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ABSTRACT

Pilot-based estimation of the squared Euclidean norm
of the channel vector of a Rayleigh fading system is
considered. Unlike most previous work in the area
of estimation of multiple antenna channels, we con-
sider Bayesian estimation where the long-term channel
statistics are known a priori. Closed-form expressions
of the minimum mean square error (MMSE) estimator
and its mean squared error (MSE) are derived for the
cases of either an unweighted or a weighted unitary
pilot matrix. The problem of finding the optimal pi-
lot weighting, in the sense of minimizing the average
MSE, is considered and a simple algorithm is proposed
to achieve an approximately optimal power allocation
numerically. The numerical evaluation shows that an
optimal weighting can significantly improve the esti-
mation quality in spatially correlated environments.

1. INTRODUCTION

The performance of wireless communication systems
can be drastically improved by using multiple trans-
mit antennas, especially when full channel state in-
formation (CSI) is available at the transmitter. In
most practical systems, only the channel statistics are
known with high accuracy, while information regard-
ing the current channel state needs to be estimated at
the receiver side and then fed back.

Methods of channel estimation are commonly di-
vided into three groups: blind, semi-blind, and pilot-
based estimation. In the latter case, the estima-
tion is entirely based on the transmission of a pilot
sequence—that is, a collection of pilot symbols that
are known in advance to the receiver. The other ex-
treme is blind estimation, where only the structure of
the transmitted data is known to the receiver. The in-
termediate is semi-blind estimation, where both a few
pilot symbols and the structure of the unknown data
are exploited. None of these approaches are clearly su-
perior; pilot symbols improve the estimation, but the
time and power spent on them is taken away from the
actual data transmission. In [1] it is shown that the
semi-blind approach often is preferable, in particular
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in comparison to purely blind estimation. Herein, we
consider pilot-based estimation, without claiming the
approach to be optimal.

The transmission channel has typically a stochastic
behavior, which motivates the use of Bayesian channel
estimation—that is, modeling of the current channel
state as a realization from an assumed multi-variate
probability density function (PDF). Hence, the chan-
nel statistics need to be known a priori, but this is
not a limitation in most practical systems. Yet, there
is a large amount of literature on estimation of deter-
ministic channels. The survey in [2] compares these
different assumptions and, as expected, the Bayesian
approach is superior.

Most papers on channel estimation study estima-
tion of full CSI. Although this information may be
utilized for receive processing, the amount of feedback
needed to achieve full CSI at the transmitter will be
prohibitive in many realistic scenarios. Instead, the
feedback should be based on some limited amount of
information that still gives robust transmission per-
formance. The combination of channel statistics and
instantaneous feedback of the norm of the channel ma-
trix have been shown to provide sufficient informa-
tion to perform efficient user selection [3], signal-to-
interference-and-noise (SINR) estimation [4, 5], and
even modified zero-forcing precoding in spatially cor-
related systems [6].

To our knowledge, there are only a few papers that
explicitly study estimation of the channel norm, and
direct estimation would be desirable since estimation
based on an estimated channel matrix usually is sub-
optimal. Closed-form expressions for blind estima-
tion of a deterministic channel norm are given in
[7]. Herein, we consider Bayesian estimation of the
squared Euclidean norm of a Rayleigh fading channel
vector, using either weighted or unweighted pilot sym-
bols. Closed-form expressions for the minimum mean
square error (MMSE) estimator and its mean squared
error (MSE) are derived, as well as an approximately
optimal pilot power weighting solution.

The system model is presented in Section 2. In Sec-
tion 3, the estimation problem is motivated by a short
single-user example and then solved in two different
ways, using either unweighted or weighted unitary pi-
lot matrices. The results are evaluated numerically in
Section 4 and the conclusions are given in Section 5.



