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Abstract— The performance of a recently proposed high
order adaptive notch filter (HANF) for frequency estima-
tion and tracking is studied. An analysis technique utilizing
approximations with linear filters is employed in order to
derive closed form performance expressions for a noisy sinu-
soidal input signal. Important performance measures, such
as stability, noise rejection, statistical efficiency, and track-
ing ability, are studied in detail, and rules for the design
variables are given.

I. Introduction

Adaptive estimation of fundamental frequency of
narrow-band source signals corrupted by broad band mea-
surement noise is a problem that arises in many appli-
cations. In the on-line filtering scenario, basically two
types of adaptive algorithm are employed, that is struc-
tures based on a finite impulse response whitening filter
with many taps, and structures based on a low order infi-
nite impulse response (IIR) whitening filter.
In order to eliminate or enhance a real-valued sinusoidal

signal a second order IIR whitening filter is sufficient. For
complex-valued sinusoidals (or cisoids, for short) a first or-
der IIR filter with complex-valued coefficients is sufficient.
For minimal order IIR structures, adaptive schemes have
been derived and their performance have been investigated
by several researchers, see, for example, [1]-[3], and the ref-
erences therein. It has been shown that many of the ANFs
have excellent performance in terms of estimation accuracy.
Especially, in [2] an analysis technique based on approxi-
mating the algorithmic performance by aid of linear filters
was introduced, a technique that also is employed here.
In [3], an algorithm for adaptive frequency estimation

was introduced that utilizes a high order IIR notch filter
structure. Due to the close connection between the algo-
rithm in [3] and the ANF in [1], [2], it is denoted as a high
order adaptive notch filter (HANF). It was claimed that
the main benefit of this scheme over a traditional second
order ANF is the robustness of the method against large
step changes in the frequency of the source signal, a claim
supported by some numerical simulations.
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In this paper, the HANF in [3] is studied for complex-
valued input data. The outcome of the analysis reveals
some features of HANF that distinguish it from minimal
order ANFs. Two features are that it may be unstable for
unsuitable design variables, and that it may track linear
frequency variations without any tracking delay. The first
property is clearly a drawback, but unstability is easily
avoided using a simple design rule. Further, it is shown
that for a noisy cisod with random frequency drift, the
frequency error variance attains the lowest possible error
variance given by the posterior CRB, a property that is
shared with properly designed minimal order ANFs, [5].
The analysis provides a design methodology for the user
chosen variables of the algorithm, that is the forgetting
factor ρ, and the two pole contraction factors λ1 and λ2.
Some simple rules-of-thumb for (ρ, λ1, λ2) are provided.

II. Signal model and HANF

Consider a complex-valued sinusoidal signal buried in
noise

xℓ = sℓ + vℓ, ℓ = 1, 2, . . . ,
(1)

sℓ = Aeiωℓ,

where i =
√
−1, A = |A|eiµ is a complex-valued ampli-

tude. The noise vℓ is zero mean complex-valued white
Gaussian with variance σ2. The real and imaginary parts of
vℓ are independent with variances σ2/2, respectively. The
signal-to-noise ratio is defined by SNR = |A|2/σ2. Further,
ω ∈ (−π, π) is the (angular) normalized frequency. The
parameters (|A|, µ, ω, σ2) are all unknown, but here the
frequency ω is the parameter of main interest.
The HANF is based on the IIR whitening (or notch) filter

εℓ = G(q−1)xℓ, (2)

where εℓ is the, so called, prediction error, and q−1 denotes
the backward shift operator, that is q−1xℓ = xℓ−1, etc.
Further,

G(q−1) =
C(q−1)(D1(q

−1) +D2(q
−1))

D1(q−1)D2(q−1)
. (3)

In (3), the polynomials are given by

C(q−1) = 1− eiωq−1,

D1(q
−1) = 1− λ1e

iωq−1, (4)

D2(q
−1) = 1− λ2e

iωq−1.

In (4), ω is a variable that adaptively should be match
to the frequency of sℓ, the scalars λ1 and λ2 are design
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Fig. 1. Gain characteristics for the funnel shaped whitening filter
(3) with λ1 = 0.975 and λ2 = 0.5 (solid line). As reference, the
minimal order whitening filter with pole radius 0.975 is shown
(dashed line).

variables in the interval (0, 1). In the original paper, [3], the
real valued counterpart to (3)-(4) is considered. In order
to make the analysis feasible, however, the corresponding
adaptive scheme for complex valued input data is derived
and analyzed here.
In [3], the whitening filter in (3) is called a funnel filter,

due to its funnel shaped frequency domain characteristics
as illustrated in Figure 1. Since the frequency characteris-
tics of the whitening filter is related to the shape of the loss
function in the recursive prediction error method (RPEM),
it is argued in [3] that the structure (3) results in an al-
gorithm more robust against large frequency variations in
the input data than an ANF based on a minimal order
whitening filter, for example G(q−1) = C(q−1)/D1(q

