high performance compared to optimal exhaustive search
user selection [8]. The scheduler selects K = M users out
of the pool of N users in a successive manner. If no fairness
constraint is imposed, user selection maximizes the sum-rate
R or equivalently minimizes ‖P ‖2F.

Suppose a set S of users has been selected in previous
selection steps and a disjoint setR contains the users that were
not selected, yet. Then greedy user selection can be expressed
as

i = arg min
i′∈R
‖P (S ∪ {i′})‖2F ,

where P (A) is the pseudo-inverse of the channel matrix
H(A) consisting of the channel vectors hi, i ∈ A of the
selected users.

To incorporate fairness, we modify the minimization ac-
cording to

i = arg min
i′∈R

(
‖P (S ∪ {i′})‖2F ·R(i′)ϕ

)
,

where the i-th user’s mean rate R(i) acts as a penalty
multiplier. The higher the rate that user received in the past,
the more unlikely it will be selected. The mean rate is
obtained from exponentially weighted moving averaging over
the instantaneous rate. The fairness exponent ϕ governs the
amount of fairness in weighting the penalty multiplier. The
block diagram of the communication system is depicted in
Fig. 1.

To determine the amount of fairness in the system we use
Jain’s fairness metric [13]

FJ =

(∑N
i=1R(i)

)2

N
∑N

i=1

(
R(i)

)2 , (5)

where N is the total number of users, as well the simple min-
max-metric

Fmm =
miniR(i)
maxiR(i)

. (6)
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Fig. 2. Sum-rate vs. number of users in pool for N = 4 antennas and
normalized fade rate fn = 1/200.

IV. RESULTS

The objective of our work is to find the sum-rate R subject
to the fairness exponent ϕ, i.e. how much of the gain from user
selection can be preserved under different fairness constraints.
We fix the SNR ρ = 20dB, since for ρ � 1 it acts merely
as an offset in (4). The realizations of the Rayleigh fading
channel are generated using Jakes’ model [14] with normalized
fade rate fn = fDTb, the measure of channel variation. The
maximum maximum Doppler shift fD = vfc/c is a function
of carrier frequency fc, speed of mobile stations v and speed
of light c.

Fig. 2 shows the sum-rate R as a function of the num-
ber of users N in the system. The normalized fade rate is
fn = 1/200, the number of transmit antennas is M = 4
and we select K = 4 users in each transmission block. First,
consider the solid lines, as they show the dependence on the
fairness exponent ϕ. The value of ϕ is indicated by different
markers. We can observe a graceful degradation in sum-rate
with increasing fairness exponent. However, the gain from
multi-user diversity is still significant. Furthermore, the main
part of the gain is due to the first additional users in the
pool. This desirable property is still attained under the fairness
constraint.

An important question is, what value of ϕ will result in
an amount of fairness that is sufficient for the system. To
answer this question we compare our scheme to a Round-
Robin user selection. This scheduler selects the users in a
specific sequence, i.e. perfectly fair. We measure the Jain-
fairness using the metric (5) for each value of N . Secondly
we search for the fairness exponent ϕ of our scheduler, that
reaches the same Jain-fairness as the Round-Robin scheduler.
Finally, we simulate the sum-rate for the matched fairness
exponents. The result is indicated by the dashed line without
marker in Fig. 2. To check whether the result is dependent
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Fig. 3. Sum-rate vs. number of users in pool for N = 4 antennas and
normalized fade rate fn = 1/50.

on the fairness metric, the simulation is repeated using the
min-max metric (6) instead. The dash-dotted line suggests that
the result is almost independent of the metric. For a fairness
exponent around ϕ = 1 our scheduler is as fair as the reference
scheduler.

Surprisingly, our user selection scheme gains much sum-
rate even if it is constrained to be as fair as the Round-Robin
scheduler. This is our most important result, it indicates that
even under strong fairness constraints user selection should be
optimized to maximize sum-rate.

Next, we investigate to what extend our scheduler is de-
pendent on accurate CSI of all user in the pool. For large
pool sizes N it may be expensive or impossible to acquire
CSI from all users in each transmission block. Instead we
assume the base station attains CSI only from those users
that have been selected. Therefore scheduling is based on
partially outdated CSI. The dotted lines in Fig. 2 show the
resulting sum-rates for different fairness exponents ϕ indicated
by different markers. First of all, unfair user selection (ϕ = 0
marked with circles) shows a large degradation, but as soon
as fairness constraints are included the degradation vanishes,
the lines almost coincide. Fair user selection results in more
accurate CSI, because deselecting a user for a long period of
time is avoided.

Turning to Fig. 3 we observe the dependence on the fade
rate fn of the channel. The system was simulated with the
same parameters but with faster fading fn = 1/50. Firstly, the
sum-rate shows a similar dependence on the fairness exponent
under the assumption of perfect CSI (solid lines). Secondly, the
statement about the sum-rate under fairness constraint dictated
by Round-Robin scheduling still holds (dashed line). However,
the performance is degraded under the partial CSI assumption
(dotted lines), and the higher the number of users N , the higher
the degradation. This is reasonable, since if there are many
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Fig. 4. Sum-rate vs. number of users in pool for N = 6 antennas and
normalized fade rate fn = 1/200.

users competing for transmission, the base station’s CSI will
be less accurate. Accordingly, the number of users N should
be matched to the fade rate, if only partial CSI is available.
In the slow fading regime, though, the transmitter is able to
keep track of a large amount of users N (see Fig. 2).

Finally, Fig. 4 and Fig. 5 show similar results for M =
6 and M = 8 receive antennas in the slow fading regime
fn = 1/100, respectively. A scheduler, that is equally fair
as the Round-Robin scheduler employs a fairness exponent
around ϕ = 1. This suggests that the choice of the fairness
exponent can be made independent of the system dimension.
With increasing number of antennas M , the receiver is more
robust against partial CSI (compare dotted lines in Fig. 2, Fig.
4 and Fig. 5).

V. CONCLUSION

We presented results from simulating a multi-user MISO
system employing a scheduler with adjustable fairness. We
found that the diversity gain in sum-rate can be achieved even
under a strict fairness constraint, forcing the system to be as
fair as the Round-Robin scheduler. Since Round-Robin treats
the users with maximum fairness, our results indicate, that
opportunistic scheduling is beneficial under every fairness con-
straint. The performance degradation of user selection under
realistic, i.e. partial CSI is alleviated by the fair scheduler due
to shorter periods of deselection and hence more accurate CSI.
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Fig. 5. Sum-rate vs. number of users in pool for N = 8 antennas and
normalized fade rate fn = 1/200.
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