2. THE SYSTEM MODEL

We consider the downlink of a macro-cellular environ-
ment with a single elevated base station and several
mobile users. The base station is exposed to little or
no local scattering and is equipped with an array of N
antennas, while each mobile user has a single antenna.
The symbol-sampled complex baseband equivalent of
the narrowband flat fading channel to user k at symbol
slot t is modeled as

yk(t) = hH
k x(t) + nk(t), (1)

where [·]H denotes the conjugate transpose, x(t) ∈ CN

is the transmitted signal vector, hk ∈ CN represents
the channel, yk(t) ∈ C is the received signal and
nk(t) ∈ C is zero-mean additive white Gaussian noise
(AWGN) with variance σ2

k. The channel vector hk is
modeled as spatially correlated Rayleigh fading—that
is, hk ∈ CN (0,Rk), where the covariance matrix Rk

of user k is dominated by one or a few eigenmodes [8].
The estimators proposed herein are valid for arbitrary
spatial correlation.

It should be observed that the system model in
(1) depends on three different time scales. The in-
dex t ∈ Z denotes the symbol slot on which scale the
noise is a white process. The multipath propagation
is modeled as quasi-static fading; that is, the chan-
nel realization is constant for a block of symbols and
for the next block the channel is modeled as indepen-
dent. Therefore, it might be favorable to estimate
certain properties of the current realization hk at the
mobiles at the beginning of a block and then feed them
back instantaneously to the base station for the pur-
pose of optimizing the block throughput. The channel
statistics change even more slowly due to large scale
variations, thus the base station is assumed to track
the current Rk and σ2

k perfectly (using the reverse link
channel estimates or negligible long-term overhead).

3. PILOT-BASED BAYESIAN CHANNEL
NORM ESTIMATION

In this section we will analyze the problem of es-
timating the squared norm of the current channel
realization—that is, ‖hk‖2, where ‖·‖ is the Euclidean
norm and k is the user index. First, the reason for es-
timating the squared channel norm will be motivated
by a single-user example. Then, a simple estima-
tor will be analyzed where the base station transmits
a pilot sequence consisting of N orthonormal signal
vectors (i.e., an unitary matrix) to aid the receiver
in the estimation. Finally, this scheme will be im-
proved by an close-to-optimal weighting of the N or-
thonormal signals such that the average MSE is min-
imized. Throughout this section, the user index will
be dropped for brevity.

3.1. Example: Space-time Block Coding

Consider the system model in (1) and assume that a
single user has been selected for transmission for Q
consecutive symbol slots. A simple way of exploiting
the spatial diversity offered by the multiple transmit
antennas is to use orthogonal space-time block codes
(OSTBCs) [9]. The idea is to transmit S data sym-
bols during Q symbol slots, where S/Q ≤ 1, such that
each symbol is sent in all spatial directions. The im-
portant property of OSTBCs is that the receiver can
decompose the symbol detection into S parallel and
independent single-antenna detection problems.

Let the data symbols, prior to space-time coding,
be represented by s = [s1, . . . , sS ]T ∈ CS , where
E{|si|2} = 1 and [·]T denotes the transpose. These
symbols are used to construct an OSTBC matrix
C(s) ∈ CN×Q, see [9] for examples of how this ma-
trix can be designed. Then, the channel over the Q
consecutive symbol slots assigned to the selected user
can be expressed as

y = hHC(s) + n, (2)

where y = [y(0), . . . , y(Q − 1)]T ∈ CQ is the received
signal vector and n = [n(0), . . . , n(Q − 1)]T ∈ CQ is
white noise.

The elements of the coding matrix C(s) are linear
functions of s and its complex conjugate. As a con-
sequence, the receiver can use linear processing to de-
compose the system in (2) into

yi = ‖h‖si + ni, 1 ≤ i ≤ S, (3)

where ni ∈ CN (0, σ2) is white noise [9]. Hence, the
signal-to-noise ratio (SNR) of the detection of si is

SNR =
‖h‖2

σ2
, for all 1 ≤ i ≤ S. (4)

The maximum achievable transmission rate is a func-
tion of the SNR. It is therefore necessary for the trans-
mitter to estimate the SNR in the beginning of each
block, in order adapt the data rate to the current chan-
nel conditions. As mentioned in Section 2, the channel
statistics are assumed to be known at both the trans-
mitter and receiver, but everything else needs to be
estimated at the receiver and then fed back to the
transmitter. In order to achieve a reliable estimate of
the SNR in (4), we want thus to estimate the squared
channel norm ‖h‖2 at the receiver. Pilot-based esti-
mation of this variable will be considered in the fol-
lowing sections.