−1).
As reference, the frequency characteristics of a minimal or-
der whitening filter is depicted in Figure 1, tuned so that
both filters have identical notches.
Formally, the whitening filter in (3) can be written

G(q−1) =
B(q−1)

A(q−1)
=

2− b1q
−1 + b2q

−2

1− a1q−1 + a2q−2
, (5)

where {ak} and {bk} are functions of the frequency ω as
well as of the design variables λ1 and λ2. To keep the no-
tation clean, the dependency of {ak} and {bk} on ω and
λ1, λ2 is not shown. Explicit expressions for {ak} and {bk}
directly follows from (3)-(4) and a straightforward calcula-
tion (see Table I).
In order to derive an adaptive frequency estimation algo-

rithm based on (3)-(4), RPEM is employed, [4], also known
as recursive maximum likelihood. Toward that end, an ex-
pression for the negative error gradient ψℓ = −dεℓ/dω is
needed. From (3), (4) and (5) the gradient directly follows,
that is

ψℓ = −a′1εℓ−1 + a′2εℓ−2 + b′1xℓ−1 − b′2xℓ−2
(6)

+a1ψℓ−1 − a2ψℓ−2,

where a′1 = da1/dω, etc. Explicit expressions for
{ak, bk, a′k, b′k} are given in Table I. The RPEM algorithm

TABLE I
Recursive frequency estimation based on a high order

IIR notch filter structure. The algorithm comprises

three design variables, the forgetting factor 0 < ρ < 1,
and the tuning variables 0 < λ1 < 1 and 0 < λ2 < 1.

Frequency estimation at time instant ℓ

b̂1(ℓ) = eiω̂ℓ−1(2 + λ1 + λ2)

b̂2(ℓ) = e2iω̂ℓ−1(λ1 + λ2)

â1(ℓ) = eiω̂ℓ−1(λ1 + λ2)

â2(ℓ) = λ1λ2 e
2iω̂ℓ−1

b̂′1(ℓ) = ieiω̂ℓ−1(2 + λ1 + λ2)

b̂′2(ℓ) = 2i e2iω̂ℓ−1(λ1 + λ2)

â′1(ℓ) = i eiω̂ℓ−1(λ1 + λ2)

â′2(ℓ) = 2λ1 λ2 i e
2iω̂ℓ−1

εℓ = 2xℓ − b̂1(ℓ)xℓ−1 + b̂2(ℓ)xℓ−2

+â1(ℓ)εℓ−1 − â2(ℓ)εℓ−2

ψℓ = −a′1(ℓ)εℓ−1 + a′2(ℓ)εℓ−2 + b′1(ℓ)xℓ−1

−b′2(ℓ)xℓ−2 + a1(ℓ)ψℓ−1 − a2(ℓ)ψℓ−2

Rℓ = ρRℓ−1 + |ψℓ|2

ω̂ℓ = ω̂ℓ−1 +Re [ψ∗

ℓ εℓ] /Rℓ

can now be constructed. The details of the derivation
are omitted, it follows the derivation of a general RPEM
closely, [4]. For easy reference, the resulting algorithm is
summarized in Table I. The algorithm in Table I is re-
stricted to estimation and tracking of the parameters of a
single cisoid. The extension to p > 1 cisoids is straightfor-
ward, see, for example, the detailed derivation of ANF for
p ≥ 1 in [2].

III. Performance analysis

In this section the tracking and steady state performance
of HANF in Table I is analyzed by a linear filter approxi-
mation technique, [2].

A. Equilibrium state

For the analysis to hold, it is assumed that the SNR
is high and that all transients have passed away so that
the estimated parameters fluctuate in a neighborhood of
an equilibrium state (ES). The ES defines the state space
parameters of the high order IIR filter around which the in-
ternal states of the algorithm fluctuate due to the additive
noise and the non-zero gain of the algorithm.

The ES (denoted by a bar) of the algorithm in Table I is

given by the nominal values for {âk(ℓ), b̂k(ℓ), â′k(ℓ), b̂′k(ℓ)},
k = 1, 2, and ω̂ℓ. Further,

ε̄ℓ = 0,

ψ̄ℓ = i
2− λ1 − λ2

1− λ1 − λ2 + λ1λ2
sℓ, (7)



R̄ℓ =
|ψ̄ℓ|2
1− ρ

,

where sℓ is the cisoid defined in (1). The proof of (7)
follows from straightforward calculations similar to those
in Appendix B in [2].
The ES not only has a theoretical relevance in analyzing

the performance of the algorithm, it also has a practical
relevance since the ES may be used for a proper initial-
ization of the algorithm. Initial estimates of the unknown
quantities can be obtained from off line processing of an
initial segment of data.

