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Signal Processing Laboratory, Tampere University of Technology

Box 553, FIN-33101 Tampere, Finland

Abstract— Two different feedback structures de-
rived from a finite impulse response (FIR) predictor
for polynomial signals are considered. The result-
ing infinite impulse response predictors are studied
with respect to noise gain and step response. It is
illustrated that high order feedback structures result
in superior performance compared to minimal order
feedback structures.

I. Introduction

THERE has been a recent focus on prediction
of deterministic waveforms by digital filtering.

Applications may be found in compensation for
computational delay in pipelined control systems,
[1], reconstruction of nonuniformly sampled signals,
[2], in medical signal processing, [3], in detection
of zero crossings in thyristor power converters, [4].
Predictive filters with complex valued coefficients
are considered for signals affected by Rayleigh fad-
ing channels in [5]. In [6], a low pass polynomial
predictor is included in a control loop for power
control in spread spectrum communication systems
impaired by Rayleigh fading.
For a polynomial signal there exist a minimal or-

der finite impulse response (FIR) predictor. Such
a predictor has some drawbacks, mainly a low at-
tenuation of broad band noise. In order reduce the
influence of broad band noise, either high order FIR
filters, or low order infinite impulse response (IIR)
filters, are applied for prediction.
By definition, prediction or forecasting is haz-

ardous, and thus in almost all applications low order
polynomial models as well as short prediction hori-
zons are considered. In this paper, different FIR
and IIR filters for prediction of low-order polyno-
mial signals are studied with respect to stability,
sensitivity to broad-band noise, and step response.
The superiority of a high order feedback structure
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over a minimal order IIR predictor for design of low-
pass predictors is illustrated.

II. Predictor feedback structures

Consider the FIR filter

y(k + p|k) = B(q−1)y(k), (1)

where the output y(k + p|k) is a p-step ahead pre-
diction of the input y(k). The signal y(k) is mod-
eled as a polynomial of order L, that is y(k) =
g0+g1k+· · ·+gLk

L. The notation q−1 is used for the
backward shift operator, that is q−1y(k) = y(k−1),
etc. The coefficients {bℓ}

L
ℓ=0

of the minimal order

FIR predictor B(q−1) are given by, [7]

bℓ =

L
∏

i=0,i6=ℓ

p+ i

−ℓ+ i
, ℓ = 0, . . . , L. (2)

Any high order FIR predictor may be formed as

y(k + p|k) =
(

B(q−1) + C(q−1)D(q−1)
)

y(k), (3)

where D(q−1) is an arbitrary FIR filter of degree
nd, and C(q−1) fulfills C(q−1)y(k) = 0, that is
C(q−1) = (1− q−1)L+1, [7].

A. A high order feedback predictor

If y(k) is a polynomial signal, in steady state the
output from B(q−1) in (3) equals y(k+p) while the
output from C(q−1)D(q−1) equals zero. Thus, the
scaled and delayed output ỹ(k), that is

ỹ(k) = αq−pB(q−1)y(k) + βq−rC(q−1)D(q−1)y(k)
(4)

for some α 6= 1, β and integer delay r ≥ 0, may
be fed back and mixed with the scaled input (1 −
α)y(k) without affecting the prediction ability. The
resulting high order feedback predictor is given by

y(k + p|k) = (5)

(1− α)[B(q−1) + C(q−1)D(q−1)]

1− αq−pB(q−1)− βq−rC(q−1)D(q−1)
y(k).
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In (5), B(q−1) and C(q−1) are determined by the
polynomial input, and α, β, r, and D(q−1) are
user chosen design variables. The particular choice
D(q−1) = 0 results in a minimal order feedback pre-
dictor.