3.2. Estimation by Unitary Pilot Matrices

In the following two sections, channel norm estimation
at the receiver side will be analyzed. Without the
need of pilot symbols, the squared channel norm can
be estimated by its time average. Let the channel
vector be h ∈ CN (0,R), where the eigenvalues of R



are distinct, strictly positive, and denoted λ1, . . . , λN .
The PDF of ρ = ‖h‖2 is [10]

f(ρ) =
N∑

j=1

e
− ρ

λj

λj

N∏
i=1
i6=j

(1− λi

λj
)

(5)

and the mean value and variance is, as expected,
E{‖h‖2} =

∑N
j=1 λj and V {‖h‖2} =

∑N
j=1 λ2

j , re-
spectively.

In order to improve the estimation, the receiver
needs information regarding the current channel re-
alization. Since the channel vector is N -dimensional
and unknown at the transmitter side, the transmitter
typically needs to send a collection of known signals
that span CN to provide the receiver with good in-
formation regarding h. This can be done by using a
unitary U ∈ CN×N that is known beforehand to both
the transmitter and the receiver. The columns of this
matrix are used as the transmitted signals x(t) at N
consecutive symbol slots (e.g., t = 0, . . . , N − 1). The
vector yH = [y(0), . . . , y(N − 1)] of received signals
over these symbol slots is given by

yH = hHU + nH, (6)

where nH = [n(0), . . . , n(N − 1)] is the noise.
Since the channel vector is a stochastic variable,

Bayesian theory should be used to derive the MMSE
estimator of the squared channel norm [11]. The PDF
of the squared channel norm conditioned on the re-
ceived vector yH , as well as the mean value and vari-
ance, are given by Theorem 1 for the special case of
a scalar channel (N = 1). The corresponding PDF
and the first two central moments for the general case
(N ≥ 1) are given by Corollary 1.

Theorem 1. Consider y = h+n, where h ∈ CN (0, λ)
and n ∈ CN (0, µ). Define %y , |y|2 and %h , |h|2,
where | · |2 denotes the squared magnitude. Then, the
PDF f(%h|%y) of %h, conditioned on %y, is

f(%h|%y) =
λ+µ

λµ
e−%h( λ+µ

λµ )e−%y( λ
µ(λ+µ) )I0

( 2
µ

√
%h%y

)
(7)

for %h ≥ 0, where Iν(·) is the modified Bessel function
of the first kind, and zero otherwise. The mean value
and the variance are given by

E{%h|%y} =
λµ

λ + µ

(
1 + %y

λ

µ(λ + µ)

)
,

V {%h|%y} =
(

λµ

λ + µ

)2 (
1 + 2%y

λ

µ(λ + µ)

)
,

(8)

respectively.

Proof. The proof of this theorem is omitted due to the
space limitation.

Corollary 1. Consider estimation of ρh , ‖h‖2 from
the signal yH = hHU+nH , where U is a known N×N
unitary matrix, h ∈ CN (0,R), and n ∈ CN (0, µIN ).
Let the eigenvalue decomposition of R be denoted
R = VΛVH , where Λ = diag(λ1, . . . , λN ) contains
eigenvalues and V is a unitary matrix with the corre-
sponding eigenvectors.

Next, let ỹ = VHUy and let %̃y = [%̃(1)
y , . . . , %̃

(N)
y ]

contain the squared magnitudes of the elements in ỹ.
Then, the PDF f(ρh|%̃y) of ρh, conditioned on %̃y, is

f(ρh|%̃y) =
( N

?
j=1

gj

)
(ρh), (9)

where gj , f(ρh|%̃(j)
y ) is given by (7) in Theorem 1

with λ , λj. The mean value and the variance of
f(ρh|%̃y) is given by

E{ρh|%̃y} =
N∑

j=1

λjµ

λj + µ

(
1 + %̃(j)

y

λj

µ(λj + µ)

)
,

V {ρh|%̃y} =
N∑

j=1

( λjµ

λj + µ

)2
(

1 + 2%̃(j)
y

λj

µ(λj + µ)

)
,

(10)

respectively.