B. Linear filter approximation

In this section, the frequency estimation error is approx-
imated by the output signal from a linear time invariant
filter driven by the measurement noise vℓ and an additional
“noise” eℓ (defined in (9) below) that models variations in
the frequency of the input signal. From the derived approx-
imating linear filter (ALF) several performance measures
describing the behavior of the algorithm in a neighborhood
of the ES may be derived.
In the derivation of HANF it is assumed that the signal

parameters are constant. In order to analyze the tracking
properties of the algorithm, the narrow band signal in (1)
is assumed to fulfill

sℓ = eiωℓsℓ−1, |sℓ|2 = |A|2, (8)

where ωℓ is the instantaneous frequency. The evolution of
the instantaneous frequency is given by

eℓ = ωℓ − ωℓ−1. (9)

The quantity (9) may for example be a (small) constant
eℓ = ξ, and the algorithmic performance for a linearly fre-
quency modulated signal follows. For eℓ assumed to be
a sequence of i.i.d. Gaussian random variables with zero
mean and variance γ2 ≪ 1, the statistical efficiency may
be studied by comparing the mean square error with the
posterior CRB, [5].
From the frequency update formula in Table I, it follows

that the frequency estimation error δωℓ = ω̂ℓ − ωℓ obeys
(in a first order approximation)

δωℓ = δωℓ−1 − eℓ +
1

R̄ℓ

Re[ψ̄∗

ℓ εℓ]

(10)

= δωℓ−1 − eℓ +
(1− ρ)(1 − λ1 − λ2 + λ1λ2)

2− λ1 − λ2
ηℓ,

where (9) is used in the first equality. The proof of the
second equality in (10) is given in [6]. Further, ηℓ is defined
by ηℓ = Im[εℓ/sℓ], a quantity that fulfill (see [6])

ηℓ =
2− (2 + λ1 + λ2)q

−1 + (λ1 + λ2)q
−2

1− (λ1 + λ2)q−1 + λ1λ2q−2
uℓ

+
λ1 + λ2 − 2

1− (λ1 + λ2)q−1 + λ1λ2q−2
δωℓ−1 (11)

+
2

1− (λ1 + λ2)q−1 + λ1λ2q−2
eℓ,

where uℓ is a transformed measurement noise, δωℓ the fre-
quency estimation error, and eℓ the frequency drift. Ex-
plicitly,

uℓ = Im

[

vℓ
sℓ

]

. (12)

The noise in (12) is real valued white with variance
1/2SNR. Now the results below follow from (10)-(11) and
straightforward calculations.
The frequency estimation error δωℓ = ω̂l−ωℓ is described

by aid of the z-transform as

Z[δωℓ]=Φ1(ρ, λ1, λ2; z)Z[uℓ] + Φ2(ρ, λ1, λ2; z)Z[eℓ], (13)

where uℓ is the transformed measurement noise (12), eℓ is
the frequency variations (9), and where Z[·] denotes the
image of the sequence between the brackets. The transfer
functions in (13) are given by

Φ1(ρ, λ1, λ2; q
−1) =

(1− ρ)(1 − λ1 − λ2 + λ1λ2)

2− λ1 − λ2

F1(q
−1)

H(q−1)
,

Φ2(ρ, λ1, λ2; q
−1) = −F2(q

−1)

H(q−1)
, (14)

where F1(q
−1), F2(q

−1), and H(q−1) are given by, respec-
tively

F1(q
−1) = 2− (2 + λ1 + λ2)q

−1 + (λ1 + λ2)q
−2,

F2(q
−1) = 1− 2

(1− ρ)(1− λ1 − λ2 + λ1λ2)

2− λ1 − λ2
(15)

−(λ1 + λ2)q
−1 + λ1λ2q

−2,

and

H(q−1) = 1− [(1 + λ1 + λ2)− (1− ρ)

×(1− λ1 − λ2 + λ1λ2)]q
−1 (16)

+[λ1λ2 + λ1 + λ2]q
−2 − λ1λ2q

−3.

IV. Performance considerations

A. Local stability

The local stability of the algorithm is connected to the
stability of Φ1(ρ, λ1, λ2; z

−1) and Φ2(ρ, λ1, λ2; z
−1), that

is determined by the common denominator polynomial
H(z−1), entirely a function of the triplet (ρ, λ1, λ2). It can
be shown that H(z−1) is stable if the following condition
is fulfilled

ρ > 2− 1

λ1λ2
. (17)

One may note that (17) is fulfilled for most practical set-
tings of (ρ, λ1, λ2), but theoretically this is an important
finding not revealed in [3].