B. A high order state feedback predictor

An alternative to the (output) feedback struc-
ture in (5) is the state feedback proposed in [8],
that is differently delayed predictor outputs are
fed back to the different entries in the delayed
line. Symbolically, such a filter has the transfer
function F (q−1)/A(q−1), where the coefficients of
F (q−1) and A(q−1) depend both on the coefficients
of the prototype predictor and on the feedback co-
efficients, see [8] for details. Putting the state feed-
back predictor in [8] in a high order structure results
in a state feedback high order predictor

y(k + p|k) =
F (q−1) + C(q−1)D(q−1)

A(q−1)
y(k). (6)

The performance of (6) may be tuned by proper
selection of D(q−1). With D(q−1) = 0 the predictor
coincides with the one in [8].

III. One step ahead prediction of ramp

signals

In steady state, the predictors (3), (5), and (6)
all have the same prediction ability, but different
performance in terms of sensitivity to broad band
noise or recovery from large prediction errors. Here,
the assessment of performance is given for one step
ahead (p = 1) ramp predictors (L = 1), and the
performance of the FIR predictor (3) is compared
with the performance of second order variants of (5)
and (6).

In the case L = 1 and p = 1, the second order
transfer function corresponding to (5) is given by
r = 0 and D(q−1) = d0, that is

HHF (q
−1) = (7)

(1− α)[2 + d0 − (1 + 2d0)q
−1 + d0q

−2]

1− βd0 − 2(α− βd0)q−1 + (α− βd0)q−2
,

where the feedback α 6= 1. For βd0 = α, (7) reduces
to a length 3 FIR predictor.

Using the expression in [8] and (6) with D(q−1) =
d0, a straightforward calculation gives

HSFH(q−1) = (8)

2(1−β0)+d0−(1+β0β1−β0−β1+2d0)q
−1+d0q

−2

1− 2β0q−1 + (β0 + β1 − β0β1)q−2
.

One may note that both (7) and (8) comprise three
design variables, (d0, α, β) and (β0, β1, d0), respec-
tively.

A. Stability

The stability properties of the IIR predictors are
tied to the location of the poles. A parameteri-
zation of (7)-(8) in terms of the location of the
poles directly results in conditions for stability. Let
γ2 denote the product of the poles. Then, with
γ2 = (α−βd0)/(1−βd0) the predictor (7) is rewrit-
ten as

HHF (q
−1) = (1−γ2)

2 + d0 − (1 + 2d0)q
−1 + d0q

−2

1− 2γ2q−1 + γ2q−2
.

(9)
For (8), γ2 = β0 + β1 − β0β1, and thus

HSFH(q−1) = (10)

2(1−β0)+d0 − (1− γ2 + 2d0)q
−1 + d0q

−2

1− 2β0q−1 + γ2q−2
.

The predictor (9) is asymptotically stable for γ2 <
1, whereas the stability conditions for (10) are given
by γ2 < 1 and β0 < (1 + γ2)/2.

IV. Performance assessment

A. Noise gain versus rise time

The noise gain (NG) relative an input white noise
with unit variance is given by

NG =
1

2πi

∮

H(z)H(z−1)
dz

z
, (11)

where the integration proceeds around the unit cir-
cle. For (3) the NG is given by the squared sum
of filter coefficients, and for (9)-(10) it follows from
standard results in residue calculus. Explicitly, for
a second order transfer function

H(q−1) =
b0 + b1q

−1 + b2q
−2

a0 + a1q−1 + a2q−2
, (12)

the NG is given by (16) at the end of the paper,
[12]. Explicit expressions for the NG of (9) and
(10) directly follow by identification of coefficients.
The rise time is defined by the time from a unity

step in y(k) until the filter output is less than 10%
from the unity steady state value of the output.
By numerical minimization of NG (with respect

to the free parameters using a Simplex search
method) the performance of (9) and (10) can be
compared for a given γ2. In Figure 1, the results of
such an optimization are shown, that is the NG as
function of the rise time of the predictors. In the
figure, the performance of the minimal order feed-
back predictor (9) (that is with d0 = 0), the state
feedback predictor in [8], and the minimum NG high
order FIR predictor (3), [3], is included.