Proof. Define h̃ , VHh ∈ CN (0,Λ) and ñ ,
VHUn ∈ CN (0, µIN ). We can transform yH =
hHU + nH into ỹH = h̃H + ñH by multiplying with
UHV from the right. Then, observe that the elements
of ỹ are independent and that Theorem 1 can be ap-
plied on each element.

To summarize, when a predefined unitary matrix
is transmitted and the received signal is known, as
well as the channel statistics and noise variance, the
MMSE estimator of the squared channel norm ‖h‖2

and its MSE are given in (10).

3.3. Estimation by Weighted Pilot Matrices

In this section, we consider MMSE estimation of the
squared channel norm using a more general pilot ma-
trix. Previously, the pilot matrix was unitary and this
is a good assumption when the spatial correlation is
weak or when several spatially separated users want to
estimate their channel norms simultaneously—observe
that, the pilot matrix needs to based on information
available at all receivers. However, when there is sig-
nificant spatial correlation and only one user is ac-
tive, the pilot matrix can be tailored for the specific
user and its covariance matrix. The idea is that more
power should be allocated to estimate the channel
along strong eigenmodes than along weak eigenmodes.

Let the channel vector be h ∈ CN (0,R), and
let the eigenvalue decomposition of R be denoted
R = VΛVH , where Λ = diag(λ1, . . . , λN ) contains



the distinct, strictly positive eigenvalues and V is a
unitary matrix with the corresponding eigenvectors.

We propose that the pilot matrix Q should be cho-
sen such that its left singular vectors coincide with
the eigenvalues of the covariance matrix R, and that
the total pilot power should be denoted Ptot. In other
words, we assume that Q = VPUH , where U is an ar-
bitrary unitary matrix, P = diag(

√
p1, . . . ,

√
pN ) has

non-negative diagonal elements and tr
(
PPH

)
= Ptot.

The elements of P corresponds to the power alloca-
tion. When the pilot matrix Q is used, the MMSE
estimator of the squared channel norm and its MSE is
given by the following corollary.

Corollary 2. Let h ∈ CN (0,R) and let the eigen-
value decomposition of the covariance matrix be de-
noted R = VΛVH , where Λ = diag(λ1, . . . , λN ) con-
tains the eigenvalues and V is the unitary matrix with
the corresponding eigenvectors.

Consider estimation of ρh , ‖h‖2 from the signal
yH = hHQ + nH , where n ∈ CN (0, µIN ) and Q =
VPUH for some P = diag(

√
p1, . . . ,

√
pN ) with non-

negative elements and some unitary matrix U. Let
ỹ = PUHy and let %̃y = [%̃(1)

y , . . . , %̃
(N)
y ] contain the

squared magnitudes of the elements in ỹ. Then, the
mean value and the variance of ρh, conditioned on %̃y,
is

E{ρh|%̃y} =
N∑

j=1

λjµ

λjpj + µ

(
1 + %̃(j)

y

λjpj

µ(λjpj + µ)

)
,

V {ρh|%̃y} =
N∑

j=1

( λjµ

λjpj + µ

)2
(
1 + 2%̃(j)

y

λjpj

µ(λjpj + µ)

)
,

(11)

respectively.

Proof. The mean value and and variance in (11) fol-
lows from Corollary 1 by first estimating the norm of
hHVP and then remove the weighting. Observe that
for the special case of pj = 0, the estimator disregards
%
(j)
y and just uses the statistics.

From Corollary 2, the MMSE estimator, and its
MSE, is given in (11). The approximately optimal
power allocation matrix P, in the sense of minimizing
the average MSE, is given by the following theorem.