B. Noise rejection

The noise rejection is given by

E[δω2
ℓ ]=

var[uℓ]

2πi

∮

Φ1(ρ, λ1, λ2; z)Φ1(ρ, λ1, λ2; z
−1)

dz

z
, (18)

where the integration proceeds around the unit circle, and
var[uℓ] = 1/2SNR.



TABLE II
Minimum mean square error design as function of fre-

quency variation γ2 for SNR = 0dB. The optimal

triplet (ρ, λ1, λ2), the minimum error, and the appro-

priate posterior Cramér-Rao lower bound are shown.

HANF
γ2 ρ λ1 λ2 E[δω2

ℓ
] CRB[ω̂]

1.0·10−1 0.613 0.277 0.277 1.24·10−1 1.24·10−1

1.0·10−2 0.785 0.478 0.478 2.83·10−2 2.83·10−2

1.0·10−3 0.881 0.654 0.654 5.74·10−3 5.72·10−3

1.0·10−4 0.934 0.784 0.784 1.09·10−3 1.09·10−3

1.0·10−5 0.963 0.871 0.871 2.02·10−4 2.02·10−4

1.0·10−6 0.979 0.925 0.925 3.67·10−5 3.66·10−5

1.0·10−7 0.988 0.957 0.957 6.60·10−6 6.59·10−6

C. Random frequency drift

A local model for random frequency variations around
some nominal frequency is to let the sequence eℓ in (9)
be white Gaussian with variance γ2 ≪ 1, independent of
the measurement noise vℓ. In this case the mean square
estimation error due to the frequency variations is

E[δω2
ℓ ] =

γ2

2πi

∮

Φ2(ρ, λ1, λ2; z)Φ2(ρ, λ1, λ2; z
−1)

dz

z
. (19)

By superposition, combining (18) and (19) gives the mean-
square-error (MSE) for noisy sinusoidal data subject to
random frequency drift. In Table II, the minimum MSE
and the corresponding optimal design values (ρ, λ1, λ2) are
shown for different values of γ2 (normalized to SNR =
0dB). The values in Table II are obtained by a numeri-
cal minimization of the sum of (18) and (19). In addition,
the appropriate Cramér-Rao lower bound is shown, [5].

From Table II, one may note that the studied algorithm
is statistically efficient, that is with a proper selection of
(ρ, λ1, λ2) the frequency MSE coincides with the posterior
CRB. One may also note that λ1 = λ2 < ρ, and thus (17)
is fulfilled.

D. Tracking error for random walk frequency drift

The theoretical error variance (the sum of (18) and (19))
is compared with the empirical MSE obtained for the al-
gorithm in Table I. The data is generated as a cisoid with
random frequency variations, that is according to (8)-(9)
with A = 1, ω0 = π/2, and where eℓ is white Gaussian
with variance γ2 = 10−6. The length of the sequence is
N = 20.000, and the empirical MSE is calculated using the
last 18.000 samples.

The algorithm in Table I is repetitively applied to data,
first with λ1 and ρ according to Table II for γ2 = 10−6 and
for varying λ2, secondly with λ1 = λ2 according to Table
II and for varying ρ.

The results are displayed in Figure 2 from which one
may note an excellent agreement between measured MSE
and the results predicted by theory. The minima with re-
spect to λ2 is (very) shallow and is not noticeable from
the diagram in Figure 2. As reference the predicted per-
formance of ANF and MFT is shown, properly tuned they
have identical performance in this scenario, [2].
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Fig. 2. Frequency estimation MSE for a noisy cisoid (SNR = 0dB)
with a random drift in frequency (γ2 = 10−6). The theoretical
results (dashed line) are compared with simulation results (o)
with respect to λ2 (left diagram, with ρ = 0.979 and λ1 = 0.925)
and ρ (right diagram, with λ1 = λ2 = 0.925). As reference,
the Cramér-Rao lower bound is indicated by a solid line, and
the performance of ANF (and MFT) is indicated with a dashed-
dotted line.

The conclusion from this experiment is that the perfor-
mance of HANF and ANF/MFT are similar, yet not iden-
tical. It also reveals that λ2 may be tuned as λ2 ≪ λ1
without any practical loss in accuracy, a suboptimal set-
ting that makes the HANF more robust against large step
variations in the frequency, [3].

V. Conclusions

A performance analysis of a high order IIR adaptive
notch filter (HANF) has been carried out, and the results
have been compared with the performance of alternative
algorithms. It has been shown that for properly selected
design variables, that is the triplet (ρ, λ1, λ2) all in the in-
terval (0, 1), HANF may result in statistically optimal es-
timates. It has also been shown that for unsuitable design
variables HANF does not only perform poor, it may also
become unstable.
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