B. Amplitude Response

In Figure 2, a design example is given that il-
lustrates the effect of different D(q−1). Here, the
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squared distance between |HSF (e
iω)| (that is (10)

with d0 = 0) and the desired amplitude response
function (as shown in Figure 2) is minimized in 32
discrete frequency point equally spaced between 0
and π, with the constraint that the maximum al-
lowed pole radius equals 0.95. The resulting loss is
2.83. In a second step the squared distance between
|HSFH(eiω)| and the desired amplitude response is
minimized with respect to d0, that is with fixed β0

and β1 that equal the resulting parameters from
the first design step. The resulting loss i reduced
to 1.54. One should note that |HSFH(eiω)| with a
lower loss may exist, since in the second step the
minimization is only performed in the d0-direction,
and thus is suboptimal. The resulting amplitude
responses, as well as poles-zeros plots are given in
Figure 2. For the design of a maximum all-pass
predictor a unity amplitude response is desired. In
this case, the second step does not improve the least
squares fit.

C. Design based on discounted least squared model-

ing

Let the ramp signal be corrupted by additive zero
mean white noise e(k). Then by minimization of
the criterion below a predictor with minimum noise
gain results (in the sense of minimizing (13)), that
is

V (g0, g1) =

N
∑

k=1

λN−kε(k)2. (13)

In (13), ε(k) = y(k)−y(k|k−1) is an one step ahead
prediction error. The forgetting factor λ ∈ (0, 1) de-
termines the trade-off between noise gain and rise
time of the predictor, with λ close to zero a pre-
dictor with low rise time and high noise gain re-
sults, and vice versa. The forgetting factor λ may
be interpreated as the minimization is performed in
a data window of (approximate) length 2/(1 − λ)
samples. This is a methodology that has been used
for design of differentiating filters, [9], for design
of predictive filters for sinusoidal signals, [10], and
for design of notch filters, [11]. The recursive min-
imizer of (13) forms a time varying predictor, [9].
As k → ∞, the solution converges, and thus the
prediction y(k + 1|k) may be approximated as the
output from a linear time invariant filter driven by
y(k). Explicitly, [9],

H(q−1) = (1− λ)
2 − (1 + λ)q−1

(1− λq−1)2
. (14)

The resulting predictor (14) is equivalent with (8)
with

β0 = λ, β1 = −λ, d0 = 0. (15)

Here, the trade-off between noise gain and rise time
is determined by the single design variable λ. This

result may be useful for on-line tuning of the pre-
dictor (8).

V. Conclusions

Different FIR and IIR predictors for polynomial
signals have been studied. For second order IIR
predictors designed for one step ahead prediction of
ramp signals, it has been shown that the state feed-
back predictor (6) has superior performance com-
pared with the performance of the feedback predic-
tor (5), or the high order FIR predictor (3). It has
also been shown that the extra flexibility using high
order IIR structures, that is D(q−1) 6= 0, results in
a slightly improved performance compared with a
minimal order IIR structure.
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NG =
a0(a0 + a2)(b

2
0 + b21 + b22)− 2a0a1b1(b0 + b2)− 2b0b2(a0a2 − a21 + a22)

a0(a0 − a2)(a0 − a1 + a2)(a0 + a1 + a2)
. (16)
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Fig. 1. Minimum NG for a given rise time of the predictors (3) (dashed-dotted line), (9) (upper solid line), and (10) (lower
solid line). As reference, the minimum NG for (9) (upper dashed line), and (10) (lower dashed line) for D(q−1) = 0 are
shown.
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Fig. 2. Magnitude responses of state feedback (SF) predictor (that is (10) with d0 = 0) and the state feedback predictor in a
higher order structure (SFH). The parameters of (10) is such that the squared distance to the desired response is minimized,
with the constraint that the maximum pole radius equals 0.95. The resulting pole locations are z = 0.908e±i0.136, and
the zeros are located at z = 0.875 for SF, and z = 0.829 and z = 0.682 for SFH, respectively.