Theorem 2. Under the same assumptions as in
Corollary 2, and with a total power constraint of
tr

(
PPH

)
= Ptot, the MSE minimizing power allo-

cation matrix is given by

Poptimal = arg min
P: tr(PPH)≤Ptot

P diagonal

E{V {ρh|%̃y}} (12)

where the expectation is taken over %̃y. The MSE is
non-convex in the power allocation, but an approxi-
mate solution is given by (j = 1, . . . , N)

Table 1. Algorithm: Power Allocation
1: Assume λ1 > . . . > λN > 0

2: Let Bj = − 8λ3
j

27µ , for j = 1, . . . , N and BN+1 = 0
3: for i = 1:N
4: αi = arg min

α: Bi≤α<Bi+1

(
∑i

j=1 pj(α)− Ptot)2

5: if
∑i

j=1 pj(αi) == Ptot

6: return poptimal =[p1(αi), . . . , pi(αi), 0, . . . , 0]T

7: end
8: end

pj = 2

√
2µλj

3α
cos

(π

3
− φ

3

)
− µ

λj
, (13)

where φ = arctan
√

8λj

27µα − 1 with the parameter α ≤ 0

chosen such that
∑N

j=1 pj = Ptot. The condition that
decides whether pj is active (i.e., if pj > 0) is

−
8λ3

j

27µ
≤ α < 0. (14)

This power allocation will coincide with the optimal
allocation, except in the transition intervals when one
of the pilot powers pj just have been activated.

Proof. The proof of this theorem is omitted due to the
space limitation.

The power allocation proposed in Theorem 2 has
the typical water-filling structure—that is, the power
allocated to a specific eigenvalue is larger than the
power allocated to each weaker eigenvalue, and some
eigenvalues may even be without power. The expres-
sion in (13) is not in closed form, since α is chosen
to fulfill the power constraint, but the condition in
(14) makes it straightforward to implement the power
allocation. A simple algorithm is given in Table 1.

It should be observed that the proposed power al-
location only depends on the long-term statistics and
therefore only needs to be recalculated at the rate the
statistics change. It should also be observed that when
the allocated power along an eigenvector is zero, this
symbol slot can be used for data transmission instead.
Observe that the sum rate of a transmission over B
blocks with average power of P is smaller than than
the sum rate of a transmission over B + 1 blocks with
average power of P B

B+1 .

4. NUMERICAL EVALUATION

The performance of the two proposed MMSE estima-
tors, in (10) and (11), of the squared channel norm are
evaluated in a circular cell with radius R, centered at
an elevated base station with an eight-antenna uni-
form circular array (UCA) with half wavelength an-
tenna separation. The single-antenna mobile users are
uniformly distributed in the cell. They are exposed to



−10 −5 0 5 10 15 20
−35

−30

−25

−20

−15

−10

−5

0

SNR (dB)

R
el

at
iv

e 
M

S
E

 (d
B

)

 

 

Without pilot
Unitary pilot
Weighted eigenpilot

Fig. 1. Relative MSE of three different MMSE esti-
mators of the squared channel norm.

rich scattering with an angular spread of 15 degrees,
as seen from the base station. The SNR is defined as
the average eigenvalue of a user at the cell boundary
divided by the noise variance.

In this environment, the average set of eigen-
values (assuming unit sum of eigenvalues) is
approximately {0.6693, 0.2809, 0.0450, 0.0045, 0.315 ·
10−3, 0.952 · 10−5, 0.435 · 10−6, 0.234 · 10−7} and the
corresponding power allocation, calculated using the
proposed power allocation algorithm in Table 1, is
{4.455, 2.837, 0.708, 0, 0, 0, 0, 0}.

The relative MSE of the estimation (relative the
mean value of the squared channel norm) for a user
at the cell boundary is shown in Fig. 1 for different
SNRs. The purely statistical estimator (without pi-
lot signalling) is compared with the proposed unitary
pilot estimator and the proposed weighted pilot esti-
mator. Both the proposed estimators achieve a fairly
low relative MSE even at low SNR, but the gap be-
tween them becomes 5 dB, in favor for the weighted
estimator, at higher SNRs.

5. CONCLUSIONS

With a Bayesian approach, closed-form expressions of
the MMSE estimator, and its MSE, have been de-
rived for estimation of the squared Euclidean norm
of Rayleigh fading channel vectors. This variable has
clear applications in user selection, SINR estimation,
and linear precoding in limited feedback systems. The
estimation is based on the transmission of orthogonal
pilot sequences, represented by either an unweighted
or a weighted unitary matrix. The problem of finding
the optimal weighting is considered and an approx-
imately optimal solution is derived analytically and
a simple algorithm is given to calculate this solution
numerically.
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